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ifjp;

Lo&vfèkxe 1

ikB~; lkexzh

xf.kr esa] ml lehdj.k dks vody lehdj.k (Differential Equation) dgrs gSa

ftlesa ,d ;k ,d ls vfèkd Qyu rFkk muds vodyt gksrs gksaA vody lehdj.k

mu lacaèkksa dks dgrs gSa] ftuesa Lora= pj rFkk vKkr ijra= pj ds lkFk&lkFk ml

ijra= pj ds ,d ;k vfèkd vody xq.kkad (Differential Coefficient) gksaA ;fn blesa
,d ijra= pj rFkk ,d gh Lora= pj gks rks ;g lacaèk dks lkèkkj.k (Ordinary)

vody lehdj.k dgrs gSaA tc ijra= pj ,d gks rFkk Lora= pj vusd gksaxs rks

ijra= pj ds vkaf'kd vodyu (Partial Differentials) gksrs gSaA tc ;s vfLrRo esa

jgrs gSa rc lacaèk dks vkaf'kd (Partial) vody lehdj.k dgrs gSaA ijra= pj dks

Lora= pj ds inksa esa vfHkO;Dr djus dks vody lehdj.k dk gy djuk dgk tkrk

gSA

;fn vody lehdj.k esa noha dksfV (Order) dk vody xq.kkad (Differential

Coefficient) gks rks vody lehdj.k noha dksfV dk dgykrk gSA mPpre dksfV ds

vody xq.kkad dh ?kkr (Power) gh vody lehdj.k dh ?kkr dgykrk gSA xf.kr

esa] ?kkr Js.kh fofèk (Power Series Method) ;k ?kkr Js.kh i)fr dk mi;ksx dqN

fo'ks"k lehdj.kksa ds fy, ?kkr Js.kh ds gy dks Kkr djus fy, fd;k tkrk gSA dbZ
{ks=ksa esa HkkSfrd leL;kvksa ds dkj.k vody lehdj.k dks gy fd;k tkuk pkfg,A

buesa ls dqN dks çkFkfed fof/k;ksa ls gy fd;k tk ldrk gS] ysfdu tc bu fofèk;ksa

dk mi;ksx ugha gksrk gS rks ge Js.kh lekèkku dk lgkjk ysrs gSaA ?kkr Js.kh fofèk

dsoy çkjafHkd eku dh leL;kvksa dk lekèkku nsrh gS tks jSf[kd lehdj.kksa (Linear

Equations) ls lEcfUèkr gksxk D;ksafd lekèkku dbZ jSf[kd :i ls Lora= lekèkkuksa

dks cny ldrk gS tks lhek eku leL;kvksa (Boundary Value Problems) dks gy
djus ds fy, vè;kjksi.k (By Superposition) la;qä gks ldrs gSaA ,d vkSj çfrcaèk

;g gS fd Js.kh xq.kkad ,d vjs[kh; (Non-Linear) iqujkòfÙk }kjk fufnZ"V fd;k

tk,xk] tks xSj&js[kh; vody lehdj.k ls ewy :i esa feyk gSA

lkekU; rkSj ij] ,slk lekèkku vKkr xq.kkad okys ,d ?kkr Js.kh dks ekurk
gS vkSj fQj xq.kkad ds fy, iqujkòfÙk lacaèk (Recurrence Relation) [kkstus ds fy,
varj lehdj.k esa ml lekèkku dks çfrLFkkfir djrk gSA yhts.Mªss lehdj.k
(Legendre’s Equations) bl çdkj ds cgqr egRoiw.kZ lehdj.k gSaA ;s lehdj.k
vkSj muds gy izk;ksfxd xf.kr esa ,d egRoiw.kZ vkSj vk/kkjHkwr Hkwfedk fuHkkrs gSaA
?kkr Js.kh fofèk dks pj xq.kkadksa ds lkFk jSf[kd varj lehdj.kksa dks gy djus ds fy,
ekud vk/kkjHkwr fofèk ds :i esa ekuk tkrk gSA izk;ksfxd xf.kr esa lcls egRoiw.kZ
varj lehdj.kksa esa ls ,d cslsy (Bessel) ds vody lehdj.k gSA fofHkUu varj
lehdj.kksa dks cslsy ds lehdj.k esa ifjofrZr fd;k tk ldrk gSA

ykIykl (Laplace) ,d Ýkalhlh xf.krK] [kxksy'kkL=h vkSj HkkSfrd foKkuh

Fks] ftUgksaus vkO;wg ç.kkyh (Metric System) ds fodkl esa vxz.kh Hkwfedk fuHkkbZ FkhA



ifjp;

2 Lo&vfèkxe
ikB~; lkexzh

ykIykl ifjorZu dk mi;ksx O;kid :i ls vfHk;kaf=dh vuqç;ksxksa ¼eSdsfudy vkSj

bysDVª‚fud½ esa fd;k tkrk gS] fo'ks"k :i ls tgka izsjd cy (Driving Force) vlrr

gSA bldk mi;ksx çfØ;k fu;a=.k esa Hkh fd;k tkrk gSA ykIykl :ikarj.k) Laplace

Transformation) gesa vody vkSj lekdyu okys lehdj.kksa dks gy djus esa enn

djrk gS tks lehdj.k dks t LFkku esa ifjofrZr dj s LFkku esa ls ,d esa ifjofrZr

dj nsrk gS ftlls leL;k dks gy djuk cgqr vklku gks tkrk gSA ykIykl

:ikarj.k dqN fuf'pr çdkj ds vody lehdj.kksa dks gy djus dh ,d mi;ksxh

fofèk gS] tc dqN çkjafHkd in fn, tkrs gSa] [kkldj tc çkjafHkd eku 'kwU; gksA

bl iqLrd ^vody lehdj.k* esa xf.kr dh ewy voèkkj.kkvksa dks laxzfgr
fd;k x;k gSA ;g vody lehdj.kksa ds Js.kh gy] ykIykl :ikUrj.k] izfrykse
vkSj vody lehdj.kksa dks gy djuk] izFke dksfV ds vkaf'kd vodyu lehdj.k]
,oa f}rh; rFkk mPp dksfV;ksa ds vkaf'kd vody lehdj.kksa dh ewy ckrsa le>us esa
Nk=ksa dh enn djsxkA

bl iqLrd dks ikap bdkb;ksa esa foHkkftr fd;k x;k gS tks ,d Lo&vfèkxe
ikB~; lkexzh (Self-Instruction Mode) gSA çR;sd bdkbZ ,d ifjp; ds lkFk 'kq:
gksrh gS ftlds ckn mís'; dh :ijs[kk gksrh gSA rc fo"k; dh foLr̀r lkexzh dks
,d ljy ysfdu lajfpr rjhds ls çLrqr fd;k x;k gS rkfd Nk= vklkuh ls fo"k;
dks le> ldsA Nk= dh le> dks ij[kus ds fy,] chp&chp esa ^viuh çxfr
tkafp,* ç'u gksrs gSa] vkSj fo"k; dks vklkuh ls le>us gsrq lkjka'k] eq[; 'kCnkoyh]
Lo&ewY;kadu ç'u ,oa vH;kl Hkh çR;sd bdkbZ ds var esa fn;k gqvk gSA
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ikB~; lkexzh
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1-2-2 ?kkr Js.kh ij lafØ;k,a
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1-3-1 cslsy lehdj.k
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1-3-4 fu;fer ,dy fcanq

1-4 Qyuksa rFkk iqujko`fÙk lacaèkksa dh mRifÙk
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1-10 lgk;d ikB~; lkexzh

xf.kr esa] ?kkr Js.kh fofèk (Power Series Method) dk mi;ksx dqN fo'ks"k lehdj.kksa
ds fy, ?kkr Js.kh (Power Series) esa iz;qDr lekèkku dh [kkst ds fy, fd;k tkrk
gSA dbZ {ks=ksa esa HkkSfrd leL;kvksa ds dkj.k vody lehdj.k (Differential

Equation) dks gy fd;k tkuk pkfg,A buesa ls dqN dks çkFkfed fof/k (Elementry

Method) ls gy fd;k tk ldrk gS] ysfdu tc ;s fof/k;ka mi;ksx ugha gksrh gSa rks
ge Js.kh lekèkku dk lgkjk ysrs gSaA ?kkr Js.kh (Power Series) fofèk dsoy çkjafHkd
eku dh leL;kvksa dk lekèkku nsxh tc jSf[kd lehdj.kksa ls lEcfUèkr gksxk D;ksafd
lekèkku dbZ jSf[kd :i ls Lora= lekèkkuksa dks cny ldrk gS tks lhek eku
leL;kvksa (Boundary Value Problems) dks gy djus ds fy, ¼v/;kjksi.k }kjk½
la;qä gks ldrs gSaA ,d vkSj çfrcaèk ;g gS fd Js.kh xq.kkad ,d vjs[kh; (Non-

Linear) iqujkof̀Ùk }kjk fufnZ"V fd;k tk,xk] tks vjs[kh; (Non-Linear) vody
lehdj.k ls fojklr esa feyk gSA

lkekU; rkSj ij] ,slk lekèkku vKkr xq.kkad okyh ,d ?kkr Js.kh dh dYiuk
djrk gS vkSj fQj xq.kkad ds fy, iqujkof̀Ùk lacaèk (Recurrence Relation) [kkstus ds
fy, vody lehdj.k esa ml lekèkku dks çfrLFkkfir djrk gSA yhts.Mªss lehdj.k
(Legendre’s Equations) bl çdkj ds cgqr egRoiw.kZ lehdj.k gSaA ;s lehdj.k
vkSj muds lekèkku O;kogkfjd xf.kr (Applied Mathematics) esa ,d egRoiw.kZ vkSj
vk/kkjHkwr Hkwfedk fuHkkrs gSaA ?kkr Js.kh fofèk dks pj xq.kkadksa ds lkFk jSf[kd vody
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ikB~; lkexzh

lehdj.kksa dks gy djus ds fy, ekud vk/kkjHkwr fofèk ds :i esa ekuk tkrk gSA
O;kogkfjd xf.kr esa lcls egRoiw.kZ vody lehdj.kksa esa ls ,d cslsy (Bessel)

ds vody lehdj.k gSA fofHkUu vody lehdj.kksa dks cslsy ds lehdj.k esa
ifjofrZr fd;k tk ldrk gSA

bl bdkbZ esa] vki ?kkr Js.kh fofèk (Power Series Method)] cslsy vkSj
yhts.Mªs ds lehdj.k] cslsy vkSj yhts.Mªs ds Qyu (Bessel and Legendre Functions)

vkSj muds xq.k] vfrT;kferh; lehdj.k] fu;fer ,dy fcanq] Qyuksa rFkk iqujko`fÙk
lacaèkksa dh mRifÙk] tud Qyu] cslsy Qyuksa rFkk yhts.Mªs cgqinksa dh ykfEcdrk ds
vody lehdj.kksa ds Js.kh gyksa ds ckjs esa vè;;u djsaxsA

bl bdkbZ dks i<+us ds ckn vki&

 ?kkr Js.kh fofèk dks ifjHkkf"kr djus esa l{ke gksaxs(

 vfHklj.k varjky rFkk f=T;k dks le> ik,axs(

 ?kkr Js.kh ij lafØ;k,a] ?kkr Js.kh ds gy vkSj okLrfod fo'ys"k.kkRed Qyu
ds vfLrRo dh ppkZ dj ldsaxs(

 cslsy] yhts.Mªs rFkk vfrT;kferh; lehdj.kksa dks le> ik,axs(

 cslsy lehdj.k] yhts.Mªs lehdj.k rFkk vfrT;kferh; lehdj.k dh O;k[;k
dj ik,axs(

 fu;fer ,dy fcanq] Qyuksa rFkk iqujkof̀Ùk lacaèkksa dh mRifÙk dks le> ik,axs(

 cslsy Qyuksa rFkk yhts.Mªs cgqinksa dh ykfEcdrk dks ifjHkkf"kr djus esa l{ke

gksaxsA

dqN fuf'pr vody lehdj.kksa ds ?kkr Js.kh (Power Series) gy Kkr djus ds
fy, ?kkr Js.kh fofèk (Power Series Method) dk iz;ksx fd;k tkrk gS] ewy:i ls
,slk dksbZ gy vKkr xq.kkadksa ds lkFk ,d ?kkr Js.kh dh dYiuk djrk gS fQj ml
gy dks xq.kkadksa esa vkorhZ lacaèk (Recurrence Relation) fudkyus gsrq] vody
lehdj.k esa fufo"V (Insert) djrk gSA ?kkr Js.kh fofèk dks dqN de uE;rk
(Flexibility) ds lkFk dqN vjSf[kd (Non-Linear) vody lehdj.kksa ij Hkh iz;qDr
fd;k tk ldrk gSA ;fn ,d le:i jSf[kd vody lehdj.k fu;r xq.kkad
(Constant Coefficient) fu/kkZfjr gS rc og chtxf.krh; fofèk;ksa (Algebraic Methods)
ls gy fd;k tk ldrk gS vkSj mlds gy Hkh dyu (Calculus) ls Kkr fd, gq,
ex, cos x, bR;kfn] tSls izkjafHkd Qyu (Elementary Function) gksrs gSaA gkykafd ;fn
lehdj.k pj xq.kkad tks x ds Qyu gksa] rks mls vU; fofèk;ksa ls gy djuk gksrk
gSA

pj xq.kkad okys vody lehdj.kksa dks gy djus ds fy, iz;ksx gksus okyh
ekud vkSj vk/kkjHkwr rduhd ?kkr Js.kh fofèk dgh tkrh gSA bls ?kkr Js.kh fofèk
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ikB~; lkexzh

dguk blfy, lkFkZd gS D;ksafd blds ekè;e ls feyus okys gy ?kkr Js.kh (Power

Series) ds :i esa gksrs gSaA bu Jsf.k;ksa dk mi;ksx] bu gyksa ds eku fudkyus ds
mís'; ls] budh fo'ks"krkvksa dks le>us ds mís'; ls rFkk bu gyksa dh fofHkUu izdkj
dh nwljh vfHkO;fDr;ka izkIr djus ds mís'; ls fd;k tk ldrk gS ?kkr Jsf.k;ksa ij
dh tkus okyh lafØ;kvksa esa vodyu] ;ksx xq.ku] bR;kfn] dh fof/k;ka lfEefyr gSaA

(Power Series)

a ,d ?kkr Js.kh ,slh dksbZ Js.kh gS tks fuEukafdr :i esa fy[kh tk ldrh gS&

0

n
n

n

C x a

;gka a rFkk C
n
 la[;k,a gSa] ;gka tks C

n
 gSa os izk;% Js.kh ds xq.kkad

(Coefficients) dgykrs gSaA ,d ?kkr Js.kh ds ckjs esa lcls t:jh ckr ;g gS fd ;g
x dk ,d Qyu gksrk gSA dyu (Calculus) ls ge tkurs gSa fd ?kkr Js.kh (x – x

0

dh ?kkrksa esa) fuEu Lo:i okyh ,d vuar Js.kh (Infinite Series) gksrh gS&
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m
m xaxaxaaxa  (1.2)

ge ;gka ;g eku dj pyrs gSa fd lHkh pj rFkk vpj okLrfod (Real) gSa]
rFkk ?kkr Jsf.k;ksa ds pj mfpr :i ls Kkr gS] mnkgj.k eSDy;wfju Jsf.k;ka
(Maclaurin Series) gSa&







 0

21
1

1

m

m xxx
x

¼|x| < 1, ;g ,d T;kferh; Js.kh (Geometric Series) gksxh½







0

32

!3!2
1

!m

m
x xx

x
m

x
e 

 
 









0

422

!4!2
1

!2

1
cos

m

mm xx

m

x
x 

 
 













0

5312

!5!3!12

1
sin

m

mm xx
x

m

x
x 

vody lehdj.kksa dks gy djus esa ?kkr Js.kh fofèk dk iz;ksx fd;k tkrk gS
D;ksafd bl fofèk dks vklku ekuk tkrk gS rFkk bls oSf'od :i ls ,d ekud fofèk
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ekudj iz;ksx fd;k tkrk gSA ge loZizFke izfØ;k dk o.kZu djsaxs vkSj blds
i'pkr ljy lehdj.kksa dk iz;ksx dj bldk mnkgj.k izLrqr djsaxsA ,d fn, x,
vody lehdj.k ds fy,&

    0 yxqyxpy

vc  xp  rFkk  xq  dks x vFkok 0xx   ¼;fn gy 0xx   dh ?kkrksa esa

pkfg,½ dh ?kkr Js.kh ds :i esa iznf'kZr djrs gSa] ;fn  xp  rFkk  xq  cgqin gSa

rks bl pj.k (Step) dks NksM+k tk ldrk gSA ge vKkr xq.kkadksa okys ,d ?kkr Js.kh
ds :i esa gy dh dYiuk djrs gSa tks bl izdkj gSa&







0

3
3

2
210

m

m
m xaxaxaaxay  (1.3)

bl Js.kh dks rFkk bl Js.kh ds in'k% vodyu (Termwise Differentiation)

ls gesa feyus okyh Jsf.k;ksa dks lehdj.k esa fufo"V (Insert) djsaxs tks fuEu gS]

(a) 




 
1

2
321

1 32
m

m
m xaxaaxmay  (1.4)

(b)  




 
2

2
432

2 342321
m

m
m xaxaaxammy  (1.5)

vc x dh leku ?kkrksa okys inksa dk ewY;kadu djsaxs vkSj x dh izR;sd ?kkr
ds xq.kkadksa ds ;ksx dks 'kwU; ds cjkcj j[ksaxs ftlds fu;r inksa ls izkjaHk gksdj ,sls
in ftuesa x gSa rFkk in ftuesa x2 gS] bR;kfn lfEefyr gks] ,slk djus ls os lacaèk
feysaxs ftuls ge lehdj.k ¼1-3½ okyh Js.kh ds vKkr xq.kkadksa dk fuèkkZj.k Øfed
:i ls dj ldsaxs] ;g ge dqN ,slh ljy lehdj.kksa ds iz;ksx dj le>k ldrs
gSa ftUgsa izkjafHkd fofèk ls gy fd;k tk ldrk gSA

0 yy  dks gy dhft,A

 ge Js.kh lehdj.kksa ¼1-3½ rFkk ¼1-4½ dks bl lehdj.k esa bl izdkj
fufo"V djrs gSa&

    032 2
210

2
321   xaxaaxaxaa

 x dh leku ?kkrksa dks ,d lkFk j[kus ij&

      032 2
231201  xaaxaaaa

 x dh izR;sd ?kkr ds xq.kkad dks 'kwU; ds cjkcj j[kus ij gesa izkIr gksxk&

001  aa , 02 12  aa , ,03 23  aa

 bu lehdj.kksa dks gy djus ds i'pkr ,, 21 aa , a
0
 tks LoSPN

(Arbitrary) ds inksa esa O;Dr fd;k tk ldrk gS&

01 aa  ,
!22
01

2

aa
a  , ,

!33
02

3

aa
a 
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 bu xq.kkadksa dk mi;ksx djus ls lehdj.k ¼1-3½ esa of.kZr Js.kh bl izdkj

gks tk;sxh]

.
!3!2

3020
00  x

a
x

a
xaay

 var esa gesa Kkr rFkk izpfyr lkekU; gy bl izdkj izkIr fd;k tkrk gS&

xea
xx

xay 0

32

0 !3!2
1 








 

xyy 2  dks gy dhft,A

blh fofèk dk vuqxeu djrs gq, lehdj.kksa ¼1-3½ rFkk ¼1-4½ dh Jsf.k;ksa dks

bl lehdj.k esa fufo"V djrs gSa&

   2
210

2
321 232 xaxaaxxaxaa

vc 2x ls xq.ku djrs gSa] ifj.kkeh lehdj.k ljyrk ls bl :i esa fy[kk tk

ldrk gS]

 5
6

4
5

3
4

2
321 65432 xaxaxaxaaa

=  5
4

4
3

3
2

2
10 22222 xaxaxaxaa

bl izdkj ge fu"d"kZ fudky ldrs gSa fd]

a
1
 = 0,  2a

2
 = 2a

0
,   3a

3
 = 2a

1
,   4a

4
 = 2a

2
,   5a

5
 = 2a

3
    ...

blfy, ,0,0 53  aa  vkSj le vèkksys[k (Subscript) j[kus okys xq.kkadksa

ds fy,] ;g fuEu izdkj ls gks tk;sxh&

;,
!33

,
!22

, 04
6

02
402 aa

a
aa

aaa 

;gka foosdkèkhu (Arbitrary) gh cuk jgsxk] bu xq.kkadksa dk mi;ksx djds

lehdj.k ¼1-3½ dh Js.kh fuEukuqlkj Lo:i okys gy iznku djsxh]
2

0

864
2

0 !4!3!2
1 xea

xxx
xay 








 

gy dks pjksa ds iF̀ddj.k (Separating Variables) dh fofèk dk iz;ksx djrs

gq, ifjekf.kr fd;k tk ldrk gSA

0 yy  dks gy dhft,A

gesa tks lehdj.k izkIr gqvk gS mlesa lehdj.kksa ¼1-3½ rFkk ¼1-5½ dks fufo"V

djus ij]

    034232 2
210

2
432   xaxaaxaxaa

x dh leku ?kkrksa dks ,d lkFk j[kus ij gesa izkIr gksxk&

      034232 2
241302  xaaxaaaa
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x dh izR;sd ?kkr ds xq.kkadksa dks 'kwU; ds cjkcj j[kus ij] gesa izkIr gksxk&

02 02  aa 0x  ds xq.kkad

023 13  aa 1x  ds xq.kkad

034 24  aa 2x  ds xq.kkad] bR;kfn

fn, x, lehdj.kksa dks gy djus ij] ge ns[krs gSa fd ,, 42 aa  dks 0a  ds

inksa esa O;Dr fd;k tk ldrk gS] ,, 53 aa dks 1a  ds inksa esa O;Dr fd;k tk ldrk

gS] ;gka 0a  rFkk 1a  LoSPN gSa&

;,
!434

,
!3

,
!2

02
4

1
3

0
2 aa

a
a

a
a

a 




bu xq.kkadksa dk iz;ksx djrs gq, lehdj.k ¼1-3½ dh Js.kh dks bl izdkj fy[kk
tk ldrk gS&

 5103120
10 !5!4!3!2

x
aa

x
a

x
a

xaay

,d ?kkr Js.kh ds fy, inksa ds Lohdk;Z iqfoZU;kl dks bl :i esa Hkh fy[kk tk
ldrk gS&


















 

!5!3!4!2
1

53

1

42

0

xx
xa

xx
ay

lkekU; gy dks fuEu izdkj ls Hkh fuèkkZfjr tk ldrk gS&

xaxay sincos 10 

ge bl ckr dks laHkor;k ?kkr Js.kh }kjk fo'ks"k :i ls fufnZ"V u;s Qyuksa
dk iz;ksx djds lekfIr dh vksj ys tk;saxs] ;fn ;s lehdj.k vkSj muds gy
okLrfod gSa ;k lS)kafrd egRo ds gSa rc mUgsa uke fn;s tk;saxs vkSj bUgsa O;ofLFkr
:i ls ij[kk tk;sxkA blh rjg yhts.Mªs] cslsy vkSj xkWml dh vfrT;kferh;
Jsf.k;ka vfLrRo esa vk;ha FkhaA

(Basic Concepts)

dyu (Calculus) esa ,d ?kkr Js.kh bl izdkj ds Lo:i okyh ,d vuar Js.kh gksrh
gS]

     





0

2
020100

m

m
m xxaxxaaxxa  (1.6)

;fn x pj] dsanz 0x  rFkk xq.kkad ,, 10 aa  okLrfod gSa rc Js.kh lehdj.k

¼1-6½ dk noka vkaf'kd ;ksx (Partial Sum) fuEu gksxk]

       nnn xxaxxaxxaaxs 0
2

02010   (1.7)
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;gka ,1,0n  gS ;fn s
n
 ds in lehdj.k ¼1-6½ esa yqIr dj fn, rks 'ks"k

O;atd fuEu izdkj gks tk;sxk]

       





2
02

1
01

n
n

n
nn xxaxxaxR (1.8)

bl O;atd dks lehdj.k ¼1-6½ ds in  nn xxa 0  ds i'pkr~ ds 'ks"k

(Remainder) dk uke fn;k gSA

mnkgj.k ds fy,& fuEufyf[kr T;kferh; Js.kh ij fopkj dhft,&

  nxxx 21

ge bUgsa lfEefyr dj ldrs gSa&

10 s .  32
0 xxxR ,

xs 11 ,  432
1 xxxR ,

2
2 1 xxs   543

2 xxxR , bR;kfnA

bl Øe esa lehdj.k ¼1-6½ vkaf'kd ;ksxksa      ,,, 210 xsxsxs  dh Js.kh ls

;qfXer gks tk;sxk ;fn 1xx  ] rc Js.kh bl izdkj vfHklfjr (Converge) gksxh&

   11lim xsxsn
n




rc lehdj.k ¼1-6½ esa of.kZr lehdj.k 1xx   ij vfHklfjr dgh tk;sxh

rFkk la[;k  1xs  dks 1x  ij lehdj.k ¼1-6½ dk eku (Value) ;k ;ksx (Sum) dgk

tk;sxk] bls bl izdkj fy[kk tk;sxk

   





0

011
m

m
m xxaxs

izR;sd  n ds fy,

     111 xRxsxs nn  (1.9)

 ;fn Js.kh 1xx   ij vilj.k (Diverge) dj jgh gS rks lehdj.k ¼1-6½ esa

of.kZr Js.kh dks 1xx   ij vilkjh dgk tk;sxkA

vfHklj.k (Convergence) ds izdj.k esa izR;sd èkukRed eku  ds fy, ,d
N gksuk pkfg, tks  ij fuHkZj djs] lehdj.k ¼1-9½ dk mi;ksx djrs gq, gesa izkIr
gksrk gS&

       111 xsxsxR nn lHkh n > N ds fy, (1.10)

xf.krh; :i ls ;g crkrk gS fd n > N okys lHkh  1xsn ,  1xs     rFkk

s(x
1
) +  ds chp fLFkr gS] okLro esa ;g n'kkZrk gS fd vfHklj.k (Convergence)

ds fy, lehdj.k ¼1-6½ dk ;ksx 1x  ij  1xsn  ds }kjk n dks cgqr vfèkd ekurs

gq, Bhd&Bhd vuqekfur fd;k tk ldrk gSA
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,d Js.kh dk vfHklj.k (Convergence) x ds ml eku ij fuHkZj dj ldrk gS ftls
ge Js.kh esa j[krs gSa vkSj x ds vU; ekuksa ds fy, vfHklj.k ugha djrk gSA

ge bl ij fopkj dj ldrs gSa fd R ;gka dksbZ ,slh la[;k gS fd ?kkr Js.kh
 ds fy, vfHklj.k (Converge) djsxh vkSj |x – a| > R ds fy, vfHklj.k

dh f=T;k (Radius of Convergence) dgh tk;sxhA è;ku jgs fd ;fn |x – a| = R

rc Js.kh vfHklj.k (Converge) dj Hkh ldrh gS vkSj ugha Hkh dj ldrh gS] ;fn
bu fcanqvksa ij dqN gksrk Hkh gS rks Hkh ,slk gksuk vfHklj.k dh f=T;k (Radius of

Convergence) dks ifjofrZr ugha djsxkA

nwljh ckr ;g gS fd x ds ekuksa dk varjky ftlesa nksuksa vafre fcanq (End

Points) Hkh 'kkfey gSa ftuds fy, fd ;g ?kkr Js.kh vfHklj.k (Converge) dj jgh
gS] Js.kh ds vfHklj.k dk varjky dgykrk gS] ;s nksuksa gh voèkkj.kk,a ,d nwljs ds
lkFk izcyrk ls ;qfXer gSaA ;fn ge ;g tkurs gSa fd ,d ?kkr Js.kh dh vfHklj.k
dh f=T;k (Radius of Convergence) R gS rc gesa ;g ckrsa Hkh Kkr gks tk;saxh&

a – R < x < a + R ?kkr Js.kh vfHklj.k (Converge) djrh gSaA

x < a – R rFkk x > a + R ?kkr Js.kh vilj.k (Diverge) djrh gSA

varjky a – R < x < a + R vfHklj.k ds varjky ds gh varxZr gksuk pkfg,A
,slk blfy, fd ge tkurs gSa fd bu ekuksa ds fy, ?kkr Js.kh vfHklj.k (Converge)

djsxhA ge ;g Hkh tkurs gSa vfHklj.k ds varjky (Interval of Convergence) esa os
x ugha gksaxs tks x < a – R rFkk x > a + R dh jsat esa iM+rs gSa D;ksafd ge tkurs gSa
fd x ds bu ekuksa ds fy, ?kkr Js.kh vilj.k (Diverge) djrh gS blfy, vfHklj.k
ds varjky (Interval of Convergence) dks iw.kZr% igpkuus ds fy, gesa fuèkkZfjr
djuk gksxk fd D;k ?kkr Js.kh x = a – R ;k x = a + R ds fy, vfHklj.k
(Converge) djrh gSA

;fn ?kkr Js.kh buesa ls ,d ;k nksuksa ekuksa ds fy, vfHklj.k (Converge)

djrh gS rc gesa bUgsa vfHklj.k ds varjky (Interval of Convergence) esa 'kkfey
djuk gksxkA

1- ;fn lehdj.k ¼1-6½ esa of.kZr Js.kh 0xx   ij vfHklj.k (Converge) dj
jgh gS rc mlds igys 0a  in dks NksM+dj lHkh in 'kwU; gksaxsA fo'ks"k
izdj.kksa esa ml lehdj.k ¼1-6½ ds fy, tks fd vfHklj.k (Convergence) dj
jgh gS og dsoy x gksxk] ,slh Js.kh dks lkFkZd (Significant) ugha ekuk tkrkA

2- ;fn x dk dksbZ vU; eku Hkh gS ftlds fy, Js.kh }kjk vfHklj.k n'kkZ;k
tkrk gS rc ,sls eku ,d varjky (Interval) fufeZr djrs gSa] ftls vfHklj.k
varjky (Convergence Interval) dgk tkrk gSA ;fn ;g varjky (Interval)
ifjfer (Finite) gS rc ;g eè;fcanq dk 0x  èkkj.k djsxk tks bl Lo:i dk
gksxk fd&

Rxx  0 (1.11)
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lehdj.k ¼1-6½ esa of.kZr Js.kh mu lHkh x ds fy, vfHklj.k (Converge)

djsxh ftuds fy, Rxx  0  gS rFkk mu lHkh x ds fy, vilj.k

(Diverge) djsxh ftuds fy, Rxx  0  gSA ;gka R lehdj.k ¼1-6½ ds

fy, vfHklj.k dh f=T;k (Radius of Convergence);k vfHklj.k dh f=T;k

gksxhA bls uhps fn, x;s lw=ksa esa ls fdlh ls Hkh Kkr fd;k tk ldrk gS c'krsZ

;s lhek,a vfLrRo esa gksa rFkk 'kwU; u gksa&

(a) ||lim1 m
m

amR


 (b) 
m

m

m a

a
R 1lim1 


 (1.12)

;s vuar gksaxh rks lehdj.k ¼6½ esa of.kZr Js.kh dsoy dsanz (Centre) x
0
 ij gh

vfHklj.k (Converge) djsxhA

3- vfHklj.k (Convergence) varjky ml le; vuar gksxk tc lehdj.k
¼1-6½ esa of.kZr Js.kh lHkh x ds fy, vfHklj.k (Converge) djsa] mnkgj.k ds
fy, ;fn lehdj.kksa ¼1-12 a½ ;k ¼1-12 b½ ds fy, lhek (Limit) 'kwU; gS rc
,slk gksuk ?kfVr gksxk vkSj bls R =  bl izdkj ls fy[kk tk ldsxkA izR;sd
x ds fy, ftlds fy, fd lehdj.k ¼1-6½ esa of.kZr Js.kh vfHklj.k
(Converge) dj jgh gS s(x) dk ,d fuf'pr eku gksxkA ge dg ldrs gSa
fd lehdj.k ¼1-6½ esa of.kZr Js.kh vfHklj.k (Convergence) varjky esa ,d
Qyu s(x) dks O;Dr djrh gS vkSj ;g bl izdkj fy[kk tk ldrk gS&

0
m 0

m

ms x a x x (|x – x
0
| < R)

vkxs fn;s x;s mnkgj.k bl voèkkj.kk dks Li"V djsaxsA

(Convergence at Centre)  bl Js.kh ij fopkj dhft,]

2 3

0

! 1 2 6 ...m

m

m x x x x

ge lehdj.k ¼1-12b½ esa am + m! dks lfEefyr dj ldrs gSa]

1 1 !
1

!
m

m

ma
m

a m  pwafd m  gSA

;g Js.kh dsoy dsanz x = 0 ij gh vfHklj.k (Converge) djrh gS vkSj
blfy, ;g vuqi;ksxh Js.kh gSA

(Convergence in Finite Interval)  bl
T;kferh; Js.kh ij fopkj dhft,&

2

0

1
1 ...

1– m

x x
x
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ge a
m
 = 1/m! dks lfEefyr djsa] rks lehdj.k ¼1-12b½ bl izdkj gks

tk;sxh&

1 1 1 ! 1
0

1 ! 1
m

m

ma

a m m  pwafd m  gS

;g Js.kh lHkh x ds fy, vfHklj.k (Converge) djrh gS vr% lkFkZd ekuh
x;h gSA

uhps fn;k x;k ladsr dqN fo'ks"k leL;kvksa dks gy djus esa iz;qDr fd;k
tk,xk&

3 6 9
3

0

1
1

8 8 64 512

m

m
m

m

– x x x
x = – + – + ...

bls t = x3 dh ?kkrksa esa rFkk xq.kkad –1 8
m m

ma  j[kus okyh Js.kh ds :i

esa ns[kk tk;sxk rc lehdj.k ¼1-12b½ esa of.kZr Js.kh bl izdkj gks tk;sxh&

1
1

8 1

8 8

m
m

m
m

a

a

R = 8 gS vr% Js.kh |t| < 8 vFkkZr |x| < 2 ds fy, vfHklj.k (Converge)

djsxhA

 bl ?kkr Js.kh ds fy, vfHklj.k dh f=T;k (Radius of Convergence)

rFkk vfHklj.k dk varjky (Interval of Convergence) Kkr dhft,A

1

1
3

4

m
n

n
n

– n
x+

;g ?kkr Js.kh x = –3 ij vfHklj.k (Converge) djsxhA bl fcanq ij gesa x
dk 'ks"kQy fuèkkZfjr djuk gksxk ftlds fy, og mi;qDr ijh{k.kksa esa ls fdlh ,d
ds fy, Hkh vfHklj.k (Converge) djsxkA ijh{k.k dk iz;ksx djds ge x ij mu
'krks± dks O;qRiUu djrs gSa tks x ds mu ekuksa dks fuèkkZfjr djus esa iz;ksx gksaxh ftuds
fy, ?kkr Js.kh vfHklj.k (Converge) djsxh vkSj x ds os eku ftuds fy, og
vilj.k (Diverge) djsxh blh ls ge vfHklj.k dh f=T;k (Radius of Convergence)

rFkk vfHklj.k dk varjky (Interval of Convergence) Hkh ifjdfyr dj ldsaxsA bl
izdj.k esa lcls mi;qDr ijh{k.k vuqikr (Ratio) ;k ewy (Root) ijh{k.k gS] bl
ijh{k.k dk iz;ksx djds gesa izkIr gksxk&

1
–1 1 3 1 4

lim
4 1 1 3

n n

n nn

n x n
L

n n x

– 1 3
lim

4n

n x
L

n
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;gka x lhek (Limit) ij fuHkZj ugha gS blfy, bls lhek (Limit) ds ijs Hkh
fy;k tk ldrk gSA gesa bl ij fujis{k eku dk izfrcaèk Hkh j[kuk gksxk rkfd lHkh
èkukRed jgs] rc lhek (Limit) bl izdkj gks tk;sxh&

1
3 lim

4n

n
L x

n

vuqikr ijh{k.k (Ratio Test) ifjHkkf"kr djrk gS fd ;fn L < 1 gS rks Js.kh
vfHklj.k (Converge) djds vkSj ;fn L > 1 gS rks Js.kh vilj.k (Diverge) djsxh
;fn L = 1 gS rks nksuksa esa ls dqN Hkh gks ldrk gSA bl izdkj&

1
3 1 3 4

4
x x Js.kh vfHklj.k (Converge) djsxhA

1
3 1 3 4

4
x x Js.kh vilj.k (Diverge) djsxhA

vc L = 1 okyh fLFkfr ij fopkj dhft,] vc gekjs ikl ?kkr Js.kh dh
vfHklj.k dh f=T;k (Radius of Convergence) gS] bl ?kkr Js.kh dh vfHklj.k dh
f=T;k (Radius of Convergence) R = 4 gSA

blds ckn ge vfHklj.k ds varjky (Interval of Convergence) dks Kkr
djrs gSa blds fy, gesa vfèkdka'k varjky mi;qZDr Js.kh dh igyh vlekurk
(Inequality) dks gy djus ls izkIr gksxk&

–4 < x + 3 < 4

–7 < x < 1

bl izdkj oSèkrk dk varjky (Interval of Validity) –7 < x < 1 }kjk n'kkZ;k
tkrk gSA vc ge ;g Kkr djsaxs fd bl varjky ds var fcanqvksa (End Points) ij
;g ?kkr Js.kh vfHklj.k (Convergence) djrh gS vFkok vilj.k (Divergence)A
è;ku jgs fd x ds ;s eku fn;s x;s L = 1 ds laxr x ds eku gksaxs] bu fcanqvksa ij
vfHklj.k (Convergence) bUgsa ewy ?kkr Js.kh esa j[kdj fuèkkZfjr dh tk ldrh gS
vkSj ns[kk tk ldrk gS fd Js.kh vfHklj.k (Converge) djrh gS vFkok vilj.k
(Diverge)A

x = –7 ds fy,] bl fLFkfr esa Js.kh gksxh&

1 1

–1 1
–4 1 4

4 4

n n
n n n

n n
n n

n n

1

–1 –1
n n

n

n (–1)n (–1)n = (–1)2n = 1

1n

n

pwafd lim 0
n

n  vr% ;g Js.kh vilkjh (Divergent) gksxh]

x = 1 ds fy,& bl fLFkfr esa Js.kh gksxh]
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1 1

–1
4 –1

4

n
n n

n
n n

n
n

pwafd lim –1
n

n
n  vfLrRo esa ugha gksrk vr% ;g Js.kh Hkh vilkjh (Divergent)

gksxhA

nh x;h ?kkr Js.kh ds fy, vfHklj.k dh f=T;k (Radius of

Convergence) rFkk vfHklj.k dk varjky (Interval of Convergence) Kkr dhft,A

1

2
4 – 8

n
n

n

x
n

 vuqikr ijh{k.k (Ratio Test) dk iz;ksx djds] gesa izkIr gksxk&

12 4 – 8 1
lim

1 2 4 – 8

n

nnn

x n n
L

n x

2 4 – 8
lim
n

n x

n

2
4 8 lim

1n

n
x

n

2 4 8x

bl izdkj uhps fn;s x;s rjhds ls vfHklj.k (Convergence) ;k vilj.k
(Divergence) fuèkkZfjr fd;k tk ldrk gS&

2 |4x – 8| < 1 Js.kh vfHklj.k (Converge) djrh gSA

2 |4x – 8| > 1 Js.kh vilj.k (Diverge) djrh gSA

vfHklj.k dk varjky (Interval of Convergence) ds fy, gesa pkfg,
 |x – a| < R rFkk |x – a| > R, vFkkZr vfHklj.k dh f=T;k (Radius of Convergence)

dks lVhdrk ls izkIr djus ds fy, gesa fn;s x;s fujis{k eku esa ls 4 dks Øexqf.kr
(Factorize) djuk gksxk] blls izkIr gksxk&

1
8 | – 2 | 1 | – 2 |

8
x x Js.kh vfHklj.k (Converge) djrh gSA

1
8 | – 2 | 1 | – 2 |

8
x x Js.kh vilj.k (Diverge) djrh gSA

bl izdkj bl ?kkr Js.kh vfHklj.k dh f=T;k (Radius of Convergence)

1

8
R  gS] i'pkr ge ml vlekurk dks gy djds tks vfHklj.k (Convergence)

iznku djrh gS ge vfHklj.k ds varjky (Interval of Convergence) Kkr djsaxsA
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1 1
2

8 8
x

15 17

8 8
x

vc vU; fcanqvksa dh iqf"V djrs gSa&

15

8
x  ds fy,] Js.kh gksxh%

1 1

2 15 2 1
– 8 –

2 2

n nn n

n nn n

1

–12

2

nn

n
n n

1

–1
n

n n

bl Js.kh dk fo;kj ,dkUrj gjkRed Js.kh (Alternation Harmonic Series)

rFkk mldk vfHklj.k (Converge) djus ij&

     

;g ,d gjkRed (Harmonic) Js.kh gS rFkk ;g vilj.k (Diverge) djrh gSA
bl rjg ?kkr Js.kh ,d vUr fcanq (End Point) ds fy, vfHklj.k (Converge) djrh
gS ysfdu nwljs ds fy, ugha rc bl ?kkr Js.kh ds fy, vfHklj.k dk varjky
(Interval of Convergence) bl izdkj gksxk&

15 17

8 8
x

nh x;h ?kkr Js.kh ds fy, vfHklj.k dh f=T;k (Radius of

Convergence) rFkk vfHklj.k dk varjky (Interval of Convergence) Kkr dhft,A

0

! 2 1
n

n

n x
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 vuqikr ijh{k.k (Ratio Test) ls gesa izkIr gksxk&

1
1 ! 2 1

lim
! 2 1

n

nn

n x
L

n x

1 ! 2 1
lim

!n

n n x

n

2 1 lim 1
n

x n

;gka lhek (Limit) vuar gS ijarq ge x ls ;qDr ml in dk iz;ksx dj ldrs
gSa tks lhek (Limit) ds lEeq[k gSA gekjs le{k L =  – > 1 gS tcfd fn;k gqvk gS

fd 
1

–
2

x  blfy, ;g ?kkr Js.kh rHkh vfHklj.k (Converge) djsxh ;fn 
1

–
2

x

gksA

nh x;h ?kkr Js.kh ds fy, vfHklj.k dh f=T;k (Radius of

Convergence) rFkk vfHklj.k dk varjky (Interval of Convergence) Kkr dhft,&

1

6
n

n
n

x

n

 bl izdj.k esa ge ewy ijh{k.k (Root Test) dk iz;ksx ;g Kkr djus ds fy,
djrs gSa&

1

– 6
lim

n n

nn

x
L

n

– 6
lim
n

x

n

1
6 lim

n
x

n

pwafd L = 0 < 1 blfy, x ds fdlh eku fo'ks"k ds fy, ugha cfYd ;g ?kkr
Js.kh izR;sd x ds fy, vfHklj.k (Converge) djsxh] bl fLFkfr esa ge vfHklj.k dh
f=T;k (Radius of Convergence) R =  ifjHkkf"kr dj ldrs gSa vkSj vfHklj.k dk
varjky (Interval of Convergence) –  < x <  gksxkA

 nh x;h ?kkr Js.kh ds fy, vfHklj.k dh f=T;k (Radius of

Convergence) rFkk vfHklj.k dk varjky (Interval of Convergence) Kkr dhft,A

2

1 –3

n

n
n

x
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 bl izdj.k esa x dk ?kkrkad (Exponent) ,d mYys[kuh; varj gS tks ekud
(Standard) n ds LFkku ij 2n gS] ge vfHklj.k (Convergence) fuèkkZfjr djus ds
fy, iqu% ewy ijh{k.k (Root Test) dk iz;ksx djrs gSa] blls gesa izkIr gksrk gS]

1

2
lim

–3

nxn

nn
L

2

lim
–3n

x

2

3

x

gesa vfHklj.k (Convergence) izkIr gksxk ;fn&

2
21 3

3

x
x

bl izdj.k esa vfHklj.k dh f=T;k (Radius of Convergence) 3 ugha gSA
gkykafd vfHklj.k dh f=T;k (Radius of Convergence) x ij 1 dk ,d ?kkrkad
vko';d gS rc ifj.kkeLo:i]

2 3x

3x

;g vfHklj.k dh f=T;k (Radius of Convergence) dh Hkkafr gh gksrk gS] bl

rjg 3R ] vilj.k (Divergence) dh vlekurk vfHklj.k dk varjky (Interval

of Convergence) gS] vkxs gesa vfHklj.k dk varjky (Interval of Convergence)

feysxk] vlekurk (Inequality) ls gesa Kkr gksrk gS fd]

– 3 3x

vc ge var fcanq (End Points) dh iqf"V djrs gSaA

– 3x  ds fy, ?kkr Js.kh gksxh

22

1 1

– 3– 3

–3 –3

n
n

n n
n n

1 1

3
–1

–1 3

n
n

n n
n n

;g Js.kh vilkjh (Divergent) gS D;ksafd lim –1
n

n
 dk vfLrRo ugha gSA
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3x  ds fy,& ;gka ge x dk oxZ djrs gSa ftlls Js.kh vkxkeh pj.k dh

rjg gks tk;sxh tks fd vilkjh (Divergent) gSA
2

1 1

3
–1

–3

n

n

n
n n

vfHklj.k dk varjky (Interval of Convergence) – 3 3x  gSA

?kkr Jsf.k;ksa esa tks Lohdk;Z lafØ;k,a (Operations) gSa os ?kkr Jsf.k;ksa dk vodyu]
lekdyu] ;ksx] ?kVko] foHkktu rFkk xq.ku gSaA ,d ?kkr Js.kh ds izR;sd xq.kkad ds
vilj.k (Divergence) ds lacèk esa izfrcaèk lwphc) gSaA ;s gh ?kkr Js.kh dks gy
djus dh vkèkkjHkwr fofèk;ka ekuh tkrh gSA

(Differentiation)

,d ?kkr Js.kh dk vodyu in'k% izR;sd in }kjk fd;k tkrk gS] vfèkd lVhdrk
ls dgk tk;s rks ;fn ,d ?kkr Js.kh bl izdkj gS&

0
0

m

m
m

y x a x x

vfHklj.k (Converge) ds fy, |x – x
0
| < R ds fy, tgka R > 0 gS rc izR;sd

in }kjk vodyu ls izkIr gksus okyh Js.kh Hkh mu x ds fy, vfHklj.k (Converge)

djsxh vkSj mu x ds fy, ;g vodyt y rFkk y ds vfHky{k.k Hkh fuèkkZfjr djsxh
tks bl izdkj&

   





1

1
0

m

m
m xxmaxy  Rxx  0

rFkk]

     





2

2
01

m

m
m xxammxy  Rxx  0 , bR;kfn

(Addition)

?kkr Js.kh dks izR;sd in }kjk tksM+k tk ldrk gS vkSj lVhdrk ls dgk tk;s rks
;fn Jsf.k;ka]

 





0

0
m

m
m xxa  rFkk  






0

0
m

m
m xxb (1.13)

vfHklj.k dh /kukRed f=T;k (Positive Radii of Convergence) fufgr gS
rFkk f(x) rFkk g(x) ;ksxQy gSa rc Js.kh]

  





0

0
m

m
mm xxba
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vfHklj.k (Converge) djsxh vkSj ,sls izR;sd x ds fy, tks fd nh x;h
izR;sd Js.kh ds vfHklj.k (Convergence) ds varxZr gS f(x) + g(x) ds }kjk n'kkZ;h
tk;sxhA

(Multiplication)

nks fn, x, ?kkr Jsf.k;ka izR;sd in }kjk xqf.kr Hkh dh tk ldrh gSa ekuk fd
lehdj.k ¼1-13½ esa of.kZr Js.kh vfHklj.k dh èkukRed f=T;k (Positive Radius of

Convergence) j[krh gS f(x) rFkk g(x) mlds ;ksx (Sums) gSa rc ge igyh Js.kh

ds izR;sd in dks nwljh Js.kh ds izR;sd in ls xq.kk djds vkSj 0xx   dh leku

?kkrksa dks ,d lkFk djds] Js.kh izkIr dj ldrs gSaA vFkkZr~

    
m

mmm xxbababa 00110 

       2
00211200011000 xxbababaxxbababa

;g vfHklj.k (Converge) gksrk gS rFkk izR;sd nh x;h Js.kh ds vfHklj.k
varjky (Convergence Interval) ds varxZr iM+us okys izR;sd x ds fy, f(x) g(x)

}kjk n'kkZ;k tkrk gSA

(Vanishing of Coefficients)

mu izdj.kksa esa tgka ,d ?kkr Js.kh dh vfHklj.k dh f=T;k (Radius of Convergence)

èkukRed gSA lkFk gh lkFk laiw.kZ vfHklj.k ds varjky (Interval of Convergence)

esa ;ksx ,dleku :i ls 'kwU; gS rc Js.kh dk izR;sd xq.kkad 'kwU; gksxkA

(Shifting Summation Indices)

bls fo'ks"k mnkgj.k nsdj le>k;k tk ldrk gS] uhps nh x;h Js.kh ij fopkj djsa]

  








 
2 1

12
2 21

m m

m
m

m
m xmaxammx

     2
321

2
432

2 3221262 xaxaaxaxaax

;g Js.kh ,d ,dy Js.kh (Single Series) ds :i esa fy[kh tk ldrh gSA ge
loZizFke ;ksx (Summation) ds varxZr x2 dk iz;ksx bls izkIr djus ds fy, djrs gSa&

  









2 1

121
m m

m
m

m
m xmaxamm

ekuk ftl ;ksxQy dks ge izkIr djuk pkgrs gSa mls s ls O;Dr fd;k tkrk
gSA ge igyh Js.kh esa m dks s ls ifjofrZr djrs gSa] ladsru (Notation) dk bl rjg
cnyuk laHko gS D;ksafd ;ksx dks fu:fir djus okyk v{kj (Summation Letter) ,d
izfr:i rkfydk gS vkSj ge ,sls fdlh Hkh v{kj dks izfr:i rkfydk dh rjg mi;ksx
dj ldrs gSa ftls vHkh rd mi;ksx u fd;k x;k gksA nwljh Js.kh esa ifjorZu ogha
gksxk tgka ge ,d bdkbZ ifjorZu dj ldrs gksA bl izdkj ls ;fn m – 1 = s gS
rc m = 1 + s] vc ;ksx s = 0 ls izkjaHk gksxk D;ksafd m = 0 + 1 = 1] tks fd iwoZ
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'kq:vkr Fkh] leLr :i esa ;g bl izdkj gks tk;sxk&

    









2 0
1

2 121
s s

s
ss xasxass

igyh Js.kh esa s = 2 dks s = 0 ls cnyrs gSa rkfd gesa ;g izkIr gks lds

    





0

2
1121

s
ss xasass

     3
43

2
3221 865242 xaaxaaxaa

ge ?kkr Js.kh ds fofHkUu xq.kksa dks vc rd tku pqds gSa] ge tkurs gSa fd lehdj.kksa
ds ?kkr Js.kh gy gksrs gSaA ml Js.kh ij fopkj djsa tgka gekjs ikl p rFkk q xq.kkad
gksa rFkk lehdj.k ds nka;h vksj esa Qyu r gks rc]

     xryxqyxpy  (1.14)

?kkr Js.kh gy dk Lo:i oSlk gh gksrk gS tSlk fd lehdj.k ¼1-14½ esa n'kkZ;k

x;k gS] ;fn qph ~,~,
~  rFkk r~  Js.kh esa gS rc ;g lR; gksxk&

     xryxpyxh ~~~
 (1.15)

lehdj.k ¼1-15½ esa n'kkZ;s vuqlkj Hkh ?kkr Js.kh dks n'kkZ;k tk ldrk gS tgka

  0
~

0 xh  ;gka 0x  Js.kh dk dsanz (Centre of the Series) gSA

(Real Analytic Function)

,d okLrfod Qyu f(x) ,d fcanq x = x
0
 ij fo'ys"k.kkRed (Analytic) dgk tk;sxk

;fn mls x = x
0
 dh ?kkrksa esa vfHklj.k dh f=T;k (Radius of Convergence) R > 0

ds }kjk ,d ?kkr Js.kh ds ekè;e ls n'kkZ;k tk ldsA xf.kr esa ,d fo'ys"k.kkRed
Qyu og Qyu gksrk gS tks LFkkuh; :i ls ,d vfHklkjh (Convergent) ?kkr Js.kh
}kjk fn;k tk ldsA ;gka okLrfod (Real) fo'ys"k.kkRed Qyu rFkk lfEeJ ;k
tfVy (Complex) fo'ys"k.kkRed Qyu nksuksa vfLrRooku gksrs gSaA nksuksa gh izdkj ds
Qyu vuar :i ls vodyuh; gksrs gSa ysfdu lfEeJ fo'ys"k.kkRed Qyu ,sls xq.k
j[krs gSa tks fd okLrfod fo'ys"k.kkRed Qyu esa lkekU;r% ugha gksrs gSaA ,d Qyu
rHkh fo'ys"k.kkRed gksxk ;fn vkSj dsoy ;fn mlds izR;sd fcanq ds dqN lkehI;
(Neighborhood) esa og ,d Vsyj Js.kh (Taylor Series) ds rqY; gks ;g ladYiuk uhps
nh x;h ,d ewyHkwr izes; (Fundamental Theorem) ds ekè;e ls dgh tk ldrh gSA

 ?kkr Js.kh gy dk vfLrRo (Existence of Power Series Solution) lehdj.k
¼1-14½ esa p, q rFkk r, 0xx   ij fo'ys"k.kkRed (Analytic) gSa rc lehdj.k ¼1-14½

esa of.kZr Js.kh dk izR;sd gy 0xx   ij fo'ys"k.kkRed gksxk vkSj 0xx   dh ?kkrksa

esa R > 0 vfHklj.k dh f=T;k (Radius of Convergence) }kjk ,d ?kkr Js.kh ds
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ekè;e ls O;Dr fd;s tk ldsaxs] ;g ckr rc Hkh lR; gksxh tc qph ~,~,
~  rFkk r~

lehdj.k ¼1-15½ esa 0xx   ij fo'ys"k.kkRed gSa rFkk   3
0 0

~
xh ] izes; dk iz;ksx

djds ge ?kkr Js.kh dk vfLrRo fl) dj ldrs gksA

1- ?kkr Js.kh fofèk D;k gS\

2- ?kkr Js.kh dks fdl rjg O;Dr fd;k tkrk gS\

3- dyu esa ?kkr Js.kh dks ifjHkkf"kr dhft,A

4- fdl eku ij ,d ?kkr Js.kh dk vfHklj.k fuHkZj djrk gSA

5- vfHklj.k ds varjky dks ifjHkkf"kr djksA

6- ?kkr Js.kh esa dkSu&dkSu lh lafØ;k,a  Lohdk;Z gSa\

7- ?kkr Js.kh ds lHkh xq.kkad dc 'kwU; gksrs gSa\

os lehdj.k rFkk muds ewyHkwr xq.k fuEukuqlkj gSa ftudk iz;ksx ?kkr Js.kh ds
ewY;kadu esa fd;k tkrk gS&

xf.kr esa cslsy Qyu (Bessel Function) loZizFke xf.krK Msfu;y cjukSyh (Daniel

Bernoulli) }kjk ifjHkkf"kr fd;s x;s rFkk budk izlkekU;hdj.k ÝsMfjp cslsy
(Friedrich Bessel) }kjk fd;k x;k] ;s cslsy vody lehdj.k (Bessel's Differential

Equation) ds izekf.kd gy y(x) gSa&

2
2 2 2

2 – 0
d y dy

x x x a y
dx dx

bl lehdj.k esa ,d LoSPN okLrfod ;k lfEeJ la[;k α ¼tks fd cslsy
Qyu dh dksfV gS½ ds fy, lcls lkekU; rFkk egRoiw.kZ os izdj.k gSa ftuds fy,
α ,d iw.kk±d ;k v)Ziw.kk±d (Half Integer) gS] gkykafd α rFkk –α leku vody
n'kkZrs gSa blfy, bu nksuksa dksfV;ksa (Orders) ds fy, vyx&vyx cslsy Qyu dks
ifjHkkf"kr djrs gSaA blfy, cslsy Qyu α ds lokZfèkd fuckZèk (Smooth) Qyu gSaA
cslsy Qyu csyu (Cylinder) Qyu ;k csyukdkj gjkRed (Cylindrical Harmonic)

dh rjg Hkh tkus tkrs gSa D;ksafd ;s csyukdkj (Cylindrical) funsZ'kkadksa esa ykIykl
ds lehdj.k ds gyksa esa feyrs gSaA

 J

izFke izdkj ds cslsy Qyu tks J(x) ls fu:fir fd;s tkrs gSa] cslsy ds vody
lehdj.k ds os gy gSa tks tks ewy fcanq (x = 0) ij xSj&_.kkRed iw.kk±d α ds fy,
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ifjfer gksa rFkk _.kkRed xSj&iw.kk±d (Non Integer) α ds] tSls gh x 'kwU; dh vksj
vxzlj gksrk gks] vilj.k (Diverge) djrs gSa] J(x) ds gy dk izdkj rFkk
lkekU;dj.k (Normalization) mlds xq.kksa }kjk ifjHkkf"kr gksrs gSaA ;g Hkh laHko gS
fd x = 0 ds ifjr% bl izdkj mlds Vsyj Js.kh foLrkj }kjk Qyu dks ifjHkkf"kr
fd;k tk lds&

α
0

1 1
2 α

!Γ α 1 2

m

m

J x x m
m m

;gka (z) xkek Qyu gS tks xSj&iw.kk±d ekuksa ds fy, HkkT; Øexqf.kr
(Factorial) Qyu dk izlkekU;hdj.k gSA cslsy Qyu ds vkys[k eksVs rkSj ij
nksyk;eku T;k ;k dksT;k (Sine or Cosine) Qyu dh rjg fn[kkbZ nsrs gSa tks

1 x  ds vuqikr esa {k; (Decay) gksrs gSaA gkykafd buds ewy (Roots) x ds cM+s

ekuksa ds izdj.k dks NksM+dj vkerkSj ij vkorhZ (Periodic) ugha gksrs ¼ns[ksa fp=
1-1½ rFkk Vsyj Js.kh ;g n'kkZrh gS fd J

1
(x) J

0
(x) dk mlh izdkj O;qRiUu

(Derivative) gS] tSls fd sin x, cos x dk O;qRiUu gSA xf.krh; :i ls lfedkvksa
(Identities) dk iz;ksx djds J

n
(x) ds O;qRiUuksa dks J

n±1
(x) ds inksa esa O;Dr fd;k

tk ldrk gSA

iw.kk±d dksfV =0,1,2 gsrq izFke izdkj ds cslsy Qyu] J(x) dk vkys[k

xSj&iw.kk±d  ds fy, Qyu J(x) rFkk J
–(x) jSf[kd :i ls Lora= gSa vkSj

blfy, os vyx&vyx vody lehdj.kksa ds nks gy gSaA oSdfYid :i ls  dh
iw.kk±d dksfV;ksa ds fy, uhps fn;k x;k lacaèk oSèk (Valid) gS&

– –1
n

n nJ x J x

è;ku jgs fd _.kkRed iw.kk±d rdZ (Argument) ds fy, xkek Qyu] vuar
gks tkrk gSA bldk vFkZ gS fd nks gy jSf[kd :i ls Lora= ugha jg ikrs gSaA

(Bessel's Integrals)  uhps fn, x, Lo:i okys ,d
lekdy fu:i.k (Integral Representation) dk iz;ksx djrs gq, n ds iw.kk±d ekuksa



vody lehdj.kksa ds
Js.kh gy

Lo&vfèkxe 23

ikB~; lkexzh

ds fy, cslsy Qyu dh ,d vU; ifjHkk"kk nsuk Hkh laHko gS&

π

0

1
cos τ – sin τ τ

πnJ x n x d

,d vU; lekdy fu:i.k bl izdkj gS]

π – τ– sin τ

– π

1

2π
i n x

nJ x e

;g ogh fofèk Fkh ftldk Lo;a cslsy us iz;ksx fd;k vkSj blh ifjHkk"kk ls
mUgksaus Qyu ds fofHkUu xq.kksa dks O;qRiUu fd;k FkkA bl ifjHkk"kk dks ,d vU; in
ds lekos'k }kjk xSj&iw.kk±d (Non-Integer) ds fy, Hkh foLrkfjr fd;k tk ldrk
gSA

π

α 0 0

sin απ1
cos ατ – sin τ τ – – sinh τ – ατ τ

π π
J x x d e x d

;k 
1

α –
2
 ds fy, bl izdkj ls&

α–1/ 22 2
α 0

α

1
– τ cos τ

1
2Γ α π

2

x
J x x

x

(Relation to Hypergeometric)

cslsy Qyu dks izlkekU;hÑr vfrT;kferh; (Normalized or Hypergeometric)

Js.kh ds inksa dks bl izdkj O;Dr fd;k tk ldrk gS&
α

2
α 1α

/ 2 1
α 1–

4Γ α 1 π


x
J x F x

x

;g O;atd cslsy Qyu ds cslsy&fDyQksMZ Qyu (Bessel-Clifford Function)

ds inksa esa fodflr djus ls lacafèkr gSA

Y
α

f}rh; izdkj ds cslsy Qyu (Bessel Function) ftUgsa Y
α
(x) ls fu:fir fd;k tkrk

gS] cslsy vody lehdj.k (Bessel Differential Equation) ds gy gksrs gSa] ;s ewyfcanq
(x = 0) ij fof'k"Vrk (Singlularity) j[krs gSaA Y

α
(x) dks dHkh&dHkh U;wesu Qyu

(Neumann Function) vkSj dqN ekSdksa ij bls vyx gVdj N
α
(x) ls Hkh iznf'kZr

fd;k tkrk gSA xSj&iw.kk±d (Non-Integer) α ds fy, ;g J
α
(x) ls bl lacaèk ds

ekè;e ls lacafèkr gksrk gS&

α –α
α

cos απ –

sin απ

J x J x
J x

iw.kkZad dksfV (Integer Order) n ds izdj.k esa Qyu dks ,d xSj&iw.kk±d lhek
(Limit) α tks 'n' dh vksj vxzlj gks] bls fuEu lehdj.k ifjHkkf"kr fd;k x;k gS&



vody lehdj.kksa ds
Js.kh gy

24 Lo&vfèkxe
ikB~; lkexzh

α
α
limn

n
Y x Y x

;g ifj.kke dks lekdyu :i (Integral Form) esa bl izdkj n'kkZrk gS&

π
sinh

0 0

1 1
sin sinθ θ θ 1

π π
nnt nt x t

nY x x n d e e e dt

xSj&iw.kk±d (Non Integer) α ds izdj.k esa Y
α
(x) dh ifjHkk"kk fujFkZd

(Redundant) gS blds vykok tc α ,d iw.kk±d gksrk gS rc Y
α
(x) cslsy lehdj.k

dk f}rh; jS[kh; :i ls Lora= gy (Second Linearly Independent Solution) gksrk
gSA blh izdkj igys izdkj (First Kind) ds Qyu ds izdj.k esa uhps fn;k x;k lacaèk
oSèk (Valid) ekuk tkrk gSA

Y
-n
(x) = (–1)n Y

n
(x)

_.kkRed okLrfod v{k ds vuqfn'k izfrPNsn fd, x;s lfEeJ lery
(Complex Plane) ij J

α
(x) rFkk Y

α
(x) x ds iw.kZ lefefrd (Holomorphic)Qyu

gSaA tc α ,d iw.kk±d gS rc cslsy Qyu J, x ds laiw.kZ Qyu gSa vkSj ;fn x fu;r
(Fixed) jgrk gS rc rks cslsy Qyu α ds laiw.kZ Qyu (Entire Function) gksrs gSaA

xf.kr esa (Legendre's Equation) ,d Mk;ksQSaVkbu
(Diophantine) lehdj.k gS vkSj bls bl rjg n'kkZ;k tkrk gS&

ax2 + by2 + cz2 = 0

bldk ukedj.k ,fMªu esjh yhts.Mªs (Adrien Marie Lagendre) ds 1785 esa
;g fl) djus ds ckn fd;k x;k fd x, y, z esa gy fd;k tk ldrk gS ;fn ;s lHkh
'kwU; u gksa rks] ;fn vkSj dsoy ;fn –bc, –ca rFkk –ab Øe'k% f}?kkr vo'ks"kh
ekikad (Quadratic Residues Modulo) a, b rFkk c gks tgka a, b, c xSj&'kwU; (Non-

Zero) oxZ fujis{k ;qXekuqlkj (Square Free Pairwise) rqyukRed :i ls vHkkT;
iw.kk±d (Prime Integers) gksa u gh lHkh èkukRed gksa u gh lHkh _.kkRed gksaA

yhts.Mªs vody lehdj.k f}rh; dksfV (Second Order) dk lkèkkj.k
vody lehdj.k gS ftls bl :i esa fy[kk tkrk gS&

2 2 21– – 2 1 0x d y dx xdy dx l l y

bls bl rjg Hkh fy[kk tk ldrk gS&

21 1 0
d dy

x l l y
dx dx

Ly = 0 ds fy,] ;gka L dks yhts.Mªs ladkjd (Legendre's Operators) dgk
tkrk gS&

21 1
d dy

L x l l
dx dx
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varjky (Region) |x| 1 esa lehdj.k dks gy djus ds fy, Ýkscsfu;l
(Frobenius) fofèk dk mi;ksx fd;k tk ldrk gS] Ýkscsfu;l fofèk esa ifjeki p dks
ge 'kwU; fu;r leqPp; (Set) dgrs gSaA

0

n
n

n

y a x

–1

0

' n
n

n

y na x

–2

0

" 1 n
n

n

y n n a x

bu inksa dks ewy lehdj.k esa izfrLFkkfir djus ij gesa izkIr gksxk&

0 = Ly = (1 – x2) y" – 2xy' + l (l +1) y

2 2 1

0 0 0

1 1 2 1n n n n
n n n n

n n n

x n n a x x a x l l a x a x

2

0 0

– 1 – 2 1 1n n
n n

n n

n n n l l a x n n a x

2 2
2

0 2

– 2 1n n
n n

n n

l n l n a x n n a x

2
0

1 2 1 n
n n

n

l n l n a n n a x

bl izdkj 2 0

1

2

l l
a a

rFkk 2

1 –1

2 1n n

l l n l
a a

n n

;g Js.kh vfHklj.k (Converge) djrh gS ;fn]

2
2lim 1

n
n

nn
n

a x

a x

vr% Js.kh gy dks ;g fufn"V djds lhfer fd;k tkuk pkfg,&

n = –l ;k n = – (l + 1)

fof'k"V iw.kk±dksa l rFkk l + 1 esa Js.kh dk Hkkx tks cgqin mRiUu djsxk og
yhts.Mªs cgqin dgyk;sxkA
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(Solution via Power Series)

yhts.Mªs lehdj.k dks fuEu :i esa n'kkZ;k tkrk gS&

(1 – x2) y" – 2xy' + n ( n + 1) y = 0

;g lehdj.k x
0 
= 0 ds ifjr% fo'ys"k.kkRed (Analytic) gS blfy, y(x) dks

fuèkkZfjr djus esa ge ekud ?kkr Js.kh fofèk (Standard Power Series Method) dk
iz;ksx dj ldrs gSa] blesa ge ekurs gSa fd]

0


m

m
m

y x a x

ewy lehdj.k esa bls rFkk blds mi;qDr vodytksa (Derivatives) dk
izfrLFkkiu djus ij gesa fuEu Lo:i okyk iqujkof̀Ùk lacaèk (Recurrence Relation)

izkIr gksrk gS&

2

1
–

2 1m m

n m n m
a a

m m

;gka a
0 
rFkk a

1
 LoSPN fu;rkad (Arbitrary Constant) gSa rFkk m = 0, 1, 2, ….

bl izdkj yhts.Mªs lehdj.k dk gy bl rjg fy[kk tk ldrk gS&

0 1 1 2y x a y x a y x

;gka 2 4
1

1 – 2 3 1
1 ....

2! 4!

n n n n n n
y x x x

rFkk

3 5
2

1 2 – 3 4 1 2
....

3! 5!

n n n n n n
y x x x x

;g Js.kh |x| 1 ds fy, vfHklj.k (Converge) djrh gSA

xkWmfl;u vfrT;kferh; (Gaussian Hypergeometric) vody lehdj.k dks bl
izdkj ls fy[k ldrs gSa%

1 " 1 ' 0x x y c a b x y aby

;gka a, b rFkk c fu;rkad (Constant) lehdj.k gSa] vfrT;kferh; lehdj.k
(Hypergeometric Equation) dk lkadsfrd lehdj.k (Indicial Equation) fuEu
Lo:i dk gksrk gS&

r2 – (1 – c) r = 0

;g r
1
 = 0 rFkk r

2
 = 1 c ewy (Roots) j[krk gS] Ýkscsfu;l fofèk (Frobenius

Method) dk iz;ksx djrs gq, r
1
 = 0 ds fy, Js.kh gy (Series Solution) fuEu izdkj

ls O;Dr fd;k tk ldrk gS&
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2 3
1

1 1 1 2 1 2
1 ...

!! 2! 1 3! 1 2

a a b b a a a b b bab
y x x x x

c c c c c c

;gka c  0, 1, 2, 3, … vkSj Js.kh 1 < x < 1 ds fy, vfHklj.k
(Converge) djrh gSA bl Js.kh dks vfrT;kferh; (Hypergeometric) Js.kh dgk
tkrk gSA vfrT;kferh; (Hypergeometric) Js.kh dk ;ksx F (a, b; c; x) ls O;Dr
fd;k tkrk gS vkSj ;g vfrT;kferh; Qyu (Hypergeometric Function) dgykrk
gS] bls bl izdkj n'kkZ;k tkrk gS&

2 31 1 1 2 1 2
, , , 1 ...

2! 2! 1 3! 1 2

a a b b a a a b b bab
F a b c x x x x

c c c c c c

(General Solution)

;fn c, a  b rFkk c  a  b lHkh xSj&iw.kk±d (Non-Integer) gSa rc vfrT;kferh;
(Hypergeometric) vody lehdj.k ds fy, lkekU; gy bl Lo:i (Form) dk
gksxk&

1, ; ; 1, 1;2 ;cy AF a b c x Bx F a c b c c x

tks 1 < x < 1 ds fy, oSèk (Valid) gksxkA

(Gamma Function)

,d vfrT;kferh; Qyu (Hypergeometric Function) dks xkek Qyu ds inksa esa
bl izdkj O;Dr fd;k tk ldrk gS]

11 1

0

Γ
, , , ν 1 1 ν ν

Γ Γ

b
c b ac

F a b c x v x d
b c b

x = 1, ds fy,

Γ Γ
, , ,1

Γ Γ

c c a b
F a b c

c a c b

,d vody lehdj.k dk ,d fu;fer ,dy fcanq (Regular Singular Point)

lehdj.k dk ,d ,slk ,dy fcanq (Singular Point) gksrk gS ftl ij Hkh gy ,d
vfuok;Z fof'k"Vrk (Essential Singularity) ugha j[krk gSA xf.kr esa lfEeJ lery
(Complex Plane) C esa lkèkkj.k vody lehdj.k ds fl)kar esa C ds fcanq oxhZÑr
fd;s tkrs gSa lkèkkj.k fcanq (Ordinary Points) tgka lehdj.k ds xq.kkad fo'ys"k.kkRed
Qyu (Analytic Functions) gksrs gSa rFkk ,dy fcanqvksa (Singular Points) esa] tgka
dqN xq.kkad fof'k"Vrk (Singularity) j[krs gSaA ,dy fcanqvksa esa ,d egRoiw.kZ foHksn
fu;fer ,dy fcanqvksa (Regular Singular Points) ds chp fd;k x;k gS tgka ¼,d
NksVs [k.M esa½ gy dh o`f) (Growth) ,d chtxf.krh; Qyu ds }kjk ckè;
(Bound) gksrh gS tcfd ,d vfu;fer ,dy fcanq (Irregular Singular Point) og gS
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tgka laiw.kZ gy lewg (Solution Set) dks vfèkd of̀) nj okys Qyuksa dh vko';drk
gksrh gSA ;g foHksnu rhu fu;fer ,dy fcanq okyh vfrT;kferh; (Hypergeometric)

lehdj.k esa rFkk cslsy lehdj.k ds lhekar izdj.k (Limiting Case) esa ysfdu rc
tcfd fo'ys"k.kkRed xq.k (Analytic Properties) cgqr gn rd fHkUu gksrh gS] ik;k
tkrk gS vkSj vfèkd fof'k"Vrk ds lkFk noha dksfV dh ,d ,d lkèkkj.k vody
lehdj.k ds bl Lo:i (Form) ij fopkj djsa&

0

0
n

i

i

Pi z f z

;gka p
i
 (z) esjksekfQZd Qyu (Meromarphic Fuction) gSaA dksbZ ,slk eku

ldrk gS fd p
n
 (z) = 1 ysfdu ;fn ,slh ifjfLFkfr ugha gS rc bl lehdj.k dks

p
n
(x) ls foHkkftr fd;k tkuk pkfg,A ,slk djus ls fopkj djus dks ,dy fcanqvksa

dk vkxeu gksrk gS] ;g lehdj.k jheku oÙ̀k (Riemann Sphere) ij vè;;u fd;k
tkuk pkfg, tks vuar ij fLFkr fcanq dks ,d laHkkfor ,dy fcanq ds :i esa lekfgr
fd;s gksaA t:jr iM+us ij lfEeJ lery (Complex Plane) ds ifjfer Hkkx esa 
dks ys tkus ds fy, eksfc;u :ikarj.k (Mobius Transformation) dk iz;ksx fd;k
tk ldrk gSA

lfEeJ ry esa fdlh fn;s x;s a ds fudV mu lEHkkfor gyksa dks Kkr djus
ds fy, tks lfEeJ ?kkrksa (Complex Powers) (z – a)r ds ?kkr Js.kh xquk gSa lkadsfrd
lehdj.k (Indicial Equation) ij vkèkkfjr Ýkscsfu;l fofèk dk rc iz;ksx fd;k tk
ldrk gS] ;gka ;g t:jh ugha gS fd r iw.kk±d gh gksA ;g Qyu dk vfLrRo gks
ldrk gS blfy, a esa ls ,d 'kk[kk ckgj fudysxh ;k a ds ifjr% ,d fNfnzr fMLd
fd ,d jheku lrg (Riemann Surface) ij gksxh ;g a ds ,d lkèkkj.k fcUnq
(Ordinary Point) gksus ds fy, dksbZ dfBukbZ çLrqr ugha djrk gS] a tc ,d fu;fer
,dy fcUnq gS] tks fd ifjHkk"kk vuqlkj p

ni
 (z) gS rc bls ,d a ij ,d èkqzo (Pole)

dh dksfV lekU;rkSj ij i a ij gksuk pkfg,A

a ds lehi n Lora= gy çnku djus ds fy, Hkh Ýkscsfu;l fofèk dk ç;ksx
fd;k tk ldrk gS ,slk ugha gksus ij a ,d vfu;fer fof'k"Vrk (Irregular

Singularity) gksxh] ,d lkèkkj.k vody lehdj.k ftlds vuar vfLrRo fcUnq lesr
dsoy fof'k"V fcUnq (Singular Points) fu;fer (Regular) ,dy fcUnq gksrs gSa ,d
QqfDl;u (Fuchsian) lkèkkj.k vody lehdj.k dgykrs gaSA

(Second Order)

Åij nh x;h lehdj.k laf{kIr (Reduce) djds fuEu :i ls n'kkZrs gS%

1 0( ) ( ) ( ) ( ) ( ) 0f x p x f x p x f x

;gka fuEufyf[kr 'krsZ foHksfnr dh tk ldrh gS

 fcUnq a ,d lkèkkj.k fcUnq gksxk tcfd x = a ij Qyu p
1
(x) rFkk p

0
(x)

fo'ys"k.kkRed gksA
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 fcUnq a ,d fu;fer ,dy fcUnq (Regular Singular Point) gksxk ;fn x = a

ij p
1
(x) ,d 1 dksfV dk èkzqo j[krk gks rFkk x = a ij p

0
  2 rd dh dksfV

dk èkzqo j[krk gksA

 vU; fLFkfr;ksa esa fcUnq a ,d vfu;fer ,dy fcUnq (Irregular Singular Point)

gksxkA

lkèkkj.k vody lehdj.kksa ds ;s mnkgj.k ,dy fcUnq rFkk Kkr gy j[kus
okys gksrs gSaA

 (Bessel Differential Equation)  ;g f}rh; dksfV dh
,d lkèkkj.k vody lehdj.k gSA ykIykl lehdj.k dks csyukdkj funsZ'kkadksa
(Cylindrical Coordinates) esa gy djus esa ;g LFkkfir gksrh gS%

2
2 2 2

2 0
d f df

x x x f
dx dx

,d LoSPN okLrfod vFkok lafEeJ la[;k¼lsy Qyu dh dksfV½ ds fy,
lcls lkekU; rFkk egRoiw.kZ fof'k"V izdj.k og gS] tgka  ,d iw.kk±d (Integer) gSa
n gSA

lehdj.k dks x2 ls foHkkftr djus ij ;g çkIr gksrk gS%

2 2

2 2

1
1 0

d f df
f

dx x dx x

bl izdj.k esa x = 0 ij p
1
(x) = 1/x igyh dksfV dk ,d èkzqo j[krk gS tcfd

α  0 p
0
(x) = (1 – α2/x2) gksus ij x = 0 ij ;g f}rh; dksfV (Second Order) dk

èkzqo j[krk gS blfy, O ij ;g lehdj.k ,d fu;fer ,dyrk (Regular

Singularity) j[krh gSA

;g tkuus ds fy, fd lc x gks rc D;k gksxk gesa eksfc;l :ikarj.k
iz;ksx }kjk mnkgj.k ds fy, x = 1 / (w  b)] chtxf.krh; lafØ;k,a lEiUu djus
ij%

2 2

22 4

1 1
0

( )

d f df
f

dw w b dw w b w b

vc w = b ij p
1
(w) = 1/(w – b) dk ,d /kzqo igyh dksfV dk gksxk rFkk w

= b  ij p
0
(w) ,d prqFkZ dksfV dk èkzqo j[ksxk] bl çdkj bl lehdj.k esa vfu;fer

,dyrk gksxhA w = b, x ds  ij gksus ds laxr gS blfy, bl vody lehdj.k
tks fd cslsy Qyu ds gy dk ;gka ,d vkèkkj gSA

(Legendre Differential Equation)  ;g f}rh;
dksfV dk ,d lkèkkj.k vody lehdj.k gSA ;g ykIykl lehdj.k esa o`Ùkh;
funsZ'kkadksa (Spherical Coordinates) ds gy ls çkIr gksrk gSa%

2(1 ) ( 1) 0
d d

x n n f
dx dx



vody lehdj.kksa ds
Js.kh gy

30 Lo&vfèkxe
ikB~; lkexzh

oxZ ds dks"Bdksa [kksyus ij çkIr gksxk%

2
2

2(1 ) 2 ( 1) 0
d f df

x x n n f
dx dx

(1  x2) ls foHkkftr djus ij gesa izkIr gksxk%

2

2 2 2

2 ( 1)
0

1 1

d f x df n n
f

dx dxx x

;g vody lehdj.k 1, +1 rFkk  ij fu;fer ,dy (Regular Singular)

fcUnq j[krh gSA

(Hypergeometic Equation)  bls bl rjg ifjHkkf"kr
fd;k tk ldrk gSA

2

2(1 ) ( 1) 0
d f df

z z c a b z abf
dz dz

nksuksa vksj z (1  z) ls foHkkftr djus ij çkIr gksxk%
2

2

( 1)
0

(1 ) (1 )

d f c a b z df ab
f

dz z z dz z z

0, 1 rFkk  ij ;g vody lehdj.k fu;fer ,dy (Regular Singular)

fcUnq j[krh gSA

8- çFke çdkj ds cslsy Qyu D;k gS \

9- f}rh; çdkj ds cslsy Qyu dks dSls n'kkZ;k tkrk gS\

10- xf.krh; :i ls yhts.Mªs ds lehdj.k dks dSls n'kkZ;k tkrk gS\

11- f}rh; dksfV dk yhts.Mªs vody lehdj.k fyf[k,A

12- vfrT;kferh; lehdj.kksa esa lkadsfrd lehdj.k  dk Lo:i dSlk gksrk gS\

13- ,d vody lehdj.k ds fy, fu;fer ,dy ,dy fcUnqvksa dks ifjHkkf"kr
dhft,A

xf.kr esa ,d iqujkof̀Ùk lacaèk ,d lehdj.k gS] tks iqujkorZr% (Recursively) ,d
vuqØe (Sequence) dks ifjHkkf"kr djrk gS] tgka vuqØe ds çR;sd in (Term) dks
vius iwoZxkeh (Preceding) in ds Qyu ds #i esa ifjHkkf"kr fd;k tk ldrk gSA
dbZ ckj ,d fof'k"V çdkj ds iqujkof̀Ùk lacaèk esa fy, ̂ ^foHksn lehdj.k (Difference

Equation) 'kCn dk Hkh mi;ksx fd;k tkrk gS] è;ku jgs fd fdlh iqujkof̀Ùk lacaèk
dks n'kkZus ds fy, izk;% foHksn lehdj.k 'kCn dk gh mi;ksx fd;k tkrk gSA
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iqujkof̀Ùk lacaèk dk ,d mnkgj.k ,d rkfdZd (Logical) izfr:i.k gS tks bl rjg
O;Dr fd;k tk ldrk gSA

x
n+1

 = rx
n
 (1 – x

n
)

dqN ljyrk ls ifjHkkf"kr iqujkòfÙk lacaèk cgqr tfVy dk;Z ç.kkyh j[kus okys
gks ldrs gSa ;s xf.kr ds ml {ks= dk fgLlk gksrs gSa ftls vjSf[kd fo'ys"k.k (Non

Linear Analysis) dgrs gSaA ,d iqujkof̀Ùk lacaèk dks gy djus dk vFkZ ,d lao`r
Lo:i gy (Closed Form Solution) ;k n dk ,d xSj&iqujkòÙkh; (Non-Recursive)

laoÙ̀k Lo:i nsus ls gksrk gSA

(Linear

Homogeneous Recurrence Relations with Constant Coefficients)

,d dksfV d dk js[kh; le:i (Linear Homogeneous) vpj xq.kkadksa okyk
iqujkof̀Ùk lacaèk bl Lo#i (Form) okyk gksrk gSA

a
n
 = C

1
a

n–1
 + C

2
a

n–2
 + ... + C

d
a

n–d

tgka d xq.kkad c
i 
¼lHkh i ds ekuksa ds fy,½ vpj (Constant) gSA vfèkd fo'ks"krk

crkrs gq, dgk tk;s rks ;g ,d ,slh vuar jSf[kd ;qxir~ lehdj.k (Infinite

Simultaneous Linear Equation) gksxh ftlds fy, izR;sd  n > d – 1, ,d ,slk
vuqØe (Sequence) tks bl çdkj ds ,d lacaèk dks larq"V djrk gS ,d jSf[kd
iqujkof̀Ùk vuqØe (LRS) dgykrk gSA LRS fy, ;gk¡ Lora=rk dh dksfV;ka (Degree

of Freedom) d gSA izkjafHkd eku a
0
, ... a

d–1
 fdlh Hkh eku dks fy;k tk ldrk gS

ysfdu jSf[kd iqujkof̀Ùk vf}rh; :i ls (Uniquely) vuqØe (Sequence) dks
fuèkkZfjr djsxhA ;s leku xq.kkad gh fuEu Lo:i okyk vfHkyk{kf.kd cgqin
(Characteristic Polynomial) iznku djrs gSa%

p(t) = td – c
1
td–1 – c

2
td–2 – ... – c

d

blds d ewy (Root) iqujkof̀Ùk dks larq"V djus okyh vuqØe ;k vuqØe dk
irk djus rFkk mls le>us esa ,d egRoiw.kZ Hkwfedk fuHkkrs gSaA ;fn ewy r

1
, r

2
, ...

lHkh vyx&vyx (Distinct) gS rc iqujkof̀Ùk dk gy bl çdkj dk Lo:i dks
fu:fir djsxk%

1 1 2 2 ....n n n
n d da k r k r k r

;gka iqujkof̀Ùk (Recursive) dh izkjafHkd 'krksaZ dks lek;ksftr (Fit) djus ds
fn'kk esa xq.kkad k

i
 fuèkkZfjr fd;s tkrs gSaA tc ogh leku ewy vusd ckj vkrs gSa

rc bl lw= (Formula) ds in (Terms) f}rh; (Second) ds laxr gksrs gS vkSj mlds
ckn Hkh mUgha ewyksa dk vkuk n dh c<+rh gqbZ ?kkrkas ds xq.ku ds lkFk gksrk gS] mnkgj.k
ds fy, ;fn vfHkyk{kf.kd cgqin dk (x – r)3 ds :i esa xq.ku[kaM fd;k tk lds
tcfd ogh leku ewy r rhu ckj vfLrRo esa gksrk gSA

rc gy dqN ,slk :i ys ysxk tks fuEukafdr fd;k x;k gS]

2
1 2 3....n n n

na k r k nr k n r
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(Rational Generation Function)

jSf[kd iqujkof̀Ùk vuqØe ;k (Linear Recursive Sequence ;k LRS) Bhd&Bhd og
vuqØfer gksrk gS ftldk tud Qyu ,d ifjes; (Rational)  Qyu gks tgka gj
(Denominator) ,d lgk;d (Auxiliary) cgqin (Polynomial) gks rFkk va'k (Numerator)

cht ekuksa (Seed Values) ls izkIr gqvk gksA

bldk ljyre mnkgj.k vkorhZ vuqØe (Periodic Sequences) gS]

,n n da a n d tgka 0 1 1 0, , ,da a a a vuqØe j[krk gS vkSj tud Qyu

fuEu Lo:i okyk T;kferh; (Geometric) Jsf.k;ksa dk ;ksx gksrk gS%
1 1

0 1 1

1 1
0 1 1

1 1
0 1 1

1 1 2
0 1 1

1

( )

( )

( )

d
d

d

d
d

d d
d

d d
d

a a x a x

x

a a x a x

a a x a x x

a a x a x x





 

lkekU;r% iqujkof̀Ùk lacaèk bl çdkj fn;k tkrk gS%

1 1 2 2n n n d n da c a c a c a

tud Qyu (Generating Function) ds lkFk

1 2
0 1 2a a x a x 

a
d
 vkSj mlds Åij Js.kh dk cgqin }kjk 'keu (Annihilated) gks tkrk gS%

1 2
1 21– d

dc x c x c x

tud Qyu (Generating Function) dks cgqin ls xq.kk djus ij fuEu
lehdj.k izkIr gksxk%

1 1 2 2n n n n d n db a c a c a c a

;gka n  d.  ds fy, xn ds xq.kkad iqujkof̀Ùk lacaèk }kjk foyqIr dj fn;s
tk,axsA

1 2 1 d
0 1 2 1 da a x a x ... 1 c x ...c x

= 1 2 d 1
0 1 2 d 1b b x b x ... b x

Hkkx nsus ij feysxk]

1 2 d 1
1 2 0 1 2 d

0 1 2 1 2 d
1 2 d

b b x b x ... b x
a a x a x ...

1 c x c x ... c x

;g tud Qyu (Generating Function) dks ,d ifjes; Qyu ds :i esa
O;Dr djrk gS] gj (Denominator) 1( )dx p x  gS tks lgk;d cgqin dks fuckZèk :i
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ls xq.kkadksa dk Øe iyVdj cnyrk jgrk gS] ;g lkekU;hdj.k (Normalization)

lgk;d cgqin ls ljy lacaèk blfy, b
0
= a

0 
gSA

 (Relationship to Difference Equation)

okLrfod la[;kvksa dk ,d Øfer vuqØe (Ordered Sequence) fn;k x;k gS rc
igyk foHksn (First Diffeence) (a

n
) bl izdkj ifjHkkf"kr gksxk&

n n 1 n(a ) a a

f}rh; foHksn (Second Diffeence) (an) bl izdkj ifjHkkf"kr gksxk %

2
n n 1 n(a ) (a ) (a )

bls bl :i esa ljy fd;k tk ldrk gS %

2
n n 2 n 1 n(a ) a 2a a

ewyHkwr :i ls vuqØe a
n 
dk K

 
oka foHksn 2

n(a ) fy[kk tk ldrk gS ftls

iqujkof̀Ùk :i ls bl rjg ifjHkkf"kr fd;k tk ldrk gS]

2 1 1
+1( ) ( ) ( )K K

n n na a a

foHksn lehdj.k (Difference Equation) dh vfèkd izfrcaèkkRed ifjHkk"kk a
n

rFkk mlds K osa foHksn ls fufeZr lehdj.k gSA jSf[kd foHksn lehdj.k blds foijhr
jSf[kd iqujkof̀Ùk lacaèk (Linear Recurence Relation) dk ,d ljy rFkk lkekU;
Lo:i gSA mnkgj.k ds fy, bl foHksn lehdj.k ij fopkj djsa %

23 ( ) 2 ( ) 7 0n n na a a

;g lehdj.k bl iqujkof̀Ùk (Recurrence) laca/k ds rqY; gS%

+2 13 4 12n an ana

bl izdkj dksbZ vusd iqujkof̀Ùk lacaèkksa dks foHksn (Difference) lehdj.kksa esa
vyx ifjofrZr dj rFkk mu foHksn lehdj.kksa dks gy dj ldrk gS mlh rjg] tSls]
og lkèkkj.k vody lehdj.kksa dks gy djrk gSA

(Generating Functions)

tud Qyu]

2
1 1 3 4 51 6 1

( ) 1 1 3 11 45
4

x x x
g x x x x x x

;g ¼y?kq½ JksfMaxj la[;kvksa (Schrödinger Number) ij fefJr ifjHkk"kk ls
O;qRiUu fd;s gSaA dqN iqujkof̀Ùk lacaèk bu la[;kvksa ls larq"V gksrs gSaA ;g n'kkZus ds
fy, fd dSls ;s iqujkof̀Ùk lacaèk tud Qyu ls lacafèkr gSa] g(x) ds vodyt
(Derivatives) dks ns[krs gSa %

2

1 3
( )

4 4 6 1

x
g x

x x



vody lehdj.kksa ds
Js.kh gy

34 Lo&vfèkxe
ikB~; lkexzh

vr% g(x) rFkk g(x) dks bl izdkj fy[kk tk ldrk gS%

4 1 3
( ) ( )

4 4 4

x Q x
g x g x

Q

;gka Q, 2 6 1x x  ds oxZewy dks O;Dr djrk gSA g, g' rFkk x ds chp lacaèk

dks n'kkZ;k tk ldrk gS ,slk fd ftlesa oxZewy lfEefyr u gks bl fn'kk esa c<+us ds
fy, bu nksuksa lehdj.kksa esa ls izR;sd dks Q ds fy, gy djuk gksxk vkSj fQj bu nksuksa
O;atdksa dks cjkcj j[kuk gksxk ,slk djus ij fuEu lehdj.k izkIr gksxk %

4 (1 ) 1 0gg g x g

ekuk s
j
, j os y?kq JksfMaxj la[;k dks O;Dr djrs gSa rc Qyuksa g rFkk g ds

Js.kh foLrkj bl izdkj gksaxs%

2 3 4
1 2 3 4g( x ) s x s x s x s x ...

2 3
1 42 3 4g ( x ) s sx sx s x ...

igys ls ifjHkkf"kr lehdj.k esa g rFkk g ds O;atdksa dks izfrLFkkfir djus
rFkk ifj.kkeh O;atd esa x dh izR;sd ?kkr dk xq.kkad 'kwU; ij leqPpf;r djus ij]
gesa fuEu lehdj.k feyrs gSa%

1

2 1 1 2

3 2 1 2 2 1

1

2

2

s

s s ( s s )

s s ( s s s s )

3 2 1 2 2 1

4 3 1 3 2 3 3 1

5 4 1 4 2 3 3 2 4 1

6 5 1 5 2 4 3 3 4 2 5 1

s s 2(s s s s )

s s 2(s s s s s s )

s s 2(s s s s s s s s )

s s 2(s s s s s s s s s s )  bR;kfnA

blls bl Lo:i okyk ,d ?kw.khZ iqujkorZu lacaèk (Convolution Recurrence

Relation) feysxk]
1

1
1

2
n

n n j n j
j

s s s s

;fn gesa bu Qyuksa dks tksM+us (Link) djus okyk ,d jSf[kd lehdj.k

feyrk gS rks ,d ljy iqujkof̀ÙkZ lacaèk ik;k tk;sxk blds fy, gesa ( )g x  okys

lehdj.k dks 4 ls xq.kk djuk gksxk vkSj ( )g x  okys lehdj.k dks 24Q  ls] blls

gesa ;g izkIr gksxk%
2 24 ( ) 1 4 ( ) ( 3)g x x Q Q g x Q x Q

pwafd 2 2 6 1Q x x ] ge cka;h vksj ds lehdj.k }kjk nh x;h Q ds

O;atd ds nka;h vksj okys lehdj.k esa bls izfrLFkkfir dj ldrs gSa] ,slk djus ij
gesa izkIr gksxk %
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2 2( 6 1)(4 1) ( 3)( 1 4 )Q x x g x x g

bl lehdj.k dks foLrkfjr rFkk ljy dj bl :i esa fy[kk tk ldrk gS%
2( 3) ( 6 1) ( 1) 0x g x x g x

g rFkk g  ds fy, foLrkjksa dks bl lehdj.k esa izfrLFkkfir djus ij rFkk

vafre O;atd esa x dh izR;sd ?kkr ds xq.kkad dks 'kwU; ifjHkkf"kr djus ij %

1

2 1

3 2 1

1 1

2 3 1

3 9

s

s s

s s Os

4 2 2

5 4 3

6 5 4

4 15 1

5 21 2

6 27 3

s s s

s s s

s s s

7 6 57s 33s 45s

gesa iqujkof̀Ùk ¼(Recurrence)½ bl izdkj izkIr gksxh %

1 23(2 3) ( 3)n n nns n s n s

foijhr fn'kk esa c<+us vFkkZr la[;kvksa dh ,d Js.kh ds fy, ,d iqujko`fÙk
lacaèk fuf'pr djus dh fn'kk esa ge ml vuqØe ds fy, tud Qyu LFkkfir dj
ldrs gSaA ,d fof'k"V vuqØe dbZ iqujkof̀Ùk lacaèkksa dks larq"V dj ldrk gS blfy,
;gka dks vf}rh; (Unique) izkjafHkd fcanq (Initial Point) ugha gksrk gS ;fn laoyu
(Convolution) iqujkof̀Ùk gesa Kkr gks rc ge fuEukuqlkj lacaèkksa esa ls izR;sd dks x
dh laxr ?kkr ls xq.kk dj ldrs gSa %

1

2 2 2
2 1 1 2

3 3 3
3 2 1 2 2 1

1

2( )

2( )

s x x

s x s x s s x

s x s x s s s s x
4 4 4

4 3 1 3 2 2 3 1

5 5 5
5 4 1 4 2 3 3 2 4 1

6 6 6
6 5 1 5 2 4 3 3 4 2 5 1

2( )

2( )

2( )

s x s x s s s s s s x

s x s x s s s s s s s s x

s x s x s s s s s s s s s s x  bR;kfn
bu lehdj.kksa dks tksM+us ij gesa izkIr gksxk %

2

1 1 1

2n n n
n n n

n n n

s x x x s x s x

ifjHkk"kkuqlkj izR;sd ladyu (Summation) g(x) dk ,d tud Qyu gS tks
izfrLFkkiu djrk gS rFkk ;g iznku djus ds fy, inksa (Terms) dks iqufoZU;kflr
(Rearrange) djrk gSA

22 ( ) (1 ) ( ) 0g x x g x x

bl lehdj.k dk vodyu djus ij gesa feyrk gS %
24 ( ) (1 ) 1 0gg x x g g
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loZizFke pjksa dk ifjorZu djds bl vody lehdj.k dks gy fd;k tk
ldrk gS blds ckn ,d h(x) ifjHkkf"kr gksxk vkSj g(x) ds inksa esa mlds vodyt]
blds vodyt fuEu izdkj ls fu#fir djsaxs]

2 2, 2h Ag Bg C h Agg A g Bg C

è;ku jgs fd ;fn ge fuèkkZfjr dj nsa fd ( ) 2, ( ) (1 )A X B x x  rFkk

( )C X X  rc h ds inksa esa fy[kh vodyu lehdj.k h = 0 gksxk blls vFkZ
fudysxk fd h ,d lekdyu dk LoSPN fu;rkad gSA h ds fy, rFkk g ds fy, gy
djus ds fy, A, B rFkk C ds eku lehdj.k esa j[krs gSa] rc gesa izkIr gksxk%

21 6 1 8
( )

4

x x x h
g x

izkjafHkd ekuksa ls feyku j[kus ds fy, bl lehdj.k esa h = 0 gksxk vkSj ;g
¼y?kq½ JksfMaxj la[;kvksa ds fy, ewy tud Qyu ekuk tk;sxkA

,d fn;s x;s f}rh; dksfV ds iqujkof̀Ùk (Recurrence) lacaèk ds fy, Hkh ge
blh rjg vkxs c<+rs gSa rFkk izR;sd ewyHkwr lacaèk dks x dh laxr ?kkr ls xq.kk djrs
gSaA blls fuEu Lo:i dh lehdj.k feyrh gS %

1

2 2 2
2 1

3 3 3
3 2 1

4 4 4
4 3 2

5 5 5
5 4 3

6 6 6
6 5 4

7 7 7
7 6 5

1

2 3

3 9 0

4 15 1

5 21 2

6 27 3

7 33 4

s x x

s x s x x

s x s x s x

s x s x s x

s x s x s x

s x s x s x

s x s x s x ,  bR;kfn]
bUgsa tksM+us ij gesa izkIr gksrk gS%

2 2

1 1 1

3 2 1 1n n n
n n n

n n n

ns x x x ( n )s x x x ( n )s x

nka;h vksj tks nks ladyu gSa mUgsa nks esa foHkDr fd;k tk ldrk gS ,d tks
n ds xq.ku[kaMksa  (Factors) ls ;qDr gks vkSj nwljk tks buls jfgr gksA ;qXe ladyu
dks tud Qyu ds vodyt ds inksa esa bl rjg fy[kk tk ldrk gS%

1

( ) n
n

n

xg x ns x

fiNys lehdj.k esa bu ladyu dk izfrLFkkiu djus ij gesa izkIr gksxk%
2 2 23 6 3gxg x x x g x g x xg

s
1
=1 ysdj inksa dks iqufoZU;kflr djus ij vkSj x ls foHkkftr djus ij %

2(3 ) ( 6 1) ( 1) 0x g x x g x

bl vody lehdj.k dks gy djus ds fy, ge ,d u;k Qyu 2Ag Bg C

ifjHkkf"kr djus dh iwoZ fofèk dk iz;ksx dj ldrs gSaA ;fn lehdj.k jSf[kd gS
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vFkkZr ,sls dksbZ nks in (Term) ugha tks g ;k mlds vodytksa dk O;qRiUu
(Derivative) gksa rks A=0 j[ksa] ;fn ge Åij nh x;h lehdj.k esa g' ds xq.kkad esa
B dks ifjHkkf"kr djsa rks g dk xq.kkad 2 6B x  gksuk pkfg,A ge ,d lekdy
dkjd (Integrating Factor) dk mi;ksx dj ldrs gS vFkkZr ge ,d LoSPN Qyu
R(x) ls xq.kk dj ldrs gSA blls gesa fuEu lehdj.k izkIr gksxk]

2( )(3 ) ( )( 6 1) ( )( 1) 0R x x g R x x x g R x x

B(x) dks bl lehdj.k esa g' ds xq.kkad ds cjkcj eku ysa vkSj rc R(x) dks
fuèkkZfjr djsa tks dh dksfV B'(x) ] dk gS vkSj g  dk xq.kkad gSA vr% B dk vodyt
gS%

2(2 6) ( 6 1)B x R x x R

bls g ds xq.kkad ds cjkcj ifjHkkf"kr djds ge Qyu R dh ;g voLFkk
(State) izkIr dj ldrs gSa%

2( 6 1) (9 3 )
dR

x x x R
dx

inksa dk iqufoZU;kl ;g iznku djsxk]

2

1 9 3

6 1

x
dR dx

R x x

nksuksa i{kksa dk lekdyu (Integrating) djus ij]

2 3/2

1
1 ( ) 1

( 6 1)
n R n

x x

nksuksa vksj dk ?kkrkad (Exponential) ysus ij]

2 3/2

1
( )

( 6 1)
R x

x x

blds QyLo:i gesa izkIr gksxk]

2

1
( )

6 1
B x

x x
2 3/2

x 1
C (x)

(x 6x 1)

( )C x ds O;atd dk lekdyu djus ij izkIr gksxk]

2

1
( )

4 6 1

x
C x

x x

B vkSj C ds bu O;atdksa dk iz;ksx djrs gq,] pj h = Bg + C ;k dgsa h'=0

ds inksa esa fy[kh bl vody lehdj.k ls tgka h ,d fu;rkad gS] gesa izkIr gksxk&

21
( ) 6 1

4

h c x
g x h x x

B
;gka fu;rkad h izkjafHkd ekuksa ls leku gksrs gq, 1/4 gS tks ewy tud Qyu

iznku djrk gSA lkèkkj.k lekdyu iz;ksx fd;k x;k gS D;ksafd xq.kkad fuf'pr
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izfrca/kksa dks larq"V djrs gSaA ewy :i ls ;fn ,d vuqØe izkjafHkd ekuksa s
0
,s

1
 ls

ifjHkkf"kr gS vkSj f}rh; dksfV dk iqujkof̀Ùk lacaèk bl izdkj gS%

1 2( ) ( ) ( ) 0n n n n n nA B s C D s E F s

tgka F ds ekè;e ls A lekdy dkjd (Integrating Factor) gS rc R(x) ds
lekdyu ls izkIr gksxk rc]

2ADE AFC BCE
;fn A, C rFkk E lHkh v'kwU; (Non Zero) gSa rc ;g bl izfrca/k ds lerqY;

gksxk]

2
D B F

C A E
tc ;g izfrca/k iwjk gksxk rks gesa tud Qyu izkIr gks tk;sxk%

0

11
2 2

1 0

1
1/ 2 2

B F B
A E A

S

F B
B A E A

h B A B s C D s x x A Cx Ex dx
g x

x A Cx Ex

tgka h ,d fu;rkad gS tks 1/4 ds lerqY; vkSj izkjafHkd ekuksa ls fuèkkZfjr
gksxkA JksfM+xj la[;kvksa ds fy, A=1, B=0, C=–6, D=9, E=1 rFkk F=–3 ekuksa ij
fopkj djsa tks izekf.kr dh x;h fof'k"Vrkvksa (Specification) dks larq"V djsaxsA

vc izkjafHkd ekuksa 0 1 1s s  ds lkFk la[;kvksa dh ,d Js.kh ij fopkj djsa

tks iqujkof̀Ùk (Recurrence) dks larq"V djsxh

1 22 6 8 4 5 10 0n n nn s n s n s

xq.kkad ifjekf.kr fof'k"Vrkvksa dks larq"V djrs gSa blfy, tud  (Generating)

Qyu nsus ds fy, ge Åij fn;s lw= dk mi;ksx djrs gSa]

3/22 3 2
3

1
( ) 8 2 2 8 5 85 312 192 32

27
g x x x x x x

x

bl Qyu dks ,d Js.kh esa foLrkfjr djus ij gesa izkIr gksxk %

2 3 4 5 617 19 1417 1709
( ) 1 2 ...

4 2 64 32
g x x x x x x x

bl ?kkr Js.kh ds xq.kkad fn, x;s iqujkof̀Ùk lacaèk dks larq"V djrs gSaA

xf.kr esa ,d ykfEcd cgqinh; vuqØe (Orthogonal Polynomial Sequence) ,d
pj x ds okLrfod cgqinks P

0
, P

1
, P

2
… dk vuar vuqØe gksrk gS ftlesa P

n
, n ls

lekfgr gksrk gS rFkk bl izdkj gksrk gS fd vuqØe esa dksbZ nks vyx&vyx cgqin
L2 vkarfjd xq.ku (Inner Product) ds fdlh fuf'pr laLdj.k ds fy, ykfEcd
(Orthogonality) gksrs gSaA
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ykfEcd cgqinksa ds fl)kar esa ykfEcdrk (Orthogonality) dh vusd ifjHkk"kk,a
lfEefyr gSa vewrZ ladsru (Abstract Notation) esa ls , 0p q  fy[kk tkrk gSA
tgka cgqin P(x) rFkk Q(x) ykfEcd gSA ykfEcd cgqinksa dk ,d vuqØe cgqinksa P

0
,

P
1
, P

2
… dk ,slk vuqØe gksrk gS ftlesa fd Pn, n Js.kh ls lacafèkr gksrk gS rFkk

vuqØe ds lHkh vyx&vyx (Distinct) vo;o ,d nwljs ij ykfEcd gksrs gSaA
cgqinksa (Polynomials) dh chtxf.krh; (Algebraic) rFkk fo'ys"k.kkRed (Analytic)

xq.k dkjd <. , . > ds ifjr% fof'k"V voèkkj.kkvksa ij fuHkZj djrh gSA fpjlEer
lw=hdj.k (Classical Formulation) esa dkjd dks Hkkfjr xq.ku (Weighted Product)

ds lekdy (Integral) ds inksa esa ifjHkkf"kr fd;k tkrk gS vkSj og ,d vkarfjd
xq.ku (Inner Product) gksrk gSA

ekuk 1 2,x x  ,d ;FkkFkZ js[kk ij ,d varjky gS tgka 1x  rFkk

2x  dh vuqferh (Allowed) gSa] bls ykfEcdrk dk varjky (Interval of

Orthogonality) dgrs gSa ekuk fd]

1 2W : x , x R

varjky ij ,d Qyu gS tks vkarfjd Hkkx (Interior) 1 2,x x  esa izfrc)rk ds
lkFk èkukRed gS ijarq var fcanqvksa (End Points) ij ;g ;k rks 'kwU; gksxk ;k vuar
ij LFkkukarfjr gksxk blds vfrfjDr W dks mu okaNuh;rk (Requirements) dks
larq"V djuk gksxk tks fd ,d cgqin f dh gksrh gSa rc lekdy]

2

1
( ) ( )

x

x
f x W x dx  ifjfer (Finite) gksxk ,sls W dks Hkkfjr Qyu (Weight

Function) dgrs gSaA
fn;s x;s dksbZ Hkh x

1
, x

2
 rFkk W, cgqinksa f rFkk g ds ;qXeksa ij ,d lafØ;k

(Operation) dks blds ekè;e ls ifjHkkf"kr djrs gSa%

2

1
, ( ) ( )

x

x
f g f x W x dx

;g lafØ;k (Operation) lHkh cgqinksa ds lfn'k lef"V ;k osDVj lfe"V
(Vector Space) esa ,d vkarfjd xq.ku (Inner Product) gS ;g lkekU; ;k izpfyr
vFkks± esa ykfEcdrk ;k (Orthogonality) n'kkZrk gS tSls ge dgrs gSa fd nks cgqin
ykfEcd gksaxs ;fn mudk vkarfjd xq.ku (Inner Product) 'kwU; gSA izpkydksa
(Operators) .,. dk lkekU; fl)kUr vkarfjd xq.ku (Inner Product) dh Lo;aflf)
dks larq"V djrk gS blesa fgYoVZ lef"V (Hilbert Space) esa vkarfjd xq.ku (Inner

Product) Hkh lfEefyr gS tgka cgqin ykafcd vk/kkj (Orthogonal Basis) dh rjg
ns[ksa tkrs gSa rFkk vkarfjd xq.ku (Inner Product) bl Lo:i okys lekdy ds :i
esa ifjHkkf"kr gksrk gS%

, ( ) ( ) ( )p q P x q x d x

tgka  ,d èkukRed eki gS tks fpjlEer~ ifjHkk"kk vkSj lkFk gh lkFk
izkf;drk ewyd ifjHkk"kk dks lfEefyr fd;s gSa tgka eki ,oa izkf;drk ekiu gS rFkk
,d fofoDr ifjHkk"kk gS tgka lekdy ,d vuar Hkkfjr ;ksx (Weighted Sum) gSA
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(Bessel Functions)

fiNys [kaM (Section) esa ge cslsy Qyu dh ppkZ dj pqds gSa ;gka ge cslsy Qyu
dh ykfEcdrk dh ppkZ djsaxs] gekjh lehdj.k esa T;k (sine) dk iz;ksx djus ij
fopkj djsa ,slk djus ij ;g fuEu lehdj.k iznku djsxk %

1

0
sin( ) sin( ) 0m x n x dx  ;fn m n

lekdy dh lhekvksa ij T;k (sine) 'kwU; gS blfy, cslsy Qyu esa ge mu
'kwU;ksa ij fopkj djrs gq, ekurs gSa%

( ) ( )( ) 0 ( ) 0m mJ a J b

;gka Qyu ( ) ( )mJ ax rFkk ( ) ( )mJ bx  fuEu vody lehdj.kksa dks larq"V

djrs gSa%

2 2 2 0x xu a x m u

2 2 2 0x xv b x m v

izFke lehdj.k dks v ls rFkk f}rh; dks u ls xq.kk djus rFkk ?kVkus ij gesa
izkIr gksxk]

2 2 d
b a xuv vxu uxv

dx

blfy, 
1 12 2

0 0
0b a xuvdx vxu uxv

blds fy, bldk Lo:i fuEu izdkj ls gksuk pkfg,

1

0
( ) ( ) 0m mxJ ax J bx dx

bl izdj.k esa Hkkfjr ykfEcdrk (Weight Orthogonality) lacaèk esa lfEefyr
gSA

a b  ds fy, bls bl rjg n'kkZ;k tk ldrk gS%

1 2 2
m m 10

1
xJ (ax)dx J (a)

2

;s O;qRifÙk (Derivations) cslsy Qyuksa dh ,d Js.kh esa ,d Qyu ds foLrkj
(Expansion) ds xq.kkadksa ds fuèkkZj.k esa iz;ksx gks ldrs gSaA ;fn Qyu f(x) dks lhek
(Range) 0 < x < a esa foLrkfjr fd;k tkuk gS rc gekjs ikl fuEu lehdj.k
gksxk %

1

( ) ( )n m n
n

f x C J K x
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tgka K
n
 bl rjg fuèkkZfjr fd, tkrs gSa fd ( ) 0m nJ K a  gks] foLrkj esa

xq.kkad bl izdkj ls fufnZ"V fd, tk,axs 0
2 2

( ) ( )

( )

a
m n

n

f x J K x xdx
C

a T Kna

(Legendre Polynomials)

lcls ljyre ykfEcd cgqin ftuds fy, ykfEcdrk dk varjky [–1, 1] gksrk gS
yhts.Mªs cgqin gSa vkSj buds fy, Hkkfjr Qyu (Weight Function) 1 gksrk gSA

0

1

2

2

3

3

4

4

( ) 1

( )

3 1
( )

2

5 3
( )

2

35 30 3
( )

8

P x

P x x

x
P x

x x
P x

x x
P x

;s [–1, 1] esa ykfEcd gksrs gSa tcfd m n gks

1

1
( ) ( ) 0m nP x P x dx

yhts.Mªs cgqin ekudhÑr (Standardized) gSa blfy, (1) 1nP  lHkh n ds fy,
gksrk gSA uhps nh x;h lehdj.k yhts.Mªs lehdj.k ds Lo:i gSa%

21 2 0x y xy y  tgka ( 1)n n

vodyu lehdj.k dk nwljk :i fuEu ;g gS%

21 0x y y

iqujkof̀Ùk ls lacafèkr gS

1 1( 1) ( ) (2 1) ( ) ( )n n nn P x n xP x nP x

,d fefJr iqujkof̀Ùk gS%

[ 1] [ 1] [ ]
1 1( ) ( ) (2 1) ( )r r r

nn nP x P x n P x

jksMªhX;wt lw= (Rodrigues' Formula) ds vuqlkj fuEu lehdj.k gksxk %

2!
( ) 1

2 !

n n

n n

n d
P x x

n dx

lEc) (Associated) yhts.Mªs cgqin dks ( ) ( )m
lP x  }kjk O;Dr fd;k tkrk gS

tgka l rFkk m iw.kk±d bl izdkj gSa fd ;s bl izdkj ifjHkkf"kr gSa%
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/2( ) [ ]2( ) 1 1 ( )
mmm m

l lP x x P x

dks"Bd esa m ,d iSjkehVj gS] dks"Bd (Bracket) esa m yhts.Mªs cgqin ds m
os vodyt (Derivative) dks O;Dr djrk gS] ;s cgqin] cgqin ugha dgs tk;saxs
tcfd m fo"ke gksA ;s ,d iqujkof̀Ùk ls lacaèk j[krs gSa tks bl izdkj gSa%

( ) ( ) ( )
1 1( 1 ) ( ) (2 1) ( ) ( ) ( )m m m

l l ll m P x l xP x l m P x

fu;r m ds fy, vuqØe ( ) ( )( )
1 2, , ...m mm

m m mP P P esa Hkkj (Weight) 1 ds lkFk

[–1, 1]  vkFkksZxksuy ;k ykfEcdrk gSaA

fn;s x;s m ds fy, ( ) ( )m
lP x  blds gy gSa%

2
2

2
1 2 0

1

m
x y xy y

x
 tcfd l(l )

14- iqujkof̀Ùk lacaèk D;k gS\

15- vpj xq.kkadksa okys jSf[kd le:i iqujkof̀Ùk lacaèkksa dks ifjHkkf"kr djsaA

16- ykafcdrk cgqin vuqØe D;k gS\

17- ljyre mRÑ"V ykfEcd cgqin D;k gSa\

1- dqN fuf'pr vody lehdj.kksa ds ?kkr Js.kh gy Kkr djus ds fy, ?kkr
Js.kh fofèk dk iz;ksx fd;k tkrk gS] ewy:i ls ,slk dksbZ gy vKkr xq.kkadksa
ds lkFk ,d ?kkr Js.kh dh dYiuk djrk gS fQj ml gy dks xq.kkadksa esa
vkorhZ lacaèk Kkr djus gsrq] vody lehdj.k esa fufo"V djrk gSA ?kkr Js.kh
fofèk dks dqN de uE;rk ds lkFk dqN vjSf[kd vody lehdj.kksa ij Hkh
iz;qDr fd;k tk ldrk gSA

2. a dh ,d ?kkr Js.kh ;k dgsa fd dksbZ ?kkr Js.kh ,slh dksbZ Hkh Js.kh gS tks bl
:i esa fy[kh tk ldrh gS&

0

n
n

n

C x a

;gka a rFkk C
n
 la[;k,a gSa] ;gka tks C

n
 gSa os izk;% Js.kh ds xq.kkad dgykrs

gSa] ,d ?kkr Js.kh ds ckjs esa lcls t:jh ckr ;g gS fd ;g x dk ,d Qyu
gksrh gSA
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3- dyu ls ge tkurs gSa fd ?kkr Js.kh (x – x
0
 dh ?kkrksa esa) fuEu Lo:i okyh

,d vuar Js.kh gksrh gS&

     





0

2
020100

m

m
m xxaxxaaxxa 

4- ,d Js.kh dk vfHklj.k x ds ml eku ij fuHkZj dj ldrk gS ftls ge Js.kh
esa j[krs gSa vkSj x ds vU; ekuksa ds fy, ugha j[krs gSaA

5- x ds ekuksa dk varjky ftlesa nksuksa lhekra eku Hkh 'kkfey gSa ftuds fy, ?kkr
Js.kh vfHklj.k  djrh gS] bls Js.kh ds vfHklj.k dk varjky dgk tkrk gSA

6- ?kkr Jsf.k;ksa esa tks Lohdk;Z lafØ;k,a gSa os ?kkr Jsf.k;ksa dk vodyu]
lekdyu] ;ksx] ?kVko] foHkktu rFkk xq.ku gSaA ,d ?kkr Js.kh ds izR;sd
xq.kkad ds vilj.k ds lacèk esa izfrcaèk lwphc) gSaA ;s gh ?kkr Js.kh dks gy
djus dh vkèkkjHkwr fofèk;ka ekuh tkrh gSA

7- mu izdj.kksa esa tgka ,d ?kkr Js.kh dh vfHklj.k dh f=T;k èkukRed gS] lkFk
gh lkFk laiw.kZ vfHklj.k ds varjky esa ;ksx dh ,dleku :i ls 'kwU; gS rc
Js.kh dk izR;sd xq.kkad 'kwU; gksxkA

8- izFke izdkj ds cslsy Qyu tks J(x) ls fu:fir fd;s tkrs gSa] cslsy dh
vody lehdj.k ds os gy gSa tks ewy fcanq (x = 0) ij xSj&_.kkRed iw.kk±d
α ds fy, ifjfer gksa rFkk _.kkRed xSj&iw.kk±d α ds tSls gh x 'kwU; dh vksj
vxzlj gksrk gks vilj.k djrs gSaA J(x) ds gy dk izdkj rFkk lekU;hdj.k
mlds xq.kksa }kjk ifjHkkf"kr gksrs gSaA

9- f}rh; izdkj ds cslsy Qyu ftUgsa Y
α
(x) ls fu:fir fd;k tkrk gS] cslsy

vody lehdj.k ds gy gksrs gSa] ;s ewyfcanq (x = 0) ij fof'k"Vrk j[krs gSaA
Y

α
(x) dks dHkh&dHkh U;wesu Qyu vkSj dqN ekSdksa ij bls vyx gVdj

N
α
(x) ls Hkh iznf'kZr fd;k tkrk gSA xSj&iw.kk±d α ds fy, ;g J

α
(x) ls bl

lacaèk ds ekè;e ls lacafèkr gksrk gS&

α –α
α

cos απ –

sin απ

J x J x
J x

10- xf.kr esa yhts.Mªs lehdj.k ,d Mk;ksQSaVkbu lehdj.k gS vkSj fuEu
lehdj.k ls n'kkZ;k tkrk gS&

ax2 + by2 + cz2 = 0

11- yhts.Mªs vody lehdj.k f}rh; dksfV dk lkèkkj.k vody lehdj.k gS
ftls fuEu :i esa fy[kk tkrk gS&

2 2 21– – 2 1 0x d y dx xdy dx l l y
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bls fuEu rjg Hkh fy[kk tk ldrk gS&

21 1 0
d dy

x l l y
dx dx

Ly = 0 ds fy,] ;gka L dks yhts.Mªs ladkjd dgk tkrk gS&

21 1
d dy

L x l l
dx dx

12- ,d vody lehdj.k dk ,d fu;fer ,dy fcanq lehdj.k dk ,d ,slk
,dy fcanq gksrk gS ftl ij Hkh gy ,d vfuok;Z ,dyrk ugha j[krk gSA
lfEeJ ry esa fdlh fn;s x;s a ds fudV mu lEHkkfor gyksa dks Kkr djus
ds fy, tks lfEeJ ?kkrksa (z – a)r ds ?kkr Js.kh xquk gSa ?kkrkadh lehdj.k ij
vkèkkfjr Ýkscsfu;u fofèk dk rc iz;ksx fd;k tk ldrk gSA

13- ,d vody lehdj.k dk ,d fu;fer ,dy fcanq (Regular Singular Point)

lehdj.k dk ,d ,slk ,dy fcanq (Singular Point) gksrk gS ftl ij Hkh gy
,d vfuok;Z fof'k"Vrk (Essential Singularity) ugha j[krk gSA

xf.kr esa lfEeJ lery C esa lkèkkj.k vody lehdj.k ds fl)kar esa C

ds fcanq oxhZÑr fd;s tkrs gSa lkèkkj.k fcanq tgka lehdj.k ds xq.kkad
fo'ys"k.kkRed Qyu gksrs gSa rFkk ,dy fcanqvksa esa] tgka dqN xq.kkad ,dyrk
j[krs gSaA ,dy fcanqvksa esa ,d egRoiw.kZ vody fu;fer ,dy fcanqvksa ds chp
fd;k x;k gS tgka ¼,d NksVs [k.M esa½ gy dh of̀) ,d chtxf.krh; Qyu
ds }kjk ckè; gksrh gS tcfd ,d vfu;fer ,dy fcanq og gS tgka laiw.kZ gy
lewg dks vfèkd of̀) nj okys Qyuksa dh vko';drk gksrh gSA

14- ,d fof'k"V çdkj ds iqujkof̀Ùk lacaèk esa fy, ^^foHksn lehdj.k 'kCn dk Hkh
mi;ksx fd;k tkrk gS] è;ku jgs fd fdlh iqujkof̀Ùk lacaèk dks crkus ds fy,
izk;% foHksn lehdj.k 'kCn dk gh mi;ksx fd;k tkrk gSA iqujkof̀Ùk lacaèk dk
,d mnkgj.k ,d rkfdZd vkys[k gS tks bl rjg O;Dr fd;k tk ldrk gSA
x

n+1
 = rx

n
 (1 – x

n
)

15- ,d dksfV d dk js[kh; le:i vpj xq.kkadksa okyk iqujkof̀Ùk lacaèk fuEu
Lo#i okyk gksrk gSA

a
n
 = C

1
a

n–1
 + C

2
a

n–2
 + ... + C

d
a

n–d

tgka d xq.kkad c
i 
¼lHkh i ds ekuksa ds fy,½ vpj (Constant) gSA vfèkd fo'ks"krk

crkrs gq, dgk tk;s rks ;g ,d ,slh vuar jSf[kd ;qxir~ lehdj.k (Infinite

Simultaneous Linear Equation) gksxh ftlds fy, izR;sd  n > d – 1, ,d
,slk vuqØe (Sequence) tks bl çdkj ds ,d lacaèk dks larq"V djrk gS ,d
jSf[kd iqujkof̀Ùk vuqØe (LRS) dgykrk gSA

16- xf.kr esa ,d ykfEcd cgqinh; vuqØe ,d pj x ds okLrfod cgqinks P
0
,

P
1
, P

2
… dk vuar vuqØe gksrk gS ftlesa Pn, n Js.kh ls lacafèkr gksrk gS rFkk
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bl izdkj gksrk gS fd vuqØe esa dksbZ nks vyx vyx cgqin L2 vkarfjd
xq.ku ds fdlh fuf'pr laLdj.k ds fy, ykfEcd gksrs gSaA

17- lcls ljyre ykfEcd cgqin ftuds fy, ykfEcdrk ;k dk varjky [–1, 1]

gksrk gS yhts.Mªs cgqin gSa vkSj buds fy, Hkkfjr Qyu 1 gksrk gSA

 dqN fuf'pr vody lehdj.kksa ds ?kkr Js.kh gy Kkr djus ds fy, ?kkr
Js.kh fofèk dk iz;ksx fd;k tkrk gS] ewy:i ls ,slk dksbZ gy vKkr xq.kkadksa
ds lkFk ,d ?kkr Js.kh dh dYiuk djrk gS fQj ml gy dks xq.kkadksa esa
vkorhZ lacaèk Kkr djus gsrq] vody lehdj.k esa fufo"V djrk gSA ?kkr Js.kh
fofèk dks dqN de uE;rk ds lkFk dqN xSj&jSf[kd vody lehdj.kksa ij Hkh
iz;qDr fd;k tk ldrk gSA

 ;fn ,d le?kkr jSf[kd vody lehdj.k fu;r xq.kkad ls fufgr gS rc og
chtxf.krh; fofèk;ksa ls gy dh tk ldrh gS vkSj mlds gy Hkh dyu ls
Kkr fd, gq, ex, cos x, bR;kfn] tSls izkjafHkd Qyu gksrs gSa gkykafd ;fn
lehdj.k pj xq.kkad tks x ds Qyu gksa] j[krh gS rks mls vU; fofèk;ksa ls
gy djuk gksrk gSA

 vody lehdj.kksa dk gy djus esa ?kkr Js.kh fofèk dk iz;ksx fd;k tkrk gS
D;ksafd bl fofèk dks vklku ekuk tkrk gS rFkk bls oSf'od :i ls ,d ekud
fofèk ekudj iz;ksx fd;k tkrk gSA

 ?kkr Jsf.k;ksa esa tks Lohdk;Z lafØ;k,a gSa os ?kkr Jsf.k;ksa dk vodyu]
lekdyu] ;ksx] ?kVko] foHkktu rFkk xq.ku gSaA ,d ?kkr Js.kh ds izR;sd
xq.kkad ds vilj.k ds lacèk esa izfrcaèk lwphc) gSaA ;s gh ?kkr Js.kh dks gy
djus dh vkèkkjHkwr fofèk;ka ekuh tkrh gSaA

 ,d okLrfod Qyu f(x) ,d fcanq x = x
0
 ij fo'ys"k.kkRed dgk tk;sxk

;fn mls x = x
0
 dh ?kkrksa esa vfHklj.k dh f=T;k R > 0 ds }kjk ,d ?kkr

Js.kh ds ekè;e ls n'kkZ;k tk ldsA xf.kr esa ,d fo'ys"k.kkRed Qyu og
Qyu gksrk gS tks LFkkuh; :i ls ,d vfHklfjr ?kkr Js.kh }kjk fn;k tk
ldsA

 xf.kr esa cslsy Qyu loZizFke xf.krK Msfu;y cjukSyh }kjk ifjHkkf"kr fd;s
x;s rFkk budk izlkekU;hdj.k ÝsMfjp cslsy }kjk fd;k x;k FkkA

 izFke izdkj ds cslsy Qyu tks J(x) ls fu:fir fd;s tkrs gSa] cslsy dh
vody lehdj.k ds os gy gSa tks ewy fcanq (x = 0) ij xSj&_.kkRed iw.kk±d
α ds fy, ifjfer gksa rFkk _.kkRed xSj&iw.kk±d α ds tSls gh x 'kwU; dh vksj
vxzlj gksrk gks vilj.k djrs gSa] J(x) ds gy dk izdkj rFkk ljyhdj.k
mlds xq.kksa }kjk ifjHkkf"kr gksrs gSaA
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 f}rh; izdkj ds cslsy Qyu ftUgsa Y
α
(x) ls fu:fir fd;k tkrk gS] cslsy

vody lehdj.k ds gy gksrs gSa] ;s ewyfcanq (x = 0) ij fof'k"Vrk j[krs gSaA
Y

α
(x) dks dHkh&dHkh U;wesu Qyu vkSj dqN ekSdksa ij bls vyx gVdj

N
α
(x) ls Hkh iznf'kZr fd;k tkrk gSA xSj&iw.kk±d α ds fy, ;g J

α
(x) ls bl

lacaèk ds ekè;e ls lacafèkr gksrk gS&

α –α
α

cos απ –

sin απ

J x J x
J x

 xf.kr esa yhts.Mªs lehdj.k Mk;ksQSaVkbu lehdj.k gS vkSj bls bl rjg
n'kkZ;k tkrk gS&

ax2 + by2 + cz2 = 0

 yhts.Mªs vody lehdj.k f}rh; dksfV dk lkèkkj.k vody lehdj.k gS
ftls bl :i esa fy[kk tkrk gS&

2 2 21– – 2 1 0x d y dx xdy dx l l y

bls bl rjg Hkh fy[kk tk ldrk gS&

21 1 0
d dy

x l l y
dx dx

Ly = 0 ds fy,] ;gka L dks yhts.Mªs ladkjd dgk tkrk gS&

21 1
d dy

L x l l
dx dx

 xkWmfl;u vfrT;kferh; vody lehdj.k bl izdkj dh gksrh gS&

1 " 1 ' 0x x y c a b x y aby

 ,d vody lehdj.k dk ,d fu;fer ,dy fcanq lehdj.k dk ,d ,slk
,dy fcanq gksrk gS ftl ij Hkh gy ,d vfuok;Z ,dyrk ugha j[krk gSA

 lfEeJ ry esa fdlh fn;s x;s a ds fudV mu lEHkkfor gyksa dks Kkr djus
ds fy, tks lfEeJ ?kkrksa (z – a)r ds ?kkr Js.kh xquk gSA ?kkrkadh lehdj.k
ij vkèkkfjr Ýkscsfu;u fofèk dk rc iz;ksx fd;k tk ldrk gSA

 ,d fof'k"V çdkj ds iqujkof̀Ùk lacaèk esa fy, ^^foHksn lehdj.k 'kCn dk Hkh
mi;ksx fd;k tkrk gS] è;ku jgs fd fdlh iqujkòfÙk lacaèk dks crkus ds fy,
izk;% foHksn lehdj.k 'kCn dk gh mi;ksx fd;k tkrk gSA iqujkof̀Ùk lacaèk dk
,d mnkgj.k ,d rkfdZd izfr:i.k gS tks bl rjg O;Dr fd;k tk ldrk gSA

x
n+1

 = rx
n
 (1 – x

n
)

 ,d dksfV d dk js[kh; le:i vpj xq.kkadksa okyk iqujkof̀Ùk lacaèk fuEu
Lo#i okyk gksrk gSA
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a
n
 = C

1
a

n–1
 + C

2
a

n–2
 + ... + C

d
a

n–d

 ;fn okLrfod la[;kvksa dk ,d Øfer vuqØe fn;k x;k gS rc igyk foHksn
(a

n
) bl izdkj ifjHkkf"kr gksxk&

1( )n n na a a

f}rh; foHksn (a
n
) bl izdkj ifjHkkf"kr gksxk %

2
1( ) ( ) ( )n n na a a

 xf.kr esa ,d ykfEcd cgqinh; vuqØe ,d pj x ds okLrfod cgqinks P
0
,

P
1
, P

2
… dk vuar vuqØe gksrk gS ftlesa Pn, n dksfV ls lacafèkr gS rFkk bl

izdkj gksrk gS fd vuqØe esa dksbZ nks vyx vyx cgqin L2 vkarfjd xq.ku

ds fdlh fuf'pr laLdj.k ds fy, ykfEcd gksrs gSaA

  pj xq.kkad okys vody lehdj.kksa dks gy djus ds fy,
iz;ksx gksus okyh ekud vkSj vkèkkjHkwr rduhd ?kkr Js.kh fofèk dgh tkrh gSA
bls ?kkr Js.kh fofèk blfy, dgrs gSa D;ksafd blds ekè;e ls feyus okys gy
?kkr Js.kh ds :i esa gksrs gSaA

 ,d Js.kh dk vfHklj.k x ds ml eku ij fuHkZj dj
ldrk gS ftls ge Js.kh esa j[krs gSa vkSj x ds vU; ekuksa ds fy, ughaA ;fn
x dk dksbZ vU; eku Hkh gS ftlds fy, Js.kh }kjk n'kkZ;k tkrk gS rc ,sls
eku ,d varjky fufeZr djrs gSa] tks vfHklj.k varjky dgk tkrk gSA

  vuqikr ijh{k.k ifjHkkf"kr djrk gS fd ;fn L < 1 gS rks
Js.kh vfHklj.k djds vkSj ;fn L > 1 gS rks Js.kh vilj.k djsxh ;fn L = 1

gS rks nksuksa esa ls dqN Hkh gks ldrk gSA

 ?kkr Jsf.k;ksa esa tks Lohdk;Z lafØ;k,a gSa os ?kkr
Jsf.k;ksa dk vodyu] lekdyu] ;ksx] ?kVko] foHkktu rFkk xq.ku gSaA ,d ?kkr
Js.kh ds izR;sd xq.kkad ds vilj.k ds lacèk esa izfrcaèk lwphc) gSaA ;s gh ?kkr
Js.kh dks gy djus dh vkèkkjHkwr fofèk;ka ekuh tkrh gSaA

 ,d okLrfod Qyu f(x) ,d fcanq x = x0 ij
fo'ys"k.kkRed dgk tk;sxk ;fn mls x = x0 dh ?kkrksa esa vfHklj.k dh f=T;k
R > 0 ds }kjk ,d ?kkr Js.kh ds ekè;e ls n'kkZ;k tk ldsA xf.kr esa ,d
fo'ys"k.kkRed Qyu og Qyu gksrk gS tks LFkkuh; :i ls ,d vfHklfjr ?kkr
Js.kh }kjk fn;k tk ldsA

  izFke izdkj ds cslsy Qyu tks J(x) ls
fu:fir fd;s tkrs gSa] cslsy dh vody lehdj.k ds os gy gSa tks ewy fcanq
(x = 0) ij xSj&_.kkRed iw.kk±d  ds fy, ifjfer gksa rFkk _.kkRed
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xSj&iw.kk±d  ds tSls gh x 'kwU; dh vksj vxzlj gksrk gks vilj.k djrs gSa]
J(x) ds gy dk izdkj rFkk lekU;hdj.k mlds xq.kksa }kjk ifjHkkf"kr gksrs gSaA

 f}rh; izdkj ds cslsy Qyu ftUgsa Ya(x)

ls fu:fir fd;k tkrk gS] cslsy vody lehdj.k ds gy gksrs gSaA ;s ewyfcanq
(x = 0) ij fof'k"Vrk j[krs gSaA Ya(x) dks dHkh&dHkh U;wesu Qyu vkSj dqN
ekSdksa ij bls vyx gVdj Na(x) ls Hkh iznf'kZr fd;k tkrk gSA

   xf.kr esa yhts.Mªs lehdj.k ,d Mk;ksQSaVkbu lehdj.k
gS vkSj bls bl lehdj.k ax2 + by2 + cz2 = 0 ls n'kkZ;k tkrk gSA

 ,d vody lehdj.k dk ,d fu;fer ,dy fcanq
lehdj.k dk ,d ,slk ,dy fcanq gksrk gS ftl ij Hkh gy ,d vfuok;Z
,dyrk ugha j[krk gSA ,dy fcanqvksa esa ,d egRoiw.kZ foHksn fu;fer ,dy
fcanqvksa ds chp fd;k x;k gS tgka ¼,d NksVs [k.M esa½ gy dh of̀) ,d
chtxf.krh; Qyu ds }kjk ckè; gksrh gSA

  vfu;fer ,dy fcanq og gS tgka laiw.kZ gy leqPp;
dks vfèkd of̀) nj okys Qyuksa dh vko';drk gksrh gSA

  ;g f}rh; dksfV dk ,d lkèkkj.k vody
lehdj.k gSA ;g ykIykl lehdj.k esa oÙ̀kh; funsZ'kkadksa esa gy ls çkIr gksrk
gSaA

  xf.kr esa ,d iqujkof̀Ùk lacaèk ,d lehdj.k gS tks
iqujkorZu% ,d vuqØe dks ifjHkkf"kr djrk gS] tgka vuqØe ds çR;sd in dks
vius iwoZxkeh in ds Qyu ds #i esa ifjHkkf"kr fd;k tk ldrk gSA

  lcls ljyre ykfEcd cgqin ftuds fy, ykfEcdrk dk

varjky [–1, 1] gksrk gS yhts.Mªs cgqin gSa vkSj buds fy, Hkkfjr 1 gksrk gSA

1- ?kkr Js.kh fofèk dk mi;ksx D;ksa fd;k tkrk gS\

2- ,d ?kkr Js.kh vkSj bldh dk;Z{kerk dks ifjHkkf"kr djsaA

3- vfHklj.k varjky dks ifjHkkf"kr djsaA

4- ?kkr Jsf.k;ksa esa lafØ;k,a D;k gS\

5- izFke izdkj ds cslsy Qyu rFkk f}rh; izdkj ds cslsy Qyu ds egRo dks
ifjHkkf"kr djsaA

6- ?kkr Js.kh esa fu;fer ,dy fcanq dk mi;ksx D;ksa fd;k tkrk gS\

7- xf.kr esa yhts.Mªs lehdj.k fdl çdkj ls n'kkZ;k tkrk gSA
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8- ?kkr Js.kh esa cslsy] yhts.Mªs vkSj vfrT;kferh; lehdj.kksa ds egRo dks
ifjHkkf"kr djsaA

9- iqujkof̀Ùk lacaèk D;k gSa\ bldk mi;ksx D;ksa fd;k tkrk gS\

10- tuu Qyu dk mi;ksx D;ksa fd;k tkrk gS\

11- ykfEcdrk dk D;k eryc gS\

12- cslsy Qyuksa vkSj yhts.Mªs cgqinksa dh ykfEcdrk esa D;k Hkwfedk gS\

1- fl) dhft, fd nh xbZ ?kkr Js.kh 0 ij dsafær gSA

2- fl) dhft, fd nh xbZ ?kkr Js.kh &2 ij dsafær gSA

3- fuEu lehdj.k ds vfHklj.k dh f=T;k Kkr dhft,]

4- fuEu lehdj.k ds vfHklj.k dh f=T;k Kkr dhft,]

5- fn[kk,¡ fd vody lehdj.k dks larq"V djrk gSa]

y + xy  y = 0

6- nh xbZ ?kkr Js.kh ds fy, vfHklj.k vkSj vfHklj.k ds varjky dks fuèkkZfjr

djsa] 

7- vfHklj.k dh f=T;k fuèkkZfjr djsa ?kkr Js.kh  ds fy,A

8- fuEufyf[kr Qyu ds fy, ,d ?kkr Js.kh çfrfufèkRo Kkr dhft, vkSj bldh
vfHklj.k ds varjky dk fuèkkZj.k djsaA
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9- fuEufyf[kr Qyu ds fy, ,d ?kkr Js.kh fu:i.k Kkr dhft, vkSj bldh
vfHklj.k ds varjky dk fuèkkZj.k djsaA

( )
5

x
f x

x

10- fl) djsa fd yhts.Mªs cgqin ykfEcdrk gS ¼&1] 1½ ij Hkkfjr Qyu 1 ds lkFk
vkSj larq"V djrh gS]

1

1

2
( ) ( ) ,

2 1n m mnP x P x dx
n
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2-0 ifjp;
2-1 mís';
2-2 ykIykl :ikUrj.k
2-3 ykIykl :ikUrj.k ds fy, vfLrRo izes;
2-4 vodyuksa rFkk lekdyksa dk ykIykl :ikUrj.k
2-5 LFkkukUrj.k@foLFkkiu izes;
2-6 vodyu rFkk lekdyu dk :ikUrj.k
2-7 viuh izxfr tkafp, iz'uksa ds mÙkj
2-8 lkjka'k
2-9 eq[; 'kCnkoyh

2-10 Lo&ewY;kadu ç'u ,oa vH;kl
2-11 lgk;d ikB~; lkexzh

ykIykl (Laplace) ,d Ýkalhlh xf.krK] [kxksy'kkL=h vkSj HkkSfrd foKkuh Fks]
ftUgksaus vkO;wg ç.kkyh (Metric System) ds fodkl esa vxz.kh Hkwfedk fuHkkbZ FkhA
ykIykl ifjorZu dk mi;ksx O;kid :i ls bathfu;fjax vuqç;ksxksa ¼eSdsfudy vkSj
bysDVª‚fud½ esa fd;k tkrk gS] fo'ks"k :i ls tgka lapkyd cy (Driving Force)

vlrr gSA bldk mi;ksx çfØ;k fu;a=.k esa Hkh fd;k tkrk gSA ykIykl :ikUrj.k
(Laplace Transformation) gesa lehdj.k ;k vody vkSj lekdy okys lehdj.kksa
dk gy djus esa enn djrk gS tks lehdj.k dks ‘t’ varjky esa cnydj ‘s’ varjky
esa ls ,d esa cny nsrk gS ftlls leL;k dks gy djuk cgqr vklku gks tkrk gSA
ykIykl :ikUrj.k (Laplace Transformation) dqN fuf'pr çdkj ds vody
lehdj.kksa dks gy djus dh ,d mi;ksxh fofèk çnku djrk gS] tc dqN çkjafHkd
izfrcaèk fn, tkrs gSa] vkerkSj ij tc çkjafHkd eku 'kwU; gksA

ykIykl :ikarj.k Qwfj;j :ikarj.k ds leku gSA tcfd fdlh Qyu dk
Qwfj;j :ikarj.k (Fourier Transformation) ,d okLrfod pj (Real Variable) dk
,d tfVy Qyu gS] Qyu dk ykIykl :ikarj.k ,d lfEeJ pj (Complex

Variable) dk ,d Qyu gksrk gSA ykIykl :ikarj.k vkerkSj ij t ds Qyuksa ds
ifjorZu ds fy, çfrcafèkr gS] tc t  0 gksA bl çfrcaèk dk ,d ifj.kke ;g gS fd
,d Qyu dk ykIykl :ikarj.k pj s dk ,d le:i Qyu (Homomorphism

Function) vFkok iw.kZlefefrd Qyu gSA Qwfj;j :ikarj.k ds foijhr] rFkk forj.k
dk ykIykl :ikarj.k vkerkSj ij ,d mfpr Qyu gSA lfEeJ pj dh rduhdksa dk
mi;ksx ykIykl :ikarj.k ds lhèks vè;;u ds fy, Hkh fd;k tk ldrk gSA ,d
le:i Qyu ds :i esa] ykIykl :ikarj.k esa ,d ?kkr Js.kh (Power Series) dk
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izfrfufèkRo djrk gSA ;g ?kkr Js.kh ,d Qyu dks Qyu ds {k.k ds jSf[kd
vè;kjksi.k (Linear Superposition) ds :i esa O;ä djrh gSA bl ifjçs{; ;k
laHkkouk dk çkf;drk fl)kar esa vuqç;ksx gSaA

bl bdkbZ esa vki ykIykl :ikUrj.k] ykIykl :ikUrj.k ds fy, vfLrRo
izes;] vodyuksa rFkk lekdyksa dk ykIykl #ikUrj.k] LFkkukUrj.k@foLFkkiu izes;]

:ikUrj.kksa dk vodyu rFkk lekdyu ds ckjs esa vè;;u djsaxsA

bl bdkbZ dks i<+us ds ckn vki&

 ykIykl :ikUrj.k dks ifjHkkf"kr djus esa l{ke gksaxs(

 ykIykl :ikUrj.k ds fy, vfLrRo izes; dks le> ik,axs(

 vodyuksa rFkk lekdyksa ds ykIykl #ikUrj.k dh O;k[;k dj ik,axs(

 LFkkukUrj.k@foLFkkiu izes; dks ifjHkkf"kr djus esa l{ke gksaxs(

 :ikUrj.kksa dk vodyu rFkk lekdyu dks le> ik,axsA

xf.kr esa ykIykl :ikUrj.k (Laplace Transformation) cgqr O;kid rkSj ij iz;qDr
gksus okys lekdy :ikUrj.k (Integral Transform) gS ftUgsa { ( )} f t }kjk fu#fir
fd;k tkrk gSA ;g ,d okLrfod rdZ (Real Argument) t (t  0) ds lkFk ,d Qyu
f(t) dk jSf[kd ladkjd gS tks mls ,d lfEeJ rdZ (Complex Argument) s okys F(s)

esa :ikUrfjr dj nsrk gSA ,d f}Hkkftr (Bijective) :ikUrj.k dh rjg f(t) rFkk F(s)

ds laxr ;qXe lkjf.k;ksa esa lfEefyr fd, tk ldrs gSaA ykIykl :ikUrj.k lkFkZd xq.k
j[krk gS blfy, ewy f(t) Qyuksa ds lkekU; lacaèk (Relations) rFkk lafØ;k,a
(Operations), izfrfcEcksa F(s) ds lacaèkksa rFkk lafØ;kvksa ls laxrrk j[krs gSaA

ykIykl :ikUrj.k dks Qwfj;j :ikUrj.k ls lacafèkr fd;k tk ldrk gSA
Qwfj;j :ikUrj.k tgka ,d Qyu ;k ladsr dks mldh daiu fofèk;ksa (Modes of

Vibrations) esa ifjHkkf"kr gS ogha ykIykl :ikUrj.k ,d Qyu dks mlds ml le;
{k.kksa (Moments) esa ifjHkkf"kr gS] ewy ladsr (Signal) le; ij fuHkZj gksrk gS vkSj
blfy, ykIykl :ikUrj.k ladsrd dh le; {ks= vfHkO;fDr (Time Domain

Representation) dgykrk gS tcfd Qwfj;j :ikUrj.k vko`fr ij fuHkZj djrk gS
vkSj ladsr (Signal) dh vkòfr (Frequency) {ks= (Domain) vfHkO;fDr (Representation)

dgykrk gSA Qwfj;j :ikUrj.k (Fourier Transform) dh gh rjg ykIykl :ikUrj.k
Hkh vody rFkk lekdy lehdj.kksa dks gy djus esa mi;ksx gksrk gSA

HkkSfrdh rFkk bathfu;fjax esa ;g jSf[kd le; vpj ra= (Linear Time

Invariance Systems) tSls fo|qr ifjiFk] vkorhZ nkSfy=] izdk'kh; midj.k] ;kaf=d
iz.kkyh vkfn ds fo'ys"k.k esa iz;ksx fd;k tkrk gSA
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:ikUrj.k esa& dyu dh lafØ;kvksa (Operations of Calculus) ls chth;
lafØ;kvksa (Algebraic Operation) dh vksj LFkkukarj.k (Shifting) lafØ;kRed dyu
(Operational Calculus) dgykrh gS tks O;ogkfjd xf.kr (Applied Mathematics)

dk ,d vfuok;Z Hkkx gS vkSj fo'ks"k :i ls vfHk;kaf=dh ds lanHkZ esa iz;ksx fd;k tkrk
gSA ykIykl :ikUrj.k fofèk ewy:i ls xf.krh; {ks= esa vR;ko';d lafØ;kRed
rduhd (Operational Technique) gSA ykIykl :ikUrj.k fofèk ewy :i ls ,d cgqr
t:jh lafØ;kRed (Operational) rduhd gS ;g fo'ks"kdj mu leL;kvksa esa mi;ksxh
gSa tgka ;kaf=d ;k fo|qrh; lapkyu cy (Driving Force) vlrr~ (Discontinuous)

vkosxkRed (Impulsive) ;k tfVy vkorhZ Qyu (Complex Periodic Function) gS ijarq
bl rF; ls fd ;g T;k ;k dksT;k (Sine or Cosine) ugha gksaA

ykIykl :ikUrj.k dk ,d vU; ykHk ;g gS fd ;g leL;kvksa dks lhèks&lhèks
rjhds ls gy djus esa lgk;d gksrk gSA bl vè;k; esa ge ,d izk;ksfxd igqap ls
ykIykl :ikUrj.k ij fopkj djsaxs vkSj mu vfHk;kaf=dh leL;kvksa ftuesa lkèkkj.k
vody lehdj.k vfLrRo esa gksrs gSaA vkaf'kd vody lehdj.k Hkh ykIykl
:ikUrj.k ds ekè;e ls leL;kvksa ds gy rd igaqpkrh gSA ykIykl :ikUrj.k dk
ukedj.k xf.krK rFkk [kxksyfoKkuh fi;js&fleksu ykIykl (Pierre-Simon Laplace)

ds lEeku esa fd;k x;k gS ftUgksaus izkf;drk fl)kUr (Probability Theory) ds
leL;kvksa ds lekèkku ds fy, bl :ikUrj.k dk iz;ksx fd;k FkkA yh;ksukMZ ;wyj
(Leonhard Euler) us bl Lo:i okys lekdyksa ij fopkj fd;k%

( ) axz X x e dx rFkk ( ) Az X x x dx

;s lekdy vody lehdj.kksa ds gy Fks ysfdu cgqr vkxs rd bUgsa mi;ksx
ugha fd;s x;s FksA tkslsQ yqbZl ySxzkat (Joseph Louis Lagrange) ;wyj (Euler) ds
iz'kald Fks rFkk vius dk;Z esa mUgksaus izkf;drk ?kuRo Qyuksa ds lekdy vkSj blds
Lo:i (Form) okys O;atd (Expression) dks Kkr fd;k tks fuEukafdr gS%

–( ) ax xX x e a dx

bldh O;k[;k vkèkqfud ykIykl :ikarj.k fl)kar esa fd;k x;k FkkA ftlesa
lekdyu fofèk dks lfEefyr fd;k x;k Fkk tks bl izdkj

( )sx s dx

;g lekdy ,d esfyu :ikUrj.k (Mellin Transform) dh rjg Fkk tks ,d
vody lehdj.k dks iwjh rjg :ikUrfjr djrk Fkk rkfd :ikUrfjr lehdj.k dk
gy Kkr fd;k tk ldsA lHkh okLrfod la[;kvksa t  0 ds fy, ,d Qyu f(t) dk
ykIykl :ikUrj.k Qyu F(s) gksrk gSA tks fuEukuqlkj ifjHkkf"kr gksrk gSA

0
( ) { ( )} ( )stF s f t c f t dt

ekinaM (Parametre) s okLrfod σ la[;kvksa ω ds lkFk ,d lfEeJ la[;k
(Complex Number) s = σ + iω gSA lekdy vFkZ ml Qyu ds izdkj ij fuHkZj
djrk gS ftl ij ge fopkj dj jgs gSaA lekdy ds vfLrRo ds fy, t:jh izfrcaèk
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;g gS fd (0, ) ij ƒ lkehI; lekdY; (Neighborhood Integrable) gksuk pkfg,
lkehI; lekdY; (Neighborhood Integrable) Qyuksa ds fy, tks vuar ij {k;
(Decay) gksa ;k ?kkrkadh (Exponential) izdkj ds gksa lekdy dks yscsxs lekdyu
(Lebesgue Integral) le>k tk ldrk gS gkykafd vusd vuqiz;ksxksa esa ;g vuar ij
vfHklj.k (Convergent) laxr (Improper) lekdy ekuk tkrk gSA bl :i okys
yscsx lekdy ds ,d ifjfer cksjsy eki (Borel Measure)  ds }kjk ykIykl
:ikUrj.k (Transformation) dks ifjHkkf"kr fd;k tk ldrk gSA

0,
( ) sts e d t

,d fo'ks"k :i esa μ izkf;drk ?kuRo dh eki ;k vfèkd Bhd&Bhd dgsa rks
fMjkd MsYVk Qyu (Dirac Delta Function) gSA lafØ;kRed (Operational) dyu
(Calculus) esa ,d eki dk ykIykl :ikUrj.k forj.k Qyu (Distribution Function)

ƒ dh eki ekuk tkrk gSA fuEu fLFkfr esa O;atd (Expression) fuEu Lo:i (Form)

okyk gksrk gS%

0
( ) stf s e f t dt

;gka fuEu lhek (Lower Limit) 0– ,d laf{kIr ladsru gS] ftldk vFkZ gS

lim
O

A

;g lhek (Limit) bl ckr ij tksj nsrh gS fd 0 ij fLFkr dksbZ fcUnq ykIykl
:ikUrj.k }kjk izkIr (Acquired) gksrk gSA

(Bilateral Laplace Transform)

tc fcuk izfrcaèk (Condition) ds ykIykl :ikUrj.k ifjHkkf"kr fd;k tkrk gS rc
izk;% ,dy ik'ohZ; (Unilateral) ;k ,di{kh; :ikUrj.k ij fopkj fd;k tkrk gS
oSdfYid :i ls lEiw.kZ okLrfod v{k (Entire Real Axis) ij lekdyu dh lhekvksa
dks foLrkfjr (Extend) dj ykIykl :ikUrj.k dks f}ikf'oZd (Bilateral) ;k
f}ikf'oZd ykIykl :ikUrj.k dh rjg ifjHkkf"kr fd;k tk ldrk gSA ;fn ,slk dj
fn;k x;k rks lkekU; ,di{kh; :ikUrj.k] f}ikf'oZd :ikUrj.k dk ,d fo'ks"k
izdj.k (Special Case) cu tk;sxk ftlesa Qyu dh ifjHkk"kk gSfolkbM pj.k
Qyu (Heaviside Step Function) ls xq.kk gks tkus ls :ikUrfjr gks tkrh gSA
f}ikf'oZd ykIykl :ikUrj.k dks bl izdkj ifjHkkf"kr fd;k tkrk gS%

( ) { ( )} ( ) stF s f t e f t dt

(Inverse Laplace Transform)

izfrykse ykIykl :ikUrj.k dks vusd ukeksa ls tkuk tkrk gS] tSls czksefop lekdy
(Bromwich Integral) Qwfj;j&esfyu lekdy (Fourier-Mellin Integral) rFkk esfyu
dk izfrykse lw= (Mellin's Inverse Formula), ;g fuEufyf[kr lafEeJ (Complex)

lekdy ds ekè;e ls crk;k tkrk gS%

1 1
( ) { ( )} lim ( )

2


iT
st

iTT
F t F s e F s ds

i
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tgka γ ,d okLrfod la[;k gS lekdyu dk iFk leksPp ekxZ (Contour

Path) F(s) ds vfHklj.k dk {ks= (Region of Convergence) gksxkA

(Region of Convergence)

;fn ƒ ,d LFkkuh; lekdY; Qyu (Locally Integrable Function) gSA rc mldk
ykIykl :ikUrj.k F(s) vfHklj.k (Converge) djsxk%

0
lim ( )

R
ts

R
f t e dt

;fn uhps fn;k x;k lekdy vfLrRoku gksxk rks ykIykl :ikUrj.k fujis{k
fuEu :i ls vfHklj.k (Converge) djsxkA

0
( ) tsf t e dt

ykIykl :ikUrj.k dks izk;% l'krZ vfHklj.k (Convergent) le>k tkrk gS
bldk vFkZ gS fd ;g nwljs n`f"Vdks.k dh rqyuk esa igys ls vfHklj.k (Converge)

djrk gSA ekuksa dk og leqPp; ftuds fy, F(s) iwjh rjg vfHklj.k djrk gS ;k
rks Re{s} > a :i okyk ;k Re{s}  a :i okyk gksxk tgka a ,d foLrkfjr
okLrfod fu;rkad (Extended Real Constant) gS tcfd –  a  ;g izHkkoh
vfHklj.k izes; (Dominated Convergence Theorem) dk ikyu djrk gS ;gka a iw.kZ
;k fujis{k (Absolute) vfHklj.k (Convergence) dk Hkqt (Abscissa) dgykrk gS
vkSj ;g ƒ(t) ds of̀) izÑfr (Growth Behavior) ij fuHkZj djrk gS blh rjg
f}i{kh; :ikarj.k a < Re{s} < b ls cuh ,d iV~Vh esa iwjh rjg vfHklj.k djrk gS
tks laHkkfor :i ls js[kkvksa Re{s} = a ;k Re{s} = b ds vfLrRo esa gksrh gSA s ds
mu ekuksa dk milewg (Subset) ftuds fy, ykIykl :ikUrj.k iwjh rjg vfHklj.k
djrk gS] ije vfHklj.k dk {ks= vfHklj.k (Region of Absolute Convergence) ;k
ije vfHklj.k (Absolute Convergence) dh ijkl ;k {ks= (Domian) dgykrh gSA
f}i{kh; ds izdj.k esa bls dHkh&dHkh ije vfHklj.k dh iV~Vh (Strip of Absolute

Convergence) Hkh dgk tkrk gSA ije vfHklj.k (Absolute Convergence) ds {ks=
(Region) esa ykIykl :ikUrj.k fo'ys"k.kkRed gksrk gSA

blh izdkj ekuksa dk og leqPp; ftlds fy, F(s) vfHklj.k djrk gSA ¼l'krZ
;k fujis{k½ dks l'krZ vfHklj.k dk {ks= (Region of Conditional Convergence) ;k
dsoy vfHklj.k dk {ks= (Region of Convergence) dgrs gSaA ;fn ykIykl :ikUrj.k
s = s

0 
ij ¼l'krZ½ vfHklj.k djrk gS rc ;g Lor% gh mu lHkh s ds fy, Hkh vfHklj.k

djsxk ftuds fy, Re{s} > Re{s
0
} blfy, vfHklj.k dk {ks= Re{s} > a ds izdkj

dk ,d vèkZry (Half-Plane) gksxk ftlesa laHko gS fd lhekjs[kk Re{s} = a ds dqN
fcUnq lfEefyr gksa] vfHklj.k dk {ks= Re{s} > Re{s

0
} esa ƒ dk ykIykl :ikUrj.k

dks [k.M'k% lekdyu (Integrative By Parts) ds lekdyu dh rjg O;Dr fd;k tk
ldrk gSA

0

0 0
( ) s s tF s s s e t dt ] 0

0

u s tu e f t dt

bl izdkj vfHklj.k ds {ks= F(s) dks izHkko'kkyh :i ls fdlh vU; Qyu ds
fujis{k :i (Absolutely) vfHklj.k (Convergent) ykIykl :ikUrj.k ds ekè;e ls
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n'kkZ;k tk ldrk gS fo'ks"k rkSj ij og fo'ys"k.kkRed gksxk] isys&ohbuj izes;
(Paley-Wiener Theorem) ds :i esa ,slh vusd izes; vfLrRo esa gS tks f ds {k;
xq.kèkeks± (Decay Properties) rFkk vfHklj.k ds {ks= ds varxZr ykIykl :ikUrj.k ds
xq.kksa ds ckjs esa crkrh gSA

vody lehdj.k vkSj muds laxr izkjafHkd (Initial) rFkk lkFk gh lkFk lhek
eku (Boundary Value) leL;k,a ykIykl :ikUrj.k fofèk ls gy dh tk ldrh gSA
gy izkIr djus dh fn'kk esa rhu vkèkkjHkwr pj.k (Step) gksrs gSa&

 nh x;h dfBu leL;k dk ,d ljy lehdj.k (Subsidiary Equation) esa
:ikUrj.k (Transformation) ¼lgk;d lehdj.k½A

lgk;d lehdj.k (Subsidiary Equation) dks gy djus ds fy, fo'kq)
chtxf.krh; :ikUrj.k (Purely Algebraic Modifications) dk iz;ksx fd;k tkrk gSA

 lgk;d lehdj.k dk mÙkj iqu% nh x;h leL;k dk mÙkj Kkr djus ds
fy, :ikUrfjr (Transformed) fd;k tkrk gSA

blls gksdj ykIykl :ikUrj.k ,d vody lehdj.k ds ewY;kadu dh
leL;k dks ifjofrZr dj ,d chtxf.krh; leL;k cukus esa lgk;rk djrk gSA
Qyu rFkk muds :ikUrj.kksa dh lkj.kh bl Qyu dks ,d vklkuh ls izfr:i.k
djus okyk cuk nsrs gSa ,slh lkj.kh dh Hkwfedk dyu (Calculus) esa lekdy lkj.kh
(Integral Table) ds lerqY; gS] ;g lkj.kh bl vè;k; ds var esa nh x;h gSA

,d ,sls fn, x, Qyu f(t) ij tks lHkh t  0 ds fy, ifjHkkf"kr gS ij fopkj
dhft,] f(t) dks ste  ls ls xq.kk dj t dks 'kwU; ls vuar rd lekdfyr dhft, ;fn
lacafèkr lekdy vfLrRo j[krk gS rFkk dqN eku ds lkFk rks ;g s dk Qyu gksxk
rFkk F(s) }kjk n'kkZ;k tk;sxkA

   



0

dttfesF st

s dk ;g Qyu F(s) ewy Qyu f(t) dk ykIykl :ikUrj.k gS rFkk  fL  }kjk

n'kkZ;k tkrk gS bl izdkj

     



0

dttfefLsF st
(2.1)

;gka ewy Qyu f(t) ij fuHkZj gS rFkk u;k Qyu F tks mldk :ikUrj.k
(Transform) gS tks fd s ij fuHkZj gS og izfØ;k tks fn, x;s f(t) ls F(s) iznku
djrh gS ykIykl :ikUrj.k dgykrh gSA

lehdj.k ¼2-1½ esa ewy Qyu f(t) dks izfrykse (Inverse) dgrs gSa rFkk  FL 1

ls n'kkZrs gSa bls ,sls fy[kk tkrk gS%

   FLtf 1
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ewy Qyu NksVs v{kjksa (Lowercase Letters) ls rFkk muls lac) :ikUrj.k mUgha
v{kjksa ds 'kh"kZ (Captial) ls n'kkZ;s tkrs gSa tSls F(s), f(t) ds :ikUrj.k (Transform)

dks n'kkZrk gS tcfd Y(s), y(t) ds :ikUrj.k dks n'kkZrk gSA

 ;fn   1tf  t  0 ds fy, gS rc F(s) Kkr djsaA

lehdj.k ¼2-1½ ls lekdyu dk iz;ksx djds gesa izkIr gksxk]

   
s

e
s

dteLfL stst 1
|

1
1 0

0

 


  (s > 0)

;g ladsru (Notation) i;kZIr gS ;gka lehdj.k ¼2-1½ esa ledy dk varjky
(Interval) vuar gS vkSj bls laxr lekdyu (Improper Integral) dgk tkrk gSA
fu;ekuqlkj]

    




 

T
st

T

st dttfedttfe
00

min

blfy, ladsru dk vFkZ gS

s
e

s
e

s
e

s
dte sT

T

T
st

T

st 111
min

1
min 0

00





 



 








   (s > 0) ds fy,]

t  0 ds fy, ekuk   atetf  gS tgka a ,d fu;rkad gS pj ?kkrkadh

Qyu dk L( f ) Kkr dhft,A

lehdj.k ¼2-1½ dk iz;ksx djus ij gesa feysxk]

    


 
 0

0

|
1 tasatstat e

sa
dteeeL

;fn 0 as  rc gesa izkIr gksxk]

 
as

eL at




1

ykIykl :ikUrj.k dh js[kh;rk (Linearity of the Laplace Transform)

ykIykl :ikUrj.k ,d jSf[kd lafØ;k (Linear Operation) gS bldk vFkZ gS dksbZ
Qyu f(t) rFkk g(t) ftudk ykIykl :ikUrj.k vfLrRo (Exist) j[krk gS rFkk
fu;rkad a rFkk b gS%

          tgbLtfaLtbgtafL 

(Proof) % nh xbZ ifjHkk"kk }kjk]

    tbgtafL   =     


 
0

dttbgtafe st

=    





 
00

dttgebdttfea stst
.

=      tgbLtfaL  .
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 izes; 2-1 dk iz;ksx djrs gq, L(f) Kkr dhft, ;fn

   atat eeattf 
2

1
cosh

izes; 2-1 rFkk mnkgj.k 2-2 dk mi;ksx djrs gq,

      











 

asas
eLeLatL atat 11

2

1

2

1

2

1
cosh

mHk;fu"B gj (Common Denominator) ysrs gq, tcfd s > a ( 0)

 
22

cosh
as

s
atL




fofHkUu ifjfLFkfr;ksa esa vody lehdj.k dk gy fcuk fdlh dfBukbZ ds çfrLFkkiu
(Substitution) }kjk tkapk tk ldrk gS blfy, bls dksbZ cM+h izk;ksfxd leL;k ugha
dgk tk ldrkA ,d fuf'pr (Fixed) s ds fy, lehdj.k ¼2-1½ dk ledy
vfLrRoku gksxk (Will Exist) ;fn _.kkRed ?kkrkad ds lkFk ,d pj ?kkrkadh Qyu
(Exponential Function) ds fy, t  gksus ij lEiw.kZ lekdY; (Integrand )  tfe st

'kwU; gks bldk rkRi;Z gS fd  tf  Lo;a kte  ls vfèkd 'kh?kzrk ls o`f) ugha gksuh
pkfg,A

ekuk fd f(t) ,d Qyu gS tks [0, A] ij ¼çR;sd A > 0 ds fy,½ [k.M'k%

(Piecewise½ lrr~ gS rFkk | ( )f t Me  ds lkFk vuar ij ,d pj?kkrkadh dksfV

(Exponential Order) j[krk gSA rc tks ykIykl #ikUrj.k s >ds fy, ifjHkkf"kr

gksxk og f  gksxk s {ks= (Domain)  ( )f vko';d ugha fd

Qyu f(t) lrr~ gks] [k.M'k% lrrrk (Piecewise Continuity) izk;ksfxd egRo
(Practical Importance) dh gS D;ksafd vlrr izfof"V;ksa ds fy, ykIykl :ikUrj.k
fofèk vkaf'kd :i ls mi;ksxh gksrh gSA ifjHkk"kkuqlkj ,d ifjfer varjky a  t

 b esa ,d Qyu f(t) [k.M'k% (Piecewise) lrr~ gS og ml varjky ds fy,
ifjHkkf"kr gksxk vkSj ,sls varjky (Interval) dks ,sls ifjfer la[;k esa vusd varjkyksa
esa mifoHkkftr (Subdivide) fd;k tk ldrk gS ftuesa ls çR;sd esa f(t) lrr gS vkSj
,slh gh ifjfer lhek (Limit) j[krk gS fd tSls t vkarfjd dh vksj ls mifoHkktu
(Sub Division) ds vUr fcUnq (End Points) dh vksj iagqprh gSA

(Existene Theorem

for Laplace Transform)

ekuk  tf  ,d Qyu gS jsat (Range) 0t  ds çR;sd ifjfer varjky esa [k.M'k%

lrr (Piecewise Continuous) gS rFkk bls larq"V djrk gS%

  ktMetf   lHkh ds fy, t  0 (2.2)
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fdUgha fu;rkadksa k rFkk M ds fy,] rc lHkh s > k ds fy, f(t) dk ykIykl
:ikUrj.k vfLrRo esa jgsxkA

(Proof)  pwafd f(t) [k.M'k% lrr~ gS] t&v{k ds fdlh Hkh ifjfer varjky

esa  tfe st  lekdyuh;  (Integrable) gksxkA lehdj.k ¼2-2½ esa ge s > k ysdj

fuEu O;atu izkIr dj ldrs gS]

      










00

||
ks

M
dteMedtetfdttfefL stktstst

;gka izfrcaèk s > k vafre lekdy ds vfLrRo ds fy, vko';d (Required)

gSaA vr% fl) gqvk (Hence Proved)A

izes; 2-2 dk izfrcaèk rc iz;ksx gksrk gS tc ge tkuuk pkgs fd D;k ,d
Qyu lehdj.k ¼2-2½ esa nh x;h Lo:i okyh vlekurk (Inequality) dks larq"V
djrk gS ;k ugha] mnkgj.k ds fy,]

 ,1,0!,cosh  nentet tnt lHkh  t > 0 ds fy,       (2.3)

dksbZ Qyu tks lHkh t  0 ds fy, fujis{k eku esa ckè; (Bounded) gS vFkkZr~
okLrfod pjksa ds T;k (Sine) rFkk dksT;k (Cosine) Qyu çfrcaèk dks larq"V djrs
gSA ,d Qyu tks lehdj.k ¼2-2½ esa fn, x;s Lo:i (Form) ds lacaèk dks lqfuf'pr

ugha djrk pj ?kkrkadh (Exponential) Qyu 2te  gS D;ksafd lehdj.k ¼2-2½ esa gekjs

ikl cg̀n M rFkk k gkasxs]

ktt Mee 
2 lHkh ds fy,  t > t

0
,

;gka t
0
 ,d i;kZIr :i ls cM+h la[;k gS tks M rFkk k ij fuHkZj djrh gSA

çes; 2-2 esa fn, x;s çfrcaèk i;kZIr (Sufficient) gSa vfuok;Z (Necessary) ugha  gSA
mnkgj.k ds fy, Qyu t/1  t = 0 ij vuar gS ysfdu bldk :ikUrj.k vfLrRo

esa gksrk gSA ifjHkk"kk ls rFkk 







2

1  ds fy, gekjs ikl st = x ds fy, fuEu

O;atd gS%

  





 







0

2/1

0

2/12/1

2

111

ss
dxxe

s
dttetL xst 

.

(Uniqueness)

;fn ,d fn, x;s Qyu dk ykIykl #ikUrj.k vfLrRo j[krk gS rks og i`Fkd :i
ls fuèkkZfjr (Distinctly Determined) gksrk gSA

blds foijhr ;g Hkh fn[kk;k tk ldrk gS fd ;fn nks Qyu tks fd èkukRed
v{k ij ifjHkf"kr gSa vkSj leku #ikUrj.k j[krs gaS ,sls Qyu èkukRed nwjh ds ,d
varjky esa ifjofrZr ugha gksrs fofHkUu i`Fkd&iF̀kd fcUnqvksa ds foèkk (Different

Isolated Point) ij ifjorZu  Hkys gh gks tk;s] pwafd mi;ksfxrk esa ;g dksbZ lkFkZdrk
(Signifiance) ugha j[krk gS ;g dgk tk ldrk gS fd ,d fn, x;s #ikUrj.k dk
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çfrykse (Inverse) ewy:i ls vyx (Distint) gksrk gSA fo'ks"krkSj ij dgk tk; rks
;fn ,sls nks lrr Qyu gS tks leku #ikUrj.k (Transform) j[krs gaS os iwjh rjg
leku gksxsaA

1- xf.kr esa ykIykl :ikUrj.k D;ksa mi;ksx fd;k tkrk gS\

2- vki ,d Qyu dk ykIykl :ikUrj.k fdl izdkj iznf'kZr djsaxs\

3- ykIykl :ikUrj.k esa iz;qDr rhu ewyHkwr pj.kksa dks fyf[k,A

4- ykIykl :ikUrj.k dk js[kh; izes; fyf[k,A

5- ykIykl :ikUrj.k ds fy, vfLrRo izes; dks ifjHkkf"kr djsaA

(Proof of the

Laplace Transform of a Function's Derivative)

ykIykl :ikUrj.k ds vodyt xq.k (Differentiation Properties) dk mi;ksx ,d
Qyu ds vodyt dks Kkr djus esa izk;% lqfoèkktud gksrk gSA ;g fuEukuqlkj
ykIykl :ikUrj.k ds ekSfyd O;atu (Basic Expression) ls O;qRiUu fd;k tk
ldrk gS%

¼[k.M'k%½

blls gesa izkIr gksrk gS%

f}ikf'oZd (Bilateral) izdj.k esa]

lkekU; ifj.kke%

;gka fn, f dk noka vodyt gS] tks vkxeukRed rdZ (Inductive Argument) ds
lkFk vkèkkjHkwr rF; gSA
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(Laplace Transform of the Derivative)

eku yhft, y(t) dk ykIykl :ikUrj.k Y(s) gS rc y(t) dk ykIykl #ikUrj.k
gksxk]

0L y t s sY s y

f}rh; vodyt ds fy, gekjs ikl gS%

2 0 0L y t s s Y s sy y

noas vodyt ds fy, gekjs ikl]

1( ) 1 20 0 (0)nn n n nL y t s s Y s s y s y y

(Derivatives of the Laplace Transform)

ekuk y(t) dk ykIykl :ikUrj.k Y(s) gS rc]

1
n

nn
n

d Y
L t y t s s

ds

ge t sin (t) dk ykIykl #ikUrj.k bl çdkj Kkr djrs gSa]

22 2

1 2
sin

1

d s
L t t

ds s s a

ykIykl :ikUrj.k ,d fofèk gS ftldk mi;ksx vody lehdj.kksa ds gy
Kkr djus esa fd;k tkrk gS] ykIykl :ikUrj.k dyu dh lafØ;kvksa dks chtxf.krh;
lafØ;kvksa (Algebraic Operation) ls çfrLFkkfir dj nsrk gS] f(t) dk vodyu L(s)

ds s ls xq.ku rFkk f(t) dk lekdyu L(f) ds s ls foHkktu çfrLFkkfir gks tkrk gSA

f(t)

ekuk fd lHkh  0 ds fy, f(t) lrr~ gS] dqN k rFkk M dks larq"V djrk gS rFkk ,d

vodyt  tf   j[krk gS tks jsat (Range) t 0  esa izR;sd ifjfer varjky esa

[k.M'k% (Piecewise) lrr~ gSA rc tc s > k  rc vodyt  tf   dk ykIykl

:ikUrj.k vfLrRo esa gksxk rFkk

     0ffsLfL  for  (s > k) ds fy,

(Proof) ml fLFkfr ij fopkj dhft, tc lHkh t  0 ds fy,  tf   lrr

gSa rc ifjHkk"kk ls rFkk [k.M'k% lekdyu ds }kjk gekjs ikl gS%

        





 
00

0| dttfestfedttfefL ststst

pwafd f larq"V djrk gS tc s > k  gS rc nka;h vksj dk lekdfyr Hkkx mPp
lhek (Upper Limit) ij 'kwU; gS rFkk fuEu lhek (Lower Limit) ij bldk
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;ksxnku  0f  gSA rFkk fuEu lhek (Integral) s > k ds fy, vfLrRoku gS blls ;g

fl) gksrk gS fd nka;h vksj dk O;atd rc vfLrRo esa gksxk tc s > k rFkk

   tsLf  0  ds rqY; gksxk ifj.kkeLo:i L(f) vfLrRo esa gksxk tcfd s > k]

;fn vodyt   tf   [kM'k% lrr~ gS rc izek.k i;kZIr ls leku gh gksxhA bl

çdj.k esa ewy lekdy esa tks f(t)  ds fy, Hkh foLrkfjr dh tk ldrh gSA

n

ekuk f(t) rFkk mlds vodyt       tftftf n 1,,,    lHkh t  0 ds fy, lrr

Qyu gSa] dqN k rFkk M dks larq"V djrs gS ekuk vodyt  nf (t) jsat (Range)

t  0 esa çR;sd ifjfer varjky esa [k.M'k% lrr~ gS rc ykIykl :ikUrj.k vfLrRo
esa gksxk tcfd s > k gks vkSj bl çdkj fn;k tk;sxk]

           000 121   nnnnn ffsfsfLsfL 

 ;fn   2ttf   rc  1L ls  fL  dk O;qRiUu djsaA

pawfd       2,00,00  tfff  rFkk     sLL /2122 

gesa çkIr gksxk

     2 ,
2

2 fLs
s

LfL   blfy,   3
2 2

s
fL 

 tcos dk ykIykl :ikUrj.k O;qRiUu dhft,A

eku k   ttf cos  rc    tfttf 22 cos    lkF k gh

    00,10  ff  vc ge :ikUrj.k (Transform) ysrs gSa    fLfL 2

gesa çkIr gksxk      22 ,  sfLsfLfL

blfy,    
22

cos






s

s
tLfL

 ;fn   ttf 2sin  rc  fL  Kkr djsaA

fn;k gS]     ttttff 2sincossin2,00 

blls çkIr gksxk]

   
4

2
2sin

2



 fsL

s
tL . ;k    4

2
sin

2
2




ss
tL

 ;fn  f(t)= t sin t rc L(f) Kkr djsaA

fn;k gS fd f(0) = 0 rFkk

  ttttf  cossin  ,

  00 f
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  ttttf  sincos2 2

   =  tft 2cos2   ,

lkFk gh,

       fLsfLtLfL 22cos2   .

tcos  ds ykIykl :ikUrj.k ds fy, lw= dk iz;ksx djus ij] gesa izkIr gksxk

     
22

22 2
cos2






s

s
tLfLs

blls fuEu ifj.kke fudy dj vk;sxk]

   222

2
sin






s

s
ttL

(Laplace Transform of

the Integral of a Function)

vodyu rFkk lekdyu ijLij foijhr izfØ;k,a gSaA blh dksfV esa ,d Qyu dk
vodyu mlds :ikUrj.k (Transform) esa s ds xq.ku ds laxr gksrk gSA ge vis{kk
djrs gSa fd ,d Qyu dk lekdyu mlds :ikUrj.k dks s ls foHkkftr djus ij
feyus okys ifj.kke ds laxr gksxsa D;ksafd foHkktu xq.ku dh izfrykse izfØ;k gSA

f(t) 

ekuk F(s) f(t) dk ykIykl :ikUrj.k gSa ;fn f(t) [k.M'k% lrr gS rFkk ,d
vlekurk (Inequality) dks larq"V djrk gS rc]

   sF
s

dfL
t 1

0









 

(s > 0, s > k) ds fy, ;fn Åij fy[ks x, lehdj.k ds nksuksa i{kksa dk dsoy
izfrykse :ikUrj.k (Inverse Transform) fy;k tk;s]

    





 

t

sF
s

Ldf
0

1 1

(Proof) ekuk f(t) [k.M'k% lrr~ gS rFkk dqN k rFkk M ds fy, lehdj.k
¼2-2½ dks larq"V djrk gS Li"Vr% ;fn lehdj.k ¼2-2½ ds fy, _.kkRed k gS ;g
èkukRed k ds fy, Hkh iz;ksx gksrk gS rc ge ;g eku ysrs gSa fd k  èkukRed gS rc
lekdy]

   
t

dftg
0



lrr~ gksxk vkSj lehdj.k ¼2-2½ dk iz;ksx djds gesa fdlh èkukRed t ds fy,
izkIr gksxk%

      ktkt
t

k
t

e
k

M
e

k

M
deMdftg   1||||

00

 
   for (k > 0).
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;g n'kkZrk gS fd g(t) Hkh lehdj.k ¼2-2½ esa fn, x;s Lo:i (Form) okyh

vlekurk dks larq"V djrk gS lkFk gh    tftg  , mu fcUnqvksa dks NksM+dj

ftuds fy, f(t) vlrr~ (Discontinuous) gS blfy, izR;sd ifjfer varjky ds fy,

 tg   [k.M'k% lrr gS rFkk ;g iznku djrk gS%

          0gtgsLtgLtfL  for  (s > k).

;gka Li"V gS fd   00 g , blfy, L(f) = sL(g).

6- ykIykl :ikUrj.k ds vodyt xq.k dk mi;ksx D;ksa fd;k tkrk gS\

7- fdlh Hkh n dksfV vodyt ds fy, ykIykl :ikUrj.k izes; dks fyf[k,A

(First Shifting Theorem)

;fn f(t) dk :ikUrj.k F(s) gS ¼tgka s > k½ rc tfeat ( ) dk :ikUrj.k F(s – a)

gksxk tgka s – a > k, lw= ds vuqlkj

    asFtfeL at 

;k ;fn ge nksuksa vksj izfrykse (Inverse) rks gesa izkIr gksxk%

    asFLtfeat  1 .

(Proof)  lekdy esa ge s dks s – a ls izfrLFkkfir dj F(s – a) izkIr dj
ldrs gSaa]

           tfeLdttfeedttfeasF atatsttas 





 
00

.

;fn dqN s tks dqN k ls cM+s gSa ftlds fy, F(s) vfLrRoku gksrk gS ¼vFkkZr~
ifjfer½ gksrk gS rc s – a > k  ds fy, izFke lekdy (First Integral) vfLrRo esa
gksxk] izes; dk f}rh; lw= (Second Formula)  izkIr djus ds fy, vc nksuksa i{kksa
dk izfrykse ysrs gSaA

 (Damped Vibration)

izFke LFkkukarfjr izes; ls gesa fuEufyf[kr mi;ksxh lw= izkIr gSa]

 
  22cos








as

as
teL at

 
  22sin






as

teL at
.

_.kkRed a ds fy, ;s f(t) voeafnr dEiu gSaA
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(Some Important Transform)

lkj.kh 2-1 esa dqN ewyHkwr :ikUrj.kksa] ftuesa dqN Qyu f(t) rFkk muds ykIykl
:ikUrj.k L(f) lfEefyr gSa] ftUgsa lwphc) fd;k x;k gS bu :ikUrj.kksa ls ge os
yxHkx lHkh :ikUrj.k izkIr dj ldrs gSa ftudh gesa vko';drk gksrh gSA

  tf   fL    tf   fL  

1 1 ½ 7 tcos  
22 s

s
 

2 T 1/s2 8 tsin  
22 


s

 

3 2t  2!/s3 9 atcosh  
22 as

s


 

4 nt  

 ,1,0n 9 
1

!
ns

n
 

10 atsinh s 
22 as

a


 

5 at  

(èkukRed) 

 
1

1



as

a
 

11 tcoseat   

  22 


as

as
 

6 ate  

as 
1

 
12 teat sin  

  22 

 as

 

(Proofs)% lkj.kh 2-1 esa lw= 1] 2] rFkk 3 lw= 4 ds gh fof'k"V izdj.k gSa
ge vkxeu (Induction) ds }kjk lw= 4 dks fl) dj ldrs gSaA ;g n = 0 ds fy,
lR; gS D;ksafd 0! = 1 gSA vc ge vkxeu ifjdYiuk (Induction Hypothesis) dks
ys ldrs gSa D;ksafd ;g fdlh Hkh èkukRed iw.kk±d n ij iz;ksx gksrh gS] ge [k.M'k%
lekdyu }kjk izkIr dj ldrs gSa&

   






 


0

0

0

111 1
|

1
dtte

s

n
te

s
dttetL nstnstnstn

t = 0 rFkk t ds fy, lekdy ds Lora= Hkkx (Integral Free Part) gSaA
nka;k Hkkx (n + 1)L(tn/s) ds rqY; gS blls rFkk vkxeukRed ifjdYiuk (Induction

Hypothesis) ls gesa fuEu lehdj.k izkIr gksxk%

       
21

1 !1!11


 









nn

nn

s
n

ss
nn

tL
s

n
tL .

;g lkj.kh 2-1 ds lw= 4 dks izekf.kr djrk gSA

lkj.kh 2-1 ds lw= 5 esa  1 a  xkek Qyu gS] ge st = x fuèkkZfjr djds

lw= 5 izkIr dj ldrs gSaA

  









 








00
1

0

1
dxxe

ss

dx

s

x
edttetL ax

a

a
xasta

tgka s > 0



ykIykl :ikUrj.k

66 Lo&vfèkxe
ikB~; lkexzh

è;ku jgs xSj&_.kkRed iw.kk±dksa n ds fy,   !1 nn   bl izdkj lw= 4 Hkh

lw= 5 dk vuqdj.k (Follows) djrk gSA

lkj.kh 2-1 ls rFkk izFke LFkkukUrj.k@foLFkkiu (Shifting) izes; ls ge ,d
vkSj egRoiw.kZ lw= rRdky izkIr dj ldrs gSa%

 
  1

!


 n
atn

as

n
etL .

mnkgj.k ds fy,    2/1 asteL at 

(Shifting)

(Dirac’s Delta Function)

bdkbZ pj.k Qyu ( )u t a

;g bdkbZ pj.k Qyu dk dk;Z lekU;rk ds lkFk n{k Hkh gSA tc ‘t’ dk eku
cM+k gksrk gS rks ‘u’ dk eku ges'kk 'kwU; rFkk ‘a’ ds eku ls Hkh NksVk gksrk gSA
ftlls fl) gS fd ‘t’ dk eku ‘a’ ds eku ls cM+k gSA

vodyu lehdj.kksa  dk mÙkj nsus ds fy, :ikUrj.k izfrykse :ikUrj.k ds Kkr
djus rFkk muls tqM+s vuqiz;ksxksa ds lacafèkr fofHkUu rduhdksa dh la[;k cgqr vfèkd
gSA :ikUrj.kksa (Transforms) F(s) ds vodyuksa rFkk lekdyksa ij fopkj fd;k
tkrk gS] ewy Qyu f(t) ds fy, buls lacafèkr izpkyuksa dks Hkh egRo izkIr gSA

bl ckr ij fopkj dhft, fd vodyu rFkk lekdyu ‘t’ lfe"V (Space)

dk ‘s’ lfe"V esa vfHkO;fDr :ikarfjr fd;k tk,A

(Differentiation of Laplace Transform)

ekuk fd F(s) Qyu f(t) dk ykIykl :ikUrj.k gS bldk vFkZ gS :ikUrj.k dh
ifjHkk"kk ls]

0
( ) ( ) ( )stF s f e f t dt

rc F(s) dk vodyu F(s) gksxk

0 0

( ) ( )st std d
F s e f t dt t e f t dt

ds ds

pwafd lekdyu t ds lkis{k fd;k x;k gS rc lekdy ds varxZr (Inside) ge
vodyu djrs gSa%

0

( ) ( ) ( )std
F s e t f t dt t f t

ds

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;fn ge Lo;a :ikUrj.k dk vodyu s ds lkis{k djrs gSa rc bldk ifj.kke
ewy Qyu esa –t dk xq.ku gksxk

;k F s t f t

vkSj QyLo:i F s t f t

;g Hkh n'kkZ;k tk ldrk gS fd ;fn f(t) vfLrRo izes; dh 'krks± dks larq"V
djrk gS rc mlds :ikUrj.k dk vody F(s) ;g gksxkA

     



0

dttfefLsF st

s ds lkis{k izkIr djus ds fy, lekdy fpUg ds vanj s ds lkis{k vody
djuk gksxk

    



0

dtttfesF st
.

ifj.kkeLo:i    sFfL   ;fn gS rc     sFttfL   ,d Qyu ds

:ikUrj.k dk vody gS ftlds laxr Qyu dks –t ls xq.kk fd;k x;k gSA

    ttfsFL 1

;g xq.k ledy dks :ikUrfjr djus esa lgk;rk djrk gSA

(Integration of Transforms)

iqu% :ikUrj.kksa dk lekdy Kkr djus dh fn'kk esa ge ykIykl :ikUrj.k dh
ifjHkk"kk dk iz;ksx djsaxsA

rc 
0

f s ds   bl izdkj ifjHkkf"kr gksxk

0 0 0
0 0 0

1
( ) )st st stF s d s e f t dt d s e d s fdt e f t dt

t
   

f t

t


;k 
0

f t
F s d s

t
 

rFkk 1

0

f t
F s d s

t
 

nwljh fn'kk ds fy,

blh izdkj ;fn f(t) vfLrRo izes; ds izfrcaèk dks larq"V djrk gS rFkk
f(t)/t dh lhek (Limit) esa t tSls nka;s ls t tSls ij igqaprk gS rc]
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   











s

sdsF
t

tf
L ~~ lHkh ds fy, (s > k),

bl izdkj ,d Qyu ds :ikUrj.k dk lekdyu f(t) dks t ls foHkkftr djus
ds }kjk fd;k tkrk gS blh rjg]

   
t

tf
sdsFL

s












 ~~1

okLro esa ifjHkk"kk ls ;g bl ckr dk vuqdj.k djrk gS fd]

    sddttfesdsF
s s

ts ~~~

0

~

  
  












vkSj ;g Hkh fn[kk;k tk ldrk gS fd voèkkj.kkvksa dk mi;ksx djds ge
lekdyu dh dksfV (Order of Integration) dk mRØe (Reverse) izkIr dj ldrs gSa
bl izdkj]

        
   
























s s

ts

s

ts dtsdetfdtsdtfesdsF
0 0

~~ ~~~~

tse
~  dk s~  ds lkis{k lekdy  te ts  /

~  iznku djrk gSA ;gka s~  ds ikfjr

nka;s lekdy te st /  ds rqY; gS blfy,]

     













t

tf
Ldt

t

tf
esdsF st

s 0

~~
 lHkh ds fy, (s > k)

 izfrykse ykIykl :ikUrj.k Kkr djsa ;fn Qyu 







 2

2

1ln
s

  gSaA

vodyu }kjk]

    2222

2

3

2

3

2

2

22

2

2
22

2
1

1
1ln

























s

s

sssss
s

sds

d

vafre lekurk dks çR;{k x.kuk ds ekè;e ls iwjh rjg ls tkapk tk ldrk
gS] vFkkZr] F(s) gSA ;g fn, x, Qyu ¼xquk & 1½ dk O;qRiUu gS] rkfd mlds
rnqijkar okyk lekdy F(s) gS] tks s ls  rd F(s) dk vfHkUu vax gSA lkj.kh 2-
1 ls ge çkIr djrs gSa]

  t
s

s

s
LFLtf 


cos222

2
22

11 









 

;g Qyu fLFkfr;ksa dks larq"V djrk gSA blfy,]

   
t

tf
sdsFL

s
L

s



























 


 ~~1ln 1

2

2
1 
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vafre ifj.kke gS]

 t
ts

L 
cos1

2
1ln

2

2
1 



















8- izFke LFkkukaUrj.k@foLFkkiu izes; fyf[k,A

9- :ikarj.kksa dk vodyu rFkk lekdyu fdl izdkj fd;k tkrk gS\

1- ykIykl :ikUrj.k dks Qwfj;j :ikUrj.k ls lacafèkr fd;k tk ldrk gSA
Qwfj;j :ikUrj tgka ,d Qyu ;k flXuy dks mldh daiu fofèk;ksa esa
ifjHkkf"kr gS ogha ykIykl :ikUrj.k ,d Qyu dks mld le; {k.kksa esa
ifjHkkf"kr gS] ewy ladsr le; ij fuHkZj gksrk gS vkSj blfy, ykIykl
:ikUrj.k ladsrd dh le; vfHkO;fDr {ks= dgykrk gSA

2- lHkh okLrfod la[;kvksa t  0 ds fy, ,d Qyu f(t) dk ykIykl :ikUrj.k
Qyu F(s) gksrk gSA tks fuEukuqlkj ifjHkkf"kr gksrk gSA

0
( ) { ( )} ( )stF s f t e f t dt

3- gy izkIr djus dh fn'kk esa rhu vkèkkjHkwr pj.k gksrh gS&

pj.k 1% nh x;h dfBu leL;k dk ,d ljy lehdj.k esa :ikUrj.k
¼lgk;d lehdj.k½

pj.k 2% lgk;d lehdj.k dks gy djus ds fy, fo'kq) chtxf.krh;
:ikUrj.k dk iz;ksx

pj.k 3% lgk;d lehdj.k dk mÙkj iqu% nh x;h leL;k dk mÙkj Kkr
djus ds fy, :ikUrfjr fd;k tkrk gSA

4- ykIykl :ikUrj.k dh js[kh;rk (Linearity of the Laplace Transform) %
ykIykl :ikUrj.k ,d jSf[kd lafØ;k (Linear Operation) gS bldk vFkZ gS
dksbZ Qyu f(t) rFkk g(t) ftudk ykIykl :ikUrj.k vfLrRo (Exist) j[krk
gS rFkk fu;rkad a rFkk b gS%

          tgbLtfaLtbgtafL 

5- ekuk  tf  ,d Qyu gS ijkl (Range) 0t  ds çR;sd ifjfer varjky esa

[k.M'k% lrr gS rFkk bls larq"V djrk gS%

  ktMetf    t  0 lHkh ds fy,
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fdUgha fu;rkadksa k rFkk M ds fy,] rc lHkh s > k ds fy, f(t) dk ykIykl
:ikUrj.k vfLrRo esa jgsxkA

6- ykIykl :ikUrj.k ds vodyt xq.k dk mi;ksx ,d Qyu ds vodyt dks
Kkr djus esa izk;% lqfoèkktud gksrk gSA

7- ekuk f(t) rFkk mlds vodyt       tftftf n 1,,,    lHkh t  0 ds fy,

lrr~ Qyu gSa] dqN k rFkk M dks larq"V djrs gS ekuk vodyt  nf (t) jsat

t  0 esa çR;sd ifjfer varjky esa [k.M'k% lrr~ gS rc ykIykl :ikUrj.k
vfLrRo esa gksxk tcfd s > k gks vkSj bl çdkj fn;k tk;sxk]

           000 121   nnnnn ffsfsfLsfL 

8- ;fn f(t) dk :ikUrj.k F(s) gS ¼tgka s > k½ rc tfeat ( ) dk :ikUrj.k

F(s – a) gksxk tgka s – a > k, lw= ds vuqlkj

    asFtfeL at 

;k ;fn ge nksuksa vksj izfrykse rks gesa izkIr gksxk%

    asFLtfeat  1 .

9- vodyu lehdj.kksa  dk gy nsus ds fy, :ikUrj.k izfrykse :ikUrj.k
fudkyus rFkk muls tqM+s vuqiz;ksxksa ds lacafèkr fofHkUu rduhdksa dh la[;k
cgqr vfèkd gSA :ikUrj.kksa F(s) ds vodyuksa rFkk lekdyksa ij fopkj fd;k
tkrk gS] ewy Qyu f(t) ds fy, buls lacafèkr izpkyuksa dks Hkh egRo izkIr gSA

bl ckr ij fopkj dhft, fd vodyu rFkk ledyu ‘t’ lfe"V dk ‘s’

lfe"V esa vfHkO;fDr :ikarfjr fd;k tk,A

 xf.kr esa ykIykl :ikUrj cgqr O;kid rkSj ij iz;qDr gksus okys lekdy
:ikUrj.k gS ftUgsa { ( )} f t }kjk fu#fir fd;k tkrk gSA ;g ,d okLrfod
rdZ t (t  0) ds lkFk ,d Qyu f(t) dk jSf[kd ladkjd gS tks mls ,d
lfEeJ rdZ s okys F(s) esa :ikUrfjr dj nsrk gSA

 ykIykl :ikUrj.k dks Qwfj;j :ikUrj.k ls lacafèkr fd;k tk ldrk gSA
Qwfj;j :ikUrj tgka ,d Qyu dks mldh daiu fofèk;ksa esa ifjHkkf"kr gS ogha
ykIykl :ikUrj.k ,d Qyu dks mlds le; {k.kksa esa ifjHkkf"kr gS] ewy
ladsr le; ij fuHkZj gksrk gS vkSj blfy, ykIykl :ikUrj.k ladsr dh
le; {ks= fu:i.k dgykrk gS

 :ikUrj.k esa& dyu lafØ;kvksa ls chth; lafØ;kvksa dh vksj LFkkukarj.k
lafØ;kRed dyu dgykrh gS tks vuqiz;qDr xf.kr dk ,d vfuok;Z Hkkx gS
vkSj fo'ks"k:i ls vfHk;kaf=dh ds lanHkZ esa iz;qDr fd;k tkrk gSA
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 tc fcuk izfrcaèk ds ykIykl :ikUrj.k ifjHkkf"kr fd;k tkrk gS rc izk;%
,di{kh; :ikUrj.k ij fopkj fd;k tkrk gS oSdfYid :i ls lEiw.kZ
okLrfod v{k ij lekdyu dh lhekvksa dks foLrkfjr dj ykIykl :ikUrj.k
dks f}ikf'oZd ykIykl :ikUrj.k dh rjg ifjHkkf"kr fd;k tk ldrk gSA
;fn ,slk dj fn;k x;k rks lkekU; ,di{kh; :ikUrj.k] f}ikf'oZd :ikUrj.k
dk ,d fo'ks"k izdj.k cu tk;sxk ftlesa Qyu dh ifjHkk"kk gSohlkbM pj.k
Qyu ls xq.kk gks tkus ls :ikUrfjr gks tkrh gSA

 izfrykse ykIykl :ikUrj.k dks vusd ukeksa ls tkuk tkrk gS tSls czksefop
lekdy Qwfj;j&esfyu lekdy rFkk esfyu dk izfrykse lw=A

 ykIykl :ikUrj.k dks izk;% l'krZ vfHklj.k le>k tkrk gS bldk vFkZ gS fd
;g nwljs n`f"Vdks.k dh rqyuk esa igys ls vfHklj.k djrk gSA

 fofHkUu ifjfLFkfr;ksa esa vody lehdj.k dk gy fcuk fdlh dfBukbZ ds
çfrLFkkiu }kjk tkapk tk ldrk gS blfy, bls dksbZ cM+h izk;ksfxd leL;k
ugha dgk tk ldrkA

 ;fn ,d fn, x;s Qyu dk ykIykl #ikUrj.k vfLrRo j[krk gS rks mls og
i`Fkd :i ls fuèkkZfjr gksrk gSA

 ykIykl :ikUrj.k ,d fofèk gS ftldk mi;ksx vody lehdj.kksa ds gy
dks Kkr djus esa fd;k tkrk gS] ykIykl :ikUrj.k dyu dh lafØ;kvksa dks
chtxf.krh; izpkyu ;k lafØ;k,a ls çfrLFkkfir dj nsrk gSA

 vodyu rFkk lekdyu ijLij foijhr izfØ;k,a gSa blh dksfV esa ,d Qyu
dk vodyu mlds :ikUrj.k esa s ds xq.ku ds laxr gksrk gS ge vis{kk djrs
gSa fd ,d Qyu dk lekdyu mlds :ikUrj.k dks s ls foHkkftr djus ij
feyus okys ifj.kke ds laxr gksxk D;ksafd foHkktu xq.ku dh izfrykse izfØ;k
gSA

 vodyu lehdj.kksa dk mÙkj nsus ds fy, :ikUrj.k izfrykse :ikUrj.k
fudkyus rFkk muls tqM+s vuqiz;ksxksa ds lacafèkr fofHkUu rduhdksa dh la[;k
cgqr vfèkd gSA :ikUrj.kksa F(s) ds vodyuksa rFkk lekdyksa ij fopkj fd;k
tkrk gS] ewy Qyu f(t) ds fy, buls lacafèkr izpkyuksa izpkyu dks Hkh egRo

izkIr gSA

  xf.kr esa ykIykl :ikUrj cgqr O;kid rkSj ij iz;qDr
gksus okys lekdy :ikUrj.k gS ftUgsa L{ f (t)} }kjk fu#fir fd;k tkrk gSA
;g ,d okLrfod rdZ t (t  0) ds lkFk ,d Qyu f(t) dk jSf[kd lapkyd
gS tks mls ,d lafeJ rdZ  s okys F(s) esa :ikUrfjr dj nsrk gSA

 tc fcuk 'krZ ds ykIykl :ikUrj.k

ifjHkkf"kr fd;k tkrk gS rc izk;% ,di{kh; :ikUrj.k ij fopkj fd;k tkrk
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gS oSdfYid :i ls lEiw.kZ okLrfod v{k ij lekdyu dh lhekvksa dks

foLrkfjr dj ykIykl :ikUrj.k dks f}i{kh; ykIykl :ikUrj.k dh rjg

ifjHkkf"kr fd;k tk ldrk gSA

1- ykIykl :ikUrj.k dk mi;ksx D;ksa fd;k tkrk gS\

2- f}ikf'oZd ykIykl :ikUrj.k vkSj izfrykse ykIykl :ikUrj.k ds chp
D;k varj gS\

3- vfHklj.k ds {ks= dks ifjHkkf"kr djsaA

4- ykIykl :ikUrj.k ds fy, vfLrRo izes; dh O;k[;k djsaA

5- ,d Qyu ds vodyt dk ykIykl :ikUrj.k dSls fd;k tkrk gS\

6- fdlh Hkh Øe n ds O;qRiUu ds fy;s ykIykl :ikUrj.k ij mnkgj.k ds
lkFk O;k[;k djsaA

7- vodyuksa rFkk lekdyksa dk ykIykl #ikUrj.k dSls fd;k tkrk gS\

8- izFke LFkkukUrj.k@foLFkkiu çes;ksa dks ifjHkkf"kr djsaA

9- ykIykl :ikUrj.k dks ;kstukc) rjhds ls dSls gy fd;k tkrk gS\

1- vody ;k varj lehdj.kksa dks gy djus esa ykIykl :ikUrj.k ds egRo ij
ppkZ djsaA

2- fuEufyf[kr ds ykIykl :ikUrj.k Kkr dhft, %

(i) 2t3 + 3t2 – 5t + 2

(ii) 3( 1)te 

(iii) (e3t + e–2t)2

(iv) sin at cos at

(v) sin3 bt

(vi) 3t2 + cos3 bt

(vii) sin at cos bt

3- fuEufyf[kr lehdj.kksa ds ykIykl :ikarj.k Kkr dhft, %

(i) t3e5t

(ii) e–t sin(2t + 3)

(iii) cosh at cos bt

(iv) sinh at sin bt

(v) 3t2e–3t + 5e3t cos 2t
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4- fuEufyf[kr lehdj.kksa ds ykIykl :ikarj.k Kkr dhft, %
(i) (2t + 1)sin 2t
(ii) (t + 2)cos 3t
(iii) t2 sin at
(iv) t2 cos at
(v) te–t cos2t

(vi) te–at sin at

5- fuEufyf[kr lehdj.kksa ds ykIykl :ikarj.k Kkr dhft, %

(i)
cosate at

t

 
(ii) 

2sin t

t

(iii)
2

sin 2t

t

 
 
 

(iv) 
2

sin at

at
 
 
 

(v)
1 ate

t



6- fuEufyf[kr lehdj.kksa ds ykIykl :ikarj.k Kkr dhft, %

(i) Kkr dhft, %

0

sint at
L dt

t

 
 
 


(ii) fl) dhft, %

0

( ) 1
[ ( )

t

s

f t
L dt L f t ds

t s

 
  

 
 

(iii) Kkr dhft, %

2

0

sint t
L dt

t

 
 
 


(iv) Kkr dhft, %

0

t att e
L dt

t

 
 
 


(v) Kkr dhft, %

0

[ cos ]
t

tL e t t dt 

7- fuEufyf[kr vkofèkd Qyu ds ykIykl :ikUrj.k dks Kkr dhft, %

(i) f(t) = E sin t,  0  t  ( / ) ds fy,] vkSj f(t + ( / ) = f(t), lHkh
ds fy, t.

(ii) f(t) = | cos t|
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(iii) f(t) = 0, 0 < t < ( / ) = –sin t ds fy,, ( / ) < t <
2
 ds fy,]

vkSj  f(t + 2( / )) = f(t), t lHkh ds fy,A

8- fuEufyf[kr fn, x, Qyuksa ds ykIykl :ikarj.kksa dks Kkr dhft, ;fn
fn;k gS fd f(t) ,d vkofèkd Qyu gS vofèk 2  dk]

(i) f(t) = et, 0 < t < 2 ds fy,

(ii) f(t) =  – t, 0 < t < 2ds fy,

(iii) f(t) = t2, ds fy, 0 < t < 2

(iv) f(t) = t, ds fy, 0 < t <  = 0,  < t <2ds fy,

(v)  f(t) = t, ds fy, 0 < t <  = 2 – t,  < t <2ds fy,

9- fuEufyf[kr dk izfrykse :ikUrj.k Kkr dhft, %

(i) 5

1

(3 4)p  (ii) 3

1

(2 3 )s

(iii)
2

4

2 5 2

( 1)

s s

s

 
 (iv) 2

2 1

( 4)

s

s




(v) 2

4 1

( 1)

s

s


 (vi) 2 2( 4)

s

s 

(vii)
2

2 2

3 2

( 4)

s s

s

 


10- fuEufyf[kr dk izfrykse :ikUrj.k Kkr dhft, %

(i) 2

1

( 4)s s  (ii) 2 2 2

1

( )s s a

(iii)
1

( 2)( 2)s s s  (iv) ( 2)( 7)

s

s s 

(v) (2 3)(3 5)

s

s s 

11- fuEufyf[kr lehdj.kksa ds ykIykl :ikUrj.k Kkr dhft, %

(i) L(2t2 – e–t)

(ii) L(t2 + 1)2

(iii) L(sin t – cos t)2

(iv) L(cosh2 4t)

(v) L{f(t)} if f(t) = 
0 0 2

4 2

t

t

tc

tc

(vi) L{t3 e–3t}

(vii) L{(t + 2)2 et}
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12- fl) dhft, fd ykIykl dk :ikUrj.k laHko gS %

3

0

3
sin

50
tte t dt


 

13- lehdj.k dk mi;ksx dj ds fuEufyf[kr lehdj.kksa dks gy djsa %

( )
( )

s

f t
L F u du

t

   
  

(i) Kkr dhft, %
2sin t

L
t

 
 
 

(ii) Kkr dhft, %

1 te
L

t

 
 
 

(iii) fuèkkZfjr dhft, %

3 cost

s

te t dt



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ykIykl :ikUrj.k dh ifjHkk"kk ds
vuqlkjA

izfrykseh; lw=

izFke vodyt

f}rh; vodyt

n ok¡ vodyt

lekdyu

laoyu lekdy

vuqekiu

's' lery esa LFkkukarj.k

la;qDr vuqekiu rFkk LFkkukarj.k
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Function Transforms
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3-0 ifjp;
3-1 mís';
3-2 izfrykse ykIykl :ikUrj.k
3-3 laoyu çes;
3-4 vpj xq.kkad ds lkFk jSf[kd vody lehdj.kksa dks gy djus esa ykIykl :ikUrj.k

dk vuqç;ksx
3-5 viuh izxfr tkafp, iz'uksa ds mÙkj
3-6 lkjka'k
3-7 eq[; 'kCnkoyh
3-8 Lo&ewY;kadu ç'u ,oa vH;kl
3-9 lgk;d ikB~; lkexzh

xf.kr esa] ,d Qyu F(s)  dk izfrykse ykIykl :ikarj.k (Inverse Laplace

Transform) dk [k.M'k% (Piecewise) lrr ;k fujarj Qyu vkSj ?kkrh; :i ls
çfrcaf/kr okLrfod Qyu (Real Function) f(t) dk :i gSA ;g fl) gks ldrk gS
fd] ;fn fdlh Qyu F(s) esa izfrykse ykIykl :ikUrj.k  (Laplace Transform) f(t)

gS] rks f(t) fof'k"V :i ls fu/kkZfjr fd;k tkrk gS ¼dsoy ,d fcanq ij ,d nwljs ls
fHkUu Qyuksa dks fuèkkZfjr djrs gq, yscsx (Lebesgue) dks 'kwU; ds :i esa ekirs gSa½A
;g ifj.kke igyh ckj 1903 esa eSfFk;kl yspZ (Mathias Lerch) }kjk fl) fd;k x;k
Fkk vkSj bls yspZ ds çes; (Lerch's Theorem) ds :i esa tkuk tkrk gSA ykIykl
:ikUrj.k (Laplace Transformation) vkSj izfrykse ykIykl esa ,d lkFk dbZ xq.k
gksrs gSa tks jSf[kd xfr'khy ç.kkfy;ksa ds fo'ys"k.k ds fy, mUgsa mi;ksxh cukrs gSaA

bl bdkbZ esa vki izfrykse ykIykl :ikUrj.kksa] laoyu çes; vpj xq.kkad okys
jSf[kd vody lehdj.kksa dks gy djus esa ykIykl :ikUrj.k ds vuqç;ksx ds ckjs
esa v/;;u djsaxsA

bl bdkbZ dks i<+us ds ckn vki&

 izfrykse ykIykl :ikUrj.k dks ifjHkkf"kr djus esa l{ke gksaxs(

 laoyu çes; dh O;k[;k dj ik,axs(

 vpj xq.kkad ds lkFk jSf[kd vody lehdj.kksa dks gy djus esa ykIykl

:ikUrj.k dk vuqç;ksx dj ik,axsA
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vc ge izfrykse ykIykl :ikUrj.k (Laplace Transformation) dks ifjHkkf"kr dj
ldrs gSa %

fn;k gqvk gSa fd ,d Qyu (Function) (s)] tks izfrykse ykIykl :ikUrj.k

gS F dk] ftls [F] }kjk n'kkZ;k tkrk gS] og Qyu (f) gS ftldk ykIykl

:ikUrj.k F gSA

la{ksi esa]

ges'kk t  0 ekuus ij ge izkIr djrs gSa fd [F] ds fy, mijksä ifjHkk"kk
lqLi"V gSA bl ifjHkk"kk esa] fuf'pr :i ls] ge ekurs gSa fd F(s) dks dqN Qyu (f)
ds fy, f(t) ds :i esa fn;k tk ldrk gSA

fn;k x;k gS]

pwafd

 

blh izdkj n'kkZ, fd]

gekjs ikl gS]

;s lR; gS fd]

izkIr fd, x, çR;sd f(t) ds fy, F(s) dks i<+us ds ctk;] çR;sd F(s) ds fy,
f(t) dks i<+saA

tSlk fd vki igys gh ns[k pqds gksaxs] izfrykse :ikUrj.k ds Qyuksa (s) dks cM+s
jkseu v{kjksa }kjk n'kkZ;k tkrk gS] vkSj blh çdkj (t) ds Qyu dks NksVs jkseu la[;k
(Roman Number) }kjk n'kkZ;k tkrk gSaA ;s rduhd ladsr ykIykl :ikUrj.k (Laplace

Transforms) ds fy, igys ls fu/kkZfjr fd, x, rduhd ladsr ds vuq:i gSaA

gesa ;g Hkh /;ku nsuk pkfg, fd okD;ka'k izfrykse (Phrase Inverse) ykIykl
:ikUrj.k ;k rks izfrykse :ikUrfjr Qyu (f) ;k (g) ls F dh x.kuk djus dh
çfØ;k dks lanfHkZr dj ldrk gSA

oSls] izfrykse ykIykl :ikUrj.k dh x.kuk djus ds fy, ,d lw= gS tks fuEu
fn;k x;k gS]
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;gka iw.kZ lkaf[;d lfEeJ lery (Complex Plane) esa ,d iafä ls vf/kd gS]
vkSj  ,d mi;qä :i ls pquk gqvk èkukRed eku (Positive Value) gSA

 (Linearity of the Inverse Transform)

rF; ;g gS fd izfrykse ykIykl :ikUrj.k js[kh; :ikUrj.k dh jSf[kdrk ls rqjar
ykIykl :ikUrj.k ds çdkj dk vuqlj.k djrk gSA ;g ns[kus ds fy,] vkb, fopkj
djsa fd [F(s) + G(s)] gS tgka  vkSj  dksbZ nks fu;rkad gSa vkSj F vkSj G dksbZ
nks Qyu gSa] ftlds fy, ykIykl :ikUrj.k vfLrRo esa gSaA rduhd ladsr ds
vuqlkj] ge mu izfrykse :ikUrj.kksa dks (f) vkSj (g) }kjk fu:fir djsaxsA vFkkZRk]

 vkSj 

;kn j[ksa] ;g iwjh rjg ls ,d gh gS fd]

vkSj 

D;ksafd ge igys ls gh tkurs gSa fd ykIykl :ikUrj.k jSf[kd gS] ge tkurs
gSa fd]

;g] (f) vkSj (g) ds fy, izfrykse :ikUrj.k dh ifjHkk"kk vkSj mijksä
ifjHkk"kkvksa ds lkFk nsrk gS]

bu lehdj.kksa dks okafNr ds :i esa dbZ Qyuksa vkSj fu;rkad dk mi;ksx
djds gy fd;k tk ldrk gS tks uhps ppkZ dh xbZ çes; nsrk gSA

 (Linearity of the

Inverse Laplace Transform)

izfrykse ykIykl :ikUrj.k jSf[kd gSA vFkkZRk]

tc çR;sd Ck ,d fu;rkad gksrk gS vkSj çR;sd Fk ,d ,slk Qyu gksrk gS
ftlesa izfrykse ykIykl :ikUrj.k gksrk gSA

dqN izfrykse :ikUrj.kksa dh x.kuk djus ds fy, jSf[kdrk dk mi;ksx djsaA

Kkr djsa

ge tkurs gSa fd]
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tks okafNr ifj.kke nsrk gSA blds ckn bldk mi;ksx vko';d izfrykse
:ikUrj.kksa dh x.kuk ds lkFk fd;k tk ldrk gS] rkfd ge xf.kr ds lcls iqjkus
;qfDr ls ,d ds lkFk jSf[kdrk dks tksM+ ldsa ¼1 ls xq.kk djds] bl izdj.k esa]
1 ¾ 3/3½A

‘1’  ls xq.kk djus ds lkFk&lkFk jSf[kdrk dk mi;ksx ckj&ckj fd;k tk,xkA

izfrykse ykIykl :ikUrj.k Kkr djsaA

ge tkurs gSa fd

vkSj

vxj,

tks fd dqN xf.krh; x.kukvksa ds mijkar gks tkrk gSA

(Partial Fractions)

ykIykl :ikUrj.k vody lehdj.kksa (Differential Equations) ds lkFk :ikUrj.k
dk mi;ksx djrs le;] gesa vDlj ,sls :ikUrj.k feyrs gSa] ftUgsa vkaf'kd fHkUuksa
(Partial Fractions) ds tfj, ifjofrZr fd;k tk ldrk gS] ftUgsa lkj.kh vkSj
jSf[kdrk dk mi;ksx djds vklkuh ls izfrykse :i fn;k tkrk gSA bldk eryc
gS fd vkaf'kd fHkUu va'kksa dh lkekU; fofèk ¼s½ fo'ks"k :i ls egRoiw.kZ gSaA vc rd
vki vkaf'kd fHkUu va'kksa dk mi;ksx djus ds lkFk vPNh rjg ls ifjfpr gks x, gSaA
;kn j[ksa] ewy fopkj ;g gS] vxj gekjs ikl nks cgqinksa (Polynomials) dk fHkUu gS]

vkSj P(s) dks nks NksVs cgqinksa esa foHkkftr fd;k tk ldrk gS]

                P(s) = P1(s) P2(s)
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fQj nks vU; cgqin Q
1
(s) vkSj Q

2
(s) fey ldrs gSa] rkfd

        

blds vykok] ;fn Q(s) dh dksfV P(s) dh dksfV ls de gS] rks çR;sd Qk(s)

dh dksfV lacaf/kr Pk(s) dh dksfV ls de gksxhA

(Inverse Transforms of

Shifted Functions)

ykIykl :ikUrj.k ds fy, fudkyh xbZ lHkh rRled dks izfrykse ykIykl :ikUrj.k
ds lanHkZ esa fQj ls fy[kk tk ldrk gSA gekjs fy, fo'ks"k eku izFke LFkkukarj.k
(Shifting) rRled gS%

tgk¡  vkSj a dksbZ fuf'pr okLrfod la[;k gSA izfrykse
:ikUrj.k ds lanHkZ esa] ;g gS

tgk¡  vkSj a dksbZ fuf'pr okLrfod la[;k (Real Number)

gSA bl rjg ls ns[kus ij] gekjs ikl mu Qyu ds izfrykse :ikUrj.kksa dks [kkstus
dk ,d mi;qZDr rjhdk gS ftUgsa gekjh lkj.kh ;k rkfydkvksa esa Qyu ds *LFkkukarj.k*
ds :i esa fy[kk tk ldrk gSA

 ekuk fd

;gka Li"V :i ls ̂ LFkkukar.k* gS a = 6 , vkSj mijksDr rRled dk iz;ksx djrs
gq, gekjs ikl gS]

(3.1)

vc gesa f (t) Kkr djuk gS] bl rF; ls fd]

ekuk fd X = s – 6 bl lehdj.k esa] rks gekjs ikl gSa]

bl izdkj]
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vkSj]

lehdj.k ¼3-1½ dks ysus ij ge izkIr djrs gSa]

izfrykse ykIykl :ikUrj.k ds vkèkkj ij Kkr djsa]

;fn Hkktd dks mi;qDr :i ls fHkUu fd;k tk ldrk gS] rks ge vkaf'kd fHkUuksa
dk mi;ksx djsaxsA ;g Hkktd mi;qDr :i ls fHkUu ugha gS ¼tc rd fd ge
lfEeJ la[;k dk mi;ksx ugha djrs gSa½A tc ,slk gksrk gS] rks dqN fu;rkad a ds
fy, in ‘s – a’ ds lanHkZ esa gj dks fQj ls fy[kus ds fy, oxZ dks iwjk djus dk
ç;kl djsaA ;gk¡]

vr%]

...(3.2)

fQj gesa Kkr djuk gS]  f (t) tks fd LFkkukarj.k ;k :ikUrj.k gSA ;gka]

ekuk fd X = s – 4 bl lehdj.k esa gekjs ikl gS]

tks ;g crkrk gS fd F (s) ds lw= gS]



ykIykl :ikUrj.k]
izfrykse vkSj vody

lehdj.kksa dks gy djuk

Lo&vfèkxe 87

ikB~; lkexzh

bl izdkj]

lehdj.k (3.2) dk mi;ksx djus ij ge]

laoyu çes; (Convolution Theorem) :ikarj.kksa ds xq.kksa ls lacaf/kr ykIykl :ikUrj.k
ds ,d vkSj vko';d vkèkkjHkwr xq.k (Basic Property) gSA dbZ ckj] ,slk gksrk gS fd
nks :ikUrj.kksa F(s) vkSj G(s) çnku fd, tkrs gSa ftuds izfrykse f(t) vkSj g(t) Kkr
gksrs gSa] vkSj xq.ku H(s) = F(s)G(s) dh x.kuk mu Kkr izfrykse f(t) vkSj g(t) ls dh
tkuh gSA bl izfrykse h(t) dks (f * g)(t) fy[kk tkrk gS] tks ,d ekud ladsru gS]
vkSj f vkSj g dk (Convolution) dgykrk gSA

 (Convolution Theorem)

blfy, f(t) vkSj g(t) (Existence Theorem) dh ifjdYiuk dks
iwjk djrs gSaA fQj muds :ikUrj.kksa dk xq.ku vkSj f(t) vkSj g(t) ds laoyu
(Convolution) h(t) dk :ikUrj.k gS] ftls blds }kjk (f * g)(t) dks ifjHkkf"kr fd;k
tkrk gSA vkSj]

         
t

dtgftgfth
0

* 

 bl izes; dks G(s) dh ifjHkk"kk ls izekf.kr fd;k tk ldrk gS vkSj f}rh;

LFkkukarj.k izes; dk mi;ksx fd;k tkrk gS] izR;sd fuf'pr  0  ds fy, ge

izkIr djrs gSa]

        tutgLsGe s

=    


 
0

dttutge st 

=  


 


 dttge st

tgka s > k. blls rFkk F(s) dh ifjHkk"kk ls ge izkIr djrs gSa]

           





 


  ddttgefdsGfesGsF sts

00
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tgka s > kA ;gka ge lekdy t dks  ls  rd vkSj fQj  dks 0 ls rd djrs gSaA

laoyu izes; dk iz;ksx djds H(t) dk izfrykse Kkr djsaA

    1

1

1

1

1

1
2222 








sss

sH .

ge tkurs gSa fd nkbZa vksj çR;sd xq.kd (Factor) esa izfrykse sin t gSA blfy,
ge tks laoyu çes; ls çkIr djrs gSa]

    ttHLth sin*sin1  

  
t

dt
0

sinsin 

  
tt

dttd
00

2cos
2

1
cos

2

1 

= ttt sin
2

1
cos

2

1
 .

1/s2 ds ikl gS izfrykse t vkSj 1/s vkSj laoyu izes; fl) djrk gS fd

  sss /1/1/1 23   dk izfrykse gS]

 
2

11*
2t

dt  .

 ;fn If     asssH  2/1  rks Kkr djsa h(t).

lkj.kh 2.1 ls gesa Kkr gS fd]

t
s

L 








2
1 1

,
ate

as
L 










 11

.

:ikUrj.k izes; dk iz;ksx djds vkSj fofHkUu Hkkxksa dk lekdyu djds gesa
mÙkj izkIr gksrk gS]

      
t

a
t

attaat deedeetth
00

*  

=  1
1

2
 ate

a
at

.

ykIykl :ikarj.k (Algebric Equation)] vpj xq.kkad okys jSf[kd vody lehdj.kksa
ds rhoz ls vkSj ;kstukc) lek/kku ds fy, ,d mi;qDr ;qfDr gSA ewy Mksesu esa
çkjafHkd fLFkfr;ksa ds lkFk vody lehdj.k dks gy djus ds fodYi ds :i esa] vkof̀Ùk
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Mksesu esa ,d ekufp=.k fy;k tkrk gS tgka dsoy ,d chth; lehdj.k (Algebraic

Equations) dks gy djuk gksrk gSA vody  lehdj.kksa dks gy djuk fp= 3-1 esa fn,
x, fn'kk&funsZ'kksa ds vuqlkj fd;k tkrk gS] ftlesa fuEufyf[kr rhu pj.k 'kkfey gksrs
gSa%

 ekufpf=r lef"V (Mapped Space) esa vody ;k varj lehdj.k dk
ifjorZu gksukA

 ekufpf=r lef"V esa chtxf.krh; lehdj.k dks gy djukA

 ewy lef"V esa lek/kku dk iwoZ :ikUrj.k djukA

 

vody lehdj.k gy

gy

-1 :ikarj.k :ikarj.k

chtxf.krh; lehdj.kekufp=r

ewy

vody lehdj.kksa dks gy djus dh fofèk ykIykl :ikUrj.k }kjk

fuEu mnkgj.kksa ls bl rF; dks le>kuk vklku gksxkA

ekuk fd vody lehdj.k  gS] ftldh
izkjfHkad fLFkfr  gSA

ge vody lehdj.k dks fuEu pj.kksa dh lgk;rk ls gy dj ldrs gSaA

 1:  

 2:  

 3:  lfEeJ Qyu (Complex Function) F(s) dks vkaf'kd fHkUuksa esa
fo?kfVr fd;k tkrk gSA

izfrykse ykIykl :ikUrj.k ls fn, x, vody lehdj.k dk gy izkIr djrs
gSa]

 fn, x, vody lehdj.kksa dks ykIykl :ikUrj.k dk iz;ksx djds
gy djsaA

 /;ku nsa fd ç.kkyh vkO;wg :i esa ugha fn;k x;k gS blfy, lek/kku esa vkO;wg
:i dh vko';drk ugha gSA rc ;g ç.kkyh vle:i (Non-Homogeneous) gSA
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vody lehdj.kksa dks gy djus ds fy, ykIykl :ikUrj.k dk mi;ksx djrs
gq,] ge nksuksa vody lehdj.kksa ds :ikUrj.k ij fopkj djrs gSa]

vc çkjafHkd fLFkfr dk mi;ksx djsa vkSj çkIr djus ds fy, ljy djsa]

fdlh ,d :ikUrj.k ds fy, bls gy djus ds fy,] iwoZ lehdj.k dks va'k
esa s ls vkSj gj dks –3 ls xq.kk djsa vkSj fQj tksM+sa rc gesa fuEu lehdj.k izkIr gksxk]

X
1
 dks gy djus ij]

vkaf'kd fHkUu ds }kjk]

izfrykse :ikUrj.k ls gesa izFke gy izkIr gksrk gSA

f}rh; gy ds fy, X
1
  dks fu"dkflr dj :ikUrj.k Kkr djrs gS X

2
  dk

bl fLFkfr esa f}rh; vody lehdj.k fuEu gksxk]

izFke gy ds lkFk lekdfyr (Integrating) djus ij]

f}rh; izkjafHkd fLFkfr dks iqu% mi;ksx dj ds ge lekdyu fLFkajkd ikrs gSa]
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f}rh; gy gS]

lHkh lehdj.kksa dks ,d lkFk j[k dj gesa gy feyrk gSA

 Kkr dhft, fd èkkjk i
1
(t) rFkk i

2
(t) usVodZ esa fn, x, fp=kuqlkj

gS rFkk tks L ,oa R ekius ds fy, lkekU; bdkbZ] v(t) = 100 oksYV ;fn 0  t 
0.5 lsds.M ,oa 0 gS rFkk i(0) = 0, i(0) = 0 fn;k gSA

fdjpkWQ oksYVst fu;e (Kirchhoff's Voltage Law) dk mi;ksx djds usVodZ
dh fofèk (Method of the Network) izkIr dh tk ldrh gSA

1 1 2 1

1
0.8 1 1.4 100 1

2
i i i i u t

2 2 11 i l i i  = 0.

0.8 ls Hkkx nsus ij gesa fuEu lehdj.k izkIr gksxk

1 1 2

1
3 1.25 125 1

2
i i i u t

2 1 2 0i i i

1 20 0, 0 0i i  ds lkFk ge f}rh; LFkkukUrj.k izes; (Second Shifting

Theorem) dks lgk;d lehdj.k ds :i esa izkIr djrs gSa%

/ 2

1 2

1
3 1.25 125

se
s I I

s s

1 21 0I s I .
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chtxf.krh; lafØ;kvksa }kjk gy 1I  vkSj 2I  izkIr lehdj.k fuEu gksxk:

/ 2
1

125 1
1

1 7
2 2

ss
I e

s s s

/ 2
2

125
1

1 7

2 2

sI e
s s s

,

xq.kd ds vHkko esa nkfguh vksj / 21 se  ds vkaf'kd fHkUu foLrkj ds :i dks
lekfgr djus ij]

500 125 625 500 250 250
,

1 7 1 77 7
3 21 3 21

2 2 2 2
s s

s s s s

,

iz;qDr lehdj.k 1
0

2
t  dk izfrykse :ikarj.k iznku djrk gS]

/ 2 7 / 2
1

125 625 500

3 21 7
t ti t e e

/ 2 7 / 2
2

250 250 500

3 21 7
t ti t e e

1
0

2
t

f}rh; LFkkukarj.k izes; }kjk 
1

2
t  gy ds fy, Øe'k% izfrLfkkiu }kjk izkIr

lehdj.k] 1

1

2
i t  vkSj 2

1

2
i t , Øe'k% izfrLFkkiu }kjk izkIr lehdj.k]

1/ 4 / 2 7 / 4 7 / 2
1

125 625
1 1

3 21
t ti t e e e e

1/ 4 / 2 7 / 4 7 / 2
2

250 250
1 1

3 21
t ti t e e e e

1

2
t

blh izdkj vody lehdj.k dh mPp dksfV dh iz.kkyh ykIysl :ikarj.k
fofèk dk iz;ksx djds gy dh tk ldrh gSA mPp dksfV dk vody lehdj.k mPp
O;qRiUu  x"(t), x"'(t), bR;kfn] ls lekfgr gS ;s xf.krh; izfr:i HkkSfrdh rFkk
vfHk;kaf=dh esa gksus okyh leL:kvksa ds lekèkku ds fy, iz;ksxdkjh lkfcr dh xbZ
gSA

1- izfrykse ykIykl :ikUrj.k D;k gS\

2- izfrykse ykIykl :ikUrj.k dh jSf[kdrk D;k gS\

3- laoyu izes; dks ifjHkkf"kr djsaA

4- ykIykl :ikUrj.k dks D;ksa mi;ksx djrs gSa\
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1- fn;k gqvk gSa ,d Qyu (s)] tks izfrykse ykIykl :ikUrj.k gS F dk] ftls

[F] }kjk n'kkZ;k tkrk gS] og Qyu (f) gS ftldk ykIykl :ikUrj.k F

gSA

la{ksi esa

ges'kk t  0 ekuus ij ge izkIr djrs gaS fd [F] ds fy, mijksä ifjHkk"kk
lqLi"V gSA bl ifjHkk"kk esa] fuf'pr :i ls] ge ekurs gSa fd F(s) dks dqN
Qyu (f) ds fy, f(t) ds :i esa fn;k tk ldrk gSA

2- izfrykse ykIykl :ikUrj.k jSf[kd gSA vFkkZRk]

tc çR;sd Ck ,d fu;rkad gksrk gS vkSj çR;sd Fk ,d ,slk Qyu gksrk gS
ftlesa izfrykse ykIykl :ikUrj.k gksrk gSA

3- laoyu çes; :ikarj.kksa ds xq.kksa ls lacaf/kr ykIykl :ikUrj.k dh ,d vkSj
vko';d vkèkkjHkwr xq.k gSA dbZ ckj] ,slk gksrk gS fd nks :ikUrj.kksa F(s) vkSj
G(s) çnku fd, tkrs gSa ftuds izfrykse f(t) vkSj g(t) Kkr gksrs gSa] vkSj xq.ku
H(s) = F(s)G(s) dh x.kuk mu Kkr izfrykse f(t) vkSj g(t) ls dh tkrh gSA
bl izfrykse h(t) dks (f * g)(t) fy[kk tkrk gS] tks ,d ekud laoyu gS] vkSj
f vkSj g dk laoyu dgykrk gSA

4- ykIykl :ikarj.k] pj xq.kkad okys jSf[kd vody ;k varj lehdj.kksa ds rhoz
vkSj ;kstukc) lek/kku ds fy, ,d mi;qDr ;qfDr gSA ewy Mksesu esa çkjafHkd
fLFkfr;ksa ds lkFk vody lehdj.k dks gy djus ds fodYi ds :i esa] vkof̀Ùk
{ks= esa ,d ekufp=.k fy;k tkrk gS tgka dsoy ,d chth; lehdj.k dks gy
djuk gksrk gSA

 fn;k gqvk gSa ,d Qyu (s)] tks izfrykse ykIykl :ikUrj.k gS F dk] ftls
–1[F] }kjk n'kkZ;k tkrk gS] og Qyu (f) gS ftldk ykIykl :ikUrj.k F
gSA

la{ksi esa

ges'kk t  0 ekuus ij ge ikrs gS fd [F] ds fy, mijksä ifjHkk"kk lqLi"V gSA
bl ifjHkk"kk esa] fuf'pr :i ls] ge ekurs gSa fd F(s) dks dqN Qyu (f) ds
fy, f(t) ds :i esa fn;k tk ldrk gSA
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 oSls] izfrykse ykIykl :ikUrj.k dh x.kuk djus ds fy, ,d lw= gS tks fuEu
gS]

;gka iw.kZ lkaf[;d lfEeJ lery esa ,d iafä ls vf/kd gS] vkSj  ,d
mi;qä :i ls pquk gqvk èkukRed eku gSA

 rF; ;g gS fd izfrykse ykIykl :ikUrj.k js[kh; :ikUrj.k dh jSf[kdrk ls
rqjar ykIykl :ikUrj.k çdkj dk vuqlj.k djrk gSA ;g ns[kus ds fy,]
vkb, fopkj djsa fd [F(s) + G(s)] gS tgka  vkSj  fdUgha nks fu;rkad
gSa vkSj F vkSj G fdUgha nks Qyu gSa] ftlds fy, ykIykl :ikUrj.k vfLrRo
esa gSaA rduhd ladsr ds vuqlkj] ge mu izfrykse :ikUrj.kksa dks (f) vkSj (g)

}kjk fu:fir djsaxsA

 izfrykse ykIykl :ikUrj.k jSf[kd gSA vFkkZr

tc çR;sd Ck ,d fu;rkad gksrk gS vkSj çR;sd Fk ,d ,slk Qyu gksrk gS
ftlesa izfrykse ykIykl :ikUrj.k gksrk gSA

 ykIykl :ikUrj.k vody lehdj.kksa ds lkFk :ikUrj.k dk mi;ksx djrs
le;] gesa vDlj ,sls :ikUrj.k feyrs gSa] ftUgsa vkaf'kd fHkUu ds tfj,
ifjofrZr fd;k tk ldrk gS] ftUgsa lkj.kh vkSj jSf[kdrk dk mi;ksx djds
vklkuh ls izfrykse :i fn;k tkrk gSA

 ykIykl :ikUrj.k ds fy, fudkys x, lHkh rRledksa dks izfrykse ykIykl
:ikUrj.k ds lanHkZ esa fQj ls fy[kk tk ldrk gSA gekjs fy, fo'ks"k eku izFke
LFkkukarj.k rRled gS%

tgk¡  vkSj a dksbZ fuf'pr okLrfod la[;k gSA izfrykse
:ikUrj.k ds lanHkZ esa] ;g gS

tgk¡  vkSj a dksbZ fuf'pr okLrfod la[;k gSA bl rjg ls

ns[kus ij] gekjs ikl mu Qyu ds izfrykse :ikUrj.kksa dks [kkstus dk ,d
vPNk rjhdk gS ftUgsa gekjh lkj.kh ;k rkfydkvksa esa Qyu ds *LFkkukarj.k*
ds :i esa fy[kk tk ldrk gSA

 laoyu çes; :ikarj.kksa ds xq.kksa ls lacaf/kr ykIykl :ikUrj.k dh ,d vkSj
vko';d vkèkkjHkwr xq.k gSA dbZ ckj] ,slk gksrk gS fd nks :ikUrj.kksa F(s) vkSj
G(s) çnku fd, tkrs gSa ftuds izfrykse f(t) vkSj g(t) Kkr gksrs gSa] vkSj xq.ku
H(s) = F(s)G(s) dh x.kuk mu Kkr izfrykse f(t) vkSj g(t) ls dh tkuh gSA
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bl izfrykse h(t) dks (f * g)(t) fy[kk tkrk gS] tks ,d ekud laoyu gS] vkSj
f vkSj g dk –<+ laoyu dgykrk gSA

 ykIykl :ikarj.k] fu;rkad xq.kkad okys jSf[kd vody lehdj.kksa ds rhoz ls
vkSj ;kstukc) gy ds fy, ,d mi;qDr ;qfDr gSA ewy Mksesu esa çkjafHkd
fLFkfr;ksa ds lkFk vody lehdj.k dks gy djus ds fodYi ds :i esa] vkof̀Ùk
Mksesu esa ,d ekufp=.k fy;k tkrk gS tgka dsoy ,d chth; lehdj.k dks
gy djuk gksrk gSA

  fn;k gqvk gSa ,d Qyu (s)] tks izfrykse

ykIykl :ikarj.k gS F dk] ftls [F] }kjk n'kkZ;k tkrk gS] og Qyu (f)

gS ftldk ykIykl :ikarj.k F gSA

 ykIykl :ikUrj.k vody lehdj.kksa ds lkFk :ikUrj.k
dk mi;ksx djrs le;] gesa vDlj ,sls :ikUrj.k feyrs gSa] ftUgsa vkaf'kd
fHkUu ds tfj, ifjofrZr fd;k tk ldrk gS] ftUgsa lkj.kh vkSj jSf[kdrk dk
mi;ksx djds vklkuh ls izfrykse :i fn;k tkrk gSA

  laoyu çes; :ikarj.kksa ds xq.kksa ls lacaf/kr ykIykl :ikarj.k

dh ,d vkSj vko';d vkèkkjHkwr xq.k gSA dbZ ckj] ,slk gksrk gS fd nks
:ikUrj.kksa F(s) vkSj G(s) çnku fd, tkrs gSa ftuds izfrykse f(t) vkSj g(t)

Kkr gksrs gSa] vkSj xq.ku H(s) = F(s)G(s) dh x.kuk mu Kkr izfrykse f(t) vkSj
g(t) ls dh tkuh gSA bl izfrykse h(t) dks (f * g)(t) fy[kk tkrk gS] tks ,d
ekud laoyu gS] vkSj f vkSj g dk laoyu dgykrk gSA

1- izfrykse ykIykl çes; dh ifjHkk"kk nhft,A

2- izfrykse ykIykl :ikUrj.k dh jSf[kdrk D;k gS\

3- LFkkukarj.k fd, x, Qyuksa ds izfrykse dks le>kb,A

4- laoyu çes; dk o.kZu djsaA

5- jSf[kd vody lehdj.kksa dks gy djus esa ykIykl :ikUrj.k dk D;k mi;ksx

gS\

1- mi;qä mnkgj.kksa ds lkFk izfrykse ykIykl :ikUrj.k ds ckjs esa ppkZ djsaA

2- izfrykse ykIykl :ikUrj.k esa vkaf'kd fHkUu ds mi;ksx dk fo'ys"k.k djsaA
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3- laoyu çes; dh fof/k ds fo"k; esa mnkgj.k ds lkFk O;k[;k djsaA

4- fuEufyf[kr esa ls çR;sd ds fy, izfrykse ykIykl :ikUrj.k Kkr dhft, %

(i) (ii) (iii)

(iv) (v) (vi)

5- rkfydkvksa vkSj jSf[kdrk dk mi;ksx djrs gq,] fuEu esa ls çR;sd ds fy,

izfrykse ykIykl :ikUrj.k Kkr dhft, %

(i) (ii) (iii)

(iv) (v) (vi)

6- fuEufyf[kr ykIykl izfrykse dh tk¡p djsa fd dksbZ okLrfod fu;rkad  gS%

(i)

(ii)

7- ykIykl :ikUrj.k dk mi;ksx djds fuEufyf[kr çR;sd çkjafHkd&eku

leL;kvksa dks gy djsa %

(i) y + 9y = 0            y(0) = 4 ds lkFk

(ii) y + 9y = 0            y(0) = 4  ds lkFk vkSj  y(0) = 6

8- rkfydkvksa vkSj vkaf'kd fHkUu dk mi;ksx djds fuEu esa ls çR;sd ds fy,

izfrykse ykIykl :ikUrj.k Kkr dhft, %

(i) (ii)

(iii) (iv)

(v) (vi)

(vii) (viii)

(ix)
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9- ykIykl :ikUrj.k ¼vkSj vkaf'kd fHkUu½ dk mi;ksx djds fuEufyf[kr

çkjafHkd&eku leL;kvksa esa ls çR;sd dks gy djsa %

(i) y – 9y = 0, y(0) = 4 ds lkFk vkSj y (0) = 9

(ii) y + 9y = 27t3, y(0) = 0 ds lkFk vkSj y (0) = 0

(iii) y + 8y + 7y = 165e4t,  y(0) = 8 ds lkFk vkSj y (0) = 1

10- vuqokn rRled ¼vkSj rkfydkvksa½ dk mi;ksx djds fuEu esa ls çR;sd ds fy,

izfrykse ykIykl :ikUrj.k Kkr dhft, %

(i) (ii) (iii)

(iv) (v) (vi)

(vii) (viii)
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4-0 ifjp;
4-1 mís';
4-2 izFke dksfV ds vkaf'kd vodyu lehdj.k&ySxzkat fofèk
4-3 fof'k"V izdkj ds vody lehdj.kksa dk gy
4-4 pkjfiV dh lkekU; fofèk
4-5 viuh izxfr tkafp, ç'uksa ds mÙkj
4-6 lkjka'k
4-7 eq[; 'kCnkoyh
4-8 Lo&ewY;kadu ç'u ,oa vH;kl
4-9 lgk;d ikB~; lkexzh

xf.kr esa] ml lehdj.k dks izFke dksfV vkaf'kd vody lehdj.k (First Order

Partial Differential Equation) dgrs gSa ftlesa ,d ;k ,d ls vfèkd Qyu rFkk

muds vodyt gksaA vody lehdj.k (Differential Equations) mu lacaèkksa dks dgrs

gSa ftuesa Lora= pj rFkk vKkr ijra= pj ds lkFk&lkFk ml ijra= pj ds ,d ;k

vfèkd vody xq.kkad (Differential Coefficients) gksrs gSaA

;fn ,d vody lehdj.k esa ,d ijra= pj rFkk ,d gh Lora= pj Hkh gks

rks lacaèk dks lkèkkj.k vody lehdj.k (Ordinary Differential Equation) dgrs gSaA

tc ijra= pj ,d ijarq Lora= pj vusd gksa rks ijra= pj ds vkaf'kd vody

¼Partial Differentials½ gksrs gSaA tc ;s mifLFkr jgrs gSa rc lacaèk dks vkaf'kd

¼Partial½ vody lehdj.k dgrs gSaA ijra= pj dks Lora= pj ds inksa esa vfHkO;Dr
djus dks vody lehdj.k dk gy djuk dgk tkrk gSA

xf.kr esa] ,d çFke dksfV vkaf'kd vody lehdj.k ,d vkaf'kd vody

lehdj.k gS] ftlesa n pjksa ds vKkr Qyu (Unknown Function) dk dsoy izFke

vodyt 'kkfey gksrk gSA ;fn vody lehdj.k esa noha dksfV (Order) dk vody

xq.kkad gks vkSj vfèkd dk ugha] rks vody lehdj.k noha dksfV dk dgykrk gSA bl
rjg ds lehdj.k vfrijoy; (Hyperbolic) vkaf'kd vody lehdj.kksa ds fy,

fof'k"V lrgksa ds fuekZ.k esa mRiUu gksrs gSa] dqN T;kferh; (Geometrical) leL;kvksa

esa] vkSj xSl xfrdh ds ljy izfr:iksa esa] ftuds lekèkku esa fo'ks"krkvksa dh fofèk;ka

'kkfey gksrh gSA vody lehdj.kksa dk lekdyu djds lkekU; lekèkku çkIr fd,

tk ldrs gSaA
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bl bdkbZ esa vki izFke dksfV ds vkaf'kd vodyu lehdj.k] ySxzkat fofèk]
fof'k"V izdkj ds vody lehdj.kksa dk gy] rFkk pkjfiV dh lkekU; fofèk ds ckjs
esa vè;;u djsaxsA

bl bdkbZ dks i<+us ds ckn vki&

 izFke dksfV ds vkaf'kd vodyu lehdj.kksa dks ifjHkkf"kr djus esa l{ke gksaxs(

 ySxzkat fofèk dks le>us esa l{ke gksaxs vkSj mudh O;k[;k dj ik,axs(

 fof'k"V izdkj ds vody lehdj.kksa dk gy djus esa l{ke gksaxs vkSj mudh
O;k[;k dj ik,axs(

 pkjfiV dh fofèk dks le> ik,axsA

(Lagrange’s Equation)

vkaf'kd vodyu lehdj.k (Partial Differential Equation) Pp + Qq = R tgka] P,

Q, R, x, y, z ds Qyu gSa ySxzkat dk jSf[kd vodyu lehdj.k (Langrange's Linear

Differential Equation) dgykrk gSA

lgk;d lehdj.k (Auxiliary Equations) ls 
dx dy dz

P Q R
   rFkk lgk;d

lehdj.k ds nks Lora= gy u(x, y, z) = C1 rFkk v(x, y, z) = C2 ekuus ij tgka C1

rFkk C2 fu;rkad (Constants) gSa rc fn, x, lehdj.k dk gy F(u,v) = 0 ;k

u = F(v) gksxkA mnkgj.k 2 2( ) –y z p xyq xz  dks gy djsa&

lgk;d lehdj.k gksaxs&

2 2

dx

y z = –

dy dz

xy xz


 (4.1)

vafre nksuksa lehdj.kksa dks ysus ij gesa izkIr gksxk&
dy

y = 
dz

z

lekdyu djus ij gesa izkIr gksxk log y = log z+ fu;rkad


y

z
= C1

lehdj.k ¼4-1½ esa ls izR;sd fuEufyf[kr lehdj.k cjkcj gksxsaA

2 2 2 2( ) – –

xdx ydy zdz

x y z xy xz

 

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bl izdkj 
0

xdx ydy zdz 

rc xdx + ydy + zdz = 0

lekdyu djus ds i'pkr ;g fuEu izdkj dk gks tk,xk]

x2 + y2 + z2 = C2

blfy, bl lehdj.k dk lkekU; gy fuEufyf[kr gksxk]

2 2 2, 0
y

F x y z
z

    
 

= 0

 2 2 ( )
z z

x y x y z
x y

 
  

 

lgk;d lehdj.k (Auxiliary Equation) gksaxs]

2

dx

x
= 2 ( )

dy dz

y x y z




bl izdkj 2 2

dx dy

x y


 = 

( )

dz

x y z

bl izdkj
dx dy

x y


 = 

dz

z

;k log (x – y) = log z + fu;rkad


x y

z


= C1

;k 2 2

dx dy

x y


bl izdkj 
1

x
 = 

1

y + fu;rkad


1 1

–
y x  = C2

bl izdkj 1 1 –
– ,

x y
F

y x z

 
 
 

 = 0 gy gksxkA

gy dhft,&  (x2 – yz)p + (y2 – zx)q = z2 – xy

lgk;d lehdj.k bl izdkj gksaxk&

2 –

dx

x yz = 2 2– –

dy dz

y zx z xy


2 2

–

( )

dx dy

x yz y zx   = 
( )

( )( )

d x y

x y x y z


  
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= 
( )

( )( )

d y z

y z x y z


  


( )d x y

x y


 = 

( )d y z

y z




lekdyu djus ij&  (x – y) = log (y – z) + log C1

 1

x y
C

y z




 (4.2)

xq.ku (Multipliers) x, y, z dk iz;ksx djus ij lgk;d lehdj.kksa esa ls izR;sd dk
gy fuEu gksxk]

= 3 3 3 2 2 2– 3 ( )( – – – )

xdx ydy zdz xdx ydy zdz

x y z xyz x y z x y z xy yz zx

   


     

;g bl lehdj.k 2 2 2

dx dy dz

x y z yz zx xy

 
    

 ds Hkh cjkcj gks ldrk gS


xdx ydy zdz

x y z

 
  = 

1

dx dy dz 

xdx + ydy + zdz = (x + y + z)d (x + y + z)

lekdyu djus ij gesa izkIr gksxk

x2 + y2 + z2 = (x + y + z)2 + C2

 xy + yz + zx = C2 (4.3)

lehdj.kksa ¼4-2½ rFkk ¼4-3½ ls gesa fuEu gy (Solution) izkIr gksxk&

, 0
x y

F xy yz zx
y z

 
    

, ;gka F LoSPN (Arbitrary) gSA

gy djsa&  (a – x)p + (b – y)q = c – z

lgk;d lehdj.k gksaxs&

dx

a x
= – –

dy dz

b y c z
 (4.4)

lehdj.k ¼4-4½ ls
dy

b y = 
dz

c z

vFkkZr~
dy

y b = 
dz

z c

log ( y – b) = log (z – c) + log C1


y b

z c




= C1
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rFkk bl izdkj Hkh gksxk fd

dx

a x
= 

dy

b y


dx

x a
= 

dy

y b

 log (x – a) = log (y – b) + log C2


x a

y b

 
  

= C2

lkekU; gy gksxk ,
y b x a

F
z c y b

  
   

 = 0

gy djsa& (y – z)p + (z – x)q = x – y

lgk;d lehdj.k bl izdkj gSa&

dx dy dz

y z z x x y
 

   = 
0

dx dy dz 

 dx + dy + dz = 0

lekdfyr djus ij gesa izkIr gksxk& x + y + z = C1

=
( ) ( ) ( )

xdx ydy zdz

x y z y z x z x y

 
    

=
0

xdx ydy zdz 

 xdx + ydy + zdz = 0

lekdyu djus ij gesa izkIr gksxk& x2 + y2 + z2 = C2

 lkekU; gy gksxk F(x + y + z, x2 + y2 + z2) = 0

gy djsa& (mz – ny)p – (nx –lz)q = ly – mx

lgk;d lehdj.k gksaxs

–

dx dy dz

mz ny nx lz ly mx

xq.kdksa x, y, z dk iz;ksx dj gesa izR;sd vuqikr feysxk&

= ( ) ( ) ( – )

xdx ydy zdz

x mz ny y nx lz z ly mx

 
   

= 
0

xdx ydy zdz 

 x2 + y2 + z2 = C1

xq.kdksa (Multipliers) l, m, n dk iz;ksx djds Hkh ge izR;sd vuqikr izkIr dj ldrs gSa&

= 
0

ldx mdy ndz 
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 lx + my + nz = C2

 lkekU; gy gksxk&  2 2 2 , 0F x y z lx my nz    

gy djsa& x (y – z)p + y(z – x)q = z(x – y)

lgk;d lehdj.k (Auxilary Equation) gSa&

dx

xy xz = 
dy dz

yz yx zx zy


 

= 
0

dx dy dz 

 dx + dy + dz = 0

lekdyu djus ij izkIr gksxk&  x + y + z = C1 (4.5)

dydx dz
yx z

y z z x x y
 

  
= 

0

dx dy dz
x y z
 


dx dy dz
x y z
  = 0

lekdyu djus ij log x + log y + log z = log C2

xyz = C2 (4.6)

lehdj.kksa ¼4-5½ rFkk ¼4-6½ ls lkekU; gy (General Solution),

F(x + y + z, xyz) = 0

gy djsa& x2p + y2q = z2

lgk;d lehdj.k gSa& 2 2 2

dx dy dz

x y z
 

 2

dx

x
= 2

dy

y

1

1

x


= 

1

11

y
C






1

x
= 1

1
– C

y


1 1

y x
 = C1

blh izdkj 2

dy

y = 2

dz

z


1

y
 = 2

1
C

z
 
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1 1

z y
 = C2

lkekU; gy gS&
1 1 1 1

– , – 0F
y x z y

 
 

 

gy djsa& ( y + z)p + (z + x)q = x + y

lgk;d lehdj.k gSa& 
dx dy dz

y z z x x y
 

  

vFkkZr
dx dy

x y


 = 

dy dz dz dx

y z z x

 


 

= 2( )

dx dy dz

x y z

 
 

igys nks vo;oksa ij fopkj djus ij rFkk mUgsa lekdfyr (Integrating) djus ij gesa
izkIr gksxk&

x y

y z


 = C1

igys rFkk vafre vo;o (Members) ij fopkj djus rFkk mUgsa lekdfyr djus ij
gesa izkIr gksxk&

log(x – y) = 
1

2
log(x + y + z) + log C2

 2

log
x y

x y z


 

= log C2

 2
x y

x y z


 

= log C2

 lkekU; gy (General Solution) gksxk&
2( )

, 0
x y x y

F
y z x y z

  
    

(Wave Equation)

rjax lehdj.k dks gy djus gsrq ekuh xbZ voèkkj.kk,a bl izdkj gSA

izR;kLFk Mksjh (Elastic String) esa y?kq vuqizLFk daiuksa (Small Transverse Vibrations)

dh O;qRifÙk djus okys lehdj.k dh LFkkiuk djus gsrq ge Mksjh dks x–v{k ds
vuqfn'k j[kk ekurs gSa] tks L yackbZ esa QSyh gqbZ gS rFkk ftlds fdukjs ds fljksa x
= 0 rFkk x = L ls caèks gq, gSaA ekuk fd fdlh le; t = 0 ij Mksjh dks fo:fir
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(Distort) djds NksM+k x;k rkfd og dEiu djus yxsA vc gekjh leL;k t > 0

le; ij Mksjh dh fdlh fcanq x ij fopyu (Deflection) u (x, t) dks Kkr djuk
gSA

vkaf'kd vodyu lehdj.k ls ifj.kke ds :i esa u(x, t) izkIr djus ds fy,
gesa voèkkj.kkvksa dks fuEukuqlkj ljy djuk gksxk&

1- Mksjh le:i (Homogeneous) gSA Mksjh dh izR;sd bdkbZ yackbZ ds inkFkZ dk
nzO;eku fu;r (Constant) gS] Mksjh iw.kZr;k izR;kLFk (Perfectly Elastic) gS
vksj blfy, oadu (Bending) ds izfr tjk Hkh izfrjksèk (Resistance) mRiUu
ugha djrh gSA

2- Mksjh dk ruko (Tension) ,d leku gSA

3- Mksjh esa daiu y?kq vk;ke dk gSa rkfd izR;sd fcanq ij <ky (Slope) ,d leku
cuk jgsA

vody lehdj.k fufeZr djus ds fy, Mksjh ds NksVs [kaM ij dk;Z djus okys cyksa
ij fopkj dhft,A ekuk fd vè;;u ds fy, pqus x, Hkkx ds vafre fcanqvksa P rFkk
Q ij ruko (Tension) T

1
 rFkk T

2
 gSA pwafd gekjh voèkkj.kk ds vuqlkj Mksjh ds

fcanq ÅèokZèkj (Vertical) fn'kk esa daiu djrs gSa blfy, ruko ds {kSfrt ?kVd
(Horizontal Component) vpj gSA

blfy,  TTT βcosαcos 21  vpj (4.7)

ÅèokZèkj fn'kk esa T
1
 vkSj T

2
 nks cy 1T  sin   rFkk βsin2T gSaA _.kkRed

fpg~u ;g crkrk gS fd ml ?kVd dh fn'kk uhps dh vksj (Downward) gSA ;fn
vfopfyr n'kk esa Mksjh dh izfr bdkbZ yackbZ dh nzO;eku  rFkk ml [kaM dh yackbZ
tks fd vfopfyr (Undeflected) gS] x gS rks U;wVu ds f}rh; fu;e ls bu nksuksa

cyksa dk ifj.kkeh nzO;eku (x) dk Roj.k 22 / tu   xquk gksxk&

T
2
 sin  – T

1
 sin  = 

2

2

t

u
x



 . (4.8)

lehdj.k ¼4-1½ dk mi;ksx djrs gq, ge Åij fy[kh lehdj.k dks

TTT  αcosβcos 12 ls Hkkx ns ldrs gSa rkfd gesa izkIr gks ldsa&

2

2

1

1

2

2 ρ
αtanβtan

αcos

αsin

βcos

βsin

t

u

T

x

T

T

T

T




 (4.9)

pwafd tan  rFkk tan  Øe'k% x rFkk x +z  ij <ky (Slopes) gSa] blfy,

xx

u










αtan . rFkk 
xx

x

u













βtan

lehdj.k ¼4-9½ dks x ls foHkkftr dj rFkk tan  rFkk tan  ds eku izfLFkkfir
djus ij]
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2

2ρ1

t

u

Tx

u

x

u

x
x

xx 






























  .

tSls gh x 'kwU; dh vksj vxzlj gksrk gS] lehdj.k vkaf'kd vody lehdj.k
(Partial Differential Equation) cu tkrk gS&

ρ
, 2

2

2
2

2

2 T
c

x

u
c

t

u









(4.10)

;g ,d ,dfoeh; rjax lehdj.k (One-Dimensional Wave Equation) gS] tks ,d
izR;kLFk Mksjh esa daiuksa dh O;qRifÙk djrk gSA

2

2
2

2

2

x

u
c

t

u








, (4.11)

gy (Solution) izkIr djus ds fy, ge lhek izfrcaèkksa (Boundary Conditions) x = 0

rFkk x = L iz;qDr djrs gSa&

   tLutu 0,,0,0   ,  t ds lHkh ekuksa ds fy, (4.12)

Mksjh dk izkjafHkd osx rFkk izkjafHkd fopyu ;k foLFkkiu xfr ds Lo:i dk
fuèkkZj.k djrk gS ;fn f(x) ewyHkwr fopyu (Orginal Deflection) rFkk g(x) izkjafHkd
osx gS] rc gekjh izkjafHkd fLFkfr;ka gksaxh&

   xfxu 0, (4.13)

rFkk  xg
t

u

t





0
. (4.14)

I. vc gekjh leL;k lehdj.k ¼4-11½ dk og gy fudkyuk gS tks
lehdj.k ¼4-12½ ls lehdj.k ¼4-13½ esa fn;s x;s izfrcaèkksa dks larq"V djsaA

pjksa ds ìFkDdj.k dh fofèk (Methods of Separation of Variable) dk bLrseky
djrs gq, rjax lehdj.k ¼4-11½ ds bl Lo:i ds gyksa dh iqf"V (verify) djrs gSaA

     tGxFtxu , (4.15)

tks fd nks Qyuksa f(x) rFkk g(t) ds xq.ku (Products) gSa] ;gka è;ku jgs fd
buesa ls izR;sd Qyu ,d pj (Variable) ij fuHkZj gS vFkkZr ;k rks x ;k t, lehdj.k
¼4-15½ dks nks ckj x rFkk t ds lkis{k vodfyr djds gesa izkIr gksxk&

GF
t

u





2

2
 rFkk GF

x

u 



2

2

bu ekuksa dks rjax lehdj.k esa izfrLFkkfir djus ij gesa izkIr gksxk&

GFcGF  2 .
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lehdj.k dks FGc 2  ls Hkkx nsus ij gesa izkIr gksxk&

k
F

F

Gc

G





2


.

nksuksa vksj ds lehdj.k vyx&vyx pjksa ij fuHkZj gS blfy, x ds eku dk
ifjofrZr gksuk G ds eku dks ifjofrZr ugha djsxk vkSj t ds eku dk ifjorZu F ds
eku dks ifjofrZr ugha djsxk vkSj nwljk i{k fu;r (Constant) gh cuk jgsxkA bl
izdkj&

k
F

F

Gc

G





2


.

;k  0 kFF (4.16)

rFkk 02  kGcG . (4.17)

tcfd fu;rkad K LoSPN (Arbitrary) gSA

vc ge lehdj.kksa ¼4-16½ rFkk ¼4-17½ ds gy Kkr djsaxsA bl izdkj ls fd
lehdj.k u = FG lhek izfrcaèkksa (Boundary Conditions) ¼4-12½ dks iw.kZ djs tks
bl izdkj gS&

            0,,00,0  tGLFtLutGFtu  ds lHkh ekuksa ds fy,A

tc G  0 rc u  0.

blfy, G  0 rFkk (a)F(0) = 0, (b) F(L) = 0 (4.18)

K = 0 ds fy, lehdj.k ¼4-16½ dk lkekU; gy F = ax + b gS rFkk lehdj.k
¼4-17½ ls gesa izkIr gS a = b = 0 vkSj blfy, F  0 tks iznku djsxk u  0 ysfdu
K ds èkukRed ekuksa ds fy, vFkkZr~ k = 2 lehdj.k dk lkekU; gy gksxkA

xx BeAeF μ,μ  ,

rFkk lehdj.k ¼4-18½ ls] gesa iqu% F  0 izkIr gS blfy, K  0, vFkkZr~

k = p2 dks fuèkkZfjr fd;k rc lehdj.k ¼4-16½ bl izdkj gks tk,xk& 02  FpF

bl lehdj.k dk lkekU; gy gksxk&   pxBpxAxF sincos  .

lehdj.k ¼4-18½ ds izfrcaèkksa dk iz;ksx djus ij] gesa izkIr gS&

  00  AF rFkk   0sin  pLBLF

B = 0 dk rkRi;Z F  0 ls gS bl izdkj ge Sin pL = 0 ysus ij vFkkZr~

πnpL   blfy, 
L

n
p

π
 tgka n ,d iw.kk±d (Integer) gSA ¼4-19½

B = 1 ds fy, gesa vuarr% vusd gy F(x) = F
n
(x) izkIr gS tgka]

  x
L

n
xFn

π
sin  ,2,1n  . (4.20)
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;s gy lehdj.k ¼4-18½ dks larq"V djrs gSaA vc fu;rkad k dk eku

 22 /π Lnpk   ls lhfer gS] lehdj.k ¼4-19½ ds ifj.kkeLo:i lehdj.k

¼4-17½ gks tk;sxk&

GG n 0λ 2   tgka 
L

cn
n

π
λ  (4.21)

,d lkekU; gy gS&

  tBtBtG nnnnn λsin*λcos  .

vr% lehdj.k ¼4-11½ ds gy lehdj.k ¼4-12½ dks larq"V djrs gSa

     tGxFtxu nnn ,  gS tks bl izdkj fy[ks tk ldrs gSa&

    x
L

n
tBtBtxu nnnnn

π
sinλsin*λcos,   ,2,1n .    (4.22)

bl izdkj ds Qyu vkbxsu Qyu (Eigen Function) dgykrk gSa rFkk eku 
n

= cn/L daifur Mksjh (Vibrating String) ds vkbxsu eku (Eigen Values) dgykrs
gSaA 

n
 dk ;g leqPp; (Set) LisDVªe (Spectrum) dgykrk gSA

izR;sd nu , Lcnn 2/π2/λ  pØ izfr lsdsaM dh vkof̀Ùk ds lkFk ,d vkorhZ

xfr (Harmonic Motion) dks O;Dr djrk gSA ;g xfr Mksjh dh noha lkekU;
cgqyd (Normal Mode) dgykrh gSA igys lkekU; cgqyd dks 
(n = 1) (Fundamental Mode) dgk tkrk gS tcfd vU; dks 
(Overtone) dgk tkrk gSA ,d ,dy gy (Single Solution) u

n
(x, t) izkjafHkd

izfrcaèk (Initial Conditions) lehdj.k ¼4-11½ dk ,d gy gksxk pwafd lehdj.k
jSf[kd (Linear) rFkk le:i (Homogeneous) gSA ,d ,slk gy Kkr djus ds fy,
tks lehdj.kksa ¼4-13½ rFkk ¼4-14½ dks larq"V djs] fuEu vuar Js.kh (Infinite Series)

ij fopkj djs&

      x
L

n
tBtBtxutxu

n
nnnn

n
n

π
sinλsin*λcos,,

11









 ,

tgka Lcnn /  (4.23)

blfy,    





1

π
sin0,

n
n xfx

L

n
Bxu . (4.24)

xq.kkadksa B
n
 dks bl izdkj fuèkkZfjr djsa fd u(x, o), f(x) dh Qwfj;j T;k Js.kh

(Fourier Sine Series) gks tk;s rc lehdj.k ¼4-23½ ls]

 
L

n dx
L

xn
xf

L
B

0

,
π

sin
2 ,2,1n . (4.25)

blh izdkj t ds lkis{k lehdj.k ¼4-23½ dks vodfyr djus ij rFkk
lehdj.k ¼4-16½ dk mi;ksx djus ij gesa izkIr gksxk&
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 
010

π
sinλcosλ*λsinλ

















 

tn
nnnnnn

t L

xn
tBtB

t

u

=  





1

π
sinλ*

n
nn xg

L

xn
B

*nB ’s bl izdkj fuèkkZfjr tkuk pkfg, fd t = 0 ds fy, vkaf'kd vodyu

tu  / Qyu g(x) dh Qwfj;j T;k Js.kh gks tk;s rc lehdj.k ¼4-16½ ls

 
L

nn dr
L

xn
xg

L
B

0

π
sin

2
λ*

;gka, pwafd Lcnn /πλ  ,

 
L

n dx
L

xn
xg

cn
B

0

π
sin

π

2
* ,2,1n . (4.26)

vc ge ml fLFkfr ij fopkj djrs gSa tc izkjafHkd osx g(x) 'kwU; gks rc B*

'kwU; gksaxs vkSj lehdj.k ¼4-23½ bl izdkj gks tk,xk

  





1

π
λ,

π
sinλcos,

n
nnn L

cn

L

xn
tBtxu . (4.27)

ge tkurs gSa fd&

    














 







  ctx

L

n
ctx

L

n
x

L

n
t

L

cn π
sin

π
sin

2

1π
sin

π
cos

rc lehdj.k ¼4-27½ bl izdkj gks tk;sxh&

     






 





 







 

11

π
sin

2

1π
sin

2

1
,

n
n

n
n ctx

L

n
Bctx

L

n
Btxu

;s nksuksa Jsf.k;ka lehdj.k ¼4-24½ }kjk f(x) ds fy, nh tkus okyh Qwfj;j T;k
Js.kh esa pj x ds fy, Øe'k% x – ct rFkk x + ct izfrLFkkfir djus ij mRiUu
(Generate) gksrh gSA bl izdkj&

      ctxfctxftxu  **
2

1
, (4.28)

tgka f*, f dk vkorZdky 2L ds lkFk fo"ke vkorhZ foLrkj (Odd Periodic

Extension) gS] lehdj.k ¼4-28½ dks vodfyr djus ij ge ns[krs gSa fd u(x, t)

lehdj.k ¼4-11½ dk ,d gy gSA fn;k x;k gS fd f(x) varjky 0 < f(x) < L esa nks
ckj vodyuh; izfØ;k ls ;qDr fd;k x;k gS vkSj x = 0 rFkk x = L ij ,d rjQk
(One Sided) ;k ,d fn'kkRed f}rh; vodyu ls ;qDr gS tks fd 'kwU; gSA u(x,

t) dks lehdj.k ¼4-12½ ls ¼4-14½ dks larq"V djus okys ,d gy ds :i esa izkIr fd;k
x;k gSA
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;fn  xf   rFkk  xf   [kaM'k% lrr (Piecewise Continuous) gS ;k ;fn

,d i{kh; (One Sided) vodyu 'kwU; u gks rc izR;sd t ds fy, x ds ifjfer :i
ls ,sls dbZ eku gksaxs ftu ij u dk f}rh; vodyu tks fd lehdj.k ¼4-11½ esa
mifLFkr gks vfLrRo ugha j[krk gks mu fcanqvksa dks NksM+dj rjax lehdj.k larq"V
gksxk rc ge u(x, t) dks lkekU;hÑr gy (Generalized Solution) dg ldrs gSaA

uhps fn, x;s f=dks.kh; izkjafHkd fopyu (Triangular Initial

Deflection) ds laxr rjax lehdj.k ¼4-11½ dk gy fuèkkZfjr dhft,&

 
 













Lx
L

ifxL
L

k

L
xifx

L

k

xf

2

2
2

0
2

pwafd   0xg  vr% lehdj.k ¼4-23½ esa B
n
* = 0 gksxkA lehdj.k ¼4-17½

}kjk fn;k tkus okyk Bn vkSj rc lehdj.k ¼4-23½ fuEufyf[kr Lo:i xzg.k dj
ysxk&

  



  t

L

c
x

L
t

L

c
x

L

k
txu

π3
cos

π3
sin

3

1π
cos

π
sin

1

1

π

8
,

222 .

pkjfiV dh fofèk (Charpit's General Method) dk iz;ksx izFke dksfV ds lokZfèkd
lkekU; vkaf'kd vodyu lehdj.kksa ds gy Kkr djus esa gksrk gS tks bl izdkj
O;Dr fd, tkrs gSa&

F(x, y, z, p, q) = 0 (4.29)

bl fofèk dk ewy fopkj izFke dksfV dh ,d f}rh; vkaf'kd vodyu
lehdj.k dk lekos'ku djk nsuk gS&

f(x, y, z, p, q, a) = 0 (4.30)

;g ,d LoSPN fu;rkad ‘a’ ls fufgr gS rFkk fuEufyf[kr izfrcaèkksa
(Condition) dks larq"V djrk gS&

1- lehdj.kksa ¼4-29½ rFkk ¼4-30½ dks gy djds fuEu izkIr fd;k tk ldrk gSA

 azyxpp ,,,  rFkk  azyxqq ,,,

2- lehdj.k lekdyuh; (Integrable) gSA

   dyazyxqdxazyxpdz ,,,,,,  (4.31)

tc ,d Qyu ‘f’ izfrcaèk 1 rFkk 2 dks larq"V djrk gS] rc ;g ns[kk tkrk
gS fd nks LoSPN fu;rkad (‘a’ lfgr) iz;qDr lehdj.k ¼4-31½ dk gy lehdj.k ¼4-
29½ dk ,d gy gksxkA izfrcaèk 1 rHkh ekU; gksxk tcfd&
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 
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,
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

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

q

f
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F
p

f

p

F
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fF
J

(4.32)

izfrcaèk 2 ekU; gksxk tcfd&

0

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





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





(4.33)

x, y rFkk z ds Qyu ds :i esa p rFkk q ds eku lehdj.kksa ¼4-29½ rFkk
¼4-30½ esa izfrLFkkfir djus rFkk x ds lkis{k vodfyr djus ij&
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(4.34)

lehdj.k ¼4-28½ ls ekuksa dk lehdj.k ¼4-27½ esa izfrLFkkfir djus ij
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p (4.35)

lehdj.k ¼4-35½ esa pjksa x, v, z, p, q rFkk f jSf[kd (Linear) lekos'ku gS rFkk
fuEu lgk;d lehdj.k (Subsidiary Equation) j[krh gS&
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 (4.36)

;fn lehdj.k ¼4-36½ ds fdlh Hkh lekdyu (Integrals) esa p ;k q lfEefyr
gSa rks ;g lehdj.k ¼4-30½ dk gh :i gksxk rc gesa lehdj.kksa ¼4-29½ rFkk ¼4-30½
dks p rFkk q ds fy, gy djuk gksxk rFkk lehdj.k ¼4-31½ dks lekdfyr djuk
gksxkA

lehdj.k 022222  xyqypxqp  dk iw.kZ lekdy&

Kkr dhft, (4.37)

lgk;d lehdj.k gksxk&

       yq

dy

xp

dx

qx

dq

py

dp










 2222 (4.38)

 qpxy

dqdp

2222





2 2 2 2

dx dy

x y p q

 dydxdqdp 

lekdy djus ij gesa izkIr gksxk&

ayxqp 

tgka a ,d fu;rkad gSA

     ayqxp  (4.39)

lehdj.k ¼4-39½ dks bl izdkj Hkh fy[kk tk ldrk gS&

     222 yxyqxp 

vc 2 2{( ) ( )} {( ) ( )}p x q y p x q y

=     222 yqxp 
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       222 ayxyqxp 
(4.40)

lehdj.kksa ¼4-39½ rFkk ¼4-40½ dks tksM+us ij&
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blh izdkj lehdj.k ¼4-40½ dks lehdj.k ¼4-39½ esa ls ?kVkus ij&
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tgka yxU   rFkk b ,d LoSPN fu;rkad gSaA




































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


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
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










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log
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2

2

1

22

2
2

2

2
2

22 a
UU

a
a

UU
yx

ayx
bz

=      
4

2

22

2222 ayxyx
yx

ayx 




    











2
log

24

2
2

2 a
yxyx

a

uhps nh x;h lehdj.k dk laiw.kZ lekdyu (Complete Integral)

Kkr dhft,&

012222  qypxqp (4.41)
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lgk;d lehdj.k bl izdkj gksaxs&

    q

dq

p

dp

yq

dy

xp

dx

222222 








 (4.42)

lkFk gh] q

dq

p

dp


lekdyu djus ij gesa feyrk gS&

aqp  (4.43)

;gka ‘a’ ,d LoSPN fu;rkad gSA

p dk eku lehdj.k ¼4-46½ ls lehdj.k ¼4-41½ esa j[kus ij

    0121 22  yaxqaq

      22 1 ayaxyaxq 

 qdypdxdz 

blls izkIr gksxk&  dyadxqdz 

=         22 1 ayaxyaxyaxd 

lekdyu djus ij

       
2

1

2

1 22
2 ayaxyax

yaxbz




        22
2

1log
2

1
ayaxyax

a





;gka b ,d LoSPN ;k foosdkèkhu fu;rkad gSA

uhps nh x;h lehdj.k dk laiw.kZ lekdy Kkr djsa&

  02 22  yxqxpypq (4.44)

 lehdj.k ¼4-44½ ds lgk;d lehdj.k gksaxs&

       yp

dq

xq

dp

xp

dy

yq

dx

22222222 








 (4.45)

 dp + dq + dx + dy = 0

lekdyu djus ij&

 yxqp  fu;rkad = a (ekuk)

;k     ayqxp  (4.46)
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lehdj.k ¼4-44½ dks bl izdkj fy[kk tk ldrk gS&

    02 2  yxyqxp

;k     2

2

1
yxyqxp 

            yqxpyqxpyqxp  42

=  22 2 yxa  (4.47)

lehdj.kksa ¼4-46½ rFkk ¼4-47½ dks tksM+us ij&

   22 22 yxaaxp 

;k  22 2
2

1

2
yxa

a
xp 

lehdj.k ¼4-46½ esa ls lehdj.k ¼4-47½ dks ?kVkus ij&

 22 2
2

1

2
yxa

a
yq 

 qdypdxdz 

blls izkIr gksxk&

       yxdyxadydx
a

ydyxdxdz  22 2
2

1

2

=        yxdyxayxd
a

yxd  2233 2
2

1

22

1

Åij fy[ks lehdj.k dk lekdyu djus ij gesa izkIr gksxk&

         yxdyx
a

yxayxbz 2
2

22

2
22

   
   

2
2

2 2
2

22

yx
a

yx
yxayx




   












 2
22

2
log

4
2 yx

a
yx

a

       
2

2 22
22 yxayx

yxayx



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   












 2
22

2
log

22
yx

a
yx

a
.

uhps fn, x, lehdj.k dk laiw.kZ lekdy Kkr dhft,&

yhyhpqqp 2sec2tan2 222 

lgk;d lehdj.k bl izdkj gksaxs&

    02tanh222tanh22

dp

ypq

dy

yqp

dx







= yyhyhpq

dq

2tanh2sec42sec4 22 

 0dp

;k p = fu;rkad = a (ekuk)

rc 02sec.2tanh2 222  yhaqyaq

 yhayayaq 2sec2tanh2tanh 2222 

 yhaya 2sec12tanh 2

 dz = pdz + qdy

tks iznku djsxk&  dyyhayaadxdz 2sec12tanh 2

ydyhay
a

axd 2sec12coshlog
2

2





 

lekdy djus ij&

 


vv ee

dy
ay

a
axbz

22
2 2

12coshlog
2

 


v

v

e

dye
ay

a
ax

4

2
2

1

2
12coshlog

2

 veay
a

ax 212 tan12coshlog
2

 .

uhps fn, lehdj.k dk laiw.kZ lekdyu Kkr djsa&

 2223 qxzyqxy  (4.48)

lgk;d lehdj.k bl izdkj gksaxs&

qq

dq

xqpp

dp

qxy

dy

x

dx

234243 23 









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 x

dx

q

dq




 qx = fu;rkad = a


x

a
q 

lehdj.k ¼4-48½ esa izfrLFkkfir djus ij gesa feysxk&

 
2

3 32

x

ya

x

az
p 




 dz = pdx + qdy

;g iznku djsxk 
 

dy
x

a
dx

x

ya

x

az
dz 













2

2 32

x2 ls xq.kk djus ij&

  axdyyadxdxazxdzx  32 23

vFkkZr~] axdyaydx
x

az
dx 







 
3

2

2
4

vFkkZr~] 













 
2432

2 3

x

ay
ddx

x

ay
dy

x

a

x

az
d

lekdy djus ij gesa feysxk 


32

2

x

ay

x

az
b

;k 





 

x

y
aaz  + bx2 ;gka, a rFkk b LoSPN fu;rkad gSA

1- ySxzkat jSf[kd vodyu lehdj.k dks ifjHkkf"kr dhft,A

2- rjax lehdj.k dks gy djus gsrq iz;qDr voèkkj.kk,a D;k gS\

3- Mksjh dh noha lkekU; cgqyd D;k gksrh gS\

4- pkjfiV fofèk dk mi;ksx dgka fd;k tkrk gS\

1- vkaf'kd vodyu lehdj.k Pp + Qq = R tgka] P, Q, R, x, y, z ds Qyu gSa
tks ySxzkat ds jSf[kd vodyu lehdj.k dgykrs gSA
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2- rjax lehdj.k dks gy djus gsrq ekuh xbZ voèkkj.kk,a bl izdkj gSA

izR;kLFk Mksjh  esa y?kq vuqizLFk daiuksa dh O;qRifÙk djus okys lehdj.k dh
LFkkiuk djus gsrq ge Mksjh dks x–v{k ds vuqfn'k j[kk ekurs gSa tks L yackbZ
esa QSyh gqbZ gS rFkk ftlds fdukjs ds fljksa x = 0 rFkk x = L ls caèks gq, gSaA
ekuk fd fdlh le; t = 0 ij Mksjh dks fo:fir (Distort) djds NksM+k x;k
rkfd og dEiu djus yxsA vc gekjh leL;k t > 0 le; ij Mksjh dh fdlh
fcanq x ij fopyu u (x, t) dks Kkr djuk gSA

vkaf'kd vodyu lehdj.k ls ifj.kke ds :i esa u(x, t) izkIr djus ds fy,
gesa voèkkj.kkvksa dks fuEukuqlkj ljy djuk gksxk&

 Mksjh le:i gSA Mksjh dh izR;sd bdkbZ yackbZ ds inkFkZ dk nzO;eku
fu;r gS] Mksjh iw.kZr;k izR;kLFk gS vksj blfy, oadu ds izfr tjk Hkh
izfrjksèk mRiUu ugha djrh gSA

 Mksjh dh dk ruko ,d leku gSA

 Mksjh esa daiu y?kq vk;ke dk gS rkfd izR;sd fcanq ij <ky ,d leku
cuk jgsA

3- izR;sd nu , Lcnn 2/π2/λ  pØ izfr lsdsaM dh vkòfÙk ds lkFk ,d vkorhZ

xfr dks O;Dr djrk gSA ;g xfr Mksjh dh noha lkekU; cgqyd dgykrk gSA
igys lkekU; cgqyd dks ekSfyd cgqyd (n = 1) dgk tkrk gS tcfd vU;
dks ßvksojVksuÞ dgk tkrk gSA

4- pkjfiV dh fofèk dk iz;ksx izFke dksfV ds lokZfèkd lkekU; vkaf'kd vodyu
lehdj.kksa ds gy Kkr djus esa gksrk gS tks bl izdkj O;Dr fd, tkrs gSa&

F(x, y, z, p, q) = 0

bl fofèk dk ewy fopkj izFke dksfV dh ,d f}rh; vkaf'kd vodyu
lehdj.k dk lekos'ku djk nsuk gS&

f(x, y, z, p, q, a) = 0

;g ,d foosdkèkhu ;k LoSPN fu;rkad ‘a’ ls fufgr gSA

 vkaf'kd vodyu lehdj.k Pp + Qq = R tgka] P, Q, R, x, y, z ds Qyu gSa
ySxzkat dh jSf[kd vodyu lehdj.k dgykrk gSA

 izR;kLFk Mksjh esa y?kq vuqizLFk daiuksa dh O;qRifÙk djus okys lehdj.k dh
LFkkiuk djus gsrq ge Mksjh dks x–v{k ds vuqfn'k j[kk ekurs gSa] tks L yackbZ
esa QSyh gqbZ gS rFkk ftlds fdukjs fljksa x = 0 rFkk x = L ls caèks gq, gSaA ekuk
fd fdlh le; t = 0 ij Mksjh dks fo:fir djds NksM+k x;k rkfd og dEiu
djus yxsA vc gekjh leL;k t > 0 le; ij Mksjh dh fdlh fcanq x ij
fopyu u (x, t) dks Kkr djuk gSA
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 Mksjh le:i gSA Mksjh dh izR;sd bdkbZ yackbZ ds inkFkZ dk nzO;eku fu;r
gS] Mksjh iw.kZr;k izR;kLFk gS vksj blfy, oadu ds izfr tjk Hkh izfrjksèk mRiUu
ugha djrh gSA

 Mksjh dk ruko ,d leku gSA

 Mksjh esa daiu y?kq vk;ke ds gSa rkfd izR;sd fcanq ij <ky ,d leku cuk jgsA

 pkjfiV dh lkekU; fofèk dk iz;ksx izFke dksfV ds lokZfèkd lkekU; vkaf'kd
vodyu lehdj.kksa ds gy Kkr djus esa gksrk gS tks bl izdkj O;Dr fd,
tkrs gSa&

F(x, y, z, p, q) = 0

 vkaf'kd vodyu lehdj.k Pp + Qq = R tgka] P, Q,

R, x, y, z ds Qyu gSa ySxzkat ds jSf[kd vodyu lehdj.k dgykrs gSA

  tc fdlh Hkh lehdj.k esa ,d ;k ,d ls
vfèkd vkaf'kd vodyt gksrs gSa] ftls vkaf'kd vody lehdj.k dgk tkrk
gSA

  pkjfiV dh fofèk dk mi;ksx dksfV ,d ds lcls lkekU;
vkaf'kd vody lehdj.k ds lekèkku dks Kkr djus ds fy, fd;k tkrk gS]
tks fd fuEu lehdj.k }kjk fn;k x;k gS]

          F(x, y, z, p, q) = 0.

1- mi;qä mnkgj.kksa ds lkFk ySxzkat dh jSf[kd vodyu lehdj.k dks ifjHkkf"kr
djsaA

2- rjax lehdj.k dks gy djus gsrq ekuh xbZ voèkkj.kk,a D;k gS\

3- pjksa ds iF̀kDdj.k dh fofèk dk mi;ksx D;ksa fd;k tkrk gS\

4- vkbxsu Qyu rFkk vkbxsu eku dks ifjHkkf"kr djsaA

5- vkorhZ xfr rFkk LisDVªe dh mnkgj.k ds lkFk O;k[;k djsaA

6- ,dy gy rFkk izkjafHkd izfrcaèk lehdj.k dk gy jSf[kd rFkk le:i dc
gksxk\

7- pkjfiV dh fofèk dh mnkgj.k ds lkFk O;k[;k djsaA
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1- izFke dksfV esa ySxzkat ds jSf[kd vodyu lehdj.kksa ds fo"k; esa mnkgj.k ds
lkFk O;k[;k djsaA

2- mi;qä mnkgj.kksa ds lkFk rjax lehdj.k dk o.kZu djsaA

3- lkekU; vkaf'kd vodyu lehdj.k ds gy dks Kkr djus ds fy, pkjfiV dh
lkekU; fofèk dh O;k[;k djsaA

4- fuEufyf[kr vodyu lehdj.kksa dks gy djsa %

(i) xyqzxpyz 32)24()43( 

(ii) )()()( 222222 xyzqzxypyzx 

5- daiu Mksjh ds ewyHkwr ç.kkyh ;k cgqyd dh vkòfÙk ¼ai½ Mksjh dh yackbZ ¼aii½ fiaM
ij çfr bdkbZ yackbZ rFkk ¼ aiii½ Mksjh ruko ij dSls fuHkZj djrh gS\ vxj ge
Mksjh ds ruko dks nksxquk dj nsa rks ml dh vkof̀Ùk fdruh gksxh\

6- Kkr djsa u(x, t) ,d Mksjh dh yackbZ L =  dk tc c2
 = 1 gSA çkjafHkd osx 'kwU;

gS vkSj çkjafHkd fopyu fuEu gS %

(i) 0.01 sin 3x.

(ii) 





  xxk 2sin

2

1
sin

.

(iii)  xx 1.0 .

(iv)  221.0 xx  .

7- fopyu  txu ,  Kkr djsa yackbZ L =  dh Mksjh dk vkSj c2
 = 1 'kwU; çkjafHkd

foLFkkiu ds fy, vkSj tc f=dks.kh; çkjafHkd osx    xxut 01.00,    gS vkSj

;fn 
2

1
0  x ,    xxut  01.00,  ;fn  x

2

1
A ¼çkjafHkd ;k

vkjafHkd fLFkfr;ksa ds lkFk   00, xut  dks ç;ksxkRed :i ls Kkr djuk

dfBu gS½A

8- pjksa dks vyx djds fuEufyf[kr lehdj.kksa ds gy u(x, y) Kkr dhft,A

(i)  yx uu 0.

(ii) 0 yx uu .

(iii) 022  yx uxuy .

(iv)  uyxuu yx  .

(v) 0 yyxx uu .
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(vi) 0 uu xy .

(vii) 0 yyxx uu .

(viii) 02  yuxu xy .

9- fl) djsa fd    





1

π
sin,

n
n L

xn
tGtxu  (L ¾ Mksjh dh yackbZ½ dk çfrLFkkiu

;fn rjax lehdj.k esa gksrk gS rks eqä daiu dks fu;af=r djus okyk
lehdj.k laHko gS %

            
L

cn
GG nnn

π
λ,0λ 2 

10- ,d cká cy P(x, t) ds rgr Mksjh dh cyiwoZd ;k vfuok;Z daiu çfr bdkbZ
yackbZ Mksjh ds fy, fuEu lkekU; lehdj.k }kjk fu;af=r fd;k tkrk gS%

      ρ
2 P
ucu xxtt  .

11- fuEufyf[kr lehdj.kksa ds iw.kZ lekdy Kkr djsa %

(i) zqpxp 2
.

(ii) zyqxp  22
.

(iii) pqzqypx  1 .
(iv) p(1 + q2) = q (z – a).

(v)       01212 2  zyqyypyxpq .

(vi)    1 qypxpq .
(vii) yzqypqpxy  .

(viii)   pzxqp  22
.

(ix)    yqxpqzqy 2 .
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xf.kr esa] ,d vkaf'kd vody lehdj.k (ihMhbZ ;k Partial Differential Equation ;k
PDE) ,d cgqpj Qyu lehdj.k (Multivariable Function Equation) gS] ftlesa
vKkr cgqpj Qyu (Unknown Multivariable Function) vkSj muds vkaf'kd vodyt
gksrs gSaA ihMhbZ dk mi;ksx dbZ pj ds Qyuksa ls lacafèkr leL;kvksa dks lqfoU;Lr
djus ds fy, fd;k tkrk gSA ,d fo'ks"k izdj.k esa lkekU; vody lehdj.k
¼vksMhbZ ;k Ordinary Differential Equation ;k ODE½ gS] tks ,dy pj vkSj muds
vodyt (Derivative) ls lEcfUèkr gSA ihMhbZ dk mi;ksx èofu] Å"ek] folj.k]
fo|qr LFkSfrd (Electrostatic) fo|qr xfrdh (Electrodynamics)] æo xfrdh (Fluid

Dynamics)] izR;kLFkrk (Elasticity)] xq#Rokd"kZ.k (Gravitation) vkSj DokaVe ;kaf=dh
(Quantum Mechanics) tSlh dbZ çdkj dh ?kVukvksa dk o.kZu djus ds fy, fd;k
tk ldrk gSA ftlls ;g çrhr gksrk gS fd vyx&vyx HkkSfrd ?kVuk,a ihMhbZ ds
lanHkZ esa vkSipkfjd :i ls leku gks ldrh gSaA tSls lkèkkj.k vody lehdj.k
vDlj ,d&vk;keh xfr'khy iz.kkyh (One-Dimensional Dynamical System) dks
izfr:fir djrs gSa] oSls gh vkaf'kd vody lehdj.k vDlj cgqvk;keh iz.kkyh
(Multidimensional System) dks izfr:fir djrs gSaA ihMhbZ LVksdsfLVd (Stochastic)

vkaf'kd vody lehdj.kksa esa muds lkekU;hdj.k dk irk yxkrs gSaA

vkaf'kd vody lehdj.k os lehdj.k gksrs gSa] ftuesa lkarR; pj ds lacaèk esa
ifjorZu dh njsa 'kkfey gksrh gSaA n`<+ fi.M (Rigid Body) dh fLFkfr Ng ekinaMksa
}kjk fufnZ"V dh tkrh gS] ysfdu ,d rjy inkFkZ dk foU;kl dbZ ekinaMksa ds fujarj
forj.k }kjk fn;k tkrk gS] tSls fd rkieku] nkc] vkfnA n`<+ fi.M ds fy,
xfr'khyrk ,d ifjfer&vk;keh foU;kl lef"V (Finite-Dimensional Configuration
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Space) esa gksrh gS rjy inkFkZ ds fy, xfr'khyrk ,d vuar&vk;keh foU;kl
LFkku (Infinite-Dimensional Configuration Space) esa gksrh gSA ;g varj vkerkSj
ij ihMhbZ dks lkekU; vody lehdj.kksa dh rqyuk esa gy djus ds fy, cgqr dfBu
cukrk gS] ysfdu ;g jSf[kd leL;kvksa ds fy, ljy lekèkku gksaxsA fpjlEer {ks=
(Classical Domains) tgka ihMhbZ dk mi;ksx fd;k tkrk gS muesa èofu foKku] æo
xfrdh] fo|qr xfrdh] vkSj Å"ek :ikUrj.k (Heat Transfer) lfEefyr gSaA

bl bdkbZ esa vki f}rh; rFkk mPp dksfV;ksa ds vkaf'kd vody lehdj.k]
f}rh; dksfV ds vkaf'kd vody lehdj.kksa dk oxhZdj.k] vpj xq.kkadksa okys le:i
rFkk xSj&le:i lehdj.k rFkk vpj xq.kkadksa okys lehdj.kksa esa ifjorZuh; vkaf'kd
vody lehdj.k ds ckjs esa vè;;u djsaxsA

bl bdkbZ dks i<+us ds ckn vki&

 f}rh; rFkk mPp dksfV;ksa ds vkaf'kd vody lehdj.kksa dks ifjHkkf"kr djus
esa l{ke gksaxs(

 f}rh; dksfV ds vkaf'kd vody lehdj.kksa ds oxhZdj.k dks fuèkkZfjr dj
ik,axs(

 vpj xq.kkadksa okys le:i rFkk xSj&le:i lehdj.kksa dks gy djus esa l{ke
gksaxs vkSj mudh O;k[;k dj ik,axs(

 vpj xq.kkadksa okys lehdj.kksa esa ifjorZuh; vkaf'kd vody lehdj.k dks
le> ik,axsA

noha dksfV ds jSf[kd vody lehdj.k (Linear Differential Equation) dk lkekU;
:i bl izdkj gksrk gS%

1 2

1 2 11 2
...

n n n

n nn n n

d y d y d y dy
P P P P y

dxdx dx dx
 = Q

tgka P1, P2 ..., Pn rFkk Q ,dek= x ds Qyu rFkk fu;rkad gSaA

vpj xq.kkadksa ds lkFk jSf[kd vody lehdj.k bl Lo:i ds gksrs gSa%
1 2

1 2 11 2
...

n n n

n nn n n

d y d y d y dy
P P P P y

dxdx dx dx
 = Q (5.1)

tgka P1, P2, ..., Pn  fu;rkad ;k  vpj (Constant) gS rFkk Q, x dk Qyu gSA

lehdj.k 
1 2

1 21 2

n n n

n n n

d y d y d y
P P

dx dx dx

 

 
  + ... + Pn–1 y

dy
P y

dx
 = 0 (5.2)
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bls lehdj.k ¼5-1½ dh lekuhr lehdj.k (Reduced Equation ;k (R.E.)

dgrs gSaA

;fn  y = y1 (x), y = y2 (x), ..., y = yn (x) bl lekuhr lehdj.k ds n gy
gSa rks y = c1y1 + c2 y2 + ... + cn yn  Hkh lekuhr lehdj.k dk ,d gy gksxk tgka
c1, c2, ..., cn foosdkèkhu ;k LoSPN fu;rkad (Arbitrary Constant) gSA

gy y = y1 (x), y = y2 (x), y = y3 (x), ..., y = yn (x)  jSf[kd :i ls Lora= dgs
tk;saxs ;fn jksufLd;u Qyuksa (Wronskian of the Functions) 'kwU; u gks] tgka y1,

y2,..., yn jksufLd;u (Wronskian) Qyuksa dks W (y1, y2, ...,yn) ls n'kkZ;k tkrk gS]
xf.kr esa] jksufLd;u (Wronskian) dk fuèkkZj.k tkstsQ gksbu jksULdh (Józef Hoene-

Wronski) (1812) vkSj FkkWel eqbjks (Thomas Muir) ds }kjk fd;k x;k bldk iz;ksx
vody lehdj.k ds vè;;u fy, fd;k tkrk gSA

W (y1, y2, ....yn) = 

1 2 3...

1 2 3

1 2 3

( 1) ( 1) ( 1) ( 1)
1 2 3

...

...

...

n

n

n

n n n n
n

y y y y

y y y y

y y y y

y y y y

  

pwafd noha dksfV ds vody lehdj.k dk lkekU; gy n foosdkèkhu ;k LoSPN
fu;rkad gS] rFkk u = c1y1 + c2y2 + ... + cn yn  mldk iw.kZ gy gSA

1 2

1 21 2

n n n

n n n

d v d v d v
P P

dx dx dx

 

 
  + ... + Pn–1 n

dv
P v

dx
 = Q (5.3)

pwafd u lehdj.k ¼5-2½ dk ,d gy gS] gesa izkIr gksxk
1 2

1 21 2

n n n

n n n

d u d u d u
P P

dx dx dx

 

 
  + ... + Pn–1 n

du
P u

dx
 = 0 (5.4)

vc lehdj.k ¼5-3½ rFkk lehdj.k ¼5-4½ dks tksM+us ij gesa izkIr gksxk

1 2

1 2 2

( ) ( ) ( )n n n

n n n

d u v d u v d u v
P P

dx dx dx
+ ...+ Pn –1

( )d u v

dx
 + Pn(u + v) = Q

;gka n'kkZrk gS fd y = u + v lehdj.k ¼5-1½ dk lEiw.kZ gy gSA

d

dx
 ds fy, lapkyd D, 

2

2

d

dx
ds fy, D2, 

3

3

d

dx
 ds fy,  D3 dh izfo"Vh

(Introduce) djkus ij lehdj.k ¼5-1½ dks bl Lo:i esa fy[kk tk ldrk gSA

Dny + P1Dn–1y + P2Dn–2 y +.......+ Pn –1 Dy + y Pn = Q

;k (Dn + P1 Dn –1 + P2Dn–2 +.....+ Pn–1 D + Pn) y = Q

;k F(D) y = Q tgka F (D) = Dn + P1Dn–1 P2Dn–2 + .......+ Pn–1D + Pn

Åij dh x;h ppkZ ls ;g Li"V gS fd F (D)y = Q dk lkekU; gy nks Hkkxksa
ls fufeZr gS tks fuEukafdr fd, x, gS

(i) iwjd Qyu (Complementary Function ;k C.F.) Qyu tks lekuhr lehdj.k
dk lEiw.kZ izkjafHkd (Complete Primitive) gS rFkk bl Lo:i okyk gksxk tks
fuEu fn;k x;k gSA
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y = c1 y1 + c2 y2 + ... + cn yn  n foosdkèkhu ;k LoSPN fu;rkad èkkj.k djrk
gSA

(ii) fof'k"V lekdy (Particular Integral ;k P.I.) tks F (D) y = Q  dk ,d gy
gS vkSj dksbZ Hkh foosdkèkhu ;k LoSPN vpj (Arbitrary Constant) ugha fuèkkZfjr
djrk gSA

(Rules for Finding the Complementary

Function)

ge ,d f}rh; dksfV ds jSf[kd vody lehdj.k ij fopkj djrs gS%
2

1 22

d y dy
P P y

dxdx
  = 0 (5.5)

ekuk fd y = A emx lehdj.k ¼5-3½ dk ,d ijh{k.k gy (Trial Solution) gS
lehdj.k ¼5-5½ dk lgk;d lehdj.k (Auxiliary Equation) A.E. bl izdkj gksxk%

m2 + P1m + P2 = 0 (5.6)

lehdj.k ¼5-6½ nks ewy (Roots) m = m1, m = m2 gS] ge fuEu ekeyksa ij
fopkj djsaxs%

(i) tc m1  m2 rc C.F. y = c1em1x + c2 em2x gksxk

tgka c1 rFkk c2 foosdkèkhu ;k LoSPN fu;rkad gSA

(ii) tc m1= m2 rc iwjd Qyu (C.F.) gksxk%

tgka y = (c1 + c2 x) em1x rFkk c1 foosdkèkhu ;k LoSPN c2 fu;rkad gSA

(iii) tc lgk;d lehdj.kksa (Auxiliary Equations) (5.6),  – i vkSj  +

i izdkj ds lfEeJ ewy (Complex Roots) ls lekfo"V gS rc iwjd
Qyu (C.F.) fuEu gksxk

y = ex (c1 cos  x + c2 sin  x)

ge n dksfV dh lehdj.k ij fopkj djrs gSa%
1 2

1 21 2

n n n

n n n

d y d y d y
P P

dx dx dx

 

 
  + ... + Pn –1 n

dy
P y

dx
= 0 (5.7)

ekuk fd y = A emx lehdj.k ¼5-7½ dk ,d ijh{k.k gy gS rc lgk;d
lehdj.k bl izdkj gS%

mn + P1 mn–1 + P2 mn – 2 + ......+ Pn –1 m + Pn = 0 (5.8)

 ;fn m1, m2, m3, ..., mn lehdj.k ¼5-8½ ds vyx&vyx okLrfod
ewy (Distinct Real Roots) gS rc lkekU; gy gksxk

y = c1 em1x +c2e m
2x + c3em3x + ... + cnemnx

tgka c1, c2, c3.....cn
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 ;fn lgk;d lehdj.k ds nks ewy m1 rFkk m2 leku gSa vkSj izR;sd
m ds cjkcj gS rc lkekU; gy dk laxr Hkkx (c1 + c2 x) emx gksxk vkSj ;fn rhu
ewy m3, m4, m5, ds cjkcj gksaxs rks gy dk laxr Hkkx (c3 + c4x + c5x2) ex gksxk
rFkk vU; vyx&vyx (Distinct) gksxsa rks lkekU; gy gksxsa%

y = (c1 + c2x) emx + (c3 + c4 + c5x2) ex + c6 em6x +......+ cnemnx

 ;fn vfèkdfYir ewy dk ;qXe (Pair or Imaginary Roots)  ± inks
ckj vfLrRo esa gS rc lkekU; gy dk laxr Hkkx gksxk%

ex [(c1 + c2x) cos  x + (c3 + c4x) sin x]

vkSj lkekU; gy gksxk%

y = ex [(c1 + c2x) cos  x + (c3 + c4x) sin x] + c5em5x + ......+ cnemnx

tgka c1, c2..., cn foosdkèkhu ;k LoSPN fu;rkad ;k vpj gS rFkk m5, m6, ....,

mn lehdj.k ¼5-8½ ds i`Fkd&i`Fkd okLrfod ewy (Distinct Real Roots) gSA

 ;fn nks ewy ¼okLrfod½ m rFkk – m gSa] lkekU; gy dk laxr Hkkx
(Corresponding Part) c1emx + c2e – mx gksxk %

= c1 (cosh mx + sinh mx) + c2 (cosh mx – sinh mx)

= c1 cosh mx + c2 sinh mx tgka c1 = c1 + c2, c 2 = c1 – c2

vkSj lkekU; gy gksxk

y = c1 cosh mx + c 2 sinh mx + c3em3x + c4 em4x +......+ cnemnx

tgka c 1, c2, c3, .....cn LoSPN vpj gSa rFkk m3, m4 ... mn lehdj.k ¼5-8½ ds
i`Fkd&i`Fkd okLrfod ewy gSaA

(Rules for Finding PI or Particular

Integrals)

F (D) y = f(x) dk dksbZ fof'k"V gy mldk fof'k"V lekdy ;k P.I (Particular

Integral) dgykrk gSA F(D)y = f(x) ds P.I. dks lkadsfrd :i ls bl izdkj fy[kk
tkrk gS%

P.I. = 
1

( )F D
{f (x)} tgka F(D) lapkyd (Operator) gSA

lapkyd 
1

( )F D bl izdkj ifjHkkf"kr gS fd tc ;g lapkyd ,d  f (x) ij

lapkfyr gksrk gS rks ,d Qyu  (x) nsrk gS tks bl izdkj gksrk gS fd

F (D) (x) = f (x)

vFkkZr~
1

( )F D  { f (x)} =  (x) (= P.I. )

 F (D) 1
( )

( )
f x

F D

 
 
 

 = f (x) 1
( ) ( )

( )
f x x

F D

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Li"V gS fd F (D) rFkk 1/F(D) izfrykse lapkyd (Inverse Operators) gSaA

 I: ekuk F (D) = D rc 
1

( )f x
D = ( )f x dx  gSA

(Proof) : ekuk y = 1
{ ( )}f x

D
, D ls lapkfyr djus ij gesa izkIr gksxk Dy

= D . 1
{ ( )}f x

D
 ;k  Dy = f(x) ;k dy

dx
 = f (x) ;k dy = f (x)x ds lkis{k nksuksa i{kksa dk

lekdyu djus ij] gesa izkIr gksxk y = ( )f x dx  pwafd fof'k"V lekdy esa dksbZ

foosdkèkhu ;k LoSPN fu;rkad ugha gksrkA

 II: ekuk F (D) = D – m tgka m ,d fu;rkad gS rc

1
{ ( )}f x

D m
= emx ( )mxe f x dx .

(Proof) : ekuk 1
{ ( )}f x

D m
 = y rc D – m ls lapkfyr (Operating) djus

ij gesa izkir gksxk%

( D – m) . 
1

{ ( )}f x
D m

= (D – m) y

;k f (x) = 
dy

my
dx



;k dy
my

dx
  = f (x) tks fd ,d izFke dksfV dh jSf[kd vody

lehdj.k gS rFkk I.F. = mdx mxe e
    gksxkA

rc mi;qZDr lehdj.k dks e–mx ls xq.kk djus rFkk x ds lkis{k lekdyu
djus ij gesa izkIr gksxk%

y e – mx = ( ) mxf x e dx , D;ksafd fof'k"V lekdyu (Particular Integral) dksbZ

foosdkèkhu ;k LoSPN fu;rkad fuèkkZfjr ugha djrkA

;k y = emx ( ) mxf x e dx .

;fn 
1

( )F D
= 1 2

1 2
..... n

n

aa a

D m D m D m
 tgka ai rFkk

mi (i = 1, 2, ..., n) fu;rkad gSa] rc

1
{ ( )}

( )
f x

F D
= a1em1x 1( ) m xf x e dx 2 2

2 ( )m x m xa e f x e dx

... ( )n nm x m x
na e f x e dx

= 
1

( )i i
n

m x m x
i

i

a e f x e dx


 
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vc ge dqN fo'ks"k izdkj ds nk,a i{k ds (Right Hand Side) Qyuksa ds fy,
fof'k"V lekdy Kkr djus dh fofèk ij ppkZ djrs gSaA

 I: f (D) y = emx tgka m ,d fu;rkad gSA

rc P.I. = 
1

{ }
( )

mxe
F D

 =
( )

mxe

F m
 if  F (m)  0

;fn F (m) = 0 rc ge D dkss D + m ls F (D) esa izfrLFkkfir djrs gSa]

P.I.= 
1

{ }
( )

mxe
F D

 = emx . 
1

{1}
( )F D m

(D3 – 2D2 – 5D + 6) y = (e2x + 3)2 + e3x cosh x.

fuEu lehdj.k lekuhr lehdj.k (Reduced Equation) gS]

(D3 – 2D2 – 5D + 6) y = 0 ...(5.9)

ekuk fd y =Aemx  lehdj.k (5.9) dk ,d ijh{k.k gy (Trial Solution) gS rc
lgk;d lehdj.k%

m3 – 2 m2 – 5m + 6 = 0 or m3 – m2 – m2 + m – 6m + 6 = 0

;k m2 (m – 1) – m (m – 1) – 6 (m – 1) = 0

;k (m – 1) (m2 – m– 6) = 0 or (m – 1) (m2 – 3m + 2m – 6) = 0

;k (m – 1) (m – 3) (m + 2) = 0 or m = 1, 3, –2

 iwjd Qyu (Complementary Function) gS%

y = c1ex + c2e3x + c3 e–2x tgka c1, c2, c3 foosdkèkhu ;k LoSPN vpj gSA

iqu% (e2x + 3)2 + e3x cosh x = e4x + 6 e2x + 9 + e3x

2

x xe e 
  
 

.

= e4x + 6 e2x + 9e0 . x + 
4 2

2 2

x xe e


= 4 2 0.3 13
9

2 2
x x xe e e

 fof'k"V lekdy (P.I.) gS]

y = 4 2 0.
3 2

1 3 13
9

2 22 5 6
x x xe e e

D D D

= 4 2 0.1 3 13
9

( 1)( 3)( 2) 2 2
x x xe e e

D D D

= 4 23 1 13 1
{ }

2 ( 1)( 3)( 2) 2 ( 1)( 2)( 3)
x xe e

D D D D D D

+ 0.1
9

( 1)( 3)( 2)
xe

D D D

= 
4 23 13

2 (4 1) (4 3) (4 2) 2 (2 1) )(2 2) (2 3)

x xe e
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0.

9
(0 1)(0 3)(0 2)

xe

= 
4 2 0.3 13

9
2 3 .1. 6 2 1. 4 . ( 1) ( 1)( 3) . 2

x x xe e e

= 
4

213 3

12 8 2

x
xe

e   gksxkA

blfy, lkekU; gy gS%
y = C.F. + P.I.

= c1ex + c2 e3x + c3 e
–2x +

4
213 3

12 8 2

x
xe

e   gksxkA

1. tc F (m) = 0 rFkk F(m)  0,

P.I. = 
1

{ }
( )

mxe
F D

= x 
1

{ }
( )

mxe
F D

 = 
( )

mxxe

F m

2. tc F (m)= 0 F(m) = 0 rFkk F(m)  0, rc

P.I. = 
1

{ }
( )

mxe
F D

= 2 1

( )
mxx e

F D
 = 

2

( )

mxx e

F m
 rFkk blh izdkj

 II: f (x) = emx V  tgka V, x dk dksbZ Qyu gSA

;gka (P.I.) dk F (D) y = f (x) dk fof'k"V lekdy gS%

P.I. = 
1

{ }
( )

mxe V
F D

 = emx 1
{ }

( )
V

F D m
.

(D2 – 5D + 6) y = x2 e3x dks gy djsaA

 fuEu lehdj.k lekuhr lehdj.k (Reduced Equation) gS]

(D2 –5D + 6) y = 0 (5.10)

ekuk fd y = Aemx lehdj.k ¼5-10½ dk ijh{k.k (Trail) gy gS] rc lgk;d
lehdj.k%

m2 – 5m + 6 = 0 or m2 – 3m – 2m + 6 = 0

;k m (m – 3) – 2 (m – 3) = 0 or (m – 3) (m – 2) = 0

 m = 2, 3

 iwjd Qyu (C.F.) gS%

y = c1 e2x + c2 e3x tgka c1 rFkk c2 foosdkèkhu ;k LoSPN vpj gSaA rc fof'k"V
lekdy fuEu gksxk%

y = 2 3
2

1
{ }

5 6
xx e

D D 
= 

3
2

2
{ }

( 3) 5( 3) 6

xe
x

D D   

= e3x 2
2

1
{ }

6 9 5 15 6
x

D D D    
= e3x 2

2

1
{ }x

D D
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= e3x 
2 3 1 21 1

{ } (1 ) { }
(1 )

xx e D x
D D D

 


= 
3

2 3 4 2(1 ...){ }
xe

D D D D x
D

= 
3

2 3 2{ 2 2} 2
3

x
xe x

x x e x x
D

 
      

 

blfy, lkekU; gy gS%

y = C.F. + P.I.

= 
3

2 3 3 2
1 2 2

3
x x x x

c e c e e x x .

;kn jgs% (i) (1+ x)–1 = 1 – x + x2 – x3 + x4 – x5 + ...

(ii) (1 – x)–1 = 1 + x + x2 + x3 + x4 + x5 + ...

 III:

(a) F (D) y = sin ax ;k cos ax tgka F (D) =  (D2).

;gka P.I. = 
1

{sin }
( )

ax
F D

 = 
2

1
sin

( )
ax

a
(;fn  (– a2)  0)

;k P.I. = 
1

{cos }
( )

ax
F D

= 
2

1
cos

( )
ax

a
(;fn  (–a2)  0)

¼è;ku nsus ;ksX; gS fd D2, –a2 ls izfrLFkkfir gqvk gS ysfdu D, –a ls
izfrLFkkfir ugha gqvk gS½

(b) F (D) y = sin ax ;k cos ax ;k F (D) =  (D2, D)

;gka P.I. = 
1

{sin }
( )

ax
F D

= 
2 2

1 1
{sin } {sin }

( , ) ( , )
ax ax

D D a D

;fn (– a2, D)  0

;k y = 
1

{cos }
( )

ax
F D

 = 
2 2

1 1
{cos } {cos }

( , ) ( , )
ax ax

D D a D

;fn (–a2, D)  0

(c) F (D) y = sin ax or cos ax rFkk F(D) = 2

( )

( )

D

D

;gk  P.I. = 
1

{sin }
( )

ax
F D

= 2

( )
{sin }

( )

D
ax

D
 = 

2

( )
{sin }

( )

D
ax

a
;fn (–a2)  0

;k y = 
1

{cos }
( )

ax
F D

= 2

( )

( )

D

D
{cos ax}

= 
2

( )

( )

D

a
{cos ax} ;fn  (– a2)  0
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(d) F (D) y = sin ax ;k cos ax, F (D) =  (D2) ijUrq  (–a2) = 0

;gka P.I. = 
1

( )F D
{sin ax ;k cos ax} = 

1

( )
x

F D
{sin ax ;k cos ax}

oSdfYid :i ls sin ax rFkk cos ax dks sin ax = 
2

i xa ixae e

i
 rFkk

cos ax = 
2

aix aixe e
, bl :i esa Hkh fy[kk tk ldrk gSA rc izdkj&I dh fofèk ls

P.I. Kkr djrs gSaA

(D4 + 2D2 + 1) y = cos x Kkr djsaA

lekuhr lehdj.k (Reduced Equation) is (D4 + 2D2 + 1) y = 0 gSA ekuk
y = Aemx  ijh{k.k gy gS rc lgk;d lehdj.k]

m4 + 2m2 + 1 = 0 ;k [(m2 + 1)]2 = 0 ;k m = ± i, ± i

 C.F. = (c1 + c2x) cos x + (c3 + c4x) sin x tgka c1, c2, c3 rFkk c4 foosdkèkhu
;k LoSPN vpj  (Arbitrary Constants) gSaA

 P.I. = 
4 2

1
{cos }

2 1
x

D D 

 = 
3

1
{cos }

4 4
x x

D D

[ (D2)= D4 + 2D2 + 1

(–12) = 1 – 2 + 1 = 0, rc 
1

{ ( )}
( )

f x
F D

 = x
1

{ ( )}
( )

f x
F D

]

= 
3

1
{cos }

4

x
x

D D
= 

2
. {cos }

4 3 1

x x
x

D 

= 
2

4

x 2 2

2

1 cos
{cos } . cos

4 3 1 83 1

x x x
x x

D

bl izdkj lkekU; gy (General Solution) gS%

y = C.F. + P.I.

= (c1 + c2x) cos x + (c3 + c4x) sin x – 
2

cos
8

x
x .

 (D2 – 4)y = sin 2x dks gy djsa

lekuhr lehdj.k (Reduced Equation) fuEu fn;k x;k gS%

(D2 – 4)y = 0

ekuk fd y = Aemx  ,d ijh{k.k gy (Trial Solution) gS vkSj

lgk;d lehdj.k (Auxiliary Equation)  gS%

m2 – 4 = 0  m = ± 2

iwjd Qyu (Complementary Function) gS%
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y = c1 e2x + c2 e–2x tgka c1 rFkk c2 foosdkèkhu ;k LoSPN fu;rkad
gSA

fof'k"V lekdy (Particular Integral) fuEu gksxk%

y = 2

1
{sin 2 }

4
x

D 
= 2

1
sin 2

2 4
x [D2 dks –22 ls izfrLFkkfir djus

ij]

= 1
sin 2

8
x

lkekU; gy (General Solution) y = C.F. + P.I. = c1e2x + c2e–2x 1
sin 2

8
x

gSA

(3D2 + 2D – 8)y = 5 cos x dks gy djsaA

 lekuhr lehdj.k gS (3D2 + 2D – 8)y = 0

ekuk y = Aemx ,d ijh{k.k gy gS rc lgk;d lehdj.k gksaxs

3m2 + 2m – 8 = 0 ;k 3m2 + 6m – 4m – 8 = 0

;k 3m (m + 2) – 4 (m + 2) = 0 ;k (m + 2) (3m – 4) = 0

;k m = – 2, m = 
4

3

 iwjd Qyu (Complementary Function) gS,

y = c1e–2x + 
4

3
2

x
c e  tcfd c1 rFkk c2 foosdkèkhu ;k LoSPN fu;rkad gSaA

fof'k"V lekdy (Particular Integral) gS,

y = 
2

1
{5cos }

3 2 8
x

D D 
= 

1
5 {cos }

(3 4)( 2)
x

D D 

= 2 2

(3 4)( 2)
5 {cos }

(9 16)( 4)

D D
x

D D

 

 
 = 2 2

(3 4)( 2)
5 {cos }

[9( 1 ) 16][ 1 4]

D D
x

 

   

[gj (Denominator) esa D2 dks  – 12 ls izfrLFkkfir djus ij]

ftldk Lo:i gS] 2

( )

( )

D

D

= 25
[3 6 4 8]{cos }

( 25) ( 5)
D D D x  = 21

[3 2 8]cos
25

D D x 

= 
2

2

1
3 (cos ) 2 (cos ) 8cos

25

d d
x x x

dxdx

 
   

 

 =  1
3cos 2sin 8cos

25
x x   = 

1
(2sin 11cos )

25
x x

lkekU; gy (General Solution)

y = C.F. + P.I.

= c1e –2x + c2e4/3x + 
1

(2sin 11cos )
25

x x .
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 IV: F (D) y = xn, n ,d èkukRed iw.kk±d gSA

;gka P.I. = 
1

{ }
( )

nx
F D

 = [F(D)]–1 {xn}

bl izdj.k esa [F (D)]–1  dks f}in Js.kh (Binomial Series) esa vkjksgh ?kkrksa
esa D ls Dn rd foLrkfjr djrs gSa vkSj fQj foLrkj ds izR;sd in (Term) ds lkFk
xn ij lapkfyr (Operate) djrs gSaA foLrkj esa Dn ls ijs tks in gS mu ij fopkj
djus dh vko';drk ugha gksrh gkykafd muds xn ij lapkyd dk ifj.kke 'kwU;
vkrk gSA

 D2 (D2 + D + 1)y = x2 dks gy djsaA

 lekuhr lehdj.k fuEu gS]

D2 (D2 + D + 1)y = 0 (5.11)

ekuk y = Aemx lehdj.k ¼5-11½ dk ,d ijh{k.k gy gS rc lgk;d
lehdj.k  (Auxiliary Equation) gS%

m2 (m2 + m + 1) = 0

 m = 0, 0 vkSj m = 1 1 4

2

   = 1 3 3

2 2

I i    


 iwjd Qyd (Complementry Function) gS%

y = (c1 + c2 x) e 0 . x + 
1

2
3 4

3 3
cos sin

2 2

x
e c x c x

= c1 + c2x + 
1

2
3 4

3 3
cos sin

2 2

x
e c x c x

tgka c1, c2, c3, c4 foosdkèkhu fu;rkad (Arbitrary Constant) gSaA

fof'k"V lekdy (Particular Integral) gS%

y = 2
2 2

1
{ }

( 1)
x

D D D 
= 

2 1 2
2

1
(1 ) { }D D x

D
 

= 
2 2 2 3 2

2

1
{1 ( ) ( ) ( ) ...}{ }D D D D D D x

D

= 
2 2 3 4 2 3 2

2

1
{1 ( ) ( 2 ) ( ) ...}{ }D D D D D D D x

D

= 
2

2

1
{ (2 2) (2) 0}x x

D

= 
2

2

1
{ 2 }x x

D
 = 

3
21

3

x
x

D
 = 

4 3

12 3

x x
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lkekU; gy (General Solution) y = C.F. + P.I. gSA

= c1 + c2x + 
4 3

/2
3 4

3 3
cos sin

2 2 12 3
x x x

e c x c x .

 (D2 + 4)y = x sin2x dks gy djsaA

lekuhr lehdj.k (Reduced Equation) gS

(D2 + 4) y = 0

ijh{k.k gy (Trial Solution) y = A emx bl izdkj lgk;d lehdj.k iznku
djsxk

m2 + 4 = 0, m = ± 2i

iwjd Qyu (Complementary Function) y = c1 cos 2x + c2 sin 2x gSA

fof'k"V lekdy (Particular Integral) y = 2
2

1
{ sin }

4
x x

D

= 
2

1
(1 cos 2 )

24

x
x

D
 = 

2

1
cos 2

2 24

x x
x

D

= 
2 2

2 2

1 1 ( )

2 2 24 4

ix ixx x e e

D D

= 
12 2 2

2 2

1 1
1 { } { }

4 4 2 4 ( 2 ) 4 4( 2 ) 4

ix ixD x e e
x x

D i D i

 = 
2 2

2 2

1 1 1
{ } { }

4 2 4 44 4 4 4 4 4

ix ixx e e
x x

D Di D Di

= 
2 21

{ } { }
8 4

4 1 4 . ( 4 ) 1
4 4

ix ixx e e
x x

D D
Di Di

i i

= 
1 12 21

. 1 { } 1 { }
8 4 4 4 4( 4 ) 4

ix xix e D e D
x x

Di i Di i

= 
2 2 21

. 1 ... { } 1 ... { }
8 4 4 4 16 4( 4 ) 4

ix xix e D D e D
x x

Di i Di i

= 
2 21 1 1

.
8 4 4 4 4 . 4 4

ix xix e e
x x

Di i Di i

= 
2 2 2 2

8 2 . 8 2 4 2 . 8 2 4

ix xix e x x e x x

i i i i

= 
2 2 2 2 2

28 2 . 8 2 22 .16 .

ix xi ix xix x e e x e e

i i

= 
2

sin 2 cos 2
8 2.8 2.16

x x x
x x 

= 
2

sin 2 cos 2
8 16 32

x x x
x x 
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bl izdkj lkekU; gy (General Solution) y = C.F. + P.I.

= c1 cos 2x + c2 sin 2x + 
2

8 16

x x  sin 2x – cos 2
32

x
x .

(D4 + D3 – 3D2 – 5D – 2) y = 3xe–x dks gy djsaA

 lekuhr lehdj.k gS%

(D4 + D3 – 3D2 – 5D – 2) y = 0 (5.12)

ijh{k.k gy y = Aemx fuEukuqlkj lgk;d lehdj.k nsxk%

m4 + m3 – 3m2 –  5 m – 2 = 0

;k m4 + m3 – 3m2 –  3 m – 2m – 2 = 0

;k m3 (m + 1) – 3m (m + 1) – 2 (m +1)

;k (m + 1) (m3 – 3m – 2) = 0 ;k (m + 1)

{m3 + m2 – m2 – m – 2m –2) = 0

;k (m + 1) {m2 (m + 1) – m (m + 1) – 2 (m + 1)} = 0

;k (m + 1) (m + 1) (m2 – m – 2) = 0

;k (m + 1)2 (m2 – 2m + m – 2)  = 0

;k (m + 1)2 (m + 1) (m – 2) = 0

 m = – 1, –1, –1, 2

iwjd Qyu (Complementary Function) y = (c1 + c2 x + c3x2) e–x + c4e2x gSA

fof'k"V lekdy (Particular Integral) gS]

y = 
3

1
{3 }

( 1) ( 2)
xe x

D D

= 3e–x
3

1
{ }

( 1 1) ( 3)
x

D D
 = 3e–x

3

1
{ }

( 3) (1 /3)
x

D D

= – e–x
1 2

3 3

1 1
1 { } 1 ... { }

3 3 9
xD D D

x e x
D D

= – e–x 
2 3 2

3 2

1 1 1 1

3 2 3 6 6
x xx x x x

x e e
DD D

= –e–x 
4 3

24 18

x x

lkekU; gy (General Solution) y = C.F. + P.I. gS]

= (c1 + c2 x + c3 x2) + c4 e2x – e–x 
4 3

.
24 18

x x

V: (a) F (D) y = xV tgka V, x dk ,d Qyu gSA.

;gka P.I. = 
1

{ }
( )

xV
F D

 = 1 1
( ) { }

( ) ( )
x F D V

F D F D

 
  

 
.
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(D2 + 9) y = x sin x dks gy djsaA

lekuhr lehdj.k (Reduced Equation)  (D2 + 9) y = 0 gSA (5.13)

ijh{k.k gy  (Trial Solution) y = Aemx ;g lgk;d lehdj.k nsrk gS]

m2 + 9 = 0 ;k m = ± 3i

 C.F. = c1 cos 3x + c2 sin 3x tgka c1 rFkk c2 foosdkèkhu ;k LoSPN
fu;rkad gSaA

rFkk P.I. = 
1

{ sin }
( )

x x
F D

tgka F (D) = D2 + 9

= 1 1
( ) {sin }

( ) ( )
x F D x

F D F D

 
  

 

= 
2 2

2 1
{sin }

9 9

D
x x

D D

= 2 2

2 sin 2 sin
=

1 9 89 9

D x D x
x x

D D

= 
sin 1 1

{sin }
8 4 1 9

x x
D x  = 

sin 1
cos

8 32

x x
x

bl izdkj lkekU; gy gS%

y = C.F. + P.I. = c1 cos 3x + c2 sin 3x + 
sin 1

cos
8 32

x x
x

(b) F (D) y = xnV tgka V , x dk dksbZ Qyu gSA

;gka P.I. = 
1

{ ( )}
( )

f x
F D

 = 1 ( ) 1
{ } { }

( ) ( ) ( )

n
n F D

x V x V
F D F D F D

 (D2 –1)y = x2 sin x dks gy djsaA

lekuhr lehdj.k (Reduced Equation) (D2 –1)y = 0 gS (5.14)

ekuk y = Aemx ,d ijh{k.k gy gS rc lgk;d lehdj.k gS%

m2 – 1 = 0 or m = ± 1

 C.F. = c1ex + c2e–x tgka c1 rFkk c2 foosdkèkhu ;k LoSPN fu;rkad gSA

 P.I. = 21
{ sin }

( )
x x

F D
 tgka F(D) = D2 – 1

= 
2

( ) 1
{sin }

( ) ( )

F D
x x

F D F D
 = 

2

2 2

1 1
2 {sin }

1 1
x D x

D D

  
   

= 
2 2 2

1 1 1
2 2 sin

1 1 1 1
x D x D x

D D
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= 
2 2

1 1
2 2 { 1/ 2sin }

1 1
x D x D x

D D

= 
2 2

1 1
2 sin {cos }

21 1

x
x D x x

D D

= 
2

1 1
2 sin cos

2 21

x
x D x x

D

      
   

= – 
2

2

1
sin cos { ( sin cos )}

2 2 1

x x
x x D x x x

D
  



= – 
2

2

1
sin cos {sin cos sin }

2 2 1

x x
x x x x x x

D

= –
2

2

1
sin cos { cos }

2 2 1

x x
x x x x

D
 



iqu%
2

1
{ cos }

1
x x

D 
= 

2 2

1 1
2 {cos }

1 1
x D x

D D

  
   

= 
2

1 1
2 cos

1 11
x D x

D

        

= 2

1 1
cos { sin }

2 1
x x x

D

= 2

1 sin
cos

2 1 1

x
x x  = – 1 1

cos sin
2 2

x x x

 P.I. = – 
2 1

sin cos cos sin
2 2 2 2

x x x
x x x x  

= 21 1
sin cos sin

2 2
x x x x x

bl izdkj lkekU; gy (General Solution) gS]

y = C.F. + P.I. = c1ex + c2e–x 21 1
sin cos sin

2 2
x x x x x.

1- vpj xq.kkadksa okys lkekU; jSf[kd vody lehdj.k fyf[k,A

2- f}rh; dksfV jSf[kd vody lehdj.k dk iwjd Qyu D;k gksrk gS] ;fn
lehdj.k ds ewy (m

1
 = m

2
) ds cjkcj gksa\

3- fof'k"V lekdy D;k gksrk gS\

nks Lora= pjksa (Independent Variables) esa f}rh; dksfV (Second Order) ds fuEukafdr
vkaf'kd vody lehdj.k ij fopkj dhft,A
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GFu
y

u
E

x

u
D

y

u
C

yx

u
B

x

u
A 





















2

22

2

2

;gka  A, B, C, D, E, F, rFkk G, x rFkk y ds Qyu gSaA

tgka ;g lehdj.k vèkZ jSf[kd (Quasi-Linear) vkaf'kd vody lehdj.k esa
ifjofrZr gks tk;sxh] rc ,slk Lo:i xzg.k dj ysxhA

0,,,
2

22

2

2




























y

u

x

u
uyxf

y

u
C

yx

u
B

x

u
A

;s lehdj.k bl izdkj dh dgh tk;sxh ;fn%

1- nh?kZo`Ùkh; izdkj dh (Elliptic Type)  ;fn B2 – 4AC < 0

2- ijoyf;d izdkj dh (Parabolic Type)  ;fn B2 – 4AC = 0

3- vfrijoyf;d izdkj dh (Hyperbolic Type)  ;fn B2 – 4AC > 0

bls le>us ds fy, ge dqN mnkgj.kksa ij fopkj djrs gSa%

(i) 022
2

2
2

2

2

2


















y

u

y

u
x

yx

u
x

x

u

 u
xx

 – 2xu
xy

 + x2u
yy

 – 2u
y
 = 0

bldh lkekU; lehdj.k ls rqyuk djus ij gesa irk pyrk gS fd

A = 1, B = –2x, C = x2

blfy, B2 – 4AC = (–2x)2 – 4x2 = 0,   x rFkk y  0

blfy, lehdj.k lHkh fcUnqvksa ij ijoyf;d (Parabolic) gSA

(ii) y2u
xx

 + x2u
yy

 = 0

bldh lkekU; lehdj.k ls rqyuk djus ij gesa fuEu lehdj.k izkIr gksrk
gS%

A = y2, B = 0, C= x2

blfy, B2 – 4AC = 0 –  4x2y2 < 0,   x rFkk y  0

bl izdkj ;g lehdj.k lHkh fcUnqvksa ij nh?kZo`rh; (Elliptic) gSA

(iii) x2u
xx

 – y2u
yy

 = 0

bldh lkekU; lehdj.k ls rqyuk djus ij gesa Kkr gksrk gS%

A = x2, B = 0, C = –y2

blfy, B2 – 4AC = 0 –  4x2y2 > 0,  x rFkk y  0

vr% lehdj.k lHkh fcUnqvksa ij vfrijoy;d (Hyperbolic) gSA

lokZfèkd lkekU; (Most Common) :i ls bLrseky gksus okys f}rh; dksfV
dh rhu vkaf'kd vody lehdj.k bl izdkj gSA
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1. ykIykl lehdj.k  0
2

2

2

2









y

u

x

u
 ;g nh?kZor̀h; (Elliptic) izdkj dk gSA

2. ,d foeh; Å"ek izokg lehdj.k 2

2
2

x

u
c

t

u








 ;g ijoyf;d (Parabolic)

izdkj dk gSA

3. ,d foeh; rjax lehdj.k 2

2
2

2

2

x

u
c

t

u








 ;g vfrijoyf;d (Hyperbolic)

izdkj dk gSA

(Homogeneous Linear Equations

with Constant Coefficients)

ekuk f(D, D' )z = V(x, y) (5.15)

rc ;fn   n
n

nnn DADDADDADADDf   2
2

2
1

10, (5.16)

tgka n21 A,,A,A   vpj jkf'k gSaA

rc lehdj.k ¼5-15½ dks le:i (Homogeneous) lehdj.k ds :i esa tkuk
tkrk gS ;g fuEu Lo:i izkIr djrh gS%

   y,xVzDADDADDADA n
n

22n
2

1n
1

n
0    (5.17)

 (Complementry Function)

lehdj.k ij fopkj dhft,%

  0zDADDADDADA n
n

22n
2

1n
1

n
0    (5.18)

ekuk fd  mxyz  (5.19)

lehdj.k ¼5-18½ dk ,d gy gSA

vc  mxymzD rrr 

   mxyzD es 

rFkk    mxymzDD srrsr  

lehdj.k ¼5-19½ dks lehdj.k ¼5-18½ esa izfrLFkkfir djus ij gesa izkIr gksxk%

      0mxyAmAmAmA n
n

2n
2

sn
1

n
0   

;g larq"V (Satisfy) gksxk ;fn

0AmAmAmA n
2n

2
1n

1
n

0    (5.20)
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lehdj.k (5.20) dks lgk;d lehdj.k (Auxiliary Equation) dgk tkrk gSA

ekuk fd n21 m,,m,m   lehdj.k (5.20) ds ewy (Roots) gSa rc uhps nh x;h

rhu fuEu izdj.k gSaA

I (Roots) m
1
, m

2
, ..., m

n
 (Distinct) 

m = m
1
 ds laxr iwjd Qyu C.F. ds Hkkx gS%

 xmyz 11 

;gka ‘
1
’ ,d foosdkèkhu Qyu (Arbitrary Function) gSA

m = m
2
  ds laxr C.F. dk Hkkx gS%

 xmyz 22 

;gka ‘
2
’ ,d foosdkèkhu Qyu gSA

vc D;ksafd gekjk lehdj.k jSf[kd gS rc gyksa dk ;ksx (Sum of Solutions)

Hkh ,d gy gksxk blfy, ges iwjd Qyu (Complimentary Function) izkIr gks
tk;sxk%

C.F. = 
1
(y + m

1
x) + 

2
(y + m

2
x) +……………+ 

n
(y + m

n
x)

II (Roots) (Imaginary) 

ekuk dh lehdj.k ¼5-50½ ds lfEeJ ewyksa dk ;qXe u ± iv gS

rc blds iwjd Qyu (Complimentary Function) dk laxr Hkkx gksxk

z = 
1
(y + ux + ivx) + 

2
(y + ux – ivx) …(5.21)

ekuk y + ux = P  rFkk vx = Q

rc z = 
1
(P + iQ) + 

2
(P –  iQ)

;k z = (
1
+ 

2
)P + (

1
–  

2
)iQ

;fn 
1
+ 

2  
= 

1 
rFkk 

1
–  

2  
= 

2  
rc

)ξξ(
2

1
φ 211 i vkSj )ξξ(

2

1
φ 21 2 i

;s eku lehdj.k ¼5-21½ esa j[kus ij gesa izkIr gksxk%

)(ξ
2

1
)(ξ

2

1
)(ξ

2

1
)(ξ

2

1
2121 iQPiiQPiQPiiQPz 

;k )}(ξ)(ξ{
2

1
)}(ξ)(ξ{

2

1
2211 iQPiQPiiQPiQPz 

III (Roots) 

ekuk m lehdj.k (5.20) ds iqujkoÙ̀k ewy (Repeated Root) gSa rc gekjs ikl
gSa%

(D – mD')(D – mD')z = 0

(D – mD')z = U j[kus ij gesa izkIr gksxk (5.22)
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(D – mD')U = 0 (5.23)

pwafd ;g lehdj.k jSf[kd (Linear) gS bldk lgk;d (Subsidiary) lehdj.k
fuEu gksxk%

01

dU

m

dydx



 (5.24)

lehdj.k ¼5-24½ dks nks Lora= lekdy (Independent Integrals) gksxsa%

mxy   = fu;rkad

rFkk U = fu;rkad

  mxyU 

;g lehdj.k ¼5-23½ dk ,d gy gksxk tgka ,d foosdkèkhu ;k LoSPN
Qyu gSA

bls lehdj.k ¼5-22½ esa j[kus ij

 mxy
y

z
m

x

z









(5.25)

bldk lgk;d (Subsidiary) lehdj.k fuEu gksxk%

 mxy

dz

m

dy

1

dx







lehdj.k ¼5-22½ ds nks Lora= lekdy (Independent Integrals) fuEukafdr
fd, x, gSa%

mxy   = fu;rkad

rFkk   mxyxz  fu;rkad

blfy,    mxymxyxz  (5.26)

;g lehdj.k ¼5-23½ dk ,d gy gksxk tgka ,d foosdkèkhu ;k LoSPN
Qyu gSA

nks ckj iqujkof̀Ùk okys ewy (Two Times Repeated Root) ds laxr lehdj.k
¼5-26½ C.F. dk Hkkx gSA

lkekU;r% ;fn ewy m, r ckj iqujkof̀Ùk djrk gS rks dk C.F. laxr Hkkx gksxk

     mxymxyxmxyxz r2
2r

1
1r   

tgka r21 ,,,     foosdkèkhu ;k LoSPN Qyu gSA

 lehdj.k   0zDDD3DD3D 3223 

fn, x, lehdj.k ds lgk;d lehdj.k (Auxiliary Equation) gS%

01m3m3m 23 
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;k   01m 3 

 m = 1, 1, 1

 C.F. =      xyxyxxyx 221
2  .

(Non-Homogeneous

Linear Equation with Constant Coefficiants)

;fn lehdj.k ¼5-15½ ds cka;s i{k (L.H.S) ds lHkh in leku dksfV (Same Degree)

ds ugha gS rks lehdj.k ¼5-15½ dks (Non-Homogeneous

Equation) dgk tkrk gS] ;fn lkadsfrd (Symbolic) Qyu f D,D   dks ,sls

xq.ku[k.Mksa (Factors) esa fo;ksftr (Resolve) fd;k tk ldrk gS ftuesa ls izR;sd
D rFkk D' esa izFke dksfV dk gks rks lehdj.k dks leku;u ;ksX; (Reducible) dgrs
gSa vkSj ,slk ugha gksus ij vleku;u ;ksX; (Irreducible) dgrs gSaA

mnkgj.k ds fy, lehdj.k

       xyxz1DD1DDz1D2DDzD,Df 222 

leku;u ;ksX; gS tcfd lehdj.k

       y2xcoszDDDzDDDzD,Df 23 

(Reducible Non-Homogeneous

Equations)

lehdj.k     222111 cDbDacDbDaD,Df  

 nnn cDbDa   (5.27)

esa tgka lHkh a, b rFkk c fu;rkad gSa] iwjd Qyu (Complementary Function) fuEu
:i izkIr dj ysrk gSA

      0zcDbDacDbDacDbDa nnn222111   (5.28)

lehdj.k dk dksbZ gy bl izdkj fn;k tkrk gSA

  0zcDbDa iii  (5.29)

;g lehdj.k ¼5-28½ dk ,d gy gSA

lehdj.k ¼5-29½ dk ySxzkat lgk;d lehdj.k (Lagrange’s Subsidiary

Equations) ds fuèkkZj.k ij]

zc

dz

b

dy

a

dx

iii 
 (5.30)

lehdj.k ¼5-30½ ds nks Lora= lekdy (Independent Integrals) bl izdkj
gSA

 yaxb ii fu;rkad

rFkk z = fu;rkad 
x

a

c

i

i

e


, if a
i
  0
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rFkk z = fu;rkad 
y

b

ci

e


, if b
i
  0

blfy,, z = x
a

c

i

i

e
  yaxb iii  , ;fn 0a i 

;k z = )(ψ 


iii

y
b

c

yaxbe i

i

 ;fn 0ib

lehdj.k ¼5-29½ dk lkekU; gy gS ;gka iφ rFkk iψ  foosdkèkhu ;k LoSPN
Qyu gSA

vody lehdj.k   0zD3D3DD 22  dks gy djksA

lehdj.k dks bl izdkj Hkh fy[kk tk ldrk gS

   0z3DDDD 

    yxexy.F.C 2
x3

1 

;k )(ψ)(ψ 2
3

1 yxexy y 
(Factors)

)'( cbDaD 
bl lehdj.k ij fopkj djsa

   0zcDbaDcDbaD  (5.31)

  UzcDbaD  (5.32)

rc lehdj.k ¼5-32½ bl :i esa ifjofrZr (Reduces) gks tk;sxk

  0UcDbaD  (5.33)

lehdj.k ¼5-32½ dk lkekU; gy gS%

U = x
a

c

e
  aybx   ;k 0a  (5.34)

;k y
b

c

eU


  aybx   ;k 0b  (5.35)

lehdj.k ¼5-34½ dks lehdj.k ¼5-32½ esa izfrLFkkfir djus ij gesa izkIr gksxk

x
a

c

ezcbDaD


 )'(   aybx (5.36)

lgk;d lehdj.k (Subsidiary Equations) fuEu gS%

czaybxe

dz

b

dy

a

dx
x

a

c





)(φ

(5.37)

lehdj.k ¼5-37½ ds nks Lora= lekdy bl izdkj fn;s tk;saxs

 aybx  fu;rkad =  (5.38)

rFkk )λ(φ
1

)(φ
1 x

a

c
x

a

c

e
a

aybxe
a

z
a

c

dx

dz 
 (5.39)
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lehdj.k ¼5-39½ ,d lkèkkj.k jSf[kd lehdj.k ds izdj.k esa fuEu fn, x;s
gy bl izdkj gS%

)λ(φ
1

x
a

ze
x

a

c

 + fu;rkad

;k )b(φ
1

ayxx
a

ze
x

a

c

 + fu;rkad

blfy, lehdj.k ¼5-36½ dk lkekU; gy gS%

    x
a

c

1

x
a

c

eaybxaybxe
a

x
z




=     aybxaybxxe 12

x
a

c


 …(5.40)

tgka 
1 
rFkk 

2 
foosdkèkhu ;k LoSPN Qyu gSA

bl izdkj lehdj.k ¼5-35½ rFkk lehdj.k ¼5-32½ ls gesa izkIr gS%

y
b

c

ez


     aybxaybxy 12 

tgka 
1 
rFkk 

2 
foosdkèkhu ;k LoSPN Qyu gSA

lkekU; :i ls] r ckj iqujkòfÙk okys xq.ku[kaM (Factors) ds fy,  cDbaD 

z = e  aybxx
r

1i
i

1i
x

a

c






  ;fn 0a 

;k  aybxyez
r

1i
i

1i
y

b

c

 




  ;fn 0b 

tgka r2,1 φ....,φ,φ  rFkk r21 ψ,...,ψ,ψ foosdkèkhu ;k LoSPN Qyu gSA

fuEu vody lehdj.k dks gy djsaA

  0z1D2D4DD2 2 

xq.ku[kaM (Factors)  4DD2   ds laxr C.F. ¼iwjd Qyu½

e4y  y2xv 

xq.ku[kaM (Factors)  21D2D   ds laxr iwjd Qyu C.F.. gS%

    yx2yx2xe 12
x 

blfy, C.F. = e4y       yx2yx2xey2x 12
x  

(Irreducible) 

lehdj.k gy djus ds fy,   0zD,Df  (5.41)

byaxcez   izfrLFkkfir djus ij] tgka a, b rFkk c fu;rkad gS (5.42)
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vc byaxrr ecazD 
byaxsrar ebcazDD 

rFkk byaxss ecbzD 

lehdj.k (5.42) dks lehdj.k (5.41) esa izfrLFkkfir djus ij gesa izkIr gS

  0eb,acf byax 

tks rHkh iz;ksx gksxk ;fn f (a, b) = 0 gks (5.43)

(a ;k b) ds fdlh fuèkkZfjr fd, x;s eku ds fy, lehdj.k (5.43) (b ;k a)

ds ,d ;k vfèkd eku iznku djrh gS rc ,sls vuarr% vusd (a
i
, b

i
) la[;kvksa ds ;qXe

gkasxs tks lehdj.k (5.43) dks larq"V djsaxs

rc 





1i

ybxa
i

iiecz (5.44)

tgka   0b,af ii     i lehdj.k (5.43) dk ,d gy gSA

;fn      D,DgkDhDD,Df  (5.45)

rc dksbZ ;qXe (a, b) bl izdkj gksxk fd

0khba  (5.46)

lehdj.k (5.43) dks larq"V djs] ,sls gyksa dh la[;k vuar gksxh

lehdj.k (5.46)  khba 

rc
 






1i

ybxkhb
i

iiecz

= 
 







1i

hxyb
i

kx iece (5.47)

;g ,d jSf[kd xq.ku[kaM  kDhD   ds laxr iwjd Qyu C.F.. dk Hkkx

gS tks lehdj.k ¼5-45½ esa fn;k x;k gSA lehdj.k ¼5-47½ blds lerqY; (Equivalent)

gS%

 hxye kx 

tgka ‘’ ,d foosdkèkhu ;k LoSPN Qyu gSA

lehdj.k ¼5-44½ lkekU; gy gS c'krsZ f (D, D') dk dksbZ jSf[kd xq.ku[kaM
(Linear Factors) u gks vU;Fkk lkekU; gy foosdkèkhu ;k LoSPN Qyu rFkk vkaf'kd
foosdkèkhu ;k LoSPN vpj nksuksa ls lekfo"V gksxkA

vody lehdj.k   0zDDD3D2 224  dks gy djsaA

 fn;k x;k lehdj.k blds lerqY; gS%

   0zDDDD2 22 
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igys xq.ku[kaM ds laxr iwjd Qyu C.F.

= 






1i

ybxa
i

iiec

tgka ia  rFkk ib  bl izdkj ijLij lacafèkr gS%

0ba2 i
2
i  ;k 2

ii a2b 

bl izdkj igys xq.ku[kaM ds laxr C.F. dk Hkkx








1

)(

i

yexe
i

iied

tgka ie  rFkk id foosdkèkhu ;k LoSPN fu;rkad gSaA

 C.F. = 
   










 
1i

yexe
i

1i

ya2xa
i

iiii edec

(Particular Integral)

lehdj.k esa    y,xVzD,Df  …(5.48)

f(D, D) D rFkk D dk ,d xSj&le:i (Non-Homogeneous) Qyu gS%

P.I. =    y,xV
D,Df

1
 …(5.49)

;gka  y,xV   Lo:i byaxe   gS tgka ‘a’ rFkk ‘b’ fu;rkad gSa rc fof'k"V

lekdy (Particular Integral) dks Kkr djus esa ge uhps nh x;h izes; dk iz;ksx djrs
gSa&

 ;fn   0b,af   rc

   
byaxbyax e

b,af

1
e

D,Df

1  


: vodyu }kjk

byaxsrbyaxsr ebaeDD  '

byaxrbyaxr eaeD  

byaxsbyaxs ebeD  '

 byaxbyax ebafeDDf   ),()',(

   
byaxbyax e

D,Df

1
b,afe 




Åij fy[ks lehdj.k dks f(a, b) ls foHkkftr djus ij

   
byaxbyax e

D,Df

1
e

b,af

1 



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;k    
byaxbyax e

b,af

1
e

D,Df

1  


lehdj.k   y2x22 ezD3D3DD  dks gy djsaA

 fn;k x;k lehdj.k blds lerqY; gS

   y2xez3DDDD 

C.F. =    xyexy 2
x3

1 

P.I. =
yxe

DDDD
2

)3')('(

1 



= 
y2xe

12

1 

blfy,, 
yxx exyexyz 2

2
3

1 12

1
)(φ)(φ 

ijUrq bl izdj.k esa V(x, y),  y,xe byax    Lo:i okyk gS tgka ‘a’ rFkk ‘b’

fu;rkad gSA rc uhps nh x;h izes; P.I. Kkr djus esa iz;ksx gksaxhA

;fn  y,x  dksbZ Qyu gS rc]

       y,x
bD,aDf

1
ey,xe

D,Df

1 byaxbyax 







(Proof) Øfed vodyu (Successive Differentiation) ds fy, yscuht
izes; (Leibnitz's Theorem) ls] gekjs ikl gS

       y,xD.acy,xDey,xeD 1r
1

rrbyaxbyaxr  

   y,xacy,xdac r
r

r2r2
2

r   

=    y,xacDacDcDe rrr2r2
2

r1r
1

rrbyax   

=    y,xaDe rbyax  .

blh izdkj

  ),(φ)'(),(φ' yxbDeyxeD sbyaxbyaxs  

rFkk   )],(φ)'([),(φ' yxbDeDyxeDD byaxrbyaxsr  

=      y,xbDaDe srbyax 

rc         y,xbD,aDfey,xeD,Df byaxbyax   (5.50)

     y,xy,xbD,aDf   j[kus ij

      y,x
bD,aDf

1
y,x 



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lehdj.k (5.50) esa izfrLFkkfir djus ij gesa feysxk

       y,xey,x
bD,aDf

1
eD,Df byaxbyax 












 

lehdj.k ij  D,Df

1
 ls lapkyu djus ij

        y,xe
D,Df

1
y,x

bD,aDf

1
e byaxbyax 







 y,x  dks  y,x  ls izfrLFkkfir djus ij gesa izkIr gksxk

        y,x
bD,aDf

1
ey,xe

D,Df

1 byaxbyax 







   avx22 exvzD3D3DD   dks gy djsaA

fn;k x;k lehdj.k blds lerqY; gS%

   y2xexyy3DDDD 

C.F. =    yxexy 2
x3

1 

P.I. =      
y2xe

3DDDD

1
xy

3DDDD

1 






= xy
3

DD
1

D

D
1

D3

1
11 







 








 


+   132D1D2D1D

1
e y2x




exyDD
9

2

3

DD
1

D

D

D

D
1

D3

1 y2x
2

2








 


















 

   1.
DD1DD

1


2
2

2

1 2 1
1 1 1

3 3 9 1
x yD D D D

DD e
D D D D D

 

y2x
2

xe
9

2
y

3

1

2

x
x

3

2
xy

D3

1 










= 
y2x

322

xex
9

2
xy

3

1

6

x

3

x

2

yx

3

1 










3 2
1 2

x x yz y x e x y xe
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3
2 21 1 1 2

6 9 18 9 27

x
x y x xy x

     12cos1''2  xyeyxzDDDD y  dks gy djsa

;g lehdj.k blds lerqY; gS&

     12cos1'1  xyeyxzDDD y

iwjd Qyu (Complementary Function) = )(φ)(φ 21 yxeye yx   gSA

cos (x + 2y) ds laxr fof'k"V lekdy (Corresponding Particular Integral)

gS%

 y2xcos
1DDDD

1
2




     y2xcos
1D21

1





 y2xcos
D

1





 y2xsin
2

1


ye , ds laxr fof'k"V lekdy (Particular Integral) lekdy gS%

y
2

e
1DDDD

1




ye
1D

1




1.
D

1
.ey




= yey.

Hkkx (xy + 1) ds laxr fof'k"V lekdy (Particular Integral) gS%

    1xy
1DD1D

1





    )1()'(11 11   xyDDD

       1xy.....DDDD1.....DD1 22 

      2xy1xy.....DD1 2 

  1xyxy.....DD1 2 

    1y1xyxy 

 xxy

 1yx 
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 )1()2sin(
2

1
)(φ)(φ 21  yxyeyxyxeyez yyx

lehdj.k    y,xVzDy,xDf 

tgka    
s,r

rs
srsr

rs c,DDyxcDy,xDf = fu;rkad (5.51)

fuEu izfrLFkkiu ds }kjk vpj xq.kkadksa okys jSf[kd vkaf'kd vody lehdj.k
esa leku;u ;ksX; (Reducible)  gksrk gS%

u = log x, v = log y (5.52)

lehdj.k (5.52) ds izfrLFkkiu ls]

x
xxD





u
x

u x

d
u





  (ekuk fd)

rFkk 











ux

1
DxDx 222

















2

2

22
2

ux

1

ux

1
x

uu 2

2










 1dd 

blfy,     1rd.....2d1ddDx rr 

rFkk     1sd...2d1ddDy ss 

bl izdkj        1rd.....1ddcDy,xDf rs )1').....(1'('  sddd

 d,dg 

;gka g(d, d’) esa xq.kkad fu;rkad  (Constants) gSaA

rc izfrLFkkiu ls lehdj.k (5.51) blesa ifjofrZr gks tk;sxk%

   vu e,eVzd,dg 

;k zddg )',(  v,uU (5.53)
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lehdj.k ¼5-53½ dks mu fofèk;ksa ls gy fd;k tk ldrk gS ftudk vpj
xq.kkadksa okyh vkaf'kd vody lehdj.kksa dks gy djus ds fy, o.kZu fd;k x;k gSA

fuEu vody lehdj.k dks gy djsa%

  432222 yxzDy6Dy4DxyD4Dx 

xlogu   rFkk v = log y j[kus ij lehdj.k dks bl :i esa ifjofrZr
(Reduce) fd;k tk ldrk gS%

     v4u3ezd61dd4dd41dd 

;k 
2 3 42 2 u vd d d d z e

;k    v4u3ez1d2dd2d 

;k    v4u3ez1d2dd2d 

iwjd Qyu (Complementary Function) gS%    vu2evu2 2
u

1 

=    yxlogxyxlog 2
2

2
1 

=    yxxyx 2
2

2
1 

rFkk fof'k"V lekdyu (Particular Integral) gS%   
v2u3e

1d2dd2d

1 



= 
v4u3e

30

1 

= 
43yx

30

1

     432
2

2
1 yx

30

1
yxxyxz  .

  0zxDDyDyDx 2222  dk gy Kkr dhft,A

u = log x

v = log y j[kus ij

nh x;h lehdj.k bl :i esa ifjofrZr (Reduce) gks tk;sxh%

     0zdd1dd1dd 

   0zdd 22 

lgk;d lehdj.k (Auxiliary Equation) gS%

01m 2 

 1,1m 

    uvuvz 21 
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  







x

y
logxylog 21

  







x

y
xy 21 .

fuEu lehdj.k dk gy Kkr djsa%

    3222222 xyxzDyxDnnzzDyDxyD2Dx 

xlogu 

rFkk ylogv   j[kus ij] lehdj.k bl :i esa ifjofrZr gks tk;sxh

       u3v2u2 eeenzzddnz1dddd21dd 

;k

;k

;k       u3v2u22 eeezndd1ndd 

;k    u3v2u2 eeez1ddndd 

iwjd Qyu C.F. =    vuevue 2
u

1
nu 

= 


















y

x
x

y

x
x 21

n

P.I. =    u3v2u2 eee
1ddndd

1




= 

= 3
22

x
3n

1
.

2

1

2n

yx









 3n

x

2

1

2n

yx

y

x
x

y

x
xz

322

21
n


























  
2

1

x

y
logzDy2xDDy2DxyDDx 2222  dks gy

djsaA

xlogu 

rFkk ylogv   j[kus ij gekjk lehdj.k bl :i esa ifjofrZr (Reduce) gks
tk;sxk]
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    
2

1
uvzd2d1dd2dd1dd 

 
2

1
uvzd2ddd 22 

;k   
2

1
uvzddd2d 

iwjd Qyu C.F. =    vuvu2 21 
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1
uuv

d

d4

d

d2
1

d

1 2
2

2



= 

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1
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1

= 
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4

1
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                                   22
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2
1 xlog
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1
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x
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fuEu vody lehdj.k dks gy dhft,%

   2

n
222222 yxzDyDxyD2Dx 

u = log x

v = log y j[kus ij lehdj.k bl :i esa ifjofrZr (Reduce) gks tk;sxk

      2

n
v2u2 eez1dddd21dd 

;k       2

n
v2u22 eezdddd 
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;k     2

n
v2u2 eez1dddd 

iwjd Qyu    vuevu 2
u

1 




















y

x
logx

y

x
log 21





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





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
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x
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x
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fof'k"V lekdy      2

n
v2u2 ee

1dddd

1
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

 2

n
v2u2 ee

1dd

1
Z 


  izfrLFkkfir djus ij]

;k  2

n
v2u2 eeZ

v

Z

u

Z









lgk;d lehdj.k (Subsidiary Equations) fuEu gS%

 2

n
v2u2 eeZ

dZ

1

dv

1

du




lehdj.k ds nks Lora= lekdy (Independent Integrals) fuEu izdkj ls fn,
tk,axs%

u – v = fu;rkad = a (ekuk fd)

rFkk  2

n
v2u2 eeZ

dv

dZ


= 22 )1(
n

anv ee 

pwafd ;g lehdj.k jSf[kd (Linear) gS blfy,]
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=    
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 uva

2

n
u2a2u2 duee
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
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
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 
x

y8
zDy3xDDyDxyD2Dx 2222  dks gy djsaA

xlogu 

xlogv   j[kus ij lehdj.k bl :i esa ifjofrZr (Reduce) gks tk;sxk]

1 2 1 3 8 v ud d dd d d d d z e

;k
2

2 8 v ud d d d z e

;k    uve8z2dddd 

iwjd Qyu    vuevu 2
u2

1 

=    xyxxy 2
2

1 

fof'k"V lekdy =   
uve

2dddd
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.8 



= uve 

=
x

y

    
x

y
xyxxyz 2

2 

  nm2222 yxzDyDxyD2Dx  dks gy djsaA

xlogu 

ylogv  j[kus ij lehdj.k bl :i esa ifjofrZr (Reduce) gks tk;sxk]

     nvmuez1dddd21dd 
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;k    nvmuez1dddd 

iwjd Qyu =    vuevu 2
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


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






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4- vpj xq.kkadksa okyh le:i jSf[kd lehdj.kksa dks fyf[k,A

5- xSj&le:i lehdj.k dks dc leku;u ;ksX; dgk tkrk gS\

6- vpj xq.kkadksa okyh vkaf'kd vody lehdj.kksa esa leku;u ;ksx gsrq
lehdj.k fyf[k,A

1- vpj xq.kkadksa ds lkFk jSf[kd vody lehdj.k fuEu Lo:i ds gksrs gSa%

1 2

1 2 11 2
...

n n n

n nn n n

d y d y d y dy
P P P P y

dxdx dx dx
 = Q

tgka P1, P2, ..., Pn  fu;rkad ¼vpj½ gS rFkk Q, x dk Qyu gSA

2- tc m1= m2 rc iwjd Qyu gksxk%

tgka y = (c1 + c2 x) em1x rFkk c1 foosdkèkhu ;k LoSPN c2 fu;rkad gSA

3- F (D) y = f(x) dk dksbZ fof'k"V gy mldk fof'k"V lekdy ;k P.I. dgykrk
gSA F(D)y = f(x) ds P.I. ;k fof'k"V lekdy dks lkadsfrd :i ls bl izdkj
fy[kk tkrk gS%

P.I. = 
1

( )F D
{f (x)} tgka F(D) lapkyd ;k ladsrd gSA

4- ekuk vpj xq.kksa okyk le:i jSf[kd lehdj.k fuEu gS

f(D, D' )z = V(x, y)
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rc ;fn   n
n

nnn DADDADDADADDf   2
2

2
1

10,

tgka n21 A,,A,A   vpj ;k fu;rkad gSaA

5- ;fn lkadsfrd Qyu  D,Df   dks ,sls xq.ku[k.Mksa esa fo;ksftr fd;k tk

ldrk gS ftuesa ls izR;sd D rFkk D' esa izFke dksfV dk gks rks lehdj.k dks
leku;u ;ksX; dgrs gSa vkSj ,slk ugha gksus ij vleku;u ;ksX; dgrs gSaA

6- lehdj.k    y,xVzDy,xDf 

tgka    
s,r

rs
srsr

rs c,DDyxcDy,xDf = fu;rkad

fuEu izfrLFkkiu ds }kjk vpj xq.kkadksa okys jSf[kd vkaf'kd vody lehdj.k
esa leku;u ;ksx (Reducible) gksrk gS%

u = log x, v = log y

 noha dksfV ds jSf[kd vody lehdj.k dk lkekU; :i fuEu izdkj gksrk gS%
1 2

1 2 11 2
...

n n n

n nn n n

d y d y d y dy
P P P P y

dxdx dx dx
 = Q

tgka P1, P2 ..., Pn rFkk Q ,dek= x ds Qyu gSa ;k fu;rkad gSaA

 laiwjd Qyu (C.F.) tks lekuhr lehdj.k dk lEiw.kZ izkjfEHkd gS rFkk fuEu
Lo:i okyk gksxk]

y = c1 y1 + c2 y2 + ... + cn yn  n foosdkèkhu ;k LoSPN fu;rkad èkkj.k djrk
gSA

 tc m1  m2 rc C.F. y = c1em1x + c2 em2x gksxk

tgka c1 rFkk c2 foosdkèkhu ;k LoSPN fu;rkad gSA

 tc m1= m2 rc iwjd Qyu (C.F.) gksxk%

tgka y = (c1 + c2 x) em1x rFkk c1 foosdkèkhu ;k LoSPN c2 fu;rkad gSA

 ;fn lgk;d lehdj.k (A.U) ds nks ewy m1 rFkk m2 leku gSa vkSj izR;sd
m ds cjkcj gS rc lkekU; gy dk laxr Hkkx (c1 + c2 x) emx gksxk vkSj ;fn
rhu ewy m3, m4, m5 ds cjkcj gksaxs rks gy dk laxr Hkkx (c3 + c4x +

c5x2) ex gksxk rFkk vU; vyx&vyx gksxsa rks lkekU; gy gksxk%

y = (c1 + c2x) emx + (c3 + c4 + c5x2) ex + c6 em6x +......+ cnemnx

 ;fn vfèkdfYir ewy dk ;qXe  ± inks ckj vk;k gS rc lkekU; gy dk
laxr Hkkx fuEu gksxk%

ex [(c1 + c2x) cos  x + (c3 + c4x) sin x]
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 ;fn nks ewy ¼okLrfod½ m rFkk – m gSa] lkekU; gy dk laxr Hkkx
c1emx + c2e– mx gksxk]

= c1 (cosh mx + sinh mx) + c2 (cosh mx – sinh mx)

= c1 cosh mx + c2 sinh mx tgka c1 = c1 + c2, c 2 = c1 – c2

vkSj lkekU; gy gksxkA

 F (D) y = f(x) dk dksbZ fof'k"V gy mldk fof'k"V lekdy ;k P.I. dgykrk
gSA F(D)y = f(x) ds P.I. dks lkadsfrd :i ls fuEu izdkj ls fy[kk tkrk gS%

P.I. = 
1

( )F D
{f (x)} tgka F(D) lapkyd gSA

 ;fn 
1

( )F D
= 1 2

1 2
..... n

n

aa a

D m D m D m
 tgka ai rFkk mi (i = 1, 2, ..., n)

fu;rkad gSa rc]

1
{ ( )}

( )
f x

F D
= a1em1x 1( ) m xf x e dx 2 2

2 ( )m x m xa e f x e dx

... ( )n nm x m x
na e f x e dx

= 
1

( )i i
n

m x m x
i

i

a e f x e dx


 

 f (D) y = emx tgka m ,d fu;rkad gSA

rc P.I. = 
1

{ }
( )

mxe
F D

 =
( )

mxe

F m
 if  F (m)  0

;fn F (m) = 0 rc ge D dkss D + m ls F (D) esa izfrLFkkfir djrs gSa]

P.I. = 
1

{ }
( )

mxe
F D

 = emx . 
1

{1}
( )F D m

 [F (D)]–1  dks f}in Js.kh esa vkjksgh ?kkrksa esa D ls Dn rd foLrkfjr djrs gSa
vkSj fQj foLrkj ds izR;sd in ds lkFk xn dks lapkfyr djrs gSaA foLrkj esa
Dn ls ijs tks in gS mu ij fopkj djus dh vko';drk ugha gksrh gkykafd
muds xn ij lapkyd dk ifj.kke 'kwU; vkrk gSA

 nks Lora= pjksa esa f}rh; dksfV dh bl vkaf'kd vody lehdj.k ij fopkj
dhft,A

GFu
y

u
E

x

u
D

y

u
C

yx

u
B

x

u
A 





















2

22

2

2

;gka  A, B, C, D, E, F, rFkk G x rFkk y ds Qyu gSaA

 nh?kZo`Ùkh; izdkj dh ;fn B2 – 4AC < 0

ijoyf;d izdkj dh ;fn B2 – 4AC = 0

vfrijoyf;d izdkj dh ;fn B2 – 4AC > 0
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 ;fn lkadsfrd Qyu  D,Df   dks ,sls xq.ku[k.Mksa esa fo;ksftr fd;k tk

ldrk gS ftuesa ls izR;sd D rFkk D' esa izFke dksfV dk gks rks lehdj.k dks
leku;u ;ksX; dgrs gSa vkSj ,slk ugha gksus ij vleku;u ;ksX; (Irreducible)

dgrs gSaA

 F (D) y = f(x) dk dksbZ fof'k"V gy mldk fof'k"V
lekdy ;k P.I dgykrk gSA F(D)y = f(x) ds P.I. ;k fof'k"V lekdy dks
lkadsfrd :i ls bl izdkj fy[kk tkrk gS%

P.I. = 
1

( )F D
{f (x)} tgka F(D) lapkyd gSA

  ;fn lehdj.k ds
cka;s i{k (L.H.S) ds lHkh in leku dksfV ds ugha gS rks lehdj.k dks
xSj&le:i lehdj.k dgk tkrk gSA

  ;fn lkadsfrd Qyu f (D, D) dks ,sls
xq.ku[k.Mksa esa fo;ksftr fd;k tk ldrk gS ftuesa ls izR;sd D rFkk D esa
izFke dksfV dk gks rks lehdj.k dks leku;u ;ksX; dgrs gSa vkSj ,slk ugha
gksus ij vleku;u ;ksX; dgrs gSaA

1- mi;qä mnkgj.kksa ds lkFk vkaf'kd vody lehdj.kksa dks ifjHkkf"kr djsaA

2- fof'k"V lekdyu Kkr djus dk fu;e nsaA

3- vki vkaf'kd vody lehdj.k dks dksfV dks dSls igpkusaxs\

4- vki vkaf'kd vody lehdj.k dh dksfV dSls fuèkkZfjr djsaxs\

5- f}rh; rFkk mPp dksfV;ksa ds vkaf'kd vody lehdj.kksa esa D;k varj gS\

6- f}rh; dksfV dh vkaf'kd vody lehdj.kksa dk oxhZdj.k dSls fuèkkZfjr
djsaxs\

7- nks Lora= pjksa esa f}rh; dksfV dh vkaf'kd vody lehdj.k dh O;k[;k djsaA

8- iwjd Qyu fu;e Kkr djus dh fofèk dh O;k[;k djsaA

9- nh?kZoÙ̀kh;] ijoyf;d rFkk vfrijoyf;d çdkj ds lehdj.kksa ds mnkgj.k nsaA

10- vpj xq.kkadksa okys le:i rFkk xSj&le:i lehdj.kksa dks ifjHkkf"kr djsaA

11- vpj xq.kkadksa okys lehdj.kksa esa ifjorZuh; vkaf'kd vody lehdj.k ds
mnkgj.k nsaA
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1- fn, x, lehdj.kksa dks gy djsa %

(i)   0zD1DDD 3s2  .

(ii)   0zD4DD3D 323  .

2- fn, x, lehdj.kksa dks gy djsa %

(i)   xy12zDDD2D 22  .

(ii)   xy12zD15DD2D 22  .

(iii)   xy16x12zD9DD6D 222  .

(iv)   322323 yxyxzD6DD7D  .

(v)  
2

322

x

1
zDDD2DD 

.

3- fn, x, lehdj.kksa dks gy djsa %

(i)   yxzD2DDD 22  .

(ii)   yxzD2DD3D 22  .

(iii)    y2xlog16zDDD4D4 22  .

(iv)     322323 yxyxyxcoszD6DD7D  .

(v)  323 zD6DD7D   sin (x + 2y) + e3x+y
.

(vi)   y2xzD2DD3D 323  .

(vii)  zD2DD5DD4D 3223   = ey+2x xy .

4- fn, x, lehdj.kksa dks gy djsa %

(i)    y2xcoszD2DD3D 323  .

(ii)    y2x3sinxzD5DD5D 22  .

5- fn, x, lehdj.kksa dks gy djsa %

(i)     x22 e1yzD2dDD  .

(ii)      x23ey2xcoszD2DD3D y323  .

6- fn, x, lehdj.kksa dks gy djsa %

(i)   0zD3DDD 2  .

(ii)     0z2D2D1DD2 32  .
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7- fn, x, lehdj.kksa dks gy djsa %

(i)   0zDDD2 22  .

(ii)   0z1DDDDD2  .

8- fn, x, lehdj.kksa dks gy djsa %

(i)    yx2ez2DD1DD  .

(ii)   yx2 ezDD  .

9- fn, x, lehdj.kksa dks gy djsa %

(i)    y4x3coszD2DDD2  .

(ii)    mylxcosAzDD2  , tgka A, l, m fu;rkad gSA

10- fn, x, lehdj.kksa dks gy djsa %

(i)    y6x34z3D2D1DD  .

(ii)  
3

223

x

2x
zDDDDDD


 .

(iii)   22 xy2yDD  .

11- fn, x, lehdj.kksa dks gy djsa %

(i)    y3xcoszDD 2  .

(ii)      yx2sinezDD3DD1DD yx   .

(iii)   xhsin4z1DDDD2  .

(iv)   y2cosex3sinz2DDD y222  .

12- fn, x, lehdj.kksa dks gy djsa %

(i)   xyzDyDx 2332  .

(ii)   222222 yxzDyDxyD2Dx  .

(iii)    322222 xlogcosyxzDy3xDDy3DxyD2Dx  .

13- gy djsa %   yx3223 ezD2DDDD2D  .

14- gy djsa %   xyz3xuDDD3DDD 3333  .

15- fn, x, lehdj.kksa dks gy djsa %
(i) r  = x2 ey.

(ii) x 1ys  .
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16- fn, x, lehdj.kksa dks gy djsa %

(i) ycosxysinxqt  .

(ii) 2xxqt  .

(iii) xyqyt  .
17- fn, x, lehdj.kksa dks gy djsa %

(i) 3xy10pysxr  .

(ii) 3yx4q2xsyt2  .

(iii)  yxcosxrz  .

18- fn, x, vody lehdj.k   y3x22 e2yzyyp2r  dks gy djsaA
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