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INTRODUCTION

Mathematics includes the study of such topics as quantity (number theory), structure
(algebra), space (geometry), and change (mathematical analysis). It has no generally
accepted definition.

Discrete mathematics is the study of mathematical structures that are
fundamentally discrete rather than continuous. In contrast to real numbers that
have the property of varying smoothly, the objects studied in discrete mathematics,
such as integers, graphs, and statements in logic, do not vary smoothly but have
distinct and separated values. Discrete mathematics, therefore, excludes topics in
continuous mathematics, such as calculus or Euclidean geometry. Discrete objects
can often be enumerated by integers. More formally, discrete mathematics has
been characterized as the branch of mathematics dealing with countable sets, i.¢.,
finite sets or sets with the same cardinality as the natural numbers. However, there
is no exact definition of the term ‘Discrete Mathematics’. Indeed, discrete
mathematics is described less by what is included than by what is excluded:
continuously varying quantities and related notions. Principally, the discrete
mathematics includes arithmetic, geometric and harmonic progression,
miscellaneous, arithmetic and geometric series, the fundamental concepts of sets,
relations and functions, mathematical logic, group theory, probability, mathematical
induction, and recurrence relations, graph theory, and Boolean algebra. Set theory
studies sets, which are collections of objects, such as {blue, white, red} or the
(infinite) set of all prime numbers. Graph theory, the study of graphs and networks,
is often considered part of combinatorics, but has grown large enough and distinct
enough, with its own kind of problems, to be regarded as a subject in its own right.
Graphs are one of the prime objects of study in discrete mathematics. They are
among the most ubiquitous models of both natural and human-made structures.
They can model many types of relations and process dynamics in physical, biological
and social systems.

This book, Discrete Mathematics, is divided into five units. The topics
discussed include definition, theorems and various examples which are related to
sequence and series, arithmetic, geometric and harmonic progression,
miscellaneous, arithmetic and geometric series, set theory, set operation, Venn
diagram, ordered pair, relation and function, theorem on Cartesian product, group
theory, algebraic structure, homomorphism, rings and fields, quotient space, subring
and subfield, vector space, linear combination, linear dependence and
independence, poset and lattice, Boolean algebra.

The book follows the Self-Instructional Mode (SIM) format wherein each
unit begins with an ‘Introduction’ to the topic. The ‘Objectives’ are then outlined
before going on to the presentation of the detailed content in a simple and structured
format. ‘Check Your Progress’ questions are provided at regular intervals to test
the student’s understanding of the subject. ‘Answers to Check Your Progress
Questions’, a ‘Summary’, a list of ‘Key Terms’, and a set of ‘Self-Assessment
Questions and Exercises’ are provided at the end of each unit for effective
recapitulation.

Introduction
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UNIT 1 ARITHMETIC AND
HARMONIC PROGRESSION

Structure

1.0 Introduction

1.1 Objectives

1.2 Sequence
1.2.1 Convergence of a Sequence
1.2.2 Divergent Sequence
1.2.3 Bounded Sequence
124 Monotonic Sequence

1.3 Series

1.4 Arithmetic Progression
14.1 General Term of an Arithmetical Progression
142 Sum of Finite Number of Quantities in an Arithmetic Progression
143 Arithmetical Mean
144 To Insert n Arithmetic Means Between Two Given Numbers
14.5 Properties of Arithmetic Progression (AP)

1.5 Geometrical Progression
1.5.1 Geometric Mean (GM.)

1.6 Harmonic Progression

1.7 Answers to ‘Check Your Progress’

1.8 Summary

1.9 Key Terms

1.10 Self-Assessment Questions and Exercises
1.11 Further Reading

1.0 INTRODUCTION

Sequence and series is one of the basic topics in Arithmetic. In detailed collection
of elements in which repetitions of any sort are allowed is known as a sequence,
whereas series is the sum of all elements. An arithmetic progression is one of the
common examples of sequence and series.

An Arithmetic Progression (AP) is a sequence where the differences between
every two consecutive terms are the same. In mathematics, a Harmonic Progression
(HP) (or harmonic sequence) is a progression formed by taking the reciprocals of
an arithmetic progression. On the other hand, a Geometric Progression (GP), also
known as a geometric sequence, is a sequence of non—zero numbers where each
term after the first is found by multiplying the previous one by a fixed, non—zero
number called the common ratio.

In this unit, you will study about the sequence and series, arithmetic, harmonic
and geometric progression.

1.1 OBJECTIVES

After going through this unit, you will be able to:

e Explain the concept of sequence and series

Arithmetic and
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¢ Elaborate on the Arithmetic Progression (AP)
¢ Discuss the Harmonic Progression (HP) and harmonic mean

¢ Analyse the Geometric Progression (GP)

1.2 SEQUENCE

A sequence is an endless succession of numbers placed in a certain order so that
there is a first member, a second and so on. Consider, the example of an array.

This is a sequence where nth member is obtained by taking the reciprocal
of n. We can have many more examples, such as,

1,2,3,...n,...

123

2737 47 T+l
-1,1,-1,... (1), ...etc,

So, a sequence is of the form,
a,a,a,...,a,...

Where a’s are real numbers (we shall be dealing only with sequences of
real numbers) and each @, has a definite position. This sequence in the notational
form, is written as <a >or {a } where a_is the nth (general) term of the sequence.

Note: It is not necessary that all the members of the sequence be distinct (as is
otherwise clear from the above examples).

1.2.1 Convergence of a Sequence
Consider the following sequence,

Ll
L3 g

In this way we can state that as we go along the members of the sequence,

the members come closer and closer to zero. Thus as #n becomes larger, the members

come nearer to zero. In such cases we say that the sequence converges to the

limit zero.

Now consider the sequence a,,a,, a, ..., a ... wesay that this sequence
converges to anumber /, ifit is possible to make |a_— | as small as we like (by
making 7 sufficiently large) which, in other words, would mean something like
saying that the sequence <a > converges to /if after a certain stage, all the members

of the sequence are very near to /.

Definition: A sequence <a > is said to converge to a number /, if given any
€ >0, there exists a +ve integer m, such that,

|an—l|<8, Yrzm



This number / is called /imit of the sequence.
Also in this case we write,

Lim a, =/

It can be easily shown that a sequence cannot converge to more than one limit.
If we use the definition to find limit of the sequence,
1 1

.y e

1’ l’ PR
2° 3 n

1 . . . . .
We note thatherea, = iwe claim that /s zero. So if € >0, is any given number,

then we can see that,

——0|<e,

which will be true if >§

. . 1
So if we choose m to be a +ve integer greater than Lo we find,

1
-0
n

<eV" " n=2m

and thus, zero is the limit of the sequence.

. 1 .
As aparticular case, suppose that € = 1000° then if we choose m =1001

Then m>l=1000
€

lO‘<L’v"i12m

And n 1000

So we find that the value of m depends upon the value of €, the smaller the
value of ¢, the larger the value of m.

1.2.2 Divergent Sequence

Let<a >be a given sequence and suppose K is any large number. If we find that
except for a finite number of elements of the sequence, all members are greater
than K, we say that the sequence has +oo as its limit. In such a case the sequence
<a > is said to diverge to +oo,

Definition: A sequence <a > is said to diverge to +oo, if for each positive number
K, (however large), it is possible to find a +ve integer m, such that,

a,>K Y nzm

Similarly, a sequence <a > is said to diverge to —oo, if for each negative
number K (however small), it is possible to find a +ve integer m, such that,

a, <K Y nzm

Arithmetic and
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In the notation, the above two are expressed as,

Lim a, = 4o

n—oo

Lima, = —oo

n—o0

As an example the sequence < 1, 2, 3, .. .n, ... > diverges to +oo and the
sequence <-1,-2,-3,...-n, >diverges to —oo.

A sequence is thus convergent if it has a finite limit and is divergent otherwise
(i.e., when the limit is infinite or it does not exist).

Note: Many authors follow the following definition:

Definition: A sequence is convergent if it has finite limit. It is divergent if it tends to
+ o0 or —oo and the sequence is called oscillatory if the limit does not exist. Thus
the sequence, <-1,1,-1,1,...,(-1),...><-1,2,-3,4,....,(-1)'n,...>
are oscillatory.

1.2.3 Bounded Sequence

A sequence <a > is said to be bounded if there exist numbers k and K such that,
k <a <K, vn

1.
For example, the sequence < —>is bounded as,

03131 Y n
n

1.2.4 Monotonic Sequence

Assequence <a > is said be monotonically increasing if,

a,,za, ¥n

n+l =
and it is called monotonically decreasing if,

a,, <a, Vn

Also if a

increasingand if a,,, <a, ¥V n itis called strictly monotonically decreasing.

n+l

> a, *v-n we say that the sequence <a > is strictly monotonically

1. . . .
The sequence < s clearly strictly monotonically decreasing, whereas,

the sequence <n> is clearly strictly monotonically increasing.

A sequence which is either increasing or decreasing is called a monotonic
sequence.

The sequence <1,—1, 1, ...>1is not monotonic as it is neither increasing
nor decreasing.

1.3 SERIES

A series can be highly generalised as the sum of all the terms in a sequence.
However, there has to be a definite relationship between all the terms of the
sequence.



An ‘Arithmetic Series’ is the sum of an arithmetic sequence. We find the
sum by adding the first, @, and last term, a , divide by 2 in order to get the mean of
the two values and then multiply by the number of values, n: Sn=n*(a,+a ).

The basically could be better understood by solving problems based on the
formulas. They are very similar to sets but the primary difference is that in a sequence,
individual terms can occur repeatedly in various positions. The length of a sequence
is equal to the number of terms and it can be either finite or infinite. With the help
of definition, formulas and examples we are going to discuss here the concepts of
sequence as well as series.

A sequence is an arrangement of any objects or a set of numbers in a particular

order followed by somerule. Ifa,a,a,a,......... ,etc. denote the terms of a

sequence, then 1,2,3.4,.....denotes the position of the term. The series is finite or
infinite depending if the sequence is finite or infinite.

A sequence can be defined based on the number of terms, i.e., either finite
sequence or infinite sequence.

Ifa,a,a,a,....... is a sequence, then the corresponding series is given

by
Sy=atata +.+a
Table 1.1 Some Basic Formula of Arithmetic Progression and Geometric Progression
Arithmetic Progression Geometric Progression

Sequence a,atd, a+2d,....,.a+(n-1)d..... a arar?..ar™), .

Common Difference or Ratio = Successive term - Preceding term = Successive term/Preceding term

Common difference=d=a,-a; = Common ratio = r = ar(™)/ar(*2)

General Term (nth Term) an=a+(n-1)d an=ar™)
nth term from the lastterm  a, =1 - (n-1)d a, = 1/
Sum of first n terms sy =n/2(2a + (n-1)d) sp=a(1-mM/(1-r)ifr<1

sp=a(-1)/(r=1)ifr>1

Whereas, a = first term, d = common difference, r = common ratio, n =
position of term, | = last term

Difference between Sequences and Series

Sequences Series
Set of elements that follow a pattern Sum of elements of the sequence
Qrder of elements is important i Order of elements is nol so important .
© Finlesequence:12345 | Fiolleseries:14263sd5
Infinite sequence: 1,2.34,...... Infinite Series: T+2+3+4+.....
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Infinite Series

When an infinite series has infinite number of terms and there may not be any
definite rule to determine its terms. Such a series is denoted by an expression of
the form,

u, or 2u
u tu,tu ot or;:1 . "
Convergence of an Infinite Series

The word series in this unit would mean an infinite series. Suppose we are given
the series,

Xu =u t.oootu o
Let us denote it by, S = u,
S, =u tu,

S3=ul+u2+ u,

In this manner, we get a sequence <S > to which we call the sequence of partial
sums of the given series Zu .

Definition: A series Zu_is defined to be convergent or divergent according to
the state of its sequence of partial sums <§ > being convergent or divergent. If
<§ > converges to S'then S'is called sum of the series Zu .

The following two results are direct consequence of the definition:

(a) Addition or omission of a finite number of terms in a series does not
affect its convergence or divergence.

(b) Multiplication of all the terms of a series by a non-zero constant does
not affect the convergence or divergence of the series.

Positive Term Series

If all the terms in a series are positive we call it a positive term series. We have
already defined convergence of a series in terms of its sequence of partial sums. In
general practice it is found that it may not be always easy to write down the
sequence of partial sums. To avoid this, we have a few tests which can be applied
directly to the series to see whether it converges or diverges. Before giving the list
of these tests, we give below a few important limits which will be useful in the
application of these tests.

Some Important Limits

(a) Lim(1+l) =e, where2<e<3
n

n—seo

(b) Limn"" =1

n—eo



(c) Lim log, n=eo
(@ Lim log,n=

Tests to Examine the Nature of a Series

Suppose we have a positive term series Zu , then the following tests can be applied
to determine the nature of the series:

Test1. Lim u, #0,then X u isdivergent.

n—eo

Test 2. Zu  is convergent if and only if there exists a number K, such that
u, +u,+. .. +u <K, forall n.

Test 3. Zu is divergent, if each term after a fixed stage is greater than some fixed
positive number.

Test 4. Comparison tests.

Form 1. IfXu and X v aretwo positive term series such that, u, <kv, ¥n, where
k is some fixed positive number, then Zu, divergent = Xv isdivergentand Zv,
convergent = Xu_is convergent.

Form 2.IfXu and Xv are two positive term series such that, kv, <u, <Kv, ¥n,,

where kand K are some fixed positive numbers, then Xu _and Zv converge or
diverge together.

. .. . u
Form 3. If Zu_and Xv_are two series of positive terms, such that Lim—=1/
n n n—eo Vn

where / is non-zero finite real number then Zu and Zv converge or diverge
together.

Example 1.1: Show that the series 1 + 1 + 1+ 1+...1is divergent.
Solution: If u is the nth term of the series then,

Limu, =1 (ou=1)

This is non-zero and thus by Test 1, the series is divergent.
Example 1.2: Test for convergence, the geometric series 1 +7+ 72+ 3+ ...,
(r>0)
Solution: Case . 0 <r <1
IfS denotes the sum of the first n terms of the series, then
S=1+r+r+...+pr!

n

1-7" 1
=7 <—— forall n.
1-r 1-r

If we write K = ,wehave S, <K vnand thus by Test 2, the series is

1-r
convergent.

Case II. r = 1. The series becomes 1 + 1 + 1 + ... by Example 1.1, is
divergent.

Arithmetic and
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Caselll. r>1.

Each term of the series is greater than 1 and so by Test 3, the series is
divergent.

Thus we conclude that the above series is convergent, if 0 <» <1, and
isdivergentifr>1.

Example 1.3: Test for convergence, the series 1+i+i+i+m+ 1 .
2r 3F 47 n”
. 1 1 1
Solution: Let S= 1+2_p+§+4—,7+
Casel Letp>1
Then,
1 1
S = 1+2_p+3—p+...

[ 1 1 j [ 11 1 1 j

=1+ —4+—= |+ —=F+=+—+—|+..

217 3P 417 517 617 717

We bracket the terms (leaving the first term 1) such that the brackets contain 2, 4,
8, ...terms. Then,

1 1 1 1 1 1
S<1+ 2_p+2_p + 4_p+4_p+4_p+4_p +

2 4 8
=l+—+—+—+..
27 478

1 1 1
+

21)71 4])71 + 8p*l

=1+ +...

ie.,

S<1+1+1 !

27 520 o T

Now RHS is a geometric series with common ratio <1 and s, therefore,

1
27!
convergent by Example 1.2.

So by comparison test the given series is also convergent (whenp> 1)
Case Il. When p =1, we have,

S—1+l+l+l+
- 2 3 4 77

_ 1 1 1 1 1 1 1
Sl || =+ |+
2 (3 4) (5 6 7 8)
Where we bracket the terms (leaving the first two terms) such that the brackets
contain 2,4, 8, . . . terms.



Thus,S>1+l+ LSRR Y (8 R R L
2 \4 4 8 &8 8 8

Or P P . S

> —+—+—+...
= S 2 2

But RHS is a divergent series according to Test 1.
Hence, by comparison test again the given series is divergent.
Case III. When, p <1

1 1
Here, —>—Vn
n n
But 3 is divergent by Case I1.
n

= zip (i.e., the given series is divergent by comparison test).
n

. 1. o
We thus conclude that the series Zn—p is convergent when p > [ and is divergent
whenp < 1.
This series is called Auxiliary Series and is used to solve many problems.

Example 1.4: Test for convergence of the series,

1 1 1 1
+ + + +
135 246 357 468

Solution: Here the nth term of the series is,

I I
u = =
n(n+2)(n+4) n3[1+2j(1+4j
n n
I
Take, v =—
n n
uﬂ 1

Then, - —_—
K (1 + 2)(1 + 4)
n n

Now Lim— =1, which is non-zero and finite.
A%

n

Also since the auxiliary series v = Z% is convergent (p > 1), it follows by
n

comparison test that the given series is also convergent.

Arithmetic and

Harmonic Progression

NOTES

Self - Learning
Material

11



Arithmetic and
Harmonic Progression

12

NOTES

Self - Learning
Material

Example 1.5: Examine for convergence of the series,

0

> V1 -

1

Solution: Let . denote the nth term of the series,

Then, u = n*+1-n

I
N
—
+
|
|
N

I

S
1
7N\

Pk

+
:Nl —
~—
S

|

—_
||

Il
S

I

|
+

11 1
:____+---
n[Z 8n’ }
Take, y =—

1 1 . .
Then, L STgr " terms with higher powers of n
n

n

= LimZ= % £0, finite

n—oco
v)‘l

= Zu and Xv converge or diverge together by comparison test.

But Xv is divergent according to Example 1.3.

Hence, Zu_is divergent.
Aliter. We have,
U,= \Jn>+1-n
2
_Nnrlen ) 4
Nn'+1+n
n’+1-n’ 1
= 2 —_
N4 n[ /1+12+1}
n
1
Take, v =—
n n
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Va 1
i+ = +1
n
il _ 11 NOTES
= ey, 1412

= 2u isdivergent as above discussed.
Example 1.6: Test for convergence of the series,
i 1 bei ..
Z (a1 ny’ (b+n) P, q being positive.

Solution: We have,

1 1
n T (a+m)(b+n) I3 q
(@+my*(6+n) ”(a+l) n"(+1)
n n
1
= p q
n’ (aﬂ) (b+1)
n n
1
Take, Ty =X~
n n
u, 1
Then, - =
v

= Lim—~ =1, which is non-zero finite.
e vn

= 2u and Xv, converge or diverge together by comparison test.
But 2v is convergentifp+¢> 1 and divergentif p +¢ <1 (auxiliary series).

Hence, the given series is convergent when p +¢>1 and divergent whenp +¢ <1.

Example 1.7: Test for convergence of the series whose nth term is ,3/(113 + 1) -n.

Solution. We have,

u=m+1)"—-n

1 1/3
n(l-ﬁ-;j —n

Self - Learning
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1 -y . .
=37 + Terms with higher powers of 7 in the denominator.

Take, v =—

Then % L + Terms with higher powers of # in the denominator.
v

n

= LimZz = % (non-zero finite)
12

= 2u isconvergentas 2V is convergent.

Example 1.8: Show that if Xu is a convergent positive term series, then
Limu = 0. Does the converse hold?

Solution: Let Zu be a convergent positive term series. Then <S > the sequence
of partial sums of Zu_is convergent (by definition).

Let, I;_IEI § =8

Now, u= (u tu,+.. . tu)—(u +u+..tu )
- Sn_Sn—l

= Limu =Lim(S —S )

= LimS§ -LimS§_ =S-5=0
Hence, proved.
This is called the necessary condition for convergence.
The converse of this does not hold. For example, consider the series,
I 1 1
I+—4+—+.. . +—+-
2 3 n
Which is divergent according to example 3, although,

Limu, = Liml=0

t—o0 n—>co n

Some More Tests

Test 5. Cauchy’s Root Test

If Zu is a+ve term series with Lim (u,)” =/, then

(9) If/<1, Zu isis convergent.
(i) If 1> 1, Zu is divergent.
(iii) If /=1, the test fails.
Test 6. D’ Alembert’s Ratio Test

. . . . u
If Zu_is a+ve term series with Lim ——=1/, then
e un+1

(i) If1>1, Zu_is convergent.



(i) If 1 <1, Zu, is divergent.
(@ii) If /=1, the test fails.
Test 7. Raabe’s Test.

IfZu is a+ve term series with Lim [n(i - 1)] =1,then

n—eo
u»1+l

(i) If1>1, Zu is convergent.
(i) If 1 <1, Zu, is divergent.
(@ii) If /=1, the test fails.
Test 8. Logarithmic Test.

n—oo

IfZu is a+ve term series with Lim (n log, L) =1,then

n+l
({) If1> 1, Zu_is convergent.
(i) IfI<1,Zu is divergent.
(iii) If /=1, the test fails.

Example 1.9: Test for convergence of the series

Solution: Here the nth term of the series is,

1
un = 2
)
n
1
Then, (u)n=——07r
(1)
1+—
n

= Lim(u,)"" = Lim

1
()
n

So by Root test, the given series is convergent.
Example 1.10: Test for convergence of the series,

2 3 4
X X X

X+?+?+?+... (x>0)

n

L. X
Solution: The nth term of the series is u = o

n

u, x" n+l 1)1
Thus’ =—X?= 1+—|.—

n X

1y (as e>2)
e
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. . 1)1 1
Then, L1mi = L]m(] + _)_ ——
n—e gy n)x x

n+l

! . .
Soif < >1, i.e.,ifx <1, the series is convergent.

Andif L < L,1.e., ifx> 1, the series is divergent by Ratio test.
X

Ifx =1, the Ratio test fails, but in that case, we note that the given series reduces
e . 1 1 NPT
to the auxiliary series, 1+ 5 + 3 +....which is divergent (p=1).

Hence, the given series is convergent if x <1 and is divergent if x> 1.

Example 1.11: Test for convergence of the series,

§ 143 (en-1
2 246..m (x>0

Solution: If u is the nth term of the series then,

_135..2n-1)
u = ————x
" 2.4.6..2n

T 1.3.5...2n-1).2n+1) o
ntl 24.6..2n.2n+2)

1
u 2n+2 1 (1+n) 1
And —= = —= -
U, 2n+1 x ( 1 )x
1+
n
.. L u 1
This gives, Lim—-= —
n—eo 1y X

n+l

So by Ratio test if 1 >1,1.e.,1fx <1, the series is convergent and if 1 <1, 1.e.,if
X X

x> 1, the series is divergent.
When x =1, Ratio test fails.
We then use Raabe’s test.

By putting x =1 in the given series, we get,

U 2n+2
U 2n+1
oo et
un+1 n+ (2+)
n
1 1
So. Limn[ﬂ_lj T L
o un+l

'Hw (2+1) 2
n



Thus by Raabe’s test, the series is divergent.
Hence, the given series is convergent if x < 1 and is divergent if x> 1.
Example 1.12: Test for convergence of the series,
22 xZ 33 x3 44 x4
+ +
2 3 4

X+

Solution: Let u be the nth term of the series then,

n_.n

u, nx n+1 n" (n+1)

n+l __n+l

u,, n  (n+)"'x =(n+1)””' x

—
—

.u
= Lim—~

1 n
=— as Lim(1+l) =e

u ex n

n+l

. . . ol
Hence, by Ratio test the given series is convergent if o 1
. 1 e . 1
Le.,if x< " and itis divergentif x > —
e

1 . )
Ifx= e Ratio test fails.

In this case,
u, e
u - n
n+l (1 T IJ
n
u" 1
Now, log — =loge—n log [1 +—j
€U, n
1 1 1
= 1—1’1(——24-—34-]
n 2n° 3n
= 1—1+L—L3+...
2n 3nm
_ L1
2n 3n’
u, 1 1 o . .
= nlog, =5, + Other terms with higher powers of  in the denominator.
n

n+l

. 1
Thus, le(nloge % ): 5 <1

un+1

Hence, by logarithmic test the series is divergent.

. S n+a
Example 1.13: Prove that the series 2 -

is convergent by using
—=2"+a

D’ Alembert’s Ratio test.
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) u w+a 2"+a
Solution: We have, — = X 3
2"+a (n+l)y +a

u

n+l

n+a ><2”+1+a
T (m+)’+a 2"+a

.ou 1+0 2+0
= Lim— = X =2
ey o 140 140

= By Ratio test, the series is convergent.

Example 1.14: Test for convergence of the series,

= sl
,,Zzl(n+2)(n+3)'x  (¥>0)

Solution: We have,

u, (n+1) N (n+3)(n+4) 1
T (m+2)(n+3) " T (n+2) 1™

(1+1j[1+4j
_ (n+1)(n+4)l= n n
(n+2) X (1+2]
n

u

n+l

1
'X

noe un+1

o . ..
Hence, if —>1,1.e.,ifx <1, the series is convergent.
X

1
and if - <1,1i.e.,ifx> 1, the series is divergent by Ratio test.

If x=1, the Ratio test fails. The series then becomes,

Z n+l

(n+2)(n+3)

n+l1 1+1/n
n (n+2)(n+3)  n(1+2/n)(1+3/n)

Here, u

1
Take, v, ==
n
. u 1+1/n
Th Lim—* = Lim =1 - finit
us, A0S A+ 2/m)1+3/m) (non-zero finite)



Hence, Zu, and Zv, converge or diverge together. But Xv, is divergent
(according to the solution proved in example 1.3)

Therefore, Zu, is divergent when x = 1.

Example 1.15: Show that the series 1+ iz + % + L4 +... 1s convergent.
22 3 4

1
Solution: We have u = P

L1
:> (un)" :;

= Lim (u")»% =0<1

n—oo

= Zu is convergent by Root test.

1.2 3 4
: jes —F—+—+—
Example 1.16: Test for convergence of the series TR AETANY
Solution: We have u, = %
un n 3n+1 3

Thus, = X =
’ U, 3 n+l1 n+l

“y =0<1

u

n+l

= Zu_is divergent, by Ratio test.
Example 1.17: Show with the help of examples that the Ratio test fails, when

Lim— =1,

n—oeo u

n+l

Solution: Consider the series, 1+ % + % +.o.+ l...

n
1
Here, u =—
n n
uﬂ 1
= — = —x(n+])
un+l n
1
=1+—
n
. un
= Lim =1
u

n+l

We know that the series is divergent.

Now, consider the series,

11 1 1

1+2—2+3—2+4—2+...+n—2+...
+1)° 1Y
Here, My 2) :(1+—]
Uy n n
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n—1

n+l

=

u

But this series, is convergent (according to the solution of Example 1.3) and thus

Lim— can be equal to unity in case of convergent as well as divergent series.
e un+l

Hence, the Ratio test is not applicable in this case.
Alternating Series
A series of the form,
U —u, tu,—u, +. ..
Where u >0 vn, is called an alternating series.
Leibnitz’s Test. The alternating series u, —u, +u,—u, +...1s convergent if,

(l) un+1 < un Vn

(if) Limu, =0.

n—seo

Example 1.18: Show that the series, 7 - é +§ - g +.. 1s convergent.

Solution: We know that, u . <u_forall n. Also Limu# =0. Thus by Leibnitz’

ntl n—xo

test, the series is convergent.

Example 1.19: Show that the series 1

1 .
. 1S convergent.
R A s

Solution: The result is evidently true by Leibnitz’ test. Since here the numerical
values of the terms are continuously decreasing as,

1
(n+D)J(n+1) = nn

for all n.

and also Limu = Lim

1
=0
Pt =

Example 1.20: Test for convergence the series.

2(—1)" (Vv |

Solution: We have,

u, = Jurl-n = ﬁfw_lﬂ

n+l-n

1
= Tnriidn  dariedn




1 1

Yor T T v 24+l An+l+n

n+1+4n—n+2-n+1
n+2 +n+1)n+1++/n)

Giditr  iediid
— (Wn+2+n+ D) n+1+n) An+n+2

n—(n+2)
T W2+ n+ D)1 +n)n +n+2)
)

_ <0,Vn

T Wn+2+n+ DI+ 1430 n +n+2)

Because the denominator will always be positive.

Hence,u , <u vn

Note: When we check the above property we take the terms # and u | with the
positive sign [According to Leibnitz’ test. ]

Now, Limy, = Lim——————+
L mew

e x/_[\/ﬁﬂ]_

Hence, by the Leibnitz’s test we observe that the given series is convergent.

Check Your Progress

Define the term sequence.

What is limit of the sequence?

What do you understand by divergent sequence?
Define the term series.

What do you mean by infinite series?

When is K some fixed positive number?

What do you understand by Leibnitz test?

Ao

1.4 ARITHMETIC PROGRESSION

Quantities a, a,, as, ..., a,, ... are said to be in Arithmetical Progression if

a,—a, ,1is constant for all integers n >1. The constant quantity a, —a, , is

called the common difference of the arithmetical progression.
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Notation: A.P. stands for an arithmetical progression. Consider the following
series.

1,3,5,7,9,11, ...

0, V2,242,33, 447, ..

17 la 05 _la _17 _i
2 2 2

X+ty,x,x—y,x—2y, ..
5.3,5.55,5.8,6.05,6.3, ...

Each of the above series is an A.P. Common differences are respectively 2,
V2, —%, —yand 0.25.
1.4.1 General Term of an Arithmetical Progression
The first term can be denoted by a.
So, a,=a+(n-1)d
S, =%[2a+(n— 1)d]

Leta,,a,, ...,a,,..beagiven A.P. Letd be their common difference. Then
a,—a, =dforalln.
= a,-a;=d,ay—a,=d,a,—ay,=dandsoon,
a,=a,td,ay=ay,td=a td+d=a,+2d

a4=a3+d=a1+2d+d=a1+3d

=

a, ,=a,+(n-2)d
a,=a, (td=a,+(n-2)d+d
=a,t(n-1)d
Thus nth term, a,, of an arithmetical progression whose first term is @, and
common difference d, is given by
a,=a,+n-1)d
Example 1.21: Find 16th term of the series 3.75, 3.5, 3.25, ....
Solution.: In this case @, =3.75,a,=3.5,a;=3.25
d=ay,—a,=-0.25
Hence 16thterm = a
=375+ (16 —1) (- 0.25)
=3.75-15%0.25
=3.75-3.75=0
Example 1.22: Which term of the A.P. 49,44, 39, ... is9?

Solution: Let nth termbe 9,1.e.,a, =9.

Here a,=49,d =44 -49 =35,



Thus a,=9=49+(n-1)(-5)
= 9=49-5n+5
or Sn=54-9=45

n=9

Thus 9th term of the given A.P. is 9.

1.4.2 Sum of Finite Number of Quantities in an Arithmetic
Progression

Leta,,a,, ..., a, be n quantities in A.P., and let the last term a, be denoted by /.
If d is their common difference then,
a,=a;+(n-1)d=1
Put S,=a ta,t..+a,
Thus S,=a, +(a,+d)+(a,+2d)+..+[a; +(n-1)d]
=a,+(a, td)+(a,+2d)+..+(I-d)+1 ~(1.1)
Writing the above series in reverse order, we get
S, =l+(-d)+(-2d)+..+(a, +d)+aq, .(1.2)
Adding Equations (1.1) and (1.2), we get
28, =(a;+D+(a; +D+..+(a, + 1), (ntimes)

:”(al +1)

Therefore S, = g (@, +1)

=§{a1+[al+(n—1)d]}

Consequently S, = % [2a, + (n—1)d]

. 327
Example 1.23: Find the sum of 2372 to 19 terms.
. 3 2
Solution: Here a;==,a,=<,n=19
4 3
2 3 1
Thus d a2 —al = g Z = D
. 19[, 3 1
ie, So=—|2x=+19-1|-—
) ! ( )( 12)]
_ o318
202 12
_19(18-18) _ 19 _
2 12 2
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Example 1.24: How many terms of the following series may be taken so that
their sum is 66.

-9,-6,-3,...7
Solution: Let S, = 66. Herea;, =-9,d=-6+9=3

Or 66= %[—18+(n—1)3]
132 =—-18n+3n* - 3n
ie., 32 -21n—132=0
Or n”—Tn-44=0=m-11)(n+4)=0

=>n=1lorn=-4

As n is a positive integer, the second value of n, 1.e.,—4 is rejected.

Thus required number of terms is 11.
1.4.3 Arithmetical Mean
Ifa,a,, ..., a, are in A.P,, then the quantities a,, a, ..., a,_, are called Arith-
metic Means (A.M.) betweena, and a,.

Thus in the series, 1, 3,5,7,9, 11, 13, 15, ...

3, 5 are arithmetic means between 1 and 7.

9, 11, 13 are arithmetic means between 7 and 15.

1.4.4 To Insert n Arithmetic Means Between Two Given Numbers
Let a and b be two given quantities and 4, 4,, ..., 4, be the n arithmetic means
between them. Then the quantities,
a,A,,4,,...,4,,barein A, P.
Let d be their common difference.
Now b=(n+2)thterm
=a+m+1)d
_ b—a
n+1
Further, A, =2nd term
=a+d=a+ (b_a)

n+l

= d

_ na+b
n+l

A2 =3rd term

a+2d=a+2(b_a)

n+1

na+2b—a
n+l



An=a+nd=a+n(b_a)
n+l1

a+nb
n+l

na+b na+2b-a a+nb

Hence , yers
n+l n+l n+l1

are n arithmetic means between a and b.

Example 1.25: Insert 6 arithmetic means between 1 and 19.

Solution: Let 4, 4,, 45, 4,, 45, A4, be the required arithmetic means.
Then 1,4, 4,,A44, A4, A5, Ag, 19 are in A.P.
Let d be their common difference.
Then 19 =8th term

=1+@8-1)d
=1+7d
_18
Thus =
Hence A4, =2ndterm
1825
7
A2=3rdterm=1+2><ﬁzl+ﬁzﬁ
7 7 7
Ay=4dthterm=1+3x o> =1+ 2 =09
7 7 7
A =Sthterm=1+4x > =1+ 2=
7 7 7
Ag=6thterm=1+5x = =]+ = =21
7 7 7
A6=7thterm=1+6xE=1+@:E
7 7 7

So, the required means are

> > > > >

777 7 7 1

Example 1.26: How many terms of the series 4, 2, 0,2, —4, -6, ... should be

taken so that their sumis 67
Solution: Let n be the required number of terms.
Herea,=4,d=2-4=-2

So, 6=Sn=§[8+(n—1)(—2)]
ie., 12=8n—2n%+2n

or 2n* —10n+12=0

or W —5n+6=0
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or n-3)(n-2)=0
Hence n=3orn=2.

Here, we get two answers. As the third term is zero, therefore, the sum of the
first two terms is same as the sum of the first three terms.

Example 1.27: If pth, gth, 7th term of an A.P. are a, b, c, respectively, show that
(g—ra+F-pb+{p-qc=0

Solution: Here ~ pthterm=a=a, +(p—1)d (1)
gthterm=b=a, +(¢—-1)d ..(2)
rthterm=c=a, +(r-1)d ..(3)

where a, is the first term and d is the common difference of the A.P.
Multiply (i) by ¢ — r, (ii) by r — p, (iii) by p — g and add to obtain
(g-r)at(@r-pbtp-g)c
=ag-nNta@r-p)tap-q9+tdlp-D(@-n+t@-Dr-p+
(r=Dp-9)]
=aylg-rtr-—ptp-—qltdlpg+r—-pr—qtqr—r+tp—pq+trp—rq
—p+ql=0
Example 1.28: The sum of n terms of two A.P.s are in the ratio of 7n + 1: 4n+27.
Find the ratio of their 11th terms.

Solution: Let a, and b, be the first terms of two A.P.s and d,, d, be their com-
mon difference respectively.

Then S, = g[za1 +(n—-1)d,]

, _n
Sn—5[2b1+(n—l)d2]
2a;+(n-1)d, _ Tn+l
s 2 +(n-1)d, 4n+27

So,

Puttingn=21, we get

2a,+20d, _ 148
2 +20d, 111

a +10d, _ 148

Or il
b +10d, 111
bll 111

where a;, and b, are the 11th terms of two A.P.s respectively.
The ratio of their 11th termis 4:3
Example 1.29: If a?, b?, ¢ are in A.P., show that

1 1 1
b+c c+a a+b

are also inA.P.
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Solution: 1 arein an AP Harmonic Progression
b+c’ c+a’ a+b o

< c+a b+c - a+b  c+a NOTES
PN b—a _ c—-b
(c+a)(b+c) (a+b)(c+a)
PN b—a _ c-b
c+b b+a
= b? —a?=c?* - b?
= az, bz, c? are in A.P.

Example 1.30: Sum to n terms of three A.P.s are s, 5, and 5. The first term of
each of them is 1 and the common differences are 1, 2 and 3 respectively. Show
thats,, s,, s; arealso in A.P.

n(n+1)

Solution: 5, = % 2+n-1)]= ;

s2=§[2+(n—1)2]=n2

s3=§[2+(n—1)3]=§ (Bn-1)

Or o g =l n(n+1) _n’-n _ n(n-1)
2l 2 2 2
_n 2 3n2—n-2n?
S;—8,==—Bn-1)-n"=——
5=t G :

nz—n _ n(n—l)

2 2
ie, s,—85 =8;-5,

Hence sy, s,, 5, arein A.P.

Example 1.31: State giving an example whether the following statement is true or
false.

In a given A.P. let a be the first term, d the common difference, # the num-
ber of terms and s their sum. Given any three of a, d, n and s, one can always find
aunique value of the fourth quantity.

Solution: The statement is false. Given the values of a, d and s, there might be
two values of n. Consider the series 12,9, 6, 3, 0, -3, —6. Find the number of
terms from the beginning whose sum is 30.

In this case, a=12,d=9-12=-3,5=30
Since 5= §[2a+ (n—1)d]

We have 30= g [24 + (n—1) (-3)]

or 60 =24n—3n*+3n
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or 3n>—27n+60 =0
= n—9n+20=0
= (n-4)(n—5)=0
= n=4orn=>5.

Example 1.32: Find the sum of all the numbers between 200 and 400 which are
divisible by 7.

Solution: Since 4 is left as remainder on division of 200 by 7, the least number
greater than 200 divisible by 7 is 203. Again if we divide 400 by 7, 1 is left as
remainder. This implies that the greatest number less than 400 which is divisible by
7 is 399.

So we have to find the sum of the series
203 +210+217 +... +399

Here a,=203,d=17,1=399

Let n be the total number of terms in this series.

Then 399 =203+ @m—-1)7

= Tn =399 -203 +7
=406 — 203 =203

= n=29

Hence required sum = % (at+ D= % (203 +399)

_»
==7(602)

=29 x 301
=8729

Example 1.33: Mr X arranges to pay offa debt 0fX 9,600 in 48 annual instalments
which form an arithmetical series. When 40 of these instalments are paid, Mr X
becomes insolvent and his creditor finds that X 2,400 still remains unpaid. Find the
value of each of the first three instalments of Mr X. Ignore the interest.

Solution: Leta, a +d, a +2d, a + 3d be the annual instalments.

The sum of this series up to n =48 terms is 9600.

ie., 9600 = % [2a + (48 — 1)d]
= 9600 = 24(2a + 47d)
= 2a+ 47d = 400 (D)

After 40 instalments are paid, the balance is X 2,400. In other words, in 40
instalments Mr X has paid X (9600 — 2400), i.e.,X 7,200.

So the sum of the first 40 terms of the above series is 7200.
Thus 7200 = ? [2a + (40 — 1)d]
= 7200 =202a + 39d)



= 2a +39d =360 -.(2)
Subtracting equation (2) from (1), we get
8d=40 = d=5
Then equation (2) = 2a + 195 =360
= 2a=165 = a=282.50

Hence, the first instalment of Mr X is ¥ 82.50, second instalment is
% (82.50+5.00), i.e.,X 87.50 and the third instalment is X (87.50 + 5.00), i.e.,
3 92.50.

1 1 1 .
Example 1.34: If , , are in an A.P., prove that a*, b?, ¢ are also
b+c cta a+b
inA.P.
. . 1 1 1 .
Solution: Since , , areinanA.P.,
b+c c+a a+b
1 1 1 1
We have - = -
c+a b+c a+b cta
(b+c)—(c+a) (c+a)—(a+Db)
: =
(b+c)(c+a) (a+b)(c+a)
— b—a _ c-b
b+c b+a
= b —a*=c*-b?
= az, bz, c?arein A.P.

Example 1.35: The monthly salary of a person was X 320 for each of the first
three years. He then got annual increments of X 40 per month for each of the
following successive 12 years. His salary remained stationary till retirement when
he found that his average monthly salary during the service period was X 698. Find
the period of his service.

Solution: Let n be the total number of years of the person’s service.

His total salary =3 12n % 698

(As his monthly average is X 698)

Total salary in first three years of service
=320%x3x12=%960 x 12

In the 4th year, his monthly salary was X (320 +40) =3 360

In the 5th year his monthly salary was ¥ 400, and so on.

Then for the next 12 years, his total salary
=312 x[360+400 + ... up to 12 terms]

=312 x %[2X360+(12—1)X40]

=3 12 x 6 (720 + 440)
=312 % 6 % 1160
=3 12 x 6960
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Atthe end of following the 12 years, his monthly salary was
I[360+ (12 —1) x40] =X 800

He got X 800 as salary for the remaining (rz — 15) years. So his total salary for
the remaining (n — 15) years was (n—15) 800 x 12

Hence his total salary throughout his service period
=12[960 + 6960 + 800(n — 15)]
=12(7920 + 800n — 12000)
=12 (8001 — 4080)

This must be same as 12n x 698

ie., 12n x 698 = 12(800n — 4080)
= 102n=4080 = n =40 years.
Example 1.36: The sequence of natural numbers is written as
1
2 3 4

Find the sum of the numbers in the 7th row.
Solution: Let S| denotes the sum of 7th row.
S, =1,8,=2+3+4,5,=5+6+7+8+9

Letinitial term of S be 7,

and supposethat M=1+2+5+..+1,

be the sum of the first terms of S}, S,, and S,

Now M=1+2+5+10+..+¢,

Also M=1+2+5+..+¢ ,+1,

Subtracting, we get
0=(1+1+3+5+uptokterm)—1,
t,=1+[1+3+5+ . upto(k—1) terms]

=1+(%)[2+(k—2)x2]

=1+ (k-172=k-2k+2
In S, there is one term, in the §,, there are three terms and so on. In S, there
will be (2k—1) term.
Hence, we have to find the sum of the series
PP =2r+2,rr=2r+3,r2 —2r+4,upto (2r— 1) terms

So S=@[2(r2_2r+2)+(2r—2)x1]

r

=Qr-1)#-2r+2+r-1)



=2r—-1) (P -r+1)
=21~ 37 +3r—1

Example 1.37: A lamplighter has to light 100 gas lamps. He takes 1’2 minutes to
go from one lamp post to the next. Each lamp post burns 10 c.c. of gas per hour.
How many c.c of gas has been burnt by 8.30 p.m. if he lights the first lamp at 6
p.m.

Solution: Total time from 6 p.m. to 8.30 p.m. is 2.30 hours, i.e., 150 minutes.

15010

g, = Gas burnt in the Istlamp = %0

_1
= (150) c.c.

Second lamp burns for (150 — 1.5) minutes

So the gas burnt in the 2nd lamp =g, = é (150-1.5)

Similarly 2= % (150 -2 x 1.5) and so on.
We are to calculate

S=g+t& ™t +&u
S= %[150+(150— 1.5)+ (150 =2 x 1.5) + .|

The series inside the bracket is an A.P. with first term = 150, common differ-
ence =—1.5 and number of terms = 100

100

Hence, §= ¢ x—-[300+99(-1.5)]

1
6
- ? (300 1.5 x 99)

=25 (100 - 1.5 % 33)
=25 (100 —49.5)
=25(50.5)

=1262.5 c.c.

Example 1.38: Two posts were offered to a man. In one, the starting salary was
% 120 per month and the annual increment was X 8; in the other post the salary
commenced at X 85 per month but the annual increment was X 12. The man
decided to accept the post which would give him more earnings in the first twenty
years of service. Which post was acceptable to him? Justify your answer.

Solution: The total earnings of the man in the first job
= 2—20[2 x 120+ (20— 1)8] x 12

=10 (240 + 152) x 12
=120(392)
= 47040 rupees

Arithmetic and
Harmonic Progression

NOTES

Self - Learning
Material 31



Arithmetic and
Harmonic Progression

NOTES

Self - Learning
32 Material

His total earnings in the second job
_ 20
= 7[2 x 85+ (20-1)12] x 12

=120 (170 + 228)
=120 (398)
= 47760 rupees
which is greater than X 47040. Hence the second job was accepted by the man.

Example 1.39: Find the sum of all the natural numbers between 500 and 1000
which are divisible by 13.

Solution: 500 on division by 13 leaves 6 as remainder, so 507 is the least number
greater than 500 which is divisible by 13.

When 1000 is divided by 13, the remainder is 12. So the greatest number less
than 1000, divisible by 13, is 988.

We are to find the sum of 507 + 520 + ... + 988

Let n be the number of terms in the series

Then 988 =507 + (n— 1) 13

= 76=39+n—-1=n+38

= n=76-38=38

Required sum, S = % [2a + (n—1)d]

Here n=38,a=507,d=13
Hence S= % [2 x 507 + (38 — 1)13]

- % (1014 +37 x 13)

=19(1014 +481)
=19 (1495)
= 28405

Example 1.40: A firm produced 1000 sets of TV during its first year. The total
sum of the firm’s production at the end of 10 years of operation is 14,500 sets.

(i) Estimate, by how many units production increased each year, if the increase
in each year is uniform, and

(if) Forecast, based on the estimate of the annual increment in production, the
level of output for the 15th year.

Solution: Here ¢ = 1000, S= 14,500, n =10 and d is to be evaluated.
14,500 = % [2 x 1000 + (10 — 1)d]
14500 =5 (2000 + 94d)



= 2000 + 9d = 2900
= 9d=900 = d=100
Hence 1000 units is the increase per annum
a+ 14d=1000 + 14 x 100
= 1000 + 1400 = 2400

1.4.5 Properties of Arithmetic Progression (AP)

o Ifthe same number is added or subtracted from each term of an A.P, then
the resulting terms in the sequence are also in A.P with the same common
difference.

e [feachterminanA.Pisdivided or multiply with the same non—zero number,
then the resulting sequence is also in an A.P

e Three numberx, yandzareinanA.Pif2y=x+z
e Asequenceis an A.Pifiits n™ term is a linear expression.

e Ifwe select terms in the regular interval from an A.P, these selected terms
will also be in AP.

Let will discuss about some of the properties of Arithmetic Progression
which we will frequently use in solving different types of problems on arithmetical
progress.

Property I: If a constant quantity is added to or subtracted from each term of an
Arithmetic Progression (A. P.), then the resulting terms of the sequence are also in
A. P. with same Common Difference (C.D.).

Proof: Let {a,a,,a,aqa, ... | S (1) be an Arithmetic Progression

with common difference d.

Again, let k£ be a fixed constant quantity. Now £ is added to each term of
the above A.P. (1) Then the resulting sequenceisa, +k,a, + k,a, +k,a, tk........

Letb =a +kn=1,2,3,4,....... Then the new sequenceis b, b,,b,,
Do

4
Wehave b  —b =(a,,+k)—(a,+k)=a+1-a =dforallne N,
[Since, <a > is a sequence with common difference d].

Therefore, the new sequence we get after adding a constant quantity & to
each term ofthe A.P. is also an Arithmetic Progression with common difference d.

To get the clear concept of property I let us follow the below explanation.

Let us assume ‘a’ be the first term and ‘d’ be the common difference of an
Arithmetic Progression. Then, the Arithmetic Progressionis {a,a +d, a + 2d, a
+3d a+4d, ... }

1. By adding a Constant Quantity: If a constant quantity 4 is added to each term
of the Arithmetic Progression (AP) {a,a+d,a+2d,a+3d,a+4d, ......} we get

favkatd+ka+t2d+ka+3d+ka+tad+k ..} . (1)

First term of the above sequence (1) is (a + k).
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Common difference of the above sequence (i)is (a +d+k)—(a+k)=d.
Therefore, the terms of the above sequence (i) form an Arithmetic Progression.
Hence, if a constant quantity be added to each term of an Arithmetic Progression,
the resulting terms are also in Arithmetic Progression with the same common
difference.

By Subtracting a Constant Quantity: If a constant quantity & is subtracted
from each term of the Arithmetic Progression {a,a +d,a+2d,a+3d,a+4d,
...} we get,

{a-k,atd-k,a+2d-k,a+3d—k,a+4d—k, ...} -.(2)

First term of the above sequence (2) we get (a — k). Common difference of
the above sequence (ii)is(a +d—k)—(a—k)=d.

Therefore, the terms of the above sequence (2) form an Arithmetic
Progression.

Hence, if a constant quantity be subtracted from each term of an Arithmetic
Progression, the resulting terms are also in Arithmetic Progression with the same
common difference.

Property II: If each term of an Arithmetic Progression is multiplied or divided by
anon—zero constant quantity, then the resulting sequence form an Arithmetic
Progression.

Proof: Letus assume {a,a,a,,a,, ..} (1)
be an Arithmetic Progression with common difference d.

Again, let k be a fixed non—zero constant quantity.

Letus obtain, b, b,, b, b,, ............. be the sequence, after multiplying
each term of the given A.P. (i) by £.
b=ak b,=ak b,=ak b,=ak............................ b =ak.

Now, b +1-b =a +lk—ak=(a+1—a )k=dkforalln € N, [Since,
<a >is a sequence with common difference d]

Therefore, the new sequence we get after multiplying a non—zero constant
quantity k to each term of the A. P. is also an Arithmetic Progression with common
difference dk.

To get the clear concept of Property I let us follow the below explanation.
Letus assume ‘a’ be the first term and ‘d’ be the common difference of an
Arithmetic Progression. Then, the Arithmetic Progressionis {a,a+d,a+2d,a+
3d,a+4d, ........... }
1. On multiplying a Constant Quantity: If a non—zero constant quantity (k = 0)
is multiplied by each term of the Arithmetic Progression {a,a+d, a+2d,a+3d,
at+ad, ... } we get,
{ak, ak + dk, ak + 2dk, ak + 3dk, ............. } ..(1ii)
First term of the above sequence (iii) is ak. Common difference of the

above sequence (iii) is (ak + dk) — ak = dk. Therefore, the terms of the above
sequence (iii) form an Arithmetic Progression.



Hence, if a non—zero constant quantity be multiplied by each term of an
Arithmetic Progression, the resulting terms are also in Arithmetic Progression.

2. On Dividing a Constant Quantity: If a non—zero constant quantity (k#0) is
divided by each term of the Arithmetic Progression {a, a +d, a + 2d, a + 3d,
a+4d, ..} we get,

{ak, ak + dk, ak + 2dk, ak + 3dk, ...} .(1v)
First term of the above sequence (iv) is a/k.
Common difference of the above sequence (iv) is (a/k + d/k) —a/k = d/k

Therefore, the terms of the above sequence (iv) form an Arithmetic
Progression.

Hence, if a non—zero constant quantity be divided by each term of an
Arithmetic Progression, the resulting terms are also in Arithmetic Progression.

Property III: In an Arithmetic Progression of finite number of terms the sum of
any two terms equidistant from the beginning and the end is equal to the sum of the
first and last terms.

Proof: Let us assume ‘a’ be the first term, ‘d” be the common difference, ‘1’ be the
last term and ‘»’ be the number of terms of an A.P. (» is finite).

The second term from the end =1-d

The third term from the end =1-2d

The fourth term from the end =1- 3d

The rth term from the end =1- (r— 1)d

Again, the rth term from the beginning=a + (r— 1)d

Therefore, the sum of the 7th terms from the beginning the end
=a+ (- 1d+1-(—1)d
=a+trd—d+1-rd+d
=q+1

Hence, the sum of two terms equidistant from the beginning and the end is
always same or equal to the sum of the first and last terms.

Property I'V: Three numbers x, y, and z are in Arithmetic Progression ifand only
if2y=x+z.

Proof: Let us assume that, x, y, z be in Arithmetic Progression.
Now, common difference =y — x and again, common difference=z—y
= y—-x=z-y
= Qy=x+z

Conversely, let x, y, z be three numbers such that 2y = x + z. Then we
prove thatx, y, z are in Arithmetic Progression.

We have, 2y =x+z
= y-x=z-y

= X, y, z are in Arithmetic Progression.
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Property V: A sequence is an Arithmetic Progression if and only if its nth term is
alinear expressioninn, i.e.,a =4 + B, where 4, B are two constant quantities.

In this case the coefficient of # in the Common Difference (C.D.) of the
Arithmetic Progression.

Property VI: A sequence is an Arithmetic Progression if and only if the sum of its
first n terms is of the form A4 >+ B , where 4, B are two constant quantities that are
independent of n.

In this case the common difference is 24 that is 2 times the coefficient of #2.

Property VII: A sequence is an Arithmetic Progression if the terms are selected
at aregular interval from an Arithmetic Progression.

Property VIII: If x, y, and z are three consecutive terms of an Arithmetic
Progression then 2y =x +z.

1.5 GEOMETRICAL PROGRESSION

In mathematics, a ‘Geometric Progression’, also known as a ‘Geometric
Sequence’, is a sequence of non—zero numbers where each term after the first is
found by multiplying the previous one by a fixed, non—zero number called the
common ratio. For example, the sequence 2, 6, 18, 54, ... is a geometric
progression with common ratio 3. Similarly 10, 5, 2.5, 1.25, ... is a geometric
sequence with common ratio 1/2.

Examples of a geometric sequence are powers 7* of a fixed non—zero number
r, such as 2¢and 3*. The general form of a geometric sequence is,

a, ar, ar’, ar’, art..........

Where r # 0 is the common ratio and a # 0 is a scale factor, equal to the
sequence’s start value. The distinction between a progression and a series is that a
progression is a sequence, whereas a series is a sum.

Definition: A geometric progression or a geometric sequence is the sequence, in
which each term is varied by another by a common ratio. The next term of the
sequence is produced when we multiply a constant (which is, non—zero) to the
preceding term. It is represented by following term:

a, ar, ar’, ar’, ar*, and so on.
Where a is the first term and r is the common ratio.

Note: It is to be noted that when we divide any succeeding term from its preceding
term, then we get the value equal to the common ratio.

Suppose we divide 3rd term by 2nd term we get

ar’/ar =r
In the same way:

ar’/ar’ =r

ar’/ar’ =r



Non-zero quantities a, a,, as, ..., a,,...., €ach term of which is equal to the
product of preceding term and a constant number, form a Geometrical Progres-
sion (written as G.P.).
Thus, all the following quantities are in G.P.
() 1,2,4,8, 16,...

-1

1
i) 3,-1, =
(ll) 2 b 37 9 b 27 b

(i) 1,N2,2,2+2,...

. a a a

(iv) a, 0 5 where a #0, b # 0.
1 1 1

v 1, 30350 1257

The constant number is termed as the common ratio of the G.P.
The nth Term of a G.P.
Let first term be a and r, the common ratio, By definition the G.P. is a, ar, ar’,...
Istterm =a = ar® = ar'™!

2nd term = ar = ar! = ar*!

In general, nth term = ar”"!

In examples of the preceding section, we compute 5th, 7th, 3rd, 11th and 8th
term of (7), (if), (iii), (iv) and (v), respectively.

In (i) Ist term is 1 and common ratio = 2.
Hence, 5th term = ar*=1.2% = 16.

e | _ 6 a1 L
In(@i)a=3,r 3,hence,7thterm ar 3(;) eR

In (iif) a =1, = 2, hence, 3rd term = ar* = 2.

. 1
In (iv) Istterm =a, r= 5 hence, 11th term = ar'®= 510

1 _ 1

1
In(v)ya=1,r= g,hence, 8th term = ar? = 7 T 781
Sum of First n Terms of a G.P.
Leta,ar,ar’,...bea given G.P. and let S, be the sum of'its first # terms.
Then, S, =a+ar+ar’+.+a’.

This gives that, rS, =ar+ ar’ +..+a’ ' + ar”
Subtracting, we get, S, —r S, =a—ar =a (1 -7r")

a(l—r”)

Incaser=1, S, = (1=
Incaser=1, S, =at+a+ta+t.. +a(ntimes)

=na
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a(l—r”)

Thus, sum of n terms of a G.P. is .
—-r

provided r# 1.

In case =1, sum of G.P. is na.
Sum of Infinite Geometric Progression

The sum of an infinite Geometric Progression whose first term ‘a’ and common
ratio ‘7’ (-1 <r<1,i.e,|r|<1)is,
a
S=—
l—-r
Proof: A series of the form a +ar+ar’ + ...... Fart ... o is called an
infinite geometric series.

Let us consider an infinite Geometric Progression with first term a and
common ratio r, where—1 <r <1, i.e., |r| < 1. Therefore, the sum of n terms of
this Geometric Progression in given by,

R i (N U <SR, | i

n 1—r 1-r 1-r

Since —1<r <1, therefore r" decreases as n increases and 7" tends to zero
an n tends to infinity, i.e., 7’ — 0 as n — o,

Therefore,

ar”

— 0 asn— oo,
1—r

Hence, from Equation (i), the sum of an infinite Geometric Progression given
by,

. _ 1 a ary _ a_
5= lim, g9 8, =BG a(iso—90) = 2o Flel <l
Note: (i) If an infinite series has a sum, the series is said to be convergent. On the
contrary, an infinite series is said to be divergent it has no sum. The infinite geometric

series a+ar+ar’*+ ...... +ar't o oo has asum when—1 <r<1;soitis
convergent when—1 <r<1. Butitis divergent when»>1 or, r <—1.

(ii) If »—1, then the sum of an infinite Geometric Progression (G.P.) tens to infinity.
Example 1.41: Find the sum to infinity of the geometric progression.

o ] )

.........

It has firstterm @ = -f and the common ratio r = -5. Also, |r| < 1.

Therefore, the sum to infinity is given by,

S=-4 = —* -1
= g

]




Recurring Decimal an Infinite Geometric Progression

An interesting application of a geometric progression with infinitely many terms is
the evaluation of recurring or periodic decimals.

When we attempt to express a common fraction, such as 3/8§ or4/11 asa
decimal fraction, the decimal always either terminates or ultimately repeats in blocks.
Thus,

%: 0.375 (Decimal Terminates)

il =0.363636.....(Decimal Repeats)

In the division process which express the fraction p/q as a decimal fraction
the remainders can only be the numbers 0, 1, 2, 3,4,..., g—1. If at any stage in the
division we obtain a remainder of 0, the process terminates. Otherwise, after not
more than g divisors, one of the remainders 0,1,2,3.4,..., g—1 must recur and the
decimal begins to repeat.

Example 1.42: Express the recurring decimal fraction 0.5378378378... asa
common fraction.

Solution: Hence our number consists of the decimal 0.5 plus the sum of an infinite
geometric progression with the first term a,=0.0378 and common ratio »=0.001.
The sum of the infinite progression is expressible as the fraction,

Example 1.43: Find the sum of the first 14 terms of a G.P.
3,9,27,81, 243, 729,...
Solution: In this case a =3,r=3,n=14.

a(l-rm)  3(1-34)
So, §,= l—r)=—1—3

> ("D,

Example 1.44: Find the sum of first 11 terms of a G.P. given by:
1

1
I, —, -
5 5 47 8 5

| —

Solution: Here,a=1,r= —%, n=11I.

_aft-r) IH‘iﬂ

So S = =
? n
1= 141
2
2yl 683
3% 210 1024 °

1.5.1 Geometric Mean (G:M.)

In mathematics, the ‘Geometric Mean’ is a mean or average, which indicates the
central tendency or typical value of a set of numbers by using the product of their
values (as opposed to the arithmetic mean which uses their sum). The geometric
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mean is defined as the nth root of the product of » numbers, i.e., for a set of

numbers x,, x,, ..., x , the geometric mean is defined as,

1
n n
[T | =9xx -,
i=1
or, equivalently, as the arithmetic mean in logspace:

Zf_lln a;

n

e

For instance, the geometric mean of two numbers, say 2 and 8, is just the
square root of their product, that is, /2 - 8 = 4 As another example, the geometric
mean of the three numbers 4, 1, and 1/32 is the cube root of their product (1/8),

whichis 1/2, thatis, y/4-1-1/32 = 1/2 . The geometric mean applies only to positive
numbers.

The geometric mean is often used for a set of numbers whose values are
meant to be multiplied together or are exponential in nature. The values of the
human population or interest rates of a financial investment over time. It also applies
to benchmarking, where it is particularly useful for computing means of speedup
ratios: since the mean of 0.5x (half as fast) and 2x (twice as fast) will be 1 (i.e., no
speedup overall).

The geometric mean can be understood in terms of geometry. The geometric
mean of two numbers, a and b, is the length of one side of a square whose area is
equal to the area of a rectangle with sides of lengths @ and 4. Similarly, the geometric
mean of three numbers, a, b, and c, is the length of one edge of a cube whose
volume is the same as that of a cuboid with sides whose lengths are equal to the
three given numbers.

The geometric mean is one of the three classical Pythagorean means, together
with the arithmetic mean and the harmonic mean. For all positive data sets containing
at least one pair of unequal values, the harmonic mean is always the least of the
three means, while the arithmetic mean is always the greatest of the three and the
geometric mean is always in between.

The geometric mean (G) is the nth root of the product of n values.

Gznlx XX X..XX
1 2 n

The GM. of 2, 4, 8 is the cube root of their product.

G=32-48=364=4

If the frequencies of x,,x,,........ ,x, arerespectively f,f,........ S (Zf =n)




Logarithms may be used in the calculation of GM.

1 2flo
Log G=;[f1 logx, + f,logx, +...4+f; logxk]:M

G = Antilog lZflog X
n

1
. - 1
Ifthere are no frequencies, G = (x,x,...x,)" andlog G=—X logx
n

Geometric Mean of Two given Number A and B Insertion of N between
two quantities geometric means

Definition:—If three terms are in G.P, then the middle term is called the Geometric
Mean (G.M) between the two. So if 4, B, C are in G.P, then B = VAC is the
geometric mean of 4 and C.

If
8o Cprernnnens g
Are N geometric means between and A and B then,
A g8 eennnnnns g
B willbe a GP.
Formula: LetA,g,g,,......... g be N geometric means between two given
numbers Aand B. ThenA, g, g ,......... g . Bwill be also include in geometric
progression.
So,
B=N+2)"

term of the geometric progression.
Then here r is the common ratio:
B =A* p/V*!
N =B/A
y= B/A 1/(N+1)
Now we have the value of  and also we have the value of the first term A:
g =Ar'=A*B/AVNY
g, = Ar’=A* B/A?/ND
g, = Ari= A* B/AJ/NY
g, = ArV=A* B/ANNY
Example 1.45: Insert 4 geometric means between 3 and 96.
Solution: -Let G, G,, G,, G, be the required geometric means,
Then3,G,,G,,G,,G,arein GP.
Let » be the common ratio
Here 96 is the 6™ terms
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96=Ar'=3r=r=32=02=r=2
G =Ar=3x2=6
G,=Ar=3x2=12
G,=Ar=3x2'=24
G,=Ar'=3x2"=48
Merits and Uses of Geometric Mean
Most of the properties and merits of G.M. resemble those of A.M.

(1) The GM takes into account all the items in the data and condenses them
into one respectative value.

(i) Ithasadownward bias. It gives more weight to smaller values than to
larger values.

(i) Itisdeterminate. For the same data there cannot be two geometric means.

(iv) GM balances the ratios of the values on either side of the data. It is ideally
suited to average rates of change such as index numbers and ratios between
measures and percentages.

(v) Itisamenable to algebraic manipulations like the A.M.
Demerits of Geometric Mean
(1) Itisdifficulttouse and to compute.

(i) Itisdetermined for positive values and cannot be used for negative values
of zero. A zero will convert the whole product into zero.

Properties of Geometric Progression

We will discuss about some of the properties of Geometric Progressions and
geometric series which we will frequently use in solving different types of problems
on Geometric Progressions.

Property I: When each term of a Geometric Progression is multiplied or divided
by a same non—zero quantity, then the new series forms a Geometric Progression
having the same common ratio.

Proof: Let,a,a,,a,,a,, ............... 7 S be a Geometric Progression
with common 7. Then,

Ay :
— =rforallnEN ..cccrrrunnnnene, (i)

Let k£ be anon—zero constant. Multiplying all the terms of the given Geometric
Progression by k, we obtain the sequence,

ka, ka, ka, ka,, ................. Y <7

kagy 41y A(ny1)
Clearly, s

H n

= r for all n € N [Using (i)]

Hence, the new sequence also forms a Geometric Progression with common
ratio .



Property II: In a Geometric Progression the reciprocals of the terms also form a
Geometric Progression.

Proof: Let,a,a,a,a, ... 7 S be a Geometric Progression
with common 7. Then,

Ayl
a

=r, foralkenNn . (1)

n

The series formed by the reciprocals of the terms of the given Geometric
Progression is,

L LI
al b az 2 a3 b b an b
_ 1
a(n+1) a, 1 o
We have, T - =— [Using (1)]
. Ayl r
a

n

So, the new series is a Geometric Progression with common ratio 1/r.

Property II1: When all the terms of a geometric progression be raised to the
same power, then the new series also forms a geometric progression.

Proof: Let,a,a,a,a, ... sl i be a Geometric Progression
with common 7. Then,
a—(n+1)an=r forallne N ........... (1)
Let k£ be a non—zero real number. Consider the sequence
k k k k

a',af ak ... AN

We have, a—(n +1)¥*—n*= (a—(n +1)/a—n)*=r* for all n € N, [Using (i)]

Hence, a’, a* af, ....... ;A is a geometric progression with
common ratio 7,

Property I'V: The product of the first and the last term is always equal to the
product of the terms equidistant from the beginning and the end of finite geometric
progression.

Property V: Three non—zero quantity a, b, ¢ are in geometric progression if and
only if b>=ac.

Proof: a, b, c are in geometric progression < b/a=c¢/b=common ratio < b*=ac

Note: When a, b, c are in geometric progression, then b is known as the geometric
mean of aand c.

Property VI: When the terms of a geometric progression are selected at intervals
then the new series obtained also a geometric progression.

Property VII: In a geometric progression of non—zero non—negative terms, then
logarithm of each term is form an arithmetic progression and vice—versa.

Le,Ifa,a,a,a, ... 7 SRR are non—zero non—
n
negative terms of a geometric progression then loga , loga,, loga,, loga,,
..................... ,loga , ......................... forms and arithmetic progression.

Arithmetic and
Harmonic Progression

NOTES

Self - Learning
Material 43



Arithmetic and
Harmonic Progression

NOTES

Self - Learning
44 Material

1.6 HARMONIC PROGRESSION

In Mathematics, a progression is defined as a series of numbers arranged in a
predictable pattern. It is a type of number set which follows specific, definite rules.
There is a difference between the progression and a sequence. A progression has
a particular formula to compute its nth term, whereas a sequence is based on the
specific logical rules. A progression can be generally classified into three different
types, such as arithmetic progression, geometric progression and harmonic
progression. In mathematics, a harmonic progression (or harmonic sequence) is a
progression formed by taking the reciprocals of an arithmetic progression.
Equivalently, a sequence is a harmonic progression when each term is the harmonic
mean of the neighbouring terms.

As athird equivalent characterization, it is an infinite sequence of the form,

1 1 1 1
a' a+d a+2d’ a+3d’

Where a is not zero and “a/d is not a natural number, or a finite sequence of
the form,

o ]

1 1 1 1 1
a a+d a+2d a+3d ' a+kd’

Where a is not zero, kis a natural number and “a/d is not a natural number
or is greater than .

Definition: A Harmonic Progression (HP) is defined as a sequence of real numbers
which is determined by taking the reciprocals of the arithmetic progression that
does not contain 0. In harmonic progression, any term in the sequence is considered
as the harmonic means of its two neighbours. For example, the sequence a, b, c,
d, ...1s considered as an arithmetic progression; the harmonic progression can be
written as 1/a, 1/b, 1/c,1/d, ...

Harmonic Mean: Harmonic mean is calculated as the reciprocal of the arithmetic
mean of the reciprocals. The formula to calculate the harmonic mean is given by:

Harmonic Mean =n/[(1/a) + (1/b)+ (1/c)+(1/d)+....]
Where, a, b, c, d are the values and » is the number of values present.

Harmonic Progression Formula: To solve the harmonic progression problems,
we should find the corresponding arithmetic progression sum. It means that the
nth term of the harmonic progression is equal to the reciprocal of the nth term of
the corresponding A.P. Thus, the formula to find the nth term of the harmonic
progression series is given as:

The nth term of the Harmonic Progression (H.P)= 1/ [a+(n—1)d]
Where
‘a’ 1s the first term of A.P

‘d’ 1s the common difference



‘n’is the number of terms in A.P
The above formula can also be written as:
The nth term of H.P = 1/ (nth term of the corresponding A.P)

Harmonic Progression Sum

If1/a, 1/a+d, 1/a+2d, ...., 1/a+(n—1)d is given harmonic progression, the formula
to find the sum of n terms in the harmonic progression is given by the formula:

Sum of n terms given by following formula,

zm[zn 2a(2n-1)d
S = gin { 250" )

Where,

a’ s the first term of A.P

‘d’ is the common difference of A.P
‘In’ is the natural logarithm

Relation Between AM, GM and HM

For any two numbers, if A.M, GM, H.M are the arithmetic, geometric and harmonic
mean respectively, then the relationship between these three is given by:

GM?2=AM x HM, where A.M, GM, HM are in GP
AM>GM=>HM

Example 1.46: Determine the 4th and 8th term of the harmonic progression 6, 4,
3,...

Solution: GivenH.P=6,4,3
Now, let us take the arithmetic progression from the given H.P
P= V., Vs ¥,...
Here, T,-T =T,-T,=1/12=d
So, in order to find the 4th term of an A. P, use the formula,
The nth term of an A.P=a+(n—1)d
Here,a= Y, d=1/12
Now, we have to find the 4th term.
So, taken=4

Now put the values in the formula.

1
4th term of an A.P = (g) +(4-1)(1/12)

= (1/6)+(3/12)
= (1/6)+ (1/4)
=5/12
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Similarly,

1
8th term of an A.P= (g) +(8-1)(1/12)

= (%) +(7/12)
=9/12

Since H.P is the reciprocal of an A.P, we can write the values as:
4th term of an H.P = 1/4th term of an A.P=12/5
8th term of an H.P=1/8th term of anA.P=12/9=4/3

Harmonic Series

Non-zero quantities whose reciprocals are in A.P. are said to be in Harmonical
Progression (H.P.)

Consider the following examples:

Lol
3°'5 7
. L LI L .
25811
3. 2210
23
4 l, ! ,;, ...... a,b>0
: a a+b a+2b
5. 523
9 7

It can be easily checked, that in each case the series obtained by taking the
reciprocal of each of the term is an A.P.

Check Your Progress

8. Define the arithmetic progression.

9. What do you understand by arithmetic mean?
10. What is common ratio?
11. Define the term geometric progression.

12. What is geometric mean?

13. Give the definition of harmonic progression.

1.7 ANSWERS TO ‘CHECK YOUR PROGRESS’

1. A sequence is an endless succession of numbers placed in a certain order
so that there is a first member, a second and so on.

2. A sequence <a > is said to converge to a number /, if given any
€> 0, there exists a +ve integer m, such that,



10.

11.

12.

|an—l|<8, Yrzm

This number / is called limit of the sequence.

. A sequence <a > is said to diverge to +oo, if for each positive number K,

(however large), it is possible to find a +ve integer m, such that,
a,>K Y- nzm.

A series can be highly generalised as the sum of all the terms in a sequence.
However, there has to be a definite relationship between all the terms of the
sequence.

. When an infinite series has infinite number of terms and there may not be

any definite rule to determine its terms. Such a series is denoted by an
expression of the form,

u tu,tu+.. . tu or Du, orZu,

n=1

IfXu and X v are two positive term series such that, u, <kv, ¥, where k
is some fixed positive number, then Zu_divergent = Zv is divergent and
Zv convergent = Xu _is convergent.

Leibnitz’s Test. The alternating series u, —u, +u, —u, +. .. is convergent if,

(i) U, Su, vn

(if) Limu, =0.

n—oo

. Quantitiesa , a,, a,, ..., a , ... are said to be in Arithmetical Progression if

a —a _ isconstant for all integers n>1. The constant quantitya —a_ is
called the common difference of the arithmetical progression.

Ifa,a,,..,a are in A.P., then the quantities a,, a,, ..., a,_ are called
Arithmetic Means (A.M.) betweena anda .

Thus in the series, 1, 3,5,7,9, 11, 13, 15, ...
3, 5 are arithmetic means between 1 and 7.
9, 11, 13 are arithmetic means between 7 and 15.

In mathematics, a ‘Geometric Progression’, also known as a ‘Geometric
Sequence’, is a sequence of non—zero numbers where each term after the
first is found by multiplying the previous one by a fixed, non—zero number
called the common ratio.

A geometric progression or a geometric sequence is the sequence, in which
each term is varied by another by a common ratio. The next term of the
sequence is produced when we multiply a constant (which is, non—zero) to
the preceding term.

In mathematics, the ‘Geometric Mean’ is a mean or average, which indicates
the central tendency or typical value of a set of numbers by using the product
of their values (as opposed to the arithmetic mean which uses their sum).
The geometric mean is defined as the nth root of the product of #» numbers,
i.e., forasetofnumbersx ,x,, ..., x , the geometric mean is defined as,
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13. A Harmonic Progression (HP) is defined as a sequence of real numbers

which is determined by taking the reciprocals of the arithmetic progression
that does not contain 0. In harmonic progression, any term in the sequence
is considered as the harmonic means of its two neighbours.

1.8

SUMMARY

A sequence is an endless succession of numbers placed in a certain order
so that there is a first member, a second and so on.

Let <a >be a given sequence and suppose K is any large number. If we
find that except for a finite number of elements of the sequence, all members
are greater than K, we say that the sequence has +oo as its limit. In such a
case the sequence <a > is said to diverge to +oo.

A sequence is thus convergent if it has a finite limit and is divergent otherwise
(i.e., when the limit is infinite or it does not exist).

A series Zu is defined to be convergent or divergent according to the state
of its sequence of partial sums <S > being convergent or divergent. If <§ >
converges to S then S'is called sum of the series Zu .

Addition or omission of a finite number of terms in a series does not affect
its convergence or divergence.

Multiplication of all the terms of a series by a non-zero constant does not
affect the convergence or divergence of the series.

If all the terms in a series are positive we call it a positive term series.

Quantities a,, a,, a, ..., a , ... are said to be in Arithmetical Progression if
a —a,_ isconstant for all integers n>1. The constant quantitya —a_ is
called the common difference of the arithmetical progression.

Non-zero quantities a,, a,, a,, ..., d,,...., €ach term of which is equal to the
product of preceding term and a constant number, form a Geometrical
Progression (written as G.P.).

The GM takes into account all the items in the data and condenses them
into one respectative value.

GM balances the ratios of the values on either side of the data. It is ideally
suited to average rates of change such as index numbers and ratios between
measures and percentages.

In Mathematics, a progression is defined as a series of numbers arranged in
a predictable pattern. It is a type of number set which follows specific,
definite rules.

In mathematics, a harmonic progression (or harmonic sequence) is a
progression formed by taking the reciprocals of an arithmetic progression.
Equivalently, a sequence is a harmonic progression when each term is the
harmonic mean of the neighbouring terms.



¢ Harmonic mean is calculated as the reciprocal of the arithmetic mean of the

reciprocals.

e To solve the harmonic progression problems, we should find the

corresponding arithmetic progression sum. It means that the nth term of the
harmonic progression is equal to the reciprocal of the nth term of the

corresponding A.P.

1.9

KEY TERMS

o Series: A series can be highly generalised as the sum of all the terms in a

sequence. However, there has to be a definite relationship between all the
terms of the sequence.

Arithmetical progression: Quantitiesa,a,,a,, ...,a , ... are said to be in
Arithmetical Progressionifa —a | is constant for all integers n>1. The
constant quantitya —a_, is called the common difference of the arithmetical

progression.

Geometric progression: A geometric progression or a geometric sequence
is the sequence, in which each term is varied by another by a common ratio.
The next term of the sequence is produced when we multiply a constant
(which is, non—zero) to the preceding term.

Harmonic Progression (HP): A Harmonic Progression (HP) is defined
as asequence of real numbers which is determined by taking the reciprocals

of the arithmetic progression that does not contain 0.

1.10SELF-ASSESSMENT QUESTIONS AND

EXERCISES

Short—-Answer Questions

1.

S A o

What do you understand by arithmetic progression?
Define sequence.

What is series?

Give the general terms of A.P.

State the concept of geometric progression.

Define the geometric mean.

Determine the harmonic series.

‘What is harmonic mean?

Long—Answer Questions

1.
2.

Discuss the sequence and series with the help of examples.

Explain the arithmetic progression with appropriate examples and properties.
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3. Elaborate on the geometric progression with the help of examples and
properties.

4. Analyse the geometric mean of two numbers A and B insertion of N.

5. Describe the harmonic progression with definition and harmonic means
between two given numbers relation between A.M, GM or H.M.
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2.0 INTRODUCTION

Miscellaneous series is not dependent on the other patterns and it has general nature
but they are important and fairly common. An arithmetic series is the sum of the
terms of an arithmetic sequence. A geometric series is the sum of the terms of a
geometric sequence. In mathematics, a ‘Geometric Series’ is the sum of an infinite
number of terms that have a constant ratio between successive terms.

Set theory is the branch of mathematical logic that studies sets, which can
be informally described as collections of an objects. A Venn diagram is an illustration
that uses circles to show the relationships among things or finite groups of things.
On the other hand according to De-Morgan’s Law, the complement of the union
oftwo sets will be equal to the intersection of their individual complements.

In this unit, you will study about the miscellaneous series, arithmetic and
geometric series, set theory, Venn diagram, De-Morgan law.

2.1 OBJECTIVES

After going through this unit, you will be able to:
e Interpret the miscellaneous series
o Explain the arithmetic and geometric series
¢ Describe the set theory
e [llustrate the Venn diagram

o State the De-Morgan law Self - Learning
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2.2 MISCELLANEOUS SERIES

There are series that do not come under the other patterns and are of general
nature but they are important and properly in a common series. Even here,
sometimes, there can be a specific pattern in some cases. Take the series 3, 5, 7,
11, 13, this is a series of consecutive prime numbers.

Examples of Miscellaneous Series
Example 2.1: Test the convergence of the series,
, 122 3 4
@) 1+2—2+3—3+4—4+5—5+
] 2 3
—+—+—+
@) 13735757

x 2 x n
i) 1+ = +—+—+..+ +..
( ) 25 10 n’ +1
@) Zun where u,= Jnd 41 — \/n_3
n=1
& 112
(v) D u, whereu, = -
n=l1 (1+n)"

- 1
(vi) D u, where u, = +1)% -n
n=1

Solution: (i) The given series Zu, is a series of positive terms,

nﬂ

un: — forn>2
(n+1)"

Now we take v, =

n+1
u nﬂ nﬂ
_n:—rHl'(n+1): n
Y (n+1) (n+1)
1 1 . 1Y
=——— > —-asn—>wo wlim [1+—| =e
e n—>o0 n

n
(1+1j
n
1

I . 3 L1 .
.. As — is non-zero finite and 2vn=1+ St3tg s known divergent
e n=0

series, by the comparison test, the given series is divergent.
(if) The given series Zu, is a series of positive terms.

n 1
Here = —— andwetakev_= —.
YT 2n-nan+n MV Yn T
u n nz
_n = Xn =
v, Qn-1)Q2n+1) 4nz(1_lj[1+lj
2n 2n



(N

1 A .
- 2 as n — oo which is finite.

Since Xy, =

Y — isap-series with p= 1, which is divergent, by the comparison
n
test, the given series is divergent.

(éii) Each term of the given series (Zu,) is not positive for all values of x.
Neglecting the first term, we have

y = n y _ xn+l
= U=
T2 ? 4
1+ —
Upit ¥ n? +1 _ ">
X x| > |x|asn —> ©
u, n+D"+1 X"

2
(1 + 1] + Lz
n n
Hence by the tests for absolute convergence, Xu, is convergent if |x| < 1,

ie,if—1<x<1anddivergentif | x [> 1. When x = 1, then Zu, becomes a
series of positive terms with,

1 1
U =——,u ,=——— forn>2andu, =1
N !
u +1)% +1
lim {n[ . —1]} = lim {n{%‘ﬂ
n—o Uyl n—ow n-+1
241 2+
= lim p 217" = |y n=2>]1
n—» oo

n2+l n—>© 1+i

n2

Hence by Raabe's test, Zu  is convergent whenx = 1.

When x =1, then Zu, reduces to the series 1- 1 + % - %
This is an alternating series with negative and positive terms alternately.

Here u, =(-1)"" 21 forn>2andu, =1

n°+1
2 2
lu, | =(n—i—zl) +1 _n +22n+2=1+2’21+1>1f0ra11n22
|41 | n”+1 n”+1 n”+1
1
o lu |>|u., |andalso lim u = lim (-1)""! ——— =0
| nl | I’H‘ll n—oow 1 n—)oo( ) n2+1

Hence Zu, is convergent.

Thus Zu, is convergent if -1 <x <1 and divergentif x> 1 andx <-1.

(iv) Here u, = n’+ A
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(1) [ <17
\/n3+1+\/n_3

1
= —————>0foralln
Jnd +1++n?
. . " 1 1
So Zu, is a series of positive terms and we take v, = ﬁ = then

1 c . . . ..
Xy, = ZW which is p-series with p = % > 1 and hence it is convergent.
n

Now =2 = Ve 1

Y \/"3+1+\/”—3_\/1+13+1
n

1 L
- 5 as n — oo, which is non-zero

finite.
Hence by the comparison test, the given series is convergent.

n2

n

(v) Hereu, =-——— >0foralln>1,so0ZXu,isaseries of positive terms
A +n)"
And
1 }’12.l
wy =" - 1
n

nzl n n
(+n) » (+n) (1+’1J

= lim (u,)" = lim ;zéﬂ (v 2<e<3)

Hence by the Cauchy's root test, the given series is convergent.

1 1
. 1)3 133
(vi) Here u, = InP+1-n = n[1+n—3)3—n =n [1+—3j -1

n
1) 1)1,
=n 1+l—+33 L+33 3 —+..p—1
n Ig “n® |§ n’
[by binomial expansion]
— n(l A rr st )_1
3 9x% 81,
. [ D S I S
3 9 % 81 p° 3 9 nd 81,8

. 1 . . . C .
Now taking v, = T we see that Zv, is a p-series with p =2 > 1, which is

convergent.



111 |
lim 2 = lim (————+i——...)

n—> o Vn n—>©

1 L. .
= 3 which is finite.

Hence by the comparison test, the given series is convergent.
Example 2.2: Give the following test of the convergence of the series

&2 +5 1.2 3.4 5.6
l 124 + + +..00
U ,;4n5+1 @ 32 42 5262 7787
1 1.3 , 1.3.5 4

I+=x+—x"+ +...00
() 1yt e

> 1/n+1—\/;
(i) 25—

n=1 n

2 3 4

v) —-* 4+ F % 4 o0<x<l)

T+x 1+x2 1+ 1+x*

5
23 1+
2n3+5 _ n( 2n3)=

@’ +1) s (1 +1)

4n°

Solution: (i) Here u, =

. 1 . . . Sy
Now we taking v, = —, then Zv, is a p-series with p = 2> 1, which is
n

Convergent.
(1+53) ! (1+53J
lim - lim — ¢Xn2 = lim = \ 2
nsw v, n—wo 2n (1+ 1 ) n—sw 2 (1+ 1 )
4n’ 4n’

1 L. .
=3 which is finite.

Hence by the comparison test, the given series is convergent.

4n? (1 - 1)
(2n-1)2n _ 2n

D2 (o + 2) 2 2
(2n +1)" (20 +2) 4n2(1+1) 4n2(l+1)
2n
1
1_7
_ 1 ( 2n)
(1+1) (1+1)
2n n

1
Now we consider v, = — . Then Xv, is a p-series with p =2 > 1, which is
n

(it) Hereu, =

convergent.
1 (1_21)
lim ‘= lim — X
n—>o vn n—>o 4p 1 l
(1+) (1+)
2n n
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[-3)
= lim + 2n
! 2 2
! (1+1) (1+1)
2n n

- % which in finite,

Hence by the comparison test, the given series is convergent.
13.5..2n-1) ,
2.4.6..2n

Each term of the series Zu,, is not positive for all values of x and neglecting the
first term.

(iif) Here u, =

1.3.5..2n-1)Q2n+1) ,u
U, = *
ntl 2.4.6..2n(2n+2)

. = —— x= 1l X =Xx
n—wo U n—w 2n+2 n—w (1+1)

Hence by the D’ Alembert’s ratio test, the given series is convergent if x <1 and
itis divergentifx> 1.

The test fails whenx= 1.

So we apply the Raabe's test forx =1,

2n+2-2n-1
Here R =n U 1| =n 2’Hz—l = n@n n—l)
Uy 2n+1 2n+1
2n +1 2+1
n
lim R = lim ;=l<]
n—>w N n—»oo 1 2
2+~

Hence by the Raabe's test, the given series is divergent for x = 1.
Thus the given series is convergent for x < 1 and divergent forx > 1.

oA (Vo 1= ) (14

(iv) Here v,

n+l-n _ 1

= n(Jn e 1+4n) n(\/n_+ll+\/;) nﬁ(m“)

Now we take v, = ’13%, then Xv, is a p-series with p = % > 1 which is
convergent.
lim 2~ = lim ! 2 = tim ——1 = ! whichis
e e A nm( 1+1+1) A [ 1+1+1)
n n
finite.



Hence by the comparison test, the given series is convergent.
(v) The terms of the given series are alternately positive and negative, so the
given series is an alternating series.

n xn+l
andu, =

Here u,= :

1+ x" 1+ x"*

y "y = n+l xn _ xn X 1

u= _ = _

mtl L (USSR G 1+ 1+x"
_x,,{erx"“—x””—l} . X" (x=1)

<0
1+ X" 1 +xM) A+ x" 1+ x™)

(- 0<x<1)
B un+1 < un
Hence the sequence {u, } is monotone decreasing
n 1

1
and lim u = lim ——— = lim [+ 0<x<I,then — >1]
n—w n—swo |4+ x" n—ow l+i X

x}’l
1
1+ o0 o

Hence by the Leibnitz's test, the given series is convergent for 0 <x <.
2.2.1 Arithmetic Series

An arithmetic series is the sum of an arithmetic sequence. We can find the sum by
adding the first, ¢, and last term, @ , divide by 2 in order to get the mean of the two
values and then multiply by the number of values,  as per following equation:

S, =n/2(a+a)

An arithmetic series is the sum of a sequence {a,}, k=1, 2, ..., in which
each term is calculated from the previous one by adding (or subtracting) a constant
d. Therefore, for k>1,

dy =dyg g +d=ap1+2d=...=ay+dk-1).

The sum of the sequence of the first z terms is then given by,

n
Sp= Zﬂx
k=1
=Z|a| + (k- 1)d]
k=1

=nd +dZ(fc- 1)
k=1

=i +deff— 1)
k=2

n=1

=iy +de.
k=1
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Using the sum identity,

-
k=1

Tn@m+l)

Then we get,
Si=na; + ?,l! dnin-1)= ?,l! nl2a; +din-1).
Note, however, that

ay+a,=aqy+lay+dn=-1)]=2a;+d{n-1),
So,

Sfr =

nlay+ay).

ra | —

2.2.2 Geometric Series

In mathematics, a geometric series is the sum of an infinite number of terms that
have a constant ratio between successive terms. For example, the series is explained
by following formula:

1 1 1 1

PRI TR

1s geometric, because each successive term can be obtained by multiplying

the previous term by 1/2. In general, a geometric series is written as a + ar + ar’
+ar’ + ..., where a is the coefficient of each term and r is the common ratio
between adjacent terms. Geometric series are among the simplest examples of
infinite series and can serve as an introduction to Taylor series and Fourier
series. Geometric series play an important role in the early development of calculus,
are used throughout mathematics, and have important applications in physics,
engineering, biology, economics, computer science, queueing theory, and finance.

The name geometric series indicates each term is the geometric mean of its
two neighbouring terms, similar to how the name arithmetic series indicates each
term is the arithmetic mean ofits two neighbouring terms. The sequence of geometric
series terms (without any of the additions) is called a geometric sequence or,
equivalently, a geometric progression.

Sum of n Terms of the Arithmetic Series and Geometric Series

An arithmetic series is the sum of the terms of an arithmetic sequence. A geometric
series is the sum of the terms of a geometric sequence. There are other types of
series.

For reasons that will be explained in calculus, we take the ‘Partial” sum of
an arithmetic sequence. The partial sum is the sum of a limited (i.e., to say, a finite)
number of terms, like the first ten terms, or the fifth through the hundredth terms.

The formula for the first # terms of an arithmetic sequence, starting withi = /,

g‘ai (&)@ +a)



The ‘Equals’ sign from under the » and convert it to being a one—half Series and Set Theory
multiplied on the parentheses, we can explain that the formula for the sum is, in
effect, n times the ‘Average’ of the first and last terms.

(g) (a+a,)=n (“ﬁ_an) NOTES

2

The sum of the first n terms of a series is called “The nth partial sum, and it is
denoted by "'S "

Example 2.3: Find the 35th partial sum, S, of the arithmetic sequence with
1
terms 4, = B n+l,

Solution: The 35th partial sum of this sequence is the sum of the first thirty—five
terms. The first few terms of the sequence are:

aFG)(l)H:%
w=(5]@+1-2
a3=(%)(3)+1=§

The terms have a common difference d= %, so this is indeed an arithmetic
sequence. The last term in the partial sum will be:

ays=a; + (35-1) (d)

333

Then, plugging into the formula, the 35th partial sumis:

(e
()62
)2

Sigma Notation of a Series

A series can be characterised in a compact form, which are called ‘Summation
or Sigma Notation’. The Greek capital letter, 2., is used to represent the sum.

6
The series 4+8+12+16+20+24 can be expressed as Z 4n . The expression
n=1

isread as the sum of 47 as n goes from 1 to 6. The variable 7 is called the index of
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summation.

last value
formula for

ofn
\ the terms
i

/N

Index of first value
simmation of n

To generate the terms of a series given in sigma notation, successively replace
the index of summation with consecutive integers from the first value to the last
value of the index.

To create the terms of'the series given in sigma notation above, replace n by
1,2,3,4,5, and 6 .

Z: 4n =4(1)+4(2)+4(3)+4(4)+4(5)+4(6)

=4+8+12+16+20+24
=84
The sum of the series is 84.

To learn more about S, notation, view this lesson: Sum of the First #» Terms
of'a Series.

Sum of » Natural Numbers

The sum of natural numbers formula is obtained by using the ‘ Arithmetic Progression’
formula where the common difference between the preceding and succeeding
numbers is 1. Natural numbers are also called ‘Counting Numbers’ start from the
number 1 until infinity, such as 1,2,3,4,5,6,7, and so on. Let be consider about the
sum of n natural numbers, how its formula is derived.

The sum of 7 natural numbers formulaisusedto find 1 +2+3+4+.....up
to n terms. This is arranged in an arithmetic sequence. Hence we use the formula
of the sum of n terms in the ‘ Arithmetic Progression’ for deriving the formula for
the sum of natural numbers.

Sum of Natural Numbers Formula are following:

21 =[n(n+1)1/2,

Where 7 1s the natural number.

Definition: Sum of » natural numbers we can defined the form of ‘ Arithmetic
Progression’ where the sum of # terms are arranged in a sequence with the first
term being 1, n being the number of terms along with the nth term. The sum of n



natural numbers is represented as [n(n+1)]/2. Natural numbers are the numbers
that start from 1 and end at infinity. Natural numbers include whole numbers in
them excluding the number 0.

Derivation: Let us derive the sum of natural numbers using the sum of n terms in
an AP. Inan AP, ‘a’ is the first term and ‘d’ is a common difference, ‘1’ is the last
term, i.e., nth term, 1 = a+(n—1)d

In the arithmetic sequence of natural numbers, the common difference
between the numbers is 1.

The sum of n terms of arithmetic progression will be:

Sum=a+ (at+d)+ (a+2d) ...... + (1-2d) + (1-d) +1 2.1
When the order is reversed, the sum remains the same, hence,
Sum = I+(-d)+(1-2d).....H(at2d)H(atd)+a (2.2)

Adding Equations (2.1) and (2.2), we get

2 x Sum = (a+t)H (a+d)+(1-d)]......... H(-d)+(a+d)]+(1+a)]

2x Sum = (atl)y+(at])......... +(at)+(atl)

2 x Sum = nX(a+l)

= Sum=n/2(a+l)

Substituting the value of I from the previous equation, we get

Sum of n terms of arithmetic progression =n/2[2a + (n—1)d]

For natural numbers, a = 1 and d = 1, therefore,

S=n/2[2x1+(n-1)1]

S=[n(n+1)]/2

From now, Sum of natural numbers formula = [n(n+1)]/2.
Example 2.4: Find the sum of the natural numbers from 1 to 100.

Solution: We can use the arithmetic progression formula to find the sum of the
natural numbers from 1 to 100. Wherea=1,n=100,andd=1

Sum of n terms of arithmetic progression =n/2[2a + (n—1)d]
S=100/2[2x1 + (100 — 1)1]

S=5050

Therefore, the sum of the natural numbers from 1 to 100 is 5050

Sum of the Squares of first Natural Number

Let n be a natural number. Squaring the number is denoted by 7. The sum of
squares means the sum of the squares of the given numbers. We can finding the
sum of squares of 2 numbers or 3 numbers or sum of squares of consecutive n
numbers or #n even numbers or # odd numbers. We evaluate the sum of the squares
in statistics to find the variation in the data. We do these basic arithmetic operations
which are required in statistics and algebra. There are different techniques to find
the sum of squares of given numbers.

Sum of Squares of Natural Numbers: The natural numbers are the counting
numbers from 1 to infinity. I[f we consider n consecutive natural numbers, then
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Series and Set Theory finding the sum of the squares of their numbers is represented as Xn?, where n
ranges from 1 to infinity. Here are the formulas for finding the sum of squares of n
natural numbers, the sum of squares of first » even numbers, and the sum of

squares of first # odd numbers.
NOTES
nx(n+1)x(2n+1)

)

6
2n><(n+1)><(2n+l)
3
nx(2n+1)><(2n—1)
3

Sum of Squares of n Natural Number

Sum of Squares of First » Even Number

Sum of Squares of First » Odd Number

Sum of Squares of » Natural Numbers Formula

Sum of n natural numbers can be defined as a form of arithmetic progression
where the sum of n terms are arranged in a sequence with the first term being 1, n
being the number of terms along with the nth term. The sum of # natural numbers
is represented as [n(n+1)]/2. Natural numbers are the numbers that start from 1
and end at infinity. Natural numbers include whole numbers in them except the
number 0. If we need to calculate the sum of squares of n consecutive natural

n X(n+1) ><(2n+1)
6
when the value of n is known. Let us prove this true using the known algebraic
identity.
The sum of squares of 7 natural numbers is 12+ 22+ 32+ 42+ 52+ 6>+ ....n°
given by Xn?, where n = 1 to co. Using the algebraic identity, a® — b* = (a—b)
(@>+ab + b?), by replacing a with nand b with (n—1), we get

n* — (n—1)*= (n— n+1)(n? +n(n-1)+ (n—1)?)
7w — (n=1) = 12 +n2=n+ (n—-1)?)
=1Q2n*—n+n*+1-2n)
=3n’-3n+1
n*—(n-1y°=3n>-3n+1 (2.3)
(n—1)*-(n-2)=3 (n-1)*-3(n-1)+1 (2.4)
(n-2)*—(n-3)*=3 (n-2)*-3(n-2)+1 (2.5)
2B 13=3 (20— 3(2) +1
1°-0°=3 (1)*>-3(1) +I———>(last step)

Add Equations (2.3)+ (2.4) +(2.5) *............ + (the last step)= By adding
all the above steps, we get, n’ —0°=3 X n*-3Zn+n

numbers, the formulais X n* = Itis easy to apply the formula
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i 5 3n(n+1) ,
=3 En°- T+ n[since £ n = n{n+1)/2 (sum of n natural
numbers)]
ag B gBiy 3n(n+1) o
P
3(n+1
3y n?=nl[n®+ % —1](Taking n as common from RHS)
3n+3
sn?=2(n?+ —1
n 3( > )

- D @2n?+3n+1)
G
(Factarizing the quadratic equation)

In2= %{zn +)(n+1)

Sum of Squares of the First » Even Numbers

The even numbers are denoted by 272, where 7 is the natural number. The summation
of'the first n even numbers is given as 22 + 4+ 62+ 82+ 10+ 122+ ........ (2n)%.
We are required to identify » and apply in the known formula

Znx(n+1) x@n+1)
3
as, X(22. n?) as follows.

. When n takes the value from 1 to co, we evaluate X(2n)?

¥{2n)? as, (22 . n?) as follows.
T(2n)2=2212 40202 41 0222 4 02 N2 4 1 22 42

2(2n)2 =221+ 22 + 32+ 42 . + n?)

dnin+1)(2n+1)

E(En}2 = 5 (Formula for sum of squares of n natural
numbers)

2 + 1) {2n+1
Thiis St =2t DGR

3
Sum of Squares of the First » Odd Numbers

The odd numbers are denoted by (2n—1), where 7 is the natural number. The sum
of'the squares of the first » odd natural numbers is given by 12+ 3>+ 52+ ... +
(2n—1)% Identify n and apply in the known formula is,

nx2n+1) = (2n-1)
3

Let us get the proof as follows:
Y2n-1=12+2>+32+ .. +2n—- 112+ 2n)* - [22+ 4+ 6>+ ... + 2n)*]
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¥(2n—1)*= (the sum of all the consecutive integers from 1 to 100) — (the
sum of the squares of the even numbers)

<X2n-1P2=[17+22+32+...+2n- 1Y+ (2n)* - [2*+ 4>+ 6+ ... + (2n)?]
On applying the formula for the addition of squares of 2xn natural numbers
and of n even natural numbers, we get;

I(2n-1)%= %{Zn +1(4n +1) - %{n +12n+1)

= %[{En +1)(4n+1)] - %[(” +1(2n+1)]

Thus,

y(2n-1)2 = [%(m DA+ =2(n+1)

n

= [§(2n +D14n+1-2n—-2)]

¥(2n-1)2= %[(2n +1)(2n = 1)]

The Sum of Cubes of First n Natural Number by Method of Difference

We know that sum of cubes of first # natural numbers is = (n(n+1)/2)*. Here we
will discuss about the how to find the sum of the cubes of first # natural numbers.

Let us assume the required sum =S
Therefore, S= 1+ 23+ 3+ 4+ 53+ . +nd
Now, we will use the below identity to find the value of S as following:
nt—m—-1)y=4n*—6n*+4n-1
Substituting, n=1,2,3,4,5, ............ , nin the above identity, we get
—0t=4xPP-6x12+4x1-1
29— 14=4x22-6x22+4x2-1
3-2=4x3-6x32+4x3-1
443 =4 x4 -6x4+4x4-1
n—m-1y=4.n-6xn"+4xn-1
Adding we get, n* —0*=4(13+2°+ 33+ 43+ ... +nd)—6(1>+22+
324+ + +n))+4(1+2+3+4+....... +n)—(1+1+1+1+........ n
times)
2nt=48S-6 x ({n(n+ 1)2n+ 1)} {6}) +4 x n(nt1)/2—n
24S=n*+nm+ 1)2n+1)-2n(n+1)+n
24S=n*+nQ2n*+3n+1)-2n*-2n+n
245=n*+2n*+3n+n—-2n*-2n+n
2. 45=n*+2n*+n’



2A4S=n*(n*+2n+1)
24S=n*(n+ 1)

n*(n+1)* n{n+1)

Therefore, S= —5— = { ( 5—" = (Sum of the first # natural numbers)?

e, P+23+3+48+5+ . = {5}

n(n+1)

}2

Example 2.5: Find the sum of the cubes of first 12 natural numbers.

Thus, the sum of the cubes of first 7 natural numbers = {

Solution: Sum of'the cubes of first 12 natural numbers

e, P+22+33+43+5+ ... + 123
n(ntl) . 9
We know the sum of the cubes of first # natural numbers (S)= { —5— ¥
Here n=12
Therefore, the sum of the cubes of first 12 natural numbers = { %ﬂﬂ} 12,
o 12x1342
{1221y
= {6 x 13}2
= (78)
= 6084
Check Your Progress
. Give the definition of arithmetic series?
. What is geometric series?
. Define the sum of n natural numbers.
. What do you understand by sum of cubes first #» natural numbers?

2.3 SET THEORY

Set theory is the branch of mathematical logic that studies sets, which can be
informally described as collections of objects. Although objects of any kind can
be collected into a set, set theory, as a branch of mathematics, is mostly concerned
with those that are relevant to mathematics as a whole.

The modern study of set theory was initiated by the German mathematicians

Richard Dedekind and Georg Cantor in the 1870s.
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Set theory is commonly employed as a foundational system for the whole of
mathematics, particularly in the form of Zermelo—Fraenkel set theory with the
axiom of choice. Besides its foundational role, set theory also provides the
framework to develop a mathematical theory of infinity, and has various applications
in computer science (such as, in the theory of relational algebra), philosophy and
formal semantics. Its foundational appeal, together with its paradoxes, its
implications for the concept of infinity and its multiple applications, have made set
theory an area of major interest for logicians and philosophers of mathematics.

Sets

‘A setis any collection of objects such that given an object, it is possible to determine
whether that object belongs to the given collection or not.” The members of a set
are called elements. We shall use capital letters to denote sets and small letters to
denote elements.

2.3.1 Notation and Representation of Set

Notation

Set notation also helps us to explain different relationship between two or more
sets using different types of symbol. By the help of it we can easily perform operation
on sets, such as union and intersection.

Let 4 and B be sets.

e |A], called cardinality of 4, denotes the number of elements of 4. For
example, if 4= {(1,2),(3,4)}, then |4]=2.

o A=B iffthey have precisely the same elements. For example, if 4={4,9}
and B={n*:n=2 orn=3}, then A=B.

e AcBifand onlyifevery element of 4 is also an element of B. We can say
that 4 is a subset of B. For example, {1,8,1107}c N.

e acA means a is amember of A. For example, S Q.

¢ a¢A means a is not a member of A. For example, 27 ¢ 7Z.

e ANB denotes the set containing elements that are in both 4 and B. AnB is
called the intersection of 4 and B. For example, if 4={1,2} and B={2,3},
then ANB={2}.

e AUB denotes the set containing elements that are in either 4 or B or both.
AUB is called the union of 4 and B. For example, if 4={1,2} and B={2,3},
then AUB={1,2,3}.

¢ A\B denotes the set having elements that are in 4 but not in B. A\B is read as
“A drop B”. For example, if 4={1,2} and B={2,3}, then 4/\B={1}.
Representation

Sets are represented as a collection of well-defined objects or elements and which
is does not change from person to person. A set is represented by a capital letter.
The number of elements in the finite set is known as the ‘Cardinal Number’ of a
set.



The sets are represented in curly braces, {}. For example, {2,3,4} or
{a,b,c} or {Bat, Ball, Wickets}. The elements in the sets are depicted in either the
Statement form, Roster Form or Set Builder Form.

Statement Form: In statement form, the well-defined explanations of a member
of a set are written and enclosed in the curly brackets.

For example, the set of even numbers less than 15.

In statement form, it can be written as {even numbers less than 15}.
Roster Form: In Roster form, all the elements of a set are listed.

For example, the set of natural numbers less than 5.

Natural Number=1, 2, 3,4,5,6,7,8,.........

Natural Number lessthan5=1,2,3,4

Therefore, thesetis N=1{1,2,3,4 }
Set Builder Form: The general formis, 4 = { x : property }
For example, Write the following sets in set builder form: 4={2, 4, 6, 8}

Solution:
2=2x1
4=2x2
6=2x3
8=2x4

So, the set builder formis 4 = {x: x=2n,n € Nand | <n<4}

Also, Venn Diagrams are the simple and best way for visualized representation of
sets we will discuss ahead.

Example 2.6: (/) The set of all integers.
(i1) The setofall students of Delhi University.
(iii) The set of all letters of the alphabets.
(iv) The setof even integers 2, 4, 6, 8.

Example 2.7: Let M be the collection of all those men (and only those men) ina
village who do not shave themselves. Given that (i) All men in the village must be
clean shaven. (i7) The village barber shaves all those men who do not shave
themselves.

Suppose b denotes the village barber. If b € M, then b does not shave himself.
Then by (i) b shaves himself, a contradiction.

If b ¢ M, then b shaves himself. Then by (i7) b does not shave himself, again a
contradiction.

Solution: Since we cannot answer ‘Yes’ or ‘No’ to the question, ‘Is barber himself
amember of M?” we conclude that M is not a set.

Universal Set

Throughout this book, whenever we talk of a set, we shall assume it to be a subset
of a fixed set U. This fixed set U will be called the universal set.

Series and Set Theory

NOTES

Self - Learning
Material

67



Series and Set Theory

68

NOTES

Self - Learning
Material

Elements

The members of a set are called elements. We shall use capital letters to denote
sets and small letters to denote elements. If a is an element of the set 4, we write
a € A (read as ‘a belongs to 4”) and if @ is not an element of the set 4, we write
a ¢ A (read as ‘a does not belong to 4”). There are different ways of describing a
set. For example, the set consisting of elements 1, 2, 3, 4, 5 could be written as
{1,2,3,4,5}or {1,2, ...,5} or {x|x € N,x<5}, where N=the set of natural
numbers. In fact, we always use { } brackets to denote a set. A set which has finite
number of elements is called a finite set. Otherwise, it is called an infinite set. For
example, if 4 is the set of all integers, then A4 is an infinite set denoted by {. . .,
-2,-1,0,1,2,...} or {x| x is an integer}.

Singleton
A set having only one element is called singleton. If a is the element of the singleton

A, then 4 is denoted by 4 = {a}. Note that {a} and a do not mean the same; {a}
stands for the set consisting of a single element a while a is just the element of {a}.

Equality of Sets

Two sets 4 and B are said to be equal if and only every member of 4 is a member
of B and every member of B is a member of 4. We express this by writing 4 =5,
logically speaking A = B means (x € A) = (x € B) or the biconditional statement
(x € A) < (x € B) is true for all x.

Notes:

1. The order of appearance of the elements of a set is of no consequence. For
example, the set {1, 2,3} issame as {2,3, 1} or {3, 2, 1}, etc.

2. We always write each element of a set only once. For example, {2,2,3} is
not a proper way of writing a set and it should be written as {2, 3}.

2.4 OPERATIONS ON SETS

You are familiar with the operations of addition and multiplication in Arithmetic.
Given any two numbers, you know that the operations of addition and multiplication
associate the numbers to form the sum or product of the two numbers respectively.
Logic, the connectives A, v, ~, =, <> are used to associate a new statement with
any two given statements to form a compound statement. In this section, you will
learn three operations for associating any two given sets, to form a third set. These
three operations namely, union, intersection and complementation will be, loosely
speaking, analogous to the operations of addition, multiplication and subtraction
of numbers respectively.

Union

The union of any two sets 4 and B is the set of all those elements x such that x
belongs to at least one of the two sets 4 and B. It is denoted by 4 U B. Logically
speaking, if the biconditional statement (x € C) <> (x € A) A (x € B) is true for
all x, then C=4 U B. In other words, (x e A UB)= (x € A) v (x € B).

Prove thatif 4= {/, 2, 3} and B= {3, 4} then4A U B={l, 2, 3, 4}.



Example 2.8: Prove that foranysets A and B(i)Ac AU B, (il)BC AU B.
Solution: (i) x € 4 means x € A U B by definition. SoA c 4 U B
(if) x € B< Bmeans x € A U B by definition. So B A U B.
Aliter. (i) We want to prove that the conditional statement
(x € A) = (x € AU B) is true.

But, this statement is false only if (x € 4) is true and (x € 4 U B) is false. Such a
situation cannot occur, for (x € A) is true means (x € A) v (x € B) is true.
Therefore, (x € A) v (x € B) istrue and (x € A U B) is false. It means (x € A)
Vv (x € B) = (x € A U B) is false. This is impossible by definition of 4 U B.
Similarly, we can prove (if).

Example 2.9: If 4 c B, then 4 U B = B and conversely, if 4 U B = B, then
AcCB.

Solution: Suppose 4 = B.Letx € A UB. Thenx € A, orx € Borx € both 4
and B.Ifx € A, thenx € B (as 4 < B). Inany case,x € 4 U Bmeansx € B. So,
A U B < B. We have already proved 4 < 4 U B. Therefore, 4 U B = B;
conversely, let 4 U B=B. Letx € A. Thenx € 4 U B, which means x € B. So
A cC B.

Aliter. Suppose 4 < B. We want to show that the biconditional statement (x € B)
& (x € A) v (x € B) is true for every x. But, this statement is false if and only if
(x € B)is false and (x € A4) is true. Such a situation cannot occur, as 4 — B.

This proves 4 U B=B.

Conversely, if 4 U B = B, then we want to show that the conditional statement
(x € A)= (x € B) is true for every x. This is false if and only if (x € A4) is true and
(x € B) is false. Now, (x € A) is true means (x € 4) v (x € B) is also true.
Therefore, (x € A) v (x € B) = (x € B) is false. This is impossible as B=A4 U B.
This proves 4 € B.

Example 2.10: If4 c Cand Bc C, then (4 U B) < C.

Solution: We want to show that (x e 4 U B) = (x € C) is true for every x. This
is equivalent to saying that (x € 4 U B) is true and (x € C) is false cannot occur
together. Suppose (x € 4 U B)istrue. Then (x € A) v (x € B) is true. This means
(x € A)istrue or (x € B) is true. If (x € A) is true then (x € C) istrueas 4 < C.
If (x € B) is true then (x € () istrue as B < C. In any case, (x € C) is true. So,
when (x € AU B)is true, (x € C) should also be true. This proves our assertion.

Aliter. Letx € AU B. Thismeans x € 4 or x € B or x belongs to both 4 and B.
Ifx ed,thenx e C(as4 < C). Ifx € B,thenx € C(as B< C). In any case,
xe(C.So,xeAuBmeansx € C.

This proves A U B c C.

Intersection

The intersection of two sets 4 and B is the set of all those elements x such that x
belongs to both 4 and B and is denoted by 4 N B. If A n B= ¢, then 4 and B are
said to be disjoint.
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Series and Set Theory Logically speaking, if the biconditional statement (x € C) <> (x € A) A(x € B) is
true for all x, then C =4 N B. In other words,

xednB)=(xeA)nNn(xeBb)
NOTES Example 2.11: () If4A = {1/, 2, 3,4},B={I, 2} then AN B={1, 2}.
@) IfA=1{1, 2, 3},B=1{4, 5},then AN B=1¢.
Example 2.12: (i) A "B c A (i) A N B < B for any sets 4 and B.

Solution: Letx € 4 N B. Then, by definitionx € 4 andx € B. So,A "B c 4
and A N B c B.

Aliter. (i) You want to show that
(x e AN B) = (x € A) is true for all x.

You have to only consider the case when (x € A N B) istrue and (x € A) is false.
Now, (x € 4) is false shall mean (x € A) N (x € B) isfalseandso (x e A " B) =
(x € A) N (x € B)is also false which is impossible by definition of (4 m B). This
proves the result.

(@) You want to show that
(x e An B) = (x € B) is true for all x.

The only doubtful case is when (x € 4 N B) istrue and (x € B) is false. Such a
case is not possible by definition of 4 N B. This proves (ii).

Example 2.13: If A c Band A < C, then
Ac (BN C).

Solution: Let x € 4. Thenx €e Band x € C(as 4 < Band 4 < C). So,
xe BnC.

This proves A c BN C.
Aliter. You want to show that
(x e A)= (x e BN C)istrue for all x.
The only doubtful case is when (x € A) is true and (x € B () is false.

Now, (x € 4) is true means (x € B) is also true (as 4 < B). Also, (x € C)is
true (as 4 < C). Thismeans (x € B) N (x € C)istrue and so (x e BN C)
is also true. This proves the result.

Example 2.14: A UB =AnBifandonlyif4=B.

Solution: Suppose 4 U B =4 N B. Let x € A. Then, x € A U B and so
x € AN B. Therefore, x € B. This proves 4 — B. Similarly, B< A and so A =B.

Aliter. Suppose A UB=A4NB.
Adsorption law
Then,(x e 4) =(x e A)N[(x € A) v (x € B]
=(xeA)A[(x e AU B)]
=(xeA)A[x € AN B)]
=[xedAA(xed]An(xeB)
Self - Learning
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=(xeAdAnNB) Series and Set Theory
=(xeAUB)
=(xeB)vxed
=(xeB)v[xed)u((xed] NOTES
=(xeB)Vv|[(xeBudA]
=(xeB)v[xedAB]
=(xeB)v[xed) A (xeB)
=[x eB)v(xeAd)]A(xeB]
= (x € B) Adsorption law
This proves 4 =B.
Conversely, if 4= B, then
xeduB)=(xed)u(xeB)
=(xeB)u((xeBb)
=(x e B)
=(xeB)nN((xeB)
=(xed)n(xeB)

=(xednB)
Note: Adsorption laws in logic mean the following:
Opnpur=p (pwpnr=p

Complements

If A and B are two sets then complement of B relative to 4 is the set of all those
elementx € 4 such thatx ¢ B and is denoted by 4 — B. Logically speaking, if for
a set C the biconditional statement (x € C ) <> (x € A) N (x ¢ B)is true for all x,
then C=A4 — B. In other words, if (x € C) =(x € 4A) A (x ¢ B), then Cis called
the complement of B relative to A.

Notes:
1. Itis very clear from the preceding definition that 4 — B is a subset of A.

2. Whenever we say complement of B we mean, complement of B relative to
the universal set U. In such case, we denote complement of B by B’.

So,B'=U-B.
Prove thatif4=1{/, 2,3, 4} and B={3,4, 5} then4A—-B={l, 2}.
Example 2.15: Showthat4—-B=4NB".

Solution: Let x € 4 — B. This means x € 4 and x ¢ B. By definition of the
universal set, A — B < U. So, x € U. Therefore,x € U, x ¢ B, implies x € B'.
This proves A —Bc AN B'. Again, ifx e AN B', thenx € 4 andx € B". Now,
x € B"implies x ¢ B. So,x € A— B. This proves A "B' c A—B.

Therefore, A—B=ANB'.

Self - Learning
Material 71



Series and Set Theory Aliter. x e A —B) =(xeA)A(x ¢ B)
=xedAAUn(xeB)yasdArU=4
=s[xed)AxelU]AxeB)

NOTES =[x e A A[(xe U A(xegB)]
=[(x e A) A(x € B)]
This provesA—-B=A4ANB'.
Example 2.16: 4 c Bifandonlyif B' c 4'.

Solution: Suppose 4  B. Letx = B'. Then,x € Uand x ¢ B. Now,x ¢ B
implies x ¢ A (as A < B). Therefore, x € Uand x ¢ 4 impliesx € A'. This
proves B'c A'. Conversely, let B'c A" . Let B € A. Then,x ¢ A.Now, x ¢ A’
implies x ¢ B’ (as B’ c A"). This means x € B. So, 4 C B.

Aliter. Now, (x € A) = (x € B)

~(x € B)=~(x € A) (by Contrapositive law in logic)
xegB)=>((xgAd

=(xeB)=>(xed)

Suppose 4 < B. Then, (x € A) = (x € B) is true for all x. You know that (x € B')
= (x € A") is true for all x. This means B' < A'. Conversely, suppose B' < 4'.
Then, (x € B") = (x € A") is true for all x. Moreover, (x € 4) = (x € B) is true
for all x. This implies A < B. Hence, the result follows.

2.5 SUBSETS

Let 4 and B be two sets. If every element of 4 is an element of B then 4 is called
a subset of B and we write 4 — B or B> A (read as ‘4 is contained in B’ or ‘B
contains 4”).

Logically speaking, A B means (x € A) = (x € B) is true for every x.
Notes:

1. f4AcBand A #B,wewrite A — Bor B> A (read as: 4 is a proper subset
of Bor Bisaproper superset of 4).

2. Everysetis a subset and a superset of itself.
3. If A is not a subset of B, we write A C B.

Definition: (Subset). Let 4, B be sets. Then A4 is a subset of B, written A < B iff
(vx)ifx € Athenx € B.

Theorem 2.1: If 4 — Band B < 4 then 4 =B.
Proof: Let x be arbitrary.
Because AcBifx e Athenx € B
Because Bc Aifx e Bthenx € A
Hence, x € Aiffx € B, thusA=B.
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Empty Set or Null Set Series and Set Theory
A setwhich has no element is called the null set or empty set. It is denoted by the
symbol ¢.
Each of'the following is anull set: NOTES

(a) The set of all real numbers whose square is —1.

(b) The set of all those integers that are both even and odd.

(¢) The set of all rational numbers whose square is 2.

(d) The set of all those integers x that satisfy the equation 2x = 5.
Example 2.17: The empty set ¢ is a subset of every set.

Solution: Suppose ¢ is not a subset of the set 4. This means there exists a € ¢
such thata ¢ A. This is impossible as ¢ has no element. So, ¢ is a subset of every
set.

Aliter. Logically speaking, we want to prove that the conditional statement
(x € ) = (x € A) is true for every x. Since ¢ has no element, the statement
‘x € ¢’ is false. So, the conditional statement (x € ¢) = (x € A4) is true, which
proves the result.

Example 2.18: List the following sets (here N denotes the set of natural numbers
and Z, the set of integers).

(@) {x|x e Nand x < 10}

(@) {x|x € Zand x < 6}

@@ii) {x|x € Zand 2 <x<10}.
Solution:

(1) We have to find the natural numbers which are less than 10. They are 1, 2,
3,4,5,6,7,8,9. So (i) can be described as {1, 2, 3,4,5,6,7, 8,9}.

(71) We have to find integers which are less than 6. They are all negative integers
and the integers 0, 1, 2, 3,4, 5. So (i) may be described as {...,—3,-2,
-1,0,1,2,3,4,5}.

(7if) We have to find integers lying between 2 and 10. Theyare 3,4, 5,6, 7, 8,
9. So (iii) may be described as {3,4, 5, 6,7, 8, 9}.

Example 2.19: Give the verbal translation of the following sets:
(@) {2,4,6, 8}

@) {1,3,5,7,9,...}

(@) {-1,1}.
Solution: (i) It consists of all positive even integers less than 10.

(#7) It consists of all positive odd integers.
(zii) It consists of those integers x which satisfy x> —1=0.

Example 2.20: If a, # b, and {a, b } = {a,, b,} then show thata, # b,.

Solution: Let a, = b,. Then a, € {a,, b} means a, € { a,, b,} = {a,}. So,
a,=a, Also,b, € {a, € b} means b, € (a,, b,)={a,}.So, b, = a,. Therefore,

a,=b whichis wrong. Thus,a,#b,. Self - Learning
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Series and Set Theory Example 2.21: IfAcBand Bc C, then 4 c C.
Solution: Leta € 4 be any element of 4. Thenas4 < B,a € B.
Also,Bc C=a e C.
NOTES Thus, every element of 4 belongs to C = A < C.
Aliter. Logically speaking, we want to prove that
[(xed)=>xeB)A[xeB)=>xeO)]=[(xed)=(xe O)]
is true for every x. This follows from transitive law (in Logic).
Example 2.22: I[f4c Band Bc 4, then A =B.

Solution: Since A — B, every element of 4 is an element of B. Also, B c 4,
means every element of B is also an element of 4. This proves 4 = B.

Aliter. Logically speaking, we want to prove
[(xed)=xeB)Ar[(xeB)=>xeA)]=[(xed) < (xeB)

is true for every x. In other words, [(p = ¢) A (¢ = p)] = (p < ¢q) is true. Since
p=qistrue and g = pistrue, (p = gq) A (¢ = p) is also true. This also means
p<>qistrue. So, [(g = g) A(g=p)] = (p & q) is true. This proves the result.

Example 2.23: [fAcBand Bc C, then4 c C.

Solution: If A4 = C,then every element of Bisalso an element of 4 (as B < A).
But, A — B means every element of 4 is also an element of B. Combining these
facts, we get 4 = B which is a contradiction (as A4 is a proper subset of B). So,
A # C. Clearly, every element of 4 is also an element of C. Therefore, 4 is a
proper subset of C.

Aliter. If A= C,then B — 4. This means (x € B) = (x € A4) is true for all x.

Also, A ¢ B means (x € A) = (x € B) is true for all x. Therefore,
(x € A) < (x € B) is true for every x. So, 4 = B, which is not possible as A4 is
proper subset of B. Thus, 4 # C. 4 is subset of C.

Example 2.24: Find all possible solutions forxand y in each of the following cases:

() {2x, yy = {4, 6} (i) {x, 2y} = {1, 2} (i) {2x} = {0}.

Solution: (i) Let 4 = {2x, y} and B= {4, 6}.
Now, 2x € A means 2x € B. So, 2x =4 or 2x = 6. If 2x = 4 then x = 2. Also,
y e Ameansy € B. So, y=4 or y= 6. y cannot be equal to 4. For, then 4 will
have only element 4 while B has 4 and 6. Therefore, one solution is x =2 and
y=06.If2x =6, then x =3. y cannot be 6. For then, 4 will have only the element
6. So y must be 4. Therefore, another solution is x=3 and y =4.
(@) Let A= {x,2y} and B= {1, 2}

x € Ameans x € B.

So,x=1lorx=2

Ifx=1, then 2y =2. So, one solutionisx=1and y=1.

If x =2, then 2y = 1. So, another solution isx =2 and y =

i)  Letd={2x}, B= {0}
Self - Learning 2x € Ameans 2x € B
74 Material So, 2x = 0 which means x = 0.
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Therefore, there is only one solution x =0. Series and Set Theory
Example 2.25: Find at least one set 4 such that

(@) {1,2} cA4c{1,2,3,4}

(@) {0,1,2} c4<{2,3,0,1,4} NOTES

Solution: (i) Since {1, 2} 4, it means 4 must have 1, 2 as its elements and
some extra member. Again, 4 c {1, 2, 3, 4} means that the extra member should
be3or4.So,4={1,2,3} ord=1{1,2,4}.

(ii) Proceeding as in (i), there are two possibilities. Either 4 = {0, 1, 2, 3} or
A={0,1,2,4}

If a set contains ‘n’ elements, then the number of subsets of the set is 22,

Number of Proper Subsets of the Set: If a set contains ‘n’ elements, then
the number of proper subsets of the set is 2"— 1.

If A= {p, q} the proper subsets of 4 are [{ }, {p}, {¢}] (Whereas { } is
show that the subset of 4 containing no elements)

= Number of proper subsets of 4 are3=2?—-1=4 -1

In general, number of proper subsets of a given set =2"— 1, where m is the
number of elements.

Example 2.26: If 4 {1, 3,5}, then write all the possible subsets of A. Find their
numbers.

Solution: The subset of 4 containing no elements — { }
The subset of 4 containing one elementeach— {1} {3} {5}
The subset of 4 containing two elements each— {1,3} {1,5} {3, 5}
The subset of 4 containing three elements — {1, 3, 5)

Therefore, all possible subsets of 4 are { }, {1}, {3}, {5}, {1,3}, {3,5},
{1, 3,5}

Therefore, number of all possible subsets of 4 is 8 which are equal 23.
Proper subsets are = { }, {1}, {3}, {5}, {1, 3}, {3,5}
Number of proper subsets are 7=8 -1 =23 — 1

Check Your Progress

. State the set theory.
. What is the concept of set?
. Define the singleton.

. Give the statement of union set.

O 0 3 O Wn

. What do you understand by intersection of two sets?
10. Define subset.
11. Whatisnull set?
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2.6 VENN DIAGRAMS

To illustrate the various set operations, you learn about diagrams called Venn diagrams
after John Venn (1834 — 1883 ). The universal set is represented by the points in and
on arectangle and the subsets 4, B, C, . . .by points in and on the circles or ellipses
drawn inside the rectangle. In Figure. 2.1, the shaded portion represents A N B.

U

Fig. 2.1

In Figure. 2.2, the shaded portion represents 4 U B.

U

Fig. 2.2

In Figure. 2.3, the shaded portion represents A'.

A’ U

Fig. 2.3

In Figure. 2.4, the shaded portion represents 4 — B.

U

Fig. 2.4

In Figure. 2.5, three sets A, B, C divide the universal set U into 8 parts, 8th part
not numbered in the diagram.



Fig. 2.5

Example 2.27: Prove that 4 U (BN C) = (4 U B) N (4 U C) using Venn
diagrams.

Solution: Here, B " Cis represented by areas 4 and 7, and A4 is represented by
areas 1,2, 6 and 7. So, 4 U (B n C) is represented by areas 1, 2,4, 6 and 7.
Again, areas 1,2, 4, 5,6, 7 represent 4 U B and areas 1, 2, 3, 4, 6, 7 represent
A U C. So, areas 1, 2, 4, 6, 7 represents (4 U B) N (4 U C). This proves our
assertion (Refer Figure 2.5).

Example 2.28: Using Venn diagrams show that 4 — (B W C) = (4 — B) U
A4 -0).
Solution: In Figure 2.5, areas 2, 3,4, 5, 6, 7 represent B U C. Therefore, area 1

represents A — (B U C). Now, areas, 1, 2 represent 4 — B and areas 1, 6 represent
A—C. So, area 1 represents (4 —B) N (4 — C). This proves the result.

Example 2.29: Using Venn diagrams show that for any two sets 4 and B
(AuB)=4"UB

Solution: InFigure. 2.6, area 1 represents 4 N B, while areas 2, 3, 4 represent
(4 N B"). Again, areas 3, 4 represent 4’ and areas 2, 4 represent B'. Therefore,
areas 2, 3, 4 represent 4" U B'.

L)

B

Fig. 2.6

Example 2.30: Use Venn diagrams to show that for any sets 4 and B
AUB =4U(B-A)
Solution: In Figure. 2.6, areas 1, 2, 3 represent 4 U B. Also, areas 1, 2 represent

A and areas 3 represents B — A. So, areas 1, 2, 3 represent 4 U (B — A). This
proves the result.

2.6.1 Applications of Venn Diagram

e Venn diagrams are used to depict how items relate to each other against an
overall backdrop, universe, data set, or environment.

e A Venn diagram could be used, for example, to compare two companies
within the same industry by illustrating the products both companies offer
(where circles overlap) and the products that are exclusive to each company
(outer circles).
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¢ Venn diagrams are, at a basic level, simple pictorial representations of the

relationship that exists between two sets of things. However, they can be
much more complex. Still, the streamlined purpose of the Venn diagram to
illustrate concepts and groups has led to their popularized use in many fields,
including statistics, linguistics, logic, education, computer science, and
business.

In math, a Venn diagram is used to visualize the logical relationship between
sets and their elements and helps us solve examples based on these sets.

Venn diagrams are commonly associated with education. They are frequently
used in mathematics to understand set theory and also used to do various
comparisons in the classroom. However, there are many other uses of Venn
diagrams that you can take advantage of during your daily routines.

The power of Venn diagram lies in its simplicity. They are great for comparing
things in a visual manner and to quickly identify overlaps. We have listed
down some Venn diagram templates found in our diagramming community
so you can get an idea about the power of Venn diagrams and their usages.

Venn diagrams also have uses in computer science, linguistics, logic, statistics
and teaching, including the visualising computer languages and their
hierarchies.

Venn diagrams are commonly used in school to teach basic math concepts
such as sets, unions and intersections. They are also used in advanced
mathematics to solve complex problems and have been written about
extensively in scholarly journals.

Venn Diagrams are used in Mathematics to divide all possible number types
into groups. They are also used in Mathematics to see what groups of
numbers have things in common. Venn Diagrams can even be used to analyse
music. We can analyse the characters in TV shows like the ‘Muppets’ with
a Venn Diagram.

In ‘Logic’ Venn diagrams are used to determine the validity of particular
arguments and conclusions. In deductive reasoning, if the premises are true
and the argument form is correct, then the conclusion must be true. For
example, if all dogs are animals, and our pet Mojo is a dog, then Mojo has
to be an animal. If we assign variables, then let’s say dogs are C, animals
are A, and Mojo is B. In argument form, we say: All C are A. B is C.
Therefore B is A. A related diagram in logic is called a Truth Table, which
places the variables into columns to determine what is logically valid. Another
related diagram is called the Randolph diagram, or R—Diagram, after
mathematician John F. Randolph. It uses lines to define sets.

In the field of statistics and probability experts use Venn diagrams to predict
the likelihood of certain occurrences. These ties in with the field of predictive
analytics. Different data sets can be compared to find degrees of
commonality and differences.

Talk about ‘Linguistics’ Venn diagrams have been used to study the
commonalities and differences among languages.



e Teachers can use Venn diagrams to improve their students’ reading Series and Set Theory
comprehension. Students can draw diagrams to compare and contrast ideas
they are reading about.

e Programmers can use Venn diagrams to visualize computer languages and

hierarchies. NOTES

e Venn diagrams can be used to compare and contrast products, services,
processes or pretty much anything that can depicted in sets. And they are
effective communication tool to illustrate that comparison.

2.7 LAWS OF SET THEORY

The following is a list of some of the important laws of sets.
1. Laws of Idempotence. For any set A
AuA+AandANnA=4
Proof. Obvious.
2. Commutative Laws. For any sets 4 and B
AUuB=BUA,ANnB=BnNA
Proof. Obvious.
3. Associative Laws. For any three sets 4, B, C
@) AuBul)=A4AuB)uC
@ AnAnNnC)=AnB)nC.

Proof. (i) We want to show that
[xedu(BuUl)]<[xe(xuB)c(C]istrue forall x

Now by definition,
[xeduBuUO)]=xed)uixeB)uU(xe C}]

And xe(AuUuBuUCCl=[{xed)uxeB}u@xel)]
So, by associative law in logic, the result () follows.
Similarly, we can prove (if).
4. Distributive Laws. For any three sets 4, B, C
@) ANnBulO)=AnB)udul)
@) AuvBNCO)=AnNnB)NAUCO)

Proof: (i) Letx e An (B U C). Thisimpliesx € 4 and x € BU C. Now,
x e BuCimpliesx € Borx € Corx € both Band C. Ifx € B, then x
eANnB. Ifxe C,thenx e AN C. Inanycase,x e (AN B)uU (4N C).

SoAn(Bul)ycAnB)yuAnl).
Similarly, (4 " B)u (AN C)c AN (Bu C). This proves (7).
Similarly, we can prove (i)
Aliter. x e [AN(BUO)] = [(xeA) A(xeBuO)]
= (ke {xreB)vxe)]
[(kedn ceBIVIEeD)CEeO] w1
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by distributive law of logic
= [xed@nB)lulxednO)]
= [xedAnB)uAdnC(C)]
So, AABUC) = ANnB)uAnC)
Similarly, we can prove (ii) by logic.
5. De-Morgan’s Laws. For any two sets 4 and B,
@) AUB)=4"NnPB.
(i) (ANB)Y =4"UB.
Proof: (i) Letx € (AU B)'. This impliesx ¢ AU Bandx € U. Now, x ¢
AU Bimpliesx ¢ A and x ¢ B. But,x ¢ 4 andx € Uimpliesx € 4" and

x ¢ Bandx € Uimplies x € B'. Therefore,x € A"’ " B'and so (4 U B')
c A" B'. Similarly, (4'"B')c (AUB)'.

This proves (AU B)' =A"NB'.
Alternative proof of () using logic:
Now, xe€e(AUB) =~[(xe(dUB)]
~[(x e d) v (x € B)]
~xeA)A~(xeB)
xegA)Ar(xgB)
=xed)r(xeB)
=xednNnB)
Therefore, (4 UB) =A"NB'.
Example 2.31: Let 4, B, Cbe any three sets. Prove that
ANB-C)= (ANB)—-ANC).
Solution: ANB)-(ANnO)= AnB)NnAnC)
=ANB)nNnA'NnC)
[by De-Morgan’s law ]
[(ANB)NnATU[(ANB) N (']
[Distributive law]
[(ANnA)YNnBlu[(ANnB)YN (']
[Associative law]
[bNBlU[AN(BNC)]
douANn (BN C)]

ANn(BnNC)
An(B -C).
Example 2.32: For any sets 4 and B, show that
(A-B)(B—A)=(AVB)—(4 N B).
Solution: (4 UB)-(ANB)=(AUB)N(ANB)
=A@V B)n (4" UB')De-Morgan’s law



=[AuUB)NA'TU[(AUB)NB']

Distributive law
=[AnNnA)YuBnA)u[ANnB)YU(BNB)]
=[duBnAN]u[AdnB)u]
=BnA)uAnNDB)
=B-A)vu(A-B)
=(4—B) U (B—A). Commutative law

Representation of Symmetric Difference

When representing the symmetric difference between any two sets, let us assume
set A and B are denoted by the symbol A.

Mathematically it is represented using:

AAB=(AUB)-(A4ANB)

This representation has been repeatedly explained above. It implies that 4
A B represents a set that contains the elements from the union of two sets, 4 and

B, minus the intersection between them. Symmetric Difference, in other words, is
also called ‘Disjunctive Union’.

The symbol A is also a binary operator. Like other binary operators, it
takes two operands, two different or identical sets as we know for other operations
and their applications for calculating probability between events.

The symmetric difference is not only restricted to set operations. We can
also use it to calculate the probability of certain multiple events. We can convert
the equation written above to an equation with probability.

Definition: Like any other operation, a symmetric difference also happens between
two sets. Suppose we have two sets, 4 and B. Their symmetric difference would
consist of all the elements present in either A or B but not in the intersection of 4
and B.

The set (4 —B) U (B—A) and is denoted by 4 A B.
Thus, AAB=(A—-B)U(B—-A)={x:x¢ AN B}
OrbLAAB={x:[xeAandx ¢ Blor[x e Bandx ¢ A]}

U

AAB
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Series and Set Theory The shaded part of the given Venn diagram represents 4 A B.

A A Bis the set of all those elements which belongs either to 4 or to B but
not to both.

NOTES A A Bis also expressed by (4 U B) — (B N A).
It follows that A A & = A4 for all subset 4,
A A A= for all subset A
Properties of Symmetric Difference:
(1) AAB=BAA4; [Commutative property]
(i) AABACO)=(AABAC [Associative property]
Theorem 2.2: Symmetric difference is commutative § AT —= T A S .

Proof: SAT = (S\T)U(T\S) (By the Definition of Symmetric Difference)
(N\S)U(S\T)  (Union is Commutative)
TAS (Definition of Symmetric Difference)

Check Your Progress
12. What do you understand by Venn diagram?

13. How can use Venn diagram in math?

14. Give the proof of De-Morgan law.

2.8 ANSWERS TO ‘CHECK YOUR PROGRESS’

1. An arithmetic series is the sum of an arithmetic sequence. We can find the
sum by adding the first, ¢, and last term, a , divide by 2 in order to get the
mean of the two values and then multiply by the number of values, 7 as per
following equation:

S =n2(a+a)

2. In mathematics, a geometric series is the sum of an infinite number of terms
that have a constant ratio between successive terms. For example, the series
is explained by following formula:

L dad X o

2 4 8 16
is geometric, because each successive term can be obtained by multiplying
the previous term by 1/2.

3. Sum of n natural numbers we can defined the form of “ Arithmetic Progression’
where the sum of # terms are arranged in a sequence with the first term
being 1, n being the number of terms along with the nth term. The sum of n
natural numbers is represented as [n(n+1)]/2. Natural numbers are the
numbers that start from 1 and end at infinity. Natural numbers include whole
numbers in them excluding the number 0.

Self - Learning 4. Sum of cubes of first n natural numbers is = (n(n+1)/2)

82 Material



10.

11.

12.

13.

14.

. Set theory is the branch of mathematical logic that studies sets, which can

be informally described as collections of objects. Although objects of any
kind can be collected into a set, set theory, as a branch of mathematics, is
mostly concerned with those that are relevant to mathematics as a whole.

. ‘A setis any collection of objects such that given an object, it is possible to

determine whether that object belongs to the given collection or not.” The
members of a set are called elements.

. A sethaving only one element is called singleton. If a is the element of the

singleton A4, then A4 is denoted by 4 = {a}. Note that {a} and a do not
mean the same; {a} stands for the set consisting of a single element a while
a is just the element of {a}.

. The union of any two sets 4 and B is the set of all those elements x such that

x belongs to at least one of the two sets 4 and B. It is denoted by 4 U B.
Logically speaking, if the biconditional statement (x € C) <> (x € 4) A
(x € B)is true for all x, then C=A4 U B. In other words, (x e A U B) =
(x € A) v (x € B).

. The intersection of two sets 4 and B is the set of all those elements x such

that x belongs to both 4 and B and is denoted by A N B. If A N B= ¢, then
A and B are said to be disjoint.

Let 4 and B be two sets. If every element of 4 is an element of B then A4 is
called a subset of B and we write A < B or B> A (read as ‘4 is contained
in B’ or ‘B contains 4’).

A set which has no element is called the null set or empty set. It is denoted
by the symbol ¢.

To illustrate the various set operations, you learn about diagrams called Venn
diagrams after John Venn (1834 — 1883 ). The universal set is represented by
the points in and on a rectangle and the subsets 4, B, C, . . .by points in and
on the circles or ellipses drawn inside the rectangle.

In math, a Venn diagram is used to visualize the logical relationship between
sets and their elements and helps us solve examples based on these sets.

Letx € (A U B)'. This impliesx ¢ A U Bandx € U. Now,x ¢ A UB
impliesx ¢ Aand x ¢ B. But,x ¢ 4 andx € Uimpliesx € 4" andx ¢ B

and x € U implies x € B'. Therefore, x € A" N B’ and so (4 U B’)
c A" B'. Similarly, (4'"B')c (AUB)'.

2.9

SUMMARY

In mathematics, a geometric series is the sum of an infinite number of terms
that have a constant ratio between successive terms.

In general, a geometric series is written as a + ar + ar’+ar’ + ..., where a
is the coefficient of each term and 7 is the common ratio between adjacent
terms.
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The name geometric series indicates each term is the geometric mean of'its
two neighbouring terms, similar to how the name arithmetic series indicates
each term is the arithmetic mean of its two neighbouring terms.

The sequence of geometric series terms (without any of the additions) is
called a geometric sequence or, equivalently, a geometric progression.

Set theory is commonly employed as a foundational system for the whole of
mathematics, particularly in the form of Zermelo—Fraenkel set theory with
the axiom of choice.

‘A setis any collection of objects such that given an object, it is possible to
determine whether that object belongs to the given collection or not.” The
members of a set are called elements.

Throughout this book, whenever we talk of a set, we shall assume it to be a
subset of a fixed set U. This fixed set U will be called the universal set.

The members of a set are called elements. We shall use capital letters to
denote sets and small letters to denote elements. If a is an element of the set
A, wewrite a € 4 (read as ‘a belongs to 4’) and if a is not an element of the
setA, we write a ¢ A (read as ‘a does not belong to 4°). There are different
ways of describing a set.

Two sets 4 and B are said to be equal if and only every member of 4 is a
member of B and every member of B is a member of 4. We express this by
writing A = B, logically speaking 4 = B means (x € A) = (x € B) or the
biconditional statement (x € A) <> (x € B) is true for all x.

We always write each element of a set only once. For example, {2, 2,3} is
not a proper way of writing a set and it should be written as {2, 3}.

The intersection of two sets 4 and B is the set of all those elements x such
that x belongs to both 4 and B and is denoted by A N B. If A N B=¢, then
A and B are said to be disjoint.

If A and B are two sets then complement of B relative to A4 is the set of all
those element x € 4 such that x ¢ B and is denoted by 4 — B. Logically
speaking, if for a set C the biconditional statement (x € C ) < (x € 4)
N (x ¢ B) is true for all x, then C = 4 — B. In other words, if (x € C) =
(x € A) A (x ¢ B), then Cis called the complement of B relative to A.

Whenever we say complement of B we mean, complement of B relative to
the universal set U. In such case, we denote complement of B by B'.

So,B'=U-B.
Let 4 and B be two sets. If every element of 4 is an element of B then A4 is

called a subset of B and we write A — B or B> A (read as ‘4 is contained
in B’ or ‘B contains 4’).

IfAcBand 4+ B, wewrite 4 — Bor B> A4 (read as: A is a proper subset
of Bor Bisaproper superset of A).

e Every setis a subset and a superset of itself.



o A set which has no element is called the null set or empty set. It is denoted Series and Set Theory
by the symbol ¢.

o Toillustrate the various set operations, you learn about diagrams called Venn
diagrams after John Venn (1834 — 1883 ). The universal set is represented by
the points in and on a rectangle and the subsets 4, B, C, . . .by points in and
on the circles or ellipses drawn inside the rectangle.

NOTES

e [etxe AN (BuUC). Thisimpliesx € Aandx € BU C. Now,x € BU
Cimpliesx € Borx € Corx € bothBand C. Ifx € B,thenx € A N B.
Ifxe C,thenxe AN C. Inanycase,x e (AN B)u (AN O).

e Letx e (4UB) . Thisimpliesx ¢ 4 U Bandx € U. Now,x ¢ AU Bimplies
x¢Aand x ¢ B.But,x ¢ Aandx € Uimpliesx € 4"andx ¢ Bandx € U
implies x € B'. Therefore,x € A’ " B"andso (A U B")c A’ N B'. Similarly,
A" NB)Yc(AVB).

2.10KEY TERMS

e Geometric series: Geometric series play an important role in the early
development of calculus, are used throughout mathematics, and have
important applications in physics, engineering, biology, economics, computer
science, queueing theory, and finance.

e Settheory: Set theory is the branch of mathematical logic that studies sets,
which can be informally described as collections of objects.

e Universal set: Whenever we talk of a set, we shall assume it to be a
subset of a fixed set U. This fixed set U will be called the universal set.

¢ Elements: The member of a set are called elements. We shall use capital
letters to denote sets and small letters to denote elements.

o Equality of sets: Two sets 4 and B are said to be equal if and only every
member of 4 is amember of B and every member of B is a member of 4.

¢ Venn diagrams: Venn diagrams are used to depict how items relate to
each other against an overall backdrop, universe, data set, or environment.

2.11SELF-ASSESSMENT QUESTIONS AND
EXERCISES

Short—-Answer Questions
1. What is miscellaneous series?
Define the arithmetic series.
Give the derivation of sum of first # natural number.
State the set theory.

Define set.

AN

What are elements?
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7. What do you understand by operation on sets?
8. How will you define the intersection?
9. Give the definition of subset.
10. Whatis Venn diagram?
11. State and proofthe theorem of symmetric difference.

Long—Answer Questions

1. Explain in detail about the miscellaneous, arithmetic and geometric series
with the help of examples.

2. Describe the sum of square and cubes of first natural number with relevant
examples.

Discuss in detail the set theory with appropriate examples.
Elaborate on the subset with the help of examples.
[llustrate the Venn diagram by giving applications.

AN S o

Analyse the different types of laws based on set theory.
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3.5 Equivalence Relation
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3.52 Partition of Set
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3.14 Summary
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3.16 Self-Assessment Questions and Exercises
3.17 Further Reading

3.0 INTRODUCTION

In math, the relation is between the x-values and y-values of ordered pairs. The
set of all x-values is called the domain, and the set of all y-values is called the
range. In mathematics, an ordered pair is a pair of objects. The order in which the
objects appear in the pair is significant: the ordered pair is different from the ordered
pair unless @ = b. An inverse relation of a relation is a set of ordered pairs which
are obtained by interchanging the first and second elements of the ordered pairs of
the given relation. In mathematics, especially order theory, a partially ordered set
formalizes and generalizes the intuitive concept of an ordering, sequencing, or
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arrangement of the elements of a set. A set, i.e., constructed from two given sets
and comprises all pairs of elements such that the first element of the pair is from the
first set and the second is from the second set. In mathematics, an equivalence
relation is a binary relation that is reflexive, symmetric and transitive. The relation
is equal to is the canonical example of an equivalence relation.

In mathematics, a partition of a set is a grouping of its elements into non-
empty subsets, in such a way that every element is included in exactly one subset.
Whereas the algebraic structure is a type of non-empty set G, which is equipped
with one or more than one binary operation.

A function is a rule that assigns each element of a set, called the domain, to
exactly one element of a second set, called the codomain. In mathematics, a set is
countable if it has the same cardinality (the number of elements of the set) as some
subset of the set of natural numbers N = {0, 1, 2, 3, ...}. In mathematics, an
uncountable set (or uncountably infinite set) is an infinite set that contains too many
elements to be countable. Group is amonoid with an inverse element. The order
of'a group G is the number of elements in G and the order of an element in a group
is the least positive integer n such that is the identity element of that group G. In
group theory, a branch of mathematics, given a group G under a binary operation
, a subset H of G is called a subgroup of G if H also forms a group under the
operation x. A cyclic group is a group that can be generated by a single element. In
algebra, a homomorphism is a structure-preserving map between two algebraic
structures of the same type.

In this unit, you will study about the relations and ordering, domain and the
range of a relation, inverse relation, partially ordered, Cartesian product of sets,
equivalence relation, partition, algebraic structures, functions, graph of the function,
countable and uncountable sets, groups, subgroups, cyclic groups,
homomorphism’s.

3.1 OBJECTIVES

After going through this unit, you will be able to:
e Explain therelations and ordering
¢ Discuss the domain and the range of a relation
¢ Analyse the inverse relation
¢ Elaborate on the partially ordered and Cartesian product of sets
¢ Explain the equivalence relation and partition of sets
e [llustrate the algebraic structures
¢ Discuss the functions and graph of the function
e Describe the countable and uncountable sets
e Interpret the groups, subgroups and cyclic groups

o State the homomorphisms



3.2 RELATIONS AND ORDERING

Let A and B be two sets. A relation R from A to B is a subset of the Cartesian
product 4 x B. If (a, b) € R, then it is also denoted by aRb and conversely aRb
means (a, b) € R. The symbol aRb isread as ‘a isrelated to b’. If A = B, we shall
say R is arelation in 4 instead of ‘from Ato A4’.

Letd={1,2},B= {3},

then R = {(1,3),(2,3)},R,= {(1,3)}, R,={(2,3)}, are different relations from
AtoB.

Let, 4 be anon-empty set. A relation R in 4 is called,
Reflexive: If (¢, a) € R foralla € 4

Symmetric: If whenever (¢, b) € R, then (b, a) € R
Anti-Symmetric: If (¢, b)) e R,(b,a) e R=>a=b
Transitive: If whenever (q, b), (b, ¢) € R, then (@, ¢) € R

A relation R on a set A4 is called a partial order relation, if it is reflexive, anti-
symmetric and transitive.

Example 3.1: [f 4= {1, 2, 3} then

R ={(1,1),(2,2),(3,3),(1,3)} is reflexive.

R,=1{(1,1),(2,2)} isnot reflexive.

R,={(1,2),(2, 1)} is symmetric, but not reflexive.
R,=1{(1,1),(1,2)} is neither reflexive nor symmetric, but is transitive.

Example 3.2: Let 4 be the set of all lines in a plane. Let R < 4 x A, where R=
{(, m)|l,me A,l| |m} then R is

Reflexive: as(/,]) e R forall led
as/||l forall /€4
Symmetric: as if (I, m) € R then I/m = m/I
= m/l) eR
Transitive: asif (I, m) e R, (m, n) € R
then/||m m|n=1||n=(,n)erR
Thus, the relation of parallelism is an equivalence relation.

Example 3.3: Let Z = set of integers then the usual < is a partial order relation on
Zasitis

Reflexive: asa<a foralla € Z
Anti-Symmetric: asas<b b<a=a=5b
Transitive: asa<b b<c=a<ec

Ordered Pair, Relations
and Functions or
Group Theory

NOTES

Self - Learning
Material 89



Ordered Pair, Relations
and Functions or
Group Theory

NOTES

Self - Learning
90 Material

Example 3.4: Let R={(m, n) |m, n € Z, m | n}
then R is a partial order relation. Verify.

Whereby x | y (x divides y) we mean, 3 z, s.t., y = xz.
Representation of a Relation by a Matrix

Sometimes, a relation is represented by a matrix, where, first we draw a table.
Suppose R is arelation from a finite set A to a finite set B. We first construct a table
by writing all the elements of 4 as a column on left and all the elements of B as the
top row. Now, if (a, bj) €R ie,aR b/ then we write 1 in the ith row and jth
column. If (a, b) ¢ R we write 0. We illustrate this by the following example

Suppose 4 =1{a, a, a, a,}, B={b,b, b,}. Then

AxB={(a, b).a, b,),(a,b,),(a, b),(a, b),(a, b)), (a, b)), (a,
b)), (a, b)), (a, b)), (a, b)), (a, b)) }

Suppose

R={(a, b).(a, b), (a, b)), (a, b)), (a, b))}

The table and the corresponding relation matrix of R is given by

b | b, | b
a |1]1]0 110
a, [0 1]0 0 10
a; |00 [1 00 1
a, | 100 100

The above representation of a relation by the relation matrix has an advantage
in as far as a look at it gives us some information regarding the relation. For
instance, if the diagonal entries in the matrix are all 1 then the corresponding relation
isreflexive. Again, if the relation matrix is symmetric then the corresponding relation
1s also symmetric. Similarly, if the relation happens to be anti-symmetric then in the
relation matrix if a;=1, then a,=0 (i#)).

Diagrammatical Representation of a Relation

Sometimes, a relation is represented with the help of a diagram called the graph of
the relation. All we do in this representation is that we represent the elements by
small circles (or dots) called nodes and if aRb we join a and b by a line (or an arc)
and put an arrow from a to b. In case bRa also holds we draw another arc from b
to a and put an arrow from b to a. If aRa, we draw a circular arc showing a being
joined to a (which will look like a loop). Thus, if a relation is reflexive, there will be
loops at all the nodes.

;P

aRb aRb, bRa aRb, bRb



3.2.1 Mapping or Function

Let A and B be two sets. A mapping or function ffrom 4 to B is arelation from 4 to
B such that to each a € A4 there exists aunique b € B. In other words, fis a subset
of 4 x Bsuch that (a, b)) € fand (a, b,) € f= b, = b, and for each a € 4, there
is some b € B such that (a, b) € /. A mapping f from A to B is denoted by
f:A—>B.

A is called Domain of f.
B is called Co-Domain of f.

Image of fis the set of those elements b € B such that (a, ) € ffor some a € A.
It is denoted by Im ( f).

Notes:
1. Iff: 4 — fand (a, b) € f, then we write b =f(a) and b is called the image

of aunder f. Also, a is called preimage of » under f.
2. Image of every element in A4 is unique.

Example 3.5: Let 4 = {/, 2, 3}, B= {4, 5}. Define f = {1,4), (2, 5), (3, 4)}.
Then, fis a mapping from A4 to B.

But, g = {1, 4), (2, 5), (3, 5), (1, 5)} is not a mapping from 4 to B as two
elements 4 and 5 in B are assigned to the element 1 € 4.

Again, h = {(1,4),(2,5)} is not a mapping as Dom () = {1, 2} # A.
One-One Mapping

A mapping f: A — B is said to be one-one if / (a,) =f(a,) implies a, = a,, where
a, € A and a, € A.This is also sometimes called injective mapping. In other
words, amapping f: 4 — Bis one-one if and only if whenevera, # a, (a, € 4,
a, € A)thenf(a))#f(a,), i.e.,images of distinct elements in 4 are distinct.

Onto Mapping
A mappingf : A — Bissaid to be onto if given b € B there exists a € 4 such that

f(a)=>b. Itis also sometimes called surjective mapping.

Example3.6: Let A={1,2,3},B={4,5}.Definef= {(1,4),(2,4),(3,5)}. Then,
f:A— Bsuchthatfisnotone-oneasf(1)=4andf(2)=4.But, 1 #2.fisonto as
both4and 5 have pre-images in 4, namely 1 and 3.

Example 3.7: Let 4 = {1, 2,3}, B= {4, 5, 6, 7}. Define f = {(1, 4), (2, 5),
(3,6)}. Then, f: 4 — B such that f'is one-one as distinct elements in 4 have
distinct images in B. fis not onto as 7 has no pre-image in 4.

Example 3.8: Let 4 = {1, 2,3}, B= {4, 5, 6}. Define f= (1, 6), (2,4), (3, 5).
Then, /: A — B such that fis neither one-one nor onto.

Example 3.9: Let 4= {1,2,3},B={4,5,6}. Define f={(1,4),(2,4),(3,5)}.

Then, /: A — B such that fis neither one-one nor onto.
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Example 3.10: If /: 4 — B such that fis onto, then Im ( /) = B.

Solution: By definition, Im f< B. Let b € B.Then there exist a € 4 such that
f(a)=>b (asfis onto). This implies b € Im (/). So, B Im .
Hence, Im( /)= B.

Binary Composition

A binary composition on a set S, is a rule which assigns to each pair of elements a,
b of S aunique element ¢ of S.

3.2.2 Domain and the Range of a Relation

Binary Relation

A binary relation R from a set 4 to a set B is a subset R of the Cartesian product
AXB.

For example,
1. LetA=B=N,the set of natural numbers.
(1) Define the relation R as ‘=’
Now,R={(1,1),(2,2),(3,3),...} SNxN
.. Risabinary relation.
(i) Define R as ‘<’
Then, R={(1,2),(2,3),(3,4),.....(1,3),(2,4),3,5), ... cNx N

.. Ris abinary relation.

2. LetAbethesetofall people onearthanda, b € A, and a R b iff a and b were
born on the same day of the same year.

Let R be a binary relation. The set D(R) of all elements x such that for all
¥, (x, ¥)e R is called the domain of R.

e, D(R)={x:(x,y) € R, forall y}

Similarly, Rg(R) of all elements y such that for all x, (x, y) e R is called the
range of R.

re.,Rg(R)={y:(x,y)eR, forall x}
Operations on Relations

Let R and S be relations from a set A4 to a set B. Now the union and intersection of
R and S'is defined as,

() RUS={(a b):(a b) € Ror (a b)eS}

(@H)RNS={(ab):(a b) eRand (a, b)eS}
Example 3.11: Let X= {1,2, 3,4, 5, 6}

Let R and S be relations from X'to X as,

R={(x,y):(x+y)isamultiple of 2}



S={(x,y): (x+y)isamultiple of 3}

FindRuU Sand RN S.
Solution: R = {(1, 3),(1,5)} and S={(2,4),(1,5)}
RUS={(1,3),(2,4),(1,5)}
RN S={(1,5)}
Inverse of R: Let R be arelation from a set 4 to set B. The inverse of R is relation
from Bto 4 and is given by R™'= {(y, x): (x, y) € R}.

Representation of a Solution

(i) Abinaryrelation R from a set 4 with n elements to a set B with m elements is
represented as an n x m array M, by marking the positions in M. The positions
which correspond to the pairs belong to R with 1 and 0 elsewhere.

e, Mg=[a;]

{1 if ith element of A4 is related to jth element of B
ij

0, otherwise.
Example3.12: LetA=B=X={1,2,3,4,5,6}. Define R as ‘<’ on X.

Solution: R= {(1,2),(1,3),(1,4),(1,5),(1,6),(2,3),(2,4),(2,5),(2,6), (3,
4),(3,5),(3,6),(4,5),(4,6),(5,6)}.

oS O O O O
S O O O =
S O O = =
(=
S = = m
— = = o

00 0O0O0OO

(i) The relation array can be viewed graphically as elements of sets represented
by models and an ordered pair is represented by an edge between the vertices
that correspond to the paired elements, with an arrow pointing to the second
element of the pair.

Example 3.13: Let 4 = {1, 2, 3, 4}, B= {1, 4,9, 16} and the relation R =
{(1,1),(2,4),(3,9),(4,16)}. Draw the relation graph.
Solution: First we shall write the relation matrix M,

0 0

S = O

My =

S O o =

0
1
0

- o O

0
Now we shall draw the relation graph G .
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Example 3.14: Let A = {a, b, ¢, d}, B={a, e, f, d}and let R = {(q, e), (a, /),
(b, e),(c, ), (b, d),(d, d),(d, a)}. Draw the relation graph.

Solution: First we shall write the relation matrix M o

01 10
01 01
My =
0010
1 0 01
The relation graph G, is given as
a b c d
Gg:
e f d

a

Composition of Two Relations

Let R be a binary relation from the set 4 to the set B and S be a binary relation
from the set B to the set C, then the ordered pair (R, S) is said to be composable.
If (R, S) is a composable pair of binary relations, the composite R 0 S and R and
S, is a binary relation from the set 4 to the set C, such that, fora € A4andc € C,
a (R oS)cif for some b € B, both aRb and bSc are binary relations.

Example3.15: 4= {1,2,3,4},B8={1,3,9,10} C={5,6,7,8},R={(1,1),
(1,3),(2,9),(2,10),(3,3), (4, 10)} S=1{(1,5),3,7),(9,7),(10,8)}. Find
R oS and its relation graph.

Solution:

4
O

RoS={(1,5),(1,7),(2,7),(2,8),(3,7), (4, 8)}

The corresponding matrix is,

1 010
Y, 00 1 1
57100 10
00 01
And the corresponding relation graph G, _ (s,
1 5
Gipes: 2 Q8
3 7
4 8



We know that a relation is a subset of Cartesian product of two sets. A relation
shows relationship of a member of one set to that of another set. Thus, a relationship
is shown as an ordered pair and is also called binary relation. If we recall the basic
concept of a coordinate plane, also called Cartesian plane, we know that it is
constituted by choosing two number lines, intersecting at right angles to each other.
One line is horizontal, usually called x-axis and another as y-axis. The intersecting
point of these two lines is the origin. When only one number line is used, every
point on this number line represents a real number. But when we take two lines at
right angles to each other it represents a point in the plain containing an ordered
pair. Thus, every point on this plane shows a relation. Thus, relationship can be
shown as graphs. A domain with a binary relation can be viewed as vertices with
edges connecting them. Thus, any binary relation can be shown as graph, by
taking domain elements as vertices and showing them as dots, with arrows as
edges between related elements. Vertices can also represent tasks and edges
connecting those showing dependencies.

We can make a graph of any relation. For example, we draw the graph of the
relation,
R=1{(2,5),(4,3),(6,1),(2,7)}. The graph is shown below:

Y
8
= 2,7)
6
= (2,5
4 L
+ = (4,3)
2 4+
X = (6, 1)
e R S A R S B S BN
2 4 6 8

Fig. 3.1 Graph Showing Relation

R=1{(2,5),(4,3),(6,1),(2,7)}
A function is also arelation although, all relations are not functions. So, we can call
any function a relation too. We now draw the graph of the relation 2x + 3y =6.
We must have at least two points. [f x=0, y =2 and if y=0, x = 3. Thus, graph
can be sketched by taking points (0, 2) and (3, 0) and connecting these points to
find a straight line. The graph has been plotted below.
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Fig. 3.2 Graph of Relation 2x + 3y =6

Example 3.16: Draw the graph of the relation x? + y?=25.

Solution: To sketch the graph we find different points by arbitrarily taking values
of x and finding corresponding values of y. Points are: (5, 0), (4, 3), (3,4), (0, 5),
(-3,4), (-4, 3), (-5, 0), (-4, -3), (-3,4), (0,-5), (3,-4), (4,-3). We plot this
line on the plane and join these.

Example 3.17: Draw the graph of relation 16x?+9)” = 144 and find the intercepts
on axes.

Solution: By equating y = 0, we get x-intercepts and by putting y = 0, we get
y-intercepts. We note different values of y corresponding to some values of x and
draw a curve. This shows an ellipse. The x-intercepts are (3, 0) and (-3, 0). The
y-intercepts are (4, 0) and (-4, 0). The curve is shown below.



3.2.3 Inverse Relation

In mathematics, the inverse relation of a binary relation is the relation written
‘Backwards’. In formal terms, if L: X — Yis a binary relation, then the inverse
relationis L7: Y —> X.

The inverse relation is also called the converse relation and may be written
as LC, L” (in view of its similarity with the transpose of a matrix).

3.3 PARTIALLY ORDERED SET

In mathematics, especially order theory, a partially ordered set (also termed as
poset) formalizes and generalizes the intuitive concept of an ordering, sequencing,
or arrangement of the elements of a set. A poset consists of a set together with a
binary relation indicating that, for certain pairs of elements in the set, one of the
elements precedes the other in the ordering. The relation itselfis called a ‘Partial
Order’. The word partial in the names ‘Partial Order’ and ‘Partially Ordered Set’
is used as an indication that not every pair of elements needs to be comparable.
That is, there may be pairs of elements for which neither element precedes the
other in the poset. Partial orders thus generalize total orders, in which every pair is
comparable.

Formally, a partial order is any binary relation that is reflexive (each element
is comparable to itself), antisymmetric (no two different elements precede each
other), and transitive (the start of a chain of precedence relations must precede the
end of the chain). One universal example of a partially ordered set is a collection
of people ordered by genealogical descendancy. Some pairs of people bear the
descendant-ancestor relationship, but other pairs of people are incomparable,
with neither being a descendant of the other.

A poset can be visualized through its Hasse diagram, which depicts the
ordering relation.
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Partial Ordering
A relation R on a set 4 is said to be a partial order relation if R is (i) Reflexive,
(1) Antisymmetric and (i) Transitive.
For example, Let S be non-empty set. Define R as < (contained in or equal to)
P(S). Clearly (P(S), <), is a partial order set. If,

(1) AeP(S),A c4

(i) A,BeP(S),A cBand BcA=>A=8B

(#ii) A, B, C,e P(S),

Whenever Ac Band Bc C =A< C. .. cis a partial order relation on

P(S).

Let<be a partial order on the set of integers and a, b, ¢ be integers. Clearly,

(1) a<a;whereae”Z
(@) Ifa <band b<a then a=b,where a,be Z.
(iii) Ifa<band b<cthena<c,wherea, b,ceZ.

. (Z,<)is apartial order set (poset).
Comparable Integers: Two elements of a poset (S, <) are said to be comparable
ifa<b or b<a. Otherwise a and b are said to be incomparable.

For example, In the poset (Z*,1), the integers 2 and 8 are comparable whereas 3
and 5 are incomparable.

[a/bis read as a divides b and a/b = b = k a for some ke Z]
Chain: Aposet (S, <) is called a chain if <is total order relation.

(Ifevery two elements of S are comparable then S'is called a totally released
set.)

For example, The poset (Z, <) is a chain, whereas the poset (Z",1) is not a chain.

Representation of Poset

We can represent the poset as a directed graph. Every poset consisting of a set
and a relation can be represented as a graph. We have to do minor modification
in this relational graph. Since partial ordering relation is reflexive and transitive
the relational graph will consist of self loops and edges corresponding to the
transitive relations.

In the relational graph, the self loops and edges corresponding to the pairs
(a, c¢) are removed whenever (a, b) and (b, c) are present. Finally, each edge is
arranged so that its initial vertex is below its terminal vertex. All the arrows on the
directed edges, are removed since all the edges point upward towards their terminal
vertex.

Example 3.18: Draw the Hasse diagram representing the partial ordering {(a, b)/
a/b} on {2,4,5,10, 12,20, 25}.



12 20

o

A

A
4 10
25

A A

2 5

Solution: Here the relation set= {(2,4), (2, 12), (4, 12), (5, 10), (5, 20), (5, 25),
(10, 20)}

3.3.1 Ordered Pair

In mathematics, an ordered pair (a, b) is a pair of an objects. The order in which
the objects appear in the pair is important: the ordered pair (a, b) is different from
the ordered pair (b, a) unless a = b. (In contrast, the unordered pair {a, b} equals
the unordered pair {b, a}.)

Ordered pairs are also called 2-tuples, or sequences of length 2. Ordered pairs
of scalars are sometimes called 2-dimensional vectors. (Technically, i.e., an abuse
of terminology since an ordered pair need not be an element of a vector space.)
The entries of an ordered pair can be other ordered pairs, enabling the recursive
definition of ordered n-tuples (ordered lists of # objects). For example, the ordered
triple (a,b,c) can be defined as (a, (b,¢)), i.€., as one pair nested in another. In the
ordered pair (a, b), the object a is called the first entry, and the object b the
second entry of the pair. Otherwise, the objects are called the first and second
components, the first and second coordinates, or the left and right projections of
the ordered pair. Cartesian products and binary relations (and hence functions)
are defined in terms of ordered pairs.

Simplifications: Let (a,, b,) and (,, b,) be ordered pairs. Then the characteristic
(or defining) property of the ordered pair is:

(a,b)=(a,b)iffa=a,and b=0b,.
The set of all ordered pairs whose first entry is in some set 4 and whose second

entry is in some set B is called the Cartesian product of 4 and B, and , which is
written as 4 X B. A binary relation between sets 4 and B is a subset of 4 x B.

The (a, b) notation may be used for other purposes, most notably as denoting
open intervals on the real number line.

The left and right projection of a pair p is usually denoted by = (p) and 7, (p), or
by m,(p) and w(p), respectively. In contexts where arbitrary n-tuples are
considered, " (¢) is a common notation for the i-th component of an n-tuple 7.

Informal and Formal Definitions

For any two objects a and b, the ordered pair (a, b) is a notation specifying the
two objects a and b, in that order, i.e., usually followed by a comparison to a set
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of two elements; pointing out that in a set @ and b must be different, but in an
ordered pair they may be equal and that while the order of listing the elements of
a set does not matter, in an ordered pair changing the order of distinct entries
changes the ordered pair. This ‘Definition’ is unsatisfactory because it is only
descriptive and is based on an intuitive understanding of order. A more satisfactory
approach is to observe that the characteristic property of ordered pairs given
above is all that is required to understand the role of ordered pairs in mathematics.
Hence the ordered pair can be taken as a primitive notion, whose associated
axiom is the characteristic property.

Another way to rigorously deal with ordered pairs is to define them formally in the
context of set theory. This can be done in several ways and has the advantage that
existence and the characteristic property can be proven from the axioms that
define the set theory.

Equality of Ordered Pairs

Two Ordered Pairs are said to be equal if the analogous first components are
equal alongside the corresponding second components are equal. Consider two
ordered pairs («, v) and (x,y). The two ordered pairs are equal iifu =x, v=1y,

re., (u, v)=(x, ).

Check Your Progress

Define the onto mapping.

When 4 is called partial order relation?
What do you understand by binary relation?
State the composition of two relation.
Define the inverse relation.

What is partially ordered set?

AN e

3.4 CARTESIAN PRODUCT OF SETS

Definition: Let 4 and B be two sets. The set of all ordered pairs (a, b) such that
a € A, b € Bis called the Cartesian product of 4 and B and is denoted by 4 X B.
Notes: 1. The ordered pair (a, b) is not the same as the set {a, b}.
2. Two ordered pairs (a, b) and (¢, d) are equal if and only if @ = c and
b=d.
3. For the ordered pair (a, b), a is called the first coordinate and b is
second coordinate.

Example 3.19: Let 4 be any set. Then show that 4 x ¢ and ¢ x 4 are empty
sets.

Solution: Suppose that 4 X ¢ is not empty.
Then, there is somex € 4 X ¢
By definition, x = (a, b), where a € A, b € ¢.



This is absurd as ¢ is empty.
Hence, 4 x ¢ = ¢.
Similarly, ¢ X 4= ¢.
Example 3.20: Let 4, B, C be three sets. Show that,
AXBUC)=(A*xB)yudxC)
Solution: Letx € 4 x (B U ()
Then, x = (a, d), wherea € A,d e BU C
Now, ifd € B,thenx € A x Borifd € C,thenx € A X C
In any case, x e (A x B)u (4 x ()

Therefore, 4 x (BU C)c (A *xB)U (4 xC) (1)
Similarly, (A xB)u A xC)cA*x(BUC) -(2)
By Equations (1) and (2):

AxBUC)=AxB)yuAxC)
This proves the result.

Example 3.21: Let 4, B, C be three sets. Show that,
AXxB-C)=(A*xB)-(4xC)
Solution: Let (a,d) € A < (B-C)

Then,a € A,d e Bandd ¢ C

So, (a,d) e A xBand (a,d) ¢ A x C

Therefore, (a,d) € (4 x B)— (4 x C)

This proves that 4 X (B—C)c (4 X B)— (A % C) (1)

To prove the other side let us proceed as under,

Letx e (A xB)—(4 xC)

Then, x is an element of 4 x B but it does not belong to 4 x C. This means
that x = (a, b) wherea € A,b € Bbutb ¢ C,

or, x=(a b)edxC
This implies that, beB-C
Therefore, xedxB-0)
Hence, (A X B)— (A x(C)cA*x(B-C) ..(2)
By Equation(1) and (2):
Ax(B-C)=A*xB)-(4xC)
This proves the result.

Example 3.22: Ifthe set 4 has m elements and the set B has n elements, how
many elements does 4 x B have?

Solution: Let a € A. Then, number of elements of 4 x B with first coordinate as a
is n. But a can be chosen in m ways. So, the number of distinct elements of 4 x B
is mn.

Example 3.23: If 4= {1,4},B={4,5},C={5,7}

Find (i) (4 xB)yu (4 xC) (ii)(A xB)n (4 xC)
Solution: (i) As proved in Example 3.20, (A xB)u (A *x C)=A*x(BuU ()
Now, BuC=1{4,5"7;}
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So, AxBUC) ={(1,4),(4,4),(1,5),(4,5),(1,7),(4 7}
= xB)u (4 x0)
(if) Now, A xB={(1,4),(4,4),(1,5),(4,5)}

AxC={(,5),(1,7),(4,5),4,7)}
So, AXxXB)nAxC)={(1,5),(4,5)}
Relation
Let A and B be two sets. A relation R from A to B is a subset of the Cartesian
product 4 x B. If (a, b) € R, then it is also denoted by aRb and conversely, aRb
means (a, b) € R. The symbol aRb is read as ‘a isrelated to b’. If A = B, we shall
say that R is arelation in 4 instead of ‘from A to A4’.

Let A={1,2},B={3}
Then, R, ={(1,3),(2,3)},R,= {(1,3)}, Ry={(2,3)}, are differentrelations from
AtoB.
Now, 4 be a non-empty set. A relation R, in 4 is called,
Reflexive: If (¢, a) € R, foralla € 4
Symmetric: Whenever (q, b) € Rthen (b, a) € R
Antisymmetric: If (¢, b)) e R, (b,a) e R=>a=b
Transitive: Whenever (a, b), (b, ¢) € R, then (a, ¢) € R
A relation R on a set 4 is called a partial order relation, if it is reflexive,
antisymmetric and transitive.

The following example will make the concept clear. If 4 = {1, 2, 3} then,
R =1{(1,1),(2,2),(3,3),(1, 3)} is reflexive
R,={(1,1),(2,2)} isnot reflexive
R,=1{(1,2),(2, 1)} is symmetric but not reflexive
R,=1{(1,1),(1,2)} is neither reflexive nor symmetric but is transitive
Let 4 be the set of all lines in a plane. Let R 4 x 4,
Where, R={(l, m): [, m € 4,1 |m}
ThenR s,
Reflexive: As(l,]) e R foralll e A
Asl||lforalll e 4
Symmetric: As(,m)eR thenl||m=m]||l
= (m,[)eR
Transitive: As (I, m) € R,(m, n) € R, then!|m, m|n=1[||n=(, n)eR
Thus, relation of parallelism is an equivalence relation.

You can also prove that if Z = Set of integers, then the relation < is a partial
orderrelation on Z as it is,

Reflexive: Asa<aforalla e Z
Antisymmetric: Asa<b,b<a=>a=b

Transitive: Asa<b b<c=a<c



3.5 EQUIVALENCE RELATION

In mathematics, an equivalence relation is a binary relation that is reflexive, symmetric
and transitive. The relation “Is Equal To” is the canonical example of an equivalence
relation. Each equivalence relation provides a partition of the underlying set into
disjoint equivalence classes. Two elements of the given set are equivalent to each
other, ifand only if they belong to the same equivalence class.

A partial order is a relation that is reflexive, antisymmetric, and transitive.
Equality is both an equivalence relation and a partial order. Equality is also the only
relation on a set that is reflexive, symmetric and antisymmetric. In algebraic
expressions, equal variables may be substituted for one another, a facility that is
not available for equivalence related variables. The equivalence classes of an
equivalence relation can substitute for one another, but not individuals within a
class.

Definition of Equivalence Relation
A relation R onaset 4 is called an equivalence relation if R is reflexive, symmetric
and transitive.

For example,
Let N be the set of natural numbers. Define R on N as,

R={(x,y):x+yiseven,x,yeN}
Proof: LetxeN. Now x +x=2x.

Clearly 2x is even. Therefore R is reflexive. Letx, ye Nand x + y is even.
Clearly y +x is also even and hence R is symmetric.

Now, if x + y is even and y + z is even then we have to prove that x +z
iseven.

Since, x + yand y + z are even, both (x +y) and (y + z) are divisible by 2.
s (x+y)+(y+z)isalsodivisible by 2, 1.e.,x + (v +y) + zis divisible by 2.
. (x+z)is divisible by 2.

Hence, R is transitive. So, R is an equivalence relation.

Note: From the relation graph or relation matrix, the kind of relation can be
identified.

Example 3.24: The relation R on a set is represented by,

11
My=|11
01

—_— O

Is R reflexive, symmetric or antisymmetric?

Solution: In the matrix M, the diagonal elements are 1. Therefore, R is reflexive.
Since the matrix M, is symmetric, the relation R is also symmetric.
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Example 3.25: The relation R and R, on a setis represented by,

1 0 0
(i) MR: 0O 1 0
0 0 1

1 11
i —|1 0 1
(iM) MR1 111

Are the relations R and R reflexive, symmetric, antisymmetric, and/or
transitive ?
Solution:
(i) Since, the matrix M, is symmetric and its diagonal entries are 1. The relation
R is symmetric and reflexive. Since R is not antisymmetric, R is transitive.
(ii) Therelation R, is not reflexive.

R, is symmetric [ M, & is symmetric] and R, is transitive.
Example 3.26: Draw the relation graph for the following relations.

G) R=1{(1,1),(1,3),(2,1),(2,3),(2,4),3,1),(3,2), (4 1)} on the set
X=1{1,2,3,4}.

(@) R, = {(1,1),(1,2),(1,3),(2,2),(2,3), (3,3)}on the set Y= {1, 2, 3}.
Solution:

(i) Therelation graph G, of R is drawn as:
The vertices of G are 1,2, 3, 4.

1/—\3

2 4

(i1) The relation graph Gy, of R, is drawn as:

1 2

Gpgy:

N
Example 3.27: Let R be the relation represented by:
01 1
Mp=[1 10
1 01
Find the relation matrices representing (i) R~ (if) R® (iii) R*.
Solution:
() To getthe inverse relation matrix (M o ) of arelation matrix (M) just write

the transpose of M.



<

Il
—_— = O
S =

1
0
1
(#7) To find the complement relation matrix, replace 0 by 1 and 1 by 0 in the given

relation matrix.

M, =

(=
— o O

0
1
0

(iii) To find the relation matrix of R*when R>=R o R.

If the relation matrix M, is known, then M. =M. M, (the matrix

multiplication)

o1 1701 1] [2 1
M,=l1 10|11 0|=[1 2
10 1] |1 0 1| |1 1

N = =

Example 3.28: Find whether the relations for the directed graphs shown in the
following figures are reflexive, symmetric, antisymmetric and/or transitive.

1 2
b) Gs:
3 4
Solution:
(i) In Gy, there are loops at every vertex of the relation graph and hence it is
reflexive.

It is neither symmetric nor antisymmetric since there is an edge between 1
and 2 but not from 2 to 1, but there are edges connecting 2 and 3 in both
directions.

Moreover, the relation is not transitive, since there is an edge from 1 to 2
and 2 to 3, but no edge from 1 to 3.

(i) Since loops arenot present in G, this relation is not reflexive. Further, it is
symmetric and not antisymmetric.

Moreover, the relation is not transitive.

3.5.1 Equivalence Class

Let R be an equivalence relation on a set 4. Let xe A. The equivalence class a is
given by,
[a],= {xed: (a,x)eR}

Note: [a], # ¢, because ae[a].
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Example 3.29: Prove that any two equivalence classes are identical or disjoint.
Solution: First we shall prove that (a,b) € R. This implies that [a], =[],

Suppose (a, b)e R
Casel: [a]=[b]

Letxe[a] = (x,a)eR

= (x,b)eR|[-: (x,a)e Rand (a,b) e R and R is Transitive]

= xe[b]
= [a] =[b]
[a] =[]

Now suppose [a], [b] are two equivalence classes.
CaseIl: [a]l=[b]or[a]N[b]=0

If [a]N[b] = ¢ then nothing to prove.
Suppose [a]N[b] = ¢, then x e [a]N[b]
= xe[a] and xe [b]
= (x,a)eR and (x, b)eR
= [x] =[a] and [x] = [5]
= [a] = [b]
[a]N[b] = ¢ or [a] = [b]
1.e., any two equivalence classes are identical or disjoint.

3.5.2 Partition of Set

Given an equivalence relation on set A, the collection of equivalence classes forms
a partition of set 4. The converse is also true, given a partition on set 4, the
relation “Induced by the Partition” is an equivalence relation.

Example 3.30: Prove that an equivalence relation induces a partition and a partition
induces an equivalence relation.

Solution: Let {4,: ic Z} is a partition of a set 4. Define a relation R on 4 by
(a,b)eRifa,be A, for some i.

CaseI: R isanequivalence relation on 4.

Let,acA

= aeA forsomei
=a, a € A forsomei
= (a, a)eR.
.. Ris areflexive relation on 4.
Suppose (a, b) € R, then by the definition of R,

a b ed, for some i



. b, ae A for some i
= (b, a)eR.
R is a symmetric relation on 4.

Suppose (a, b)e Rand (b, c)eR, thena,b e 4 andb,c Aj for some i
and.

Here, be A and be Aj

SANA, # o= A=A, otherwise {4}
a, b,ce A,

. (a,c)eR

is not a partition and hence

iel

.. Ris atransitive relation on 4.
R is also an equivalence relation on 4.
Further, we can also show that 4, =[a],,
Conversely, we can assume that R is an equivalence relation on set 4.
Casell: R induces a partition for A.
Let,xeA, [x] ={yeA/(y, x)e R}and for any x, ye 4, we have
[x]ny] = ¢ or [x] =[y]

. A:UXGA[

x]
i.e., {[x] : xe A} is apartition for 4.
Let §'be anon-empty set. The family of a sets {4, 4,...,4 } is a partition
ofthe set S'if
(1) S=04; (i) ANA=Dofi#]

For example, §=1{1,2,3,4,5,6,7},4=1{1,3,5,7},4,=1{2,4,6}
Clearly, {4, 4,} is a partition of S.
Note:

Every singleton subset constitutes a partition.

3.6 ALGEBRAIC STRUCTURES

In mathematics, an algebraic structure consists of a non-empty set 4, termed as
the underlying set, carrier set or domain. It is a collection of operations on 4 of
finite arity, typically binary operations, and a finite set of identities, known as axioms
that these operations must satisfy.

An algebraic structure may be based on other algebraic structures with
operations and axioms involving several structures. For example, a vector space
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involves a second structure termed as a field, and an operation termed as the
scalar multiplication between elements of the field called scalars, and elements of
the vector space called vectors.

In the context of universal algebra, the set 4 with this structure is called an
algebra, while in other contexts it is called an algebraic structure, because the term
algebra being reserved for specific algebraic structures that are vector spaces
over a field or modules over a commutative ring.

The properties of specific algebraic structures are studied in abstract algebra.
The general theory of algebraic structures has been formalized in universal algebra.
The language of category theory is used to express and study relationships between
different classes of algebraic and non-algebraic objects. This is because it is
sometimes possible to find strong connections between some classes of objects,
sometimes of different kinds. For example, Galois Theory establishes a connection
between certain fields and groups - two algebraic structures of different kinds.

Addition and multiplication of real numbers are the ideal and typical examples
of operations that combine two elements of a set to produce a third element of the
set. These operations follow several algebraic laws.

For example, a + (b + c)=(a+ b)+ c and a(bc) = (ab)c as the ‘Associative
Laws’.

Alsoa+b=>b+aand ab= ba as the ‘Commutative Laws’.

Many systems studied by mathematicians have operations that observe some
but not necessarily all of the laws of ordinary arithmetic. For example, rotations of
an object in three-dimensional space can be combined by performing the first
rotation on the object and then applying the second rotation on it in its new orientation
made by the previous rotation. Rotation as an operation follows the associative
law, but it may not satisfy the commutative law.

Mathematicians give names to sets with one or more operations that obey a
particular collection of laws, and study them in the abstract as algebraic structures.
In complete generalisation, the algebraic structures may involve an arbitrary
collection of operations, including operations that combine more than two elements
(higher arity operations) and operations that take only one argument (unary
operations).

3.6.1 Algebraic Systems

An algebraic system is a mathematical system consisting of a set called the domain
and one or more operations on the domain. Following are the examples and rules
defining the algebraic systems with no binary operation, and with one and two
binary operations.

One Set with Operations
1. Simple Structures: No Binary Operation
The simple structures with no binary operations can be defined as follows.

Set: A degenerate algebraic structure S having no operations.

Pointed Set: S has one or more distinguished elements, often 0, 1, or both.



Unary System: S and a single unary operation over S.

Pointed Unary System: A unary system with S a pointed set.
2. Group-Like Structures: One Binary Operation

The group-like structures with one binary operation can be indicated by any symbol,
or with no symbol (juxtaposition) as is done for ordinary multiplication of real
numbers.

* Magma or Groupoid: S and a single binary operation over S.
* Semigroup: An associative magma.
* Monoid: A semigroup with identity element.

* Group: A monoid with a unary operation (inverse), giving rise to inverse
elements.

* Abelian Group: A group whose binary operation is commutative.

* Semilattice: A semigroup whose operation is idempotent and commutative.
The binary operation can be called either meet or join.

* Quasigroup: A magma obeying the Latin square property. A quasigroup
may also be represented using three binary operations.

* Loop: A quasigroup with identity.
3. Ring-Like Structures or Ringoids

Ring-like structures can be defined on the basis of two binary operations, often
called addition and multiplication, with multiplication distributing over addition.

* Semiring: A ringoid such that S'is a monoid under each operation. Addition
is typically assumed to be commutative and associative, and the monoid
product is assumed to distribute over the addition on both sides, and the
additive identity 0 is an absorbing element in the sense that 0/ x =0 for all x.

 Near-Ring: A semiring whose additive monoid is a (not necessarily Abelian)
group.

* Ring: A semiring whose additive monoid is an abelian group.

* Lie Ring: Aringoid whose additive monoid is an abelian group, but whose
multiplicative operation satisfies the Jacobi identity rather than associativity.

* Commutative Ring: A ring in which the multiplication operation is
commutative.

* Boolean Ring: A commutative ring with idempotent multiplication operation.

* Field: A commutative ring which contains a multiplicative inverse for every
nonzero element.

» Kleene Algebras: A semiring with idempotent addition and a unary
operation, the Kleene star, satisfying additional properties.

* *-Algebra: Aring with an additional unary operation (*) satisfying additional
properties.
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4. Lattice Structures

Lattice structures can be defined on the basis of two or more binary operations,
which typically include operations termed as meet and join, connected by the
absorption law.

» Complete Lattice: A lattice in which arbitrary meet and joins exist.
* Bounded Lattice: A lattice with a greatest element and least element.

* Complemented Lattice: A bounded lattice with a unary operation,
complementation, denoted by postfix notation ‘L ’. The join of an element
with its complement is the greatest element, and the meet of the two elements
is the least element.

* Modular Lattice: A lattice whose elements satisfy the additional modular
identity.
* Distributive Lattice: A lattice in which each of meet and join distributes

over the other. Distributive lattices are modular, but the converse does not
hold.

* Boolean Algebra: A complemented distributive lattice. Either of meet or
join can be defined in terms of the other and complementation. This can be
shown to be equivalent with the ring-like structure of the same name above.

» Heyting Algebra: A bounded distributive lattice with an added binary
operation, relative pseudo-complement, denoted by infix ‘—’, and governed
by the axioms, x > x =1L, x(x 2> y)=xy,y x > y) =y, x >
) =(x—>y) (x> 2).

5. Arithmetic

Arithmetic is precisely defined using the two binary operations, addition and
multiplication. Consider that S is an infinite set. Arithmetic points unary systems,
whose unary operation is injective successor, and with distinguished element “0°.

* Robinson Arithmetic: Addition and multiplication are recursively defined
by means of successor. ‘0’1s the identity element for addition, and annihilates
multiplication. Robinson arithmetic has closeness to Peano arithmetic.

* Peano Arithmetic: Robinson arithmetic with an axiom schema of induction.
Most ring and field axioms bearing on the properties of addition and
multiplication are theorems of Peano arithmetic or of proper extensions
thereof.

Two Sets with Operations
Algebraic operations on two sets can be defined as follows.
1. Module-Like Structures

Operations with two sets can be defined on the basis of module-like structures,
1.e., composite systems comprising of two sets and using at least two binary
operations.

* Group with Operators: A group G with a set Q and a binary operation
Q x G — G satistying certain axioms.



* Module: An Abelian group M and aring R acting as operators on M. The
members of R are occasionally termed as scalars, and the binary operation
of scalar multiplication is a function R x M — M, which satisfies several
axioms. Counting the ring operations these systems have at least three
operations.

* Vector Space: A module where the ring R is a division ring or field.

* Graded Vector Space: A vector space with a direct sum decomposition
separating or dividing the space into ‘Grades’.

* Quadratic Space: A vector space V over a field F' with a quadratic form
on V' which takes values in F.

2. Algebra-Like Structures

Algebra-like structures can be explained as composite system which are typically
defined over two sets, a ring R and an R-module M equipped with an operation
termed as multiplication. This can be observed as a system with five binary
operations - two operations on R, two operations on M and one operation involving
both R and M.

* Algebra over a Ring (also R-Algebra): A module over a commutative
ring R, which also carries a multiplication operation that is compatible with
the module structure. This includes distributivity over addition and linearity
with respect to multiplication by elements of R. The theory of an algebra
over a field is especially well developed.

* Associative Algebra: An algebra over a ring such that the multiplication is
associative.

» Nonassociative Algebra: A module over acommutative ring, equipped
with a ring multiplication operation that is not necessarily associative. Often
associativity is replaced with a different identity, such as alternation, the
Jacobi identity, or the Jordan identity.

* Coalgebra: A vector space with a ‘Comultiplication’ defined dually to that
of associative algebras.

* Lie Algebra: A special type of nonassociative algebra whose product
satisfies the Jacobi identity.

* Lie Coalgebra: A vector space with a ‘Comultiplication’ defined dually to
that of Lie algebras.

* Graded Algebra: A graded vector space with an algebra structure which
is typically compatible with the grading. Typically, if the grades of two
elements a and b are known, then the grade of ab is also known, and
consequently the location of the product ab is determined in the
decomposition.

* Inner Product Space: The inner product space can be defined on the
basis of an F' vector space V' with a definite bilinear form V'x V' — F.

3. Four or More Binary Operations

Four or more binary operations can be explained using the following notations.
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* Bialgebra: An associative algebra with a compatible coalgebra structure.
* Lie Bialgebra: A Lie algebra with a compatible bialgebra structure.
* Hopf Algebra: A bialgebra with a connection axiom (antipode).

* Clifford Algebra: A graded associative algebra equipped with an exterior
product from which may be derived several possible inner products. Exterior
algebras and geometric algebras are special cases of this construction.

In mathematics, a Hopf algebra, named after Heinz Hopf, is a structure that is
simultaneously a (unital associative) algebra and a (counital coassociative)
coalgebra, with these structures’ compatibility making it a bialgebra, and that
moreover is equipped with an antiautomorphism satisfying a certain property. The
representation theory of a Hopf algebra is principally commendable, since the
existence of compatible comultiplication, counit, and antipode allows for the
construction of tensor products of representations, trivial representations, and dual
representations. This theory is accepted universally.

In mathematics, a Clifford algebra is an algebra generated by a vector
space with a quadratic form, and is a unital associative algebra. The Clifford algebra
is typically named after the English mathematician William Kingdon Clifford. As
K-algebras, they generalize the real numbers, complex numbers, quaternions and
several other hypercomplex number systems. The theory of Clifford algebras is
intimately connected with the theory of quadratic forms and orthogonal
transformations. Clifford algebras have significant applications in a variety of fields
including geometry, theoretical physics and digital image processing.

3.6.2 Universal Algebra

Algebraic structures are defined through different configurations of axioms. Universal
algebra abstractly studies such objects. One major dichotomy is between structures
that are axiomatized entirely by identities and structures that are not. If all axioms
defining a class of algebras are identities, then this class is a variety and it must not
to be confused with algebraic varieties of algebraic geometry.

Identities are equations formulated using only the operations the structure
allows, and variables that are tacitly universally quantified over the relevant universe.
Identities contain no connectives, existentially quantified variables, or relations of
any kind other than the allowed operations. The study of varieties is the significant
portion of universal algebra. An algebraic structure in a variety may be understood
as the quotient algebra of term algebra, also termed as ‘ Absolutely Free Algebra’
divided by the equivalence relations generated by a set of identities. Consequently,
a collection of functions with given signatures generate a free algebra, the term
algebra 7. Given a set of equational identities (the axioms), one may consider their
symmetric, transitive closure E. The quotient algebra 7/E is then the algebraic
structure or variety. Thus, for example, groups have a signature containing two
operators: the multiplication operator m, taking two arguments, and the inverse
operator i, taking one argument, and the identity element e, a constant, which may
be considered an operator that takes zero arguments. Given a (countable) set of
variables x, y, z, etc., the term algebra is the collection of all possible terms involving
m, i, e and the variables; therefore for example, m (i (x), m (x, m (v, €))) would be



an element of the term algebra. One of the axioms defining a group is the identity
m (x, i (x)) = e; another is m (x, ) = x. The axioms can be represented as trees.
These equations induce equivalence classes on the free algebra; the quotient algebra
then has the algebraic structure of'a group.

Some structures do not form varieties, because either:

1. Itis essential that 0 # 1, where ‘0’ being the additive identity element and
‘1’ being amultiplicative identity element, but this is a non-identity.

2. Structures, such as fields have some axioms that hold only for nonzero
members of S. For an algebraic structure to be a variety, its operations
must be defined for all members of S; there can be no partial operations.

Structures whose axioms unavoidably include non-identities are among the
most significant ones in mathematics, for example fields and division rings. Structures
with non-identities have problems while varieties do not. For example, the direct
product of two fields is not a field, because (1, 0) - (0, 1) =(0, 0), but fields do not
have zero divisors.

3.6.3 Properties of an Algebraic Structure

A non-empty set G with one or more binary operations is said to be an algebraic
structure. Assume that ‘*’ is a binary operation on G. Then (G, *) is an algebraic
structure.

The property of an algebraic structure can be defined on the property
possessed by any of its operations. Following are some significant key properties
of an algebraic system.

1. Associative and Commutative Laws

An operation ‘*’ on a set is said to be associative or to satisfy the associative law
if, for any elements a, b, c in § we have (a *b) *c=a * (b * ¢).

An operation ‘*’ on a set S is said to be commutative or satisfy the
commutative law if, @ * b= b * a for any element a, b in §.

Commutative Property of Addition: Remember that changing or altering the
order of addends will not change the sum. The addends may be numbers or
expressions, for example,

(a+b)=(b+ a) where a and b are any scalar.

Example 3.31: Given are the real numbers 5 and 2. Solve using the commutative
law of addition.

Solution: Appling the commutative law of addition, we have,
(atb)=(b+a)
We first obtain the value of Left Hand Side (LHS) of the rule.

(a+tb)y=5+2

=17
Then we obtain the value of Right Hand Side (RHS) of the rule.
(b+ta)=2+5

=7
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Because the sum is same, therefore the commutative property holds for
addition.
Example 3.32: Given is the algebraic expression x* + 2x where x € R . Solve
using the commutative law of addition.
Solution: As per the commutative law of addition, we have,

(atb)=(b+a)

Appling and putting the given expression, we have,

(@ +x) = (@ + )

Substitute the value x =—1 on both sides, i.e., Left Hand Side (LHS) and
Right Hand Side (RHS), we obtain,

1P+ D =D+ 1y
1+-)=(-1)+1
0=0
Because the sum is same, therefore the commutative property holds for
addition.
2. Commutative Property/Law of Multiplication

As per the commutative property or law of multiplication, changing or altering the
order of factors will not change the product. The factors may be numbers or
expressions. Thatis, (a x b) = (b x a).

Example 3.33: Given are the real numbers 15, 2. Solve using the commutative
law of multiplication.

Solution: As per the commutative law of multiplication, we have,
(axb)=(bxa)
We first obtain the value of Left Hand Side (LHS) of the rule.
(axb)=15x%x(-2)
=-30
Then we obtain the value of Right Hand Side (RHS) of the rule.
(bxa)=(2)x15
=-30
Because the product is same, therefore the commutative property holds for
multiplication.
3. Identity Element and Inverse

Consider an operation ‘*’ onaset S. An element e in S is called an identity elements
for * if foranyelements a in S-a*e=e*a=a.

Generally, an element e is called a left identity or aright identity according
toas e * a or a * e=a where a is any elements in S.

Suppose an operation ‘*’ on a set .S does have an identity element e. The
inverse of an element in S is an element b such that: a*b=b+*a=e.



4. Cancellation Laws

An operation ‘*’ on aset S is a said to satisfy the left cancellation law if, a * b=
a * cimplies b = ¢ and is said to satisfy the right cancellation law if, b * a= ¢ *
a implies b =c.

Check Your Progress

7. State the Cartesian product.

8. Define the equivalence relation.

9. What do you understand by partition of an equivalence relation?
10. What is algebraic structure?
11. State the Hopf algebra.

3.7 FUNCTIONS

In mathematics, a function is a binary relation between two sets that associates
every element of the first set to exactly one element of the second set. Typical
examples are functions from integers to integers, or from the real numbers to real
numbers.

Functions were originally the idealization of how a varying quantity depends
on another quantity. For example, the position of a planet is a function of time.
Historically, the concept was elaborated with the infinitesimal calculus at the end
of'the 17th century, and, until the 19th century, the functions that were considered
were differentiable, i.e., they had a high degree of regularity. The concept of a
function was formalized at the end of the 19th century in terms of set theory, and
this greatly enlarged the domains of application of the concept.

Typically, a function is a process or a relation that associates each element
x of a set X, the domain of the function, to a single element y of another set ¥
(possibly the same set), the codomain of the function. It is customarily denoted by
letters, such as £, g and /.

If the function is called f; this relation is denoted by y = f(x) and which
reads “f'of x”, where the element x is the argument or input of the function,
and y is the value of the function, the output, or the image of x by f. The symbol
that is used for representing the input is the variable of the function, for example
f'is a function of the variable x. Functions are also called maps or mappings,
though some authors specify some distinction between ‘Maps’ and ‘Functions’.
A function is a rule that assigns each input exactly one output. We call the output
the image of the input. The set of all inputs for a function is called the domain.
The set of all allowable outputs is called the codomain. Functions are widely used
in science, and in most fields of mathematics. It has been said that functions are,
“The central objects of investigation” in most fields of mathematics.

Characteristically, a function is a relation from a set of inputs to a set of possible
outputs where each input is related to exactly one output. This means that if the
object x is in the set of inputs (called the domain) then a function f will map the
object x to exactly one object f{x) in the set of possible outputs (called the codomain).
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As per Encyclopaedia Britannica, “Function, in mathematics, can be referred
as an expression, rule, or law that defines a relationship between one variable (the
independent variable) and another variable (the dependent variable)”. Functions
are ubiquitous in mathematics and are essential for formulating physical relationships
in the sciences.

The modern definition of function was first given in 1837 by the German
mathematician Peter Dirichlet, “If a variable y is so related to a variable x that
whenever a numerical value is assigned to x, there is a rule according to which a
unique value of y is determined, then y is said to be a function of the independent
variable x”.

This relationship is commonly symbolized as y = f{x). In addition to f{x),
other abbreviated symbols, such as g(x) and P(x) are often used to represent
functions of the independent variable x, especially when the nature of the function

is unknown or unspecified.

Definition of Functions

A function or mapping from set 4 to set B is a ‘Method’ that pairs elements of
set A with unique elements of set B and you denote /: 4 — B to indicate that
fis a function from set 4 to set B.

B is called the codomain of the function fand A4 is called its domain. Also, for
each element a of 4, f defines an element b of B. Write it as a /5 fla) or
a 's b,aecAd, beB.

For example,

(1) The relation f= {(1, d), (2, ¢), (3, a)} from 4 = {1, 2, 3} to
B={a, c, d} is a function from 4 to B. The domain of f'is 4 and the
codomain of f'is B.

(@) The relation /= {(a, b), (a, ¢), (b, d)} from A = {a, b} to B={b, c, d}
is not a function.
Range of Function: Let /: 4 — B be a function. The range of the function
R(f)={f(a:a € A}. (Note that R (f') < B).

In mathematics, a real-valued function is a function whose values are real
numbers. On the other hand, it is a function that assigns a real number to each
member of its domain. Real-valued functions of areal variable (commonly called
real functions) and real-valued functions of several real variables are the main
object of study of calculus and, more commonly, real analysis. In particular,
many function spaces consist of real-valued functions.

Algebraic Structure of Real-Valued Function

Let F (X, R) be the set of all functions from a set X to real numbers R. Because
R is a field, F (X, R) may be turned into a vector space and a commutative
algebra over the reals with the following operations:

o ft+g:z— flz)+ g(z) (Vector Addition)
e D:x+ 0 (Additive Identity)



e cf iz v+ cf(x). ceR (Scalar Multiplication)

e fg:z— flz)g(z) (Pointwise Multiplication)

These operations extend to partial functions from Xto R with the restriction
that the partial functions f+ g and f, g are defined iff the domains of fand g have
anon-empty intersection; in this case, their domain is the intersection of the domains
of fand g.

Also, since R is an ordered set, there is a partial order
f<g <= Vz:f(z)=glz),
on F (X, R), which makes F (X, R), a partially ordered ring.
Notes:
1. From above example: R(f) is {d, ¢, a},

2. Letf: R — R"be flx) =x% (R*, the set of positive real numbers). Clearly,
f1s a function whose domain is the set of real numbers and the codomain
is the set of positive real numbers.

R(f) = {x3:xeR}=1{1,4,9,...}
Let f: A — B be a function f'is said to be:

e One-to-One (1-1) Function: If x| # x, then, f(x,)# f(x,),
vV x,x, €A.

or

Whenever f(x |) = f(x,) then, x, = x,. This function is also known
as injective function.

e Onto Surjective Function: If for every element y in the codomain
B, atleast one element x in the domain 4 such that f'(x) =Y.

or
If R(f) = Codomain B.
e Bijective Function: If fis both 1-1 and onto function.

e Constant Function: If every element of the domain is mapped to
a unique element of the codomain or the codomain consists of only
one element.

o Into Function: If atleast one element of the codomain is not mapped
by any element of the domain.

o Identify Function: If f(x) = x, V x € B, in this case 4 < B.
Sometimes, it is defined as f: 4 > 4 and f(x) =x, V x € 4.
For example,

I. Let f: R > R be a function defined as f(x) = 2(x + 2): Clearly,
fis 1 —1 because if 2(x +2) =2 (y + 2)

= 2x+4=2y+4
= 2x=2y=>x=y
fis1-1.
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»

Define f: R > R* by f(x) =e*, V x € R. Clearly, fis 1 — 1 because if
Sxy) = fxy)
= 1 = ¢2
:>ex1 X =
fis 1-1.
3. LetA={5,6,7} and B = {a, b}. Then the mapping f: 4 — B is defined
as f(5) = a; f(6) = b; f(7) = a. Clearly, fis not 1 — 1. But f'is onto.
4. Consider the Example (2). If f: R — R*, defined by f{x) = e* is onto.
Let x be any element /R*, then log y € IR such that f{log y) = elogy=y,.
5. Definef:Z"— Z" as f(n)=n2,V n € Z". Clearly, fis an into mapping
(not mapped by any element of Z*) and 1 — 1 mapping but fis not onto.
6. Definef:Z—> Zbyfin)=n+1 V n e Z Clearly, fis 1 — 1 and onto.
Forif, () fin)=fim)=>n+1,=m+1=>n=m .. fisl—1.
7. Ifnisanyelementof Z, thenn—1 € Zsuchthatf(n—1)=n—-1+1=n.
Hence f'is onto.
Note: A one-one mapping of a set S onto itself is sometimes called a permutation
of the set S.
Inverse Function

Let /' be a bijective function from the set 4 to the set B. The inverse function of
fs the function that is assigned to an element b € B the unique element @ in 4
such that fa) = b. The inverse function of fis denoted by /1. Hence f~1(b) = a,
when f'(a) = b (Refer Figure 3.3).

Fig. 3.3 Inverse Function

The function /' is the inverse function of £,

Note: Abijective function is called invertible since it can be defined as an inverse
of this function.

Example 3.34: (i) Define f: Z— Z by f(n) = n+ 1. Is finvertible, and if it
is what is its inverse?

Solution: The function f'has an inverse, since it is a bijective function. Let y
be the image of x, so that y=x +1. Thenx =y — 1, i.e., y — 1| is the unique
element of Z that is sent to y by /. Hence f~! =y — 1.
(@) LetA=1{a,b,c},and B={5,6,7}. Define F: A — B as fla) = 5; f(b)
=6; f(c) = 7. Is finvertible, and if it is what is its inverse?



Solution: Clearly the given function is bijective. The inverse function
ftoffis given as f~1(5) = a; f~1(6) = b; f~1(7) = c.
(7ii) Define f: Z — Z by fix) = x2. Is f invertible?

Solution: Since f—2) =f(2) =4, fis not 1-1. If an inverse function were defined,
it would have to assign two elements to 2. Hence f'is not invertible.

Compositions of Functions

Let g be a function from the set 4 to the set B and let f'be a function from the
set B to the set C. The composition of the functions f'and g denoted by (fo g)
is given in Figure 3.4 in such a way a that:

(fog (0)=Aflglx)) Vxed

e TN

—> —
g\/
fo g
Fig. 3.4 Composition of Function
Example 3.35: Let /': Z — Z be a function defined by f(x) = 2x + 3. Let
g: Z— Z be a function defined by g(x) = 3x + 2. Find (i) fo g (i) g o f-
Solution: Both fo g and g o f are defined. Further,
@) (fog) (x) = flgl) =7Bx+2)
2Bx+2)+3=6x+7
(@) (gof) ()= g(flx)=gl2x+3)
32x+3)+2=6x+11

Eventhough f o g and g o fare defined, f o g and g o f need not be equal,
1.e., the commutative law does not hold for the composition of functions.

Example 3.36: Let 4 = {1, 2,3}, B={x,y}, C={a}. Let £ A —> B be
defined by f(1) = x; f(2) = y; f(3) = x. Let g: B — C be defined by g(x) = a;
gy =a.

Find (i) f o g, if possible (ii) g o f, if possible.

Solution: The solution is obtained as follows:

@) (fog) (x) =flg(x)), but f cannot be applied on C and hence f o g is
meaningless.

(@) (gof):A — Cismeaningful. Now (g o f) (x) = g(f(x)), V x € A.
(gof) (1) = gf(l))=glx)=a
(gof) (2) = gf(2)=g)=a
(gof) () = g(f3)) =gx)=a
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Result: 1ff: A —>B,g:B—> Cand h: C > D,then(hog)of=ho(gof).
Proof: [(hog)ofl(x)=(hog) (fix)

= hl(g(flx)] ~(3.1)
and [/ 0 (g 0 H](x) = Al(g 0 f) (¥)]
=h[g(f(x))] ..(3.2)

From Equations (3.1) and (3.2), (ho g)of=ho (g of)
Result: Letf: A — Band g: B — C. Then,

(i) gofisonto, if both fand g are onto.

(@) gofisl—1,if both fand gare 1 — 1.
Proof:

({) Letz e C.Since g: B — Cis onto, an element y € B such that g(y) = z.
Since /: 4 — B is onto, for an element x € B, such that f{x) =y.

s (g o)) () =g(fv) =gl = =
.. (g o f) is onto.
(i1) Let x, # x, be two elements in 4. Since f: 4 — B is one-one, and

fx) # (xy), g(f(x,)) = g(f(x,)). Thus, g o f is one-one. In B, since
g: B — Cis one-one and f(x,) # (x,).

3.7.1 Graph of the Function

Functions were originally the idealization of how a varying quantity depends on
another quantity. The concept of a function was formalized at the end of the 19th
century in terms of set theory, and this greatly enlarged the domains of application
of'the concept.

A function is a process or a relation that associates each element x of a set
X, the domain of the function, to a single element y of another set Y (possibly the
same set), the codomain of the function. It is customarily denoted by letters, such
as f, g and A.

Ifthe function is called £, then this relation is denoted by y=f(x) and is read
as “fof x”, where the element x is the argument or input of the function, and y is
the value of the function, the output or the image of x by /. The symbol that is used
for representing the input is the variable of the function, for example fis a function
ofthe variable x.

A function is uniquely represented by the set of all pairs (x, f(x)), called the
graph of the function. When the domain and the codomain are sets of real numbers,
each such pair may be thought of as the Cartesian coordinates of a point in the
plane. The set of these points is termed as the graph of the function and is a
standard means of illustrating the function.

Consequently, a function is a process that associates each element of a set
X, toasingle element ofaset Y.



Range of a function, a set containing the output values produced by a
function.

In mathematics, the range of a function may refer to either of two closely
related concepts — (/) The Codomain of the Function and (i7) The Image of the
Function. The image of a function is always a subset of the codomain of the function.

If f: X — Y then the set X is called the domain of definition or simply the
domain of the function f.

The set of all elements y € ¥ which corresponds to some x € X, is called the
range of the function £, and is denoted by f{X), i.e., AX) = {f{x) : x € X} — Y. The set
Y whose subset is f{X) is called the codomain of 1.

The domain is represented by the symbols D(f) and Df, while the range of
function is written as R( ) or R f.

Domain and Range of a Function of Two Variables

Characteristically, if a function of two variables z = (x, y) specifically maps each
ordered pair (x, y) in a subset D of the real plane R* to a unique real number z,
then the set D is termed as the domain of the function. The range of °/’is defined
as the set of all real numbers z that has at least one ordered pair of the form
(x,y) € D such that f{(x, y) = z as shown below in the given figure.

f

Domain Range
The above figure illustrates the domain of a function of two variables which consists
of ordered pairs (x, y).

Graphing Functions of Two Variables

A graph is referred as a structure which typically represents a set of objects in
which certain pairs of the objects are somehow related. The objects resemble to
mathematical abstractions termed as vertices or nodes or points and each of the
related pairs of vertices is termed as an edge or link or line. Usually, a graph can
be accurately depicted in the diagrammatic form either as a set of dots or circles
for the vertices that are joined by lines or curves for the edges.

Typically, the graph of a function fis the set of all points (x, y) that uniquely
satisfies y = f(x). Alternatively, we can state that at each x-value we can connect
the function for determining the corresponding y-value. For example, the graph of
fx)=x? can be drawn for evaluating the function at a few specified points. Then,
we plot each point (x, x?) on the coordinate plane by means of connecting the
dots through a smooth curve as shown below in the given graph.
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3.8 COUNTABLE AND UNCOUNTABLE SETS

In this section we will talk about the concept of countable and uncountable sects.
The simple but profound definition is that a set is countable if its elements can be
matched up with the natural number, also referred to as the counting numbers, i.e,
the infinite set 1, 2, 3, 4, 5... A set is uncountable if it is not countable.
Countable Sets
A countable set in mathematics has some cardinality, which means it has some
finite number of elements that can be counted. It is a subset of natural numbers. A
set in which number of its elements can not be counted are termed as uncountable.
There is some difference of opinion on this. According to definition, a set S'is
termed countable if there is a function which is injective and symbolically it can be
written as, /: S — N, i.e., from a set S to the set of natural numbers N={ 0, 1, 2,
3,....}.Incasefis also onto, then it is a bijective function and the set S'is termed
as countably infinite. The following theorems define the various types of countable
sets.
Theorem 3.1: In a set S, the following statements are equivalent:

1. If Sis countable, then an injective function exists, which is given as:

f:S—>N
2. Either S'is empty set or there exists a surjective function then it is given as:
g:N->S§
3. Either S'is finite or a bijection exists then it is given as:
h:N—>S

Theorem 3.2: The Cartesian product of finitely many countable sets is countable.
Theorem 3.3: Every subset of a countable set is countable. Basically, every infinite
subset of a countably infinite set is countably infinite.
The set of prime numbers is countable by mapping the nth prime number to 7.



Theorem 3.4: O, the set of all rational numbers is countable.
Qs the setof all fractions a/b. Here, a and b are integers and 5 > 0. We can map
this onto, the subset of ordered triples of natural numbers (a, b, ¢) such that a >0,
b> 0, where a and b are coprime.
Theorem 3.5: The union of countably many countable sets is countable.
(Assuming the axiom of countable choice).
This works, only if, the sets a, b, c, ... are disjoint, else the union is even smaller
and is therefore, also countable.
Theorem 3.6: The set of all sequences of finite length of natural numbers is
countable.
This is a set which is the union of sequences of Length 1, Length 2, Length 3, etc.,
and each one of these is a countable set. So, this is a countable union of countable
sets and thus, countable.
Theorem 3.7: The set of all finite subsets of the natural numbers is countable.
Ifthere is a finite subset, elements can be ordered into a finite sequence. Thus, this
constitute countably many finite sequences, and hence, countably many finite
subsets.
Uncountable Set
In mathematics, an uncountable set is an infinite set containing too many elements
to be countable. The uncountability is closely related to its cardinal number. A set
is uncountable if the cardinal number of the set is more than that of the natural
numbers.
Uncountability has many equivalent characterizations. Let there be a set X. This
set is uncountable iff any of the following conditions holds:
e Thereisno injective function f: X — N, where N is the set of natural numbers.
¢ Xisnotnull and any w-sequence of elements of X has not even one element
of X. In other words, there is no surjective function g: N - X.
e The cardinality of Xis neither finite nor equal to N, ( this symbol is called
aleph-null, and is called the cardinality of the natural numbers).
e The set Xhas cardinality strictly more than N, .
Finite and Infinite Sets
A set s finite, if it has a finite number of elements. The elements of such a set can
be counted by a finite number. The number of elements in a finite set A is denoted
by n(A4). Here, n is a finite positive integer.
Ifa set has an infinite number of elements it is an infinite set. The elements of
such a set cannot be counted by a finite number. A set of points along a line or in a
plane is called a point set. A finite set has a finite subset. An infinite set may have an
infinite subset.
Example 3.37: Asetis givenas F = {a, b,x,0, 1,8, p}. Find if it is a finite set.
Solution: Yes, it is a finite set because there are 7 elements in the set, n(4)="7.
Example 3.38: There is a set defined as § = {x: x is a grain of sand on the sea-
shore}. Is it a finite set?
Solution: Yes. Although counting grains of sand is not practical, but it can be
counted indirectly. There is a definite number, howsoever large it may be.
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Example 3.39: [s set R = {x: x is a natural number} a finite set?
Solution: No. Set of natural numbers are {1, 2,3, ..... }. This is an infinite set.

Example 3.40: A set is given as P = {x: x is areal number between 2 and 3}. Is
P afinite set?

Solution: No. The two numbers are finite but real numbers lying between these
numbers are infinite.

Example 3.41: Is set D= {x: x is amultiple of 2} an infinite set?

Solution: Yes. There can be infinite numbers that are multiple of 2.

Example 3.42: A set is formed by English alphabets. Is it an infinite set?
Solution: No. Because English alphabets are 26 in numbers which is finite number.
Example 3.43: A set is given as set of points on number line in between 10 to 20.
Isita finite set?

Solution: No. There are infinite numbers of points and this point set is infinite.
Example 3.44: A point set in a plane is shown by the set of points in a plane
figure. Is it a finite set?

Solution: Yes. There are infinite number of points.

3.9 GROUPS

Definition: A non empty set G, together with a binary compsition = (star) is
said to form a group, if it satisfies the following postulates
(1) Associativity: a = (b *c) =(a*b)xc, foralla,b,ce G
(ii) Existence of Identity: 3 an element e € G, such that,
axe=exa=aqa forallae G
(e 1s then called identity)
(iii) Existence of Inverse : For every a € G, 3 a' € G (depending upon
@) such that,
axa =a xa=e
(a' 1s then called inverse of a)
Notes:

1. Since * is a binary composition on G, it is understood that for all a,
b € G, a = bis aunique member of G. This property is called closure
property.

2. If, in addition to the above postulates, G also satisfies the commutative
law
axb=bxa foralla,be G
then G is called an Abelian group or « commutative group.

3. Generally, the binary composition for a group is denoted by °.” (dot)
which is so convenient to write (and makes the axioms look so natural
to0o).

This binary composition ‘.’ is called product or multiplication (although
it may have nothing to do with the usual multiplication, that we are so familiar
with). In fact, we even drop °.” and simply write ab in place of a . b.



In future, whenever we say that G is a group it will be understood that
there exists a binary composition ‘. on G and it satisfies all the axioms in the
definition of the group.

Ifthe set G is finite (i.e., has finite number of elements) it is called a finite
group otherwise, it is called an infinite group.

Definition: By order of a group, we will mean the number of elements in the
group and shall denote it by o(G) or | G |.

We now consider a few cases of systems that form groups (or do not
form groups).

Case 1: The set Z of integers forms an Abelian group with respect to the usual
addition of integers.

It is easy to verify the postulates in the definition of a group as sum of
two integers is a unique integer (thus closure holds). Associativity of addition
is known to us. 0 (zero) will be identity and negatives will be the respective
inverse elements. Commutativity again being obvious.

Case 2: One can easily check, as in the previous case, that sets Q of rationals,
R of real numbers would also form Abelian groups with respect to addition.
Case 3: Set of integers, with respect to usual multiplication does not form a
group, although closure, associativity, identity conditions hold.

Note 2 has no inverse with respect to multiplication as there does not exist
any integer a such that,2.a=a.2=1.
Case 4: The set G of all +ve irrational numbers together with 1 under multiplication

does not form a group as closure does not hold. Indeed 3.3 =3 ¢ G,
although one would notice that other conditions in the definition of a group are
satisfied here.
Case 5: Let G be the set {1, — 1}. Then, it forms an Abelian group under
multiplication. It is again easy to check the properties.

1 would be identity and each element is its own inverse.
Case 6: Set of all 2 x 2 matrices over integers under matrix addition would be
another example of an Abelian group.
Case 7: Set of all non-zero complex numbers forms a group under multiplication
defined by

(a +ib) (¢ + id) = (ac — bd) + i (ad + bc)
1 =1 +1i.0 will be identity,

4 i b will be inverse of a + ib.

a’ +b* a’ +b°

Note: a + ib non-zero means that not both a and b are zero. Thus a* + b* # 0.
Case 8: The set G of all nth roots of unity, where # is a fixed positive integer
forms an Abelian group under usual multiplication of complex numbers.

We know that complex number z is an nth root of unity if z” = 1 and also
that there exist exactly z distinct roots of unity.

In fact the roots are given by,

2mir

n

e
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where 7 =1, 2, ..., n and €™ = cos x + i sin x.
If a, b € G be any two members, then a" = 1, " = 1 thus (ab)" = a"
b"=1.
= ab is an nth root of unity
= ab € G = closure holds.
Associativity of multiplication is true in complex numbers.
Again, since l.a=a.1=a, 1 willbe identity.

71
Also for any a € G, 1 will be its inverse as (l) = % =1.
a a a

So, inverse of e?n" is ™"~ and identity is e’n

Commutativity being obvious, we find G is an Abelian group.

As a particular case, if n =4 then Gis {1,—- 1,1, — i}
Case 9: (i) Let G = {1, £ i, £ j, £ k}. Define product on G by usual
multiplication together with

i0/n — 1

===, =—ji=k
jk=—ki=i
ki = —ik=j

then G forms a group. G is not Abelian as ij # ji.
This is called the Quaternion Group.
(i) If set G consists of the eight matrices

T e

0 i 0 —i .
[i 0], [—i O]’ where i = -1
then G forms anon Abelian group under matrix multiplication. (Compare
with part (7)).
Case 10: Let G = {(a, b) | a, b rationals, a # 0}. Define * on G by
(a, b) = (c, d) = (ac, ad + b)
Closure follows asa, c#0 = ac# 0
[(a, b) * (¢, d)] * (e, f) = (ac, ad + b) * (e, f)
= (ace, acf + ad + b)
(a, b) * [(c, d) * (e, /)] =(a, b)  (ce, cf + d)
= (ace, acf + ad + b)
proves associativity.
(1, 0) will be identity and (1/a, — b/a) will be inverse of any element
(a, b).
G is not Abelian as
(1,2)«(3,4)=3,4+2)=(3, 6)
(3,4) = (1,2)=(3,6 +4)=(3, 10).

a

Case 11 (a): The set G of all 2 x 2 matrices of the form [ b} over reals,

c

Where ad — bc # 0, forms a non Abelian group under matrix multiplication.



It is called the general linear group of 2 x 2 matrices over reals and is
denoted by GL(2, R).

.| o] . . .
The matrix 0 1] will act as identity and

d -b

ad—bc ad-bc

. . . b
The matrix will be inverse of [a :| )
—c a c d

| ad—bc  ad—bc

One can generalize and prove
(b) If G be the set of all n x n invertible matrices over reals, then G forms

a group under matrix multiplication.
Case 12: Let G= {2"|r=0, £1, £2, ...}
We show G forms a group under usual multiplication.
Forany 2/,2°e€ G,2.2=2""%e¢ G
Thus closure holds.
Associativity is obvious.
Againasl e G, and x.1=1.x=x forallxe G
1 is identity.
Forany2 € G,as2” € Gand 2". 27" =2"=1,
we find each element of G has inverse. Commutativity is evidently true.
Case 13: Group of Residues : Let G= {0, 1, 2, 3,4}. Define a composition
®, on G by a ®; b = c where c is the least non negative integer obtained as
remainder when a + b is divided by 5. For example, 3®,4 =2,3®,1 =4,
etc. Then @, is a binary composition on G (called addition modulo 5). Itis easy
to verify that G forms a group under this.

One can generalize this result to

G=1{0,1,2,..,n—-1}
under addition modulo » where 7 is any positive integer.
We thus notice

a+b ifa+b<n
a+b—-n ifa+b>2n

a@an{

Also, in case there is no scope of confusion we drop the sub suffix » and
simply write ©. This group is generally denoted by Z, .

Case14: Let G={x € Z |1 <x <n, x, n being co-prime} where Z = set
of integers and x, n being co-prime means H.C.F of xand n is 1.

We define a binary composition ® on G by a ® b =c where c is the least
+ve remainder obtained when a . b is divided by n. This composition ® is
called multiplication modulo 7.

We show G forms a group under &®.

Closure: Fora,b € G,leta ® b =c. Then ¢ # 0, because otherwise
n | ab which is not possible as a, n and b, n are co-prime.

Thus ¢ # 0 and also then 1 < ¢ <n.
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Now if ¢, n are not co-prime then 3 some prime number p such that, p|c
and p|n.

Again as ab = nq + ¢ for some ¢

We getplab  [p|n = plng, plc = plng + ]

= plaor p|b (as p is prime)

If p|a then as p|n it means a, n are not co-prime.

But a, n are co-prime.

Similarly p | b leads to a contradiction.

Hence c, n are co-prime and thus ¢ € G, showing that closure holds.

Associativity: Let a, b, ¢ € G be any elements.

Leta®b=r,(a@a®b)®c=r ®c=r,

then r, is given by r,c = nq, + r,

Also a ® b =r means
ab = gqn +r,
Thus ab—-qn=r,
= (ab—qn)c =rc=nqg, +r,
= (ab)c = r, + nq, + nq,c = n(q,c +q,) +r,

Or that r, is the least non-negative remainder got by dividing (ab)c by n.

Similarly, if a ® (b ® ¢) = r, then we can show that , is the least non
negative remainder got by dividing a(bc) by n.

But since a(bc) = (ab)c, r, =1,

Hence a ® (b ® ¢) = (a ® b) ® c.

Existence of Identity: It is easy to see that

a®l1=1®a=a forallae G

Or that 1 will act as identity.

Existence of Inverse: Let a € G be any element then a and »n are
co-prime and thus we can find integers x and y such that, ax + ny =1

By division algorithm, we can write

x=gqn+r, where 0 <r<n

= ax=aqn + ar

= ax t ny=aqn + ar + ny

= 1=agn + ar + ny
Or that ar=1+ (-aqg — y)n

1.e.,a®r=1.Similarly, ® a= 1. If r, n are co-prime, r will be inverse
of a.
If 7, n are not co-prime, we can find a prime number p such that, p | r,
pln
= plgnand p|r
= plgn+r
= plx
= plax also p|ny
= plax+ny=1
Which is not possible. Thus 7, n are coprime and so 7 € G and is the
required inverse of a.



It is easy to see that G will be Abelian. We denote this group by U, or
U(n) and call it the group of integers under multiplication modulo 7.
Note: Suppose n = p, a prime, then since all the integers 1, 2, 3, ..., p— 1 are
co-prime to p, these will all be members of G. One can show that

G=1{2,4,6,..,2(p—-1)}
Where p > 2 is a prime forms an Abelian group under multiplication modulo 2p.
Case 15: Let G = {0, 1, 2} and define * on G by
axb=|a->b]|
Then closure is established by taking a look at the composition table

N = OO
SN

e =1

*
0
1
2

Sincea*0=|a—-0|=a=0=a, O0isidentity
And a=a=|a—a|=0shows eachelement will be its own inverse.
But the system (G, ) fails to be a group as associativity does not hold.
Indeed 1« (1%x2)=1=x1=0
But 1x1)*2=0%x2=2
Case 16: Let S= {1, 2,3} and let S, = A(S) = set all permutations of S. This
set satisfies associativity, existence of identity and existence of inverse conditions
in the definition of a group. Also clearly, since f, g permutations on S imply that
fog is a permutation on § the closure property is ensured. Hence S, forms a
group. That it is not Abelian follows by the fact that fog # gof. This would,
in fact, be the smallest non Abelian group.
Note: Let X be a non empty set and let M(X) = set of all maps from X to X,
then 4(X) < M(X). M(X) forms a semi group under composition of maps.
Identity map also lies in M(X) and as a map is invertible iffit is 1-1, onto, i.e.,
apermutation, we find 4(X) the subset of all permutations forms a group, denoted
by S and is called symmetric group of X. If X'is finite with say, n elements then
o(M(X)) = n" and o(S) = |» and in that case we use the notation §, for §,.
In the definition of a group, we only talked about the existence of identity
and inverse of each element. We now show that these elements would also be
unique, an elementary but exceedingly useful result. We prove it along with
some other results in
Lemma: /n a group G,
(1) Identity element is unique.
(2) Inverse of each a € G is unique.
(3) (@ VY'=a, forall a € G, where a”' stands for inverse of a.
4) (@b)y'=b"'a! foralla, be G
(5) ab =ac = b =c
ba = ca = b =cforalla b,c e G
(Called the Cancellation Laws).
Proof: (1) Suppose e and e’ are two elements of G which act as identity.
Then, since e € G and ¢’ is identity,
e =ee = e
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And as ¢’ € G and e is identity
ee=ee =¢'
The two => e=¢'
Which establishes the uniqueness of identity in a group.
(2) Leta € Gbe any element and let @’ and @'’ be two inverse elements of
a, then
aad' = a'a = e
"=4a"a=-¢e
Now a' = ae=d(aa")=(da)a"' =ea" =a".
Showing thereby that inverse of an element is unique. We shall denote
inverse of a by a .
(3) Since a !is inverse of a
aa'=ala=e
Which also implies a is inverse of ¢!
Thus (¢ ' =a.
(4) We have to prove that ab is inverse of 5~'a™! for which we show
(ab) (b7'a™") = (b7'aY) (ab) = e.
Now (ab) (b7'a") =[(ab) b '] a!
= [(a(bb D] a”!
= (ae) a’!
Similarly, (b'a™!) (ab) = e
and thus the result follows.
(5) Let ab = ac, then
b=eb=(a'a)b
=a Yab) =a! (ac)
=(@'a)c=ec=c
Thus ab=ac=>b=c
Which is called the left cancellation law.
One can similarly, prove the right cancellation law.
Case 17 (a): LetX={1,2,3} and letS; = A(X) be the group of all permutations
on X. Consider f, g, h € A(X), defined by
fh=2,  f@=3  f3)=1
g()=2, g(2)=1, g(3)=3
h(l) =3, h(2)=1, h(3)=2
It is easy then to verify that fog = goh
But f#h.
(b) If we consider the group in case 10, we find
(1,2)«(3,4)=3,6)=(3,0) = (1, 2)
But 3,4)#(3,0)

Hence, we notice, cross cancellations may not hold in a group.
Theorem 3.8: For elements g, b in a group G the equations ax = b and
ya = b have unique solutions for x and y in G.

Proof: Now ax =5
= aax)=a'b
= ex=a'b
Or x=a'b

=aal=¢



which is the required solution of the equation ax = b.
Suppose x = x, and x = x, are two solutions of this equation, then
ax,=band ax, = b
= ax, = ax,
= x, =x, byleftcancellation

Showing that the solution is unique.

Similarly, y = ba™! will be unique solution of the equation ya = b.
Theorem 3.9: A non empty set G together with a binary composition ‘.’ is a
group if and only if

(1) a(bc) = (ab)c foralla, b,c € G

(2) Forany a, b € G, the equations ax = b and ya = b have solutions in G.
Proof: If G is a group, then (1) and (2) follow by definition and previous theorem.
Conversely, let (1) and (2) hold. To show G is a group, we need prove existence
of identity and inverse (for each element).

Let a € G be any element.

By (2) the equations ax = a

ya=a

Have solutions in G.

Let x=e and y =f be the solutions.

Thus J e, f € G, such that, ae = a

fa=a

Let now b € G be any element then again by (2) 3 some x, y in G such

that,

ax=b
va=b.
Now ax=b = f(a.x)=f.b
= (f.a).x=f.b
= a.x=f.b
= b=f.b
Again v.a=b = (y.a).e=b.e
= y.(a.e)=b.e
= y.a=be
= b =be
Thus we have b=fb ..(3.3)
b=be ..(3.4)
For any be G
Putting b =e in Equation (3.3) and b=/ in Equation (3.4) we get
e=fe
f=re
= e=1f.
Hence ae=a = fa = ea

1.e., e € G, such that, ae=ea =a
= eisidentity.
Again, for any a € G, and (the identity) e € G, the equations ax =e and
ya = e have solutions.
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Let the solutionsbe  x =a,, and y = a,

Then aa, =e, a,a=e
Now a, = ea, = (a,a)a, = a,(aa,) = a,e = a,.
Hence aa, =e=aa foranyae G

i.e., foranya € G, 3 some a, € G satisfying the above relations = a
has an inverse. Thus each element has inverse and, by definition, G forms a
group.
Note: While proving the above theorem we have assumed that equations of the
type ax = b and ya = b have solutions in G. The result may fail, if only one type
of the above equations has solution. Consider for example:
G to be a set with at least two elements. Define .’ on Gbya.b=>
foralla, b € G.
Then a.b.c)y=a.c=c
(a.b).c=b.c=c
Shows associativity holds.
Again, as ab=0>b, the equation ax=>5b hasasolution foranya, b € G.
We notice that G is not a group, as cancellation laws do not hold in G.
Asleta, b € G be any two distinct members, then
ab =b
bb=b= ab=>bb
But a#b.
Definition: A non-empty set G together with a binary composition °.’ is called
a semi-group if
a.(b.c)y=(a.b).cforalla,b,ce G
Obviously then every group is a semi-group. That the converse is not
true follows by considering the set N of natural numbers under addition.
The set G in Case 15 is not a semi group.
Theorem 3.10: Cancellation laws may not hold in a semi-group
Proof: Consider M the set of all 2 X 2 matrices over integers under matrix
multiplication, which forms a semi-group.

If we take AZF 0},B=[O 0},C={0 0}
0 0 0 2 30

Then clearlyAB = AC = [g g}

But B=C.

Set of natural numbers under addition is an example of a semi-group
in which cancellation laws hold.
Theorem 3.11: A finite semi-group in which cancellation laws hold is a group.
Proof: Let G= {a,, a,, ..., a,} be a finite semi-group in which cancellation

laws hold.
Let a € G be any element, then by closure property
aa,, aa,, ..., aa,
Areallin G.

Suppose any two of these elements are equal



Say, aa; = aa, for some i # j

Then a; = a, by cancellation

But a; # a, asi#j

Hence no two of aa,, aa,, ..., aa, can be equal.

These being n in number, will be distinct members of G (Note o(G) =n).

Thus if b € G be any element then

b =aa; forsomei

i.e., for a, b € G the equation ax = b has a solution (x = a,) in G.

Similarly, the equation ya =5 will have a solution in G.

G being a semi-group, associativity holds in G.

Hence G is a group (by Theorem 3.2).
Note: The above theorem holds only in finite groups. The semi-group of natural
numbers under addition being an example where cancellation laws hold but
which is not a group.
Theorem 3.12: A finite semi-group is a group if and only if it satisfies cancellation
laws.
Proof: Follows by previous theorem.
Definition: A non empty set G together with a binary composition °.” is said
to form a monoid if

(@) a(bc)=(ab)c VY a b,ce G

(i1) d an element e € G suchthat, ae=ea=a VaeG

e is then called identity of G. It is easy to see that e is unique.

So all groups are monoids and all monoids are semi groups.

When we defined a group, we insisted that 3 an element e which acts
both as a right as well as a left identity and each element has both sided inverse.
We show now that it is not really essential and only one sided identity and the
same sided inverse for each element could also make the system a group.
Theorem 3.13: A system < G, . > forms a group if and only if

(@) a(bc) = (ab)c foralla, b,c € G
(@) d e € G, such that,ae=a  foralla e G
(iii) for all a € G, 3 a' € G, such that, aa' = e.
Proof: If G is a group, we have nothing to prove as the result follows by definition.
Conversely, let the given conditions hold.

All we need show is that ea=a foralla e G

And a'a=a foranya e G

Let a € G be any element.

By (iii) Ja' € G, such that, aa' = e

.. For a' € G, da" € G, suchthat, a’'a""=e (using (iii))
Now a'a= d'(ae)=(a'a)e=(d'a)(a'a")

= d'(aa")a" =a'(e)a"’ = (a'e)a’”’ =a'a" =e.
Thusforany a € G, 3a' € G, suchthat, aa’'=d'a=e
Again ea = (aa")a=a(d'a) =ae=a
ae=ea=a forallae G
1.e., e is identity of G.
Hence G is a group.
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Theorem 3.14: A system < G, . > forms a group if and only if
(@) a(bc)=(ab)c foralla, b, c € G
(@) d e € G such that, ea=a forallae G
(iii) for all a € G, 3 some a' € G, such that, a’'a = e.

A natural question to crop up at this stage would be what happens, when
one sided identity and the other sided inverse exists. Would such a system also
form a group?

Proof: The answer to which is provided by the following illustration.
Let G be a finite set having at least two elements. Define .’ on G by
ab=>b foralla,be G
Then clearly associativity holds in G.

Let e € G by any fixed element.
Then as ea=a forallae G

e will act as left identity.

Again, a.e=e forallae G

= eisrightinverse for any elementa € G.

But we know G is not a group (cancellation laws do not hold in it).

Hence, for a system < G, . >to form a group it is essential that the same
sided identity and inverse exist.

A Notation: Let G be a group with binary composition *.’. Ifa € G be any
element then by closure property a . a € G. Similarly (a . a) . a € G and so
on.

It would be very convenient (and natural!) to denote a . a by a* and
a.(a.a)or(a.a). abyad’ and so on. Again a'. a~! would be denoted by
a 2. And since a . a ! = ¢, it would not be wrong to denote e = a°. It is now
a simple matter to understand that under our notation

a’.a"=a

Where m, n are integers.

In case the binary composition of the group is denoted by +, we will talk
of sums and multiples in place of products and powers. Thus here 2a=a +a,
and na=a+a+ ... +a (ntimes), if n is a +ve integer. In case #n is negative
integer then n =— m, where m is positive and we define na =—ma = (—a) +
(—a)+ ...+ (—a) m times.
Example 3.45: If G is a finite group of order n then show that for any
a € G, 3 some positive integer 7, 1 < r < n, such that, a" = e.
Solution: Since o(G) = n, G has n elements.

Let a € G be any element. By closure property a2, @, ... all belong to

m+n

G.

Consider e, a, d?, ..., d"

These are n + 1 elements (all in G). But G contains only z elements.

= at least two of these elements are equal. If any of ¢, a?, ..., @" equals
e, our result is proved. If not, then a’ = & for some i, j, 1 < i, j < n. Without
any loss of generality, we can take i > j

Then a' =d

= d.al=d.a



= a7/ =e where 1 <i—j<n.

Putting i —j =rgives us the required result.
Example 3.46: Show that a finite semi-group in which cross cancellation holds
is an Abelian group.
Solution: Let G be the given finite semi-group. Let a, b € G be any elements.
Since G is a semi-group, by associativity

a(ba) = (ab)a

By cross cancellation then ba=ab = G is Abelian.

Since G is Abelian, cross cancellation laws become the cancellation laws.
Hence G is a finite semi-group in which cancellation laws hold.

Thus G is a group.

Example 3.47: If G is a group in which (ab)’ = a'b’ for three consecutive
integers i and any q, b in G, then show that G is Abelian.
Solution: Let n, n + 1, n+ 2 be three consecutive integers for which the given
condition holds. Then foranya, b € G,

(ab)'= a"b" (1)
(ab)"” = g"pnt] (2)
(ab)™?= a"2p"? .03
Now (aby'? = a2

— (ab)(ab)nﬂ _ an+2 bn+2

— (ab)(anﬂbnﬂ): an+2 bn+2

= ba""' = a""'b (using cancellation) ()
Similarly (ab)"™' = g™ 1p]
Gives (ab)(ab)'= " 1p™!
ie., (ab)(a@"b")= a" b
= ba"=a"b
= ba"' = a"ba
= a""'b = a"ba using Equation (4)
= ab= ba.
Hence G is Abelian.

Note: Conclusion of the above result may not follow if the given result holds
only for two consecutive integers.
Consider, for example, the Quaternion group. One can check that

(ab) = a'b’ for i = 4, 5 but the group is not Abelian.
Example 3.48: Suppose (ab)" = a"b" forall a, b € G where n > 1 is a fixed
integer.
Show that (a) (ab)™' = b"'a"!

(b) a" bnfl — bnflan

(©) (aba'b 1y =D =¢ foralla, b e G
Solution: (a) We have

[~ (ba)b]" = b~ (ba)"b
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And [~ (ba)b]" = (ab)"
(ab)" = b Y (ba)"b

= (ab)y"lab =b'(b"a")b
= (ab)"' = b"'¢"!  foralla,be G
(b) Now (a b7 laby = a"b"a"b"
And (a'blaby" = a(b 'ab)"
=a"b'a"b
ab"a"b" = a"b 'a"b
= a'b" = prlg” foralla, b € G

(¢) Consider (aba™ b1y D
— [(abaflbfl)nfl]n
= [(ba”'p7"y"'a"'T" by (i)
— [ba—(n—l)b—lan—l]n — [b(a—(n—l)b—lan—l)]n
— bn(af(nfl)bflanfl)n — bnaf(nfl)bfnanfl
= a " Dp"p g™t by (i)
=e¢ foralla,beG.
Example 3.49: Let G be a group and suppose there exist two relatively prime
positive integers m and n such that a”'b6™ = b"a™ and a"b" = b"a" for all a,
b € G. Show that G is Abelian.
Solution: Since m, n are relatively prime, there exist integers x and y such that
mx + ny = 1.
For any a, b we have
(a@"b™y™ = (a"b")(a"b")......(a"b") mx times
= a"(b"a"b"......b"a")b"
— am(bnam)mxflbn
— am(bnam)mx(bnam)—lbn
= a"c"(b"a™) 'b" where ¢ = (b"a™)*
= c"a"™(b"a™) ' b"
— cm ai’ﬂa—mb—}’lbi’l — cm — (bnam)mx
Similarly ~ (a”b")" = (b"a™)"”
glVll’lg (ambn)mx tny _ (bnam)mx +ny
= a”b"=>b"a" foralla,be G (1)
Now ab — amx+ny bmx+ny
— amx . (a}’ly bi’ﬂX)b}’ly
= a™(a" K")b" where d = &, k= b*
= a™(k" d")b" by (1)
— amx . bmx . ai’ly . b}’ly
= (@)". (Y. (@) . ()
= ()" . (@)" . (B)". (&)
— bmx(amx . b}’ly) . a}’ly — b?ﬂx (bi’ly . amx) . a}’ly
— bmx+ny . amx+ny — ba.
Hence G is Abelian.
Note: In the following Theorem, we give another proof to Theorem 3.13 done

earlier.



3.9.1 Properties of Groups

A group G is a finite or infinite set of elements together with a binary operation
(called the group operation) that together satisfy the four fundamental properties
of closure, associativity, the identity property, and the inverse property. The
operation with respect to which a group is defined is often called the group
operation, and a set is said to be a group ‘Under’ this operation. Elements 4, B,
C, ... with binary operation between 4 and B denoted 4B form a group iff:

1. Closure: If 4 and B are two elements in G, then the product AB is also in
G.

2. Associativity: The defined multiplication is associative, i.e., for all 4,5,
C eG,(4B)C=A(BQO).

3. Identity: Anidentity For every element 4 €G.

4. Inverse: For each element 4 of G, the set contains an element B=A4".

A group is a monoid each of whose elements is invertible. A group must
contain at least one element, with the unique (up to isomorphism) single-element
group known as the trivial group.

The study of groups is known as group theory. If there are a finite number
of elements, the group is called a finite group and the number of elements is called
the group order of the group. A subset of a group that is closed under the group
operation and the inverse operation is called a subgroup. Subgroups are also
groups, and many commonly encountered groups are in fact special subgroups of
some more general larger group.

Theorem 3.15: Identity element of a group is unique.

Proof: Consider a group (G, *). Let ¢, and e, be two identity elements of this

group.

e *e=e e *e [ e, 1s the identity element. ]
And e *e =e =e *e [ e, 1s the identity element. ]
Thus, e, =e,

=> The identity element of group is unique.

Theorem 3.16: Inverse of each element of a group is always unique.
Proof: Consider a group (G, *) with the identity element e and let a be arbitrary
element of G.

al eG [--G is a group]

If possible suppose b, and b, are two inverses of a.
- a*b1=e=b1*aanda*b2=e=b2*a
Now, b, =b, * [-.- e is the identity of G]
=bx(a*xb)=(b *a)*b,=exb,=b,
. Each element of a group has unique inverse.
Theorem 3.17: The inverse of the product of two elements of a group is equal to
the product of their inverses taken in the reverse order.

Proof: Leta, b € G and ;! and p' be the inverses of a and b respectively.
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Then,

ag'=e=g'a and bpl=e=p'b

Consider, (ab) (b_la_l ) =a (bb_l) a’l [By Associativity]
=ale)g' =aqg' =e [-bp" =e]

Again consider, (b_la_l) (ab)=p' (g 'a) b
=pl(e)b=p'b=e [rag'=eandbp! =¢]

Hence, (ab)_1 =b'a"
Theorem 3.18: If a, b, ce G and * is the binary operation defined on G, then

@)a*b=a*c= b=cifa 20 [Left cancellation law]

@ b*a=c*a = b=cifa 20 [Right cancellation law]
Proof: (i) As G is a group defined with binary operation * and a € G thus ,'exist.
Considera * b=a * ¢
= gl*x(a*xb)=g' *(a*c) [Pre-multiplying both sides by ']
= (g'*a)*b=(g"'*a)*c [By Associativity]
> exb=e*xc=>b=c
Similarly we can prove (ii).

Theorem 3.19: If (G, .) is a group, then the equations a.x = b and y.a = b have
unique solution foralla, b,x,y € G

Addition Modulo m: If a and b are any integers and m is a fixed positive integer,
then addition modulo m is definedasa +, b=r, where 0 < »<m and r1s the least

non-negative remainder when a + b is divided by m. For example, 10 +,4=2, as
2 is the remainder when 10 +4 = 14 is divided by 6.

Multiplication Modulo m: If a and b are any integers and m is a fixed positive
integer, then multiplication modulo m is definedasa x b=r, where 0 < r<m
and r is the least non-negative remainder when ab is divided by m. For example,
7 x,4 =13, as 3 is the remainder when 7 x 4 =28 is divided by 5.

Example 3.50: Show that the set G= {a + b./2 : a, be Q} is a group under
addition.

Solution: (i) Closure: Letx, ye G = x=a + b,/ andy =c+d./p where
a,b,c,de Q.

wxty=(atb2)+(c+dV2) =@+ o)+ b+ )2

= xtye Gforallx, yeG [+ a,ce Q=a+tceqQ.
Similarly b +deQ)]

Thus, G is closed with respect to addition.

(i) Associativity: G is associative under addition as the set of all the real numbers,
R is associative under addition and G — R.



(iii) Existence of identity: There exists 0 € G, suchthatx+0=a+b /7 +0=
atb\r=x

Similarly,0+x=0+a+b./2 =a+b ./ =x. Therefore, 0 is the identity element
of G

(iv) Existence of inverse: Letxe G = x = a + b2 € G where a, beQ.
Asa,be Q = —a,—-b e Q

X = -—a+ (—b)\/z e G

We have x + (—x) = (a+ b 2) + (-a + (-b)v2) =0+ 02 =0

Similarly, —x +x=0 = —x1isthe inverse x and also—x e G. Hence G is a group
with respect to addition.

Example 3.51: Show that the set G= {1, 1, —i, i} is a group with respect to
multiplication.

Solution: Firstly, we make the composition table:

(i) Closure: G is closed with respect to multiplication as all the entries in the
composition table are elements of G.

(ii) Associativity: The elements of G are complex numbers and the complex
numbers are associative under multiplication.

(iii) Existence of identity: 1 is the identity of Gas 1€ Ganda.l =a=1.a for
allaeG

(iv) Existence of inverse: From the table, the inverse of 1,— 1, 7and —i are
the elements 1, — 1, —i and i respectively and all of them belongs to G.
Thus, inverse exists.

Hence, (G, x) is a group.
Order of an Element

Let (G -) be a group with identity element e and a € G. If for a € G, there 1s least
positive integer m satisfying a” = e then m is called the order of a. It is denoted by

o(a).
Notes: 1. The order of a is said to be infinite or zero if there does not exists any
positive integer m such that a” =e.

2. Ifthere exists a positive integer m such that a” = e, then o(a) < m.

3. The only element of order one is the identity element.
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3.10 SUBGROUPS

We have seen that R, the set of real numbers, forms a group under addition,
and Z, the set of integers, also forms a group under addition. Also Z is a subset
of R. It is one of the many situations which prompts us to make the following
definition:

Definition: A non-empty subset H of a group G is said to be a subgroup of
G, if H forms a group under the binary composition of G.

Obviously, if H is a subgroup of G and K is a subgroup of H, then K is
subgroup of G.

If G is a group with identity element e then the subsets {e¢} and G are
trivially subgroups of G and we call them the trivial subgroups. All other subgroups
will be called non-trivial (or proper subgroups).

Notice that Z; = {0, 1, 2, 3, 4} Mod 5 is not a subgroup of Z under
addition as addition modulo 5 is not the composition of Z. Similarly, Z is not
a subgroup of Z, etc.

We sometimes use the notation H < G to signify that H is a subgroup of
G and H < G to mean that H is a proper subgroup of G.

It may be a little cumbersome at times to check whether a given subset

H of a group G is a subgroup or not by having to check all the axioms in the
definition of a group. The following two theorems (especially the second one)
go along way in simplifying this exercise:
Theorem 3.20: A non-empty subset H of a group G is a subgroup of G iff

@a,be H=>abe H

() ac H=>a' e H.
Proof: Let H be a subgroup of G then by definition it follows that (i) and (i)
hold.
Conversely, let the given conditions hold in H.
Closure holds in H by ().
Again a,bce H=>a,b,ce G = a(bc)=(ab)c
Hence, associativity holds in H.
Also for any a € H,a' € Hand so by (i)

aa'e H=>ec H

thus H has identity.
Inverse of each element of H is in H by (ii).

Hence, H satisfies all conditions in the definition of a group and thus it forms
a group and therefore a subgroup of G.

Theorem 3.21: A non-void subset H of a group G is a subgroup of G iff a,
beH=ab'eH

Proof: If H is a subgroup of G then, a, b € H=>ab™! € H (follows easily by
using definition).
Conversely, let the given condition hold in H.



That associativity holds in H follows as (If /: A— B is one-one and onto, then
f1: B —4is also one-one and onto).

Let a € H be any element (H # @)
thena,a e H=>aa' e H=> e € H.
So H has identity.
Again, foranya € H,ase € H
ea'le H=>a' e H

i.e., H has inverse of each element.
Finally, for any a,b e H,

a, bl e H

= abY'eH=>abecH

i.e., His closed under multiplication.
Hence, H forms a group and therefore a subgroup of G.

Note: If the binary composition of the group is denoted by +, the above condition
would read as a, b € H = a — b € H. Note also that e is always in H.

The following theorem may not prove to be very useful in as much as it
confines itself to finite subsets only but nevertheless it has its importance.

Theorem 3.22: A non-empty finite subset H of a group G is a subgroup of G
iff H is closed under multiplication.

Proof: If His a subgroup of G then it is closed under multiplication by definition,
so there is nothing to prove.

Conversely, let H be a finite subset such that,

a,be H= abe H

Now a,b,ce H=>a,b,ce G

= a(bc) = (ab)c

.. Associativity holds in H.

= His a semi-group.

Again, trivially the cancellation laws hold in A (as they hold in G) and
thus A is a finite semi-group in which cancellation laws hold. Hence, H forms
a group.

Aliter: Let H be a finite subset such that,a, b € H =>ab e H
We show acH=a'eH.

Ifa=ethena'l=aec H

Let a # e, then by closure a, a’,a’...e H

Since H is finite, for some n, m, a"=a", n>m

ie., a™=e, n—-m>lasa#e
1e., a7l a=e
. an—m—l — a—l

where n—m—1 > 1 and therefore,
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n—m

a"™ ' e H. Hence,a € H= a ' € Hand thus H is a subgroup of G

Definition: Let G be a group. Let
Z(G)={x e G|xg=gx forall g € G}
then Z(G) is called centre of the group G.

Theorem 3.23: Centre of a group G is a subgroup of G

Proof: Let Z(G) be the centre of the group G.
Then Z(G) # ¢ as e € Z(G)

Again, x,y € Z(G) = xg = gx
yvg=gy (forallg e G)
= gl xl=x1g!
glyl=ylgl (for all g € G)
Now g ) = (g = (xg)y!

= (g (g2
=xg(v' ¢ g = xg(g' y g
=x(gg g
= (xy’l)g forallge G
= xy ! e ZG)
Hence, Z(G) is a subgroup.
Note: Obviously, G is Abelian iff Z(G) = G.

Definition: Let G be a group. a € G be any element. The subset
N(a) = {x € G|xa=ax} is called normalizer or centralizer of a in G.
It is easy to see that normalizer is a subgroup of G.

Theorem 3.24: HK is a subgroup of G iff HK = KH.

Proof: Let HK be a subgroup of G. We show HK = KH
Let x € HK be any element
Then x ' e HK (as HK is a subgroup)
= x'=hk forsomeh e H kekK
= x=(hk'=k'"h' e KH
thus HK c KH
Again let y € KH be any element
Then yv=kh forsomeke K, he H
= yl=nlk'e HK
= ye HK (as HK is a subgroup)
= KH c HK
Hence  HK = KH.
Conversely, let HK = KH.

Let a, b € HK be any two elements, we show ab ' € HK
a,b € HK = a=hk, forsomeh,h,eH
b = hyk, k,, k, € K



Then ab™' = (hk)) (h,k,))" = (hk)) (5'm"
= (kky') by

Now (k"Y' € KH = HK

Thus (k"Y' = hk  for some h € H, k € K

Then ab™' = h,(hk) = (h,h)k € HK

Hence, HK is a subgroup.

Notes:

1. HK = KH does not mean that each element of H commutes with every
clement of K. It only means that for each & € H, k € K, hk = k,h, for
some k, € K and h, € H.

2. If G has binary composition +, we define
H+K={h+k|heH,keK}.

3.11 CYCLIC GROUPS

Cyclic Group: A group G is called a cyclic group if 3 an element a € G, such
that every element of G can be expressed as a power of a. In that case a is
called generator of G. We express this fact by writing G=<a > or G = (a).

Thus, G is called cyclic if 3 an element a € G such that,

G={d"|neZ}.

Again, if binary composition of G is denoted by +, the words 'Power
of a' would mean multiple of a.

Note we are not saying that generator is unique. Indeed if a is generator
so would be a~!. We shall come a little later to the question of number of
generators that a cyclic group has. A simple example of a cyclic group is the
group of integers under addition, 1 being its generator.

Again the group G = {1, -1, i, —i} under multiplication is cyclic as we

can express its members as 7, i%, i°, i*. Thus i (or —) is a generator of this group.

Theorem 3.25: Order of a cyclic group is equal to the order of its generator.
Proof: Let G =<a >, i.e., G is a cyclic group generated by a.

Case (i): o(a) is finite, say n, then n is the least +ve integer such that, a" =e.

Consider the elements a’ = e, a, &>, ..., a"!

These are all elements of G and are n in number.

Suppose any two of the above elements are equal

say a =ajwith i>j

then d.aj=e=>dj=e

But 0 <i—j<n—1<n,thus 3 a +ve integer i — j, such that, a7 = e
and i — j <n, which is a contradiction to the fact that o(a) = n.

Thus, no two of the above n elements can be equal, i.e., G contains at
least n elements. We show it does not contain any other element. Letx € G
be any element. Since G is cyclic, generated by a, x will be some power of a.

Let x=a"
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By division algorithm, we can write
m= nqg+r where0<r<n

m _ anq+r — r

Now a @?.a =€l a =a

=>x=d where 0 < r <n
ie,xisoneofa’=e, a,d> ..., a""
or G contains precisely n elements

= o(G)=n=o0(a)

Case (ii): o(a) is infinite.

In this case no two powers of a can be equal as if a” = @ (n > m) then
a"" =e,i.e., it is possible to find a + ve integer n — m such that, "™ = e
meaning thereby that a has finite order.

Hence, no two powers of a can be equal. In other words, G would
contain infinite number of elements.

Theorem 3.26: A subgroup of a cylic group is cyclic.

Proof: Let G=<a > and let H be a subgroup of G. If H= {e}, there is nothing
to prove. Let H # {e}. Members of H will be powers of a. Let m be the least
+ve integer such that, a” € H. We claim H=<a" >.

Letx € H be any element. Then x = ¢* for some k. By division algorithm,
k=mq+rwhere 0 <r<m
= r=k—-mq
=a"=dt.am=x.a")9eH
But m is the least +ve integer such that, a” € H, meaning thereby that
r=0.
Thus k = mgq
or that x = da* = (a")
i.e., any member of H is a power of a™.
or that H is cyclic, generated by a™.

Note: Any subgroup of < Z, + > will therefore, be of the type nZ = set of
multiples of n, where # is an integer (= 0). We write nZ =<n >.

AlsomZ c nZifand onlyifn | m.SomZ =nZ ifand onlyif m==*n.
Theorem 3.27: A cyclic group is Abelian.

Proof: Let G=<a>.Ifx, y € G be any elements then x = a", y = ™ for
some integers m, 1.
Now xy =a".a" =a"™ =a""=a" . a"=y.x
Hence, G is Abelian.

Note: In view of the above result, all non-Abelian groups are non-cyclic.
< @, + > the group of rationals under addition serves as an example of an

Abelian group which is not cyclic. For, suppose e Q is a generator of Q,
n



then any element of Q should be a multiple of 7 Now 3L € Q,and if 7 s
n n n

a generator, we should be able to write gy 2| for some k
n n

= = km

1
3
Which is not possible as k, m are integers, whereas % 1s not. Hence, no
element can act as generator of Q.
Klein's four group would be an example of a finite Abelian group which

. . . . 1 0 1 0f -1 0 -1 0
is not cyclic. It is the group of matrices , , and
0 1 0 -1 0 1 0 -1

under matrix multiplication.
Theorem 3.28: If G is a finite group, then order of any element of G divides
order of G
Proof: Let a € G be any element.
Let H= {a" | n an integer}
then H is a cyclic subgroup of G, generated by a, as
x,ye H= x=dad",y=ad"
o xyl=d".a"=a"ecH
By Lagrange's theorem o(H) | o(G). But o(H) = o(a)
' o(a) [ o(G).
Corollary: If G is a finite group then foranya € G
a®@=e

Proof: o(a) | o(G) = o(G) = o(a)k For some k
Now a%0) = go@k = (go@yk = ok = o

Thus, any element of a finite group has finite order (which is less than or
equal to the order of the group). Its converse is, however, not true.

Theorem 3.29: If G is a finite cyclic group of order n then the number of
distinct subgroups of G is the number of distinct divisors of #, and there is at
most one subgroup of G of any given order.

So subgroups of G are of the type < ¢* > where k is a divisor of n and
< d"™ > is the unique subgroup of order m. As a particular case, suppose
G = <a > has order 30. Since divisors of 30 are 1, 2, 3, 5, 6, 10, 15, 30, 3
eight subgroups of G, namely

<a>=le,a, a, ..., a29} =G
<a’>= {e, a’, a*, .., a28}
<ad>= {e, a, ab, ..., a27}

<a’> <a®> <a'®> <a'®>and <a®® > = {e} having order 30,
15, 10, 6, 5, 3, 2, 1.
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Consider again, the cyclic group Z,, = {0, 1, 2, ..., 29} under addition
modulo 30 . o(Z,,) = 30 and as 30 has 8 divisors 1, 2, 3, 5, 6, 10, 15, 30,
Z.,, will have eight subgroups namely

<1>=1{0,1,2, .. 29} =Z,,
<2>=1{0,2,4, .. 28}
<3>=1{0,3,6, .., 27}
<5> <6> <10>,<15>,<30>= {0}
having order 30, 15, 10, 6, 5, 3, 2, 1.
In view of the this theorem, these would be the only subgroups of Z .

Theorem 3.30: A group G of prime order must be cyclic and every element
of G other than identity can be taken as its generator.

Proof: Let o(G) = p, a prime

Take anya € G,a # e

and let H = {a" | n an integer} then H is a cyclic subgroup of G.

o(H)|o(G) = o(H)=1lorp

But oHy#lasae H a+#e,

Thus, o(H)=p = H=G,1.e., Gisacyclic group generated by a. Since
a was taken as any element (other than e), any element of G can act as its
generator.

Corollary: A group of prime order is Abelian.
Theorem 3.31: A group G of prime order cannot have any non trivial subgroups.

Proof: If H is any subgroup of G then as o(H) | o(G) = p, a prime
wefind o(H)=1orp
1e., H={e} or H=G.
Theorem 3.32: A group of finite composite order has at least one non-trivial
subgroup.
Proof: Let o(G)=n=rs where 1 <r,s<n
Sincen>1,3e+#a € G. Consider a’.
Case (i): a" =e

then o(a)<r,leto(a)=k

then l<k<r<n (k>1,asa#e)

Let H={a, a, a, ..., d = e}

Then H is anon-empty finite subset of G and it is closed under multiplication,
thus H is a subgroup of G. Since o(H) = k < n, we have proved the result.
Case (ii): a” # e, then since (¢’ =d* =a"=a"D =¢

o(a@a’)y<s.Leto(a")y=tthen 1 <t<s<n.

If we take K = {a”, a*’...., a" = e} then K is a non-empty finite subset

of G, closed under multiplication and is therefore a subgroup of G. Its order
being less than n, it is the required subgroup.



Theorem 3.33: If G is a group having no non-trivial subgroups then G must
be finite having prime order.

Proof: Suppose G has infinite order.
Then we can find a € G, such that, a # e.

Let H=< a >, then H is a cyclic subgroup of G and H # {e}. But G has
no non-trivial subgroups.

Thus H=G
= G=<a>
Consider now the subgroup K = < ¢* >
Now a ¢ <a’>, because if a € <a®?> then a = a*' for some
Integer ¢
= " l'=e = oa) <2t 1
Meaning thereby that o(«) if finite, which is not true. Thus a ¢ < a* >.
Again < a® > # {e}, because then a*> = e would again mean that o(a) is
finite (< 2).
Thus < a? > is a non-trivial subgroup of G which is not possible. Hence,
o(G) cannot be infinite.

So o(G) s finite and as it cannot be composite by previous theorem, it
must be prime.

Theorem 3.34: The only groups which have no non-trivial subgroups are the
cyclic groups of prime order and the group {e}.

All this time we have been talking about cyclic groups and their generators
without being very sure as to how many generators a cyclic group could have.
To resolve this, we consider the following theorem:

Theorem 3.35: An infinite cyclic group has precisely two generators.

Proof: Let G =< a > be an infinite cyclic group.
As mentioned earlier, if a is a generator of G then so would be @'
Let now b be any generator of G,
Then as b € G, a generates G, we get b = a" for some integer n
Again as a € G, b generates G, we get a = b™ for some integer m
= a=b"= (@) =a"
= a"!'=e = o(a) is finite and < nm — 1
Since o(G) = o(a) is infinite, the above can hold only if
nm—1=0= nm=1

1 .
= m= — orn==1 as m, n are integers.

n
ie., b=aora’

In other words, a and a”! are precisely the generators of G.

Question to be answered now is how many generators a finite cyclic
group would have. Before we come to the answer, we first define what is popularly
known as the Euler's ¢ function (or Euler's totient function).
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For any integer n, we define @(1) = 1 and for n > 1, @(n) to be the
number of +ve integers less then n and relatively prime to n. As an example
o(6) =2, o(10) = 4, etc.

Note 1, 5 are less than 6 and relatively prime to 6 and 1, 3, 7, 9 (four
in number) are less than 10 and relatively prime to 10 etc. Obviously, ¢(p) =
p—1,if pisaprime. The following two results can be helpful at times:

() Ifp,, p,, ..., p, are distinct prime factors of n (>1), then

i3] )

(i) If m, n are coprime then

@(mn) = @(m) ¢(n), (m, n 2 1)
Theorem 3.36: If G is a finite group of order n and for every divisor d of n
3 unique subgroup of order d, then G is cyclic.

Proof: Let d | n.
Define A(d) = {x € G| o(x) = d}
Suppose A(d) # ¢. Then 3 x € G such that, o(x) = d.

Let H=<x>. Then o(x) = o(H) = d. This gives ¢(d) generators of H
or ¢(d) elements of orderdin H. If 3y € G, y ¢ H such that, o(y) = d, then
K=<y>isasubgroup of order d. It is given that G has unique subgroup of
orderd. So, K=H = y € H, acontradiction. Thus, the number of elements

in G of order d is ¢(d).
So, olA(d)] = o(d) ifA(d)#¢
and o[A(d)]=0 ifA(d)=¢ foralld|n
Clearly, G = 5_‘) A(d)

Letd,, ..., d_ be all divisors of n.

Suppose A(d)) = ¢, ..., A(d) = ¢

and Ad, )%, ..., Ad) = ¢

[Note, if A(d) = ¢ for all d | n, then o(G) = 0, a contradiction. So, A(d)
# @ for some d | n]

o[A(d,)] = ... = o[ A(d)] = 0
and o[A(d,, )] =o(d, . ) ..., o[A(d)] = ¢(d,)
Now G= ;I)A(d) = 0o(G) =Y 0[A4(d)]

d|n

=>n=0d._.)+..Ted)

Y o)

dn
= od)t..tod)told, )t ..tod)=0d, )+..1Tod)
= o(d,) * ... T ¢(d) = 0, a contradiction

we know that, n

So, A(d) # ¢ for all d | n. In particular
An)#¢o = Ix e A(n) = Jx e Gsuchthat,o(x)=n=0(G) = G
is a cyclic group.



3.12 HOMOMORPHISMS

In this section we will discuss about an isomorphism which can also be termed as
an ‘Indirect’ equality in algebraic systems. Indeed, if two systems have the same
number of elements and behave exactly in the same manner, nothing much is lost
in calling them equal, although at times the idea of equality may look little
uncomfortable, especially in case of infinite sets.
Definition: Let < G, * > and < G, 0 > be two groups.
A mapping f: G — G'is called a homomorphism if,
faxby=f@of(b) a,be G
We can use the same symbol ‘.” for both binary compositions.
With that as notation we find a map
f: G — G'is ahomomorphism if,
f(ab) = f(a)f(b)
If, in addition, /' happens to be one-one, onto, we say fis an isomorphism and
in that case write G = G

Also clearly then,
fla,a, ... a,) = f(a)f(ay) ... fla,)
holds under an isomorphism (homomorphism)
An onto homomorphism is called epimorphism.
A one-one homomorphism is called monomorphism.
A homomorphism from a group G to itself'is called an endomorphism of G.
An isomorphism from a group G to itself is called automorphism of G.
Iff: G > G'is onto homomorphism, then G'is called homomorphic image
of G.
Let <Z, +>and <E, + > be the groups of integers and even integers.
Define a map f:Z —>E, s.t.,
f(x)=2x forallx € Z
Then f'is well defined as x = y = 2x = 2y = f(x) = f () such that f'is
1-1 is clear by taking the steps backwards.
f1s ahomomorphism as,
Sty =2x+y)=2x+2y=f(x)+1()
Also fis onto as any even integer 2x would have x as its pre-image.
Hence fis an isomorphism.
In fact this example shows that a subset can be isomorphic to its superset.

Example 3.52: Let f be a mapping from < Z, + > the group of integers to the
group G = {1,—1} under multiplication defined as

f:Z - G,s.t,
f(x)=1 ifxis even
=-1 ifxis odd
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Then fis clearly well defined. Verify, if it is a homomorphism.
Solution: Let x, y € Z be any elements.

Case (i): x, y are both even, then x + y is even and as
Sty =Lf=1Lf»n=1
Then f(x+y)=1=11=f(x).f(Q®)
Case (ii): x, y are both odd, then x + y is even and
Sty =+1=CDED) =10 f0)
Case (@ii): x is odd, y is even, then x + y is odd and
fa+ty)=-1=D D) =/x)f(»)
thus in all cases f(x +y) =f(x) £ (»)
This proves that fis a homomorphism.
Ontoness is obvious, but fis not 1-1 as /' (x) = () does not necessarily mean
x =y. Indeed f(2) =f(4) but 2 # 4.

Example 3.53: Let R be the group of positive real numbers under multiplication
and R the group of all real numbers under addition. Then show that the map

0:R" > R,s.t.,
O(x) = log x
is an isomorphism.

Solution: 0 is clearly well defined.
0(x) = 6()
= logx=logy
- elogx — elogy
= x=y
This shows that 0 is one-one.
Since, 6(xy) = log xy = log x + log y = 6(x) + 6(y)
We find 0 is a homomorphism.
Finally, if y € R be any member, then
Since ¢’ € R"and 0(¢”) =y, we gather that 0 is onto and hence on isomorphism.
The map f: R — R", such that, /() = € can also be considered.)

Theorem 3.37: If f: G — G'is a homomorphism then
(@) f(e)=¢
@) S = ()"
@) f(")=[f()]", n an integer.
Where e, e'are identity elements of G and G', respectively.
Proof: (i) We have
e.e=e
= fle.e)=f(e)
= f(e).f(e)=1(e)
= fle).f(e=f(e).e

= f(e) =€’ (cancellation)



l=e=xx

= fx) = f(e) = f(x'x)
= f)fah=e =1
= (SO =rEh.

(iii) Let n be a +ve integer.

(if) Again xx~

f(XN= flx.x .. x)

(n times)
=) .f(x) ...... f(x) (ntimes)
= (/)"
If n =0, we have the result by (7). In case n is —ve integer, result follows by
using (ii).
Example 3.54: Show that < Q, + > cannot be isomorphic to < Q¥, - >,
where Q* = Q —{0} and Q = Rational.

Solution: Suppose fis an isomorphism from Q to Q*. Then as 2 € Q¥*, fis onto,
Ja e <Q,+ >, such that, f(a) = 2.

- {39

e 22

= x> =2 where x = f(%)eQ*

But that is a contradiction as there is no rational no. x such that, x> = 2. Hence
the result follows.

Example 3.55: Find all the homomorphisms from % to é .

Solution: Let 1: z - Zz be a homomorphism.
47. 6Z
Then f(4Z+n)=nf(4Z + 1)
So, fis completely known if /(4Z + 1) is known.
Now order of (4Z + 1) is 4 and so o( f(4Z + 1)) divides 4.
Also o( f(4Z + 1)) divides 6 and thus o( f(4Z + 1))=1or 2

If o(f(4Z + 1))=1, then f(4Z + 1) = 6Z = zero of 6£Z

Hence f(4Z + n) = zero
If o( f(4Z + 1)) =2, then f(4Z + 1) = 6Z + 3
= f(4Z +n)=6Z+ 3n
Also f(4Z + n+4Z + m)=f(4Z + n + m)
=6Z + 3(n+ m)
= (6Z + 3n) + (62 + 3m)
=f(4Z + n) + f(4Z + m)
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Thus there are two choices for fand it can be defined as,
V4 Z

— —>— s,
s 47 67

f(AZ +n) =6Z+ 3n
Notice 4Z +n=4Z+m
=>n—m € 4Z
= 3(n—m) € 12Z c 6Z
= 3(n—m) € 6Z
= 6Z +3n € 64 +3m
i.e.,f is well defined.

So there are two homomorphisms from % - 6£Z . In fact, in general, there are

d homomorphisms from z - z where d =g.c.d.(m, n)
mZ  nZ

Definition: Let /: G — G'be a homomorphism. The Kernel of f, (denoted by
Ker ") is defined by
Kerf={xeG|f(x)=e¢'}
Where ¢’ is identity of G

Theorem 3.38: If /: G — G' be a homomorphism, then Ker fis a normal
subgroup of G.

Proof: Since f'(e) = e, e € Ker £, thus Ker f'# ¢. Again,
x,ye Kerf=f(x)=¢€

fo)=¢
Now [y )=/ ) =ff) ' =e.e'=¢
= xy ! Ker f

Hence, it is a subgroup of G.
Again, forany g € G, x € Ker f
f(g'xg)= g/ f(g)
=(f@ WA =( (g))_lle’f(g)
=(f(g) fg=¢

= g’lxg e Ker f

Also itis a normal subgroup of G.
Theorem 3.39: A Homomorphism f: G — G'is one-one iff Ker f= {e}.

Proof: Let f: G — G’ be one-one.
Let x € Ker f be any element

Then f(x)=e'and as f(e) = ¢’
f(x)=f(e) >x=easfis 1-1
Hence Ker f= {e}.



Conversely, let Ker fcontain only the identity element.

Let fx) =50

Then f& ot =e
= fly ) =¢
= xy ! e Ker f= {e}
= xy_1 =e

= x =y or that f'is one-one.

Example 3.56: Let /: G — G'be a homomorphism. Let a € G be such that
o(a) = n and o( f (a)) = m. Show that o( f(a)) | o(a) and f'is 1-1 iff m = n.
Solution: Since o(a)=n
We obtain a"=e = f(a") =f(e)
= f(a.a... a) =f(e)
= (f(@)'=e
= o(f(a)) | n=o(a)
Again, let fbe 1-1.
Since o(f(a))=m
We obtain (f(a)" =¢'

= f@)=e'=/f(e)
= d"=e (fis 1-1)

i.e.,0(a)|m or n|m, butalready m | n

Hence m = n.
Conversely, let o(a) = o( f(a)).
Then S =
= ) (fo) ' =e¢
= fly ) =¢

1\ —
= o( (™) = 1
=S oH=1 =>xl=e =x=y
= fis I-1.
Note: Under an isomorphism, order of any element is preserved.

Example 3.57: Show that the group (R, +) of real numbers cannot be isomorphic
to the group R’ of non zero real numbers under multiplication.

Solution: —1 € R'and order of —1 is 2 as (—1)*> = 1. But R has no element of
order 2. As if x € R is of order 2 then 2x = x + x = 0. But this does not hold
in (R, +) for any x except x = 0.

By above remark, under an isomorphism order of an element is preserved.
Thus there cannot be any isomorphism between R and R'.
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Example 3.58: Let G be a group and f: G — G such that, f(x) =x"! be a
homomorphism. Show that G is Abelian.

Solution: Let x, y € G be any elements.
xy =0T = e
=fOo) S
= yx, hence G is Abelian.

Theorem 3.40: (Fundamental Theorem of Group Homomorphism).
If f: G — G'be an onto homomorphism with K = Ker f, then %z G'.

In other words, every homomorphic image of a group G is isomorphic to a
quotient group of G.

Proof: Define amap o: % — G’, such that,

¢(Ka)=f(a), a € G
We show ¢ is an isomorphism.
That ¢ is well defined follows by,

Ka = Kb
= ab!' e K=Ker f
= flab ) =e
= f(a)(f(b) ' =e
= f(a)=f(b)

= ¢(Ka) = o(KD)
By retracing the steps backwards, we will prove that ¢ is 1-1.
Again as o(KaKb) = o(Kab) = f(ab) = f(a) f (D)
= ¢(Ka) o(KD)
We obtain that ¢ is a homomorphism.

To check that @ is onto, let g’ € G'be any element. Since f/: G — G'1is onto,
3 g € G, such that,

f@=g
Now 0(Kg)=f(e) =g’
Showing thereby that Kg is the required pre-image of g"under o.
Hence ¢ is an isomorphism.

Note: The above theorem is also called first theorem of isomorphism.

Direct Products
The reader is well acquainted with the idea of product of two sets as a set of
ordered pairs. We explore the possibility of getting a new group through the product
of two groups. Let G,, G, be any two groups.

Let G=G, xG,={(g,8) g € G, g € G,}.

What better way could there be than to define multiplication on G by
g, 8) (&g, =(g g &g, That G forms a group under this as its



composition should not be a difficult task for the reader. Indeed (e, e,) will be
identity of G where e, e, are identities of G, and G, respectively. Also
(€ g) ' = (g &)
We call G = G, x G, direct product or External Direct Product (EDP) of
G, G,
Again if G|, G, are Abelian then so would be G, x G,.
In a similar way, we can define external direct product G, x G, X ... X G, of
arbitrary groups G, G,..., G, as
G x.xG =1{g8) g G}
where compostion is component wise multiplication.
Let G = G, x ... x G, = direct product of G,,..., G,.
Define H, = {g, e)..., e} | g, € G, e, = identity of G}
H, = {(e, g, €5..., ¢)) | &, € G,}.
H = {(e, eye;..8) g €G}
We show that H, is normal in G.
H #¢as(e,e,,..e)eH,
Let (g, e,,..5 €,) (&'}, €55e0r €,) € H,|
Then (g)s €p5emn €,) (&', €55ens en)_1
= (g, €5er €,) (gl’l, €,,...€,)
= (glgl_l, e,,...e)) € H,

Thus H <G
Let g= (g g)e G
x = (x), ey,..., €,) €H,
Then  gxg = (s &) (s €3 €,) (8w 2,")

= (g, x, gl’l, e,,...e,) € H,
. H isnormalinG.
Similarly, each H;is normal in G forall i =1,..., n.

Let g=(gpng) el

Then g=(gp epr €) (e, 8y, €5..¢)...(€, €5, €, 1, 8,) €
H,H,.H,

Suppose  g=h hy.h =h Kh .0, h, N € H

Then (&> eyper €) - (€5 €, 1, &) = (& 10es €). (€58, 1, &)

= (g &) =(g--¢,)

= g, =g foralli=1,.,n

= h=h foralli=1,.,n
So, g € G can be written uniquely as product of elements from H,,..., H,.
We summarize this through the following definition.

Let H, ..., H be normal subgroups of G. G is said to be an Internal Direct
Product (IDP) of H,...., H if G=H H,... H and each g € G can be written
uniquely as product of elements from H,,..., H ..
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Consider the groups Z, = {0, 1}, Z, = {0, 1, 2} under addition modulo. Here
7, x71,=1(0,0),(0, 1), (0,2),(1,0) (1, 1), (1, 2)} will form a group under
element wise multiplication (addition).

Indeed, 2(1, 1) = (1, 1) + (1, 1) = (18,1, 1@,1) = (0, 2),

(L, D)=(, )+, 1)+, 1)=(1,0) etc.

We further note that since two cyclic groups of same order are isomorphic, we
must have Z, x Z, = Z,.

On the other hand one can show that Z, x Z, is not isomorphic to Z,. In fact
Z, x Z, is not cyclic (whereas Z,, 1s). If Z, x Z, is cyclic then it has a generator
whose order should be same as o(Z, x Z,) = 4. But no element of Z, x Z, has
order 4. Notice, 2(1, 1) =(0, 0), i.e., order of (1, 1) is less then or equal to 2
etc. Hence no element can be generator of Z, x Z,. One can show thatZ < Z,
=7, iff n and m are relatively prime.

Theorem 3.41: Let H|, H, be normal in G Then G is an IDP of H, and H, if
and only if
() G=HH,
(i) H, N H, = {e}.
Proof: Suppose G is an IDP of H, and H,. Let g € G.
Then g=hh, h € H, h, € H,

Then Gc HH, ButHH,cG
= G=HH,
Let geH NnH,=—>geH,geH,

. g=ge=egiswritten in 2 ways as product of elements from /| and H,,.
. g=e=>H nH,= {e}.
Conversely, let G = H H, and H N H, = {e}
Letge G=>ge HH, = g=hh, h € H, h, e H,
Letg=hh,=h"\h',, h,h e€H,h,N,eH,
= h' W', =hh,' € H " H,= {e}
= h=h,h=n,
. GisanIDP of H, and H,.
For example, let G=<a >be of order 6. Let H= {e, a*, a*}, K= {e, a’} then
H and K are normal (G is Abelian) subgroups of G. H " K = {e}.
HK= e, ed’, d’e, d’a’, a'e, a*a’ }
= {e, at, @, at, @, a} =G
Hence G is IDP of H and K.
Theorem 3.42: Let H, H,...., H, be normal in G Then G is an IDP of H,
H,,...,H, if and only if
() G=HH,. H
(i) H.~"HH,. H  H,

-l = e}
foralli=1,..n



Proof: Suppose Gis anIDP of H,...., H,. Then (i) follows from the definition of IDP
Let geHnH..H H, . H

n

Then g=h, h,e Handg=hh,.h  h. ..»h, hj €H
= g=ee..h ..e

g=hhy..h eh, .. h
Since this representation of g should be unique we gete=h,e=h,,..., h.=
e,...

n

or that g = e, which proves the result.

Conversely, letg € Gthenge H,... H = g=h,... h , h, € H,
We show this representation is unique.

Let g=n ... W, heH.

By(ii)Hl.mHj: {e} foralli;tjbecauseifxelﬁfimHj
Thenx € H, erj.(]’;ti)

xeH—=>xeH ..H . H H,_ . H
J J i i n
as X=e..X..e.e..e
>xeHnH .H H, . H={e

Also H. is normal in G, H] is normal in G for all 4, j, thus hihj = hjhl. for all
i#]

- I hy= N\ . W,
= h,= " H) (' Ry . (h 1, _)h
hyoh ' =" h) (h 1 h, ) eH, ... H_ NH = {e
- h =1,
Similatly A, | =, s by = W

Hence G is an IDP of H,,......, H,.

Note: 1fGisanIDPof H,, H,,......, H then H, N Hj: {e},i#].
We now show that IDP of subgroups of G is isomorphic to their External Direct Product

(EDP).

Example 3.59: Let G be a finite Abelian group. Prove that G is isomorphic to
the direct product of'its Sylow subgroups.

Solution: Let o(G) =p" ... p"
Where p,,..., p, are distinct primes.
Since G is Abelian, each Sylow subgroup H; of G is normal. o(H,) = p/*.

Let geHNH ..H H_ .H
> geH,geH ..H H_ .. H
Let t=pl L pSt p it L por

geH .H H, . H
=>g=h ..h  h .. h, hj € HJ
= g =h{ ..kl bl hi=eashi=eforallj=i
= o(g) |t
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But geH, = o(g)|o(H)=p
= o(g) =pl, B;20

pPe
— P,-Bl |p10.1 plg-{fl pif-lz“rl pgr
= Bi=0

= o@g=1=>g=e
S H.NH ..H  H. .. H={e foralli=1,..r
_ O(Hl)O(Hz...H,,)
o(HHNH,..H,)

r

. o(H,).0(H; ...H,)
Again, o(HyHy..H,) = — (sz mH;...H)

Now xe HnH, .. H
=> xe Hyandx € H; ....... H c HH
> xeH,N"nHH, .. H = e}
So x=e
o(H,......... H)=o(H,)) o(H,.....H)
In this way, we get
o(H,........ H) = o(H,) o(H,)........ o(H)) = o(G)

= o(H,) o(H,......H)

By theorem 3.42, G is an IDP of H,,...... H_and so isomorphic to EDP of
H,,..,H.

Note: 1f G is a finite group and all its Sylow subgroups are normal then G is direct product
of its Sylow subgroups.

Example 3.60: Show that if G is a group of order 45, it is IDP of its Sylow
subgroups.
Solution: o(G) =45 =32 x 5.
Number of Sylow 5-subgroups is (1 + 5k), s.t., (1 + 5k) | 9 which gives
k=0
i.e., 3 aunique normal Sylow 5-subgroup H of G where o(H) =5.
Similarly, 3 a unique normal Sylow 3-subgroup K of order 9.
Since o(HN K) |9,5, wefindo(HNK)=1=HnNK={e}
5x9
1
Hence G is IDP of its sylow subgroups H & K.

Example 3.61: Let Nbenormal in G If G=H x K where H, K are subgroups
of G, then prove that either N is Abelian or N intersects H or K non-trivially.
Solution: Suppose NN H = {e}, NN K= {e}.

Since G = H x K, H is normal in G, K is normal in G. So nh = hn for all
neN heHandnk=knforalln e N, k € K.

Also o(HK) = =45 =0(G) = G = HK



Letn, n, € N.
n,e N=>n,e G=>n,=hk, hye Hk, ek
mn, = nhk,
= hynik,
= hykyn,
- nny

So, Nis Abelian.

1 a
Example 3.62: Let G be the set of matrices of the type | 0 1 where
0 0

e

a, b, c € F;. Here F; = {0, 1, 2} mod 3.

Then one can check that G forms a non-Abelian group. In fact, it would be a
subgroup of the groups of all 3 x 3 non-singular matrices over F,.

Since each of a, b, ¢ have three choices, o(G) = 3°.

Order of each non-identity element of G will be 3 as

1 a b 1 2a 2b+ac
01 ¢c| =10 1 2¢ # I as one of a, b, ¢ is non-zero
0 0 1 0 0 1

1 a ] [1 0

and [0 1 ¢| =|0 1
0 0 1

If we consider the group Z, x Z, x Z,, then it is an Abelian group of order 27

in which each non-identity element is of order 3. Thus both the groups have 26

elements of order 3 (plus one identity). But G and Z, x Z, x Z, cannot be

isomorphic as one is Abelian and the other a non-Abelian group.

Check Your Progress

12. Define the function.

13. What do you understand by graph of function?
14. What is countable set?

15. State the uncountable set.

16. Define the group.

17. What is subgroup?

18. State the cyclic group.

19. What is automorphism?

3.13ANSWERS TO ‘CHECK YOUR PROGRESS’

1. Amappingf : 4 — Bis said to be onto if given b € B there exists a € A
such that f (a) =b. It is also sometimes called surjective mapping.
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10.

I1.

12.

13.

. Arelation R on aset A4 is called a partial order relation, if it is reflexive, anti-

symmetric and transitive.

. A binary relation R from a set 4 to a set B is a subset R of the Cartesian

product 4 x B.

. Let R be a binary relation from the set A to the set B and S be a binary

relation from the set B to the set C, then the ordered pair (R, S) is said to be
composable. If (R, S) is a composable pair of binary relations, the composite
R O Sand R and S, is a binary relation from the set 4 to the set C, such that,
fora e Aandc € C, a (R O S)cif forsome b € B, both aRb and bSc are
binary relations.

. Inmathematics, the inverse relation of a binary relation is the relation written

‘Backwards’. In formal terms, if L: X — Y'is a binary relation, then the
inverse relationis L/: Y — X.

. In mathematics, especially order theory, a partially ordered set (also termed

as poset) formalizes and generalizes the intuitive concept of an ordering,
sequencing, or arrangement of the elements of a set.

. Let 4 and B be two sets. The set of all ordered pairs (a, b) such that a € 4,

b € Bis called the Cartesian product of 4 and B and is denoted by 4 x B.

. A relation R on a set 4 is called an equivalence relation if R is reflexive,

symmetric and transitive.

. Given an equivalence relation on set 4, the collection of equivalence classes

forms a partition of set A. The converse is also true, given a partition on set
A, the relation “Induced by the Partition” is an equivalence relation.

In mathematics, an algebraic structure consists of a non-empty set 4, termed
as the underlying set, carrier set or domain. It is a collection of operations
on A4 of finite arity, typically binary operations, and a finite set of identities,
known as axioms that these operations must satisfy.

In mathematics, a Hopfalgebra, named after Heinz Hopf, is a structure that
is simultaneously a (unital associative) algebra and a (counital coassociative)
coalgebra, with these structures’ compatibility making it a bialgebra, and
that moreover is equipped with an antiautomorphism satisfying a certain

property.
In mathematics, a function is a binary relation between two sets that associates
every element of the first set to exactly one element of the second set.

A function is uniquely represented by the set of all pairs (x, f(x)), called the
graph of the function. When the domain and the codomain are sets of real
numbers, each such pair may be thought of as the Cartesian coordinates of
apoint in the plane. The set of these points is termed as the graph of the
function and is a standard means of illustrating the function.



14. A countable set in mathematics has some cardinality, which means it has
some finite number of elements that can be counted. It is a subset of natural
numbers. A set in which number of its elements can not be counted are
termed as uncountable.

15. In mathematics, an uncountable set is an infinite set containing too many
elements to be countable. The uncountability is closely related to its cardinal
number. A set is uncountable if the cardinal number of the set is more than
that of the natural numbers.

16. Anon-empty set G, together with a binary compsition * (star) is said to
form a group, if it satisfies the following postulates
(i) Associativity: a « (b *c¢) =(a = b)xc, foralla,b,c e G
(i) Existence of Identity: 3 an element e € G, such that,
axe=exa=a forallae G
(e 1s then called identity)
(iii) Existence of Inverse : Foreverya € G,3 a’' € G (depending upon
a) such that,
axa =a xa=e
(a' is then called inverse of a)

17. Anon-empty subset H of a group G is said to be a subgroup of G, if H
forms a group under the binary composition of G.

18. Cyclic Group: A group G is called a cyclic group if 3 an element a € G,
such that every element of G can be expressed as a power of a. In that
case a is called generator of G. We express this fact by writing G=< a >
or G = (a).

19. Anisomorphism from a group G to itself is called automorphism of G.

3.14 SUMMARY

e LetAand Bbetwo sets. Arelation R from A to B is a subset of the Cartesian
product 4 x B. If (a, b) € R, then it is also denoted by aRb and conversely
aRb means (a, b) € R. The symbol aRb isread as ‘aisrelatedto b’. If 4 =
B, we shall say R is arelation in 4 instead of ‘from 4 to 4°.

o Arelation R is called an equivalence relation if it is reflexive, symmetric and
transitive.

e Arelation R onaset A is called a partial order relation, if it is reflexive, anti-
symmetric and transitive.

e Sometimes, a relation is represented by a matrix, where, first we draw a
table. Suppose R is a relation from a finite set A to a finite set 5.

o Arelation is represented with the help of a diagram called the graph of the
relation.

¢ A binary relation R from a set 4 with n elements to a set B with m elements
is represented as an n x m array M, by marking the positions in M. The
positions which correspond to the pairs belong to R with 1 and 0 elsewhere.
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¢ Arelation is a subset of Cartesian product of two sets. A relation shows

relationship of amember of one set to that of another set. Thus, a relationship
is shown as an ordered pair and is also called binary relation.

Formally, a partial order is any binary relation that is reflexive (each element
is comparable to itself), antisymmetric (no two different elements precede
each other), and transitive (the start of a chain of precedence relations must
precede the end of the chain).

A poset can be visualized through its Hasse diagram, which depicts the
ordering relation.

Two elements of a poset (5, <) are said to be comparable ifa<b or b<a.
Otherwise a and b are said to be incomparable.

Let 4 and B be two sets. A relation R from A4 to B is a subset of the Cartesian
product 4 x B. If (a, b) € R, then it is also denoted by aRb and conversely,
aRb means (a, b) € R. The symbol aRb is read as ‘a is related to b°. If
A= B, we shall say that R is a relation in 4 instead of ‘from 4 to 4’.

In mathematics, an equivalence relation is a binary relation that is reflexive,
symmetric and transitive. The relation “Is Equal To” is the canonical example
of an equivalence relation. Each equivalence relation provides a partition of
the underlying set into disjoint equivalence classes. Two elements of the
given set are equivalent to each other, if and only if they belong to the same
equivalence class.

Given an equivalence relation on set 4, the collection of equivalence classes
forms a partition of set A. The converse is also true, given a partition on set
A, the relation “Induced by the Partition” is an equivalence relation.

An algebraic structure may be based on other algebraic structures with
operations and axioms involving several structures. For example, a vector
space involves a second structure termed as a field, and an operation termed
as the scalar multiplication between elements of the field called scalars, and
elements of the vector space called vectors.

The properties of specific algebraic structures are studied in abstract algebra.
The general theory of algebraic structures has been formalized in universal
algebra.

Lattice structures can be defined on the basis of two or more binary
operations, which typically include operations termed as meet and join,
connected by the absorption law.

Algebraic structures are defined through different configurations of axioms.
Universal algebra abstractly studies such objects. One major dichotomy is
between structures that are axiomatized entirely by identities and structures
that are not. If all axioms defining a class of algebras are identities, then this
class is a variety and it must not to be confused with algebraic varieties of
algebraic geometry.

A function is a relation from a set of inputs to a set of possible outputs
where each input is related to exactly one output. This means that if the



object x is in the set of inputs (called the domain) then a function f will map
the object x to exactly one object f{x) in the set of possible outputs (called
the codomain).

The modern definition of function was first given in 1837 by the German
mathematician Peter Dirichlet, “Ifa variable y is so related to a variable x that
whenever a numerical value is assigned to x, there is a rule according to
which a unique value of y is determined, then y is said to be a function of
the independent variable x”.

A function is a process or a relation that associates each element x of a set
X, the domain of the function, to a single element y of another set Y (possibly
the same set), the codomain of the function. It is customarily denoted by
letters, such as f, g and /.

A countable set in mathematics has some cardinality, which means it has
some finite number of elements that can be counted. It is a subset of natural
numbers. A set in which number of its elements can not be counted are
termed as uncountable.

A setis finite, if it has a finite number of elements. The elements of such a set
can be counted by a finite number. The number of elements in a finite set 4
is denoted by n(A). Here, n is a finite positive integer.

Generally, the binary composition for a group is denoted by *.’ (dot) which
is so convenient to write (and makes the axioms look so natural too).

If G is a group with identity element e then the subsets {e} and G are
trivially subgroups of G and we call them the trivial subgroups. All other
subgroups will be called non-trivial (or proper subgroups).

A group G is called a cyclic group if 3 an element a € G, such that every
element of G can be expressed as a power of a. In that case a is called
generator of G. We express this fact by writing G=<a > or G=(a).

¢ Ahomomorphism from a group G to itselfis called an endomorphism of G.

3.15 KEY TERMS

Binary composition: A binary composition on a set S, is a rule which
assigns to each pair of elements a, b of S'a unique element c of S.

Partially ordered set: A partially ordered set (also termed as poset)
formalizes and generalizes the intuitive concept of an ordering, sequencing,
or arrangement of the elements of a set.

Equivalence relation: A relation R on a set 4 is called an equivalence
relation if R is reflexive, symmetric and transitive.

Algebraic structure: An algebraic structure consists of a non-empty set
A, termed as the underlying set, carrier set or domain. An algebraic structure
may be based on other algebraic structures with operations and axioms
involving several structures.
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¢ Subgroups: A non-empty subset H of a group G is said to be a subgroup

of G, if H forms a group under the binary composition of G.

3.16 SELF-ASSESSMENT QUESTIONS AND

EXERCISES

Short-Answer Questions

1.

_
S

I1.

A S A o

Define the term relation.

How will you representation of a relation by matrix?
Define the binary relation.

Give the properties of equivalence relation.

What is partition of set?

Differentiate between the countable and uncountable set.
What is an algebraic structure?

Define the group.

Give the concept of semi group.

State the theorem of subgroup.

Define the Kernel of /-

Long-Answer Questions

1.

® N U AW

Discuss the significance of relations and ordering properties giving
appropriate examples.

. Elaborate on the relation and their types with examples.

Explain in detail about the equivalence relation with their classes.

Discuss the algebraic structures by giving axioms and appropriate examples.
Describe the function by giving important theorems and examples.
Elaborate on the countable and uncountable set.

Discuss the group, subgroup and cyclic group.

Analyse the homomorphism and also prove the fundamental theorem of
homomorphism.
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44.1 Some Special Classes of Rings
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45.1 Some Important Theorems on Subrings
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4.15 Self-Assessment Questions and Exercises
4.16 Further Reading

4.0 INTRODUCTION

In linear algebra, the quotient of a vector space V by a subspace N is a vector
space obtained by ‘Collapsing’ N to zero. The space obtained is called a ‘Quotient
Space’ and is denoted V/N. A ring is a set which prepared with two operations
(usually referred to as addition and multiplication) that satisfy certain properties:
there are additive and multiplicative identities and additive inverses, addition is
commutative, and the operations are associative and distributive. In mathematics,
asubring of R is a subset of a ring that is itself a ring when binary operations of
addition and multiplication on R are restricted to the subset, and which shares the
same multiplicative identity as R.

In mathematics, a field is a set on which addition, subtraction, multiplication,
and division are defined and behave as the corresponding operations on rational
and real numbers do. A field is thus a fundamental algebraic structure, which is
widely used in algebra, number theory, and many other areas of mathematics.
Whereas the many subfields that fall under the umbrella of discrete mathematics,
there is combinatorics, graph theory and coding theory.

A vector space is a space in which the elements are sets of numbers
themselves. Each element in a vector space is a list of objects that has a specific
length, which said to be vectors. A linear transformation is a function from one
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vector space to another that preserves the operations of addition and scalar
multiplication. i.e., under a linear transformation, the image of a linear combination
of vectors is the linear combination of the images of the vectors having the same
coefficients. In mathematics, a set B of vectors in a vector space V is called a
basis if every element of V may be written in a unique way as a finite linear
combination of elements of B. In the theory of vector spaces, a set of vectors is
said to be linearly dependent if there is a non-trivial linear combination of the
vectors that equals the zero vector. If no such linear combination exists, then the
vectors are said to be linearly independent.

Vector spaces are the subject of linear algebra and are well categorised by
their dimension, which, roughly speaking, specifies the number of independent
directions in the space.

The algebra of Quaternions is a structure first studied by the Irish
mathematician William Rowan Hamilton which extends the two-dimensional
complex numbers to four dimensions. Multiplication is non-commutative in
quaternions, a feature which enables its representation of three-dimensional rotation.

In this unit, you will study about the quotient space, fields, rings, subring and
subfield, vector space, linear combination, linear dependence and independence,
basis of vector space, vector space of linear transformation, linear algebra, and
algebra of Quaternions.

4.1 OBJECTIVES

After going through this unit, you will be able to:
¢ Explain the meaning of quotient space
e Analyse the fields
¢ Describe the rings and their classes
¢ Discuss the vector space
e Interpret the linear combination
¢ Discuss the linear dependence and independence
e Describe the basis of vector space
¢ Elaborate on the vector space of linear transformation

e Explain the linear algebra, and algebra of Quaternions

4.2 QUOTIENT SPACES

In linear algebra, the quotient of a vector space V' by a subspace N is a vector
space obtained by ‘Collapsing” N to zero. The space obtained is called a quotient
space and is denoted V/N.

Definition: Let }be a vector space over a field K, and let N be a subspace of V.
We define an equivalence relation ~ on V by stating that x ~yifx—y € N. That
is, x is related to y if one can be obtained from the other by adding an element of



N. From this definition, one can deduce that any element of NV is related to the zero
vectors; more precisely, all the vectors in NV get mapped into the equivalence class
of the zero vector.

The equivalence class — or, in this case, the coset — of x is often denoted
Ix]|=x+N
Since it is given by,
[x]={x+n:n e N}.
The quotient space V/N is then defined as V/~, the set of all equivalence

classes over V'by ~. Scalar multiplication and addition are defined on the equivalence
classes by

e o[x]=[ox] forall a € K, and

o [x]+[D]=[x+yl
It is not hard to check that these operations are well-defined (i.e., do not
depend on the choice of representatives). These operations turn the quotient space
V/N into a vector space over K with N being the zero class, [0].

The mapping that associates to v € V'the equivalence class [v] is known as
the quotient map.

Alternatively phrased, the quotient space /N is the set of all aftine subsets
of V'which are parallel to V.

For examples Let X = R? be the standard Cartesian plane, and let Y be a
line through the origin in X. Then the quotient space X/Y can be identified with the
space of all lines in X which are parallel to Y. That is to say that, the elements of the
set X/Y are lines in X parallel to Y. Note that the points along any one such line will
satisfy the equivalence relation because their difference vectors belong to Y. This
gives a way to visualize quotient spaces geometrically. (By re-parameterising these
lines, the quotient space can more conventionally be represented as the space of
all points along a line through the origin that is not parallel to Y. Similarly, the
quotient space for R? by a line through the origin can again be represented as the
set of all co-parallel lines, or alternatively be represented as the vector space
consisting of a plane which only intersects the line at the origin.)

Another example is the quotient of R by the subspace spanned by the first
m standard basis vectors. The space R” consists of all n-tuples of real numbers
(x,, ...,x ). The subspace, identified with R, consists of all n-tuples such that the
last n — m entries are zero: (x, ..., x , 0,0, ..., 0). Two vectors of R” are in the
same equivalence class modulo the subspace if and only if they are identical in the
last n — m coordinates. The quotient space R”/R™ is isomorphic to R*™ in an
obvious manner.

More generally, if Vis an (internal) direct sum of subspaces U and W,
V=UeW
Then the quotient space V/U is naturally isomorphic to V.

An important example of a functional quotient space is a LP space.
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There is a natural epimorphism from V'to the quotient space ¥/U given by sending
x to its equivalence class [x]. The kernel (or nullspace) of this epimorphism is the

NOTES subspace U. This relationship is neatly summarized by the short exact sequence,

0=-U—=V-=V/U=0.

If U1is a subspace of V, the dimension of /U is called the codimension of
Uin V. Since a basis of /" may be constructed from a basis 4 of U and a basis B
of I'/U by adding a representative of each element of B to 4, the dimension of
is the sum of'the dimensions of Uand V/U. If Vis finite-dimensional, it follows that
the codimension of U'in Vis the difference between the dimensions of V" and U:

codim(U7) = dim(V/U) = dim(V) — dim(U).

Let T: V— Whbe alinear operator. The kernel of 7, denoted ker(7), is the
setofall xin V'suchthat T =0. The kernel is a subspace of V. The first isomorphism
theorem for vector spaces says that the quotient space }V7/ker(7) is isomorphic to
the image of V'in W. An immediate corollary, for finite-dimensional spaces, is the
rank—nullity theorem: the dimension of Vis equal to the dimension of the kernel
(the nullity of 7)) plus the dimension of the image (the rank of 7).

The cokernel of a linear operator 7: V' — Wis defined to be the quotient
space W/im(T).

In abstract algebra, the field of fractions or field of quotients of an integral
domain is the smallest field in which the integral domain can be embedded. The
elements of the field of fractions of the integral domain R have the form a/b with
aand b in R and b 0. The field of fractions of the ring R is denoted by Quot(R) or
Frac(R). This is referred as the quotient field, field of fractions or fraction field.

If R is any commutative ring without zero divisors and at least one non-zero
element e, then one can construct the field of fractions Quot(R) of R as the set of
equivalence classes of pairs (n, d), where n and d are elements of R and disnot 0,
and the equivalence relation given by (n, d) is equivalent to (m, b) if and only if
nb=md. The sum of the equivalence classes of (n, d) and (m, b) is the class of
(nb + md, db) and their product is the class of (mn, db). The embedding is given by
mapping 7 to the equivalence class of (en, ). This embedding does not depend on
the choice of e. If R is an integral domain then (en, ) will be equivalent to (n, 1).

The field of fractions of R is characterized by the universal property that if
f: R— Fisaninjective ring homomorphism from R into a field F'then there exists
aunique ring homomorphism g : Quot(R) — F which extends 1.

Example 4.1: Let D be an integral domain. Let 'be a field, s.t., ' < D. Suppose
unity 1 of F'is also unity of D. Then D can be regarded as a vector space over
F. Show that D is a field if [D : F] = finite.

Solution: Let [D : F]=r. Let {a, ..., a } be a basis of D over F.
Let 0 # a € D. We show that a is invertible. Consider {aa,, ..., aa,}.
Let a,(aa,)) + ... + o (aa) =0, 0 € F.
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Then a(a’lal + ...+ O(’rar) =0 Rings and Fields
= oya, +..+taa =0,asa#0andD is an integral domain.
= o,=0foralli=1,..,ras {ay,..,a,.} is linearly independent
over F. NOTES

= {aa,,...,aa,} is linearly independent over F.
But[D: F]=r = {aa,, .., aa,} is abasis of D over F.
leD = 1=Baa, +..+Baa, B, eF
=aBa, +..Ba)
=ab, b=Ba, +..+Ba €D
= aisinvertible.
= Disafield.
Algebraic Extensions
Suppose K is an extension of F and a € K.
Let Fla] = {f(a) | f(x) =ay + ax + .. +ax" € F[x]}, a eF
then as f(a) =a, + aa + .. +a a" € K, we find Fla] c K
One can show that F[a] is an integral domain.

Let E be its field of quotients. Then E is the smallest field containing Fa].
We show

Fla]c F(a) C E.
Now x=0+1x+0x*+.. € F[x] and so
a=0+1la+0d*+ .. e Fla
ie., a € FlalcE
Again if a € F' be any element then
a=o+0x+0x?+ .. eFx]
givesa € Fla] or that Fc Flal]c E
Hence F(a) c E, as F(a) is the smallest field containing /' and a.
If f(a) € F [a] be any member where
fl@=a,taat+..tad, o eF
then as a € F(a), o. € F < F(a), we find f(a) € F(a)
Hence Fla] < F(a) and so
Flalc F(a)c E
But £ is the smallest field containing F [a].
.. E < F(a). Hence F(a) = E.

So, we have explicitly determined the field F(a). It is the field of quotients
of Fla].

We write, F(a) = {%g(a) 20, f(x), g(x)e F[x]}
g(a
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In general, one can show that

g(ay,....a,) g(xy, ..., x,) € Flx]

A natural question arises. When is Fa] = F(a)? To answer this, we first
define what is an algebraic element. Let K be an extension of F. a € K is said
to be algebraic over F if 3 non-zero polynomial f'(x) € F[x], s.t., f(a) = 0.

Fay ma)= {f(al_m el ay 0. G xn)eF[x]}

Otherwise, it is called transcendental element. For example, V2 eR=real field,

is algebraic over Q =rational field as /2 satisfies non-zero polynomial f (x) =
x*> -2 € Q[x]. However, , e € R are not algebraic over Q. An extension K
of F'is called an algebraic extension if every a € K is algebraic over F.

If for some a € K, a is not algebraic over F, then K is called transcendental
extension of F. For example, R is transcendental extension of Q. We shall see in
the following theorem that finite extensions are algebraic. So, C = the field of
complex numbers is algebraic over Ras [C : R] =2, {1, i} being a basis of C
over R.

We sometimes use the notation K/F to express the fact that K is an extension
of F. Similarly, K/F is algebraic would mean K is an algebraic extension of F.

Theorem 4.1: A field is an integral domain.
Proof: Let<R,+,.>be afield, then R is a commutative ring.

Let ab =0 in R. We want to show either @ =0 or » = 0. Suppose a # 0,
then ¢! exists (definition of field)

thus ab=20
= al(ab)=a'0
= b=0.

which shows that R is an integral domain.

Remark: Similarly we can show that a division ring is an integral domain and
thus has no zero divisiors.

A ‘partial converse’ of the above result also holds.
Theorem 4.2: A non-zero finite integral domain is a field.
Proof: Let R be anon-zero finite integral domain.
Let R’ be the subset of R containing non zero elements of R.

Since associativity holds in R, it will hold in R'. Thus R’ is a finite semi-
group.

Again cancellation laws hold in R (for non zero elements) and therefore,
these holdin R'.

Hence R’ is a finite semi-group w.r.t. multiplication in which cancellation
laws hold.

. <R', . > forms a group. Note closure holds in R" as R is an integral
domain.



In other words <R, +, - > is a field (it being commutative as it is an integral
domain).

Aliter: LetR= {a, a,, ...., a,} be a finite non-zero integral domain. Let

0 #a € R be any element then aa, aa,, ....., aa, areall in R and if aa, = aa;
for some i #, then by cancellation we geta, = a, which is not true. Hence aa,,
aa,, ..., aa, are distinct members of R.

Since a € R, a = aa, for some i
Let x € R be any element, then x = aa; for some j
Thus ax = (aa)x = a(ax)
ie., X =ax
Hence using commutativity we find
X=ax = xa,
or that a, is unity of R. Leta, = 1
Thus for 1 € R, since 1 = aa, for some k

We find a, is multiplicative inverse of a. Hence any non-zero element of
R has multiplicative inverse or that R is a field.

Example 4.2: An infinite integral domain which is not a field is the ring of integers.

Definition: A ring R is called a Boolean ring if x> = x for all x € R.

4.3 FIELDS

A commutative division ring is known as a field. For example, set of rational
numbers, set of real numbers and set of complex numbers under operation of
addition and multiplication are field.

Note: Every non-zero elements of set of integers Z has no multiplicative inverse in
Z. So set of integers is not a field.

Suppose F is a non-empty set having atleast two elements together with
two binary operations defined by addition and multiplication. Then,
(F, +, .) is said to be a field if the following properties hold true for all
a, b, ceF

(1) Fisclosed with respect to addition, i.e.,a +beF
(i) Addition is associative.i.e.,(a+b)+c=a+(b+c)

(i) Existence of additive identity, i.e., for all a e F, there exists an additive
identity Oe Fsuchthat0+a=a+0=a

(iv) Addition is commutative,i.e.,a+b=b+a

(v) Existence of additive inverse, i.e., for every a € F, there exists —a € F such
thata+ (—a)=—-a+a=0

(vi) Fisclosed with respect to multiplication, i.e.,a.b € F
(vit) Multiplication is associative, i.e., a.(b.c) = (a.b).c
(vii)) Multiplication is distributive with respect to addition, i.e.,
abtc)y=ab+acand(b+c).a=b.a+c.a
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(ix) Multiplication is commutative, i.e.,a.b=>b.a

(x) Existence of multiplicative identity, i.e., forall @ e F there exists multiplication
identity 1 € Fsuchthata.1=1.a=a

(x1) Existence of multiplicative inverse, 1.e., for every non-zero a e F, there exists

1 1 1
— e Fsuchthata.—= —.a=1.
a a a

Theorem 4.3: Every field is an integral domain.
Proof: Let (R, ;) be a field. Then R is a commutative ring. Let a# 0. Then, a™
exists (by definition of field)
Lab=0=a'(ab)=a'0= (a'a)p=0=(1b)=0=b=0
Suppose b # 0 and ab = 0, then
ab=0= (ab)b'=0b"=a(bb)=0=a.1=0=a=0
S Inafield,ab=0=a=00rb=0
Thus, a field has no zero divisors and hence every field is an integral domain.

Note: Every integral domain is not a field since ring of integers is an integral
domain but it is not a field.

Theorem 4.4: A skew field or a division ring has no zero divisors.

Proof: Suppose F is a skew field. Thus, F is aring which has unit element and its
non-zero elements have multiplicative inverse. Let F have two elements a, b such
that ab =0.

Case I: Whena #0
soa'lexistsanda! e F
Pre-multiplying ab=0bya™, we get
a'lab=a'0=1b=0=b=0
Thus, b=0whena =0
Case II: When b #0
o blexistsand b!' e F
Post-multiplying ab =0 by b, we get
(ab).b'=0b"=abb'=0=a1=0=a=0
Hence,ab=0=a=0o0rb=0
Therefore, a skew field has no zero divisors.
Example 4.3: Give an example of a ring which is not an integral domain.

Solution: The set ({0, 1,2, 3,4, 5}, +, % ) isacommutative ring. Let R = {0, I,
2,3,4,5}

Composition table for +,



+6 0 1 2 3 4 5
0 0 1 2 3 4 5
1 1 2 3 4 5 0
2 2 3 4 5 0 1
3 3 4 5 0 1 2
4 4 5 0 1 2 3
5 5 0 1 2 3 4

Composition table for <
X6 0 1 2 3 4 5
0 0 0 0 0 0 0
1 0 1 2 3 4 5
2 0 2 4 0 2 4
3 0 3 0 3 0 3
4 0 4 2 0 4 2
5 0 5 4 3 2 1

Closure law: (i) Since all the entries in the composition table of addition are
element of R, hence R is closed under addition modulo 6.

(i1) Since all the entries in the composition table of multiplication are element
of R, hence R is closed under multiplication modulo 6.

Associative law: (i) Let @, b, c are any three elements of R. Then
at(b+c)=a+(b+c)
= least non-negative remainder when a + (b + ¢) is divided by 6.
= least non-negative remainder when (a + b) + c is divided by 6.
=(a+tb)tc=(a+tb)+c
Thus the composition +, is associative.
(i1) Let a, b, c are any three elements of R. Then
ax (bx c)=ax/|bc)
= least non-negative remainder when a(bc) is divided by 6.
= least non-negative remainder when (ab)c is divided by 6.
=(ab) xc=(ax b)* . c
Thus the composition %, is associative.

Existence of identity: Since 0+, a=a=a+,0 forall aeR, therefore 0eR is an
additive identity.

Existence of inverse: We can easily observe from the table that the inverses of
0,1,2,3,4,5are0, 5,4, 3,2, 1 respectively. Thus, the additive inverse exists.
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Commutativelaw: a+, b =0+, aforall a, beR.

Distributive law: Let a, b, ¢ be any three elements of R. Then
ax(b+c)=ax(b+c)
= least non-negative remainder when a(b + ¢) is divided by 6.
= least non-negative remainder when ab + ac is divided by 6.
= (ab) +ac=(a %)+, (a* c)
Similarly, (b +,.) X, a= (b, a)+,(c X a)
Thus R is a ring with respect to the given composition.

From the table, we have a X, b = b X a for all a, b e R. Thus, R is a
commutative ring.

Also,wehave 1 X a=a=ax_1foralla e R. Thus, R is a commutative
ring with unity.

Again from the table, 2 X 3=0but2 # 0 and 3 # 0 in R. Thus, R is not an
integral domain.

Example 4.4: Give an example of a skew field which is not a field.

a
Solution: Let M be a set of matrices of form L d} , where a, b, c, d are real

numbers.

Closure law: (i) The closure law of addition is satisfied because the sum of two
members of M is also a member of M.

(i1) The closure law of multiplication is satisfied because the
product of two matrices of type 2 x 2 is a matrix of type 2 x 2,i.e., A, Be M=
AB eM

Associative law: 1)) A+ (B+C)=(A+B)+C
(i) A(BC)=(AB)C forallA,B,C e M

0 0

0 0:|€M,A€M

Existence of Identity: (i) For O :[

O +A=A+ 0O =A.Therefore, identity for addition exists.

1 0
(i1) For1=[o J e M,Ae M
LA=A.I=A.Therefore, identity for multiplication exists.
Existence of inverse: (i) There exists a matrix —A € M for every A € M such

that—-A+A=0, ,

a b

c d} is anon singular matrix for which A~'e M exists.

(i) Let A= [

Also, AT A=A . A'=1L

Thus, each non singular matrix possesses inverse.



Commutative law: ForallA,Be M,A+ B=B+A Rings and Fields
Distributive law: For all matrices A, B, C e M,

A.B+C)=AB+A.Cand (B+C).A=B.A+C.A

Hence (M, +, .) is a skew field. NOTES

Now, we know that matrix multiplication is not commutative, i.e., AB #
BA. Thus, (M, +, .) is a skew field but not a field.

Example 4.5: Prove that ({0, 1,2, 3,4}, +_, %) is a field.

575

Solution: Composition table for addition modulo 5:

+5 0 1 2 3 4
0 0 1 2 3 4
1 1 2 3 4 0
2 2 3 4 0 1
3 3 4 0 1 2
4 4 0 1 2 3

Composition table for multiplication modulo 5:

Xs 0 1 2 3 4
0 0 0 0 0 0
1 0 1 2 3 4
2 0 2 4 1 3
3 0 3 1 4 2
4 0 4 3 2 1

LetA=1{0,1,2,3,4}
Closure property: (i) We have a +, b is amember of A forall a, b € A.
.. Alis closed under the composition addition modulo 5.
(ii) We have a %, b isamember of Aforall a, b € A.
.. Ais closed under the composition multiplication modulo 5.
Associative law: (i) Let @, b, ¢ are any three elements of A. Then
at, (b+,c)=a+ (b+c)=(a+b)+t,c=(a+,b)+,c
Thus the composition +; is associative.
(i1) Let a, b, c are any three elements of A. Then
ax, (bx,c)=ax,(bc)=(ab) *,c=(ax b)*c
Thus the composition X, is associative.
Existence of identity: (i) Foralla € A, wehavea+,0=a=0+,a

.0 € Ais additive identity.

Self - Learning
Material 177



Rings and Fields

178

NOTES

Self - Learning
Material

(i) Foralla e Aand 1 e A,wehaveax,1=a=1X%,a
.1 € Ais multiplicative identity.
Existence of inverse: (i) As0 +,0=0,
1+.4=0=4+1,
2+.3=0=3+2
Hence, additive inverse of each element exists.
(i) As1x,1=1,2x3=1=3x,2,4x.4=1
Hence, multiplicative inverse of each non-zero element of A exists.

Commutative law: Since the entries in the corresponding row and columns of
both the table are identical, hence the compositions are commutative.
Distributive law: Let a, b, ¢ are any three elements of A. Then

ax (b+,c)=ax,(b+c)=(ab)+,ac=(ax,b)+, (ax, c)

Similarly, (b+,c) x;a=(b*,a)+, (c %, a)

Thus, the set (A, +, X,) is a field.

55

Example 4.6: Show that if S = {a +b3:a,be Q} ,then (S, +,.)isafield.
Solution: Closure law: (i) Let p = q, + bl\/§ ,wherea ,b €Q
g=a, +b,\/3,wherea, b, € Q

L ptg=(a tay)+ (b ’Lbz)\/§
Since,a +a, b+ b, € Q,thereforep+g € S

Thus, S is closed under addition.
(i) Let p =, +b~/3, wherea , b, € Q
g=a, +b,\3,wherea, b, € Q
°. pq = (Cll + bl\/g)(az + b2 \/g) = (alaz + 3b1b2) + (albz + azbl )\/g

Now, since a,a, +3bb, , a;b, + a,b, are rational numbers, therefore

pgqeES
Thus, S is closed under multiplication.

Existence of identity: (i) Let p=q + b/3

Forp € S, we have (0+0\/§)+(a+b\/§)=a+b\/§=(a+b\/§)+ (O+O\/§)
Thus,  + 04/3 is the additive identity.
(i) Let p=a+by3and (1+043)es

We have (1+0\/§).(a+b\/§)=a+b\5=(a+b\5).(1+0ﬁ)



Thus, 1 + 04/3 is the multiplicative identity.

Associative law: (1) As we know that elements of S are real numbers and addition
of real numbers is associative. Thus, forallp,q,r € S,p+(g+r)=(@p+q)+r

(i1) As we know that elements of S are real numbers and multiplication of
real numbers is associative. Thus, forall p, g, » € S, p.(qr) = (pq). r

Existence of inverse: (i) Let p = q + b/3 . Then forx € S, there exists —g — /3
such that (@ +5v3)+(-a—533)=0+0y3 =(-a b3} + (a+ b3

Thus, additive inverse exists.

(i) Let p=a + b+/3 be a non-zero element of S. Then atleast one of
a and b isnot 0.

1 1 a—ng a—ng

R RN - B RN ) PRAVES RS

a ng

= — #0
a* -3b* &% -3b*

p,i:(a+bﬁ).( ‘ bﬁ]

a2 =30 4° —3p>

a® —3b?
T3 =1=1+0+/3 =identity element

Commutative law: Forallp,g € S,p+g=g+pandp.g=q.p
Thus, each non-zero element of S has a multiplicative inverse.

Distributive law: As we know that elements of S are real numbers and real
numbers follow distributive law. Thus, forall p, ¢, » € S, p.(q +r)=p.q + p.r and

(qtr)p=qp+rp
Thus, (S, +, .)is a field.

a b
Example4.7: LetR = {0 0} ,a,be R} . Prove that R is non-commutative

ring without identity under usual addition and multiplication.

a b c d
Solution: Closure law: (i) Let [0 0} , {0 0} eR.,a,b,c,deR

a b c d a+b c+d
Then, |, olTo ol=| o 0

) a+b c+d
Sincea+b,c+deR = 0 0o |€R
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a b c d
(ii)LetA=[o 0},B={0 0}6R,a,b,c,deR

a blle d ac ad
Then, AB= 0 ollo ol= 1o 0

ac ad
Since ac, adeR = 0 o |€R

Existence of identity: (i) O+ A=A=A+ 0O forallAcR
.. Null matrix O of type 2 x 2 is an additive identity of R.

1 0
(i1) The multiplicative identity of R, unit matrix [ = [ 0 J ¢R
.. Multiplicative identity does not exist in R.
Existence of inverse: (-A) +A=0, ,=A+(-A)
.. Forevery Ae R , inverse (—A) exists.

o . a b c d e f
Associative law: (i) [fA= 0 0 ,B= 0 0 ,C= ,

then,A+(B+C)=(A+B)+C
Thus, associative law exists for addition of matrices.
(i) Forall A, B, C € R ,A(BC)=(AB)C
Thus, matrix multiplication is associative
Commutative law: (i) Forall A, Be R, it can be easily seenthat A + B=B +A.

Thus, commutative law exists for the addition of matrices.

0 0 0

a bllc d ac ad
Then, AB= 0 ollo ol=l o 0

c dl||a b ac bc
BA= 0 0110 0] |0 0
.. AB#BA

Distributive law: A.(B+C)=A.B+A.Cand (B+C).A=B.A+C.AforA,B,
CeR

a b c d
(ii)LetAZ[o },BZ{ }eR,a,b,c,deR

Thus, R is a non-commutative ring without identity under usual addition and
multiplication.



Example 4.8: Prove that the set R of all real valued continuous functions defined Rings and Fields
on the closed interval [0, 1] is commutative ring with unity with respect to the
addition and multiplication of functions defined point wise as follows:

(a+b)(x) = a(x) + b(x) NOTES
(ab)(x) = a(x).b(x), where a, b are two members of R.

Solution: Let a be areal valued function defined on [0, 1]. Then a(x) will also be
areal number whenx € [0, 1].

Properties Under Addition

Closure Law: (i) We have for all a, b € R, (a + b)(x) = a(x) + b(x) = Sum of two
real numbers = Real number

Also, given that a + b is a continuous function on [0, 1]. Thus,
(a+b)eR and hence R is closed with respect to addition.

(i1) We have for all @, b € R (a.b)(x) = a(x).b(x) = Product of two real
numbers = Real number

Also, given that a. b is a continuous function [0, 1]. Thus, R is closed under
multiplication.
Existence of Identity: (i) Let ceR be a function such that for all x€[0, 1],
c(x)=0

so(a+ o)(x) = al(x) + c(x) = a(x) + 0 = a(x) for each aeR

Similarly (¢ + a@)(x) = a(x). Thus,c+a= a= a+c

= ceRisadditive identity.

(i1) Let #(x) = 1 be a function for all x€ [0, 1]

tis a continuous and real valued function defined on [0, 1].

.. teR and for each aeR, we have

(a.t)x = a(x).t(x) = a(x).1 = a(x) = (t.a)x

.. teR isamultiplicative identity of R.
Associative Law: (i) For x€[0, 1] and a, b, ceR, we have

[(@+b)+cl(x)=(a+b)x+cx)

=a(x) + b(x) + c(x) = a(x) + [b(x) + cx)] =[a + (b + o)]x

Thus, [(a+b)+c]=[a+ (b+ )]

(i) Forall x€[0, 1] and a, b, ceR, we have

[a (bc)](x) = a(x).(bc)(x)

= a(x).b(x).c(x) = [a.b](x).c(x) = [(a.b).c)](x)

.. a(bc)= (ab)c Thus, R is associative under multiplication

Existence of Inverse: Let function —a be such that (—a)(x) = —a(x) for all
xe€[0, 1]

..—aeR and hence for each a€R, there exists —a€R such that
(—a + a)(x) =—a(x) + a(x) =0 = c(x)

So—ata=c=a+(—a)
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Rings and Fields Thus, (—a) is additive inverse of a.
Commutative Law: Forall a, b € R, we have
(a.b)(x) = a(x).b(x) = b(x).a(x) = (b.a)(x)

NOTES Soa.b= b.a

Thus, R is commutative with respect to multiplication.
Distributive Law: Forall a, b, c € R, [a.(b + ¢)](x) = a(x).(b + ¢)(x)

= a(x).[b(x) + c(x)]

= a(x). b(x) + a(x). c(x) = ab(x) + ac(x) = (ab + ac)(x)

=a(btc)=ab+tac

Similarly we can prove that (b +c¢). a= b.a+c.a

Thus, R is acommutative ring with unity.

Definition: (Field Axioms) A4 field is a set F with two operations, called addition
and multiplication which satisfy the following axioms (A1-5), (M1-5) and (D).

(A)Axioms for Addition

AD) x,yeF=>x+yeF

(A2) x+y=y+xforallx,y € F (Addition is commutative)

(A3) (x+y)+z=x+(y+z)forallx,y,z € F (Addition is associative)
(A4) F contains an element 0 such that 0 + x = x for every x € F.

(A5) For each x € F there is an element —x € F such that x + (—x) =0.
(M) Axioms for Multiplication

Ml)x,ye F=>xyeF

(M2) xy=yx forall x,y € F (Multiplication is commutative)

(M3) (xy)z=x(yz) forallx, y, z € F (Multiplication is associative)

(M4) F contains an element 1 6=0 such that 1x=x for everyx € F.
(M5) For each 0 6=x € F there is an element 1/ x € F such that x (1/x) = 1.

4.4 RINGS

Definition: A non empty set R, together with two binary compositions +and .
is said to form a Ring if the following axioms are satisfied:

@a+b+c)y=(a+b)+c foralla,b,c e R
@ya+b=b+a fora,beR
(i) 3 some element O (called zero) in R, s.t.,a+0=0+a=aforalla € R
(iv) foreach a € R, 3 an element (—a) € R, s.t.,a+(—a)=(-a)ta=0
Wa.(b.c)=(@.b).c foralla,b,c eR
via.(b+c)=a.b+a.c

(btc).a=b.a+c.a foralla,b,c eR
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Remarks: (a) Since we say that + and . are binary compositions on R, it is
understood that the closure properties w.r.t. these hold in R. In other words, for
alla,b € R,a+ banda . b are unique in R.

(b) One can use any other symbol instead of +and ., but for obvious reasons,
we use these two symbols (the properties look so natural with these). In fact, in
future, the statement that R is a ring would mean that R has two binary compositions
+ and . defined on it and satisfies the above axioms.

(c) Axiom (v) is named associativity w.r.t. . and axiom (vi) is referred to as
distributivity (left and right) w.r.t. . and +.

(d) Axioms (i) to (iv) could be restated by simply saying that < R, +> forms
an abelian group.

(e) Since 0 in axiom (i) is identity w.r.t. +, it is clear that this element is unique
(see groups).

Definitions: A ring R is called a commutative ring if ab = ba for all a, b € R.
Again if Fanelemente € R, s.t.,
ae=ea=a forallaeR

we say, R is aring with unity. Unity is generally denoted by 1. (It is also called
unit element or multiplicative identity).

It would be easy to see that if unity exists in a ring then it must be unique.
Remark: We recall that in a group by a® we meant @ . « where “.” was the binary
composition of the group. We continue with the same notation in rings as well. In
fact, we also introduce similar notation for addition, and shall write na to mean
a+a+ ..+ a(ntimes), n being an integer.

Example 4.9: Sets of real numbers, rational numbers, integers form rings w.r.t.
usual addition and multiplication. These are all commutative rings with unity.
Example 4.10: Set E of all even integers forms a commutative ring, without unity
(under usual addition and multiplication).

Example 4.11: (a) Let M be the set of all 2 X 2 matrices over integers under
matrix addition and matrix multiplication. It is easy to see that M forms a ring with

. 1 0 . .
unity {0 1}, but is not commutative.

. b . .
(b) Let M be set of all matrices of the type [g 0] over integers under matrix
addition and multiplication. Then M forms a non commutative ring without unity.

Example 4.12: The setZ,={0, 1,2, 3,4, 5, 6} forms aring under addition and
multiplication modulo 7. (In fact, we could take » in place of 7).

Example 4.13: The set R = {0, 4, 6} under addition and multiplication modulo
6 forms a commutative ring with unity. The composition tables are

S

M|
ol
N ol A~
NN RS R-ANO)
ol ool o
N Ao
Ao~

0
2
4
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Since004=0,20 4=2,40 4 =4, we notice 4 is unity of R.
Example 4.14: Let F be the set of all continuous functions /: R — R, where

R =set of real numbers. Then F forms a ring under addition and multiplication
defined by:

for any fgeFlF
(f+gx=fix)y forallx e R
(fg)x = fix)g(x) forallx e R

zero of this ring is the mapping O:R > R, sit,

Ox)=0forallx e R
Also additive inverse of any f/ € F'is the function (—f) : R > R, s.t.,
N =-f()

In fact, F would have unity also, namely the function i : R — R defined by

i(x)=1 forall x € R.

Remark: Although the same notation fg has been used for product here it should
not be mixed up with fog defined earlier.

Example 4.15: Let Z be the set of integers, then Z[i] = {a +ib | a, b € Z} forms
aring under usual addition and multiplication of complex numbers. a + ib where
a, b € Zis called a Gaussian integer and ZJ[{] is called the ring of Guassian integers.

We can similarly get Z [] the ring of Gaussian integers modulo 7. For instance,
ZJil={a+ib|a,be Z;= {0, 1,2} mod 3}
={0,1,2,i, 1 +i,2+14,2i, 1 +2i,2+ 2i}
Example 4.16: Let X be a non empty set. Then P(X) the power set of X (i.e.,
set of all subsets of X) forms a ring under +and - defined by
A+B=(AuUB)-(ANB)
A.B=ANB

In fact, this is a commutative ring with unity and also satisfies the property
A*=A for all 4 € P(X).

Example 4.17: Let M = set of all 2 x 2 matrices over members from the ring of
integers modulo 2. It would be a finite non commutative ring. M would have 2*

a

. . b .
= 16 members as each element a, b, ¢, d in matrix { d} can be chosen in 2

c

ways. Compositions in M are given by
[a b_+ x oyl _ a®x b®y
lc d| |z u c®z dOu
where @ denotes addition modulo 2 and

(a b[x _ a®xDb®z a®y®b®u
lc d] cXxDPId®z c®yD®d®u

zZ U

& being multiplication modulo 2.

. . 1 110 O 11
That M is non commutative follows as L 1}[1 J = L J
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Example 4.18: Let R = {0, a, b, c}. Define + and . on R by

+ 0 a b c . 0 a b c NOTES
0 0 a b c 0O 0 0 0 o0
a a 0 ¢ b a 0 a b c
b b ¢ 0 a b 0 a b c
c ¢ b a O c 0 0 0 O

Then one can check that R forms a non commutative ring without unity. In fact
itis an example of the smallest non commutative ring.

4.4.1 Some Special Classes of Rings

Theorem 4.5: In a ring R, the following results hold
@a.0=0.a=0 forallae R
(@) a(-b) = (—a)b =—ab forall a,b € R
(iii) (—a) (-b)=ab.V a,b € R
(ivy alb—c)=ab—ac. Y a,b,c € R
Proof: (i)a.0 =a.(0+0)
= a.0=a.0+a.0
= a.0+0=a.0+a.0
= 0=a.0
using cancellation w.r.t + inthe group <R, +>.
(i)a.0=0
= a(-b+bh)=0
= a(=by+ab=0
= a(—b)=-(ab)
similarly (— a) b=—ab.
(@ii) (—a) (= b)=—[a (= b)] =—[-ab] = ab
(Ma-c)=ab+ (o)
=ab+a(-c)
=ab — ac.

Remarks: (i) If R is a ring with unity and 1 = 0, then since for any a € R,
a=a.l =a.0=0,we find R = {0} which is called the #rivial ring. We generally
exclude this case and thus whenever, we say R is a ring with unity, it will be
understood that 1 # 0 in R.

(i7) If n, m are integers and a, b elements of a ring, then it is easy to see that
n(a + b)=na + nb

(n + m)a= na + ma
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(nm)a = n(ma)
am an — am +n

(a™)" = a™" (see under groups).
Example 4.19: Let <R, +, .> be aring where the group <R, +> is cyclic. Show
that R is a commutative ring:

Solution: Let < R, + > be generated by a. Let x, y € R be any two elements,
then x = ma, y = na for some integers m, n.
Now xy = (ma)(na)
=(ata+.ta)ata+..+a)
m times n times
= (mn)a® = (nm)a* = (na)(ma) = yx

We are so much used to the property that whenever ab = 0 then either a=0
or b =0 that it may need more than a bit of convincing that the result may not
always be true. Indeed in the ring of integers (or reals or rationals) this property
holds. Butif we consider the ring of 2 x 2 matrices over integers, we notice, we
can have two non zero elements 4, B, s.t, AB=0, but A # 0 B # 0. In fact, take

0

A=[O 1} andB=[2 0} thenAiO,B¢0.ButAB=[ O]Weformalise
0 0 0 0 0 0

this notion through

Definition 1: Let R be aring. An element 0 # a € R is called a zero-divisor,
ifdanelement 0 #b € R, s.t., ab=0 or ba = 0.

Definition 2: A commutative ring R is called an Integral domain if ab =0 in
R = either a =0 or b = 0. In other words, a commutative ring R is called an
integral domain if R has no zero divisors.

An obvious example of an integral domain is <Z, +, - > the ring of integers
whereas the ring of matrices, talked about above is an example of a ring which
is not an integral domain. Again, Z % Z will not be an integral domain.

Remark: Some authors do not insist upon the condition of commutativity as a
part of the definition of an integral domain. One can have (see examples 4.20,
4.21 ahead), non commutative rings without zero divisors.

The following theorem gives us a necessary and sufficient condition for a
commutative ring to be an integral domain.

Theorem 4.6: A commutative ring R is an integral domain iff forall a, b, c € R
(@a#0)

ab=ac = b=c.

Proof: Let R be an integral domain

Let ab =ac (a#0)
Then ab—ac=0

= alb-c)=0

= a=0or b—c=0



Since a+0,wegeth=c. Rings and Fields
Conversely, let the given condition hold.

Let a, b € R be any elements with a # 0.

Suppose  ab =0 NOTES
then ab=a.0
= b =0 using given condition

Hence ab =0 = b =0 whenever a # 0 or that R is an integral domain.

Remark: A ring R is said to satisfy left cancellation law if for all a, b, c € R,
a+0

ab=ac = b=c.

Similarly we can talk of right cancellation law. It might, of course, be noted
that cancellation is of only non zero elements.

Definition 1: An element a in a ring R with unity, is called invertible (or a unit)
w.r.t. multiplication if 3 some b € R such that ab =1 = ba.

Notice, unit and unit element (unity) are different concepts and should not be
confused with each other.

Definition 2: A ring R with unity is called a Division ring or a skew field if non
zero elements of R form a group w.r.t. multiplication.

In other words, a ring R with unity is a Division ring if non zero elements of
R have multiplicative inverse.

Definition 3: A commutative division ring is called a field.

Real numbers form a field, whereas integers do not, under usual addition and
multiplication. Since a division ring (field) forms groups w.r.t. two binary
compositions, it must contain two identity elements 0 and 1 (w.r.t. addition and
multiplication) and thus a division ring (field) has at least two elements.

Example 4.20: A division ring which is not a field. Let M be the set of all
. b _
2 x 2 matrices of the type[ % _] where a, b are complex numbers and a, b
— a
are their conjugates, i.e., if a =x + iy then @ =x—1iy. Then M is aring with unity

1 0 . .. . c e .
{0 J under matrix addition and matrix multiplication.

. +i +i
Any non zero element of M will be * l),} ! l.v
—(u—-iv) x-—iy
where x, y, u, v are not all zero.

x—1iy u+iv

One can check that the matrix | ¥ ) k'
u—1iv  x+iy
k k
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where k=x+)? +u* +1*, will be multiplicative inverse of the above non zero
matrix, showing that M is a division ring. But M will not be a field as it is not
commutative as

N R
I A W R

Example 4.21: Consider

D={a+bi+cj+dk|a,b,c, de R} withi?=;?>=k*=—1, then D forms
aring.

Two elements a + bi + ¢j + dk and @’ + b'i + ¢'j + d'k are equal ift a=d’,
b=b,c=c,d=4d.

Addition and multiplication on D are defined by

(a+bi+tc+dk)y+ @ +bi+cj+dk)y=@+ad)+B+b)i+(c+c)y
+(d+ d)k

And
(a+bitcj+dk)(a +bi+cj+dk)=(aa —bb —cc' —dd) + (ab' + ba'
+cd —dc')i + (ac' — bd' + ca' — db")j + (ad' + bc' — ab" + da')k

The symbol + in the elements of D is just a notation and is not to be a confused
with addition in real numbers. We identify element o + 1i + oj + ok by i and so on.

Thussince i=0+1i+0j+ 0k

j=0+0i+1j+ 0k

We have ij =k, ji = —k, etc., In fact that shows that D is non commutative. D
has unity 1 =1+ 0i + 07 + 0k

If a + bi + ¢j + dk be any non zero element of D (i.e., at least one of a, b,
(a—bi—cj—dk) _

1.
a?+b* + P +d?

¢, d is non zero) then (a + bi + ¢j + dk)

Hence D is a division ring but not a field.
The elements of D can also be written as quadruples (a, b, ¢, d).
This ring D is called the ring of quaternions.

Theorem 4.7: A field is an integral domain.

Proof: Let<R,+,.>be afield, then R is a commutative ring.

Let ab=01in R. We want to show either a =0 or b = 0. Suppose a # 0, then
a ! exists (definition of field)

thus ab=10
= al(ab)=a'0
= b=0.

which shows that R is an integral domain.



Remark: Similarly we can show that a division ring is an integral domain and
thus has no zero divisiors.

A ‘partial converse’ of the above result also holds.
Theorem 4.8: A non zero finite integral domain is a field.
Proof: Let R be anon zero finite integral domain.
Let R’ be the subset of R containing non zero elements of R.
Since associativity holds in R, it will hold in R". Thus R’ is a finite semi group.

Again cancellation laws hold in R (for non zero elements) and therefore, these
holdinR'.

Hence R’ is a finite semi group w.r.t. multiplication in which cancellation laws
hold.

.. <R',.>forms a group. Note closure holds in R’ as R is an integral domain.

In other words <R, +, - > is a field (it being commutative as it is an integral
domain).

Aliter: LetR = {a,, a,, ...., a,} be a finite non zero integral domain. Let 0 # a
€ Rbe any element then aa,,aa,, .....,aa, areallin R and if aa,= aa, for some
i #j, then by cancellation we geta, = a, which is not true. Hence aa, aa,, ...,
aa, are distinct members of R.

Since a € R, a = aa, for some i
Let x € R be any element, then x = aa; for some j
Thus ax = (aa)x = a(ax)
ie., xX=ax
Hence using commutativity we find
X=ax = xa,
or that a, is unity of R. Leta, = 1
Thus for 1 € R, since 1 = aa, for some k

We find a, is multiplicative inverse of a. Hence any non zero element of R has
multiplicative inverse or that R is a field.

Example 4.22: An infinite integral domain which is not a field is the ring of integers.
Definition: A ring R is called a Boolean ring if x> = x for all x € R.

Example 4.23: The ring {0, 1} under addition and multiplication mod 2 forms
aBoolean ring.

Example 4.24: Show that a Boolean ring is commutative.
Solution: Let a, b € R be any elements
Then a+ b € R (closure)
By given condition
(@a+b¥=a+b
= d?+b*+ab+ba=a+b
= at+b+tab+ba=a+b
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= ab+ba=0

= ab =-ba (1)
= a(ab) = a(-ba)

= a’b=—aba

= ab=-aba ..(2)

Again Equation (1) gives
(ab)a = (-ba)a
= aba =-ba* = -ba ..(3)
Equations (2) and (3) give
ab = ba (= — aba)
or that R is commutative.

Example 4.25: Show that order of a finite Boolean ring is of the type 2", n =
0,1, 2,...

Solution: Let <R, +, .> be a finite Boolean ring. Then a*=a Y aeR,
Thus (a+a)P’=a+a

= d+a*+2aa=a+a

= 2a>=0orthat2a=0 VaeR
Thus each non zero element in the group < R, + > has order 2.

By Cauchy's theorem in groups, we know if p is any prime dividing o(R) then 3
X € R, s.t., o(x) = p. But order of each non zero element is 2 and thus 2 is the
only prime dividing o(R). Hence o(R) =2".

Example 4.26: (@) Show that a non zero element ¢ in Z, is a unitiffa and n are
relatively prime.

(b) If ais not a unit then it is a zero divisor.
Solution: (a) Z, = {0, 1, 2, ...... ,n—1} modn
Leta € Z, be aunit,thend b € Z s.t.,
a®b=1
i.e., when ab is divided by n, remainder is 1, in other words,
ab=nq + 1
Or ab—-ng=1
= aandn arerelatively prime.
Conversely, let (a, n) =1, then 3 integers u, v, s.t.,
au +nv=1
= au=n(-v)+1
Suppose, u=nqg +r, 0<r<n, relZl,
Then au=anqg +ar =n(-v)+1
= ar =n(-v—-aq)+1, reZl

n



1e., a®r=1, rel,
1e., a 1S a unit.
(b) Let a be not a unit and suppose g.c.d(a, n)=d > 1

Since d | a, a = dk for some k. Also d | n = n = dt
:>a.z=dk§ = kn =0 mod n

i.e.,ais azero divisor.
Remark: InZ , the set of units is U, . Thus for instance, in Z, 1,3, 5, 7 are units.

Example 4.27: Show that Zp ={0,1,2,....,p—1} modulo pis afield iff p is
a prime.

Solution: Let Z, be a field. Suppose p is not a prime, then 3 a, b, such that p
=ab,1 <a,b<p

= a ® b =0 where a, b are non zero = Zp has zero divisors.

ie., z, is not an integral domain, a contradiction as z, being a field is an integral
domain.

Hence p is prime.

Conversely, let p be a prime. We need show that Zp is an integral domain (it
being finite will then be a field).

Let a®b=0 a,beZp
Then ab is amultiple of p
= p|lab

= plaorp|b (pbeing prime)
= a=0orb=0 (Notice a, b Zp:>a,b<p)
= Z, is an integral domain and hence a field.
Remark : (i) We can also use problem 4 to prove this result.
(if) Since Zp is a field, all its non zero elements are units by definition of a field.

Example 4.28: If in a ring R, with unity, (xy)> =x?)* forall x, y € R then show
that R is commutative.

Solution: Let x, y € R be any elements
then y+1eR asleRr
By given condition
(v + 1) =22 (v +1)?
= (y+xP=x*@+1)7
= () +xF +apx + xxy =207 + 1+ 2y)
= xzy2 + X2+ xXyx + xxy = xzy2 + X%+ 2x2y
= Xyx = x°y (1)

Since Equation (1) holds for all x, y in R, it holds for x + 1, y also. Thus
replacing x by x + 1, we get
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(x + 1)y +1) = (x +1)%y
= (W +y) (c+1) = (@ +1 +2x)y
= xyx+xy+yx+y=x2y+y+2xy
= yx=xy using Equation (1)
Hence R is commutative.

Example 4.29: Show that the ring R of real valued continuous functions on [0, 1]
has zero divisors.

Solution: Consider the functions fand g defined on [0, 1] by

1 1
= ——x, <x<=
fe)= 5% 0sxss
=0, lesl

2
and gx)=0, Oﬁxﬁé
=x—l, —<x<1

2

then f'and g are continuous functions and f# 0, g # 0

whereas g £(x) = g(x) flx) = 0 . G_x) if0<x< !

_ (x_l),o —0if L<x<i
2 2

1e., g f(x)=0 forall x
1e., gf=0butf=0,g=0.
Subrings

Definition: A non empty subset S of aring R is said to be a subring of R if S
forms a ring under the binary compositions of R.

The ring < Z, +, . > of integers is a subring of the ring <R, +, . > of real
numbers.

If Ris aring then {0} and R are always subrings of R, called trivial subrings
of R.

It is obvious that a subring of an integral domain will be an integral domain.

In practice it would be difficult and lengthy to check all axioms in the definition
of'aring to find out whether a subset is a subring or not. The following theorem
would make the job rather easy.

Theorem 4.9: A non empty subset S of a ring R is a subring of R iff a, b € S
=ab,a—-b e S.

Proof: Let Sbe asubring of R
then a,b €S = ab € S (closure)
a,beS=a-beS



as < §, + > is a subgroup of <R, +>.

Conversely, sincea,b € S= a—b € S, we find < S, +> forms a subgroup
of <R, +>.Again forany a, b € S, since S R

a,beR
= a+b=b+a
and so we find S is abelian.

By a similar argument, we find that multiplicative associativity and distributivity
holdin S.

In other words, S satisfies all the axioms in the definition of aring.
Hence §'is a subring of R.

Definition: A non empty subset S of a field F'is called a subfield, if S forms a
field under the operations in £ Similarly, we can define a subdivision ring of a
division ring.

One can prove that S will be a subfield of Fiffa, b €S,b#0 = a— b,
ab! € 8.

We may also notice here that a subfield always contains at least two elements,
namely 0 and 1 of'the field. (Recall a subgroup contains identity of the group and
a subfield is a subgroup of the field under both the compositions).

Sum of Two Subrings
Definition: Let S and 7 be two subrings of a ring R. We define
S+T={s+t|seS teT}
then clearly S + 7' is a non void subset of R. Indeed0=0+0 € S+ T.

But our enthusiasm of defining the sum ends here when we find that sum of two
subrings may not be a subring.

Take for instance the ring M of 2 X 2 matrices over integers.

Let S = set of all matrices of the type {Z g} a, b integers, and

T = set of all matrices of the type [g ﬂ , X an integer.
Then § and T are subrings of M, (an easy exercise for the reader).

S+ T'would have members of the type {Z g} + B ﬂ

. . a ¢
i.e., matrices of the type [b 0}

That S+ T does not form a subring follows from the fact that closure w.r.t.
multiplication does not hold, as
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1 12 2 4 2
= gS+T.
oz ol
4.4.2 Characteristic of a Ring

Definition: Let R be aring. If there exists a positive integer » such that na =0
for all a € R, then R is said to have finite characteristic and also the smallest
such positive integer is called the characteristic of R.

Thus it is the smallest positive integer #n such that 1 +1+....... +1=0inR.
n times

If no such positive integer exists then R is said to have characteristic zero (or
infinity).

Characteristic of R is denoted by char R or ch R.

Example 4.30: (@) Rings of integers, even integers, rationals, reals, complex
numbers are all of ch zero.

(b) Consider R = {0, 1} mod 2
thench R = 2 as
2.1=1®1=0
2.0=000=0
thus 2 is the least +ve integer, s.t., 2a =0 for all a € R.
Note 1.1=1=#0

Product of Rings

Let R, and R, be two rings.
LetR=R, xR,={(a,b)| a € R|, b € R,}, then it is easy to verify that R
forms aring under addition and multiplication defined by
(ala bl) + (a27 bz) = (al + a27 b1 + bz)
(a,, b)) . (a,, b,) = (a,a,, b,b,)
1.e., under the usual compositions of component wise addition and multiplication.
This ring is called the direct product of R, and R,. One can similarly extend the

definition to product of more than two rings. R, and R, are called the component
rings of the direct product.

Theorem 4.10: The characteristic of an integral domain is either zero or a prime
number.

Proof: Let a be any non-zero element of an integral domain R.
Assume that the order of g, i.e., o(a) =0. Then the characteristic of R is 0.

Now, suppose that order of g, i.e., o(a) =p, p # 0. Then the characteristic
of Risp.

Let us assume that p is a composite number. Then p =pp,, 0 <p,,
p,<p

As a#0andR is integral domain, thus a*>=a.a #0



So, a? is a non-zero member of R.

sLo@)=p=>pat=0

= (pp, @ =0=(p,a)(p,a)=0= Eitherpa=0orp,a=0
But we have o(a) = p = Either p > p or p, = p,

which is a contradiction. Hence our assumption that p is a composite number
s wrong.

Thus, p must be a prime number.

Theorem 4.11: The characteristic of a ring with identity (unity) is zero or greater
than zero according as the identity element of the ring regarded as a member of the
additive group of the ring has the order zero or greater than zero.

Proof: Suppose (R, +, .) is aring with identity 1.
Case I: Order of 1 is 0.
As the order of 1 is 0, hence the characteristic of R is 0.
Case II: Order of 1 is n # 0.
Astheorderoflismn,hence 1 *1*1*1*_ ... *1=0
ite,|+1+1+.. .. uptonterms=01i.e.,n.1=0
Ifac R,thenna =a+a+...ta=1la+1la+...+t1l.a
=(1+1+...+a=m1)a=0.a=0
Thus, the characteristic of the ring is 7.

Theorem 4.12: The order of each element of an integral domain (regarding
elements as the members of additive group) is same.

Proof: Let a be any non-zero element of an integral domain R and 7 be the order of
itas an element of the group (R, +). Suppose b is the other non-zero element of R.

Case I: Whenn=0.
.. No positive integer K exists such that Ka =0
Assume that the order of b, i.e., o(b) =m and m > 0.
Somb=0= a(mb)=0
=alb+b+...+mtimes)=0
=>ab+ab+ ...+ mtimes=0
=(@+ta+...+tmtimes)b=0
= (ma)pb=0=>ma=0 [--b#0andR is an integral domain]

= a is of non-zero order. But this not possible and hence our assumption is
wrong.

Thus, o(b) =0(a) =0
Case II: When n> 0.

Sona=0 [--nisorderofal
= (na)b=0
=>@ta+t......... + n times)b =0
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=ab+ab+.......... + n times = 0

=alb+b+......... + n times) =0

= a(nb)=0=>nb=0 [--a#0andRisanintegral domain]
=0(a)<0

Let o(b)=m <n. Thenmb =0

= a(mb) =0

=alb+b+......... + m times) =0

=ab+ab+.......... + m times =0

=@ta+t....... + m times)b =0

= (ma)b=0

= ma=0[--b#0andR is an integral domain]
= o(a) £ m = n < m, which is impossible
soob)=n

Theorem 4.13: The characteristic of an integral domain R is 0 or n>0 according
as the order of any non-zero element regarding as a member of additive group of
Ris 0 or n.

Proof: If the order of @ = 0, characteristic of R will be zero. Let the order of a be
n. Then na=0.

Proceed in same way as in Case II of Theorem 4.12 till nb = 0. But
o(a)=n= nisthe least positive integer such that na = 0.

Also n.0=0. Thus, n is the least positive integer such that nx = 0 for all
x e R and hence characteristic of R is 7.

a

0
Example 4.31: Show that the set G= {[0 O} ‘a€ R} is a subring of aring

a b
M= {0 O} ra,be R}under usual addition and multiplication of

matrices.
Solution: Given,a € R

.G is anon-empty subset of R

a 0 a, 0
LetA=| ol>B=|o 0l|€ G be any elements.

al 0 az 0 al - az 0

a 0||a, 0 aa, 0
Also,AB= 0 ollo 0o 1=lo 0 eG

Thus, G is a subring of M.



Example 4.32: Show that every finite ring has non-zero characteristic.
Solution: Let the characteristic of a finite ring R be 0 and a is any element of R.
Then, for all a(# 0)eR and neN, na #0.
Therefore, 2a, 3a, 4a,.....€ R
Butitis given that R is a finite ring, hence it contains finite number of elements.
.. We have,
n,a = n,a for some positive integers n, and n, such thatn >n,
= na-na=na—na
= (@n,-n)a=0
= ma =0, where m = (n, —n,) is a positive integer
This contradicts our assumption that R is zero.

Thus, R has non-zero characteristic.

Check Your Progress

. Define the quotient space.

What is field of fraction?

When R is called Boolean ring?
What do you understand by field?
State the existence of identity.
Give the closure property.

. State the commutative law.

I Y S

Define the term ring.

4.5 SUBRINGS

Let S be a non-empty subset of aring (R, +, .), such that, (S, +, .) itself'is a ring.
Then S is called a subring of R. For example, (i) The ring of real numbers is a
subring of the ring of complex numbers.

(i1) The ring of integers is a subring of the ring of rational numbers and ring of
rational numbers is subring of ring of real numbers.

Note: Everyring R has {0} and R as two subrings which are called improper
subrings of R and all other subrings, if any is called proper subrings of R.

4.5.1 Some Important Theorems on Subrings
Theorem 4.14: The necessary and sufficient conditions for a non-empty subset S
ofthe ring R to be a subring of R are
()a,beS=a-b=S
(i)a,beS=ab=S
Proof: Necessary Condition: Suppose aring (R, +, .) has a subring (S, +, .)
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Rings and Fields Leta, b € S. Since —b is additive inverse of b, therefore —b € S.
Since S is closed under addition, thereforea—b € S.
Also, S is closed under multiplication, therefore a.b € S
NOTES Thus,a,be S=>a—-beSandabeS

Sufficient Condition: Suppose R has a non empty subset S such that for all a, b
eS,a-beSanda.b eSS

Now,a—aeS|[--aef]

=0 € S, i.e., additive identity exists.

Also,0—a=-a € S, i.e., each element of S possesses additive inverse.
AgainaeS,-beS=a—-(-b)=a+beS

Thus, S is closed under addition.

Foralla,b € S= a.b € S Thus, S is closed under multiplication.

The associativity and commutativity must hold in S as they hold in R because
Sisasubset of R. Also the distributive laws must hold in S as they hold in R. Thus,
S is asubring of R.

Theorem 4.15: The intersection of two subrings is aring.

Proof: Let aring R has two subrings S and S,. Since, S| and S, has a common
element 0 which is an additive identity, thus, S, NS, =/

Thus, S, NS, will be a subring if
(iYa,beS NS,=a-beS NS,
(i)a,beS NS, =abeS NS,
LetS, NS, has two elements a, b. Thena,b € S and a, b € S,
As S and S, are subrings, thusa—b e S anda—-b €S,
abeSandabeS =a-beS NS andabeS NS,
Thus, S, NS, is asubring of R.
Theorem 4.16: An arbitrary intersection of subrings is a subring.
Proof: Let {S, :i € T} be any family of subrings of aring R such that foralli € T,

S.is a subring of R. Suppose S :Q“ Si={xeR:xeS forallieT)

R has an additive identity 0 which is also an element of S, for each
ieT

. 0eS=S=#f

Let S has two elements @ and b. Thena, b € S forallie T

Aseach S is asubring of R, thus

Forallie T,a-beS anda.b €S,

=a->b eigs" and a.b EQS,-

=a-beSandabeS

Self - Learnin . . . . . .
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4.5.2 Subfield

Ifasubset of the elements of a field satisfies the field axioms with the same operations
of, then is called a subfield. In a finite field of field order, with a prime, there exists
asubfield of field order for every dividing.

In mathematics, mostly in algebra, a field extension is a pair of fields such
that E c F the operations of E are those of F restricted to E. In this case, F'is an
extension field of E and E is a subfield of F. For example, under the usual notions
of'addition and multiplication, the complex numbers are an extension field of the
real numbers; the real numbers are a subfield of the complex numbers.

Field extensions are fundamental in algebraic number theory, and in the
study of polynomial roots through ‘Galeis Theory’, and are widely used in algebraic
geometry.

A subfield of afield L is a subset K of L that is a field with respect to the field
operations inherited from L. Equally, a subfield is a subset that contains 1, and is
closed under the operations of addition, subtraction, multiplication, and taking the
inverse of a non-zero element of K.

As 1 —1=0, the latter definition implies K and L have the same zero
element.

For example, the field of rational numbers is a subfield of the real numbers,
which is itself a subfield of the complex numbers. More generally, the field of
rational numbers is (or is isomorphic to) a subfield of any field of characteristic 0.

The characteristic of a subfield is the same as the characteristic of the larger
field.

A subfield £ of a field F'is a subset of /" that is a field with respect to the
field operations of 7. Equivalently £ is a subset of /'that contains 1, and is closed
under addition, multiplication, additive inverse and multiplicative inverse of anon-
zero element. This means that 1 € E, that foralla,b € Ebotha+banda - b are
in E, and that forall  # 0 in E, both—a and 1/a are in E.

Field homomorphism’s are maps f: E — F between two fields such that
fle, +¢e,)=fle)+ fle), fee,)=fle)fe,), and f(1,) = 1,, where e, and e, are
arbitrary elements of £. All field homomorphism’s are injective. If /is also surjective,
itis called an isomorphism (or the fields £ and F are called isomorphic).

A field s called a prime field if it has no proper (i.e., strictly smaller) subfields.
Any field F contains a prime field. If the characteristic of F is p (a prime number),
the prime field is isomorphic to the finite field F. Otherwise the prime field is
isomorphic to Q.

4.6 VECTOR SPACES

The motivating factor in rings was set of integers and in groups the set of all
permutations of a set. A vector space originates from the notion of a vector that
we are familiar with in mechanics or geometry. You would recall that a vector is
defined as a directed line segment, which in algebraic terms is defined as an ordered
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pair (a, b) being coordinates of the terminal point relative to a fixed coordinate
system. Addition of vectors is given by the rule:
(a), by) + (ay, by) = (a; + ay, by + b))

You can easily verify that set of vectors under this forms an abelian group. Also,
scalar multiplication is defined by the rule a (a, ) = (a.a, ab) which satisfies
certain properties. This concept is extended similarly to three dimensions. You can
generalize the whole idea through the definition of a vector space and vary the
scalars not only in the set of reals but in any field F. A vector space thus differs
from groups and rings in as much as it also involves elements from outside itself.

Definition: Let < J, + > be an abelian group and < F, +, - > be a field. Define
a function x (called scalar multiplication) from F' x V' — V, such that, for all
ae F,veV,a-ve V. Then Vis said to form a vector space over F if for
allx,y € V, a, B € F, the following hold
@) (o + PB)x=ox+ px
(i) o (x+y)=ox+ay
@iii) (o) x = a (Px)
(iv) 1-x=x, 1 being unity of F.
Also then, members of F'are called scalars and those of V are called vectors.

Note: You can use the same symbol + for the two different binary compositions
of V" and F, for convenience. Similarly, the same symbol, is used for scalar
multiplication and product of the field F.

Since < V, + >is a group, its identity element is denoted by 0. Similarly, the field
F would also have zero element which will also be represented by 0. In case of
doubt, you can use different symbols like 0, and 0, etc.

Since you generally work with a fixed field, you would only be writing V'as a
vector space (or sometimes V' (F) or V). It would always be understood that it
is a vector space over F' (unless stated otherwise).

You have defined the scalar multiplication from "% '— V. You can also define
itfrom V' x F— V and have a similar definition. The first one is called a left vector
space and the second a right vector space. It is easy to show that if V" as a left
vector space over F, then it is aright vector space over F'and conversely. In view
of'this result, it becomes redundant to talk about left or right vector spaces. We
will consider about only vector spaces over F.

You can also talk about the above system when the scalars are allowed to take
values in a ring instead of a field, which leads to the definition of modules.

Theorem 4.17: In any vector space V(F), the following results hold:
(@) 0.x=0
(@) 0.0 =0
@) (—a)x = — (ox) = o= x)
@) (a—Bx=ox—Px,o0, peF,xelV
Proof: (i) 0x =(0+0)x=0.x+0.x
= 0+0x =0x+0x



= 0 =0.x(cancellationin V)

(@) 2.0 =a.(0+0)=00+0a0=0a0=0
@) (—o)x +ox =[(—a)+talx=0.x=0

= (—ax) = — ox
(iv) Follows from above.

The following examples illustrate Theorem 4.17

(1) If <F, +,.>be a field, then F'is a vector space over Fas <F,+ >=
< V,+ >isan additive abelian group. Scalar multiplication can be taken
as the product of F. All properties are seen to hold. Thus F(F) is a vector
space.

(i) Let <F, +,.> be a field
Let V=1{(a, a)a, a, € F}
Define +and . (scalar multiplication) by
(ap az) + (Bp Bz) = (OH + Bl’ o, + B2)
a(a,, a,) = (aa,, ao,)
You can check that all conditions in the definition are satisfied. Here
V=FxF=F
One can extend this to /> and so on. In general we can take n—tuples

(04, 0y, ..., @), 0. € F and define F” or F = {(a, o, .y ) | @
€ F} as a vector space over F.

(i) If F < K'be two fields then K(F) will form a vector space, where addition
of K(F) is + of K and for any a. € F, x € K, a . x is taken as product
of o and x in K.
Thus C(R), C(C), R(Q) would be some examples of vector spaces, where
C = Complex Numbers., R = Reals and Q = Rationals.

(iv) Let V'=set of all real valued continuous functions defined on [0, 1]. Then
V forms a vector space over the field R of reals under addition and scalar
multiplication defined by:

(frex =fx)+gx) figelV
(af)x =af(x) aeR forallxe][0,1]
It may be recalled here that sum of two continuous functions is continuous
and scalar multiple of a continuous function is continuous.

(v) Theset F' [x] of all polynomials over a field /' in an indeterminate x forms
a vector space over F with respect to, the usual addition of polynomials
and the scalar multiplication defined by:

For f(x) =a,tax+..+tax"eF[x], aekF
a.(f(x)) =oaa, + aax + ..+ aax".

) M (F),the setofall m x n matrices with entries from a field /" forms
a vector space under addition and scalar multiplication of matrices.

We use the notation M, (F) for M, (F).
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(vii) Let F be a field and X a non-empty set.

Let F¥= {f|f: X — F}, the set of all mappings from X to F. Then F*
forms a vector space over F'under addition and scalar multiplication defined
as follows:

For figeF oaeF
Define ftg: X—> F, aF:X—, Fsuch that
2k =f(x) + gk
(afHx) = af(x) VxelX

(viii) Let V"be the set of all vectors in three dimensional space. Addition in Vis
taken as the usual addition of vectors in geometry and scalar multiplication
is defined as:

a € R,V € V= av isavector in /" with magnitude | o | times that of
V. Then V forms a vector space over R.

4.6.1 Properties of Vector Spaces

We come across different quantities in the study of physical phenomena, such as
mass or volume of a body, time, temperature, speed, etc. All these quantities are
such that they can be expressed completely by their magnitude, i.e., by a single
number. For example, mass of a body can be specified by the number of grams
and time by minutes, etc. Such quantities are called scalars. There are certain
other quantities which cannot be expressed completely by their magnitude alone,
such as velocity, acceleration, force, displacement, momentum, etc. These quantities
can be expressed completely by their magnitude and direction and are called
vectors.

Representation of Vectors
The best way to represent a vector is with the help of directed line segment.

Suppose 4 and B are two points, then by the vector AY?, we mean a quantity
whose magnitude is the length 4B and whose direction is from 4 to B (Refer
Figure 4.1).

A and B are called the end points of the vectorAB. In particular, 4 is called the

initial point and B is called the terminal point. Sometimes a vector ABis expressed
by a single letter a, which is always written in bold type to distinguish it from a
scalar. Sometimes, however, we write the vectora as g or a.

B

A
Fig. 4.1 Vector AB



Definitions

Modulus of a vector: The modulus or magnitude of a vector is the positive
number measuring the length of the line representing it. It is also called the vector’s
absolute value. Modulus of a vector a is denoted by | a | or by the corresponding
letter @ in italics.

Unit Vector: A vector whose magnitude is unity is called a unit vector and is

generally denoted by a . We will always use the symbols i, j, k todenote the unit
vectors along the x, y and z axis respectively in three dimensions.

Ifa is any vector, thena=gaa , where 2 is a unit vector having the same
direction as a (The idea would become clearer when we define the product of a
vector with a scalar).

Zero Vector: A vector with zero magnitude and any direction is called a zero
vector or a null vector. For example, if in Figure 4.1 the point B coincides with the

point 4, the vector AB becomes the zero vector AB. The zero vector is denoted
by the symbol 0.

Equality of Two Vectors: Two vectors are said to be equal if and only if they
have the same magnitude and the same direction.

Negative of a Vector: The vector which has the same magnitude as the vector a,
but has the opposite direction is called negative of a and is denoted by —a.

Thus, 4B = —BA for any vector AB.

Free vectors: A vector is said to be a free vector or a sliding vector if its magnitude
and direction are fixed but position in space is not fixed.

Note: When we defined equality of vectors, it was assumed that the vectors are free vectors.

Thus, two vectors AB and CY) can be equal if AB = CD and AB is parallel to CD, although
they are not coincident (Refer Figure 4.2).

A
C

Fig. 4.2 Equality of Two Vectors

So, equality of two vectors does not mean that the two vectors are equivalent
in all respects. For example, suppose we apply a certain force in a certain direction
at two different points of a body, then although the vectors are same still they may
have varying effects on the body.

Localized vector is that whose position in space is also fixed.

Coinitial vectors: Vectors having the same initial point are called coinitial vectors
or concurrent vectors.
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Angle Between Two Vectors

Let AB=aand CD=bbe any two vectors. Through a point O, take lines O4 and
OC, parallel to ABand CD respectively (Refer Figure 4.3).

The angle 0 between the lines O4, and OC, is called the angle between the
vectors a and b, where 0 <0 <.

I£ 0 =0 or &, the two vectors are said to be parallel. Thus, parallelism only
requires that the two vectors have the same or opposite direction and there is no
necessity of relation between their magnitudes.

. . . T
The vectors are said to be perpendicular if, 0 = 5
B 1D
a
Ab
C A
A
lc
0
0

Fig. 4.3 Angle Between Two Vector

The Triangle Law

Ifthere are two vectorsa= O and b= AB, represented as two sides of a triangle,

as shown in Figure 4.4, then the third side OB, shown as ¢ shows the resultant.

B

A
¢ b

]
O a A

Fig.4.4 Triangle Law
The Parallelogram Law

Let a and b be any two vectors. Through a point O, take a line OA4 parallel to the
vector a and of length equal to a. Then, 0.4 =a. Again through 4, take a line AB the
vector b having length b, then AB =b.



We define the sum of a and b as (a + b) to be the vector OB and write,

a+b=03B.

Similarly, the sum of three or more vectors can be obtained by repeated
application of this definition.

A\ £

Fig. 4.5 Parallelogram Law

Notes: 1. The process by which we obtained an equal vector O from a is sometimes referred
to as translation of vectors. It is obtained by moving the line segment of a from its original
position to the new position O4, without disturbing the direction.
2. This method of addition is called parallelogram law of addition.

Derivative of Sum
Vector Addition is Commutative
Let a and b be any two vectors. We get,
OB—a+b [Refer Figure 4.5]

Now complete the parallelogram OABC, then
oC=b and CB=a

Also, OC +CB = OB [By definition of addition]
= b+a=0B

Hence, atb=b+a=O0B

This proves the result.

Vector Addition is Associative

Let, a=01
b=AB
c =B??

be three vectors.
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a
A

Fig. 4.6 Vector Addition

Then, (a+b)+c=(074+A73)+B%

= OB+ BC

= 0C (4.1
And, a+(b+c)=0A+ (4B + BO)

=04+ AC

= 0C .. (42)
Thus, from Equations (4.1) and (4.2), we have,

(atb)tc=a+(b+tec)
Hence proved.
Existence of Identity
Ifais any vector and 0 is the zero vector then,
at+t0=a

In Figure 4.6, if B coincides with A4 then,

AB=A4=0
By definition

OB=0A+ AB
= 0?4=O?4+A7
= a=a+0

Hence, proved.

Existence of Inverse

If a is any vector, then a vector —a, is called inverse of a such that,

at(-a)=0
Let, a=0A4 [By Definition of Addition]
Then, by definition, —a= 40
Thus, 04 + A0 = 00
= a+t(-a)=0



In view of the above properties, we can say that the set V' of vectors with
addition of vectors as a binary composition forms an abelian group.

Subtraction of Vectors: By a—b we mean a + (—b), where —b is inverse of b is
also called negative of b as defined earlier.

Multiplication of a Vector by a Scalar

Suppose a is a vector and 7 is a scalar. By na we mean a vector whose magnitude
is |n||a|, 1.e., |n| times the magnitude of a and whose direction is that of a or opposite
to that of a depending on n being positive or negative.

Fig. 4.7 Scalar Multiplication and Negation of a Vector
Generally, the scalar is written on the left of the vector, although one could
write it on the right too.
Note: We do not put any sign (. or x) between n and a when we write na.
The following results can be proved:
(i) (mn)a =m(na)

(if) 0a =0

(iii) n(a+b) =na+mnb

(iv) (m+n)a =ma+na

Proofs: (i) and (i7) are direct consequence of the definition and hardly need any
further proof.

(iii) n (a+b)=na+ nb. Let n be positive.
Suppose a = 0_1)4, b=AB
Then, OB=a+b

P>

Fig. 4.8 Graphical Representation of na + nb

Rings and Fields

NOTES

Self - Learning
Material

207



Rings and Fields

208

NOTES

Self - Learning
Material

Let A', B' be points on OA4 and OB (or OA and OB produced) respectively
such that,

0OA"=n.0A

OB'=n.OB
Then, OA' =nOA = na

OB’ =nOB =n(a+b)
Also, A'B" =nAB (Where, OAB and OA'B’ are similar triangles)
= AB =nAB

=nb

Now, OB'=0A'+ AB
= n(a+b)=na+nb

This proves our assertion.
When 7 is negative, the figure would change in this case as now 4 and 4’ will
lie on the opposite sides of O.

Proceeding as before, we get,

O71"=na
AB =nb
OB' =n(a+b)

Which proves the result as OB'= 04’ + A

%
Fig. 4.9 Graphical Representation of na + nb when n is Negative
(iv) Suppose m and n are positive.
We show that, (m +n)a=ma+ na
Let, m+n=k
Then,
LHS=a+ata+...+a (k times)

Also, RHS =ma+na



(a+a+..+a)+(a+a+..+a)

(m times) (n times)

ata+...+a (m+ntimes)
= LHS =RHS (ktimes)

One can easily prove the result even if m or n is negative.
Aliter: Direction of the vector (m + n)a is same as that of a, since m +n > 0.

Also, directions of the vectors ma and na are same as that of a and, therefore,
direction of ma + na is also same as that of a.
Now, magnitude of the vector (m +n)a s,

m +n| |a| = (m+n)a
=ma + na
= |m] [a[ + |n| [a]
= |m a| + |n a| as they have same direction.
= |ma + na|
This is the magnitude of the vector ma + na, i.e., the vector on the RHS.

Thus, the two vectors have same direction and magnitude and hence they are
equal.

The different cases when either m or n is negative or both m and n are
negative can be dealt with similarly.

Theorem 4.18: Two non-zero vectors a and b are parallel if and only if a scalar
t is such that, a = 7b.

Proof: Let a be parallel to b. Then the direction of a and b is same or opposite.
Suppose direction of a and b is same.

If a = b, where a, b are the magnitudes of a and b respectively, then =1
serves our purpose, because then,

a=1.b = a=1b
If a # b, then we can always find a scalar ¢ such that, a =tb
(Property of real numbers, indeed we take ¢ = a/b)
For this 7, we have,
a=mbh
So, when direction of a and b is same, the result is true.

Now, let direction of a and b be opposite. The same scalar will do the job
except that in this case we will take # with the negative sign.

Conversely, let a and b be two vectors such that, a = tb for some scalar z.

By definition of equality of vectors this implies that a and b have same
direction.

Again, a and b have same or opposite direction
[By definition of tb]
= aand b are two vectors having same or opposite direction.

= aandb are parallel.
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Hence proved.
Example 4.33: If ABC is a triangle and D is middle point of BC, show that

|

BD = — BC.
2

Solution: In figure below, BD is a vector with magnitude BD = EBC and BCisa

vector with magnitude BC.
A

> >
> >

B D C

Since directions of BC and BD vectors are same, it follows that
BD = ~BC
2
Example 4.34: Show that the vector equation, a +x =b has a unique solution.
Solution: We know that,
at[-a+b]=[a+(-a)ltb
=0+b [By Identity Law]
=b

= —a+bisasolutionofa+x=h.

[By Associativity Law]

Suppose that y is any other solution of this equation.
Then, y=0+y
=[(-a)+a]+y
=(-a)t(aty)
=-a+b, asyisasolution.
= —a-+ b isthe unique solution.
Position Vector

Let O be a fixed point, called origin. If P is any point in space and the vector
OP =r, we say that position vector of P is r with respect to the origin O, and
express this as P(r).

Whenever we talk about some points with position vectors it is to be
understood that all those vectors are expressed with respect to the same origin.
To prove that:

If 4 and B are any two points with position vectors a and b then,

AB=b-a
If O is the origin, then it is given that,
Od=a



X

Fig. 4.10 Position Vector

Also, OA+ AB=OB [By Addition Law]
= AB= OB - 04
= AB=b-a

Components of a Vector

Let Pbe any point in space with coordinates x, y, z. Complete the parallelopiped
as shown in Figure 4.11.

X

Fig. 4.11 Components of a Vector

Then, co-ordinates of the points 4, B, C are (x, 0, 0), (0, y, 0), (0, 0, z) respectively.
Suppose that position vector of Pisr,

1e., OP =r

Also, let i , §, k , be the unit vectors along the three coordinates x, y and
Z-axis.

Now, OA=x
- 04 =xi

Note: x i is a vector whose magnitude is 1. x =x and whose direction is that of the x-axis and
—>
this is precisely the vector OA.

Similarly, OB=yj
0C = zk
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From the triangle OPQ,
r=0F =0Q + OP
= 00 +0C
Also from the triangle OAQ,

00 =04+ 40
— 04 +O0B
Thus, r=04+ OB+ 0C=xi +yj+zk.

Hence, if P is any point with position vector r and coordinates x, y, z then,

r=xi +yj +zk .. (4.3)
Which can be expressed by writing,
r=(x,y,z2) ..(44)

Thus, Equations (4.3) and (4.4) mean exactly the same. x, y, z are called the
components of the vectorr.

Note: OP=r|=r

Using geometry we find,
r2=0Q2+ QP2=0A2+AQ2+QP2
=0A*+ OB*+ OC*
= 2=+ yz + 22

i.e., the square of the modulus of a vector is equal to the sum of the squares of its
rectangular components.

Note: The vectors 1, j, k are said to form an orthonormal triad.

Angle Between Two Vectors: Let 4 and B be two points in space with position
vectors a and b, and the coordinates of 4 and B be respectively (a,, a,, a,) and
(b, b,, by).

0 > B
Fig. 4.12 Angle Between Two Vectors
Then,
a=071=a1 i+ta jta k

b=0B=b i+b,j+b k



= b-a=(b—a)i +(b,—a)i+(b,-a)k
Also, AB=b-a
Thus, AB*= (b, —a,) +(b,—a) + (b, — a,)

Let O be the angle between a and b. When 0 is the angle between OA4 and
OB, we have,

AB*=0A?>+ OB*-2 0OA . OB cos 9

0A*> + OB* — AB’

= cos 0= 54 0B
(@ +a; +a)+ (b +b) +b))=3(b, —a)
B 2a.b

- c0s 0 = a,b, + a,b, + a;b,

2 2 2 2 2 2
\/al +a, +a, \/bl +b; +b;
a*= af +a§ +c132

And, b*= bl +b; +b;
Example 4.35: Find the angle between the vectors

a=1i+2j+3k

b=1i-j+2k
Solution: a=(1,2,3)
b=(1,-1,2)
= a*=1+4+9=14
*=1+1+4=6

If 0 is the angle between a and b, then

CIxI+2x(=1)+3x2 5

cos 0 =
NG N

Hence, 0=cos'_>_

N
Section Formula

To find the position vector of a point dividing the join of two given points in a given
ratio.

Let A and B be the two given points with position vectors a and b respectively.
Suppose the point R(r) divides 4B in the ratio m : n.

1.e,AR:RB=m:n
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AR  RB
Then, — =
m n
Or, nAR = mRB
= nATQ = m@
= n(r—a)=m(b—r)
= nr+mr =mb +na
na+mb
= r=
n+m
This gives the required value of r.
. : : a+b . |
Corollary. If R is the middle point of AB, then r = as in this case m =n.
Theorem 4.19: Three distinct points A, B, R with position vectors a, b, r are
collinear if and only if there exist three numbers x, y, z (not all zero) such that
xa+tyb+zc=0

And x+y+z=0

Proof: Let the three points 4, B, R be collinear
Then, R divides AB in some ratio, say m : n.
na+mb
Where, r=
n+m

= (n+m)r =na+mb
Or, na+mb—(n+mr=0
Let, x=ny=m,z=—(n-+m)
Then, xa+yb+zr=0
Where,x+y+z=n+m—-(n+m)=0
Thus, all x, y, z can’t be zero. Hence proved.

Conversely, Suppose 3 x, y, z, not all zero such that,

xa+yb+zr=0
And, x+y+z=0
Let,z#0
Self - Learning
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Then, x+y+z=0

= X+ty=-z

= x+y)r=—=zr

Also, —zr=xa+yb

Thus, xa+yb=x+yr
xa+yb .

= r= ,asx+y#0, otherwise z=0
xX+y

= Rdivides AB intheratiox:y
= Rlieson 4B

= A, B, R are collinear.

Hence proved.

Example 4.36: Show that the points with position vectors 3a—2b +4c,a+b+c,
and —a +4b —2c¢ are collinear.

Solution: The three points will be collinear if and only if we can find x, y, z (not all
zero) such that,

x(3a—-2b+4c)+y(a+b+c)+z(-a +4b—-2¢)=0 ...(4.5)
And, x+y+z=0 ...(4.6)
Equation (4.5) can be written as,
Bx+ty—z)a+(2x+y+4z)b+(4x+y—-2z)c=0

This gives,
3x+y—-z=0
2x+y+4z=0
4x+y—-2z=0

Also, we should have x + y + z = 0. One non-zero solution of these four
equations is,

x=z=1, y=-2
We find that the three given points are collinear.

Symmetry in a, b, ¢ implies that R will also be the point that divides BE and
CFintheratio 2 : 1. This in turn yields that R is the required point where the three
medians meet and it also trisects them.

Coplanar Points
It can be proved that four points with position vectors a, b, ¢ and d are coplanar if

and only if we can find scalars (not all zero) x, y, z and ¢ such that,
xa+tyb+ze+td=0

And, x+ty+z+t=0

Example 4.37: Show that the points with position vectors 6a—4b + 4¢,—a—2b—
3c,a+2b—5¢,—4c are coplanar.

Solution: The four points will be coplanar if we can find scalars x, , zand ¢ (not all
zero) such that,
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x(6a—4b +4c)+ y(-a—-2b -3¢)+z(a+2b—5¢)+#-4¢c)=0 ..(4.7)
And, x+y+z+t=0 ...(4.8)
Rearranging Equation (4.7), we get,
(6x—y+z)a+(4x—-2y+22)b+(4x—-3y—5z—4)c=0
This equation suggests that,
6x—y+z=0
—4x-2y+2z=0
4x—-3y—-5z—-4t=0
Also, we should have,x+y+z+¢=0
Which gives, x=0,y=1,z=1,¢t=-2
This is a non-zero solution of the equations and thus the four points are coplanar.

Dot and Cross Product of Vectors
Product of two vectors is defined in two ways, the scalar product and the vector
product.

Scalar Product or Dot Product

Ifa and b are two vectors, then their scalar product a. b (read as a dot b) is defined
by,
a.b=abcos0

Where, a and b are the magnitudes of the vectors a and b respectively and 0 is the
angle between the vectors a and b.
It is clear from definition that dot product of two vectors is a scalar quantity.

Hence proved.

Scalar Product is Commutative

a.b=abcos0
=ba cos 0
=b.a
Theorem 4.20: Two non-zero vectors a and b are perpendicular if and only if,
a.b=0

Proof: Let a and b be two non-zero perpendicular vectors. Then,

T
a.b=abcos| o) =0

Conversely, Leta.b=0
= ab cos 0=0

Where, 0 is the angle between a and b.
= cos0=0 [As a and b are non-zero]

= 6=E
2



= aand b are perpendicular.

The following results are trivial:

ii=j.i=k.k=1
i.j=i.k=k.i=0
Definition. By a’ we will always mean a . a.
Thus, a.a=qaacos(0=a’
Example 4.38: Show thata. (-b)=-a.b
Solution: We have,

a.(-b)

ab cos (1 —0), where 0 is angle between a and b.
= —ab cos 0
(-a).b.

Distributive Law
Prove that, a.(b+tc)=a.b+a.c.
Proof: Let, OAd=a

OB=b

BC=c

B K

-

@ >
o L v M A

Fig. 4.14 Distributive Law

Let BL and CM be perpendiculars from B and C on 04 respectively and BK
be perpendicular from B on CM.

Then, a.b=abcosy=a.OL
a.c=accosO=a.BK=a.LM

= RHS=a.b+a.c=a.0OL+a.LM=a(OL+ LM)
=a.0M

Again, OB+ BC=0C

= b+ec=0C

= LHS=a(b+c)=a.O%‘
=a.0Ccos ¢
=a.0M

Hence, the result is analysed as follows:
An immediate consequence of the above result is,
(a+b)=(a+b).(at+h)
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=a.ata.b+b.a+b.b
=a’+a.b+a.b+b?
=a’+2ab +b?
Similarly, we can prove that,
(a—b)>’=a>-2ab+b?
(atb).(a—b)=a’-b?
Scalar Product in Terms of the Components

~

Let, a=(a,a, a3)=ali +azj +a, k
b=(b,b,b)=bi+bj+b Kk
If a and b be any two vectors, then
a.b=(ai+aj+a, k). (bi+hj+h k)

=ab i.i+ab, j.j+ab k.k
[Other terms being zero]
= albl T a2b2 T a3b3

Angle Between Two Vectors

Since, a.b=abcos O
L)
= cos ="

_ ab, +a,b, + a,b,
2 2 2 2 2 2
\/al +a, +a; \/bl +b;, + b,

This formula has been proved earlier.

Example 4.39: Show that the vectors a, b, ¢ given by,
7a=2i +3j +6k
7Tb=31 -6j +2k

Te=6i +2j -3k
are of unit length and are mutually perpendicular.

Solution: The three vectors are,

23 E)
A=\77 77 7

3 =5 %)
b={77">7

6 2 :E)
777



2\ (3 (6Y 1 ——
NOW, a:\/(;j + —j +(7J 27 4+9+36=1

This shows that the given vectors are of unit length.

Again,

23,3 (6),6.2 1
a.b= ST = g (6-18+12)=0

Thus, a and b are perpendicular:

Similarl b —§><§+(j)><g+g><(_—3)—i 18-12-6)=0
ey, =G T TN T )T U8 120 =
_EXLEXL(—QJXE_L 194 6-18)=0

.= X S T )T T e ( —18)

This implies that b is perpendicular to ¢ and ¢ is perpendicular to a.

Thus, a, b, ¢ are mutually perpendicular.

Cross Product of Two Vectors

Vector product is also termed as cross product. If a and b are two vectors, then their
vector product a x b (read as a cross b) is defined by,

axb=absin0n
Where, a and b are the magnitudes of the vectors a and b, 6 is the angle between a

and b and n is a unit vector whose direction is along the normal to the plane of'a and
b in the direction from which rotation of a to b looks anti-clockwise. In other words,

direction of n is towards that side to which a right-handed screw will move if a is
rotated towards b.

|
'a

Fig. 4.15 Cross Products of Two Vectors

So, if a and b lie in the plane of the paper as shown in the Figure 4.15 then

direction of n is along the normal to the plane of the paper pointing towards the
reader.
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It is proved from definition that the vector or cross products of two vectors is
avector.

Also according to the definition that a x b and b % a will have the same
magnitude ab sin 0, but opposite directions.

Hence, axb=-bxa
Thus, vector product is not commutative.
Also, for any vector a,
axa=gqgasin0.n=0
The following results are direct consequence of the definition:

A

ixi=jxj=k xk=0

Example 4.40: Show that (ma) x b =a x (mb) =m(a X b)
Solution: We have,

(ma) x b =mab sin 6 n

=ambsin O n
=a X (mb)
Similarly, (ma) xb =m(axDb)
Distributive Law
Prove that, ax(b+c)=axb+axc

Proof: Through a point O, take vectors 04 = a, OB=band OC=c. Let,Sbea
plane through O and perpendicular at OA. Complete the parallelogram OCDB.

Such that, OD=b+c¢

(i) (i)
Fig. 4.16 Distributive Law

Let B', C', D' be the feet of perpendiculars from B, C, D respectively on the

plane S.



Let, ZAOB =0
Then, axb=absin0 n

Where, 1 is a unit vector perpendicular to both O4 and OB in the direction determined
by motion of right-handed screw.

T
Now, ZBOB' =7~ 6
Thus, b = OB’
Then, b'|=b' = OB = OB cos(g—6)=bsme

Again since OA4, OB, OB’ are in the same plane AOB'B, unit vector
perpendicular to a and b is same as unit vector perpendicular to a and b'.

T
Thus, axb'=ab’sin [Ej n

=gbsinOn=axb

Similarly, axc=axc
Where, ¢'=0C'
And, a><(b+c)=a><07)=a><07)'

Since OA is perpendicular to plane S'and OD' lies in it, the unit vector perpendicular

to both O4 and OD' will lie in the plane S, say along OD"'. So, OD" lies in the plane
S'and is perpendicular to both O4 and OD'.

Draw lines, OB" L OB’ and OC" L OC",

Such that, OB" =04 . OB’
OC"=04 . OC'

Also cut off, OD'" =04 . OD'

Then,
axb'=04x OB'= OB"
axc =04x0C =0C"

axOD' =04 x OD' =0D"

Also, OC" D" B" will be a parallelogram as OC'D'B’ is a parallelogram.
Hence,

073” — Ogéu + 04():”

Le., axOD'=axb' +axc¢
ie., ax(b+c)=axb+axec
(Asproved earlier)

The above proof is sometimes referred to as the geometrical proof of the
distributive law.
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Vector Product in Terms of Components
Let,a= (a, a,, a,) = ali + azj + a3ﬁ
b =(b,b,b)=bi+bj+bKk
Where, a and b be any two vectors. Then,
axb=(ai+a,j+ak)x(bi+bj+bk)
=a1b1i i+ albzi Xj +a1b3i Xﬁ+a2blj xi+ ab, j Xj

+a2b3j x k +a3b1ﬁ x i +a3bzﬁ>< j +a3b3ﬁ x k

= albzﬁ - a1b3j - azblﬁ + a2b3i + a3blj - a3bzi

= i(ab,—apb) + jlah, —ab)+ k(ab,—ab,)

i j kK
= |4 a4y 43
b, b, b,

Example4.41: Ifa=2i — i +k,b=3 i +4j ~k, verify that a x b represents
a vector perpendicular to both a and b.
Solution: We have,

A A A

i j k
axb=2 -1 1|=23]+5j+11k
3 4 -1
Now, a.(axb)=(2i - j+k).(3i +5j +11k)

=2.(-3)+(1).5+1.11=0
= ais perpendicular to a x b.
Similarly, we can prove that b is also perpendicular to a X b.

Theorem 4.21: Two vectors a=(a, a,, a,) andb= (b, b,, b,) are parallel if and
onlyif;

Proof: Let a and b be parallel.
= Angle 0 between them is zero.

= sin® =0

= axb=0
i j Kk

= a a 431 =0
b b, b



= (ab,—ab) i +(ab —ab)j+(ab—ab)k =0=0i+0j+0k

= a2b3 — a3b2 =0
ab, —ab,=0
alb2 — a2b1 =0
= 4 _9 _ 4

Converse follows by simply retracing the steps back.

Vector Product as Area

Let OABC be a parallelogram such that,

%

04 =a

%

oCc =b
and let 0 be the angle between a and b.

C B
b
e |-
0 K a A

Fig. 4.17 Vector Product as Area

Now area of the parallelogram OABC,
=04 .CK (Where, CK L OA)
=absin®

Also, axb=(absin0) n

Comparing the two we note that, a x b = Area of the parallelogram OABC,i.e.,
the magnitude of the vector product of two vectors is the area of the parallelogram
whose adjacent sides are represented by these vectors.

1
Corollary: 1t is easy to see that the area of the triangle OAC is 5 axb.

Example 4.42: Find the area of the parallelogram whose adjacent sides are
determined by the vectors a = i +Zj +3ﬁ,b=3i —Zj +k.

Solution: Required area=|a x b|

i j Kk
Now, axb= 23
3 -2 1

= iQ2+6)-j(1-9+k(-2-6)
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= 8(i+j-k)

= |a xb|= /64 + 64 + 64 = 8+/3 is the required area.

Triple Product (Scalar, Vector)
Scalar Triple Product

The scalar triple product is defined as the dot product of one of the vectors with the
cross product of the other two. Suppose a, b, ¢ are three vectors. Then,
b x ¢ is again a vector and thus we can talk of a. (b x ¢), which would, of course, be
ascalar. This is called scalar triple product of three vectors.

Let,a =(a,a, a,)
b=(b,b,, b,
c=(c, ¢y
Then, bxc=(bc,—byc, b, —cb,bc,—bc)
=(d,d,d)=d (say)
Thus, a.(bxce)=a.d=ad +ad +ad,

= al(bzc3 o b3cz) T az(b3cl o c3b1) T a3(b102 o bZCl)

a  a, da,
= b1 b2 b3 .. (49)
G G G

Hence, this is the value of the scalar triple product a. (b x ¢).

Suppose we had started with b . (¢ x a), it is easy to prove that the resulting
determinant would have been,

b b, b,
G & G
a, a4, 4,

which is same as Equation (4.9) (As per the properties of determinants), and so,
a.(bxc)=b.(cxa)
Similarly, b.(cxa)=c.(axb)
= a.(bxc)=c.(axb)=(axb).c [By Commutative
Property]
Dot and cross can be interchanged in a scalar triple product and we write the scalar

triple product as [a, b, ¢] or [abc¢], where it is upto the reader where to put cross and
dot.

Note: It can be verified that,
[abe] = —[bac]
And, [abc] = [bca] = [cab]

Example 4.43: Prove the distributive law a X (b +¢)=a x b +a X ¢ using scalar
triple product.

Solution: Let,d=ax(b+c¢)—axb—-axc



Then, it required to prove that, d =0
Let e be any vector, then,
e.d=e.[ax(b+tc)]—e.(axb)—e.(axc)
=(exa).(b+tc)—(exa).b—(exa).c

[Interchanging dot and cross in the scalar triple products]

=(exa).[(b+c)—b—c] [Distributivity of
scalar product]
=(exa).0=0
= e . d =0 for all vectors e

=

d=0 We can take e to be a non-zero
vector, not perpendicular to d.

Hence proved.

Vector Triple Product

A vector triple product is defined as the cross product of one vector with the cross
product of the other two.
A product of the type a x (b x ¢) is called a vector triple product.

We prove,
ax(bxe¢)=(a.c)b—(a.b)c

in the following way:
Let, a=(a,a,a,)

b=(b,b,, b,)

c=(c,cp0)
Then, b x ¢ = (b,c,— by, b,c,—bc, bc,— b))

=(d,, d, d,) = d (say)

Then,

ax(bxe¢)= axd
= (ad,~ad,ad —ad,ad,—ad)

372 173

= (ad,~ad) i +(ad —ad) j +(ad,—ad) k

Y(ad, —ad,) i

Slayb.c, - be,) — abe, — b i

Zlabc, - abc —abc +abc, +abc—abcli

[Adding and subtracting a b,c,
= [b(ac, +ac,tac,)—clab +ab,+ab)]i
+[b(ac, +ac,tac)—clab, +ab,+ab,)] j

+ [b3(alc1 +ac,tac,) - c3(a1b1 + a2b2 + a3b3)] k
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= (ac, tac,tac)(bi+b,j+bk)

—(ab, +ab,+apb,) (cli +te,j + c3ﬁ )
= (a.c)b—(a.b)c
This proves our assertion.

Note: There is neither a cross nor a dot between (a . ¢) and b in (a . ¢)b and between
(a.b)andcin(a.b)c.

This is so, because (a . ¢) and (a . b) are scalars.
Example 4.44: Prove that,ax (bx¢)+b X (¢xa)+cx(axb)=0.
Solution: We know that,
ax(bxc¢)=(a.c)b—(a.b)c
bx(exa)=(b.a)e—(b.c)a
cx(axb)=(c.b)a—(c.a)b

The result is computed using addition.

Check Your Progress

9. Define the subring.
10. When subfield is a subset that contains 1?
11. What do you understand by vector space?

12. How will you define the zero vector?

4.7 LINEAR COMBINATIONS

Definition: Let V(F) be a vector space, v, € V, o, € F be elements of /" and

n
Frespectively. Then elements of the type 2 o,v; are called linear combinations
i=1
of v, vy, ..., v, over F.
Let S be a non-empty subset of V, then the set

n
L(S) = {Zaivi |a, € F,v; €S, nfinite
i=1

1.e., the set of all linear combinations of finite sets of elements of S'is called linear
span of S. It is also denoted by < §>. If § = ¢, define L(S) = {0}.

Theorem 4.22: L(S) is the smallest subspace of V, containing S.

Proof: L(S)#pasveS=v=1.v,1 eF
= v e L®S)
thus, in fact, S < L(S).
Let x,y e L(S), a, B € F be any elements
then x=oyv, oy, + .. +ayv
y=PBpv BV, BV v, vl’ es, a, Bj e F
Thus ox + By = ao,v, + ao,y, + ... +aa,v + BBV + ... + BB, Vv .



R.H.S. being a linear combination belongs to L(S). Rings and Fields
Hence L(S) is a subspace of V, containing S.
Let now W be any subspace of V, containing S
We show L(S) c W NOTES
x € L(S) = x = Zay, v,eS o e€F
v, € § < Wiorall i and Wis a subspace
> oy, e W=>xe W
= LS)cWw
Hence the result follows.
Theorem 4.23: If S| and S, are subsets of J] then
i) S, =S, = L(S) < L(S,)
(i) L(S, v S,)) = L(S)) + L(S,)
(iii) L(L(S,)) = L(S)).

Proof: (i)x € L(S)) > x=2Zay, v,eS§,q €F

thus v.e S <8, foralli

= Zoyv, € §, =>x € L(S,)

= L(S)) < L(S,).

(@) S, S8 US, = LS) LS, VS,

S, 8 U8 = L(S,) LS, VS,)
= L(S) + L(S,) c L(S, v S))

Again, S, € L(S)) < L(S)) + L(S,)
S, € L(S,) < L(S)) + L(S,)
= S, U S, € L(S)) + L(S,).

Hence L(S, U S,) < L(S) + L(S,)
as L(S, U §,) is the smallest subspace containing S, U S, and L(S,) + L(S,)
is a subspace, being sum of two subspaces (and contains S, U S,).

Thus L(S, U S,) = L(S)) + L(S,).

(iif) Let L(S,) = K then we show L(K) = L(S,)

Now K c L(K) .. L(S)) < L(L(S)))

Againx € L(L(S,)) = x is linear combination of members of L(S,) which are
linear combinations of members of .

So x is a linear combination of members of S|

= x € L(S,))

Thus  LL(S)) < L(S)

Hence  L(L(S)) = L(S)).
Theorem 4.24: If W is a subspace of ¥, then L(W) = W and conversely.

Proof: W < L(W) by definition and since L(7) is the smallest subspace of
containing W and W is itself a subspace.

Lwycw

Hence L(W) =Ww. Self - Learning
Material 227
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Conversely, let L(W) =W

Let x,yeW,a,p eF

Then x,y € L(W)

x, y are linear combinations of members of V.

ox + By is a linear combination of members of W/
ox + By € L(W)

ox +ByeWw

W is a subspace.

U v gy

Definition: If V= L(S), we say S spans (or generates) V. The vector space V'
is said to be finite-dimensional (over F) if there exists a finite subset S of V'such
that are, V= L(S). We use notation FDVS for a Finite Dimensional Vector Space.

From the results, it is proved that

If' S, and S, are two subspaces of V, then S, + S, is the subspace spanned
by §; VS,

Indeed, L(S, U S,) = L(S)) + L(S,) =5, + 5,.
Example 4.45: Let S = {(1, 4), (0, 3)} be a subset of R*(R). Show that
(2, 3) belongs to L(S).

Solution: (2, 3) € L(S) if it can be put as a linear combination of (1, 4) and
(0, 3).

Now 2,3) = a(l, 4) + B0, 3)
= (2,3) =(a+ 0, 40 + 3PB)
= 2 =0, 40 +33=3

_ _ 5
= o =2,p=- 3
Hence 2,3) =2(1,4) - % 0, 3)

Showing that (2,3) € L(S).
Example 4.46: Let V = R*R) and let S = {(2, 0,0, 1), (= 1, 0, 1, 0)}. Find
L(S).
Solution: Any element (o, o, 05, &) € L(S) is a linear combination of members
of S.

Let (o, oy, a5, o) =a(2,0,01)+p(=1,0,1,0), o, B €R

then (o, o,, 05, a,) = 2a—B, 0, B, o)

e, L(S) = {2a-B,0,B,a) | a, p €R}
Example 4.47: Show that the vector space F[x] is not finite dimensional.
Solution: Let /"= F[x] and suppose it is finite dimensional.

Then 3 § < V, such that, V"= L(S) and S is finite.

Suppose S = {p,, Py..., P;t- We can assume p, =0 Vi

Letdeg p=r;and lett = Max {r, r,,..., 7}

Now x'"! € V and since V = L(S),



t+1 _
X =o,p, tap,+..top, o € F

So 0=C-Dx"+ap +..+op,

Since x'*! does not appear in Dys Pysees Py,

We get — 1 =0, a contradiction. Hence V' is not FDVS over F.
Note if §= {1, x,..., x",...} then V= L(S).

4.8 LINEAR INDEPENDENCE AND LINEAR
DEPENDENCE

Let V(F) be a vector space. Elements v, v,, ..., v, in V are said to be linearly
dependent (over F) if 3 scalars o, a,,... &, € F, (not all zero) such that
av, t oy, +..av =0
(V{5 vy, ..., v, are finite in number, not essentially distinct).
Thus for linear dependence X oy, = 0 and at least one . # 0.
If v, v,...v are not Linearly Dependent (LD), these are called Linearly
Independent (L1)
In other words, v,, v,,.., v, are LI if
oy, = 0= a,=0foralli
A finite set X= {x,, x,...,x, } is said to be LD or LI according as its » members
are LD or LI

In general any subset Y of V(F) is called L/ if every finite non-empty subset of
Yis LI, otherwise it is called LD

So, if some subsets are LI and some are LD then Y is called LD

Observations: (i) Anon-zero vector is always L/ as v+ 0, oov =0 would mean
a=0.
(if) Zero vector is always LD
1.0=0 1#0,1 eF
Thus, any collection of vectors to which zero belongs is always LD

In other words, if v, v,,..., v, are LI then none of these can be zero. (But not
conversely, see example ahead).

(#i) vis LIiffv#0.
(iv) Any subsetofa Ll setis LI
(v) Any super set of a LD set is LD

(vi) Empty set ¢ is LI since it has no non-empty finite subset and consequently
it satisfies the condition for linear independence. In other words, whenever
2oy, = 0in @ then as there is no i for which o, # 0, set ¢ is LI We sometimes
express it by saying that empty set is L/ vacuously.

(vii) A setofvectoris LI if and only if every finite subset of it is L/
Some examples of linear dependence and independence are given as follows:

(i) Consider R*(R), R = reals.
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Rings and Fields v, =(1,0),v, =(0,1) € R® are LI
as a, v, + oy, =0 fora,, a, € R
= a,(1, 0) + a,(0, 1) =(0,0)
= (o, o) =(0,0) = o, =a, =0.
NOTES (1) Consider the subset
S=1{(1,0,0), (0, 1, 0), (0, 0, 1), (2, 3, 4)} in the vector space R*(R).
Since 2(1, 0, 0) + 3(0, 1, 0) + 4(0, 0, 1) — 1(2, 3, 4) = (0, 0, 0)
we find Sis LD

(i11) In the vector space F[x] of polynomials the vectors f(x) = 1 — x,
g(x) = x —x%, h(x) = 1 — x* are LD since f'(x) + g(x) — h(x) = 0.
Example 4.48: Show that the vectors v, = (0, 1,-2), v, =(1,- 1, 1), v; =
(1,2, 1) are LI in R*(R).
Solution: Let oy, = 0 for o, € R

Then a,0,1,-2)+a, (1,-1, 1)+ o, (1,2, 1) =(0, 0, 0)

= (0> ala - 2(11) + (aza - aza (12) + ((13, 2(13, (X,3) = (0, OJ O)

= 0+o,+a, =0
|~ 0, T 20, =0

- 20, ta,toa; =0
0 11

Since the coefficient determinant | 1 —1 2 | is—6#0the above equations

-2 11
have only the zero common solution

o

> o =a,=a;=0=>v,v, v;are LI
Example 4.49: Show that {f (x), g(x), A(x)} is LI in F|x], whenever. deg f (x),
deg g(x), deg h(x) are distinct.
Solution: Let f&x) =aytax+ .. +ax", a #0
gx) =b,+bx+ .. +bx", b #0
h(x) =c,+tex+..+cx, ¢,#0
Let of (x) +Pg(x) +yh(x) =0, a,P,yeF
Let m <n <t (without any loss of generality)

then ye¢, =0=>y=0asc #0
o f(x) + Bglx) =0
and so Bp, =0=>P=0asb, #0

= afx) =0=>aa,=0=>a=0asa,#0
Hence {f(x), g(x), h(x)} is LI in F'[x] over F.

Example 4.50: Show that the vectors
vw=0,1,2,4,v,=2,-1,-5,2),v;=(,-1,-4,0)and v, = (2,1, 1, 6)
are LD in RYR).
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Solution: Suppose av, + bv, + cv, +dv, =0, a,b,c,d € R Rings and Fields
then a(1,1,2,4)+b(2,-1,-5,2)+c(1,-1,-4,0)
+d(2,1,1,6)=(0,0,0,0)

or (a,a,2a,4a)+ (2b,— b, — 5b, 2b) + (¢, — ¢, —4c, 0) NOTES
+(2d, d, d, 6d) = (0, 0, 0, 0)
= a+t2b+tc+2d =0
a—-b-c+d=0
2a—5b—4c+d =0
4a+2b+0c+ 6d =0
1 2 1 2][a] [O]
N 1 =1 =1 1||b| _ |0
2 -5 -4 1}|c 0
4 2 0 6/|ld| |o0]
R,—>R,-R,R;, >R, -2R,R, > R, — 4R,
1 2 1 2|[a]l [O]
0 -3 -2 —1||p| _|0
0 -3 -2 —-1}|c 0
0 -3 -2 —1||d| |0
Ry~ >Ry Ry — %R3
1 2 1 2][a] [O]
0 -3 -2 -—1|[p| _|o
0 -1 =23 -=13||c 0
0 -34 -1 -12]{d| |o0]
R,—>R,—R,,R;, >R, —R,
1 2 1 2||a 0
0 -3 -2 —1|[b| _|0
0 0 0 O0f|c 0
0 0 0 O0fld 0
= a+2b+tc+2d =0
-3b-2c+d =0
3b+2c+d=0

a=-1,b=-1,c=1,d=1 satisty the equations.
Since coefficients are non-zero, the given vectors are LD
Example 4.51: Show that
() {1, ~2}is LIin R over Q.
(i) {1, ~2,~3}isLlin R over Q.
(i) {1, V2,3, 6} isLIin R over Q.
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Solution: (i) Suppose a+by2 =0, a,b € Q
Suppose b # 0, then~/2 = — % € Q, a contradiction

Hence b =0 and so @ = 0. Thus {1, 2 } is LI in R over Q.
(i) Let  a+b2+c¢3 =0, a,b,ceQ
Let ¢ # 0, then

Bo=-tb p—aipa, 0, BeQ

C C
= 3 =0+ 2B+ 20B2
= afV2 €eQ=af=0
Leta =0 then f = \E , a contradiction
So, ¢ =0 giving a+by2 =0=>a=b=0 by (i)
Hence the result follows.
(#ii) Let a+b2+cB+dJ6 =0, a,b,c,deQ
Then (a+b32) + B (c+d2)=0

Let c+dV2 #0
_ —(@+h\2) _ —(a+b2)(c-dN2)

Then V3 (c +d2) ¢? - 2d?
= a+pv2, o,BpeQ
= al+B2+(=DV3 =0
= — 1 =0 by (ii), a contradiction
c+d2 =0=>c=d=0= a+bJ2 =0
= a=b =0

Hence the result follows.

Theorem 4.25: If S = {v,, v,,.... v } is a basis of V] then every element of V
can be expressed uniquely as a linear combination of v, v,,..., v, .

Proof: Since, by definition of basis, V' = L(S), each element v € V can be
expressed as linear combination of v, v,,..., v, .

Suppose  v=o,v, t oy, t . tay, o €F
v=By, + By, +..+Byv, B, eF
then apv;, + a,v, + ... +ayv =By, + By, + ..+ BV
= (o =BPvy+ (o, =Bv, + ..+ (o, =B,)v, =0
= o, —B,=0foralli (v, v,,..v, are LI)
= o, =B, forall i.

Theorem 4.26: Suppose S'is a finite subset of a vector space V' such that V= L(S)
[i.e., V'is an FDVS] then there exists a subset of S which is a basis of V.



Proof: IfSconsists of L/ elements then S'itself forms basis of and we've nothing
to prove.

Letnow 7T'be a subset of S, such that 7' spans V" and 7'is such minimal subset
of S. (Existence of T'is ensured as S'is finite).

Suppose T = {v,, Vp,..., v}
We show T'is LI

Let oy, =0, o eF

Suppose o # 0 for some i. Without any loss of generality, we can take o= 0.
Then ocl’l exists.

Now ov, toy, +.o+tav =0

= ocl’l(Ole1 +toy,+.F+ay)=0
= v, = (—ocl’locz)v2 + (—ocl’1 oy)vy T ..+ (—al’locn)vn
=By, tByy; + .. +Bv B el
If v € V' be any element then
v=yv, ty, Ty, v, € Fas V= L(T)

nn

> v=y,By, T FBY) Ty, Tty
i.e., any element of V'is a linear combination of v,, v,,..., v,
= {v,, V;,...v,} spans V, which contradicts our choice of 7' (as T'was such
minimal)
Hence a, =0
or that a, =0 for all i
= vV, Vy,... v, are LI

and thus 7'is a basis of V.

Corollary: An FDVS has a basis.

In fact, you can prove this result for any vector space, i.e., any vector space has
a basis.

Theorem 4.27: Let V'be an FDVS. Suppose S and 7T are two finite subsets of
V' such that S spans V and T is LI Then o(T) < o(S).

Proof: Suppose § = {v, v,,..., v}
T = {w;, Wypeery W, }
Suppose m > n.
Since S spans V, we have
Wy =ap vy tapv,t.ota,y,
Wy =Gy vy Ty vy Tt ayy,
w, =a, v, ta,v,t.+ta v where a; € F
Consider the system of equations
a, x, ta,x,t.+a x =0

a, X, ta,x,+..+ta,x = 0
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aln xl + a2n )C2 Tt amn xm =0
where x,, x,.,..., x, € F are unknowns.

Since the mumber of equations is less than the number of unknowns, 3 a non-
zero solution ., a,,.., o, (some a, # 0) in /" such that,

a, o, t..ta,, ocmZO

a o, +..+ra o =0
In "1 mn m

Thus o, (@, v, + ... +a,,v)+..+o, (a, v,*+. *+a =0

v,)
mn n
> awta,w+.+to w =0
= o, =0 Viasw, wy,..,w, are LI
which is a contradiction and thus m < n
i.e., o(T) <o(S).
Corollary 1: Any basis of an FDVS is finite.

Proof: Let S be abasis of an FDVS V and suppose S is not finite.
Since V' is finite dimensional, 3 a finite subset 7 of V' such that, V"= L(T).
Suppose o(T) =m
Let S, be a LI subset of § such that, o(S)) =m + 1
By above theorem then o(T) > o(S)) giving m > m + 1, a contradiction.
Hence S must be finite.

Corollary 2: Any two bases of an FDVS have same member of elements.

Proof: Let S and 7 be two bases of an FDVS
By above corollary, S and T are finite and by the theorem o(7) < o(S) and o(S)
<o(1)

Hence o(T) = o(S) with the result of corollary2 in our mind we make.

4.9 BASIS OF VECTOR SPACES

Definition: A FDVS Vis said to have dimension 7 if n is the number of elements
in any basis of V.

We use the notation dim, '= n or simply dim }'=n and say V'is n-dimensional
vector space.

In view of an example done earlier
dim R?>=2.In fact dim R" =n
Corollary: If dim V= n, then any n + 1 vectors in V are linearly dependent.
Proof: Let 7 < V'be an LI set such that, o(T)=n+1
Let S be a basis of V. Then S spans V" and o(S) = n.
o(T) < o(S)

giving n+ 1 < n a contradiction
Thus any n + 1 vectors in V are LD



Theorem 4.28: A basis of a vector space is maximal linearly independent set and
conversely, every maximal linearly independent set in a vector space is its basis.

Proof: Let Sbe abasis of a vector space V, then Sis linearly independent set
in V. Let T'be a linearly independent set in /'such that S < 7" If S # T'then 3 some
t € T'such that, ¢ ¢ S.

Nowte T= teV=t=oys, tos, +..+tas, aoe€kF,s eSas
S spans V

=> Dtt+oys, +oys, +...+as =0, where ¢ # s, for any i

= -1=0
as {4,5,5,,...,s,} < T'is alinearly independent set. So we get a contradiction.

Hence S'is a maximal linearly independent set.

Conversely, let S c V' be amaximal linearly independent set. Let v € V, and
suppose v ¢ L(S)

ThenSz SuU {vlasveg L) =veS

and so S U {v} is an LD set and thus 3 a finite subset of S'U {v} which is
a LD set.

ie., 35, 5,,...5, € Ssuch that, {v, s, s5,,..., 5} is an LD set.
e, avtaos, +..tas =0, aeF, o eF
where o or some a., is not zero.
If o =0 then a5, + a5, + ... +os =0
= o,=0Vi
Thus o #0
So v= (—oc’IOLl)s1 + ..+ (= oc’lan) s,
= v € L(S), (a contradiction)
Thus V= L(S) and so S is a basis of V.
Corollary: Suppose 7 is the maximum number of L vectors in any subset of a
vector space V. Then dim V' = n.
Proof: Let S be a LI subset of V such that o(S) =n
Then S'is amaximal L/ set in V. By above theorem then S'is a basis of V. Hence
dim V' = o(S) = n.
Theorem 4.29: Let V(F) be a vector space. A minimal generating set of Vis a
basis of V" and conversely, every basis of }'is a minimal generating set of V.
Proof: Let S be a minimal generating set of V'

Then V= L(S) and no proper subset of S generates V. We show S'is L1 set.
Suppose it is not, then there exists a finite subset S|, of S'such that S| is not L/
Thus 35 € S, such that, s is linear combination of elements of S, and so of S.

Let T=S-{s}
then V=L(T)and T c S, acontradiction as S is minimal generating set of V.
Hence S is a basis of V.
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Conversely, let B be abasis of V. We show no proper subset of B generates V.
Let B Band V= L(B'). Then 3 b € B, such that, b ¢ B’

NowbeB =beV =LB) =b=>ob, beb
1

— 0=(1b+Dab, b+l foranyi
1

= —1 =0as {b,b',,...,b',} = Bisan LI set, a contradiction.
Thus B is minimal generating set of V.

Theorem 4.30: If V'is an FDVS and {v,, v,...., v } is a LI subset of ] then it
can be extended to form a basis of V.

Proof: If {v ,v,,... v} spans V, then it itself forms a basis of /" and there is
nothing to prove.

LetS={v,,vy,... v, v, ,... v} be the maximal LI subset of V, containing
Vs Vgs eos VLI

We show S is a basis of V, for which it is enough to prove that S spans V.
Let v € V' be any element

then T'= {v, v,,...v ,v} is LD by choice of S
= Fa,, 0., &, a € F (not all zero) such that
ayv, +..+tov +ov=0
We claim a # 0. Suppose oo = 0
then o v, + .. +av, =0
= a; =0 foralliasv,v,..,v are LI
a = o, =0 for all i which is not true.
Hence o # 0 and so o' exists.
. _ —1 1 _
Since v = (- o)y, + (- a,)v, + ...+ (o locn)vn
vis a linear combination of v, v,,..., v,
which proves our assertion.
Aliter: Letdim V=nand §= {v, v,,..., v }. If §is maximal L/ set in V' then
by Theorem 4.28, it is a basis of V. If S is not maximal L/ set in V' then 3 a set

T Ssuchthat Tis LI setin V. Since an L/ set cannot have more than # vectors,

after finite number of steps, there would be a maximal L/set B> S'in V. Bwould
be a basis of V. Hence S can be extended to form a basis B of V.

Note: This result can be proved even if the vector space is not finite dimensional.

Theorem 4.31: If dim V =nand S = {v,, v,,..., v} spans V then S is a basis
of V.

Proof: Since dim V'=n, any basis of V" has n elements. A subset of S will be a
basis of V' but as S contains # elements, it will itself form basis of V.




Theorem 4.32: If dim V =n and S = {v,, v,,...,v,} is LI subset of V' then §
is a basis of V/

Proof: Since {v,, v,,...,v,} = §is LI it can be extended to form a basis of V,
but dim V' being n it will itself be a basis of V.

Aliter: Let v € V, then
Vv, Vi, Voo v, Will be LD. Thus 3 a, o}, o,,..., o, € F such that,
av + oy, oy, + .o tay =0
where some o, or o is not zero.
If o= 0, then
av, t oy, + .. +aov =0
=> o,=0Viasv, v, .. v, are Ll
Thus a # 0 and so
v=(—a o)y, F o T (oo )y, € L(S)
= Vc LS
= V=L(S)and as S'is LI, S is a basis of V.

Example 4.52: If {v, v,....,v } isabasis of FDVS Vofdimnandv = Zav,
a, # 0 then prove that {v, v,,..., v, v, v ., V,} 1s also a basis of V.

o Ve Vs Vegq o
Solution: We have
v =, ttoay +toyv oo #0, oar‘l exists
= v, = (—ar‘lotl) vyt (—ocr‘1 o. )V, + ocr‘lv +..t (—oar‘lotn)vn
=Byt B v tBYEB, v T B,
If x € V be any element, then
x =oyv, toy, .. tav o €kF
= x =av,*t..ta v  taPBy,t+t.+tBy)+..Tav
or that x is a linear combination of

Vis s V

o Vs V v

I"+1’“.’ n
and x being any element, we find V'is spanned by {v,,...,v_,,v,v _,...v, } and
it forms a basis of V.

Theorem 4.33: Two finite dimensional vector spaces over F are isomorphic, iff
they have the same dimension.

Proof: Let and /Wbe two isomorphic vector spaces over Fand let0: V— W
be the isomorphism.

Letdim V'=n and {v,, v,, .., v,} be a basis of V.

We claim {0(v,), 0(v,), ..., 0(v,)} is a basis of W.

Now Do, 8(v)=0 a;€F,
izl
= 6(o;v;) =0=0(0)
= Z%’Vi =0 (0is1-1)
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Rings and Fields = a,=0forall ias v, v, .., v are LI
= 0(v)), 6(v,), ..., 0(v,) are LI
Again, if w € Wis any element, then as 0 is onto, 3 some v € V'such that,
NOTES 0(v) =w
NowveV = v =Y o, forsomea, € F
i=1
= w=0()= 9(20‘["1')
= w = Ze(ocivi) =o,00v) +a,0(v,)+ .. +adv)
or that w is a linear combination of 0(v,), 0(v,), ..., 8(v,)

Hence 6(v,), 0(v,),..., 0(v,) span W and therefore, form a basis of ¥ showing
that dim W= n.

Conversely, let dim V' = dim W = n and suppose. {v,, v,, ..., v,} and
{w,, w,, ...,w,} are basis of V" and W respectively.

Define a map 0 : ¥ — W such that,
0(v)= O(a v, + oy, + ...+ av)
=ow, tow,+..+tow
then 0 is easily seen to be well defined. (Indeed any v € V'is unique linear
combination of members of basis).

If v, v' € V be any elements then
y = Zaivl-, V= ZBM Ol Bl. e F

O(v +v') = G(Zocivi +ZBI“’1‘)
0 (0 +B,)v,)
2 (o +Byw,
Daw + Y Bw = 0(v) + 0(v)
G(azaiv[) = 0(20(0(,- v,-) = D (a0) w,

= a) aw, = ad(v)

Thus 0 is ahomomorphism.

Now if v € Ker 0
then 0(v) =0

Also 0(av)

29(20(1\/[) = O

= ZaiWi = O

= a, =0foralli w,w,, .., w, being LI
= v =0

= Ker 6 = {0}

= 0isone-one.

That 6 is onto is obvious. Hence 6 is an isomorphism.
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Corollary: Under an isomorphism, a basis is mapped onto a basis.
This follows by that first part of the theorem.

Example 4.53: Show that the set of all real valued continuous functions y = f'(x)

3 2
Q+ 6d—y+11d—y+ 6y =0 is a vector space
dx’® dx? dx

satisfying the differential equation
over R. Find a basis of this.

Solution: One can check that = {f|f: R — R, fcont.} is a vector space over
R, under

(f+@x=f(x)+gkx)
(0f)x = a(f (x))
Let W= {f € V|fis a solution of given differential equation}
The given differential equation is
(D’ +6D*+ 11D+ 6)y=0

DO+ (D+2)(D+3)y=0

= =-1,-2,-3
and the general solution is,

y=Ae* +be* + Ce™

IfS= {e* e, e} then clearly S spans W

Let Ae™* + Be ¥ + Ce™ =0
Then —Ae*+(-2)BeF+ (-3C) e =0
A+ (@B) e+ (9C) > =0 Vx
Put x=0
1 1 111 4 A
-1 -2 =3||B|=0 = M |B|=0
1 4 91|1C C

where det M= 1(-18 +12) -1 (-9+3)+1(-4+2)=-2=0

thus M exists andso A=B=C=0

= Sis LI and hence a basis of V.
Note: Wis a vector space as it is a subspace of V. [y, y, € W= oy, + o),
is a solution of the given differential equation = oy, + oy, € W1.

Example 4.54: If S = {v,v,,...,v } isa LI subset of V’and v € V'be, such that,
v ¢ L(S), then show that S U {v} is a LI subset of V.

Solution: S U {v} = {v|, v,,..., v, v}
Let av, toy, t..otay tov=0 o e€f,aekF
rr l
If o # 0 then o ! exists and we get
-1 —
o (v, Toy,+ .. +tov +a)=0

= v = (—oflocl)v1 + (—OL_IOLz)Vz + ...+ (a‘locr)vr
= v € L(S), a contradiction

thus a =0
= avtoy,+ .. +tov =0
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= a; =0 foralliasv,v,,..,v are LI
= oczocl.ZOforalli
=V, Ve V,, v are LI

Hence the result follows.

Theorem 4.34: Let W be a subspace of an FDVS V, then Wis finite dimensional
and dim W < dim V. In fact, dim V' =dim Wiff V= W.

Proof: Letdim V'=n, then n is the maximum number of L/ elements in any subset
of V. Since any subset of W will be a subset of V, n is the maximum number of
Llelementsin W.

Letw,, w,,..., w, be the maximum number of L/ elements in Wthen m <n.

We show {w, w,,...,w,_} is abasis of W. These are already LI If w € Wbe
any element then the set {w, w,, ..., w_, w} is LD

= 3 a,, a,,.., a,,oin F (not all zero) such that,

>
aw, *..+ta w +oaw=0.
If oo =0, we get o, = 0 for all i as w,,..., w, are LI which is not true. Thus
a # 0 and so o' exists.
The above equation then gives us
w = (—oc‘locl)w1 + ..+ (ot o) w,
Showing that {w,, w,,...,w, } spans W (and thus W¥is finite dimensional)
= {w, W,,..., w_} is a basis of W
= dmW=m<n=dmV
Finally, if dim V'=dim W=n
and {w,, w,,..., w,} be a basis of Wthen as {w, w,,..., w } is LI in Wit will
beLlin V.
and as dim V' =n, {w,, w,,..., w,} is a basis of V.
Now if v € V' be any element then
v=ow taw,t .. taw €W
> VecW=V=Ww.
Conversely, of course, V=W = dim V' =dim W.

Notes:
(1) If Wis asubspace of V' where W= (0) then dimension of Wis taken to

be zero.

(@) C (Q)isnot finite dimensional as if'it is then its subspace R(Q) will also
be finite dimensional, which is not true, as suppose dim R(Q) = n.
Let x,, x,...., x, be a basis of R(Q), then

R={ox +ox, +..+tox |a e Q}

Since Q is a countable set, each o has countable choices. So R should
be countable, which is not true. Hence dim R(Q) is not finite.

(#ii) The result of theorem may not hold if Vis not finite dimensional. Consider
V = F[x] and take W = F[x*], then W is a subspace of V, W # V as
x eV, x ¢ W.Here S = {1, x, X, x",...} is a basis of J and



T={1, X, xz”,...} is a basis of W. The map 0 : § — T, such that,
0(x") = x* is 1-1 onto and thus S & T have same cardinality
= dim V'=dim W.

Theorem 4.35: Let 7 be a subspace of an FDVS V. Then
dim % = dim V- dim .

Proof: Letdim W= m and let {w, w,, ..., w,_} be a basis of .
W, W,,..., w, being LI in Wwill be LI in V'and thus {w, w,,...,w _} can
be extended to form a basis of V.
Let {w, w,,.... W, V|, V,,..., v} be this extended basis of V.

then dmV=n+m
Consider the set S= {W+v,, W+v,,..., W+v }, we show it forms a basis

V
of —.
w
Let a,(W+wv)+ .. to(W+v)=W, o eF
Then W+ (o, + ... toyv)=W
= oyt +toav e W
n n
= ot + o, v, is a linear combination of w,,..., w_
= oyt oy = Bow o + B, Bj e F
= oyt oy, = Bw — ... -B,w, =0
= ociZBjZOforall i,].

U
~—
S
+
<
S
+
'T.F

..... , W+ s LI

Again, for any W+ v € %, v € V' means v is a linear combination of
Wiy W, -
i.e., v=ow t..tow +Bv+.+Bv o, Bj e F
giving W+v =W+ @w +..+tow)+Byv+.. +Bv)
W+ @By, +..+Byv)
W+Byvp)+..+W+Bv)
BW+v)+BW+v)+. .. +BW+v).

Viperss V

Hence S spans % and is therefore a basis.

dimK =n
w

Thus  dim % = dim V— dim W.

Note: Thus we notice that if V'is a FDVS then so is % Converse of this may

not be true. Consider
V=Fx], W={f(|f&x) eV}
Then W is a subspace of V" and
14

i {W+a,+ax|a e F} which
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is spanned by {W+ 1, W+ x} and thus W is finite dimensional, whereas V'

isnot.

Theorem 4.36: If 4 and B are two subspaces of an FDVS V' then
NOTES dim (4 + B) =dim 4 + dim B — dim (4 N B).
Proof: We have already proved that

A+ B ~ B

A T ANB
A+ B _di B
4 dm o B

= dim (4 + B)—dim 4 =dim B—-dim (4 N B)
or that dim (4 +B) =dim 4 + dim B—dim (4 N B).

dim

Note: You should try to give an independent proof of the above theorem as an
exercise.
Corollary: If 4 N B=(0) thendim (4 + B)=dim 4 + dim B
e, dim (4 © B)=dim 4 + dim B.
Example 4.55: Let W,, W,, W, be subspaces of an FDVS. Show that
dim (W, + W, + W;) < dim W, + dim W, + dim W, — dim (W, N W,)
—dim (W, 0 W,) —dim (W, " W;) + dim (W, " W, N W}).
Solution: We have
dim (W, + W, + W,) =dim W, +dim (W, + W) — dim (W, " (W, + W}))
=dim W, + dim W, + dim W, — dim (W, " W)
—dim (W, (W, + Wy))
<dim W, +dim W, + dim W, — dim (W, " W)
—dim (W, N W) — dim (W, N W)
+dim (W, "W, " Wy)
as(W, " W)+ W, n W) W, (W, + Wy).
Example 4.56: Let P, be the vector space of all polynomials of degree <n

over R. Exhibit a basis of P,/P,. Hence verify that dim % =dim P,—dim P,.
2

Solution: It is easy to see that {1, x, X2, X, x4} is a basis of P, and thus dim
P,=35. Similarly dim P, = 3 as {1, x, x*} will be a basis of P,

. . P
Let S={P,+x, P, +x*} then S is a basis of;4 as
2
Pyrfe o p tatoaxt o ton taxt=P +f
2 P 2 T %y T Oy 2 3 4 2
_ 3 4
= P, f=ayP, +x) + o,P, +x)
P
= S spans —*.
B

Again, o(P, + x%) + B(P, + x*) =zero=P

2
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3 4 _
= P, + ox’ + Bx" =P,
= O(.x3+Bx4=a+bx+cxzeP2
= a=b=c=a=p=0aspolynomial is zero, if each coefficient is zero.

Thus S is a basis of ﬁ.
2

Hence dim& =2=5—3=dimP4—dimP2.
P

Theorem 4.37: Let W be a subspace of an FDVS 'V, then there exists a subspace
W’of V'such that V=W & W".

Proof: Let {w,w,,...,w } beabasisof W,thenw ,w,,..,w being Llin W
will be LI in V. We extend these LI elements to form a basis of V, say
Wiy Wy Ve V)

Let W'=L ({v, v,,..., v,}), .., W' be the subspace spanned by {v,, v,....,
v}

Weshow W W =V

Let v € V' be any element, then

v=(aw, +..taw)+ By . +Bv) a, Bj e F
where the first bracket term belongs to / and the second to W’
ve W+ W andthus Ve W+ W'
= V=w+Ww
Again, ifx € W W' be any element
then x € Wand x € W'

> x=aw t..taw a,b. e F
m - m P
x=bv, +..+byv
n n
= aw, +..+taw + (b, +..+ (b)), =0
= a= bj =0foralli,j wy,w ,v,.., v being LI

Hence x=0
= Wn W =(0)
or that V=woeWw
Notes:

(@) W'is called complement of . Thus we have proved that every subspace
of an FDVS has a complement.

(1) The above throrem can also be proved in any vector space (not essentially
finite dimensional).
Corollary: If W' is any complement of Win V'then dim W' =dim V—dim W.
Since V=W® W' = dim V=dim (W® W') =dim W+ dim W’
= dim W' =dim V- dim W.
Although every complement of a subspace has same dimension, it does not
mean that a subspace has a unique complement.

Definition: Let V(F) be a vector space. Subspaces W, W,...., W of V are said

to be independent if
wtw,t..+w =0=>w=0 Vi w el

1
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Theorem 4.38: Let V'be an FDVS Let W, W,,..., W, be subspaces of J] where

W=Ww, +W,+.. +W,,then the following are equivalent:
(i) W, W,,..., W  are independent
(i) ij(W1 Wyt W)= {0}, Vj, 2<j<m
(iii) 1If B, is an ordered basis of W, 1 <i <m, then § = {B,, B,...., B,,} 18
an ordered basis of W.

Proof: (i) = (ii)

Letx € W] NW, +W,+ ...+ Wj_l) be any element

> xeWadxe W +W,+..+ W,

j j

= x=w,
= w1+w2+...+w/.71=wl.
or that w, tw,ttwy + (-1) wj+0+0 ..t0=0
= w,=0 Vi using(i)

x=w1+w2+...+wj_1 w, e W,

= x =0 = result.
(ii) = (iii)
Let B, = {x;,....,x; } be basis of W.

R ld,*

k
Let 2 anXi+ AinXin + ...+ al»dlxl-di = 0

i=1

k
Then Z w;, =0 = w,=0 forall i (since, if j is the largest integer such that,
i=1
wj¢0, then w, +...+wj=0:>wj € ij(W1 + ...+ Wj_1)= {0}
=>w,= 0, a contradiction).
o B=1{By-.-, B;} 1s an independent set in . Since B, spans W, for all 7, B
spans W.

.. P is abasis of W.

(iii) = (i)
Let X, to.tx, =0, x €W,
Then Oy Xy F e Ol Xy, e O X b, = 0

= each coefficient o= 0 as B is linearly independent
= eachx; =0
= W,,..., W are independent.
Example 4.57: Let V'be a finite dimensional space and W,,..., W be subspaces
of V' such that
V=w +.. +W anddim V=dim W, +..+dim W _
Provethat V=W, @ .. @ W .

Solution: Let 3, be an ordered basis of W, for all i. Letdim W.=d.. Letx € V.
Thenx=x +..+x ,x. € W,x, € W.= x.1is a linear combination of vectors

inf.

=  xis a linear combination of vectors in B = {B,, ..., B, }



— B spans V Rings and Fields

= P isabasis of V' (for if B is not a basis of V, then some subset of 3 is
abasisof V= dim V<o, +..+o(B,)=dim W, + ... +dim W, = dim
V, a contradiction)

= W, .., W areindependent NOTES

= W}m(WlJr...Jerfl):{O} forallj, 2<j<m
= V=wew+.+tew,.

4.10 VECTOR SPACE OF LINEAR
TRANSFORMATION

To recall the definition, by a linear transformation, wemeanamap 7: V— W,
such that, T(owx + By) = al(x) + BT(y) where x,y € V, o, B € Fand V, W are
vector spaces over the field F. Youneed to go through the definitions and results
done earlier, especially on kernel and range of a linear transformation Also, we’ll
be dealing with vector spaces that are finite dimensional, unless mentioned otherwise.

Theorem 4.39: A linear transformation 7: V' — Vis one-one iff 7 is onto.

Proof: Let T: V— V be one-one. Let dim V' = n.

Let {v,, v,, ....., v } be a basis of V, then {T(v,), ....., T(v,)} will also be a
basis of V as

=
R
__<
+
+
Q
)
=<
N
Il
=
(]
N
~
~
[~}
=
5
o
&
=
=
o
jon
7]
g
o
=
o
=
p—

a, v, + ... +tay, =0 (Tis1-1)
= a,=0foralli
thus 7(v)), ..... T(v,) are LI and as dim V= n the result follows.
Let now v € V' be any element
then v =aTv) +a,T(v,) + ... +allv,) a eF
=T(layv, + ... +ayv,)
= T(v") for some V'
Hence T is onto.
Conversely, let T be onto.
Here again we show that if {v,, v,, ..... v } is a basis of V' then so also is
tIv)), T(v,), ooy T(v)}
For any v € V, since T is onto, 3 some V' € V such that,
T0vV)=v

Again V' € V' means V' = Zaivl» a el

v=T0") =T ey )= Do T(v)
= 1(v)), T(v,), ..., T(v,) span V'
and as dim V' =n, {T(v,), ..., T(v,)} forms a basis of V.
Now if v € Ker T be any element
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then (v) =0
= TZay) =0
= Zal(v,) =0
= a, =0 forall i as T(v,), ..., T(v,) are LI
= v =Zay, =0

= Ker T = {0} = Tis 1-1.

Theorem 4.40: Let V and W be two vector spaces over F. Let {v,, v,, ..., v }
be abasis of Vand w, w,, ..., w, be any vectors in IV (not essentially distinct).
Then there exists a unique linear transformation.

T:V— W such that, T(v) =w, i=1,2,..,n.

Proof: Let v € V' be any element, then v= Zaivi , el as{v,v,,..,v}

-V,
i=1

isabasis of V.
Define T: V— W, such that,

Tv) = Z a,w,

Then T'is a linear transformation (verify!).

Clearly here, T(v) = T(ov, + ... * 1. v, + ... +ov ) = lw, for all i

To show uniqueness let 7" be any other linear transformation from V'— Wsuch
that

T'(v) =w,
Let v € V be any element, then v =2 a,v,
T'v) =T'Cay)=Zal'(v)=Zaow = T(v)

Hence T' =T.

Thus we notice that a linear transformation is completely determined by its
values on the elements of a basis.
Definition: Let 7: V— Wbe a linear transformation
then we define Rank of 7= dim Range 7= r(T)

Nullity of 7= dim Ker 7'=w(T).
Theorem 4.41 (Sylvester’s Law) : Let 7: JV — Wbe a linear transformation,
then
Rank 7'+ Nullity 7=dim V.

Proof: Let {x, x,, ..., x, } be abasis of Ker T'then {x, x,, ..., x_} being LI
in Ker Twill be LI in V. Thus it can be extended to form a basis of V.

Let {x,, x,, ..., X, V|, V,, ..., v} be the extended basis of V.

Then dim Ker 7=nullity of T=m

dm V=m+n

We show {T(v)), T(v,), ..., T(v,)} is a basis of Range T

Now a,T(v)) + o, T(v,) +.. +a T(v)=0
T, +..tav)=0

nn

VY

av, + o, ... tav € Ker T
171 272 n'n



= oyv t..toay, =Bx ..+ B x

Or av, +..+tav + B + ..+ B, )x, =0
= o=, =.=pf=.=p,=0
= a,=0foralli

ie., {T(v), T(v,), ..., T(v,)} is LI

Now if 7(v) € Range T be any element thenasv € V'
v=ax +..tax +bv +..+byv a, bj e F
Iv) = aT(x) +..+a,TIlx,)+ bT(v)+..+bT(v)
=0+..+0+bT(v) +..+b1T(v) [as x, € Ker T]
or that 7(v) is a linear combination of 7(v,), ..., T(v,)
which, therefore, form a basis of Range 7.
. dim Range T=n =rank T
which proves the theorem.
Theorem 4.42: If T': VV — V'be a linear transformation Show that the following
statements are equivalent.
() Range T Ker 7= {0}
@) f T(T(v)) = 0then T(v) =0, v e V
Proof: (i)= (ii)
(Tv)=0=1T(v) e Ker T
Also T(v) e Range T (by definition)
= Tv)=0
(i) = (i)
Letx € Range T Ker T
= x € Range Tand x € Ker T’
= x =T(v) for some v € V
And T(x) =0
x=TWv) = Tx)=T(T(v))
= 0 = T(T(v))
= T(v) =0 (given condition)
= v =0.
Algebra of Linear Transformation: Rank Nullity Theorem and Change
of Basis

Let Vand W be two vector spaces over the same field F. Let 7: V— Wand
S: V— Whbe two linear transformations. We define 7+ S, the sum of Tand S

by
T+ S:V— W,such that
(T+Syv=TWv)+SWv), veV
Then 7+ S'is also a linear transformation from V' — W as
(T'+.8) (ox + By) = T(ax + By) + S(ox + By)
= al(x) + BT(y) + aS(x) + BS()
=T+ Sx + B(T+ Sy
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Rings and Fields Again for a € F, we define the product of a linear transformation 7: V— W
with a, by (aT) : V' — W such that, (a7)v = a(T(v)).

It is easy to see that a7 is a also a linear transformation from V' — W. Let
Hom (V, W) be the set of all linear transformations from ¥ — W. Then we show
Hom (V, W) forms a vector space over /' under the addition and scalar multiplication
as defined above.

We have already seen that when 7, S € Hom (V, W), o € F then T + S,
o7 € Hom (V, W), thus closure holds for these operations. We verify some of
the other conditions in the definition.

(T+Syv=TWw)+SW)=Sv)+T(v)=(S+ T)vforallv e V
= T+S=8+Tforall §, T € Hom (V, W)
The map O : V— W, such that,  O(v) = 01is a linear transformation and
(T+Oy=Twv)+O0W)=TWv)=(0+ Ty for all v
Thus O is zero of Hom (V, W)
For any 7 € Hom (V, W), the map (-7) : V— W, such that,
Ty =-T()
will be additive inverse of 7.
Again, [T + S)v=a[(T + Syv] = o[T(v) + S(V)] = aT(v) + aS(v)
= (v + (aS)yy=(al + aS)y forallveV

NOTES

= T+ S)=oal + aS
[(aB)T]v = (aB)T(v) = o[BT(v)] = [a(BT)]v for all v
= (aB)T = a(BT)
(1T)yv=1.T(v)=T(v) forallv
= 1.T=T

Hence one notices that Hom (¥, W) forms a vector space over F.
Note: The notation L(V, W) is also used for denoting Hom (V, ).

Definition: Product (composition) of two linear transformations
Let V, W, Z be three vector spaces over a field F
Let T:V—> W, S: W— Z be linear transformation
Wedefine ST:V — Z, such that,
(ST = S(T(v))

then ST'is a linear transformation (verify), called product of S and 7.
Note: 7S may not be defined and even if it is defined it may not equal ST.

Definition: A linear transformation 7': V' — V'is called a linear operator on V,
whereas a linear transformation 7': V' — F'is called a linear functional. We use
notation 72 for 7.7 and 7" = T""'T, etc.

Theorem 4.43: Let T, T, T, be linear operators on J] and let/: V' — V'be the
identity map 1(v) = v for all v (which is clearly a linear transformation) then
)] IT=TI=T
(@) I(T, +T)=1T1T +1T,
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(1if) o(T,T,) = (aTPT, = T\(aT,) o e F Rings and Fields
(iv) T(T,T,) = (T\T,)T;.
Proof: (i) Obvious.
@) [I(T, + T,)Ix =TT, + T,)x] = T[T,(x) + T)(x)] NOTES
= T(T}(x)) + T(Ty(x)) = TT,(@) + TTx)
=TT, + TT,)x
= IN(T,+T,) =TT, + 1T,
Other result follows similarly.
@) [T, T)lx = o[(T\Ty)x] = o[ T\(Ty(x))]
[(aT)T)lx = (aT)) [T)(x)] = o[T\(T,(x)]
[T\(aT)]lx = T\ (aT)x = T\(al)(x)) = ol ,(T,(x))]
Hence the result follows.

(iv) Follows easily by definition.
See exercises for the generalised version of above theorem.
Theorem 4.44: Let IV and W be two vector spaces (over F) of dim m and n
respectively. Then Hom (¥, W) has dim mn.
Proof: Let {v,,v,,...,v, } and {w,w,,...,w } bebasis of Vand Wrespectively.
Definemappings 7, i VoW, such that
Tij(v) = aiwl.l <i<m
1<j<nm
where v € V'is any element and therefore,
v=o,v, t oy, +..0a v forsomea e F
Note also that7 .j(vk) =0ifk#1i
=w ifk=1i

We show T ;are linear transformation

Let x,y € V'then x = Y av;, y= D> By, a,B, €F
1 1

Now T (x+y) =Ty, + .. +o,v)+ B, +..+B,v,)
= Tl.j[(oc1 + Bl)v1 + ...+ (am + Bm)vm]
= Tl.j(ylv1 +..ty V)

=y,
= (a, + B)w, = o, + Bw, = T,(x) + T,()
Also, Ty.(kx) =T ,J.(K(oclvl Tty ))
= Tij(koclv1 + ..+ ha,v,)
= (kocl.)wl. = Moy, wj) = AT, i (Zav)
= MT(x)

HenceTl.jeHom(V, W). We claim S = {Tij|l£iﬁm, 1 <j<n} forms
a basis of Hom (V, W)
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Suppose
BiTi + Bl * o + BT, By Ty + BTy + e T By, 1, + o F

Bmlel + Bm2Tm2+ e anTmn :0’ Blj €F

[where 0 is, of course, zero of Hom (V, W)]
By operating on v,, we get
By Ty (v) + BoTp(vy) + oo + B, T, (00) + By Ty (v) + .. =0
= Byw FBw, B, FO+ L0+ =0
But w, w, ..., w are LI
=By =PBp= By, =0
Similarly, by operating on v, we will get ,, =B,,=... B,, =0
Thus by operating on v,, v, ... we find that all the coefficients are zero and

hence S is L1. So, o(S) = mn.

Let Now 7' e Hom (V, W) be any element, then
T:V— Wis a linear transformation
We show 7'is a linear combination of 7, i
Consider v, then 7(v,) € Wand thus is a linear combination of w , w,,... w,
Let T(v)) = o, ,w; + oW, + ... + o W)
Put  Ty=o, T ta,Ty,+.ta, T, o, T o,lhh)+..+a,l,
(where a,,, a,, ... are, of course, the same as before)
Then T,(v)) = a, T,(v) + o, T,(v) + ..
=o,w to,w,+ta,w +0+0+..+0
= T,(v)) = T(v)
Similarly proceeding with v, v,, ... v, we get
To(vz) = T(Vz)
Tyv,)=T1v,)
Thus T, and T agree on all elements of the basis of V.
= T, and T agree on all elements of V= T, =T
But 7}, is a linear combination of members of §
= Tis a linear combination of members of §
= S spansHom (V, W)
or that S forms a basis of Hom (V, W)
Hence dim Hom (V, W) = mn.

Corollary: Obviously dim Hom (¥, V) = m? where dim V= m and

dim Hom (V, F)=m .1 =m as dim F(F) =1 as F'is generated by 1 and thus

{1} 1s a basis of F(F).
Example 4.58: Find the range, Rank, Ker and nullity of the linear transformation

T:R?> > R’ such that,
Tx,y,z2)=(x+z, x+y+2z, 2x+y+32)

Solution: Let (x, y, z) € Ker T be any element, then

I(x, y,z) = (0, 0, 0)



= (x+tz xty+2z 2x+y+32)=(0,0,0) Rings and Fields

= xt+t0+z=0
x+y+2z=0
2x +y+3Z=O NOTES

Gving x=-z, z+y+2z=01ie, y=-—2

Again, from def. of 7, we notice elements of the types (x +z, x +y + 2z, 2x
+y+ 3z) are in Range T

Now (x+z,x+y+2z,2x+y+32)=(x+0+z,x+y+2z 2x+y+3z2)

=(x, x, 2x) + (0, y, y) + (z, 2z, 32)
=x(1,1,2) + (0, 1, 1) + z(1, 2, 3)

Thus Range 7' is spanned by {(1, 1, 2), (0, 1, 1), (1, 2, 3)}

Since (1, 1, 2) + (0, 1, 1) = (1, 2, 3) we find these vectors are LD
So dim Range 7'< 2

Againas (1, 1,2)and (0, 1, 1) are LI we find

dim Range 7= 2 = Rank 7.
Example 4.59: If 7', T, € Hom (V, W) then show that
(@) noT)=nT) foralla e F,a =0
(@) | n(T) —nT,) | < (T, + T,) <n(T)) + rT,)

where 7(7T) means rank of 7.
Solution: (i) 7, : V—> W

thus T',(¥) = range T, is a subspace of W

Now (@T)v = o(Ty(v)) € T((V) forallveV

= (I)yVcT, (V) (1)
Again as o # 0, o' exists and thus
@'T) V < T\(V)
oo ' TV < ol (V)

= (V) cal(V)

= I(V) = al)(V) by (1)

= dim 7,(V) =dim o7 (V)
Or HT)) = r(a)).

(i) Since (T, + T)x =T,(x) + T)(x) forallx e V
(Tl + TQ)V - Tl(V) + Tz(V)
= dim [(T, + T,)V] <dim [T(V) + T,(V)]

<dim T (V) +dim T(V)
= T, +T,) <HT)+nT,)
Agan T, = (T, + T,) - T,= (T, + T,) + (- T))
= WT) =r[(T, + T,) + (-T,)]

<SHT,+T,)+r-T,)=nT,+T,) +KHT,)

ine E tion (1 =—1 Self - Learning
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= HT)-nT) <n(T,+T)
Similarly HT) —r(T) < (T, +T,)
= | H(T) —r(T) | <HT,+T,) <KHT))+ rT,).
Invertible Linear Transformations

We recall that amap 7': V' — Wis invertible iffit is 1-1 onto, and inverse of T’
is the map T"': W — V such that

') =x e Tx) =y
We show that inverse of a (1-1 onto) linear transformation is also a linear

transformation Let 7: V' — W be a 1-1 onto linear transformation and 7~ ':
W — V be its inverse.

We have to prove
Tkl(ocw1 + Bw,) = aTl(wl) + BTl(wz) a, BeF,w,w, e W
Since T is onto, for w,, w, € W, 3 v,, v, € V such that T(v,) = w,,
I(v,) = w,
— v, = Tl(wl), v, = Tl(wz)
Now Tkl(ocw1 + Pw,) = TI(GT(Vl) + BT(v,)
= T"'(T(aw)) + T(Bv,))
T (T(ow, + Bv,))
=av, + Bv,
= al'(w) + BT '(w,).

Definition: A linear transformation 7 : V — W is called non-singular if
Ker T'= {0}, i.e, if Tis 1-1.

Theorem 4.45: A linear transformation 7' : V' — Wis non-singular iff 7 carries
each LI subset of V" onto an L/ subset of W,

Proof: Let 7'be non-singular and {v,, v, ..., v, } be a LI subset of V. we show
{T(v,), T(v,) ..., T(v,)} is an LI subset of W.

Now o, 7(v) + ,T(v,)) + ... + o T(v)) =0 o € F

(o, +..tav,)=0

av, t..ov € Ker T = {0}

v, ooy, = 0

U

o, =0 for all i as v, v,..., v are LI
Conversely, let v € Ker T be any element
Then T(v)=0
= {T(v)} isnot LIin W
= visnot L/ in V. (by hypothesis)
= v=0= Ker T = {0}
= T'is non-singular.

Theorem 4.46: Let 7: V— W be a linear transformation where V and W are
two FDVS with same dimension. Then the following are equivalent:



() Tisinvertible Rings and Fields
(i1) Tisnon-singular (i.e., T'is 1-1)
(iti) T is onto (i.e., Range T'= W)
@v) If {v,, v,,..., v } is a basis of V' then NOTES
{1(v)), T(v,),..., T(v,)} is a basis of W.

Proof: (i) = (ii) follows by definition.
(it) = (iii) T'is non-singular
= Ker 7 = {0}
= dimKer7 =0
Since  dim Range 7'+ dim Ker 7= dim V, we get
dimRange 7 =dim V'
= dimRange 7" =dim W (given condition)
But Range 7 being a subspace of W, we find
Range T =W
(iii) = (i) T onto means Range 7= W
= dim Range 7’=dim W=dim V'
and as dim Range 7+ dim Ker 7= dim V, we get
dim Ker 7=0
= Ker 7= {0}
or that 7'is 1-1 and as it is onto 7' will be invertible.
(/) = (iv) T'is invertible = T'is 1-1 onto
i.e., T'is an isomorphism, so result follows.
(v) = (1)
Let {T(v,),..., T(v,)} be basis of W where {v,,...v } is basis of V. Any
w € W can be put as

w=o,T(v)) +..+ o T(v,)
= T(ov, +..+ a v )= T(v) for some v € V
.. T'is onto. Thus (iii) holds.
Hence (i) holds.
Example 4.60: Let 7 be a linear operator on R?, defined by
T(x,, x5 x3) = Bxp, x; — x5, 2x; T x, + x3)
show that T'is invertible and find the rule by which 7! is defined.
Solution: 7: R* — R’
Let (x, x,, x;) € Ker T be any element
Then T(x,, x5, x3) = (0, 0, 0)
= (Bx;, x;,—x,, 2x, tx, +x;)=(0,0,0)
= 3x,=0, x, - x,=0, 2x, + x, + x; =0
= x, =X, =x; = 0 or that Ker T'= {(0, 0, 0)}
= T'is non-singular and thus invertible (refer Theorem 4.46)
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Tif
T(x,, x5 X3) = (24, 2y, 23)
NOTES - 2T
X=X 75
2x, + x, +x; =z,
which givex, = 23—1, X, = % — 2y 23=2;—2, 1z,
Hence 7' : R* - R is defined by
7! (Zl’ Z,, 23) = {%,%—zz, Zy—1z +Zz)
Example 4.61: If 7: V' — Visalinear transformation, such that 7'is not onto,
then show that there exists some 0 # v in V' such that, 7(v) = 0.
Solution: Since 7 is not onto, it is not 1-1 (theorem done)
Suppose 3 no 0 # v € V such that 7(v) =0
Then 7(v) = 0 only when v=0
= Ker 7= {0} = T'is 1-1, a contradiction.
Theorem 4.47: Let T: V— Wand S: W— U be two linear transformations.
Then
(i) If S and T are one-one onto then ST is one-one onto and (S7) ! = 7!
g
(it) If ST is one-one then T is one-one
(iii) If ST is onto then S is onto.
Proof: (/) Since S and T are 1-1 onto, S”' and 7! exist.
Let ST(x) =ST()
Then S(7T(x)) =S(T())
= T(x) =T(y)as Sis 1 — 1
= x =yasTis1—-1
= STis1-1.
Again ST: V— U, letu € U be any element then as S in onto, 3w € Wsuch
that, SwW)=wuandas T: VV— Wisonto 3 v € V, such that, T(v) =w
Now Tv)=w = S(T(v)) = S(w) = ST(v) = u
or that ST is onto.
Also  (STY(T 'S =S 's )y =TT HSs ' =8us)y =85"=1
Similarly (7'S™)(ST) = TX(S'(ST)) = TSI\ T =TI = T'T=1
Showing that (S7)"' = 7157
(ii) Let v € Ker T be any element
Then T(v) =0
= S(T(v) =50)
= ST(v) =0
Self - Learning = v € Ker ST and Ker ST = (0) as ST is 1-1
254 Material = v =0=Ker 7=(0)= Tis 1-1.



(7ii) Let u € Ube any element. Since ST: V— U'is onto, 3 some v € V'such
that, ST(v) =u

1e., S(T(v)) =u

Let T(v) =wand w € W such that
S(w) =u

Then S is onto.

Example 4.62: Let V| and V, be vector spaces over F. Show that V', X V, is
FDVS if and only if V| and V, are FDVS

Solution: Let V" = {(v,, 0) | v, € V}}
V) =10,v,) [ v, € V,}
then V" and V' are subspaces of V', x V,
Define 0, : V, = V| such that,
6,(v) = (v}, 0)
Then 6, is an isomorphism
Similarly 0, : V, — V, such that,
&,(vy) = (0, v,)
will be an isomorphism.
So v, v,=v,
Suppose V', x V, is FDVS, then V," and V," are FDVS (being subspaces
of V, x 1)

=V and V, are FDVS

Conversely,if V, and V, are FDVS then V', x V, is FDVS and dim (V| x V)
=dim V| +dim V,. (Note: If {e,, e,, ..., e, } and {f,, f,, ..., f,} are basis of
V| and V, respectively, then {(e,, 0), ..., (e,, 0), (0, f)), ..., (0, f)} is a basis
of V, x V,.)

4.10.1 Algebra of Linear Transformation

Let U(F), V(F) be vector spaces of dimension n and m respectively. Let
B=1up, ...,u,},B =1{v,.., v, } betheir ordered basis respectively. Suppose
T:U—> Visalinear transformation. Since 7(u,), ..., T(u,) € Vand {v,, ..., v, }

spans V, each T(u,) is a linear combination of vectors v, ..., v, .
Let T(u) = oyvy + oo, v,

T(uy) = o,vy + oo T Qv

w)=o,v, +..+ta v,

where each o € F. Then the m x n matrix

0(.11 a12 ees eee 0(.1
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is called matrix of 7'with repsect to ordered basis f3, B’ respectively. 4 is uniquely
determined by 7 as each o, €F is uniquely determined. We write

A=1[T]; s
B. B
The word ordered basis is very significant, for as the order of basis is changed,

the entries o will change their positions and so the corresponding matrix will be
different.

In particular if U=V, B = ', then instead of writing [T]B g We write [ 7] b

Let M, (F) denote the vector space of all m x n matrices over F. Let
Hom (U, V) denote the vector space of all linear transformations from U(F) into
V(F). We prove

Theorem 4.48: Hom (U, V)= M (F).

Proof: Define 6 : Hom (U, V) -> M, (F), such that,
0(7) = [T]ﬁ, B’

Where B = {u,,...u },B"={v,...v, } are ordered basis of U, V' respectively.
0 is well defined as [T]B b is uniquely determined by 7.

It is not difficult to verify that 0 is a linear transformation.
Let O6(S)=06(7), S,TeHom(U,VW)

Then [S]ﬁ, B [T]g, B’

> (@)=

= al.j=bl.j forall i, ;

= Su)= ;aijv,- = ;bijvi = T(uy) forallj=1,..n

= S=T=01s 1-1.
LetA= (al.j) e M, (F). Then3alinear transformation T'e Hom (U, V)
such that,

mxn

T(u)= 2azv; forj=1,..n
i=1

A= [T]& b= 0(7) = 0 is onto.
Hence 0 is an isomorphism and so Hom (U, V) =M, (F).
Corollary: dim Hom (U, V) = mn.
Proof: S=setofall m X n matrices with only one entry 1 and all other entries
zero, is abasis of M, (F).
Clealy, o(S)=mn = dmM __(F)=mn
dim Hom (U, V) = mn.

Theorem 4.49: Let S, 7' be two linear transformations from V(F) into V(F). Let
B be an ordered basis of V. Then

[ST][; = [S]ﬁ[T][;
Proof: Let B = {v,, ... v }
Let S(v)=a; v, + ... a,v,

Sv)=a,v, +..+a, v



Where a; € F

In general, S(v)— zaz] Vi forallj=1,..n

N

Similarly,
I(v)=byv, +..+b v

I(v,)=b,v, +..+b, v where bl.j e F

In general 7(v,) = ijk"j, forallk=1, ..., n

[T], = (by)
ST(Vk):S(ibjk‘fij gbj ;) :i{i//k}*

i=1
[ST], = (c;). where ¢, = Zag,-bfk
=1
Also, (i, k)th entry in [S]B [T][3
= Z“U jk =c., = (i, k)th entry in [ST]
ik B

[S T]ﬁ - [S]ﬁ [T]ﬁ
Corollary: If Sis an invertible linear transformation from V(F) into V(F), then so
is [S][3 with respect to any basis 3 of /" and conversely.

Proof: Since S is invertaible, 3 7: V'— V'such that, ST=17=TS. Let 3 be an
ordered basis of V. Then by above theorem,

[ST) = [N = I, where T= S
= [SII7], =1
=[S, =1
= [AS“I]B = [S]‘1B for any basis 3 of V'
Conversely, let [S]B be invertible. Then 3 a matrix 4 = (al.j) over F such that,
[SlyA=1

Let T: V— Vbe a linear transformation such that,

() = Zalj . forallj=1,..n

[T, = 4
[S], 71, =1
= [ST), =1
= (ST)(vj) =V forallj=1,..,n
= S(x) = (SD(oyv, + ... + o v )
=av, t..toy,
=x forallx eV
= ST =1= Sisinvertible.
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We now give arelation between matrices of a linear transformation with respect
to two different basis of a vector space.

Theorem 4.50: Let 7 : V(F) — V(F) be a linear transformation. Let
B={up,...ut, ' = {v, .., v,} be two ordered basis of V. Then 3 a non-
singular matrix P over F such that

[T]g = P '[T]P.
Proof: Let S: V' — V'be a linear transformation such that S(u,) = v, forall i =
1, ...n.
Now x e Ker § = Sx) =0, x=ou, + ... +tau, o €l
S(oquy; + .. +ou) =0
o, Su) + ..+ o Su,) =0
ayv, +..+ayv =0
a.=0 foralli
x=0
Ker S = {0}
S'is 1-1 and so onto.

R

.. §'1s an isomorphism. Let [T, = (al.j)
Then T(u) = 2o,
’ i=1

(STS)(v) = ST(w,)

= S(ZaijuiJ =
i=1

o [STS g = (a,) = [T],
= [S1,[T1e[S "1y = [T];
[S1,[71,0815" = (71,
[T]g = [S1y " [T140ST,
= P'[T], P, where P = [S],.

Example 4.63: Let T be a linear operator on C? defined by 7 (x, x,) =

(xla 0) Let B = {61 = (17 0)7 62 = (Oa l)}a B' = {0(1 = (13 l)o 0(2 = (_ia 2)} be
ordered basis for C2. What is the matrix of T relative to the pair B, p'?

Vi

1

n

1

U

Solution: Now I(g) = I(1, 0)
=(1,0)
=a(l, i)+ b(-, 2)
= a—bi =1wherea, beC
ai+2b =0
= a=2,b=-1i
= I(g) =20, - ia,
Also I(e,) = T(0, 1) = (0, 0) = O, + Oct,



[2 0
[T]BB/ - {—i O}.

Example 4.64: Let 4 be an n x n matrix over £~ Show that 4 is invertible if and
only if columns of 4 are linearly independent over F.

Solution: Let V(F) be a vector space of dimension n. Let f = {v,,..., v, } be an
ordered basis of V. Let 4 = (al.j). Then 3 a linear transformation 7': V' — V'such

that

T(Vj) = z,laijvi

[T, = 4.

Let M, (F) denote the vector space of all #n X n matrices over F.
Let 4 € M (F) be invertible. Then T'is also invertible. So T'is 1-1, onto.

Let

Conversely, let columns of 4 be linearly independent over F.

Now

R U

Uy

U

ap A
| |+..ta, =0,0, € F
ay ann_
G o F0G,ay,
=0
aa, + o +o,a,, |

oa, +..+oa, =0

oa, +..+taa, =0

n-nn

oa,; v+t .. +toa,v, =0

oa, v, t..+toa v, =0

o (a, v, + ... +ta,v,)+ .. +aola, * ..

o, T(v) + ... +a,T(v,) =0

T(oyv, +..+ta,y,)=0

ov, +..+toyv =0asTis 1-1
o, = 0 for all 7

columns of 4 are linearly independent.

x e Ker T
Tx)=0,x eV
oy, + .. tayv,=0

o, T(v) + .. +o,T(v,) =0

+ o

I’l}’lvi’l

)=0
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= Y a;a; =0foralli=1,.., n
j=1

U
2
r
+
Q
I
[a)

each o, = 0 as columns are linearly independent
x=0 = Ker T={0}

T'is 1-1 and so onto

T'is invertible.

Ud 4y

Dual Spaces

Earlier we saw that Hom (V, ), the set of all linear transformations from vector
space V over F'into vector space W over F, is also a vector space over F. Further,
if dim V'=m, dim W= n, then dim How (V, W) = mn. In particular, if W=F,
then, Hom (¥, F) is called dual space of V over F. It is denoted by V" and read
as V dual. In this section we study these dual spaces.

Our first job will be to construct a basis of ' from a given basis of V.

Theorem 4.51: Let {v,, ..., v,} be a basis of V.
Define \?i : V> F such that,
12. (v, t..toyv)=a (=12 .,n
Then 31. is a linear transformation foralli =1, ...,n and {31, - Sn} is a basis
of V. Hence dim V' =dim V.

Proof: Let v,V e V
Suppose v =oyv t . tay,
Vi =By, t..+tBy, a,B eF
Ifv=v,thena = forallj=1,..,n
J /\‘] N
vi(v) =a,=v, (V)

- v.is well defined forall i =1, ..., n

N

Also Vv V) = 0 By et oy, +B,y,)

=o; + B,

— N N !

- V;‘(V) + Vi(v)

N N
And v{av) =v(ao,v, + ..+ oa,v,)
N

= a0, = av(v)
. 12. is a linear transformation for alli=1, ..., n
By def,, V) = Oy + et Lyt 4 0n) =0fj#
=1ifj=i
v(v) =8, forallij=1,..n

A

Let ov,+..+a,v, =0 o, €F



A A ) .
Then(oclvlJr ..t oann) (v]) = O(v]) =0 Rings and Fields
A

= v (v) =0
:> Q; =0 forallj=1,..,n
{vl, . v . 1s LI over F. NOTES

Letfe V.Let f(v) = o i=1, ey 1
Then (ayv,+ ... + av) (v) = o (v)
=a, i=1,..,

. fand ocl\? ot ocn\?n agree on all bases elements of V.

So, f = ocl\tl + ..t ansn

: {91, . v ut spans V

. Hence, {Vp . v .+ 1s abasis ofV called dual basis of {v,, ..., v,} such that,
v, () =
Corollzlry. Let V'be a finite dimensional vector space over F. Let0#v € V. Then

df € V such that, f(v) # 0.

Proof: Since v 0, {v} is LI set. So, it can be extended to form a basis of V.

Let {v=v,v,, .., v,} be a basis of V.

Let {\? {5 wees v ot be correspondlng dual basis. Then v () =9,

1(V1) .

Let f= v1 eV

Then FO) =f(v) = v,(v) = 1 % 0.
Theorem 4.52: Let V'be a finite dimensional vector space over F.

Define 0:V—> Iésuch that,

G(V) =T forallveV
where T,: V — F such that,

T(f) =f(v) for allfe V
Then 0 is an isomorphism from V onto 4 (Here V dual of V called double

dual of V).

Proof: Letf, g € I>
Then T(f+g=(0+tg v
=f(v) + g(v)
=T+ T2
Leta € F
Then T(of) = (of) ()
/()
al (f)
T, e I}
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Rings and Fields 0 is well defined asv=v" = T (f) = f(v)
=fO")=T,(f)forallfe V=>T,=T,
0 is a linear transformation as

NOTES ov+Vv)y=T,,,=T,+T,=0() +06()
as T, ()=fv+V)
=f) +f(v)
=T+ T
=(T,+ T, (f)forall fe V
T.,=T,+T,
Also O(aw) = =al, = ad(v)
As T,.(/) =f(ow>
- af(v) )
=al(f) forallfeV
T, =al,

Let0#veKer0=0(v)=0=7,=0
dfe V such that, f(v) # 0
T(f)#0
a contradictionas 7,= 0 = T (/) = 0
Ker6 = {0} = 0 1is 1-1
o V=0(V) c I§
= dim 6(V) = d1m V'=dim V dim V (by Theorem 4.51)

6(V) V as 0(V) is a subspace of V

.. 01s onto from V' to V
Thus 0 is an isomorphism.

Corollary 1: Let V' be a finite dimensional vector space over F. If L is a linear
functional on ¥, then 3 a unique v € ¥ such that, L(f) =f(v) for all f € V.

Proof: L is alinear functional on V'
A

= L € V' = J unique v € V such that,
0 (v) =L as0is 1-1 onto
T, =L

= L(f) =T/ f) f(v)forallfeV

Corollary 2: Let V'be a finite dimensional vector space over the field 7. Then
each basis for V' is the dual of some basis for V.
Proof: Let {f, ..., f,} be a basis for V. o

By Theorem 4.51, 3 abasis {L,, ..., L,} for V' such that, Li(ﬂ) = 81.].. Junique
v, € V for each i
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Since {L, L,, ..., L } is a basis for V, {6’1 L, .. 0! L}={v,.,v,}is
basis for V' as 0 is an isomorphism.
Also &, = L{f) =T, Vl_(/;) = /() NOTES
{fi> .- f,,} 1s dual of basis {v,, ..., v, } for V.
Example 4.65: Let V" be the vector space of all polynomial functions from

R to R which have degree less than or equal to 2, Let ¢, t,, £, be three distinct
real numbers and let L;: V'— F be such that, L (p(x)) =p(¢,),i=1, 2, 3. Show

that {L,, L,, L;} is abasis of I;' Determine a basis for V' such that, {L,, L,, L}
is its dual.
Solution: L; (p(x) + g(x))
= L(r(x)), r(x)=p(x) + g(x)
= r(t,') :p(ti) + Q(ti)
= L(p(x)) + L{q(x))
Also L(op(x)), a € F
= L{q(x)), q(x) = ap(x)
=4q(2)
=op(t)=oaL(p(x)) foralli=1,2,3
L e I;' foralli=1,2,3
Let oL, +a,L, + oL, =0
Apply it on polynomials 1, x, x* to get
o, + o, +oy,=0
oLt T 0Lt,T ot = 0

2 2 2 _
alt1 + a2t2 + oc3t3 =0

11 1| [e
h b L[|0|=
£ 8 d|L%
o I 1 1
Alo, [=0, A= 6 14
o § 68

detd=(t,-t)(t,—t;) (&, — 1))
# 0 as t,, t,, t; are distinct
o
Thus 4" exists |0, [ =0 = a, =0, =03 =0
]
Hence {L,, L,, Ly} 1s a LI set. R
Since dim V'=3, {L,, L,, L,} is a basis of V'
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Let {p,(x), p,(x), p5(x)} be a basis of V' such that, {L,, L,, L;} is its dual
basis.
Then Li(p) =1, Lyp)) =0, Ly(p)) =0
Lpp)=0 =p(t)=0
= 1, is a root of p,(x)
Lypy) =0 = pi(;) =0
= 15 1s a root of p,(x)
Since deg p,(x) <2,
p(x) = alx — £, (x — £;), o = constant
Lipp=1 =p@)=1
=t —t)(t —t)=1
1
:> = —_—
* (=) (4 —13)
(x=1)(x—1)
(=) (4 —13)
Lo (x—1)(x—1;) (x—t)(x—1t)
Similarly, = 1= 3 SR L DA A P
atly,  p,(x) (th—11) (ta —15) P;(x) (1) (5 —1p)

Example 4.66: Let /' be the vector space of all polynomial functions p from R
into R which have degree 2 or less. Define three linear functionals on V'by

£i®) = [ peds, () = [ pOoya

-1
fip) = |, pexydx
Show that {f}, f,, f3} is basis of V. Determine a basis for V' such that,
{f} 15, /3} 18 its dual basis.
Solution: It can be easily seen that f,, /5, f; € V.
Let af; + o, f, o f; =0, o €R
Apply it on 1, x, x* to get
o, +2a, —0o,; =0

p(x) =

—1+ia2+—320
2 2 2
1 2 -1
Let A=11 4 1
1 8 -1
%
Then A azl =0,det4#0
03




o
Aoy [ =0 0,=a,=0;=0
03
oA o f3) 18 a L set. R
Since dim V' =3, {f, /5, f3} 1s a basis of V.

Let {p,(x), p,(x), p5(x)}, be abasis of V'such that, {f,,,,f;} is its dual basis.

Ne) = L AHP) =0, /() =0

2

Let px)=c, +tcx+ex
2
x? X
fi(p1)=0:> C0x+C17+C2? =O
0
= cox+%1x2+c?2x3 =0 when x =2
-1
Sp)=0= cox+c17+cz? =0
0
= cox+c—21x2+%2x3 =0 when x =—1

c ¢
cox+31x2 +?2x3 =ax(x—2)(x+ 1)

C C
App=1 = e+ x’+3x =1 whenx=1

=N oc.l(—l)(2)=1:>oc=—%

2,6 3 1
cxX+—x" +—Xx = —— —
o ) 3 2x(x 2)(x+1)
L L T
2 2
CZ 1 Cl 1
_—= -, = = —, c :1
3 272 27 ¢
_ _ 3
c,=l,c,=1,¢ =3

pix) = l+x—%x2

Similarly, we can find p,(x), p;(x).
Definition: Let 7/ be a subset of V.
Define AW)y={feV | f(w)y=0 forallw e W}

Then A(W) is a subspace of V' as a, B € F,
fhge AW) = fw)=0 =g(w)forallwe W
= of(w) + Pgw) =0 forallwe W
= (af+Bg) (w) =0 forallweWw
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Rings and Fields = OLf + Bg c A(W)
A(W) is called annihilator of W.

Example 4.67: Let U, W be sub-sets of V. If U < W, show that A(U) < A(W).

NOTES Solution: Let f € A(W) then, f(w) =0 forallwe W
= f(u) =0 forallu e UasUc W
= f e AU).

Theorem 4.53: Let V' be a finite dimensional vector space and W, a subspace
of V. Then dim A(W) =dim V' —dim W.

Proof: Let {w,, ..., w,} be a basis of W.
It can be extended to form a basis of V.

Let {w,, ... W,, V,, + > ---, V,,} be a basis of V.

Let {f}, ..o /o /4 10 - f,,; DE corresponding dual basis.

Then fi(wj)ZO i=m+1,..,n
j=1,.,m

fieAW) foralli=m+1,..,n
We show {f, . |, ..., f,} 1s a basis of A(W).

Let am+l m+1+ "‘+anﬁ1=0
o, 1Sy T to,f)(vp)=0 forallk=m+1, ., n
o f, (v) =0

S o, =0 forallk=m+1,..,n
So, {f,, + 1> - f,,} 15 @ LI set. R
Letf e A(W)then f(w)=0 forallwe W,feV

feV=r=pn+..+B,[, T . +B.J],
= 0=f(w)=B,f(w) =P, forallj=1,..,m
=S =BusiSwsr T B
= {f, 41> -1, spans A(W)

S Ay 415 e f, ) 18 @ basis of A(W).
Hence dim A(W)=n—m =dim V' —dim W.

Corollary1: .y

AW)
Proof: Sincedim 7 = dim ¥ — dim A(W)
AW)
=dim V—dim V+dim W
= dim W=dim W
VoW
AW)

I

Hence
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Corollary 2: If Vis a finite dimensional vector space and /¥, a subspace of V, Rings and Fields
then

AAW) = W.
Proof: Define® : W — A(A(W)) such that, NOTES
ow)=T,
Where T,: I/I; — Fsuch that,
L) — f(w)

T, e AAW)) as T, (f)=f(w)=0 forallfe (W)
Then as in Theorem 4.24, 6 is well defined 1-1 linear transformation.
S W= 0(W) c A(A(W))
Since dim A(A(W)) =dim V' —dim A(W)
=dim V' —dim A(W)

=dim W
And dim 6(W) =dim W
AAW)) = 6(W)
.. 0 1s onto from W to A(A(W))
Hence W=A4(AW)).

For sake of convenience, we shall write A(A(W)) = W.
Consider for example, V' = RAZ, W={(x,0)|x eR}
Then A(W) is a subspace of V' spanned by f
where S(xp, x))=x,
In fact, {f} is a basis of A(W) as dim W= 1.
Also, A(A(W)) is spanned by T’ where w = (1, 0)
Since dim A(A(W)) =1, {T } is a basis of A(A(W))
Then 0 : W— A(A(W)) such that,
ow)=T,
1s an isomorphism as basis of Wis mapped to basis of A(A(W)).

Example 4.68: Let W, W, be subspaces of finite dimensional vector space V.
Determine A(W, + W,).
Solution: f'e A (W, + W)

< f(x)=0 forallx e W, + W,

< f(w)=0=f(w,) forallw, e W, w, e W,

& fe AW) n AW,)

AW, + W) = AW)) N AW,).
Example 4.69: Let /be a finite dimensional vector space. Suppose V=W, @ W,
where W,, W, are subspaces of V. Show that V'=A(W,) ® A(W,).
Solution: dimV =dim (W, @ W,)
= dim W, + dim W,
Also dim (A(W,) @ A(W,))
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Rings and Fields = dim A(W,) + dim A(W,)
=dim V—dim W, + dim V —dim W,
=2dim V- (dim W, + dim )

NOTES =2 dim V- dim K: dim V=dimV

Since A(W,) © A(VKZ) is a subspace of V'

and dim I{ =dim (A(W)) © A(W,)),
V=AW, © AW,).

Theorem 4.54: If the system of homogeneous linear equations

apx; t..+a,x, =0

a,x, +..+a,x =0,

where a;€F is of rank 7 then there are n — r linearly independent solutions in

Fm,

Proof: Let S be the set of solutions of the given system of equations
S={(a, ay oy a) € F"| Ya;a, =0, i=1,2,.,m}
Then S is a subspace of F" =V
Let {v,, v,, ..., v} be the standard basis of V'
and {f,, f,, ..., f,,} be its dual basis
Let U be the subspace of J as described above
Define 0 :S— A(U), such that,

0((ay, ayy oy )) =04 fy 0L, /) + o+, f)
Let f=ofi to,f+ .. taf
Thenf(u,) = (o, f; + ... T o, f) (a;,v, + ... T a,v,)
=oa, t..0a,

=0 as(a,..,qa,)€eS
Similarly f(u,) = ... = f(u,) =0
So fe A(U)

It can be easily shown that 0 is a linear transformation.
If (o, &y, ..., @) € Ker 0 then Y a;f; =0
1

= o,=0 Vi
= Ker 6 = {0} or that 0 is 1-1.
Letnow fe A(U)cV

and suppose f= o, f; + o, f, + ... + o, f
Then 0= f(u)=oa, +..+oa,,

0=f(u, =oa, +..+toa

ml : n-“mn
So(oy, 0y, o) €8
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and O((a;, o, ..., o)) =afy + .. +o, f =f
or that 0 is onto.
Hence S = A(U)
= dim §=dim A(U)=dim V—dim U
=n-r
Hence there are n — r linearly independent solutions of the given system of
equations.

Corollary: If n > m, that is, if the number of unknowns exceed the number of
equations, then the system of equations has a non-zero solution.

Proof: Since U is generated by m vectors, r=dim U<m<n=>n—-r>0=
system of equations has a linearly independent solution, which is non-zero (as zero
vector is not linearly independent).

Example 4.70: Let m and n be positive integers. Let £, ..., f,, be linear functionals
on F. For o in F™ define T(o) = (f; (@), ..., f,,(aV)).

Show that T'is a linear transformation from F into ™. Then show that every
linear transformation from F" into F™ is of the above form, for some VITR A
Solution: Sincef,, ..., f,, are linear transformations, so is 7. Let {e,, ..., e, } be
the standard basis of F"),

Then T(e) € F™ vi=1,..,n.

So, Ie)= B - By Vi=1, .., 1

(o) = T(oye, + ... tae) a=ae +.. +toe,
=a,l(e) +..+a,l(e)
= o, (Byps oo By T oo T ,(Bps s B)
=By T tap, By, T ToB,)

For each i(1 <i <m), 3 a linear transformation

e F™ — F such that,
Jie) =By s fley) = By
fi(a) = fi(oye, + ...+ ae)
=By .+ aB,

S(a)=1 (e +..+aoe)
= O(‘IBIm Tt O(’anm
So, (o) = (fi(®), ..., ().

Example 4.71: Let F be a subfield of complex numbers. We define 7 linear
functionals on F* (n > 2) by

fo Gpy v x) = D k= x;, 1 < k< m.
j=1
What is the dimension of the subspace annihilated by 1, ..., f,?
Solution: Nowf|(x,, ..., X,)= 0x; =X, — 2x5 ... —(n — 1) x,

Hxp, e x)=x, tox,—x; ... —(n=2) x,
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L enx)=m-Dx, +(n-2)x,+(n-3)x;+..+1x, |, +ox,
Let ¥ be the subspace of F annihilated by Jis oo Sy

Then x;, .., x,) e W
= filx, . x,)=0 Vk=1,2,..,n
0 -1 =2 .. (=D [x]
0 -1 .. .. ~n-2) || x
2 1 0 v wo —1=3)||x3]=0
|n=1 n-2 n-3 .. .. 0] [x,]
X
1.e., AX =0, where A4 is the matrix on the left and X =
X

It can be easily seen that Rank 4 = 2.
.. number of linear independent solutions in Wis n—2.
Sodim W=n-2.
Linear Transformation and Annihilator Subspace
Let V, W be vector spaces over F.
Let 7'be a linear transformation from V'into W.

N N
Define T': W — V such that,
T'(g)=gT
Then T is a linear transformation called the transpose of T.
It can be easily shown that

(i) (T, +T)'=T,+T), where T,, T, are linear transformations from ¥’

into W.
(@) (I,T,))' =T, T)', where T, : W — Vand T, : V — W are linear
transformations.

(i) (aT)'=ol' a € F,T:V— Wis a linear trasnsformation
(iv) I'=1,1:V — Vis the identity map.
Theorem 4.55: Let 7: V— Whbe a linear transformation. Then
(a) Thenull space of T'' = the annihilator of range of T.
(b) If V, Ware finite dimensional, then
(i) rank of T = rank of T’
(if) range of T = annihilator of the null space of T

Proof: (a) Now g € Null space of T'*
& T'(g)=0
S gT=0<gTV=0& g(Range 7) =0
< g e ARy



Where 4(R ;) denotes the annihilator of range 7. Rings and Fields
(b) Let dmV =n,dim W=m,
Let r =rank of 7= dim R, = dim T(V)
where R denotes the range of 7. NOTES
Nowdim  A(R;) =dimA(TV)
=dm W-dm T(V)=m—-r
Nullity of T' =dimension of the null space of 7"
=dimAR)=m—r
Butnullityof  7° = dim W —rank T*
= dim W —rank T"

= m—r =m—rank T'
= rank 7 =r= rank T
This proves (7).

Let N denote the null space of 7.

Then A(N) = {f € V |fin) =0V n € N} = Annihilator of the null space of 7.
Now f € Range T*

= f=Tg geW

=gT
= fin) =gln)=g(0)=0 VneN
= f € A(N)

= Range T' < A(N)
So, dimA(N) =dim V—-dim N
=dim V—nullity T=rank T
=rank 7" = dim Range 7’
Therefore, A(N) =Range T*
This proves (if).
Lemma: Let T - V' — W be a linear transformation. Let B = {v,, ..., v },
B" ={w,, ..., w,} be ordered basis of V| W respectively. Let B = Uy ot
be the dual basis of V" such that fi(v)) = &;. Let F € V.

Then f= zf(vi)fi
1
Proof: Suppose f = icl- fi» ¢; e F
1
Then f(Vj) = zcifi(vj) = Zci(Sij -G
So, /= Zf(vl)fz
1

Theorem 4.56: Let T: V— Whbe alinear transformation. Let B = {v,, ..., v, },
B'= {wy, ..., w,} be ordered basis of V] Wrespectively. Let B = {f|, ..., f,},
B = {g, . g, be the dual basis of V| W respectively.
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Let4= (al.j) be the matrix of T'with respectto 3, B’ and B= (bl.j) be the matrix
of T* withrespecttof B .

Then a; = bji Vi jJ.
(This shows that the matrix of 7'’ is the transpose of the matrix of 7. For this
reason 7' is called the transpose of T'.)
Proof: Now 7' : VIA/—> I> such that,
T'(g) =gT=f(say)
Then  Av) =(T'g) ()
= (gT) (v)

= (g7) (v) = gj[ia,d wa
1

= zakigj(wk) = Eakiajk =a;
By above lemma,

f = Zf(vj)fi = Zajifi
1 1

But [ =Tg= 2,
1

n n

So, Dbifi = Daif;

1 1

n

= by —a;) ;=0

1
= b;=a;V i, j. This proves the theorem.

Let4 = (al.j) be the m x n matrix over F. Then row rank of A is defined as
the dimension of the subspace of F” spanned by (@11 oes A1)y ees @y -os Ay )-

Similarly, column rank of A is defined as the dimension of the subspace of
F™ spanned by (a,}, Gy -r @y1)s s (@15 ooes @)
Theorem 4.57: Let 4 be an m X n matrix over £, Then
Row rank of 4 = column rank of 4.
Proof: Define 7 : F — F™ guch that,
T((xq5 ey X)) = Vs wor V)

n
where V= D ayx;
=

Then T'is a linear transformation.
Range 7= {I(x,, ..., x,) | x;, € F}
={T(x,; (1, ..,0) + ... +x,0,-0, 1)) | x;, € F}
={xI(e) +..+x,T(e,) | x; € F}
e; = nth-tuple with ith co-ordinate 1 and zero elesewhere

= {linear combination of columns of 4} < subspace generated
by columns of 4 and vice versa



Thus, RangeT = subspace of F™ generated by columns of 4
So, Rank 7= column rank of 4
Also,Rank 7" = column rank of 4’
= dimension of subspace of F" generated by columns of 4
= dimension of subspace generated by rows of 4
= Row rank of 4
Thus, column rank of 4
= Row rank of 4 (as Rank T’ = Rank T)
=Rank T.

Example 4.72: Let V' be a finite dimensional vector space over F. Let T'be a
linear operator on V. Let ¢ € F. Suppose 3 0 # v € V'such that T(v) = cv. Prove
that there is a non-zero linear functional fon V' such that, 7' f= cf.
Solution: Now (7' —cl)v=0,v#0

= v € Ker (T - cl)

= Ker (T—cl) # {0}
= dimKer(T'—cl) 21
= nullityof (T—cl) > 1
= rank of (T—cl) <n
= rankof (T—cl)f <n

= nulitAyof(T—cl)’ >1
= 3 fe V suchthatf # 0 and (T—cl)' =0
= T'f = cf. f#0.

Example 4.73: Let 4 be m x n matrix with real entries. Prove that 4 = 0
& Trace (A'4) = 0.

Solution: Let A'=B= (b,-j)n “m
A = (alk)m X n
A4 =BA=C=(cy), cy= D byay

J=1

Trace (A'A) =0
= z ¢; =0
1

=>c¢;t..tc,=0

nn
m m
= Zbl-jaﬁ +...+anjajn =0
1 1

= Y(a;) +..+ 2(a;) =0
=a;=0 Vij
=A4=0.

Converse is obvious.
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4.11 ALGEBRA OF QUATERNION

In mathematics, a ‘Quaternion Algebra’ over a field F'is a central simple algebra 4
over F'that has dimension 4 over F. Every quaternion algebra becomes a matrix
algebra by extending scalars (equivalently, tensoring with a field extension), i.e.,

for a suitable field extension K of F, A &y K is isomorphic to the 2X2 matrix
algebra over K.

The concept of a quaternion algebra we can said that as a simplification of
Hamilton’s quaternions to an arbitrary base field. The Hamilton quaternions are
a quaternion algebra (in the above sense) over F'= R (the real number field), and
indeed the only one over R apart from the 2x2 real matrix algebra, up to
isomorphism.

The algebra of Quaternions is a structure first studied by the Irish
Mathematician William Rowan Hamilton which extends the two-dimensional
complex numbers to four dimensions. Multiplication is non-commutative in
quaternions, a feature which enables its representation of three-dimensional rotation.
Hamilton’s provocative discovery of quaternions founded the field of hypercomplex
numbers. Suggestive methods like dot products and cross products implicit in
quaternion products enabled algebraic description of geometry now widely applied
in science and engineering.

Definition: A Quaternion corresponds to an ordered 4-tuple g =(a,b,c,d), where
a,b,c,d € R. A quaternion is denoted g = a+bi+cj+dk. The sum bi+cj+dkis
called the vector part of ¢, and a is the real part. Hamiltion coined the term
vector in this context. Subsequent developments have extended the usage of the
term vector to any element of a linear space. The vectors in H form a 3-dimensional
subspace V.

The set of all quaternions is denoted by H. It is straightforward to define
component-wise addition and scalar multiplication on H, making it a real vector
space.

Multiplication follows the rules of the ‘Quaternion Group’ Q, = {1,-1, i, -
i, ], -j, k, -k} that Hamilton carved into a stone of Broom Bridge, Dublin:

2= =k =ijk= -1

From the above equations alone, it is possible to derive rules for the pairwise

multiplication of Z, j, and &:
ij=k, jk=i,ki=j (Positive Cyclic Permutations)
ij=-k, jk=-i,ki=-j (Negative Cyclic Permutations).

Using these, it is easy to define a general rule for multiplication of quaternions.
Because quaternion multiplication is not commutative, H is not a field. However,
every non-zero quaternion has a multiplicative inverse, so the quaternions are an
example of a non-commutative division ring. It is important to note that the non-
commutative nature of quaternion multiplication makes it impossible to define the

quotient p/g of two quaternions p and g unambiguously, as the quantities pg™* and
q'p are generally different.



Like the more familiar complex numbers, the quaternions have a
conjugation, often denoted by a superscript star: g*. The conjugate of the
quaternion g = a+bi+cj+dk is q*= a-bi-cj-dk. As is the case for the complex
numbers, the product gg* is always a positive real number equal to the sum of the
squares of the quaternion’s components. The norm of a quaternion is the square
root of gq*.

If pq is the product of two quaternions, then (pq)(pq)*= (pp*)(qq™), implying
that Hl forms a composition algebra.
The multiplicative inverse of a non-zero quaternion ¢ is given by:

*
g = _ ihere division is defined since qq* # 0.
qq
Unlike in the complex case, the conjugate ¢* of a quaternion ¢ can be

written as a polynomial in ¢:

C ]

1 o W g
¢" = —5(q+igi+ jgj + kqk).

Structure

Quaternion algebra here means something more general than the algebra of
Hamilton’s quaternions. When the coefficient field ' does not have characteristic
2, every quaternion algebra over F'can be described as a 4-dimensional F-vector
space with basis {1,7,j,k} with the following multiplication rules:

’=a
F=b
ij=k
ji=-k

Where a and b are any given nonzero elements of 7. From these rules we get:

k2 = ijij = —tijj = —ab

The classical instances where F'= R are Hamilton’s quaternions (a=b=-1)
and split-quaternions (a =—1, b =+1). In split-quaternions, &> = +1 and jk=—i,
differing from Hamilton’s equations.

The algebra defined in this way is denoted (a,b),. or simply (a,b). When Ff
has characteristic 2, a different explicit description in terms of a basis of 4 elements
is also possible, but in any event the definition of a quaternion algebra over F'as a
4-dimensional central simple algebra over F applies uniformly in all characteristics.

A quaternion algebra (a,b),.is either a division algebra or isomorphic to the
matrix algebra of 2x2 matrices over F’; the latter case is termed split. The norm
formis,

N(t+zi +yj+ zk) = 12 — ax? — by + abs?

Defines a structure of division algebra if and only if the norm is an anisotropic
quadratic form, that is, zero only on the zero element. The conic C (a,b) defined by

ar® + by’ = 2*

has a point (x,),z) with coordinates in /' in the split case.
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Classification of Quaternion Algebra

It is a theorem of Frobenius that there are only two real quaternion algebras: 2x2
matrices over the reals and Hamilton’s real quaternions.

In this way, over any local field F'there are exactly two quaternion algebras:
the 2x2 matrices over F'and a division algebra. But the quaternion division algebra
over a local field is usually not Hamilton’s quaternions over the field. For example,
over the p-adic numbers Hamilton’s quaternions are a division algebra only when
pis 2. For odd prime p, the p-adic Hamilton quaternions are isomorphic to the
2x2 matrices over the p-adics. To see the p-adic Hamilton quaternions are not a
division algebra for odd prime p, observe that the congruence x? +)”=—1 mod p
is solvable and therefore by Hensel’s lemma — here is where p being odd is
needed — the equation

xX*+y'=-1

is solvable in the p-adic numbers. Therefore the quaternion
xi +yj+k

has norm 0 and hence does not have a multiplicative inverse.

One way to classify the F-algebra isomorphism classes of all quaternion
algebras for a given field, F'is to use the one-to-one correspondence between
isomorphism classes of quaternion algebras over F and isomorphism classes of
their norm forms.

To every quaternion algebra 4, one can associate a quadratic form N (called
the norm form) on A4 such that

NOy)=N)NY)
for all.x and y in 4. It turns out that the possible norm forms for quaternion
F-algebras are exactly the Pfister 2-forms.

Applications of Quaternion Algebras

¢ Quaternion algebras are applied in number theory, particularly to quadratic
forms.

e They are concrete structures that generate the elements of order two in the
Brauer group of F.

e For some fields, including algebraic number fields, every element of order 2
in its Brauer group is represented by a quaternion algebra.

¢ Atheorem of Alexander Merkurjev implies that each element of order 2
in the Brauer group of any field is represented by a tensor product of
quaternion algebras.

¢ Inparticular, over p-adic fields the construction of quaternion algebras can
be viewed as the quadratic Hilbert symbol of local class field theory.

e This methods like dot products and cross products implicit in quaternion
products enabled algebraic description of geometry now widely applied in
science and engineering.



13.
14.
15.
16.
17.
18.

Check Your Progress

Define the linear combination.

When vector space Vis said to be finite dimensional over F?
When vector space Vis said to be linearly dependence?
What is basis of vector?

Define the product of two linear transform.

What do you understand by quaternion algebra?

4.12 ANSWERS TO ‘CHECK YOUR PROGRESS’

. Let V"'be a vector space over a field K, and let N be a subspace of V. We

define an equivalence relation ~ on V' by stating thatx ~y if x—y € N. That
is, x 1s related to y if one can be obtained from the other by adding an
element of V. From this definition, one can deduce that any element of N'is
related to the zero vectors; more precisely, all the vectors in N get mapped
into the equivalence class of the zero vector.

. The elements of the field of fractions of the integral domain R have the form

a/bwithaand bin R and b 0. The field of fractions of the ring R is denoted
by Quot(R) or Frac(R). This is referred as the quotient field, field of fractions
or fraction field.

3. Aring R is called a Boolean ring if x> =x forall x € R.

A commutative division ring is known as a field. For example, set of rational
numbers, set of real numbers and set of complex numbers under operation
of addition and multiplication are field.

. Existence of identity: Since 0+ a=a=a+ 0 forall aeR, therefore 0eR
is an additive identity.
Closure property: (i) We have a +, b is a member of A forall a, b € A.

.. Ais closed under the composition addition modulo 5.
(i1) We have a %, b isamember of Aforall a, b € A.
.. Ais closed under the composition multiplication modulo 5.

Since the entries in the corresponding row and columns of both the table
are identical, hence the compositions are commutative.

. A non empty set R, together with two binary compositions +and . is said to

form a Ring if the following axioms are satisfied:
@at+b+c)y=(a+b)+c foralla,b,c eR
(@ya+b=b+a fora,beRr
(i) 3 some element 0 (called zero) in R, s.t., a + 0 =0+ a = a for all
acRrR
(iv) for each @ € R, 3 an element (— a) € R, s.t., a + (- a) = (—a)
+a=0
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9.

10.

I1.

12.

13.

14.

15.

16.

17.

Wa.(b.c)=(@.b).c foralla,b,c eR
viya.(b+c)=a.b+a.c
(btc).a=b.a+c.a foralla,b,c e R
Let S be a non-empty subset of aring (R, +, .) such that (S, +, .) itself is
aring. Then S is called a subring of R.

A subfield of a field L is a subset K of L that is a field with respect to the field
operations inherited from L. Equally, a subfield is a subset that contains 1,
and is closed under the operations of addition, subtraction, multiplication,
and taking the inverse of a non-zero element of K.
Let< V,+ >Dbe an abelian group and < F, +, - >be a field. Define a function
x (called scalar multiplication) from F'x J'— V, such that, forall a € F,
v e V,a-ve V Then Vis said to form a vector space over F if for all
x,y € V,a,p e F, the following hold
(@) (a+P)x=ax+ px
(i) o (x +y) = ox + oy
@iii) (o) x = a. (Bx)
(iv) 1 -x=ux, 1 being unity of F.
Also then, members of F’ are called scalars and those of V are called vectors

A vector with zero magnitude and any direction is called a zero vector or
anull vector.

Let V(F) be a vector space, v, € V, a. € F be elements of V and F

n
respectively. Then elements of the type 2 o,v; arecalled linear combinations

i=1
of v, v,, ..., v _over F.

If = L(S), we say S spans (or generates) V. The vector space V'is said
to be finite-dimensional (over F) if there exists a finite subset S of /'such

that are, V= L(S). We use notation FDV'S for a Finite Dimensional Vector
Space.

Let V(F) be a vector space. Elements v,, v,, ..., v, in V are said to be
linearly dependent (over F) if 3 scalars a,, a,,.... &, € F, (not all zero)
such that

a v, + oy, ..oy, =0
(V> V,s ..., v, are finite in number, not essentially distinct).
A FDVS Vis said to have dimension # if # is the number of elements in
any basis of V.
Product (composition) of two linear transformations
Let V, W, Z be three vector spaces over a field F
Let T:V—> W, S:W-— Z be linear transformation
Wedefine ST :V — Z, such that,
(ST = S(T(v))

then ST'is a linear transformation (verify), called product of S and 7.



18. A ‘Quaternion Algebra’ over a field F'is a central simple algebra 4 over F Rings and Fields
that has dimension 4 over F. Every quaternion algebra becomes a matrix
algebra by extending scalars (equivalently, tensoring with a field extension),
1.e., for a suitable field extension K of F, is isomorphic to the 2x2 matrix

algebra over K. NOTES

4.13 SUMMARY

¢ Inabstract algebra, the field of fractions or field of quotients of an integral
domain is the smallest field in which the integral domain can be embedded.

o The field of fractions of R is characterized by the universal property that if
f: R— Fisaninjective ring homomorphism from R into a field F'then there
exists a unique ring homomorphism g : Quot(R) — F which extends /.

e [fforsomea € K, a is not algebraic over F, then K is called transcendental
extension of F.

e We sometimes use the notation K/F'to express the fact that K is an extension
of F. Similarly, K/F is algebraic would mean K is an algebraic extension of
F.

e Aring R is called a Boolean ring if x> =x forall x € R.

¢ Everynon-zero elements of set of integers Z has no multiplicative inverse in
Z. So set of integers is not a field.

¢ Existence of multiplicative inverse, i.e., for every non-zero a < F, there exists
1 1 1
— e Fsuchthat,a.—= —.a=1.
a a a

e Since all the entries in the composition table of addition are element of R,
hence R is closed under addition modulo 6.

e We can easily observe from the table that the inverses of 0, 1, 2, 3,4, 5 are
0,5,4,3, 2, 1respectively. Thus, the additive inverse exists.

e Since the entries in the corresponding row and columns of both the table
are identical, hence the compositions are commutative.

¢ Since we say that +and . are binary compositions on R, it is understood
that the closure properties w.r.t. these hold in R. In other words, for all
a,b € R,a+banda.bareunique in R.

e We are so much used to the property that whenever ab = 0 then either
a =0 or b=0 that it may need more than a bit of convincing that the result
may not always be true. Indeed in the ring of integers (or reals or rationals)
this property holds.

e By Cauchy's theorem in groups, we know if p is any prime dividing o(R)
then 3 x € R, s.t., o(x) = p. But order of each non zero element is 2 and
thus 2 is the only prime dividing o(R). Hence o(R) =2".

e A non empty subset S of aring R is said to be a subring of R if § forms a

ring under the binary compositions of R. Self - Learning
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A non empty subset S of a field F'is called a subfield, if S forms a field under
the operations in F Similarly, we can define a subdivision ring of a division
ring.

Let R be aring. If there exists a positive integer n such that na = 0 for all
a € R, then R is said to have finite characteristic and also the smallest such
positive integer is called the characteristic of R.

The characteristic of a ring with identity (unity) is zero or greater than zero
according as the identity element of the ring regarded as a member of the
additive group of the ring has the order zero or greater than zero.

The order of each element of an integral domain (regarding elements as the
members of additive group) is same.

The characteristic of an integral domain R is 0 or #» > 0 according as the
order of any non-zero element regarding as a member of additive group of
RisOorn.

The ring of integers is a subring of the ring of rational numbers and ring of
rational numbers is subring of ring of real numbers.

Everyring R has {0} and R as two subrings which are called improper
subrings of R and all other subrings, if any is called proper subrings of R.

The associativity and commutativity must hold in S as they hold in R because
Sis asubset of R. Also the distributive laws must hold in S as they hold in R.
Thus, S is a subring of R.

The motivating factor in rings was set of integers and in groups the set of all
permutations of a set. A vector space originates from the notion of a vector
that we are familiar with in mechanics or geometry.

The modulus or magnitude of a vector is the positive number measuring the
length of the line representing it. It is also called the vector’s absolute value.
Modulus of a vector a is denoted by | a | or by the corresponding letter a in
italics.

If V= L(S), we say S spans (or generates) V. The vector space V'is said to
be finite-dimensional (over F) if there exists a finite subset S of /"such that
are, V= L(S). We use notation FDVS for a Finite Dimensional Vector
Space.

Empty set ¢ is LI since it has no non-empty finite subset and consequently
it satisfies the condition for linear independence. In other words, whenever
2o, =0 in ¢ then as there is no i for which a.. # 0, set ¢ is LI We
sometimes express it by saying that empty set is L/ vacuously.

T:V— W, such that, T(ox + By) = al(x) + BT(y) wherex,y € V, a, B
€ Fand V, W are vector spaces over the field F.
Alinear transformation 7': ¥'— Vs called a linear operator on ¥, whereas

a linear transformation 7': V' — F'is called a linear functional. We use
notation 7% for .Tand 7" = T""' T, etc.



e The algebra of Quaternions is a structure first studied by the Irish Rings and Fields
Mathematician William Rowan Hamilton which extends the two-dimensional
complex numbers to four dimensions. Multiplication is non-commutative in
quaternions, a feature which enables its representation of three-dimensional

rotation. NOTES

e Forsome fields, including algebraic number fields, every element of order 2
in its Brauer group is represented by a quaternion algebra.

4.14 KEY TERMS

¢ Quotient space: In linear algebra, the quotient of a vector space V'by a
subspace N is a vector space obtained by ‘Collapsing’ N to zero. The
space obtained is called a quotient space and is denoted V/N.

¢ Fields: A commutative division ring is known as a field. For example, Set
ofrational numbers, set of real numbers and set of complex numbers under
operation of addition and multiplication are field.

e Modulo: The modulo operation finds the remainder after division of one
number by another.

e Subrings: Let S be anon-empty subset of aring (R, +, .), such that (S, +,.)
itselfis aring. Then S is called a subring of R.

e Vector spaces: A vector space (also called a linear space) is a set of objects
called vectors, which may be added together and multiplied ‘Scaled’ by
numbers, called scalars.

¢ Linearindependence: A set of vectors is said to be linearly dependent if
at least one of the vectors in the set can be defined as a linear combination of
the others; if no vector in the set can be written in this way, then the vectors
are said to be linearly independent.

¢ Basis of dimension: AFDVS Vis said to have dimension # if 7 is the
number of elements in any basis of V. We use the notation dim, V'=n or
simply dim V'=n and say V' is n-dimensional vector space.

¢ Quaternion algebra: The concept of a quaternion algebra we can said
that as a simplification of Hamilton’s quaternions to an arbitrary base field.

4.15 SELF-ASSESSMENT QUESTIONS AND
EXERCISES

Short-Answer Questions
1. What is quotient space?
2. Define the field.
3. State the commutative law.
4. Define thering.

Self - Learning
Material 281



Rings and Fields

282

NOTES

Self - Learning
Material

A S A

10.
I1.
12.
13.
14.
15.
16.
17.
18.

Show thatinaring R, a.0=0.a forall aeR.

What is subring?

Generalise the vector space.

What is unit vector?

State the parallelogram law.

What do you understand by vector product?

How will you define the linear combination?

When is finite set X= {x , x,,....., x_} said to be LD?
Define the term basis of vector.

State the Sylvester’s law.

What do you understand by algebra of linear transform?
What is linear algebra?

When W'is a subspace of V?

Give the definition of quaternion algebra.

Long-Answer Questions

1.
2.
3.

Elaborate on the quotient space with relevant examples.
Describe the fields with the help of theorems and examples.

Discuss about the rings and prove that a commutative ring R is an integral
domain iff foralla, b, c eR(a#0)ab=ac=b=c.

. Analyse the characteristics of a ring. Support your answer giving an example.

5. Discuss the subrings and subfield giving appropriate examples.

. Explain in detail about the vector spaces with the help of examples and

properties.

7. State and prove the theorems of linear combinations.

8. Explain linear dependence and linear independence.

9. Interpret the basis of vector space.

10.
I1.

Analyse the algebra of linear transform giving examples.

Elaborate on the algebra of quaternion.
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5.0 INTRODUCTION

A partially ordered set (or poset) is a set taken together with a partial order on it.
Properly, a partially ordered set is defined as an ordered pair, where is called the
ground set of and is the partial order of. A totally ordered set is said to be complete
if every non-empty subset that has an upper bound, has a least upper bound. A
Hasse diagram is a graphical representation of the relation of elements of a partially
ordered set (poset) with an implied upward orientation.

A lattice is a poset, a partially ordered set, in which every pair of elements
has both a least upper bound and a greatest lower bound. In mathematics, a join-
semi lattice (or upper semi lattice) is a partially ordered set that has a join (a least
upper bound) for any non-empty finite subset. However complete lattice is a partially
ordered set in which all subsets have both a supremum (join) and an infimum
(meet). A sublattice is a subalgebra of the lattice considered as a universal algebra
with two binary operations. A lattice L s said to be complemented if'it is bounded
and if every element in L has a complement.

It deals with variables that can have two discrete values, 0 (False) and 1
(True); and operations that have logical significance. The earliest method of
manipulating symbolic logic was invented by George Boole and subsequently came
to be known as Boolean algebra. A Boolean algebra is often represented by a tuple
(S,+---0,1), and a combination of some elements of S via the connectives + and
and the complement is a Boolean expression. Switching system (S, + --- 0,1) with
S={0,1} is aBoolean algebra.
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In this unit, you will study about the partially ordered set and poset, partial
ordering relation, Hasse diagrams, lattices and their types, Boolean algebra, Boolean
functions, algebra of switching circuit.

5.1 OBJECTIVES

After going through this unit, you will be able to:
e Explain the partially ordered set and poset
e Describe the partial ordering relation
e [llustrate the Hasse diagrams
e Explain the different types of lattices
¢ Elaborate on the Boolean algebra and Boolean functions

¢ Analyse the algebra of switching circuit

5.2 PARTIAL ORDERING SET AND POSET

Definition: A partial order defines a notion of comparison. Two elements x and y
may stand in any of four mutually exclusive relationships to each other: either
x<y,orx=y,orx>y,orxandy are incomparable. A set with a partial order is
called a partially ordered set (also called a poset). The term ordered set is sometimes
also used, as long as it is clear from the context that no other kind of order is
meant. In particular, totally ordered sets can also be referred to as ‘Ordered
Sets’, especially in areas where these structures are more common than posets.
In mathematics and specifically in order theory, a partially ordered set or

poset validates and generalizes the natural concept of an ordering, sequencing or
arrangement of the elements of a set. Typically, a poset consists of a set together
with a binary relation that specifies that for certain pairs of elements in the set one
of the elements precedes the other. Such a relation is termed as partial order
which states that every pair of elements may not be related. Though for some
pairs, no element precedes the other in the poset. Thus, partial orders generalize
the more familiar total orders, in which every pair is related. A finite poset can be
visualized through its Hasse diagram, which depicts the ordering relation.
A relation R on a set 4 is said to be a partial order relation if R is reflexive,
antisymmetric and transitive.
For example, Let S be non-empty. Define R as < (contained in or equal to) P(S).
Clearly (P(S), < ,is a partial order set. If

(i) AeP(S), 4 cA

(7)) A,BeP(S),A cBand Bc A=A=B

(i) A, B, C,e P(S),

WheneverAc Band Bc C=Ac C. .. cis apartial order relation on
P(S).

Let<be a partial order on the set of integers and a, b, c be integers. Clearly,

(i) a<a;whereaeZ

(@) Ifa <band b<a then a =b,where a, be Z.



@) Ifa<band b<cthena<c,wherea, b, ce Z.
. (Z,<)is apartial order set (poset).

Comparable Integers: Two elements of a poset (S, <) are said to be comparable
ifa<b or b<a. Otherwise a and b are said to be incomparable.
For example, In the poset (Z',1), the integers 2 and 8 are comparable whereas 3
and 5 are incomparable.

[a/bisread as a dividesband a/ b = b=k a for some ke Z]
Chain: Aposet (S, <) is called a chain if <1is total order relation. If every two
elements of S are comparable then S'is called a totally released set.

For example, The poset (Z, <) is a chain, whereas the poset (Z*, 1) is not a chain.
5.2.1 Partial Ordering Relation

A binaryrelation R in a set P is called a partial order relation or a partial ordering
in Pifand onlyif R is reflexive, antisymmetric and transitive. It is denoted by the
symbol <. If < is apartial ordering on P, then the ordered pair (P, <) is called a
partially ordered set or a poset. If for any x,y e p, if x <y or y <x, then (p, <) called
a ‘Totally Ordered Set’.

Example 5.1: Let R be the set of real numbers. The relation “less than or equal
to” or “greater than or equal to” is a partial order on R.

Note: The symbol < should not be confused with the standard “less than or equal to”
relation on real numbers.

Example 5.2: Prove that “being a subset of is a partial order on the power set of
anon-empty set of 4.

Solution: Let P(4) =24=X be the power set of 4, i.e., Xis the set of all subsets
of A. Forany u,vwinx,set U<V < Uc V.

(i) Reflexive: Since U ¢ U, U < U.

(77) Antisymmetric: Suppose U < Vand V' < U. Then U < Vand Vc U.
This implies that U= V.

(¢ii) Transistive: Suppose U < Vand V< W.Then U c Vand V < W.This
implies that U < W.

Hence U < W.
Thus (x, <) is a partial order.

Definition: A total order (or ‘Totally Ordered Set’, or ‘Linearly Ordered Set’) is
a set plus arelation on the set (called a total order) that satisfies the conditions for
apartial order plus an additional condition known as the comparability condition.

A relation <=1is a total order on a set S (‘“<=totally orders S”) if the following
properties hold.

1. Reflexivity: a<=a forall a in S.
2. Antisymmetry: a<=b and b<=a implies a=b.
3. Transitivity: a<=b and b<=c implies a<=c.

4. Comparability (trichotomy law): For any a,b in S, either a<=b or
b<=a.
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The first three are the axioms of a partial order, while addition of the
trichotomy law defines a total order. Every finite totally ordered set is well ordered.
Any two totally ordered sets with k elements (for k£ a non-negative integer) are
order isomorphic, and therefore have the same order type (which is also an ordinal
number).

Example 5.3: Let X'be the set of positive integers. Prove that the relation ‘Divides’
and “intergral multiples of”’ are partial orderings on X.

Solution: If a and b are positive integers, then we say, ‘a divides b’ written a/b if
and only if there is an integer ¢ such that ac = b (or b is an integral multiple of @).
Forany a,b ex, seta<b< alb (=) ac=b.

(i) Reflexive: Since a.1=a, a/a and hence a<a.

(i7) Antisymmetric: Suppose a <b and b < a. Then there exist ¢,d e x such
that ac=b and bd =a. Sincea=bd=acd = cd=1,c=1 andd=1.
Therefore a=b.

(iii) Transitive: Suppose for any a,b,c e x, a < b and b < c. Then there exist x,
yex such that ax =b and by = c. Now a xy = by =c.
and since xy e X, a/c. Therefore a <c. Thus (X, <) is a partial order.
Example 5.4: Consider the set Z of integers. Define a < b if there is a positive
integer 7 such that b =a". Prove (z, <) is a partial ordered set.

Solution: Let a,b,c € Z.

1

() Reflexive: Sincea=a',a<a.

(7)) Antisymmetric: Suppose a <b and b <a. Then there exist positive integers
r,s suchthat b=a"and a =b°. Since a = b* = (a")*= a’" implies s =1. But
rs ez = r=1ands=1. Hence, a=b.

(iii) Transitive: Suppose a <b and b < c. Then there exist positive integers 7,s
such that b=a"and ¢ =b*. Now c = b* = (a")’ =a’ and rs < Z implies
that a <c. Thus (Z, <) is apartially ordered set.

Example 5.5: If R is a partially ordered relation on a set x and 4 <x, show that
R (4%A) s a partial ordering relation on A4.

Solution: Denote RN (4xA4) by R'.
(i) Reflexive: Let x € 4. Then (x, x) e AxA.

Since R is reflexive, (x, x) e R. (Note that x, x) e R means xRx. Therefore
()C, )C)eRm (A X A) =Rl

(i) Antisymmetric: Suppose (x, y)e R' and (3, x) e R!. This implies that
(x,y)eRn (4 *x A)and (y,x) e R~ (4 % A). Since R is antisymmetric,
(x,y)eRand (y,x) eR=>x=y.

(iii) Transitive: Suppose (x,y)e R' =R~ (4 x A) and
(»,z) eR'=R~ (4 x A). Such R is transitive.

(x,y) eRand (y,2)e R= (x,z)eR clearly.

(x,z) ed x A and hence (x,z)e R~ (4 x A)=R".
Thus R'=R ~ (4 x A) is a partial ordering relation on 4.



5.2.2 Hasse Diagram of Partially Ordered Sets

The Hasse diagram of a poset P is a picture of P. So it is very useful in describing
types of elements of P. Some times we define a partially ordered set by simply
presenting its Hasse diagram.

Define arelation<on Pbyx < y (=) x< ybutx«y. Let (p, <) be a partially
ordered set. An element y e p is said to cover an element xe p if x <y and if
there does not exist an element z e p such that x <z and z < y; that is

yeoverx & (x<yandx <z<y = x=zorz=y)

Here we say that y is an immediate predecessor of x or x is an immediate
successor of y.

A partial ordering < on a set P can be represented by means of a diagram
known as a Hasse diagram or a partially ordered set diagram of (p, <).

Procedure

1. Represent each element of p by a small circle or a dot.

2. The circle for x e p is drawn below the circle for ye p if x <y, and a line is
drawn between x and y if y covers x.

3. Ifx<ybutydoesnot coverx, then x and y are not connected directly by a
single line. However, they are connected through one or more elements of p.

Notes:

1. The Hasse diagram of a part p need not be connected. Also, there can be no
directed cycles in the diagram of p since the partial order relation is antisymmetric.

2. For a totally ordered set (p, <), the Hasse diagram consists of circles one below
the other.

3. It is possible to obtain the set of ordered pairs in < from such a Hasse diagram.

Example 5.6: Let p = {¢,(@), (a,b), (a,b,c)} and the relation < be such that
A <Bif A c B, the inclusion relation on p. Draw Hasse diagram of (p, <).

Solution: The Hasse diagram is drawn as follows:

{a,b,c}

{a,b}

{a}

o

Example 5.7: Letx = {2,3,6,12,24,36} and the relation < be such thatx<yifx
divides y. Draw the Hasse diagram of (x, <).

Solution: Here,
<=1{(2,2),(2,6),(2,12),(2,24), (2,36), (3,3), (3,6),
(3,12),(3,24), (3,36), (6,6), (6,12), (6,24),
(6,36), (12,12), (12,24), (12,36), (24,24), (36,36)}
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Poset, Lattice and So the corresponding Hasse diagram is as follows:
Boolean Algebra

24 36
NOTES 12
6

2 3

Example 5.8: Let 4 = {a,b,c} and p (4) be its power set. Let < be the inclusion
relation on p(4). Draw Hasse diagram.

Solution: Here p (4) = {¢,(a), (b), (¢), (a,b), (a,c), (b,c), (a,b,c)} and the
corresponding Hasse diagram is:

Example 5.9: Let 4 = {1,2,3,4} and p (4) be its power set. Let — be the

inclusion relation on p (4). Draw the Hasse diagram.
(1234} =A

Solution: Let (p, <) be a poset and let A< P. An element xep is an upper
bound for A iffor all a e 4, a <x. Similarly, any element x ¢ p is a lower bound for
AifforallacA,x< a.

In other words, x e p is an upper bound of e and b if a < x and b <x. Similarly,
xepiscalled alower bound of a and b if x< aand x < b.

LUB and GLB

Anelement xep is a Least Upper Bound (LUB) for 4, if x is an upper bound for 4
and x < y, where y is any upperbound for 4. In otherwords xe p is LUB of a and b
ifa<xand b< xandifforyep,a<y, b< y=x<y.
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Similarly the Greatest Lower Bound (GLB) for 4 is an element x  p such
that x is a lower bound and y < x for all lower bounds for y. In otherwords xe p is
GLBofabifx< a,x < bandifyep,y<a,y<b=y<x.

Note: Some authors use the term supremum instead of LUB and infimum instead of
GLB.

Example 5.10: Letp= {1, 2,3,5,6,10,15,30} and let < be the relation “divides”
on p. Then show that (p, <) is a poset. Given the set of upper bounds of 2 and 3
is{xep:2<x, 3<x}={xep:2/x,3/x} ={6,30}. Draw the Hasse diagram.

Solution: The least element of this set is 6. So LUB of 2 and 3 = 6. The set of
lower bounds of 6 and 15 is {1, 3}. The greatest element of this set is 3. Hence,
GLBof6 and 15=3.

The Hasse diagram for this example is as follows:

Example 5.11: Draw the Hasse diagram for (V, <) where 4 = {1,2,3,4,12} and
x< yifand only ifx/y.

Solution: The Hasse diagram is drawn as follows:

12

1

Example 5.12: Let 4 be the set of factors of a particular positive integer m and e,
< be the relation “divides”, i.e., < = {(x, y)xe 4 and ye 4 and (x divides y)}.
Draw Hasse diagrams for (a) m = 12, (b) m =30, (c) m =45.

Solution: The Hasse diagram is drawn as follows:

(a) 12 (b) (c) 45
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Example 5.13: Show that there are only five distinct Hasse diagrams for partially
ordered sets that contain three elements.

Solution: Let us assume that a< b if a/b and consider the sets 4 = {2,3,5},
B=1{234},C={23,6},D=1{2,4,6},and E= {2,4,8}. Then its Hasse diagrams
are as follows:

z/\ \/J )
00O

2 3 5 2 %3 o 3 2 2
(A <) (B, 2) C =) (D, 2) (E, )

These are the only distinct Hasse diagrams for poset that contain three
elements.

Greatest and Smallest Elements: An element x e p is called the greater element
ifforall aep, a <x. An element x e p is called the smallest element or least element
if for all a e p, x <a. The greatest element will be denoted by 1 and the smallest
element by 0.

Theorem 5.1: If a poset (p, <) has a least element, then this element is unique.
Similarly, ifa poset (p, < ) has the greatest element, then it is unique.

Proof: Suppose x, and x, are any two least elements. Since x, is a least element,
x,<x,and x,is aleast element, x, < x,. However < is antisymmetric we getx,=
x,. Thus, the least element, if it exists, is unique. Dually, the other result follows.

Example 5.14: Draw the Hasse diagram for (X, <) where X= {2,3,6,12,24,36}
and x < y ifx/y. Find the following:

(/) The LUB and the GLB of 4 = {2,3,6}

(1) The LUB and the GLB of B= {2,3}

(¢i)) The LUB and the GLB of C = {6,12}
Solution: The Hasse diagram is drawn as follows:

24 36

12
Hasse Diagram

6

2 3

(1) LUBof4 =6; GLB of 4 does not exist
(i1) LUB of B = 6; but there is no GLB
(@) LUB of C=12; GLBof C=6



Example 5.15: From the Hasse diagram:

24

8 12
4 6
2 3

(/) Find all lower bounds 8 and 12
(7/) Find all upper bounds 8 and 12
(7ii) Find the GLB of 8 and 12
(iv) Findthe LUBof8and 12
Solution: The following are the upper and lower bounds:

(i) Lower bounds of 8 and 12 are 1,2,4.

(71) Upper bound of 8 and 12 is 24.

(iii) GLB of 8 and 12 is 4.

(iv) LUB of 8 and 12 is 24.

5.3 HASSE DIAGRAMS

A Hasse diagram is a graphical representation of the relation of elements of a
partially ordered set (poset) with an implied upward orientation. A point is drawn
for each element of the partially ordered set (poset) and joined with the line segment
according to the following rules:

e [fp <ginthe poset, then the point corresponding to p appears lower in the
drawing than the point corresponding to q.

e The two points p and g will be joined by line segment iff p is related to g.

To draw a Hasse diagram, provided set must be a poset. A poset or partially
ordered set A is a pair, (B, <) of a set B whose elements are called the vertices of
A and obeys following rules:

Reflexivity > p<p v p €B
Anti-symmetric > p<gandg<piffp=gq
Transitivity - ifp<gandg<rthenp<r

We can represent the poset as a directed graph. Every poset consisting of
asetand arelation can be represented as a graph. We have to do minor modification
in this relational graph. Since partial ordering relation is reflexive and transitive the
relational graph will consist of selfloops and edges corresponding to the transitive
relations.
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In the relational graph, the selfloops and edges corresponding to the pairs
(a, ¢) are removed whenever (a, b) and (b, c¢) are present. Finally, each edge is
arranged so that its initial vertex is below its terminal vertex. All the arrows on the
directed edges, are removed since all the edges point upward towards their terminal
vertex.

Example 5.16: Draw the Hasse diagram representing the partial ordering {(a, b)
/a/b} on {2,4,5,10,12, 20, 25}.

12 20

o

A

A
4 10
25

A )\

2 5

Solution: Here the relation set= {(2,4), (2, 12), (4, 12), (5, 10), (5, 20), (5, 25),
(10, 20);

Maximal and Minimal Elements: An element a of a poset (S, <) is called
maximal element if there is no b€ S such that a < b. Similarly an element a ofa
poset (S, <) is called minimal if there is no b € S such that b < a.

Note: In the Hasse diagram, it is easy to spot the maximal and minimal element,
because they are the ‘top’ and ‘bottom’ elements in that diagram.

Upper and Lower Bound: An elemento of a poset (s, <) is called an upper
bound of Sifa < v v aeS. Similarly an element 1 of a poset (S, <) is called an
lower bound of Sif/<a v aeS.

The element x is called the least upper bound of the set S'if (i) x is an upper
bound of S and (i) x <z whenever z is an upper bound of S. Similarly, the element
y1is called the greatest lower bound of Sif

(1) yisalower bound of S and
(i) z<y, whenever z is a lower bound of S.

Example 5.17: Find the greatest lower bound and the least upper bound of the
sets {3,9,12} and {1, 2,4, 5, 10} if they exist in the poset (z, 1).

Solution: An integer is a lower bound of {3, 9, 12} if 3, 9 and 12 are divisible by
this integer. Such integers are 1 and 3 only. Clearly 3 is the greatest lower bound of
{3,9,12}.

Similarly the greatest lower bound for {1, 2,4,5, 10} is 1.
An integer is an upper bound for {3, 9, 12} ifitis divisible by 3,9 and 12.

The integers with this properly are those divisible by the lem of 3, 9 and 12,
which is 36. Hence 36 is the least upper bound for the set {3,9, 12}.

Similarly 20 is the least upper bound for the set {1,2,4, 5, 10}.

Lattice: Aposet in which every pair of elements has both a least upper bound and
a greatest lower bound is called a lattice.



Example:
(7)) Theposet ({1,2,4,8},1)is alattice.
(@1) The poset (P(S), <) is a lattice.

Here AUB = Least upper bound of 4 and B and AnB = Greatest lower
bound of 4 and B, foranyAc S, Bc S.

5.3.1 Duality

In the mathematical field of order theory, every partially ordered set P gives rise to
a dual (or opposite) partially ordered set which is often denoted by P or P?. This
dual order P is defined to be the same set, but with the inverse order, i.c. ,
x <y holds in P if and only if y < x holds in P. It is easy to state that this
construction, which can be depicted by flipping the Hasse diagram for P upside
down, will indeed yield a partially ordered set. In a broader sense, two partially
ordered sets are also said to be duals if they are dually isomorphic, i.e. , if one
poset is order isomorphic to the dual of the other. The importance of this simple
definition stems from the fact that every definition and theorem of order theory can
readily be transferred to the dual order. Formally, this is captured by the Duality
Principle for ordered sets:

e Ifa given statement is valid for all partially ordered sets, then its dual
statement, obtained by inverting the direction of all order relations and by
dualizing all order theoretic definitions involved, is also valid for all partially
ordered sets.

e Ifastatement or definition is equivalent to its dual then it is said to be self-
dual. Note that the consideration of dual orders is so fundamental that it
often occurs implicitly when writing > for the dual order of <without giving
any prior definition of this ‘New’ symbol.

Fig. 5.1 Bounded Distributive Lattice, and it’s Dual

Naturally, there are a great number of examples for concepts that are dual:
¢ Greatest elements and least elements
e Maximal elements and minimal elements
e Least upper bounds (suprema, v) and greatest lower bounds (infima, A)
e Upper sets and lower sets
e Ideals and filters

¢ Closure operators and kernel operators.
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Examples of notions which are self-dual include:

Being a (complete) lattice
Monotonicity of functions

Distributivity of lattices, i.¢., the lattices for which v x,),z:x A(y vz)=
(x Ay) Vv (x A 2) holds are exactly those for which the dual statement
vXY,Z: XV (P AZ)=(xXVY)A (xVz) holds

Being a Boolean algebra

Being an order isomorphism.

Since partial orders are antisymmetric, the only ones that are self-dual are
the equivalence relations.

Product of Poset

In order of increasing strength, i.e., decreasing sets of pairs, three of the possible
partial orders on the Cartesian product of two partially ordered sets are (Refer
Figure5.2):

0,0)

Fig. 5.2 (a) Lexicographic Order on N x N

\

(0.5)

Fig. 5.2 (b) Product Order on N x N



In Figure 5.2 the (c) show that reflexive closure of strict direct product
order on elements covered by (3, 3) and covering (3, 3) are highlighted in green
and red, respectively.

N
&

N
N\

R
NG

=

RN
SN
N

N

g
PR

(0,0)

Fig. 5.2 (c¢) Reflexive Closure of Strict Direct Product Order

e The lexicographical order: (a, b) <(c,d)ifa<cor(a=cand b<d);
e The product order: (a, b) < (c,d)ifa<cand b < d,;

e The reflexive closure of the direct product of the corresponding strict
orders: (a, b) <(c,d)if (a<cand b <d) or (a=cand b =d).

All three can similarly be defined for the Cartesian product of more than
two sets.

Applied to ordered vector spaces over the same field, the result is in each
case also an ordered vector space.

Sums of Partially Ordered Sets

Another way to combine two (disjoint) posets is the ordinal sum (or linear sum),
Z=X® Y, defined on the union of the underlying sets X and ¥ by the order
a<Z bifand only if:

e g, beXwitha<Xb,or
e g, beYwitha<Ybh,or
egeXandbeV.
Iftwo posets are well-ordered, then so is their ordinal sum.

Series-parallel partial orders are formed from the ordinal sum operation (in
this way called series composition) and another operation called parallel composition.
Parallel composition is the disjoint union of two partially ordered sets, with no
order relation between elements of one set and elements of the other set.
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Totally Ordered Set

A totally ordered set is a set plus a relation on the set (called a total order) that
satisfies the conditions for a partial order plus an additional conditional known as
the comparability condition.

Check Your Progress
What do you understand by partially ordered set and poset?

Define the comparable integer.

State the totally ordered set.

What is Hasse diagram of poset?

Write a short note on greatest and smallest elements.
What do you understand by Hasse diagram?

When element x is called LUB?

NSk =

5.4 LATTICES

A lattice is a partially ordered set (L, < ) in which every pair of elements a, be L
has a Greatest Lower Bound (GLB) and a Least Upper Bound (LUB).

The Greatest Lower Bound (GLB) of a subset {a, b} = L will be denoted
by a A b and the Least Upper Bound (LUB) bya v b. So GLB {a,b} =a A b,
called the meet of @ and b and LUB {a, b} =a v b, called the join of @ and b.

Note that A and v are binary operations and we denote the lattice by (A, V).
From the definition of A and v, the following is denoted:

(i) a<avb;b<avb(ie.,avbisan UB of a and b).

(@) anb<a,anb<b(ie.,anbisalBofaandb).
(iii) f a<cand b<cthenav b<c(i.e.,a v bisthe LUB of a and b).
(iv) If ccaand c<bthenc<a A b. (i.e., a A b is the GLB of a and b).

For example, the following are Lattices:

OGP

For example, the following are Posets but not Lattices:

X o8



For example, let 4 be any set and L = P (4) be its power set. The poset (L, < ) is
a lattice in which forany x, y,e L,x Ay=x nyandxvy=x u y.

Similarly let 7 be the set of positive integers. For any x, ye I, x <y if x/y. Define
xvy=LCM (x,y)and x Ay =GCDe(x, y). Then (I, A,v) is a lattice.

Theorem 5.2: Let (L, <) be a lattice in which A and v denote the operations of
meet and join respectively. For any a, b, ce L, we have

(i) ana=a;ava=a (Idempotent)
(@) anb=bnra;avb=>bva(Commutative)
@iy(anbyrc=an(bnc); (av b)yve=a v (b v c) (Associative)
(iv)a A (av b) = a; av (a A b) = a (Absorption)

Proof: Following are the proof of above mentioned statements:

(/) Sincea<a,weknow thata is alower bound of {a,a} = {a}.Ifbisalso
alower bound and if a < b then we have b <a and a < b. By antisymmetry,
a=>b. So ais the GLB of {a}. Therefore,a A a=a. Dually,ava=a
follows.

(@) Letx=a A b=GLB {a, b}. Since {a, b} = {b,a}, GLB {b, a} =x.So
bara= x.Hencex=aAb=b Ana. Dually,av b=5bv a follows.

(@ii)Letx=an(brc)and y=(a A b) A c.
Nowx=aA(bArc) = x<a, x<bnrc
= x<a,x<b,x<c
= xX<anb,x<c
= x< (@nb)rc=y.
Similarly, y < x follows. By antisymmetry, x =y and hence,
an(bharc)y=(anb)nc.
Dually, a v (b v ¢) = (a v b) vc follows.
(iv) By definition, foranyae L,a<aanda<av b

Therefore, a<a A (av b). Butan(av b)< a. Hencea A (a v b)=a.
Dually, a v (a A b) = a follows.

Theorem 5.3: Let (L, <) be a lattice in which A and v denote the operations of
meet and join, respectively. Foranya, b e L,

a<b oanb=a
savb=b

Proof: Assumethata <a. Since a < b, it follows that a <a A b. But by definition
of A, a A b<a. Therefore a A b=a. Conversely, suppose a Ab=a. Thena< b.
Hencea<b< anb=a.Similarlya< b= av b=>b follows.

Isotonicity Law
Theorem 5.4: Let (L, <) be a lattice in which A and v denote the operations of
meet and join, respectively. Foranya, b, c,e L,

b anblanc
<C = lgvb<ave
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Proof: Assume that b <c. Since a A b < b, by transitivity,a Ab< ¢. Sincea Ab< a,
it follows that,

anb<anc

Now, b< candc<a v cimpliesb< avec.Buta<ave.Henceavb <
avc.

Note: For any a, b, c € L, by Isotonicity law,
a< bnrna<c= a<bve
a<bra<c = a<bve
c<bra<a= brc<a
c<bra<a= bvce <a.

Distributive Inequality

Theorem 5.5: Let (L, <) be alattice. Forany a, b, ¢, € L, the following inequalities
are hold.

(@) av (brc) < (avb)ya(avoe)
@ (a@anb)yvanc)<an(bve)

Sincea < avbanda < a v c, we have,

a<(avbyn(avc) ..(5.1)
Sincebac < b<avbandbAac<c<ave,
barc<(avb)n(avec) ..(5.2)

From Equations (5.1) and (5.2) we have,
av(bnarc)<(@avb)a(avo).
Similarly, Case (ii) follows.
Modular Inequality
Theorem 5.6: Let (L, <) be a lattice. Foranya, b, ce L,
a<c < av (bne) < (av b)ac
Proof: Suppose a<c. Thena v c=c.
By distributive inequality, av (bac) < (a v b)A(a v ¢)
Sincea vc=c,
av(bnac)<(@avb)nc.
Conversely, let us assume thata v (b Ac¢) < (a v b) Ac.
Since,
agav(bnac)
<(avb)ac
<c
We get a < c. Hence proved.

Idempotence is the property of certain operations in mathematics and computer
science that they can be applied multiple times without changing the result beyond
the initial application.



Idempotent Law states that combining a quantity with itself either by logical
addition or logical multiplication will result in a logical sum or product, i.e., the
equivalent of the quantity.

A+A=4
AxA=A4

Example 5.18: Prove that in a lattice (L, <), foranya, b,ceL,ifa<b<c=av
b=bc,and (arnb) v (bac)=b=(av b)A(avVc).

Solution: Sincea<banda < c,a< bac. Again b<b and b <c implies b <bAc.

Now a<bac and b<brc = avb<bnc . (D)

Again, bac< b< avb ..(2)
From Equations (1) and (2), avb = bac.

Hence, anb <b and bac <b, we get (anb) v (bac)<b. Since b< ¢ and
b< b implies b < bac. Again this implies b <(bac) v (anb). Hence, (anb) v
(bac) =b. Similarly, (a v b) A (a v c¢) = b follows.

Example 5.19: Prove that in a lattice (L, <), foranya, b, ¢, d,e L,ifa<b and
c<dthenaanc < bnd.

Solution: Sinceanc <a <bandaAnc <c <d,anc < bnd.

Distributive Lattice

A Lattice (L, <) is said to be distributive lattice if for any a, b, ¢,e L,
an(bvcecy=(@nb)vianc
av(bnarc)y=(@vb)a(aveo).

Theorem 5.7: Leta, b, ce L, where (L, <) is a distributive lattice. Thena v b=
avcandanb=anrnc = b=c.

Proof: Weknow that,
b=b v (b A a) (Absorption)
=b v (a A b) (Commutative)
=bv(anc)(-anb=anc)
=(b v a) A (b v c) (Distributive)
=(av b) A (c v b) (Commutative)
=(@aveon(ecvb)(-avb=avc)
=(c v a) A(c v b) (Commutative)
=c Vv (a A b) (Distributive)
=cv@nc)(-anb=anc)
=c Vv (c A a) (Commutative)
= c (Absorption)
Hence proved.
Modular Lattice: A Lattice (L, <) is said to be modular lattice

ifa<c = av(barc)y=(avb)nc.
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Poset, Lattice and Bounded Lattice: A Lattice (L, <) which has both, a least element denoted by 0,
Boolean Algebra . .
and the greatest element denoted by 1 is called a bounded lattice.

Note: If L= {a,a,..a,} with Na; = 0 and v a; =1. ItsatisfiesavO0=a,av1=1,

i=1

NOTES anl=aandan0=0.
Complement of an Element: In a bounded Lattices (L, <), an element be L is
called acomplement of an elementae Lifanb=0andav b= 1, we denote b
by a.
Complement Lattice: A Lattice (L, <) is said to be complemented lattice if every
element of L has at least one complement.
Example 5.20: Show that De Morgan’s laws hold in a complemented distributive
lattice.
Solution: To process that (a Ab)' =a’'vb' and (avb) =(a'Ab"), consider

(anb) A(a'vb") =((a Ab)A a')v ((a Ab)A b') (Distributive)
=((bra)yna")v((anbanrb') (Commutative)
=(ba(ana))v(an(bab)) (Associative)
=(bA0)v(an0)
=0v0=0

Again,

(anb) a(a'vby=(av(a'v b')/\(b v(a'v b')) (Distributive)
=(av(a'vb))A(bv(b'va)) (Commutative)
=((ava)vb)A((bvb)va') (Associative)
=(1vbya(lva')
=1Al=1

Hence, 4'vp' is the complement of (a A b). So a'v b’ =(a Ab)'. Similarly,
(avb) =a Ab follows.
Example 5.21: Show that in a complemented lattice (L, <),
a<boadvb=loanb'=0b'<d

Solution: Consider a<b< arnb=a
Sa'va=av(anb)=1
S (a'vaya(a'vb)=1
S 1la(ad'vb) =1
<a'vb=1

Again, a<b < avb=b
S bab' =(avb)ab' =0
< (anb)v(bab)=1
< (anb)v0=0
Sanb' =0.
To prove the last one,
a<bsavb=>b
S (avb)=b
< a Ab=b
< a'Aa'=b"  (Commutative)
Self - Learning s b <d.
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Example 5.22: Consider the lattice L = {1, 2, 3,4, 6, 12}, the divisions of 12
ordered by divisibility. Find the following:

({) The lower bound and upper bound of L
(i) The complement of4.
(iii) Is L a complemented lattice?
Solution: The solution is obtained as follows:
(7)) The lower bound of L is 1and the upper bound is 12.
() Since4 A3 =gcd (4,3)=1 and
4v3=Icm (4,3) =12, then the complement of 4 is 3.
(zii) Since 6 A x = ged (6, x)
«1lforxzland6v 1=Icm(6,1)
# 12, 6 has no complement and hence L is not a complemented lattice.
Sublattice

Let M be a non-empty subset of a Lattice (L, < ). We say that M is a sublattice of
L if M itselfis a lattice with respect to the operations of L.

Note: So M is a sublattice of L if and only if M is closed under the operations A and v
of L.

Complete Lattice

A partially ordered set is called a complete lattice if every subset has a least upper
bound and greatest lower bound.

Example 5.23: Consider the following lattice L.

Determine whether each of the following is a sublattice of L.

M={a,b,c,g}
N= {a,b,f, g}
O=1{b,d, e, g}
P={a,d, e, g}

Solution: Since b v ¢=d, and d ¢ M, M is not a sublattice. Since d A e=b and
bep, p is not a sublattice. But N and O are sublattices.

Example 5.24: Suppose M is a sublattice of a distributive lattice L. Show that M
is a distributive lattice.

Solution: For a distributive lattice L, a A (b v ¢) = (a A b) v (a A ¢) and
av(ibnrc)y=(@avb)n(avc)forall a, b, c e L. Since M is closed, each
element of M is also in L, the distributive laws hold for all elements in M. Hence M
is adistributive lattice.
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Example 5.25: Prove that in a distributive lattice (L, <), if an element has a
complement then this complement is unique.

Solution: Suppose for any a € L has two complements say b and ¢ in L. Then
avb=l,anb=0andvavc=1,arc=0.

Consider p=pAl=bA(avc)

=(bnra)v(bac) (Distributive)
=0v(brc)=(anc)v(bnac)

=(avb)rc (Distributive)
=lac=c

Semilattice

In mathematics, a join-semilattice (or upper semilattice) is a partially ordered
set that has a join (a least upper bound) for any non-empty finite subset. Dually, a
meet-semilattice (or lower semilattice) is a partially ordered set which has a meet
(or greatest lower bound) for any non-empty finite subset. Every join-semilattice
is a meet-semilattice in the inverse order and vice versa.

Semilattices can also be defined algebraically: join and meet are associative,
commutative, idempotent binary operations, and any such operation induces a
partial order (and the respective inverse order) such that the result of the operation
for any two elements is the least upper bound (or greatest lower bound) of the
elements with respect to this partial order. A lattice is a partially ordered set that is
both a meet- and join-semilattice with respect to the same partial order. Algebraically,
a lattice is a set with two associative, commutative idempotent binary operations
linked by corresponding absorption laws.

Definition 1: An order theoretic meet-semilattice (S, <) gives rise to a binary
operation A such that (S, A) is an algebraic meet-semilattice. Conversely, the
meet-semilattice (S, A) gives rise to a binary relation < that partially orders S'in
the following way: for all elements x and y in S, x <y ifand only if x=x A y.

Definition 2: The relation < introduced in this way defines a partial ordering from
which the binary operation A may be recovered. Conversely, the order induced
by the algebraically defined semilattice (S, A) coincides with that induced by <.

Hence the two definitions may be used interchangeably, depending on which
one is more convenient for a particular purpose. A similar conclusion holds for
join-semilattices and the dual ordering >.

A meet-semilattice is an algebraic structure (S, A) consisting of a set S with
a binary operation A, called meet, such that for all members x, y, and z of S, the
following identities hold:

Associativity: x A(y AzZ) = (X AY) A Z
Commutativity: x Ay =y A x
Idempotency: x A x =x

A meet-semilattice (S, A) is bounded if S includes an identity element 1
such thatx A 1 =x forall x in S.



Ifthe symbol v, called join, replaces A in the definition just given, the structure
is called a join-semilattice. One can be ambivalent about the particular choice of
symbol for the operation, and speak simply of semilattices. A semilattice is a
commutative, idempotent semigroup; i.e., a commutative band. A bounded
semilattice is an idempotent commutative monoid.

A partial order is induced on a meet-semilattice by setting x <y whenever
x Ay =x. For ajoin-semilattice, the order is induced by setting x <y whenever
x v y=y.Inabounded meet-semilattice, the identity 1 is the greatest element of
S. Similarly, an identity element in a join semilattice is a least element.

Convex Sublattice

Let £L=(L,n, ) bealatticeand Sc L. Sis convex iffora, b € Sandc € L
a<c<b=cel.

If furthermore S'induces a sublattice S of £, then S'is a convex sublattice of L.

5.5 BOOLEAN ALGEBRA

Boolean algebra is named after George Boole, who used it to study human logical
reasoning. For example, any event can be true or false. Similarly, connectives can
be of any of the following three basic forms:

1.aORbD
2. aAND Db
3. NOT a

Boolean algebra consists of a set of elements B, with two binary operations {+}
and {.} and a unary operation {'}, such that the following axioms hold:

e The set B contains at least two distinct elements x and y.
e Closure: Foreveryx, yinB,
0 Xty
0 X.Yy
e Commutative laws: For every x, yin B,
0 Xty=y+x
0 X.y=y.X
e Associative laws: Forevery x,y,zin B,
0 xt+ty)tz=x+t(ytz)=xty+z
0 (x.y).z=x.(y.2)=X.y.z
e Identities (0 and 1):
o 0+x=x+0=xforeveryxinB
o l.x=x.l=xforeveryxinB

e Distributive laws: Forevery x,y, zin B,

0 X.(ytz)=(x.y)+(x.2)
o0 x+t(y.z)=(x+y).(x+2)
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e Complement: For every x in B, there exists an element x' in B such that,
o x+x'=1
o x.x'=0
Duality Principle: Every valid Boolean expression (equality) remains valid if the
operators and identity elements are interchanged.

+o.
10

For example, given the expression,
a+(b.c)=(a+b).(a+c)
Its dual expression is:
a.(b+c)=(a.b)+(a.c)
The advantage of this theorem is that if you prove one theorem, the other
follows automatically.
For example, if (x +y+z)' =x".y. z' is valid, then its dual is also valid:
X.y.z2) =x'"+y +7
Apart from the axioms/postulates, there are other useful theorems. These
entire theorems are useful for reducing the expression.
1. Idempotency
(a) x+x=x b)x.x=x
Proof of (a):
X +x =(x+x).1 (Identity)
=(x+x). (x +x") (Complement)
=x+x. X' (Distributive)
=x+0 (Complement)
=X (Identity)
2. Null elements for ¢+’ and ‘.’ operators
@x+1=1 (b)x.0=0
3. Involution

) =x
4. Absorption
(a) x+x.y=x b)x.(x+y)=x
5. Absorption (variant)
() x+x'.y=x+y d)x.x'ty)=x.y
6. De Morgan
(@ (x+y) =x .y (0) (x.y) =x'+Y’

7. Consensus
@ x.yt+tx'.zty.z=x.y+x'.z
(b) (x+y). (X' +2).(y+2) = (x +y). (X' +2)
The set B= {0, 1} and the logical operations OR, AND and NOT satisfy all the
axioms of Boolean algebra.



A Boolean expression is an algebraic statement containing Boolean variables
and operators. Theorems can be proved using the truth table method. They can
also be proved by an algebraic manipulation using axioms/postulates or other
basic theorems.

5.5.1 Applications of Boolean Algebra

¢ In particular, by taking the variables to represent values of on and off (or 0
and 1), Boolean algebra is used to design and analyze digital switching
circuitry, such as that found in personal computers, pocket calculators, cd
players, cellular telephones, and a host of other electronic products.

e Boolean algebra has a variety of uses in the real world. It is used in light
switches. This basic is significant especially in a large lighting system where
the lighting system is interconnected in such a way that it can be controlled
using one or more switches.

¢ Boolean algebra is commonly used in industries that produce computers, its
implementation is realized by the integrated circuits that are in container
form, consisting of a large number of logic gates. The communication between
the gates is made possible by the use of an external connection of pins that
are related to the input and output lines of the individual gate.

e The commonly used is the printed circuit board because they have metallic
strips. The gate networks can be applied in the internal connections after
programming has been done to improve the workability of the integrated
circuits. This makes it ready to be incorporated into the systems. Once
embedded into the computer systems, the computer will be able to carry out
arithmetic and logical operations. Algebra enables the machine to determine
the value of an output signal (1 or 0) or to save a value into the storage unit.

e Boolean algebra has been used to come up with an analysis of flight
accidents. The events that lead to failures in complex systems are
incorporated with probabilistic and logical tools. It is based upon the breaks
down and groups the causal agents of the accident using the fault tree method.
The faulty tree is used purposely for maintenance tests, risk analysis, and
probability maintenance. To identify the cause of a problem, the faulty tree
uses a deductive process to show the relationship between the events that
added up to the cause of the accident.

¢ Applied Boolean algebra are search engines. Search engines, such as Google
and duckduckgo use Boolean algebra to enable the users to get data
whenever they request or search. The concept of Boolean search has been
implemented by the use of logical AND, OR, and NOT. The Boolean search
considers each webpage on the Internet as an element of a set.

¢ Today, Boolean algebra is of significance to the theory of probability,
geometry of sets, and information theory. Furthermore, it constitutes the
basis for the design of circuits used in electronic digital computers.

e Switching theory used a two-valued Boolean algebra (sometimes called
Switching algebra) as a notation to represent the operation of such logic
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networks. The two algebraic values are most often represented as “0”” and
“1,” although “T” and “F” are sometimes used to emphasize the relation to
propositional logic.

One example of a Boolean ring is the power set of any set X, where the
addition in the ring is symmetric difference, and the multiplication is intersection.
As another example, we can also consider the set of all finite or cofinite
subsets of X, again with symmetric difference and intersection as operations.

A et of rules or Laws of Boolean Algebra expressions have been invented
to help reduce the number of logic gates needed to perform a particular
logic operation resulting in a list of functions or theorems known commonly
as the Laws of Boolean Algebra.

Logical OR represents the addition of the binary bits whereas Logical AND
represents the product of all the bits. Now, since this Boolean algebra is
based on logical operations and keeps switching between the two values of
0 and 1 based on the operation, it is also known as logical algebra or
switching algebra.

A Boolean algebra can be seen as a generalization of a power set algebra
or a field of sets, or its elements.

A ring R is Boolean if all its elements are idempotent, i.e., x>=x forallx € R.
A simple example of a Boolean ring is Z2. Products of Boolean rings are also
Boolean, so we may construct a large class of such rings.

5.6 BOOLEAN FUNCTIONS

A Boolean function is an expression formed with binary variables, the two binary
operators OR and AND, the unary operator NOT, and the equal and parenthesis
signs. Its result is also a binary value. The general usage is *.” for AND, ‘+’ for OR
and ¢’ for NOT.

Precedence of Operators

To lessen the brackets used in writing Boolean expressions, operator precedence
can be used. Precedence (highest to lowest): " — . — +

For example,

a.b+c=(ab)+c
b'+c=(b")+c
at+tb' .c=a+((b).c)

In order to avoid confusion, use brackets to overwrite precedence.

Truth Table

A truth table is a table, which consists of every possible combination of inputs and
its corresponding outputs.

INPUTS | OUTPUTS




For basic logic gates, the truth table is already being discussed. Now, for
the complex digital systems, it is very important to derive the truth table.

A truth table describes the behaviour of a system that is to be designed.
This is the starting point for any digital system design. A designer must formulate
the truth table first. It is the responsibility of the designer to decide the number of
output bits to represent the behaviour of the system.

For example, if you have to design a 2-bit multiplier, which multiplies two
inputs A and B, each of the two bits, then it should be noted that the output must
be at least of 4 bits since the maximum result that you can have from this
multiplication is 1001(9) corresponding to the maximum value of both the inputs,
1.e., 11(3). The block diagram and the truth table are shown as follows:

Ao —_— Two Bit —> PZ
B Multiplier

| — P,
B, —»] > P,

Fig. 5.3 2-Bit Multiplier Block Diagram

In the truth table formation, inputs are taken as A A for Ainput and B B, for B
input. Output resulting from multiplication is to be represented as P.P,P P , where
P, is the MSB and P is the LSB bit. A= 10,1.e.,2and B=11, i.e., 3, then the
result of multiplication will be 0110, i.¢., 6. So, the bits at the output will be P,=0,
P,=1,P =1,P,=0. The complete truth table for the multiplier will be as shown

in Table 5.1.

Table 5.1 Truth Table for 2-Bit Multiplier

Al BO Bl BO P3 PZ P1 PO
0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 1 0 0 0 0 0
0 0 1 1 0 0 0 0
0 1 0 0 0 0 0 0
0 1 0 1 0 0 0 1
0 1 1 0 0 0 1 0
0 1 1 1 0 0 1 1
1 0 0 0 0 0 0 0
1 0 0 1 0 0 1 0
1 0 1 0 0 1 0 0
1 0 1 1 0 1 1 0
1 1 0 0 0 0 0 0
1 1 0 1 0 0 1 1
1 1 1 0 0 1 1 0
1 1 1 1 1 0 0 1

After the truth table, you have to write the Boolean expression for the output
bit and then realize the reduced expression using logic gates.

Whenever a Boolean expression for any output signal is to be written from
the truth table, only those input combinations for which the output is high is to be
written. As an example, let us write the Boolean expression for Table 5.2.
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Table 5.2 Truth Table

X Y z Fl F2 F3 F4
0 0 0 0 0 0 0
0 0 1 0 1 1 1
0 1 0 0 0 0 0
0 1 1 0 0 1 1
1 0 0 0 1 1 1
1 0 1 0 1 1 1
1 1 0 1 1 0 0
1 1 1 0 1 0 0

The Boolean expression for the output F, willbe F, =x.y. z'. This is in the
Sum-of-Products form, which will be discussed later.

As can be seen from Table 5.2, output F | is 1 only when input xyz s 110.
This is represented as x. y. Z'. Similarly, you can write the output expression for the
rest of the output signals.
F=x"y.z+xy.Z+x.y.z+xy 7z +xyz

F, can be reduced using Boolean algebra and can be written as follows:
F =x".y.z+x.y.(Z +2)+x.y.(Z +2)

=x".y.z+x.y +x.y

=x.y.z+x.(y ty)

=x".y.z+x

=(x"*+x). (y'. z+x) (Using Absorption Rule)

=1.(y.z+Xx)

=(.z+x)
Similarly, it can be shown thatF,=F, =x.y' +x'".z

Complement of Functions

For a function F, the complement of this function F’ is obtained by interchanging
1 with 0 and vice versa in the function’s output values. As an example, take the
following function F, and its complement, F":

Table 5.3 Truth Table of Function and its Complement

X y z F, |
0 0 0 0 1
0 0 1 0 1
0 1 0 0 1
0 1 1 0 1
1 0 0 0 1
1 0 1 0 1
| 1 0 1 0
1 1 1 0 1

The same can also be verified using the Boolean algebra technique. In Table 5.3,
if F, =xyz', then its complement will be:

F'=(xyZ2).
=x"+y'+(z') (Using De Morgan's theorem)
— XI + yl _;’_ 7



This is the same as that obtained from the truth table by algebraic manipulation,
which is given as follows:
F' =xy.zZ+x'"y.z+x'yz +x.yz+xy.zZ +xy.z+xyz

=x'y.(Z +z2)+xX'"y(Z +2)+xy.(Z +2z)+Xyz

=x"y +x.y+xy +xyz

=x.(y' +y) +x.(y +y2)

=x"+x.(y +y.z)

=x'"+x(y' +y).(y +2)

=x"+x.(y+2)

=X +x).(x'ty' +z)

=x'+ty +2z)
The following are some more general forms of De-Morgan’s theorems used for
obtaining complement functions:

(A+B+C+..+Z2)=A"B.C'....7Z
(A.B.C....2) =A"+B'+C'+...+Z

Standard Forms

Certain types of Boolean expressions lead to gating networks, which are desirable
from the implementation point of view. The following are two standard forms for
writing a Boolean expression:

¢ Sum-Of-Product (SOP)
e Product-Of-Sum (POS)
Before using SOP and POS forms, you must know the following terms:

e Literal: A variable on its own or in its complemented form is known as a
literal.

Examples: x,x',y,y’

e Product Term: It is a single literal or a logical product (AND) of several
literals.

Examples: x,x.y.z',A"B,A.B
e Sum Term: It is a single literal or a logical sum (OR) of several literals.
Examples: x,x +y+z',A'+B,A+B

e Sum-Of-Products (SOP) Expression: It is a product term or a logical
sum (OR) of several product terms.

Examples: x,x +y.z',x.y +x".y.z, A B+A'B’
e Product-Of-Sum (POS) Expression: It is a sum term or a logical product
(AND) of several sum terms.
Examples: x, x.(y +Z), x +y" ).(x" + y+ z), (A+B).(A’"+B’)
Every Boolean expression can either be expressed as a Sum-Of-Product or Product-
Of-Sum expression. For example,
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SOP: X'\y+xy +xyz

POS: x+y).x +y).x'+z")

Both: x'+y+zorx.yz

Neither: x.(w'+yz)orz' +wx'.y+v.(x.z+w')
Minterm and Maxterm

Consider two binary variables x, y. Each variable may appear as itself or in the
complemented form as literals (i.e., X, X" and y, y'). For two variables, there are
four possible combinations with the AND operator, namely:

x"y, x".y, x.y and x.y
These product terms are called Minterms. In other words, A Minterm of

n variables is the product of  literals from the different variables. In general, n
variables can give 2" Minterms.

Similarly, a Maxterm ofn variables is the sum of n literals from the different
variables.

Examples: x'+y’, x"+y, x+y’, x+y
In general, n variables can give 2" Maxterms.

The Minterms and Maxterms of 2 variables are denoted by m  to m, and
M, to M, respectively. In Table 5.4, all the Minterms and Maxterms are written.

Table 5.4 Minterms and Maxterms

Minterms Maxterms
X y | Term | Notation | Term | Notation
0 0 X'y my Xty Mo
0 1 X'y m; x+y' M,
1 0 X.y' mp X'ty M,
1 1 X.y m; x'+y' M;

If you examine carefully, each Minterm is the complement of the
corresponding Maxterm. For example, m, =x.y’andm,’ = (x.y") =x"+(y')' =
x"+y=M.,. In other words, Maxterm is the sum of terms of the corresponding
Minterm with its literal complemented.

Canonical Form: Sum of Minterms

Canonical form is a unique way of representing Boolean expressions. Any Boolean
expression can be written in the form of the sum of Minterm. A ¥ symbol is used
for showing the sum of Minterms. For example,



Table 5.5 Sum of Minterms

X y X F1 Fz F3
0 0 0 0 0 0
0 0 1 0 1 1
0 1 0 0 0 0
0 1 1 0 0 1
1 0 0 0 1 1
1 0 1 0 1 1
1 1 0 1 1 0
1 1 1 0 1 0

Sum-of-Minterms by gathering/summing the Minterms of the function (where
resultis a 1) can be obtained as follows:

F =xyz =Zm(6)

F,=x"y.z+xy.z +xy'z+xyz +xyz=xXm(1,4,5,6,7)

F,=x"y.z+x.yz+xy'.z +xy.z=¥m(1,3,4,5)
Canonical Form: Product of Maxterms

Maxterms are sum terms. For Boolean functions, the Maxterms of a function are
the terms for which the result is 0. Boolean functions can be expressed as Products-
of-Maxterms. For Table 5.5, each output F , F, and F, can be represented in
Product-of-Maxterm. AT symbol is used to represent Product-of-Maxterms.

F =(x+tytz).x+y+z2).(x+y+2).x+y+2).x +y+2)
X +y+zZ)X'+y +7)
=T1M(0,1,2,3,4,5,7)
F, =(x+tytz).x+y +2).x+y +2)
=T1M(0,2,3)
F, =x+y+z).x+ty +z).X' +y +2).X +y +7)
=T1M(0,2,6,7)
Conversion of Canonical Forms
Sum-of-Minterms = Product-of-Maxterms
¢ Rewrite Minterm shorthand using Maxterm shorthand.
e Replace Minterm indices with indices not already used.
For example, F (x,y,z)=2m(6) =11M(0,1,2,3,4,5,7).
Product-of-Maxterms = Sum-of-Minterms
e Rewrite Maxterm shorthand using Minterm shorthand.
e Replace Maxterm indices with indices not already used.
For example, F (x,y,z)=11M(0,2,3)=2>m(1,4,5,6,7).

Sometimes, you are given the reduced expression for any Boolean
expression. In this case, you need to find Minterms or Maxterms present in the
expression. To convert from a general expression to a Minterm or Maxterm
expression, you can use either the truth table or the algebraic manipulation.
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For example, suppose you wish to find all the Minterm expansions of
F=AB' +A'C.

The truth table for the expression is represented as shown in Table 5.6:

Table 5.6
A B C F
0 0 0 0
0 0 1 1
0 1 0 0
0 1 1 1
1 0 0 1
1 0 1 1
1 1 0 0
1 1 1 0
From the Table 5.6, F=A'B'.C+A’B.C+AB.C't+AB'.C
=¥m(1,3,4,5)

Using Algebraic Manipulation

Use X+ X' =1 to introduce the missing variables in each term; this introduction
will not change the overall expression value. Therefore, for the Boolean expression
F=AB’+A’'C, the missing variable in the first term is C and in the second term is
B. So, the missing variable can be introduced as follows:

=AB.(C+C)+A'.C.B+B)
=AB.C+AB.C'+A'B.C+A'B.C
=m,+tm,+m, +m,
=2>m(1,3,4,5)

Similarly, you can find all the Maxterms for reduced expressions. Find the Maxterms

expansion of F=(A +B') (A" +C)

Using Algebraic Expression: In this case, XX' =0 is used to introduce missing

variables in each term.

Therefore, F=(A + B'+ CC'). (A’ + C + BB')

Assuming that (A+ B’)=Xand C.C' =YZ, you can use the expression rule

= X+YZ=(XHY)(X+Z)

F=(A+B+C)(A+B'+C")(A'"+B+C)(A'+B'+C)

=112, 3,4, 6)
Using the Truth Table:

A B C F
0 0 0 1
0 0 1 1
0 1 0 0
0 1 1 0
1 0 0 0
1 0 1 1
1 1 0 0
1 1 1 1
F(AB,C) =11(2,3,4,6)



Boolean Algebra as Lattices

Let B be a non-empty set with two binary operations + (orv ) and, (or A ), a
unary operation, and two distinct elements 0 and 1. Then B is called a Boolean
algebra if the following axioms hold wher a,b, ¢ are any elements in B.
(1) a+b=Db+a;a.b=>b. a(commutative laws)
@@ a+(b.c)y=(atb).(atc);a.(b+c)=(a.b)(a.c)(Distributie laws)
@) a+0=a;a.1=a(Identity laws)
(iv) ata'=1;a.a’=0 (Complement laws)
Boolean algebra is a lattice which contains a least element and a greatest
element and which is both complemented and distributive.

We denote the Boolean algebra Bby (B, +, ., 1, 0, 1). Here we call 0 as the
zero element, 1 as the unit element, and a’ is complement of a, + and . are called
sum and product.

Let B={0,1}, the set of binary digits with the binary operations of +and
. and the unary operation defined by

+1(1 0 10
11 10
011 1 0

O -

1
0
Then B is a Boolean algebra.

Atom

A non-zero element ‘a’ in a Boolean algebra (B, +, .,") is called an atom if for
everyx € B,x na=aorxaa=0.
Note: Here the condition X A a=a means that x is a successor of a and x A a=0 is true only
when x and a are ‘not connected’. So in any Boolean algebra, the immediate successors of
the 0-element are called atoms.

Let A be any non-empty set and P(A) the power set of A. In Boolean
algebra (p(A), U, N, ") over <, the singleton sets are the atoms since each element
p(A) can be described completely and uniquely as the union of singleton sets.

LetB={1,2,3,5, 6,10, 15, 30} and let the relation < be divides. The
operation A is GCD and v/ is LCM. The 0-element is 1. Then the set of atoms of
the Boolean algebra is {2,3,5}.

Notes:

1. Let(B,+,.,") be any finite Boolean algebra and let A be the set of all atoms. Then (B,
+,., /) is isomorphic to (p(A), U, M, ).
2. Every finite Boolean algebra (B,+,.,”) has 2" elements for some position integer n.
3. All Boolean algebra of order 2" are isomorphic to each other. Finite Boolean algebras
are n-tuples of 0's and 1.
The simplest nontrivial Boolean algebra is the Boolean algebra B= {0, 1},
the set of binary digits with the binary operations of + and . and the unary operation
" given by,
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+11 0 -1 0 _’1
1|1 1 1{1 0 1_0
0|1 0 01 0 0]1

If we form B?> =B x B, we obtain the set B>={(0,0), (0,1), (1, 0), (1, 1)}.
Define +, . and " by

O, )+ (1, H)=(0+1,1+1)=(1, 1),
(0, 1).(1,1)=(0.1,1.1) = (0, 1) and
(0,1) =(0",1")=(1,0).

The B?is a Boolean algebra.

Note: Here B? is a Boolean algebra of order 4 under component wise operations. Since all
Boolean algebra of order 4 are isomorphic to each other, this is a simple way of describing all
Boolean algebras of order 4. In general, any Boolean algebra of order 2" are isomorphic to B".

Example 5.26: Find the atoms of the Boolean algebra (i) B (ii) B* (iii) B*forn > 1.
Solution:
1) (0, 1)and (1, 0)
(i) (1,0,0,0), (0,1,0,0), (0,0,1,0) and (0,0,0,1)
(i) The n-tuples with exactly one 1.

5.7 BOOLEAN EXPRESSION

It is possible to implement any Boolean expression using NAND gates. The
following procedure is to be followed:

¢ Obtain Sum-Of-Products of Boolean expression: e.g., F, =xy+x'z
e Use De Morgan theorem to obtain expression using 2-level NAND gates.
e.g., F, =xy'+x'z
={(xy'+x'z)'}' Involution
=((xy")'. (x'z)") De-Morgan theorem
Implement this modified expression using NAND gate.

X ‘
(xy")
y' ‘
| P
x' |

Fig. 5.4 Implementation Using NAND Gate
It is also possible to implement any Boolean expression using NOR gates. The
following procedure is to be followed:
(i) Obtain Product-Of-Sums Boolean expression: e.g., F, = (x+y').(x"+z)

(i) Use De-Morgan theorem to obtain expression using 2-level NOR gates



e.g., F, =(xty).(x'+z)
=((x+y').(x'+z))"" Involution
=((x+y")+(x'+z)")’ De-Morgan theorem

Implement this modified expression using NOR gate.

Fig. 5.5 Implementation Using NOR Gate

Implementation of SOP Expressions

Sum-Of-Products (SOP) expressions can be implemented using either (1) 2-level
AND-OR logic circuits or (2) 2-level NAND logic circuits.

(1) 2-level AND-OR logic circuit: F=AB+CD +E

A

-
CT N\ .
D — ) —/

E

It can be proved that the OR gate with all its input complemented is equivalent to
the AND gate with bubble at the output, i.e., NAND gate.

) e T

Proof: With OR gate

F=A"+B
=(A.B)' De-Morgan theorem

Similarly, it can be proved that the AND gate with all its input complemented is
equivalent to the OR gate with bubble at the output, i.e., NOR gate.

I ST B

Proof: With AND gate

F=A"B
= (A+B)’' De-Morgan theorem

So using the transformation method discussed, you can realize any SOP realization
of AND-OR with only NAND. This is known as NAND-NAND circuit
transformation. The following steps are involved:
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(1) Add double bubbles in the path between the AND gate outputs and the OR
gate inputs.

(i) Change OR with inverted inputs to NAND and bubbles at inputs to their
complements.

s P
En s

EV

Implementation of POS Expressions

Product-of-Sums expressions can be implemented using:
e 2-level OR-AND logic circuits
e 2-level NOR logic circuits

(1) OR-AND logic circuit: G=(A+B). (C+D).E

b—) | )

(2) NOR-NOR-based realization:

Using the transformation method discussed, you can realize any POS realization
of OR-AND with only NOR. This is known as NOR-NOR circuit transformation.
The following steps are involved:

(1) Add double bubbles in the path between OR gate outputs and AND gate
mputs.

(i) Changed AND-with-inverted-inputs to NOR and bubbles at inputs to their
complements.




o w »
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5.8 ALGEBRA OF SWITCHING CIRCUIT

Boolean algebra is used to simplify the practical use of logic circuits. The function
of logic circuit is translated into symbolic form. Some rules of algebra are used for
the resulting equation which is able to lessen the number of arithmetic operations
and the simplified equation is translated again into the form of logic circuit. This
equivalent function is achieved with the help of components. Various rules are
presented to reduce the Boolean expressions into the simplest way. The identities
and properties are used to review the many identities. For example, ‘A’ can be
proved symbolically in two terms, such as A+1 = 1 and 1 A=A to achieve the final
result and the logical circuit is designed in the following way (Refer Figure 5.6).

A+ AB =24
" A (same) a
A — L
rd O
AN A + AB G
iy
B_
AB - (same)

hEEy

Fig. 5.6 Logical Circuit for Expression A + AB =A

Let take an expression as A+AB and factoring A out of both terms. Applying
identity A+1 =1 and in the next step, applying identity 1 A=A that returns value A.
It can be proved in the following way:
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A + AB
l Factoring A out of both terms

A(l + B)
l Applying identity & + 1 = 1

l Applying identity 1A = &
A

The rule A+1 =1 is used to reduce (B+1) term to 1. If rule A+1=1 is expressed
by using alphabet A then it is not necessary that it only applies to expression
containing A. The Boolean expression ABC+1 reduces to 1 with the help of A+1=1
identity. The term A in identity’s standard form is used to represent ABC in the
expression. The following Figure 5.7 shows the arrangement of logical circuit for

the expression A + AB=A +B.

Fig. 5.7 Logical Circuit for Expression

The expression can be explained in the following way:

A + AB
Applying the previous rule to expand A term
l A+ AB =21
A + AB + AB
l Factoring B out of 2™ and 3™ terms

A + B(A + A)
l Applying identitya + A = 1

A+ B(1)

i Applying identity 1A = A
A+ B

The expression (A+AB=A) is used with the rule to simplify ‘A’ term and then
change ‘A’ into the expression ‘A+AB’. Other rule is involved to simplify the
product-of-sum expression and the logical circuit is designed for the expression
(A+B) (A+C)=A+ BC (Refer Figure 5.8).

(A + BY(A + C) = A + BC



& A
il B &

& {A+B) (A+C) B

c (S‘;R"IBI' _iA
A+ Bé/ ’—{

B
c =

Fig. 5.8 Logical Circuit for Expression
This expression can be simplified in the following way:

(A + B) (R + C)
l Distributing terms

AA + AC + AB + BC
i Applying identity a8 = A

A + AC + AB + BC

Applyingrulea + AB
tothe » + AC term

|
-

A + AB + BC

l Applying rule A + AB
tothe & + AB term

I
-]

A + BC

Basically, the three useful Boolean rules are implied to simplify the Boolean
expression in the following way:

A+ AB = A

A +AB =24 + B

(A + B)(A + C) = A 4+ BC

Check Your Progress

8. Define the lattice.

9. State the isotonicity law.
10. When lattice is said to be distributive lattice?
11. Whatis complement element?
12. Define sublattice.
13. What do you understand by Boolean algebra?
14. State the duality principle.
15. Define the Boolean function.

16. Is Boolean algebra used to logic circuit and why?
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5.9 ANSWERS TO ‘CHECK YOUR PROGRESS’

1.

10.

I1.

In mathematics and specifically in order theory, a partially ordered set or
poset validates and generalizes the natural concept of an ordering, sequencing
or arrangement of the elements of a set. Typically, a poset consists of a set
together with a binary relation that specifies that for certain pairs of elements
in the set one of the elements precedes the other.

. Two elements of a poset (S, <) are said to be comparable ifa<borb<a.

Otherwise a and b are said to be incomparable.

. A binaryrelation R in a set P is called a partial order relation or a partial

ordering in P if and only if R is reflexive, antisymmetric and transitive. It is
denoted by the symbol <. If < is a partial ordering on P, then the ordered
pair (P, <) 1is called a partially ordered set or a poset. If for any x,y e p, if
x<yory<ux,then (p, <) called a ‘Totally Ordered Set’.

. The Hasse diagram of a poset P is a picture of P. So it is very useful in

describing types of elements of P. Some times we define a partially ordered
set by simply presenting its Hasse diagram.

. Anelementx e p s called the greater element if for all a e p, a < x. An element

x e pis called the smallest element or least element if for all a e p, x <a. The
greatest element will be denoted by 1 and the smallest element by 0.

. A Hasse diagram is a graphical representation of the relation of elements of

apartially ordered set (poset) with an implied upward orientation. A point is
drawn for each element of the partially ordered set (poset) and joined with
the line segment according to the following rules:

e Ifp<qinthe poset, then the point corresponding to p appears lower in
the drawing than the point corresponding to q.

e Thetwo points p and q will be joined by line segment iff p is related to g.

. The element x is called the least upper bound of the set S'if (i) x is an upper

bound of S and (i7) x <z whenever z is an upper bound of S. Similarly, the
element y is called the greatest lower bound of S'if

(7)) yisalower bound of S'and

(i1) z <y, whenever z is a lower bound of S.

. Alattice is a partially ordered set (L, <) in which every pair of elements «,

b e L has a Greatest Lower Bound (GLB) and a Least Upper Bound (LUB).

. Let (L, <) bealattice in which A and v denote the operations of meet and

join, respectively.

A Lattice (L, <) is said to be distributive lattice if for any a, b, ¢, e L,
an(bvecy=(@nb)vianc)

av(bnarc)y=(avb)a(aveo).

In abounded Lattices (L, <), an element b e L is called a complement of an
elementacLifanb=0andav b= 1, wedenote b by a.



12.

13.

14.

15.

16.

Let M be anon-empty subset of a Lattice (L, < ). We say that M is a sublattice
of L if M itselfis a lattice with respect to the operations of L.

Boolean algebra is named after George Boole, who used it to study human
logical reasoning.

Every valid Boolean expression (equality) remains valid if the operators
and identity elements are interchanged.

A Boolean function is an expression formed with binary variables, the two
binary operators OR and AND, the unary operator NOT, and the equal
and parenthesis signs. Its result is also a binary value. The general usage is
> for AND, ‘+’ for OR and ¢’ for NOT.

Boolean algebra is used to simplify the practical use of logic circuits. The
function of logic circuit is translated into symbolic form. Some rules of algebra
are used for the resulting equation which is able to lessen the number of
arithmetic operations and the simplified equation is translated again into the
form of'logic circuit. This equivalent function is achieved with the help of
components. Various rules are presented to reduce the Boolean expressions
into the simplest way. The identities and properties are used to review the
many identities.

5.10 SUMMARY

e A finite poset can be visualized through its Hasse diagram, which depicts

the ordering relation.

A poset (S, <) is called a chain if < is total order relation. If every two
elements of S are comparable then S'is called a totally released set.

The Hasse diagram of a poset P is a picture of P. So it is very useful in
describing types of elements of P. Some times we define a partially ordered
set by simply presenting its Hasse diagram.

Define a relation <on Pbyx < y (=) x < ybutx=xy. Let (p,<) be a
partially ordered set. An element y e p is said to cover an element x e p if
x <y and if there does not exist an element ze p such thatx<zand z< y;
A partial ordering < on aset P can be represented by means of a diagram
known as a Hasse diagram or a partially ordered set diagram of (p, <).
The Hasse diagram of a part p need not be connected. Also, there can be
no directed cycles in the diagram of p since the partial order relation is
antisymmetric.

An element x e p is a Least Upper Bound (LUB) for 4, if x is an upper bound
for A and x < y, where y is any upperbound for 4. In otherwords xe p is LUB
ofaandbifa< xand b< xandifforyep,a<y,b< y=x< y.

Every poset consisting of a set and a relation can be represented as a graph.
We have to do minor modification in this relational graph. Since partial
ordering relation is reflexive and transitive the relational graph will consist of
selfloops and edges corresponding to the transitive relations.
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e Anelementa ofaposet (S, <)1is called maximal elementifthereisno be S
such that @ < b. Similarly an element a of a poset (S, <) is called minimal if
there is no b€ S such that b <a.

e The Greatest Lower Bound (GLB) of a subset {a, b} < L will be denoted
by a A b and the Least Upper Bound (LUB) bya v b. So GLB {a, b} =
a A b, called the meet of @ and b and LUB {a, b} =a v b, called the join
of aand b.

e Let(L,<)bealattice in which A and v denote the operations of meet and
join respectively.

e A Lattice (L, <) which has both, a least element denoted by 0, and the
greatest element denoted by 1 is called a bounded lattice.

o A Lattice (L, <) is said to be complemented lattice if every element of L has
at least one complement.

e [et M beanon-empty subset of a Lattice (L, <). We say that M is a sublattice
of L if M itself’is a lattice with respect to the operations of L.

¢ Boolean algebra is named after George Boole, who used it to study human
logical reasoning.

¢ A Boolean expression is an algebraic statement containing Boolean variables
and operators. Theorems can be proved using the truth table method.

¢ A truth table is a table, which consists of every possible combination of
inputs and its corresponding outputs.

o A truth table describes the behaviour of a system that is to be designed.
This is the starting point for any digital system design. A designer must
formulate the truth table first. It is the responsibility of the designer to decide
the number of output bits to represent the behaviour of the system.

e For a function F, the complement of this function F’ is obtained by
interchanging 1 with 0 and vice versa in the function’s output values.

¢ Let B be anon-empty set with two binary operations + (orv ) and, (or A ),
a unary operation, and two distinct elements 0 and 1. Then B is called a
Boolean algebra if the following axioms hold wher a,b, ¢ are any elements
inB.

e The rule A+1 =1 is used to reduce (B+1) term to 1. If rule A+1=1 is
expressed by using alphabet A then it is not necessary that it only applies to
expression containing A.

e The expression (A+AB=A) is used with the rule to simplify ‘A’ term and
then change ‘A’ into the expression ‘A+AB’. Other rule is involved to simplify
the product-of-sum expression and the logical circuit is designed for the
expression (A+B) (A+C)=A+BC

5.11KEY TERMS

o Totally ordered set: A total order (or ‘Totally Ordered Set’, or ‘Linearly
Ordered Set’) is a set plus a relation on the set (called a total order) that
satisfies the conditions for a partial order plus an additional condition known
as the comparability condition.



Hasse diagram: A Hasse diagram is a graphical representation of the relation
of elements of a partially ordered set (poset) with an implied upward
orientation. A point is drawn for each element of the partially ordered set
(poset) and joined with the line segment.

Lattice: A lattice is a partially ordered set (L, <) in which every pair of
elements a, b € L has a Greatest Lower Bound (GLB) and a Least Upper
Bound (LUB).

Boolean algebra: Boolean algebra is named after George Boole, who
used it to study human logical reasoning. For example, any event can be
true or false.

Boolean function: A Boolean function is an expression formed with binary
variables, the two binary operators OR and AND, the unary operator NOT,
and the equal and parenthesis signs. Its result is also a binary value. The
general usage is ‘.’ for AND, ‘+’ for OR and *”” for NOT.

S.12SELF-ASSESSMENT QUESTIONS AND

EXERCISES

Short-Answer Questions

1.

—_—
—_ O

12.

A I A o

State the partial ordering set or poset.

Give the concept of totally ordered set.

What do you understand by Hasse diagram?
Define the maximal and minimal elements.

State the product of poset.

Define the term lattice.

When lattice (L, <) is said to be complement lattice?
Generalised the Boolean algebra.

State the Boolean function.

What is truth table?

What do you understand by Boolean expression?

Give the uses of Boolean algebra in logic circuit.

Long-Answer Questions

1.

AN

Explain the partial ordering set or poset and totally ordered set with
appropriate examples.

[llustrate the Hasse diagram with the help of examples.

Discuss in detail about the various type of lattice with relevant examples.
Discuss in detail about the Boolean algebra and their applications.
Elaborate on the Boolean function and Boolean expression giving examples.

Analyse the algebra of switching circuit.
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