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2-8 viuh izxfr tkafp, iz'uksa ds mÙkj
2-9 lkjka'k

2-10 eq[; 'kCnkoyh
2-11 Lo&ewY;kadu ç'u ,oa vH;kl
2-12 lgk;d ikB~; lkexzh

3-0 ifjp;
3-1 mÌs';
3-2 nwjhd lef"V
3-3 lehiorhZ vkSj lhek fcanq
3-4 can ;k lao`r vkSj [kqys ;k foor̀ leqPp;
3-5 lao`r vkO;wg
3-6 vkarfjd vkSj lhek fcanq



3-7 nwjhd lef"V dk milef"V
3-8 iw.kZrk vkSj dSaVj ds loZfu"B ;k izfrPNsnu çes;
3-9 ladqpu fl)kar

3-10 iw.kZ Øfer {ks= ds :i esa okLrfod la[;k
3-11 l?ku mileqPp;
3-12 cS;j Js.kh çes;
3-13 izFke ,oa f}rh; x.kuh; foLrkj
3-14 viuh izxfr tkafp, iz'uksa ds mÙkj
3-15 lkjka'k
3-16 eq[; 'kCnkoyh
3-17 Lo&ewY;kadu ç'u ,oa vH;kl
3-18 lgk;d ikB~; lkexzh

4-0 ifjp;
4-1 mís';
4-2 fujarj ;k lrr Qyu
4-3 foLrkj çes;
4-4 ,d leku fujarjrk ;k lkrR;
4-5 l?kurk
4-6 iw.kZr% ifjc) lef"V
4-7 ifjfer çfrPNsnu xq.k
4-8 fujarj Qyu vkSj l?ku leqPp;] lac)rk
4-9 viuh izxfr tkafp, iz'uksa ds mÙkj

4-10 lkjka'k
4-11 eq[; 'kCnkoyh
4-12 Lo&ewY;kadu ç'u ,oa vH;kl
4-13 lgk;d ikB~; lkexzh

5-0 ifjp;
5-1 mís';
5-2 Øec) tksM+s ds :i esa lfEeJ la[;k,a
5-3 fo'ys"k.kkRed Qyu
5-4 dkWmph&jheku lehdj.k
5-5 eksfc;l :ikarj.k
5-6 vuqdks.kh izfrfp=.k ;k duQkWeZy eSfiax
5-7 viuh izxfr tkafp, iz'uksa ds mÙkj
5-8 lkjka'k
5-9 eq[; 'kCnkoyh

5-10 Lo&ewY;kadu ç'u ,oa vH;kl
5-11 lgk;d ikB~; lkexzh



ifjp;

Lo&vf/kxe 1

ikB~; lkexzh

xf.kr esa] okLrfod fo'ys"k.k ¼Real Analysis½ xf.krh; fo'ys"k.k dh og 'kk[kk gS tks
okLrfod la[;kvksa] vuqØeksa vkSj okLrfod la[;kvksa dh Ükà[kyk vkSj okLrfod
vodyuh;rk ds O;ogkj dk vè;;u djrh gSA okLrfod ekuksa ds vuqØeksa vkSj
Qyuksa ds dqN fo'ks"k xq.k gSa tks okLrfod fo'ys"k.k ds v/;;u esa mi;ksxh gSa]
mnkgj.k ds fy, vfHklj.k] lhek] fujarjrk] vodyuh;rk vkSj lekdyuh;rkA

okLrfod fo'ys"k.k tfVy fo'ys"k.k ls vyx gksrk gS] tfVy ;k lfEeJ
fo'ys"k.k okLro esa tfVy ;k lfEeJ la[;kvksa vkSj muds Qyuksa ds vè;;u ls
lacafèkr gksrk gSA ,d tfVy ;k lfEeJ la[;k og la[;k gS ftls a + bi ds :i
esa O;ä fd;k tk ldrk gS] tgk¡ a vkSj b okLrfod la[;k,¡ gSa] vkSj i lehdj.k
x2 = –1 dk ,d gy gSA D;ksafd dksÃ Hkh okLrfod la[;k bl lehdj.k dks larq"V
ugÈ djrh gS] blfy;s i dks ,d dkYifud la[;k dgk tkrk gSA tfVy ;k lfEeJ
la[;k a + bi ds fy,] a dks okLrfod Hkkx dgk tkrk gS] vkSj b dks dkYifud Hkkx
dgk tkrk gSA ,sfrgkfld ukedj.k dkYifud gksus ds ckotwn] tfVy ;k lfEeJ
la[;kvksa dks xf.krh; foKkuksa esa okLrfod la[;kvksa ds leku okLrfod ekuk tkrk
gSA

,d fo'ys"k.kkRed Qyu og Qyu gS ftls ,d vfHklj.k ?kkr Ük`a[kyk }kjk
n'kkZ;k tkrk gSA tc okLrfod fo'ys"k.kkRed Qyu vkSj tfVy ;k lfEeJ
fo'ys"k.kkRed Qyu nksuksa ekStwn gSa] rc Jsf.k;ka dqN rjhdksa ls leku gSa] ysfdu dqN
lehdj.kksa esa vyx gSaA çR;sd çdkj ds Qyu vlhe :i ls fHkUu gksrs gSa] ysfdu
tfVy ;k lfEeJ fo'ys"k.kkRed Qyu mu xq.kksa dks çnÆ'kr djrs gSa tks vke rkSj
ij okLrfod fo'ys"k.kkRed Qyu ds fy, ugÈ gksrs gSaA okLrfod fo'ys"k.k dh
çes;rk okLrfod la[;k js[kk dh lajpuk ij xgu :i ls fuHkZj djrh gSA okLrfod
la[;k ç.kkyh esa ,d vx.kuh; leqPp; (Uncountable Set) ¼R½ gksrk gS] lkFk esa
nks f}vk/kkjh lapkyu (Binary Operations) gSa tks fd + vkSj – }kjk fpfàr fd;s
tkrs gSa] vkSj ,d Øe ;k v‚MZj dks dksfV < }kjk fpfàr fd;k tkrk gSA

lapkyu rFkk lafØ;k okLrfod la[;kvksa dk ,d {ks= cukrs gSa vkSj Øe ;k
dksfV ds lkFk] ,d Øfer lqO;ofLFkr {ks= cukrs gSA okLrfod la[;k ç.kkyh
vf}rh; iw.kZ Øfer lqO;ofLFkr {ks= gS] bl vFkZ esa fd dksÃ vU; iw.kZ Øfer
lqO;ofLFkr {ks= blds fy, rqY;dkfjd (Isomorphic) gSA lgt :i ls] iw.kZrk dk
vFkZ gS fd okLrfod la[;k esa dksÃ *varjky* ugÈ gSA okLrfod la[;kvksa esa fofHkUu
tkyd (Lattice) xq.k gksrs gSa tks tfVy ;k lfEeJ la[;k esa vuqifLFkr gksrs gSaA
blds vykok] okLrfod la[;k,a ,d Øe ;k dksfV ds vuqlkj {ks= dk fuekZ.k djrh
gSa] ftlesa /kukRed la[;kvksa dk ;ksxQy vkSj xq.kuQy Hkh /kukRed gksrs gSaA

lfEeJ ;k tfVy fo'ys"k.k ¼Complex Analysis½ ftls lkekU;r% lfEeJ ;k
tfVy pjksa ds Qyuksa dk fl)kUr Hkh dgk tkrk gS] xf.krh; fo'ys"k.k dh ,d 'kk[kk
gS ftlesa lfEeJ ;k tfVy la[;kvksa ds Qyuksa dk vè;;u fd;k tkrk gSA ;g



ifjp;

2 Lo&vf/kxe
ikB~; lkexzh

chth; T;kfefr] la[;k fl)kUr] O;kogkfjd xf.kr lfgr xf.kr dh fofHkUu
'kk[kkvksa esa mi;ksxh gS rFkk blh çdkj rjy xfrdh] Å"ekxfrdh] ;kaf=dh
vfHk;kfU=dh (Mechanical Engineering) vkSj fo|qrh; vfHk;kfU=dh (Electrical

Engineering) lfgr HkkSfrd foKku (Physics) esa Hkh mi;ksxh gSA

,d lfEeJ ;k tfVy Qyu og gS ftlesa Lora= pj vkSj vkfJr pj nksuksa
gh lfEeJ ;k tfVy la[;k,a gksA vfèkd la{ksi esa lfEeJ ;k tfVy Qyu og
Qyu gS ftlesa Mksesu (Domain) vkSj miMksesu (Codomain) nksuksa lfEeJ ;k
tfVy la[;k ds mileqPp; gksaA ,d lfEeJ ;k tfVy Qyu ds fy,] Lora= pj
vkSj vkfJr pj nksuksa dks okLrfod o dkYifud Hkkxksa esa foHkä fd;k tk ldrk gSA

bdkbZ ,d esa jheku lekdy] lrr ,oa ,dfn"V Qyuksa dh lekdyuh;rk]
lekdyu dk ewyHkwr izes;] lekdyuksa ds ek/; eku izes;] nks pjksa ds okLrfod
eku] Qyuksa ds vkaf'kd vodyt ,oa vodyuh;rk] LdoktZ ,oa ;ax ds izes; dk
mnkgj.k lfgr fo'ys"k.k fd;k x;k gSA

bdkbZ nks esa vuqfpr lekdy ,oa mudk vfHklj.k] rqyuk ijh{k.k] ,csy ,oa
fMfjpysV dk ijh{k.k] izpkfyd Qyuksa ds :i esa Ýqykuh] lekdy] lkrR;] ,d
izkpy ds Qyu ds lekdy] vodyuh;rk ,oa lekdyuh;rk] v)Z ,oa iw.kZ varjkyksa
dh Qwfj;j Js.kh dk foLrkj ls o.kZu gSA

bdkbZ rhu esa nwjhd lef"V] lkehI;] lhek fcUnq] vkarfjd fcUnq] foor̀ ,oa
laor̀ leqPp;] ifjlhek fcUnq] dkWmph vuqØe] iw.kZrk] dSaVj dk izfrPNsnu izes;]
ladqpu fl)kar] iw.kZ Øfer {ks= ds :i esa okLrfod la[;k;sa] cS;j Js.kh izes;]
i`FkDdj.k f}rh; x.kuh; ,oa izFke x.kuh; lef"V ds fo"k; esa o.kZu fd;k x;k gSA

bdkbZ pkj esa lrr Qyu] foLrkj izes;] ,d leku lkrR;] lqlafgfr
¼l?kurk½] vuqØe.kh; lgrrk] iw.kZ ifjc) lef"V] ifjfer izfrPNsnu xq.k] lrr
Qyu ,oa lagr ¼l?ku½ leqPp;] lac)rk dks mnkgj.k lfgr le>k;k x;k gSA

bdkbZ ikap esa lfEeJ ;k tfVy la[;k Øfer ;qXe ds :i esa] lfEeJ ;k
tfVy la[;k dk T;kferh; fu#i.k] lfEeJ Qyuksa dh lkrR;rk vkSj vodyuh;rk]
fo'ysf"kd Qyu] dkmph&jheku lehdj.k] eksfc;l :ikarj.k] fLFkj fcUnq] fr;Zd
vuqikr] izfrykse fcUnq] duQkWeZy ¼vuqdks.k½ Qyu ds fo"k; esa foLrkj ls o.kZu
fd;k x;k gSA

bl iqLrd ^okLrfod ,oa lfEeJ fo'ys"k.k* dks ,d ljy iqLrd ds :i esa
O;ofLFkr fd;k x;k gS ftlesa okLrfod ,oa lfEeJ fo'ys"k.k dh ewy vo/kkj.kkvksa
dk foLrkj ls o.kZu fd;k x;k gSA iqLrd esa Lokè;k; iz.kkyh dk iz;ksx fd;k x;k
gS] ftlesa izR;sd bdkbZ dk vkjaHk ml bdkbZ ds ifjp; ls gksrk gS] rRi'pkr bdkbZ
ds mís'; vkrs gSaA ikB ds chp&chp esa viuh izxfr tkafp, ds iz'u lekfo"V fd;s
x, gSaA izHkkoh iqudZFku ds fy;s izR;sd ikB ds var esa lkjka'k] eq[; 'kCnkoyh vkSj
Lo&ewY;kadu iz'u ,oa vH;kl fn, x, gSaA

gesa fo'okl gS fd ;g iqLrd fo"k; ds lkaxksikax v/;;u esa fo|kfFkZ;ksa ds
fy;s mi;ksxh lkfcr gksxhA



lekdyu xf.kr] vkaf'kd
vodyt vkSj
vodyuh;rk

Lo&vf/kxe 3

ikB~; lkexzh

1-0 ifjp;
1-1 mís';
1-2 jheku lekdyu
1-3 lrr vkSj ,dfn"V Qyuksa dh lekdyuh;rk
1-4 lekdyu dyu dk vkèkkjHkwr izes;
1-5 lekdyu dyu dh ek/; eku çes;
1-6 vkaf'kd vodyt
1-7 viuh izxfr tkafp, iz'uksa ds mÙkj
1-8 lkjka'k
1-9 eq[; 'kCnkoyh

1-10 Lo&ewY;kadu ç'u ,oa vH;kl
1-11 lgk;d ikB~; lkexzh

cuZgkMZ jheku (Bernhard Riemann) }kjk cukÃ xÃ jheku lekdyu (Riemann

Integral)] ,d varjky ij ,d Qyu ds vfHkUu vax dh igyh dBksj ifjHkk"kk FkhA
bls 1854 esa xkSÇVxsu foÜofo|ky; (Goettingen University) ds foHkkx esa çLrqr
fd;k x;k Fkk] ysfdu 1868 rd if=dk esa çdkf'kr ugÈ fd;k x;k FkkA dÃ Qyu
vkSj O;kogkfjd vuqç;ksxksa ds fy,] jheku dk ewY;kadu dyu (Calculus) ds ekSfyd
çes; ;k la[;kRed ,dhdj.k }kjk vuqekfur fd;k tk ldrk gSA t‚tZ ÝsMfjd
cuZgkMZ jheku ¼Georg Friedrich Bernhard Riemann½ ,d çfrHkk'kkyh teZu xf.krK
FksA mUgksaus fo'ys"k.k] la[;k fl)kUr vkSj vody T;kfefr ds {ks= esa çHkkoh ;ksxnku
fn;k ftldk mi;ksx lkekU; vkisf{kdrk ds fodkl esa Hkh fd;k x;kA jheku
ifjdYiuk ds fy;s ;s fo'ks"k :i ls çfl) gSaA

dÃ pj ds ,d vodyt dk ,d vkaf'kd vodyt (Partial Derivative)] mu
pj esa ls ,d ds lacaèk esa bldk vodyt gS] ftlesa vU; dks fLFkj j[kk x;k gS
¼tSlk fd dqy vodyt ds foijhr gS] ftlesa lHkh pj vyx&vyx gksrs gSa½A
vkaf'kd vodyt (Partial Derivative) dk mi;ksx lfn'k dyu (Vector Calculus)

vkSj vodyu T;kfefr esa fd;k tkrk gSA

bl bdkÃ esa vki jheku lekdyu (Riemann Integral) lrr~ (Continuous)

,oa ,dfn"V Qyuksa (Monotonic Functions) dh lekdyuh;rk (Integrability)]
lekdyu dyu (Integral Calculus) dh vkèkkjHkwr izes;] lekdyu dyu dh eè;
eku izes; (Mean Value Theorem)  rFkk vkaf'kd vodyt (Partial Derivatives) ds
ckjs esa vè;;u djsaxsA



lekdyu xf.kr]
vkaf'kd vodyt vkSj
vodyuh;rk

4 Lo&vf/kxe
ikB~; lkexzh

bl bdkbZ dks i<+us ds ckn vki&

 jheku lekdyu dh O;k[;k dj ik,axs(

 lrr vkSj ,dfn"V Qyuksa dh lekdyuh;rk dks le> ik,axs(

 lekdyu dyu izes; dk o.kZu dj ik,axs(

 lekdyu dyu dh e/; eku izes; dks le> ik,axs(

 vkaf'kd vodyt dh O;k[;k dj ik,axsA

bl Hkkx esa ge jheku lekdyu (Reimann Integral) ds fo"k; esa vè;;u djsaxsA ge
tkurs gSa fd lekdyu dh 'kq#vkr ,d oØ ds rgr {ks= dks [kkstus ds :i esa dh
xbZ gS vkSj ;g lehdj.k dk vf/kd ifj"—r :i gSA lekdyu xf.kr dk fuekZ.k
cuZgkMZ jheku (Bernhard Riemann) }kjk fd;k x;k gS vkSj ;g ,d varjky ij ,d
Qyu ds vfHkUu Hkkx dh igyh dBksj ifjHkk"kk FkhA lekdyu xf.kr dks ifjHkkf"kr
djus ls igys] ge varjky vkSj lekdyu ;ksx ds foHkktu dks ifjHkkf"kr djsaxs vkSj
rc ;g lekdyu xf.kr dks ifjHkkf"kr djus esa lgk;d fl) gksxkA

can varjky [a ,b] dk ,d  P , vadksa P = {x
0
, x

1
, x

2
, ..., x

n
} dk ,d

ifjfer leqPp; gS] bl izdkj]

a= x
0
 < x

1
 < x

2
 < ... < x

n-1
 < x

n
 = b

foHkktu ds fdlh Hkh nks yxkrkj vadksa ds chp vf/kdre varj dks ekud ;k
;k (Mesh of the Partition) dgk tkrk gS vkSj mls 'P'

ds :i esa fpfàr fd;k tkrk gSA vFkkZr~

| P | = max { x
j
 – x

j-1
, j = 1 ... n }

P  ,d vkSj foHkktu P ' gS ftlesa P ls lHkh fcanq gksrs gSa
vkSj dqN vfrfjä fcanq] fQj ls ifjek.k ds Øe ls Øec) gksrs gSaA

(Riemann Sum) esa fdlh Hkh vk;ke ds lkekU;h—r LFkku dk
fodkl 'kkfey gS ftlesa eki fcanq ls fcanq rd fHkUu gks ldrs gSaA eku yhft, fd
F Qyu can varjky esa ifjHkkf"kr fd;k x;k gS [a] b]] vkSj ekuk  [a] b] dk ,d
foHkktu fn;k gS]

                           a= x
0
 < x

1
< x

2 
< < ........< x

n–1
 < x

n
 = b

tgka x
I 
pkSM+kbZ gSA ;fn a

i 
mi&fcanq ij dksbZ i fcanq gS] rc ;ksx





n

i
ii xaf

1

)( , x
i – 1 

 a
i 
x

i
,   foHkktu ds fy, f dk jheku ;ksx dgk tkrk

gSA
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;fn Qyu f /kukRed gS] ,d jheku ;ksx T;kferh; :i (Geometric Form)

ls yackbZ X
j
 - X

j-1 
vkSj ÅapkbZ f(a

j
)  okys vk;rksa ds {ks=ksa ds ,d ;ksx ds vuqdwy gksrk

gSA pfy,] ge ,d mnkgj.k ij fopkj djrs gSaA

: n ¾ 8 mi varjky esa ,d fu;fer foHkktu ds lkFk] [1,9] ij Qyu
f (x) = 1/x ds fy, jheku ;ksx dh x.kuk dhft,A

ekuk fd a = 1 , b = 9  vkSj n = 8 gS rks fuEufyf[kr dh x.kuk djsa]

                     
b a

x
n


 

                                  = 
9 1

8


= 1.

                              x
i 
 = a + ix = 1 + i, izR;sd i ds fy,

                               f(a
i
) = 

1

1 i
 izR;sd i ds fy,

blfy,]

jheku ;ksx =
8

1

1

1i i 

= 
1 1 1 1 1 1 1 1

2 3 4 5 6 7 8 9
      

= 0.5 + 0.33 + 0.25 + 0.20 + 0.16 + 0.14 + 0.125 + .111

= 1.816  

(Lower and Upper Riemann Integral)

ekuk can varjky [ a , b ] ij f ,d okLrfod ,oa ckè; Qyu gSA lkFk gh ekuk
p , [ a ,b ] dksbZ Hkh foHkktu gSA vc dYiuk djrs gSa fd Qyu f ds varjky ij
fuEure vkSj mPpre Øe'k% gSa]

1

1

inf{ ( ) : }

sup{ ( ) : }
r r r

r r r

m f x x x x

M f x x x x




  
  

vkSj

1

( , )
n

r r
r

L P f m x


  vkSj 
1

( , )
n

r r
r

U P f M x


 

fQj L ( P , f )dks f  dk fupyk jheku ;ksx (Lower Riemann Integral) dgk
tkrk gS foHkktu P ds lacaèk esa [ a , b ] vkSj U (P,F), f dk Åijh jheku ;ksx
(Upper Riemann Integral) dgk tkrk gS foHkktu P ds lacaèk esa [ a , b ]  Li"V :i
ls gSA

ge tkurs gSa fd lHkh la[;kvksa ds leqPp; L ¼P] f½ lHkh laHkkfor foHkktuksa
ds laca/k esa P [a] b] ds Åij M ¼b&a½ ls f?kjk gS vkSj blfy, L ¼P] f½ dk ,d
mPpre (Supremum) ekStwn gS [a, b] ls fupyh jheku lekdyu L ( P , f ) dk
mPpre gSA
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lHkh foHkktuksa ij p vkSj bls n'kkZ;k x;k gS]

( ) .
b

a

f x dx

mlh rjg] la[;kvksa dk lewg U ¼P] f½] m ¼b & a½ ds uhps ls f?kjk gqvk gS
vkSj blfy, ,d fuEure (Infimum) ekStwn gSA [ a , b]  dk Åijh jheku lekdyu]
lHkh p foHkktuksa ij U ¼P] f½ dk fuEure Hkkx gS vkSj bls fuEu }kjk fu:fir fd;k
tkrk gS]

( ) .
b

a

f x dx

[Darboux Theorem]  ekuk fd f , [a] b] ij
ifjHkkf"kr ,d ckè; Qyu gS] rc 0,   bl izdkj ogk¡ ,d ca/ks gq, dk;Z dks

ifjHkkf"kr fd;k tk, ] fQj ogk¡ | |P   0  vkSj ( , )
b

a
U P f f   mifLFkr gSa] rFkk

| |P    ds lkFk lHkh foHkktu P ds fy, ( , )
b

a

L P f f  A

ekuk fd 0  fn;k x;k gSA tSlk fd lHkh foHkktu P ds fy,] 
b

a
f U P f U;wure gS

 , f U P f  dk rFkk 
b

a

f L P F  mPpre gS  ,f L P F  dk] bl izdkj] fn;s x;s 0  ds fy,

ogk¡ P
1
 rFkk P

2
 bl rjg mifLFkr gSa]

1( , )
b

a
U P f f  (1.1)

vkSj 2( , )
b

a

L P f f  (1.2)

ekuk fd P
3
, P

1
 rFkk P

2
 dk lkekU; ifj'kksèku gS] rc U;wure o mPpre ds

xq.k ls] gekjs ikl gS]

   3 1, ,U P f U P f  vkSj    3 2, ,L P f L P f (1.3)

vc lehdj.kksa ¼1-1½] ¼1-2½ vkSj ¼1-3½ ls] gekjs ikl gS

vkSj ( , )
b

a
U P f f   lHkh ( , )

b

a

L P f f  , foHkktuksa ds fy, P ds

lkFk | |P    gSA
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ge tkurs gSa fd ,d Qyu vius Mksesu (Domain) D esa ,d fcanq c ij fujarj ;k
lrr gS ge tkurs gSa fd ,d Qyu vius Mksesu D esa] ,d fcUnq c ij lrr gS] ;fn
fdlh fn;s x;s 0 ds fy, ogk¡ ,d 0 mifLFkr gS] tSls fd%

;fn x  D vkSj |x – c| < rc |f(x) – f(c)| < 

,d Qyu vius Mksesu (Domain) D esa lrr (Continuous) gS ;fn og vius
Mksesu ds çR;sd fcanq ij lrr gSA

dsoy Lej.k j[kus ds fy, crk nsa fd ,dfn"V Qyu og Qyu gS ftlds
fy, yxkrkj ifjorZu'khy pj ds :i esa Øfed eku c<+rs+s] ?kVrs ;k fLFkj gksrs gSaA

,dfn"V O;ogkj ds –f"Vdks.k ls] ge fuEufyf[kr Jsf.k;ksa esa Qyu dks
oxhZÑr djrs gSa%

1- (Constant Function)  Lora= pj ds :i esa Qyu eku ugha
cnyrs gSaA

   1 2f x f x tc 1 2x x , 
1 2,x x X 

2- (Strictly Increasing)  Lora= pj ds :i esa Qyu eku
ifjorZu fuEu fLFkfr ds vuqlkj cnyrk jgrk gS]

1 2( ) ( )f x f x  tc 1 2x x , 
1 2,x x X 

3- (Non-Decreasing or Increasing)  Lora=
pj ds :i esa Qyu eku ifjorZu fuEu fLFkfr ds vuqlkj cnyrk jgrk gS]

   1 2f x f x tc 1 2x x , 1 2,x x X 

4- (Strictly Decreasing)  Lora= pj ds :i esa Qyu
eku ifjorZu] fuEu fLFkfr ds vuqlkj cnyrk jgrk gS]

1 2( ) ( )f x f x  tc 1 2x x , 
1 2,x x X 

5-  Lora= pj ds :i esa Qyu eku ifjorZu fuEu
fLFkfr ds vuqlkj cnyrk jgrk gS]

   1 2f x f x  tc 1 2x x , 1 2,x x X 

;fn f] [a,b ] ij fujarj ;k lrr gS] rks fR [a,b] ;k] varjky ij jheku
iw.kkaZd gSA

 tSlk fd Qyu fujarj gS] ;g [a,b] ij Hkh ck/; gksxkA pw¡fd fujarj gS vkSj
can varjky [a,b] ij ck/; gS] f leku :i ls [a,b] ij fujarj ;k lrr gSA blfy,
ifjHkk"kk ds vuqlkj] fdlh fn, x, 0,  ds fy,] ,d 0,  ekStwn gSA ,sls gj

fcanq ds fy, 1 2,x x  dk [a, b] 1 2( ) ( )f x f x
b a





  ds fy;s  1 2x x    (1.4)



lekdyu xf.kr]
vkaf'kd vodyt vkSj
vodyuh;rk

8 Lo&vf/kxe
ikB~; lkexzh

vc P dks can varjky [a,b] ij dksbZ Hkh foHkktu gksus nsa]

P ¾  0 1 2, , ,.... nx x x x  tSls fcanqvksa dk ,d lhfer lewg gSA

0 1 2 1... | |n na x x x x x b P       

vc ekuk fd Qyu f ds varjky [X
R-1

,X
R
] ij U;wure M

r
 rFkk mPpre

M
r
 Øe'k% a

r
 rFkk b

r
 gSa] rc m

r
 ¾ f¼a

r
½ rFkk M

r
 ¾ f¼b

r
½ (1.5)

tSlk fd r ra b  ,  blfy, lehdj.k ¼1-4½ ls gekjs ikl gS]

( ) ( )r rf a f b
b a







 ysfdu ( ) ( ) ( ) ( )r r r rf a f b f b f a   D;kasfd    r rf b f a

                               = M
r
– m

r b a






vc foHkktu P ds [a, b] ds fy, gekjs ikl gS]

              
1

0 ( , ) ( , ) ( )
n

r r r
r

U P f L P f M m x


    
1

.
n

r
r

x
b a






b a




 1

n

r
r

x

  = .( )b a

b a


 



blfy, çes; 1-2 }kjk f can varjky [a,b] ;kuh f  R[a,b] ij iw.kkaZd gSA

 ;fn f [a, b] ij ,dfn"V (Monotonic) gS] rks f  R[a,b] ;k f varjky
ij jheku iw.kkaZd gSA

 eku yhft, fd f can varjky  , a b  ij ,dfn"V c<+rk gqvk Qyu gS] rc]

   1 2f x f x tc 1 2x x , 
1 2,x x X 

tSlk fd f ck/; gS vkSj ,dfn"V c<+rk tk jgk gS] rc fuEure f ¾ m
r
 ¾f

(a) vkSj mPpre f ¾ M
r
 ¾ f¼b½.

eku k fd P c an v arj ky [a, b] ij dk sb Z  H k h  foH k ktu g S ]

P ¾  0 1 2, , ,.... nx x x x tSls fcanqvksa dk ,d lhfer lewg gSA

0 1 2 1... n na x x x x x b        ds lkFk 
( ) ( ) 1

P
f b f a


 

  .

vc      
1

, ,
n

r r r
r

U P f L P f M m x


   

= 1
1

[ ( ) ( )].
n

r r r
r

f x f x x


  1
1

[ ( ) ( )].
( ) ( ) 1

n

r r
r

f x f x
f b f a




 

 

= 1 0 2 1 1.[ ( ) ( ) ( ) ( ) .......... ( ) ( )]
( ) ( ) 1

f x f x f x f x f x f x
f b f a


     

 
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1 0 2 1 1.[ ( ) ( ) ( ) ( ) .......... ( ) ( )]n nf x f x f x f x f x f x      

= 0.[ ( ) ( )]
( ) ( ) 1 nf x f x

f b f a




 

= 0.[ ( ) ( )]
( ) ( ) 1 nf x f x

f b f a


 

 


blfy, çes; 1-3 }kjk] f can varjky [a,b] ;kuh f  R[a,b] ij iw.kkaZd gSA

;fn f,[a,b] ij ,dfn"V de gks jgk gS] rks -f, [a,b] ij ,dfn"V dk oèkZeku

Qyu gS vkSj blfy, f-R [a, b] vkSj    
_

_

b

a a

f x dx f x dx   

;k  ( ) ( )
b b

a a

f x dx f x dx   

;k   ( ) ( )
b b

a a

f x dx f x dx   ;k f can varjky [a,b] ;kuh f  R[a,b] ij iw.kkaZd

gSA
blfy, ;fn f, [a, b] ij ,dfn"V gS] rks f  R[a,b] gSA

lekdyu dk vkèkkjHkwr ;k ewyHkwr çes; lekdyu ,oa vodyt ds e/; laca/k dks
n'kkZrk gSA ge tkurs gSa fd O;qRiUu vkSj iw.kkaZdksa dks O;qRØe Qyuksa ds :i esa
ifjHkkf"kr dj jgs gSaA

 f ij ,d lrr Qyu (Continuous Function) [a,b] vkSj F [a,b] ij ,d
vodyuh; Qyu (Differentiable Function) gksuk pkfg, fd bl rjg

'( ) ( ), [ , ]F x f x x a b  

rc  ( ) ( ) ( )
b

a

f x dx F b F a 

% ekuk fd ( ) ( )
x

a

x f t dt   , rc '( ) ( ), [ , ]x f x x a b    (1.6)

ifjdYiuk ls] '( ) ( ), [ , ]F x f x x a b   (1.7)

lehdj.kksa ¼1-6½ vkSj ¼1-7½ ls gekjs ikl gS] ' '( ) ( ), [ , ]F x x x a b   

;k ' '( ) ( ) 0, [ , ]F x x x a b    

;k '( ) ( ) 0, [ , ]F x x a b    
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;k ( )( )F x c    dqN okLrfod la[;k ds fy, c R

;k ( ) ( )x F x c   ( ) ( ) , [ , ]x F x c x a b     

vc ( ) ( ) [ ( ) ] [ ( ) ] ( ) ( )b a F b c F a c F b F a         (1.8)

vkSj ( ) ( ) 0
a

a

a f t dt   vkSj ( ) ( )
b

a

b f t dt  

lehdj.kks a ¼1-8½ esa bu ekuks s a dks j[krs gq,] ge çkIr djrs gS a]

( ) ( ) ( )
b

a

f t dt F b F a 

;k ( ) ( ) ( )
b

a

f x dt F b F a   

2

2
x

t

x

e dt  ds vodyt Kkr djsaA

% ekuk fd 
2

0

( )
x

tF x e dt 

lekdy ds ekSfyd çes; ls ge tkurs gSa fd 
2te ,F(x) dk ,d izfr vodyt

(Antiderivatives) gS  O;qRiUu fojks/kh gS vc gekjs ikl gS] 

2

2 2( ) ( )
x

t

x

e dt F x F x  

Ükà[kyk ds fu;e dk vFkZ gS fd]

 = 

2
2 4' 2 ' 2( ) ( ).2 ( ) 2

x
t x x

x

d
e dt F x x F x xe e

dx
    
ekuk Qyu f¼x½] [a,b] ij ifjHkkf"kr rFkk lrr ;k fujarj gSA

( )
x

a

d
f t dt

dx  rFkk ( )
x

a

f t dt  dh rqyuk djsaA

xf.kr ds ekSfyd çes; dk vFkZ gS fd ( ) ( )
x

a

d
f t dt f x

dx
  vkSj ge tkurs

gSa fd ( )
d

f x
dx
 
  

 dk izfr vodyt Qyu  f x  gS] blfy,

( ) [ ( )] ( ) ( )
x

x
a

a

d
f t dt f t f x f a

dx
  

blfy,] ( ) [ ( )] ( ) ( )
x

x
a

a

d
f t dt f t f x f a

dx
    tc rd f(a)=0 u gks] rks

vfHkO;fDr (Expressions) vyx gksrs gSaA
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 Qyu F(x) dk eku bl rjg ls Kkr djsa fd  F ’(x) = sin(x2) vkSj
F(1) = 2 gksA

 ekuk fd Qyu dk ,d çfr vodyt sin(x2) gS tc fd ( ) 0x  gksA bl

rjg ls  ;fn nksuksa Qyu  F(x)=0 vkSj ( )x  ,d gh Qyu dss izfr vodyt gSa]
rks gekjs ikl gksuk pkfg,]

F(x) = ( )x  + C

dqN foosdkèkhu la[;k C ds fy,, blfy,

F(1) = ( )x + C

ftldk vFkZ gS C¾2 blfy,] 2

1

( ) sin 2
x

F x t dt 

 lh/kh js[kk ds uhps {ks= dh x.kuk djsa ( )y f x x   rFkk 0x  vkSj

1x   ;k 
1

0

xdx

Qyu ( )f x x  dk ,d izfr vodyt Qyu 
2

( )
2

x
x   vkSj  '( ) ( )x f x 

}kjk fn;k tkrk gSA vc dyu ds ekSfyd çes; dks iz;ksx djrs gq, gekjs ikl gS]

1

0

(1) (0) 1/ 2.xdx     

bl [kaM esa ge lekdyu vkSj vodyu ds lapkyu@fØ;k ds chp vkSipkfjd :i
ds fo"k; esa tku ik,axsA gesa igys ek/; eku çes; ds u, laLdj.k dh vkSj ,d
vfrfjä ifjHkk"kk dh vko';drk gSA

  ;fn

 f x a b,  ,f x a b  ij fujarj ;k larr gS rks  [a,b]] tSls fd

 ( ) ( )( – )
b

a
f x dx f b a 

 ;fn f varjky ij fujarj ;k larr gS] rks ml ij vf/kdre vkSj U;wure
gS —M vkSj m gS blfy, gekjs ikl gS]

m(b – a)  ( ) ( – )
b

a
f x dx M b a

blfy, ge ,d la[;k   ,m M  larks"ktud ik ldrs gSa]

 ( ) ( – )
b

a
f x dx b a 
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ysfdu pw¡fd   [m, M] vkSj f ek/; çes; }kjk larr gS] ge tkurs gSa fd

,d la[;k]  [a,b] gS] tSls fd    f   

[a, b] ij ,d lrr gks rks ge bldh vfuf'prdkyhu vodyu
Qyu dks ifjHkkf"kr djrs gSa]

F(x) = ( )
x

a
f t dt     x  [a, b]

 [Torricelli-

Barrow]  ;fn  f(t) fujarj gS] F(x) fujarj gS] vodyuh; gS vkSj    F x f x 

gSA

ekuk fd]

F(x) = ( ) – ( ) ( )
x x x x x

a a x
f t dt f t dt f t dt

 
  

fiNys ekè; eku çes; }kjk gekjs ikl ;g gS fd]

( )
x x

a
f t dt



 = f( x      [x,x +x]

vkSj blfy,]

F(x) = 
0

( )
lim
x

F x

x 




= 
0

lim ( )
x

f
 

 = lim ( )
x

f




vkSj f dh fujarjrk ls

   'F x f x

(Applications)

 f x  dk ,d çkFkfed Qyu  g x  gS] tks vodyt ds :i esa    d
g x f x

dx


gSA

izk;% f ds ,d çkFkfed dks çrhd ( )f x dx  ¼lekdyu ds vf/kdrk ds

fcuk½ }kjk fu:fir fd;k tkrk gSA pw¡fd nks Qyuksa esa ,d gh vodyt gksrk gS]

tks ,d fLFkjkad ls fHkUu gksrk gS vkSj pw¡fd geus ns[kk gS fd  ( ) ( )
x

a

d
f t dt f x

dx
 ,

ge fuEu lehdj.k ds lkFk f dh lHkh çkFkfedrkvksa dks fpfàr dj ldrs gSa] ftls
Φ ls n'kkZ;k x;k gSA

( ) ( )
x

a
x f t dt c    c ¾ fu;rkad

x a  ysus ls c = (a)  çkIr gksrk gS vkSj x b  ysus ls gesa fuEu çkIr
gksrk gS]

( )
b

a
f x dx  = (b) – (a)
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dHkh&dHkh ge fiNyh vfHkO;fä dks bl çdkj fy[krs gSa]

(x) b
a

blfy, egRoiw.kZ fo"k; ftldk gesa ewY;kadu djus dh vko';drk gS] og

;g gS fd ( )
b

a
f x dx ] f(x) dk izkFkfed gSA

(Partial Derivatives) ekuk fd z = f(x,y) nks Lora= pj x
vkSj y dk ,d Qyu gSA rc x ds lanHkZ esa  z ds vkaf'kd vodyt] x ds lanHkZ esa
z ds lkekU; vodyt gSa] tgk¡ y dks ,d fLFkjkad ds :i esa ekuk tkrk gS rFkk bl
izdkj fu:fir fd;k tkrk gSA

fx ;k 
z f

x x

 
 

;k or
z f

x x

 
 

bl çdkj ;fn 1

0

( ) ( )
lim
h

f a h f a b

h

 
 ekStwn gS] rks bl lhek dks

 , . .  f x y w r t x ds lanHkZ esa fcanq  ,a b  ij vkaf'kd vodyt dgk tkrk gS vkSj blds }kjk

fu:fir fd;k tkrk gS]

fx (a, b) ;k 
( , )a b

z

x

 
    ;k 

( , )a b

f

x

 
  

ekuk fd :f X R  vkSj 2X R  ;fn Qyu f esa x ds çR;sd fcanq ij

v kaf' kd  v od y t  gS r ks f, X ij vkaf'kd vodyu gSA

 geus ifjHkk"kk ds }kjk tkuk]

fx(a,b) =
   

0

, ,
lim
h

f a h b f a b

h

 

=
   , ,

lim
x a

f x b f a b

x a




fy(a,b) =
       

0

, , , ,
lim lim
k y b

f a b k f a b f a b f a b

k y b 

  




 nks pjksa ds Qyuksa ds izdj.k esa ml fcanq ij vkaf'kd vodyt ds
vfLrRo dks ml fcanq ij fujarjrk dh vko';drk ugha gSA

;fn   2 2, 2 2f x y x xy y    gks] rks  1, 2  ij  ,
f f

x y

 
   dk

eku fudkysA

gekjs ikl gS]
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 1,2

f

x

 
   =

   
0

1 , 2 1,2
lim
h

f h f

h

 

=
      2 2 2 2

0

2 1 1 2 2 2 2 1 1 2 2 2
lim
h

h h

h

           

=  
2

0 0

2 7
lim lim 2 7 7
k k

k k
k

k 


  

 0,0fx  vkSj   0,0fy  dk eku fudkys ;fn

f(x,y) =
   

   

2

, , 0,0

0, , 0,0

x xy
x y

xy

x y

 



 

 gekjs ikl gS]

f(0,0) =
   

0

0 ,0 0,0
lim
h

f h f

h

 

=

2

0 0

0

0lim lim 1 1
h h

h h

h
h 

 
  

vkSj

f(0,0) =
   

0

0,0 0,0
lim
k

f k f

k

 

=
   

0 0 0

0,0 0,0 0 0
lim lim lim 0
k k k

f k f

k k  

  
  

 ;fn f(x,y) = 
3 3x y

x y


 , x  y vkSj 0 ;fn  x y  gS] rks irk pyrk

gS fd f ewy ij vlaxr gS ysfdu vkaf'kd vodyt mn~xe ij ekStwn gSA

 ;fn ge  ,x y  çLrkfor ¼0]0½ oØ 3,y x mx  ds ek/;e ls eku ysrs gS rks

gekjs ikl]

   
 

, 0,0
lim ,

x y
f x y

 =    
 3

, 0,0
lim ,

x y
f x x y




=  3 6 2 2 4

0

1
lim 2 3 3
x

m x mx m x
m

  
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=
2 6 2 4

0

2 2
lim 3 3
x

m x x mx
m m

     
 

vr% lapj.k lhek ugha gS D;ksafd ;g m ij fuHkZj djrh gSA blfy, xy dh
ewy (Root) esa Qyu f(x,y) dk mn~xe (Origin) ugha gSA

ysfdu

fx(0,0) =
   

3

0 0

00 ,0 0,0
lim lim
h h

h
f h f h

h h 

 


=
0

lim 0
h

h




vkSj

fx(0,0) =
   

3

0 0

00,0 0,0
lim lim
k k

k
f k f k

k k 

  

=  
0

lim 0
k

k


 

bl çdkj vkaf'kd vodyt mn~xe esa ekStwn gSA

    , 0,0x y   vkSj  0,0 0f   ds fy,  
2

4 2,
x y

f x y
x y




eku ysrs gSA fn[kk,¡ fd vkaf'kd vodyt , fx fy  izR;sd ml {ks= –1 x, –1 
y , esa ekStwn gS] tgk¡ gkykafd ewy esa f(x, y) gSA

 0, 0x y   ds fy, gekjs ikl gS]

fx =2xy 
 

2 4

24 2
,

y x

x x





 

 
4 2

2
24 2

x y
fy x

x y






x = 0, y = 0 ds fy,]

ge

fx =
       

0 0

0 ,0 0,0 ,0 0,0
lim lim
h h

f h f f h f

h h 

  


= 
0 0

0 0
lim lim 0 0
h hh 


 

vkSj

fy = 
       

0 0

0,0 0,0 0, 0,0
lim lim
k k

f k f f k f

k k 

  


=
   

0 0 0

0, 0,0 0 0
lim lim lim 0 0
k k k

f k f

k k  

 
  
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blds vykok] ge ;g Hkh n'kkZ ldrs gSa]

fx (x
1
 y) = 0, x = 0, y  0 ij

fx (x, y) = 0, x  0, y = 0 ij

fy (x
1
 y) = 0, x = 0, y  0 vkSj

fx (x
1
 y) = 0, x  0, y = 0 ijA

blfy, vkaf'kd vodyt ,fx fy  fn, x, {ks= ds lHkh fcanqvksa ij ekStwn
gSaA gkyk¡fd] Qyu  ,f x y  ewy ij x y esa fLFkj ugha gS D;ksafd ;qxir~ lhek
(Simultaneous Limit) fo|eku ugha gSA

(Partial Derivatives of

Higher Order)  izfrykse Qyu ,fx fy  lkekU; :Ik ls x vkSj y ds Qyu esa gksrs
gSa vkSj blfy, ;s vkaf'kd vodyt dks x,y ds lanHkZ esa gy dj ldrs gSaA

blls gesa mPp Js.kh ds vaf'kd vodyt çkIr gq, gSaA f}rh; dksfV (Second

Order) ds vkaf'kd vodyt dks f ds }kjk n'kkZ;k tkrk gS]

f

x x

  
    =

2

2

f
fxx

x






f

y y

  
     =

2

2

f
fyy

y






f

x y

  
     =

2 f
fxy

x y




 

f

y x

  
    =

2 f
fyx

y x




 

fdlh fo'ks"k fcanq (a, b) ij nwljs Js.kh esa vkaf'kd vodyt dks izk;% fpfàr
fd;k tkrk gSA

 

 22

2 2

,

,
,

a b

f a bf

x x

 
   

 ;k fxx (a,b)

 

 22

,

,
,

a b

f a bf

x y x y

 
       ;k fxy (a,b) bR;kfn

bl çdkj ls]

fxx(a, b) =
   

0

, ,
lim
h

fx a h b fx a b

h

 

fxy(a, b) =
   

0

, ,
lim
h

fy a h b fy a b

h

 
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fyx(a, b) =
   

0

, ,
lim
k

fx a b k fx a b

k

 

fyy(a, b) =
   

0

, ,
lim
k

fy a b k fy a b

k

 

izkIr gksrk gS fd lhek mifLFkr gS] gekjs ikl gS]

fxx(a,b) =
   

0

, ,
lim
h

fx a h b fx a b

h

 

= 
     

0

2 , 2 , ,1
lim lim
h h

f a h b f a h b f a b

h h 

   



   
0

, ,
lim
h

f a h b a b

h

  
 



= 
     

20

2 , 2 , ,
lim
h

f a h b f a h b f a b

h

   

blh izdkj]

fyy (a,b) =
     

20

, 2 2 , ,
lim
k

f a b k f a b k f a b

k

   

fxy (a,b) =
       

0

, , , ,
lim lim
h k

f a h b k f a h b f a b k f a b

hk 

        
 
 

fyx (a,b) = 
       

0

, , , ,
lim lim
h h

f a h b k f a h b f a b k f a b

hk 

        
 
 

 mPp vodytksa ds vfLrRo ds fy,] fuEu dksfV ds laxr vodytksa dk
vfLrRo vko';d gSA bl izdkj] mlh Øe esa fyx ,d fcanq ij mifLFkr gksuk pkfg,]
;g vko';d gS fd ml fcanq ds izfros'k esa vkaf'kd vodyt fx mifLFkr gksuk
pkfg,A ysfdu] ;g fyx ds }kjk ifjHkkf"kr lhek ds fy, laHko gS] tks fd fcuk
vkaf'kd vodyt fx ds vfLrRo esa gSA ,slh fLFkfr esa dgk tk ldrk gS fd mPp
vodyt vfLrRo esa ugha gSA

fxy esa fyx dh vko';drk ugÈ gSA

uksV% fyx vkSj fxy ges'kk leku eku ugÈ nsrs gSaA gkyk¡fd] dqN ds rgr leku fyx

¾ fxy dks LFkk;h j[k ldrs gSaA ge ckn esa bu fLFkfr;ksa dh tkap djsaxsA

: ekuk f(x,y) = 
1 1

sin sin ,x y
x y
  (x, y)  (0,0); f(0, y)

=
1

siny
y  ,  y  0; f(x, 0) = 

1
sinx

y
, x  0 gSA ¼0]0½ ij fx vkSj fyx ds fLFkfr

dh tk¡p djsaA



lekdyu xf.kr]
vkaf'kd vodyt vkSj
vodyuh;rk

18 Lo&vf/kxe
ikB~; lkexzh

gekjs ikl gS]

fx(0, 0) =
   0 ,0 0,0

lim
h

f h f

h

 

=
sin1 0

lim lim sin1
h h

h h
h

h 




ftldk dksÃ vfLrRo ugÈ gSA blfy, fx(0, 0) ekStwn ugÈ gSA

vc 
       

0 0

, ,0 0, 0,0
lim lim
k h

f h k f h f k f

hk 

     
  
  

=
0 0

sin1 sin1 sin1 sin1 0
lim lim
k h

h h k k h h k k

hk 

   

=
0 0

0
lim lim 0
k h hk 



bl çdkj] fuf'pr :i ls nwljs vodyt fyx ds fy, mi;ksx dh tkus okyh

lhek ekStwn gSA bl rF; ds ckotwn] vodyt  0,0fyx dks vfLrRo esa ugÈ dgk

tk ldrk gS] D;ksafd  0,0fx  ekStwn ugÈ gSA

ekuk    ,f x y y x ] tgka y dgÈ Hkh vodyuh; ugÈ gSA

fn[kkvks fd fxy ekStwn gS vkSj fx fujarj gS vkSj ekStwn ugÈ gSA

gekjs ikl gS]

f(x, y) = y(x),  fx =   ,f
y x

x


 



tks ekStwn ugÈ gS D;ksafd y dgÈ ugÈ gS fQj ls varj y¼x½ dsoy x dk ,d
Qyu gS] blfy,] vkaf'kd O;qRiUu blds laca/k esa 'kwU; gS

 fy =   0
f

y x
y y

 
 

 

vHkh fyx = 0fy
x x

 
 

 

bl çdkj fxy ekStwn gS vkSj gj Çcnq ij eku 0 gSA ,d vpj Qyu gksus ds
dkj.k] fxy fujarj ;k lrr gSA

;fn  ,z f x y nks Lora= pj x vkSj y dk ,d Qyu gS] rks 
2z

y x


   vkSj 

2z

x y


 

ges'kk leku eku ugha nsrs gSaA
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gkykafd] dqN fu;eksa ds vuqlkj lekurk 
2 2z z

y x x y

 


     gks ldrh gSA bu

fLFkfr;ksa dh ge tkap djsaxsA

;fn :f R R  ,d Qyu gS]

     
lim
h

f a h f a
f a

h

 


ge bls fQj ls fy[k ldrs gSa]

     
0

lim 0
h

f a h f a f a h

h

   


bl rjg ls fy[ks tkus ij ge dg ldrs gSa fd f a ij vodyuh; gS ;fn
dksbZ la[;k     gS] rks

   
0

lim 0
h

f a h f a h

h

   


;g vodyt dks FkksM+k lk ?kqek&fQjkdj ifjHkkf"kr djus dk rjhdk izrhr
gksrk gS] ysfdu ;g ,d ls vfèkd pjksa ds Qyuksa dk Hkyh&Hkk¡fr lkekU;hdj.k djrk

gSA bl ifjHkk"kk dh O;k[;k djus dk rjhdk ;g gS fd  f a ]  f x  dk a  ij

loZJs"B jSf[kd lfUudVu (Linear Appromimation) gS ¼;k vfèkd lVhd :i ls]

   f x a f a  ] ds fy, 'kwU; ij] lcls vPNk jSf[kd lfUudVu gSA½

vc ;fn :   n mf D  ,d Qyu gS vkSj a D  gS rks Åij fn, x,

fopkj dks lkekU; djrs gq, ge pkgrs gSa fd a ij f  dk vodyt ,d js[kh;

vkys[k gks tks fd yxHkx a  ij f  gksA Lej.k djs]  n m  ls ,d js[kh;

vkys[k   m n  vkO;wg ¼Matrix½ T }kjk fn;k tk ldrk gSA

okLro esa ge dgrs gSa :   n mf D  ,d a  ij fHkUu gS vxj dksbZ

  n m  vkO;wg ¼Matrix½ T gS] ftls ge ,d js[kh; vkys[k :  n mT  ds :i

esa ekurs gSa] tSls fd

   
0

lim 0
h

f a h f a Th

h

  


;fn T ekStwn gS] rks bls  a ij f  dk  dgk tkrk gS vkSj
ge bl çdkj fy[krs gSa]

 Df a T
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 ;fn        
2 2

2 2, , , 0,0
xy x y

f x y x y
x y


 


 vkSj  0,0 0f 

rks  n'kkZ;sa fd    0,0 0,0 .fxy fyx

bls ifjHkkf"kr djrs gS]  
f

fxy
x y

 
     


 vkSj 

f
fyx fyx

y x

    


  ls

blfy,] fxy(0, 0) = 
   0 ,0 0,0

lim
h

fy h fy

h

 

vc] fy(0+h, 0) =      
0

,0 ,0
,0 lim

k

f h k f h
fy h

k

 


=

 
 

2 2

2 2
2 2

2 20 0
lim lim ,
k k

hk h k
h h kh k h

k h k 


  


vkSj fy(0, 0) =
     

0 0 0

0,0 0,0 0
lim lim lim 0 0
k k k

f k f

k k  

 
  

 fxy(0,0) =
0 0

0
lim lim 1 1
h h

h

h 


 

iqu%] fxy(0,0) =
   

0

0,0 0,0
lim
k

fx k fx

k

 

ysfdu fx(0+k) =      
0

0 , 0,
0, lim

h

f h k f k
fx k

h

 


=

 
 

2 2

2 2
2 2

2 20 0
lim lim
k h

hk h k
k h kh k k

h h k 


   


vkSj fx(0, 0) =
   

0 0

,0 0,0
lim lim 0 0
k h

f h f

h 


 

 fyx(0, 0) =  
0 0

0
lim lim 1 1
k k

k

k 

 
   

vr% bl izdj.k esa fxy(0,0)  fyx(0,0)A

 ;fn    2 2

2 2,
xy y x

f x y
y x





 tc    , 0,0x y  ] vk S j

 0,0 0f  rks  0,0fxy  vkSj  0,0fyx x.kuk djs fd D;k os leku gSa\

 gesa ifjHkkf"kr djrs gSa]

fxy =
f

y x

  
    vkSj 

f
fyx

x y

  
     



lekdyu xf.kr] vkaf'kd
vodyt vkSj
vodyuh;rk

Lo&vf/kxe 21

ikB~; lkexzh

rc] fxy(0,0) =
   

0

0,0 0,0
lim
k

fx k fx

k

 

=
     2 2

2 20 0

, 0, 1
lim lim 0
h h

hk k hf h k f k

h h k h 

 
  

  

=
 2 2

2 20
lim ,
h

k k h
k

k h






vkSj fx(0,0) =
       

0 0

0 ,0 0,0 ,0 0,0
lim lim
h h

f h f f h f

h h 

  


=
0 0

0 0
lim lim 0 0
h hh 


 

iqu%] fyx(0,0) =
   

0

0 ,0 0,0
lim
h

fy h

h

 

ysfdu] fy(0+h, 0) =      
0

,0 ,0
,0 lim

k

f h k f h
fy h

k

 


=
   

0

, ,0
lim
k

f h k f h

k



=
 2 2

2 20

1
lim 0
k

hk k h

k k h

 
 

  

vkSj fy(0,0) =
       

0 0

0,0 0,0 0, 0,0
lim lim
k k

f k f f k f

k k 

  


=
0 0

0 0
lim lim 0 0
k kk 


 

 fyx(0,0) = 
0 0

0
lim lim 1 1,
h h

h

h 

 
   

ge ;gka ikrs gSa fd]    0,0 0,0fxy fyx

Qyu ds fy,  0,0fxy  vkSj  0,0fyx  dh lekurk dh tk¡p
djsaA

f(x, y) =
   

 
2 2 1

2

tan / , 0

2 , 0

x y y x x

y x

  


 

 ge ifjHkkf"kr djrs gS] 
f

fxy
y x

        vkSj 
  

     
f

fyx
x y
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rc] fxy(0,0) = 
       

0 0

0,0 0,0 0, 0,0
lim lim
k k

fx k fx fx k fx

k k 

  


vc] fx(0, k) = 
       

0 0

0 , 0, , 0,
lim lim
h h

f h k f k f h k f k

h h 

  


=
     2 1 2

0

2 tan 2
lim
h

h k h k

h





  
 

0
from

0
 
  

=
   

2 1
22 2

0

1
2 2 tan 0

1
lim

1h

k k
h h

h hk h




             

[L ]

=
1

0
lim 2 tan
h

k
k h k

h




         

vkSj] fx(0,0) = 
       

0 0

0 ,0 0,0 ,0 0,0
lim lim
h h

f h f f h f

h h 

  


=  
0 0

0 0
lim lim 0 0
h hh 


 

 fyx(0,0) =  
0 0

0
lim lim 1 1
k k

k

k 

 
    ...(i)

iqu%] fyx(0,0) = 
 

0

0 ,0
lim
h

fy h

h



=
   

0

,0 0,0
lim
h

fy h fy

h



ysfdu] fy(h,0) = 
       

0 0

,0 ,0 , ,0
lim lim
k k

f h k f h f h k f h

k k 

  


=
     2 2 1 12

0 0

tan tan
lim lim
k k

h k k h k hk
h

k h k h

 

 

  
    

=
   21 1

0 0 0

1 1tan tan
lim lim lim 1

1k t t

tk h t

k h t

 

  

  
   

  


vkSj fy(0,0) = 
       

0 0

0,0 0,0 0, 0,0
lim lim
k k

f k f k f

k k 

  

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=
 2

0 0

2 0
lim lim 0

2k k

k
k

k 

       

blfy, fyx (0, 0) =
0 0

0
lim lim 1 1
h k

h

k 


  (ii)

lehdj.kksa (i) vkSj (ii) ls ge ns[krs gS    0,0 0,0fxy fyx

fxy fyx

ge i<+ jgs gSa fd fxy fyx  lnSo /kkj.k ugha djrk gSA vc ge nks çes;ksa dks ns
jgs gSa] ftudk mís'; ;g n'kkZuk gS fd fdu ifjfLFkfr;ksa esa ;g dYiuk djuk Bhd
gS fd fdlh fcanq ij fxy fyx  gS] vFkkZr~ fxy  vkSj fyx  ds lekurk ds fy,
i;kZIr fLFkfr;ka D;k gS\

Schwarz's Theorem  ;fn f:x  R, X R2  vkSj (a,b)

 X ,slk gS  ( ) , i fx N a bektS nw  gS  esa vkSj  ii fxy  esa fujarj ;k lrr gS (a,b)

ij rc fyx(a,b) ekStwn vkSj fxy(a,b) ds cjkcj gSA

 pw¡fd fx(a,b) ij fujarj ;k lrr gS] fy vkSj fxy gj fcanq ij ekStwn gSA
N(a,b) esaA

ekuk fd (h, k) = f(a+h, b+k) –f(a+h, b) –f(a,b + k) + f(a,b)

(1.9)

tgka    , ,a h b k N a b  

vxj ge ysrs gSa  g(y) = f(a+h, y) – f(a,y)

rc g(b+k) = f(a+h, b+k) –f(a, b+k)

g(b) = f(a+h, b) –f(a, b)

 (h, k) = g(b + k) –g(b) ...(1.10)

pw¡fd N(a,b) esa f(a+h,y) – f(a,y) ds çR;sd fcanq ij fy ekStwn gS] N(a,b)

vFkkZr] g(y), [b,b+ k]  ,a b  ds fcanq ij fHkUu gSA

 [b,b+k], esa g(y) ds fy, e/; eku çes; dk mi;ksx djus ij gesa feyrk
gS%

y(b + k) – y(b) = kg(b +k) tgka 0 << 1

             , , Φ , Φh k k fy a h b k fy a b k         ...(1.11)

[lehdj.k (1.9), g(y) – fy(a+h, y) –fy(a, y)]

vc N(a, b) ds çR;sd fcanq ij fxy ekStwn gS] blfy,   ,   f x b k ds çR;sd

fcanq ij N(a,b) vodyuh; gS] vFkkZr]  ,  fy x b k [a, a + h]  N(a, b) esa
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vodyuh; gSA   ,   a a h  esa   ,   fy x b k ds fy, e/; eku çes; dk mi;ksx

djus ij] gesa çkIr gksrk gS]
fy(a + h, b + k) –fy(a, b +k) = hfxy(a +

1
< 1

Tkgka 0 < , 
1
 < 1

 (h,k) = k[h fxy (a + 
1
h, b + k)]; 0 < , 

1
 < 1

;k
   1

,
,

h k
fxy a h b k

hk


  

;k 
       , , , ,1 f a h b k f a b k f a h b f a b

k h h

       
 

 

= fxy (a + 
1
 h, b + k)

lhek dks 0h ds :i esa lhek dks ysrs gq,] ge çkIr djrs gSaA

     1
0

1
, , lim ,

h
fx a b k fx a b fxy a h b k

k 
        


       10 0

, ,
lim lim lim , , .
k k h

fx a b k a b
fxy a h b k fxy a b

k  

       

bl çdkj fxy ekStwn gS vkSj    , ,fyx a b fxy a b

blh rjg ls] ge ;g fl) dj ldrs gSa fd vxj N(a,b) esa fy  esa ekStwn

gS] vkSj fyx ] lrr gS (a,b) ij] rks fxy(a,b) ekStwn gS vkSj fxy(a,b) ds cjkcj gSA

(Young's Theorem)  ;fn 2: ,f X R X R   vkSj

 ,a b X  bl çdkj fd fx, vkSj fy  ,a b  ij vodyuh; gksrs gSa rc fxy (a,b)

= fyx(a,b) gSA

 pw¡fd fx, vkSj fy (a,b) esa vodyuh; gSa] rks ,fx fy  ekStwn gSa N(a,b) esa

vkSj (a, b) ij fxx, fyx, fxy, fyy esa ekStwn gSaA

ekuk fd (h, h) = f(a + h, b + h) –f(a + h, b) – f(a, b + h) + f(a, b)

vkSj g(y) = f(a+h, y) – f(a, y)

rc (h, h) = g(b + h) –g(b)

vc] e/; eku çes; dk mi;ksx djus ds fy,  g y  esa  , ,b b h

g(b + h) – g(b) = hg (b + h), 0 <  < 1

 (h, h) = h[fy(a + h, b + h) – fy(a, b + h)] ...(1.12)

pw¡fd ifjHkk"kk ds vuqlkj] (a, b) ij fy vodyuh; gS gekjs ikl fy(a +

h, b + h) –fy(a, b) = hfxy(a, b) + h fyy(a, b) +  2 2 2
1( , )h h h h 

gSA ...(1.13)
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vkSj fy(a, b + h) – fy(a, b) = h fyy (a, b) + h 
2
(h, h) ...(1.14)

tgka 1Φ 0  vkSj 2Φ 0  tSls 0h

lehdj.kksa ¼1-12½] ¼1-13½ vkSj ¼1-14½ ls ge ;g fu"d"kZ fudkyrs gSaA

 
2

,h h

h


=      2

1 2, 1 , ,fxy a b h h h h    


 

20

,
lim
h

h h

h


=  ,fxy a b

mlh çdkj] vxj   g y  ds LFkku ij ge ysrs gSa

F(x) = f(x, b + h) – f(x, b)

ge ;g fl) dj ldrs gSa]

 
20

,
lim
h

h h

h


=  ,fyx a b

vr%
fxy(a, b) = fyx(a, b)

 ekuk    , 0,0x y   vkSj  0,0 0f   ds fy,

     2 2 2 21
, log

4
f x y x y x y    ys ldrs gSaA (x, y) ds lHkh fcanq ij

 fxy fyx dks fn[kk,aA ;g Hkh crk,a fd ewy esa   x y  esa ls dksbZ Hkh vodyt lrr

ugha gSA

gekjs ikl gS]

(x, y)  (0, 0)

fx =      2 2 2 21 1
1 log , 1 log ,

2 2
x x y fy y x y    

vkSj bl izdkj fxy = fyx = 2 2

xy

x y

vkaf'kd vodyt dh ifjHkk"kk dk mi;ksx djrs gq,] ;g vklkuh ls fn[kk;k
tk ldrk gS fd x = 0,  0y ds fy,

fx = fy = fxy = fyx = 0

bl çdkj]  fxy fyx lHkh fcanq ij  , x y

gkyk¡fd]  fyx fxy  fujarj ;k lrr ugha gS ¼0]0½

ge ikrs gSa fd ,d lkFk lhek]     2 2, 0,0
lim

x y

xy

x y    ekStwn ugha gSA vxj ge

( , )x y ds lehi ¼0]0½ js[kk   ,y mx ds ek/;e ls] gesa feyrk gSA
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    2 2, 0,0
lim

x y

xy

x y  = 2 2 2 2 2 20
lim

1x

xy x mx m

x y x m x m


 

  

;g lhek bl ij fuHkZj djrh gS blfy, ;g ekStwn ugha gSA bldk rkRi;Z
gS fd   fxy fyx  ewy esa fLFkj ugha gS

'oktZ çes; (Schwarz’s Theorem) vkSj fxy (0, 0)  fxy 10, 0) dh fLFkfr
dks larq"V ugha djrk gSA

;fn z, nks pjksa x rFkk y dk Qyu gS] rFkk bu pjksa dks gy djus esa pj t ds ,d
Qyu dks nsrs gSa] rc dgk tk ldrk gS fd  z, t dk lfEeJ Qyu gSA

laca/k 

 
 
 

,z x y

x t

y t

 


 
  

z dks t ds ,d lfEeJ Qyu ds :i esa ifjHkkf"kr djrk gSA

;gk¡]  
dz

dt
 dks t ds laca/k esa  z ds dqy varj xq.kkad dgk tkrk gSA

 ;fn fuEu laca/k }kjk ifjHkkf"kr] z, t dk ,d la;qDr Qyu gS]

z = f(x, y); x = (t), y (t)
tgka  x vkSj y ds laca/k esa vkaf'kd vodyt ds lkFk z dh izFke dksfV gS]

vkSj x vkSj y ds lUnHkZ esa blds lrr vodyt gSa]

dx

t
=

z x z y

x t y t

   
  

   

 ekuk fd] ( , )z f x y ...(1.15)

eku ysa fd t] x vkSj y Øe'k% t, x vkSj y esa lacaf/kr ifjorZu gSa] rks
lehdj.kksa]

z + z =f(x + x, y + y) ...(1.16)

rks lehdj.k ¼1-15½ vkSj lehdj.k ¼1-16½ ls]
z = f(x + x, y + y) – f(x, y)

= [f(x + x, y + y) – f(x, y + y) + f(x, y + y) – f(x, y)]


z

t




=
   ,f x x y f x y y x

x t

      
 

 

   , ,f x y y f x y y

y t

   


  ...(1.17)
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vc iwoZorhZ 0t   dks lhfer djus ds fy, vkxs c<+uk vkSj blds

QyLo:Ik x  vkSj y  Hkh 'kwU; gks tkrk gS] gekjs ikl gS]

0
lim
t

z

t 




= ,
dz

dt

0
lim
t

x

t 




= ,
dx

dt

0
lim
t

y

t 




=
dy

dt
,

vkSj
   

0

, ,
lim
t

f x x y y f x y y z

x x 

       


 

mlh izdkj 
   

0

, ,
lim
x

f x y y f x y z

x y 

   


 

blfy,] lehdj.k ¼1-17½ nsrk gS]

dz

dt
=

z x z y

x t y t

   
  

   
(Mean Value Theorem for Two Variable)

ekuk fd   ( , )s f x y ,d Qyu gS] tSls fd

(i)   ( , )f x y  can Mksesu esa fujarj ;k lrr gSA

(ii) [kqys Mksesu esa igys Øe dk vodyt xq.kkad ekStwn gSA

Rkc f(a + h, b + k) = f(a, b) + hfx (a + h, b + k) + kfy (a + h, b + k)

tgka (a, b), (a + h), (b + k)  D vkSj 0 Φ 1. 

 gesa ,d u;k pj t ifjHkkf"kr gSA

x = a + ht, y = b + kt, 0 < t  1.

tgka h vkSj k fujarj gSa] rks ge ,d pj t ds :i esa Qyu feyrk gS]

f(t) =f(x, y) = f(a + ht, b + kt) ...(1.18)

,dy pj ds ySaxzkat ds e/; eku çes; }kjk gekjs ikl gS]

   1 0

1 0

F F


= F(), 0 <  < 1

F(1) = F(0) + F(), 0 <  < 1 ...(1.19)

ysfdu lehdj.k] ¼1-18½ ls

F(1) = f(a + h, b + k)

F(0) = f(a, b)
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 f(a + h, b +k) – f(a, b) =  F(), 0 <  < 1 ...(1.20)

;fn x a ht   vkSj ,y b kt  rc

F(t) = f(x, y)

 f(t) =  ( ) ,
d d

F t f x y
dt dt



. .
f dx t dy

x dt y dt

 
 
   ¼fn'kh; vodyt (Direction Derivatives)

dh ifjHkk"kk }kjk½

=h fx (x, y) + k fy (x, y) ,
dx dy

h k
dt dt

    


F(t) = h fx (a + ht, b + kt) + k fy (a + ht, b + kt) ...(1.21)

vc F in lehdj.k ¼1-21½ ds LFkku ij çfrLFkkiu djus ij ge çkIr djrs
gSa]

F() = h f(a +  h, b + k) + k fy (a + h, b + k) ...(1.22)

vc lehdj.kksa ¼1-20½ vkSj ¼1-22½ ls gekjs ikl gS]

f(a + h), b + k) =  f(a, b) = h fx(a + h, b + k) +k fy(a + h, b + k)

  f(a + h, b + k) =  f(a, b) + h fx(a + h, b + k) +k fy(a + h, b + k)

 ;fn 2 2( ) 2 3 ,f x x y x y    rc lfn'k 2i j  dh fn'kk esa

( )f x ds vodyt dks ¼2] 1½ dks Kkr djsaA

 pwafd gekjs ikl gS]

fn'kh; vodyt cos sin
f f

x y

 
   
 

;g Li"V gS fd 
2

cos
5

   vkSj 
1

sin
5

   vkSj

2 2, 2 3
f f

x y
x y

 
   

     2,1 2,1

6, 5
f f

x y

            

blfy,] fn, x, fn'kk ( )f x  esa  ¼2] 1½ ds fn'kh; vodyt gSa]

=
2 1 17

6 5
5 5 5

  

 ;fn 2 2 ,f xy xy  rc fn'kk  = /2 esa f ¼1]2½ ds fn'kh;

vodyt dks Kkr djsaA
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ekuk

f = xy2 + 2xy


f

x




= y2 + 2y,  2 2
f

xy x
y


 




 1,2

f

x

 
   = 8  vkSj 

 1,2

6
f

x

    

blfy, fn'kh; vodyt esa fn'kk 
2


  , ¼1] 2½ ij vodyt gksrk gS]

= cos sin
2 2

f f

x y

   


 

= 8 cos 6 sin 6
2 2

 
 

vc ge nks çes; fl) djrs gSa tks fxy vkSj fyx leqPp; fcanq ¼aa,b½ dh
xq.koÙkk ds fy, i;kZIr fu;e çnku djrk gSA

(Inverse Function)

ekuk Mksesu D ds lkFk ,d okLrfod ewY;oku Qyu (f) gks vkSj lhek (Range) Rn

ds mileqPp; ds :i esa lhek E djsa] ge fy[k ldrs gSa]

y = f(x), x  D vkSj y  E ...(1.23)

ekuk ny  ds :i esa fy[kk tk ldrk gS]

y
n
 = f

n
(x

1
, x

2
) ...(1.24)

rc] Qyu f ,d :ikarj.k gS] tks lewg D dks lewg E esa #ikarfjr djrk gS]
vc çR;sd fcanq D ij ogka E ds ,d fcanq ds vuq:i gksrk gSA vc nks izdj.k gSa]

¼1½ ,dSdh :ikarj.k

¼2½ vusd :ikarj.k

fQj] Mksesu D vkSj lhek E ds lkFk ,d&,d Qyu f dks yacor dgk tkrk
gSA ;fn ( ) ( ),y f x x g y   rc Qyu g Qyu f dk izfrykse dgk tkrk gSA

(Linear Transformation)  ekuk 1v  vkSj 2v  nks lfn'k

lef"V gksA ,d vkys[k f!v
1
  v

2
 dks jSf[kd :ikarj.k dgk tkrk gSA

f
1
(x

1
 + x

2
)=f(x

1
) + f(x

2
)

f(cx) = cf(x)   x, x
1
, x

2
  v

1
, c  R

;fn dksbZ ifjfer vk;ke okys lfn'k lef"V X ij ,d jSf[kd çpkyd
gS] rks fn[kk,¡ fd A ,d ls ,d ls ,d ;fn Js.kh dk X ls Hkjk gqvk gSaA
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ekuk 1 4{ ,.... }B x x , X ds vk/kkj gSA ekuk R(A), A dh lhek dks fu:fir

djrs gSaA ge fn[kk,axs fd lewg 1 2{ ,.... }Q Ax Ax lhek R(A) gSaA ekuk ( )y R A

gSA rc y Ax  dqN x x  ds fy, vof/k X ds ckn ls] blfy, ogk¡ vfn'k

1,.... nc c  ekStwn gSa bl rjg ls]

x = c
1
x

1
 + ... + c

n
x

n

blfy, y = A(c
1
x

1
 + ... + c

n
x

n
) = C

1
AX

1
 + ... + C

n
AX

n
, A dh jSf[kdrk }kjk

;g fn[kk;k x;k fd Q , R(A) dks QSykrk gS] rks R(A)=X ;fn vkSj dsoy ;fn Q
jSf[kd :i ls Lora= gSA gesa ;g lkfcr djuk gksxk fd ;g rHkh gks ldrk gS tc
dsoy ,dSdh (One-One) gksA gesa yxrk gS fd Q jSf[kd Lora= gS vkSj ekuk

x X pwafd B vk/kkj gSA

x =
1

n

i i
i

c x



dqN vfn'k ds fy,  c
i
, i = 1, 2, ... n

rc ax = 0  A 
1

0
n

i i
i

c x


 
  

2 1 0c Ax  , A dh jSf[kdrk }kjk

1 2 ...... 0nc c c     ] pwafd Q jSf[kd :i ls Lora= gS

 x = 0

blfy;s]

Ax = 0  x = 0 (1.25)

blfy;s]

 0Ax Ay Ay   ] pwafd A jSf[kd gS]

 x – y = 0  by (1.25 ls)

 x = y

  A, ,dSdh gSA

blds foijhr] eku yhft, fd A, ,dSdh gSA

rc 
1

n

i i
i

c Ax

 = 0  A

1

0
n

i i
i

c x


 
    pwafd A jSf[kd gS

1

0,
n

i i
i

c x


     pwafd A ,dSdh gSA

1 2 ...... 0nc c c      pw¡fd B Lora= gSA

bl çdkj] ge fu"d"kZ fudkyrs gSa fd Q jSf[kd :i ls Lora= gSA
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% ekuk   vkSj Rn ij lHkh izfrykseh; lapkyd (Invertible Operators)

dk lewg gS fn[kkvks fd vxj A  vkSj  nB L R  bl rjg ls ||B –A|| · ||A–1||

< 1,rc B  A

 yxkuk 1 1
A 


   vkSj , B A     j[kus ij

rc] ||B –A|| ||A–1|| < 1  bldk vk'k; ds  <  gj ,d ds fy, nx R A

gekjs ikl |x| = A–1Ax|  =  1
Ax


 gSA bl çdkj]

( – )|x| = |x| – |x|  |Ax| – ||B –A|| |x|  |Ax| – |(B – A)x|, D;ksafd |Ax|  ||A||
|x|

= |Ax| – |Bx – Ax|  |Ax|  ||Ax –Bx||

     ||Ax| –(|Ax| – |Bx|), D;ksafd |y
1
| – |y

2
|  |y

1
– y

2
| lcds fy, y

1
, y

2
  Rn

= |Bx| (x  Rn)

bl çdkj] ( )Bx x   lcds fy, nx R (1.26)

/;ku nsa fd ( ) 0x y     _.kkRed ugha gks ldrs] tc  –  > 0

vc Bx = By  Bx – By = 0

 B(x – y) = 0  |B (x – y)| = 0

 ( –) (x – y) = 0, (1.26) ls

 |x –y| = 0 D;ksafd   

 x –y = 0  x = y

blls izkIr gksrk gS fd B ,dSdh gSA B Hkh gS blfy, B ,d izfrykseh;
lapkyd gS] blfy, B  A

(Inverse Function Theorem)

ekuk fd Mksesu D rFkk ijkl E ds lkFk Rn ds mileqPp; ij] f ,d lfn'k jkf'k
Qyu gSA ekuk , ( )a D f a b E   A ekuk f, a ds izfros'k ds e/; esa] izFke dksfV

dk vkaf'kd vodyt gS rFkk ekuk fd tSdksfc;u (Jacobian) ( ) 0,fJ a  rc Qyu

f LFkkuh; :i ls a ij izfrykse gSA lkFk gh] f dk LFkkuh; izfrykse g, b ds izfros'k
ds e/; esa] izFke dksfV dk vkaf'kd vodyt gSA

ekuk f vius Mksesu D ds lkFk ,d lfn'k eku Qyu gks ldrk gS vkSj E,

Rn mileqPp; ds :i esa bl çdkj gks ldrk gSaA bl çdkj ge fn[kkrs gSa fd lhek
f ij nh xbZ 'krZ ds rgr Øe'k% a vkSj b ds lehiorhZ P vkSj Q ekStwn gSaA

(i) f(P) = {f(x) : x  P} = Q
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(ii) P ds nks vyx&vyx fcanq V ds leku fcanq ds vuq:i ugha gSaA

(ii) f(a) = b

;fn ge g dks Mksesu vkSj Js.kh P ds lkFk f ds O;qRØe ds :i esa ifjHkkf"kr
djrs gSa rks ;g gS fd]

y = f(x)  x = g(y) ; x  P vkSj y Q

çdk;Z g,  Q esa çFke dksfV ds vaf'kd vodyt dks vc fu/kkZjd ds fo"k; esa
ekurk gSA

     
     

     

1 1 1 2 1 1 1 1

1 2 2 2 2 2 2 2

1 2

n

n

n n n n n n n

D f x D f x D f x

D f x D f x D f x

D f x D f x D f x




    
    



tgka 1 2, ,... nx x x ] a ds lehiorhZ fcanq gSa  ge bl fu/kkZjd ij n2 pj ds

Qyu ds :i esa ns[krs gSaA n2&fcanqvksa dk funsZ'kkad n–fcanqvksa esa 1 2, ,.... nx x x  tSls

fd bldk eku tc 1 2, ,.... nx x x lHkh leku eku ysrs gSa ,d xSj&'kwU; gS fuèkkZj.kkRed

Hkh vius rRoksa esa cgqin gksus ds dkj.k ,d lrr Qyu gSA bl çdkj bl fcanq dk
,d a lehiorhZ (Neighbourhood) ,slk gS fd vxj P

1
, P

2
, ... P

3
 ... P

n
  bl n

lehiorhZ (Neighbourhood) ds fdlh Hkh foosdk/khu fcanq ( ) 0j jD fi p   bl çdkj

gSaA

(1) ekuk x y  xksykdkj ( , )S a S  ds nks fcanq gSa tks ge fn[kk,axs]

x  y f(x)  f(y)

;fn laHko gks rks] ( ) ( )f x f y

 fi(x) = fi(y), | i  n

e/; eku çes; }kjk] 
i
, 0 < 

i
 < | bl rjg dh ogk¡ ekStwn gSaA

0 = f
i
(x) –f

i
(y) =    

1

n

i j i
j

y x Dj fi x y x


     

ge fy[k ldrs gSa] x + 
i
 (y – x) = P

i

rkfd ge çkIr djsa] 
1

( ) ( ) 0
n

j j
j

y x DjFi Pi


   bl çdkj ge n js[kh;

lehdj.k dks ,d ç.kkyh çkIr djrs gSaA

           1 1 1 1 1 2 2 2 1 1 1 0i n n ny x D f P y x D f P y x D f P       

___________________________________________________
___________________________________________________
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           1 1 1 2 2 2 0n n n n n n n n ny x D f P y x D f P y x D f P       

ftldk fu/kkZjd (Determinent)

  0, ,j i iD f P i n j n    

 1 1 0, 0n ny x y x x y      

rkfd] ge ,d fojks/kkHkkl ij igqapsaA

bl çdkj] ge fl) djrs gSa fd]   x y f x f y  

ge  f S  }kjk lewg {f(x) : x  S} dk fu:i.k djrs gSa vkSj ns[krs gSa fd

S  ls  f S dk ,dSdh Qyu gSA

(ii) vc] ge ;g fn[kk,axs fd  f S ] b = f(a) ds lehiorhZ gSA

T dks xksyk S dh lhek dks fu:fir djus ij] og lewg gS  :|| ||x x a S 

vc fopkj djs  || ||:f x b x t 

;gka] gekjs ikl ewY;ks a ds lkFk ,d okLrfod ewY;oku Qyu gSA

     || || || ||f x f a f x b   Mksesu T ds lkFk] tSlk fd Qyu f Mksesu T vkSj

a  T ds lkFk gSA ge ns[krs gSa  || |||f x b  /kukRed x T  gSA

tSlk fd l?ku (Compact) lewg gS vkSj okLrfod ewY;oku Qyu fujarj

x T   gSA ge ns[krs gSa fd Qyu dk fuEure vko';d :i ls /kukRed gSA bl
fuEure dks 2k rd fu:fir djsa rkfd gekjs ikl gks]

 2 || ||:k f x b x T   

vc ge bl izdkj ,d lewg Q dks ifjHkkf"kr djrs gSaA

 :|| ||Q y y p k    vkSj ;g n'kkZrs gSa fd  f S  esa foijhr gSA y  Q

djsa rkfd gesa fn[kk;k tk, fd x  S  ,slk gS fd = f(x), ekStwn gSA gekjs ikl gS]

   
 
|| || || || || ||

|| ||

ak f x b f x y y b

f x y k

     

  

rkfd  || || ,f x y k y Q x T      ...(1.27)

rFkk  || || || ||f a y y b k    ...(1.28)

fu;r :i ls ysus ij] ge  
_

2|| || ,f x y x S   ds lkFk ,d okLrfod

ewY;oku Qyu dks ekurs gSaA lehdj.k ¼1-26½ rFkk ¼1-27½ ls ge ns[krs gSa fd bl
Qyu dk U;wure vkarfjd fcanq 

_

S  ij gS vkSj tSls fd ;g U;wure bldh fuEure
jkf'k gS]
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gekjs ikl gS    2

1

|| ||
n

i i
i

f x f f x y


     

bl çdkj] ge fl) gSa fd]    
1

0 |
n

i i i i
i

f x y D f x j n


      

lehdj.k dks foLrkj ls fQj ls fy[kus ij] ge çkIr djrs gSa]

       1 1 1 1 0i n n nf x y D f x f x y D f x          

       1 1 0i n n n n nf x y D f x f x y D f x          

jSf[kd lehdj.k ds bl lewg dk fu/kkZjd 'kwU; ugha gS]

ge ns[krs gSa fd]

     1 1 2 20, 0,..., 0n nf x y f x y f x y     

ftldk vFkZ gS  f x y

bl çdkj] ge ns[krs gSa fd  ,Q f S esa lfEefyr gSA

 ¼i½% P [kqyk gS] blfy, f lrr gS vkSj Q ,d [kqyk leqPp; gSA bl çdkj]
ge ns[krs gSa fd ,d [kqyk lewg P vkSj Q ,d a vkSj f¼a½ ¾ b ds Øe'k% lewg
gksrs gSa tSls fd f, P ij Q ls vPNknd (Onto) Qyu gSA

tSlk fd  x P f x Q  

vkSj y  Q ls ,d vkSj dsoy x  P ,slk gS fd f(x) = y ls esy [kkrk gSA

bl çdkj Mksesu P vkSj Js.kh Q ds lkFk Qyu mYVk gSA crk nsa fd g Qyu
dk O;qRØe f gS rkfd Q bldk] Mksesu vkSj P dk Js.kh gSA

bl çdkj] gekjs ikl gS     , ,y f x x g y x P y Q    

ii  vc] ge dsoy ;g fn[kkrs gSa fd Qyu g Lo;a dks igys çFke Øe

vkaf'kd vodyt ds :i esa Lohdkj djrk gSA ekuk    y f x x g y  

 ds i;kZIr :i ls NksVs ewY; ds fy, y u
k
  Q

Ekuk x = g(y + u
k
)  y u

k
 = x

 f(x) – f(x) = u
k

 f
i
(x) f

i
(x) = 

ik 
,1  i  n

vc e/; eku çes; }kjk ge çkIr djrs gSa]

f
i
(x) – f

i
(x) =    

1

n

j j j i i
j

x x D f x x x



       

rks ge çkIr djrs gSa]
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   
1

n

j j j i i ik
j

x x D f x x x



         


   

 
1

n
j k i

i i ik
j

g y u g y
D x x x



             

jSf[kd lehdj.k dh bl ç.kkyh dk fu/kkZjd xSj&'kwU; gSA ge ns[krs gS

   j k ig y u g y


 
 fu/kkZjd |  j  n gSA

gy fd, x, bl lehdj.k ij fopkj djsa vkSj x x   tks fd  ds 0 ds cjkcj
gS] geus çkIr fd;k]

   
1

n

k j j i ik
j

D I y D f x 




bl izdkj]  kD g y ,k n j n     vkSj y Q   esa ekStwn gS rkfd g]

Q esa vkaf'kd :i ls vodyt dks Lohdkj djsA D;ksafd vkaf'kd vodyt D
k
 g

j
(y)]

 j iD f x ds jSf[kd la;kstuksa ds :i esa  gesa Kkr gS fd vkaf'kd vodyt D
k
g

j
 (y)]

Q esa lrr gSA

 (Implicit Function) : ekuk fd f, nks pjksa dk ,d okLrfod
eku Qyu gS] rkfd bldk Mksesu D R2 dk ,d mileqPp; gks] E dks fuEu izdkj
ifjHkkf"kr djrs gSa

    , : ,E x y x y D   vkSj   , 0f x y 

vc Mksesu ACR ds lkFk ,dy pj dk okLrfod egRoiw.kZ Qyu g ekStwn
ugha gks jgk gS vkSj u gh gks ldrk gSA

   , :E x g y x A 

;fn g ekStwn gS] rks y = g(x), f(x, y) = 0  dk ,d gy gSA

¼i½ varfuZfgr Qyu dk igyk varj xq.kkadA

;fn u= f (x, y½ ¾ fu;rkad gS vkSj x vkSj y] nksuksa Qyu gSA tSls t vkSj r,
rks]

dy p

dx q


tgka] p =
u

x




 vkSj 
u

q
y





u

x




=
u t u r

t x r x

   
  

   
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u

y


 =

u t u r

t y r y

   
  

   

¼ii½ ,d varfuZfgr Qyuksa dk f}rh; vody xq.kkad %

ekuk u ¾ f(x,y)=C dk varfuZfgr gksuk pkfg,]

2

2

d y

dx
 = 

2 2

3

2q r pqs p t

q

  
 
 

tgka p =
f

x




2 2

2 2

f f
r t

x y

 
 
 

q =
2f f

S
y x y

 


  

  ;fn y xx y C   gS] rks 
dy

dx
 Kkr djsaA

  ekuk f(x, y) = xy + yx – C

f

x




= y xy –x + yx log y

y

x




=
1

1

log

log

y x

y x

f x yx y y

f y x x xy





   
      

 lehdj.k x3 + y3 – 3xy + y = 0 dk, fcanq (0, 0) ds ikl vf}rh;
(Unique) gy fu/kkZfjr djsaA blds vykok gy dk igyk vodyt Kkr djsaA

gekjs ikl gS]

f(x, y) = x3 + y3 – 3xy + y = 0, (0, 0) ij

(i) f(0, 0) = 0

(ii) fx = 3x2 – 3y, fy  = 3y2 – 3x + 1

vc fx vkSj fy dh fujarjrk ;k lR;rk ¼0] 0½ ij fx dh fujarjrk ;k lR;rk
dh ¼0] 0½ ij tk¡p djsaA

ledkfyd (Simultaneous) lhek gS]

 2

0
0

lim 3 3
x
y

x y



  = 0 ekStwn gSA

 fx fujarj gSA

ledkfyd lhek esa  2

0
0

lim 3 3 1 1
x
y

x y



    ekStwn gSA
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vkSj fy (0, 0) = 
   

0

0, 0,0
lim
k

f k f

k



=
3

0
lim
k

k k

k



=
2

0
lim 1 1 0
k

k


  

 fy(0,0)  0

bl çdkj lehdj.k f ¼x, y½ ¾ 0 ,d vf}rh; gy fu/kkZfjr djrk gSA
¼varfuZfgr Qyu çes; }kjk½

bldk vf}rh; gy]

 , 0f x y   }kjk fn;k x;k gS

x3 + y3 – 3xy + y = 0

y3 – y (3x – 1) + x3 = 0

 [(x)]3 – [3x –1] + x3 = 0 ...(i)

D;ksafd (0) = 0

lehdj.k (i) foHksfnr djus ij]

         2 2
13 3 3 1 3 0x x x x x x           

 0 – 3 × 0 – (–1) (0) + 0 = 0

 (0) = 0

1- jheku lekdyu dks ifjHkkf"kr dhft,A

2- lrr Qyu dh O;k[;k djsaA

3- lekdyu dk ewyHkwr izes; fdl laca/k dks n'kkZrk gS\

4- mPprj Js.kh ds vkaf'kd vodyt dks le>k,A

5- vodyt ds Øe ;k dksfV dk varj ifjorZu dh O;k[;k djsaA

6- lfEeJ Qyu dk o.kZu dhft,A

7- jSf[kd :ikarj.k D;k gS\

1- ge tkurs gSa fd lekdyu dh 'kq#vkr ,d oØ ds rgr {ks= [kkstus ds :i
esa dh xbZ gS vkSj ;g lehdj.k dk vf/kd ifj"—r :i gSA lekdyu xf.kr
dk fuekZ.k cuZgkMZ jheku }kjk fd;k x;k gS vkSj ;g ,d varjky ij ,d
Qyu ds vfHkUu Hkkx dh igyh dBksj ifjHkk"kk FkhA
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2- ,d Qyu vius Mksesu D esa ,d fcanq c ij fujarj ;k lrr gS vxj fdlh
Hkh 0 dks ogka 0 ekStwn gS tSls%

;fn x  D vkSj |x – c| < |f(x) – f(c)| < 

,d Qyu vius Mksesu D esa larr gS ;fn og vius Mksesu ds çR;sd fcanq ij
fujarj ;k lrr gSA

3- lekdyu dk ewyHkwr çes; lekdyu ,oa vodyt ds e/; laca/k dks n'kkZrk
gSA ge tkurs gSa fd vodyt vkSj iw.kkaZdksa dks izfrykse Qyuksa ds :i esa
ifjHkkf"kr dj jgs gSaA

4- izfrykse Qyu ,fx fy  lkekU; :Ik ls x vkSj y ds Qyu esa gksrs gSa vkSj
blfy, ;s vkaf'kd vodyt dks x,y ds lanHkZ esa gy dj ldrs gSaA

5- ;fn  ,z f x y nks Lora= pj x vkSj y dk ,d Qyu gS] rks 
2z

y x


   vkSj

2z

x y


   ges'kk leku eku ugha nsrs gSaA

gkykafd] dqN fu;eksa ds vuqlkj lekurk 
2 2z z

y x x y

 


     gks ldrh gSA

6- lfEeJ Qyu% ;fn z nks pj x rFkk y dk Qyu gS vkSj rc ;s pj t dk Qyu
fn;k tkrk gS] rc z dks t dk lfEeJ Qyu dgk tkrk gSA

7- ekuk 1v  vkSj 2v  nks lfn'k lef"V gksA ,d izfrfp=.k f!v
1
  v

2
 dks jSf[kd

:ikarj.k dgk tkrk gSA

 lekdyu xf.kr dk izfriknu cuZgkMZ jheku }kjk fd;k x;k gS vkSj ;g ,d
varjky ij ,d Qyu ds vfHkUu Hkkx dh igyh dBksj ifjHkk"kk FkhA

 can varjky dk A foHkktu P  [a, b] ds vadksa dk ,d fuf'pr lewg gSA bl
rjg ls

P = {x
0
, x

1
, x

2
, ..., x

n
}

a = x
0
 < x

1
 < x

2
 < ... < x

n-1
 < x

n
 = b

 foHkktu ds fdlh Hkh nks yxkrkj vadksa ds chp vf/kdre varj dks ekud ;k
foHkktu dh vkn'kZ ;k tky dgk tkrk gS vkSj mls 'P' ds :i esa fpfàr fd;k
tkrk gSA vFkkZr~

| P | = max { x
j
 – x

j-1
, j = 1 ... n }

 can varjky ij f ,d okLrfod vkSj ca/ks gq, Qyu [ a , b ] lkFk gh ekuk p
dk [ a ,b ] dksbZ Hkh foHkktu gksA
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 ,d Qyu vius Mksesu D esa ,d fcanq c ij fujarj gS vxj fdlh Hkh 0
dks ogka 0 ekStwn gS tSls%

;fn x  D vkSj |x – c| < |f(x) – f(c)| < 

 ,d Qyu vius Mksesu D esa larr gS ;fn og vius Mksesu ds çR;sd fcanq ij
larr gSA

 lekdyu dk ewyHkwr çes; vfoHkkT; vkSj vodyt ds e/; laca/k dks n'kkZrk
gSA

 f ij ,d lrr Qyu [a,b] vkSj F [a,b] ij ,d vody Qyu gksuk pkfg,

fd bl rjg '( ) ( ), [ , ]F x f x x a b  

rc  ( ) ( ) ( )
b

a

f x dx F b F a 

 ;fn    , ,f x a b  ij lrr gS rks  [a,b]] tSls fd

 ( ) ( )( – )
b

a
f x dx f b a 

  f x  dk ,d çkFkfed ,d Qyu  g x  gS] tks vodyt ds :i esa

   d
g x f x

dx
  gSA

 nks pj ds Qyuksa ds izdj.k esa ml fcanq ij vkaf'kd vodyt ds vfLrRo dks
ml fcanq ij larr dh vko';drk ugha gSA

 izfrykse Qyu ,fx fy  lkekU; :Ik ls x vkSj y ds Qyu esa gksrs gSa vkSj
blfy, ;s vkaf'kd vodyt dks x, y ds lanHkZ esa gy dj ldrs gSaA

 ;fn  ,z f x y nks Lora= pj x vkSj y dk ,d Qyu gS] rks 
2z

y x


   vkSj

2z

x y


   ges'kk leku eku ugha nsrs gSaA

 ;fn f:x  R, X R2 vkSj (a,b)  X ,slk gS  ( ) , i fx N a bektS nw  gS  esa

vkSj  ii fxy  esa larr gS (a,b) ij rc fyx (a,b) ekStwn vkSj fxy (a, b) ds

cjkcj gSA

 ;fn 2: ,f X R X R   vkSj  ,a b X  bl çdkj fd ,fx fy ij fHkUu

gksrs gSa  ,a b  rc fxy (a, b) = fyx(a,b)A

 ;fn z nks pj x rFkk y dk Qyu gS vkSj rc ;s pj t dk Qyu fn;k tkrk

gS] rc  z dks t dk lafeJ Qyu dgk tkrk gSA
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  okLrfod fo'ys"k.k ds :i esa tkuh tkus okyh xf.kr dh
'kk[kk esa cuZgkMZ jheku }kjk cukbZ xbZ jheku lekdyu] ,d varjky ij ,d
Qyu ds vfHkUu Hkkxksa dh igyh dBksj ifjHkk"kk nhA bls 1854 esa xksfVaxsu
fo'ofo|ky; ds ladk; esa izLrqr fd;k x;k FkkA

  dsoy Lej.k j[kus ds fy, crk nsa fd] ,dfn"V Qyu og
Qyu gS ftlds fy, yxkrkj ifjorZu'khy pj esa Øfed eku c<+rs] ?kVrs ;k
fLFkj gksrs gSaA

  lekdyu dk ewyHkwr izes; vfoHkkt; vkSj vodyt
ds e/; laca/k dks n'kkZrk gSA

  vkaf'kd vodyt ml Qyu esa vk;s gq, vU; pjksa dks
vifjorhZ ekurs gq, rFkk dsoy fdlh ,d pj dks ifjorhZ ekurs gq, mlds
lkis{k ml Qyu ds vodyt ds cjkcj gksrk gSA

  izfrykse Qyu fx, fy lkekU; :i
ls x vkSj y ds Qyu esa gksrs gSa vkSj blfy, ;s vkaf'kd vodyt dks x, y

ds lanHkZ esa gy dj ldrs gSaA

  ;fn z nks pj x rFkk y dk Qyu gS vkSj rc ;s pj t dk
Qyu fn;k tkrk gS] rc z dks t dk lafeJ Qyu dgk tkrk gSA

  ,d fufgr lehdj.k Qyu dk ,d laca/k gS] tgka dbZ pj

dk Qyu gksrk gS tks ,d okLrfod egRoiw.kZ Qyu gSA

1. Kkr djsa , 
f f

x y

 
 

 , (1, 2) ij] ;fn f(x, y) = 2x2 + 2xy – y2  gksaA

2. Kkr djsa , 
f f

x y

 
 

, (–1, 1) ij] ;fn f(x, y) = 5x2 + xysin x – 10y2 gksaA

3. lfEeJ Qyuksa dh ppkZ djsaA

4. O;qRØe izes; dks gy vkSj fl) djsaA

5. varfuZfgr Qyuksa dk o.kZu djsaA

1. ;fn f(x, y) = 
   

   
2 2

2
, , 0,0

0, , 0,0

xy
x y

x y

x y

  
 
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fn[kk,a fd ewy ij vkaf'kd vodyt ekStwn gSA

2. ;fn f(x, y) = 

     

   

2 2

2 2 , , 0,0

0, , 0,0

xy x y
x y

x y

x y

 



 

n'kkZ;sa fd fx(0, 0) = 0 vkSj fy(0, 0) = 0

3. ;fn f(x, y) = 
2 2

2 2

x y
xy

x y

 
    tc x2 + y2 0 vkSj f(0, 0) = 0, n'kkZ;sa

fx(x, 0) = 0  fy (0, y) vkSj fx (0, y) = –y

4. ;fn f(x, y) = xy , gS rks fx(0, 0) vkSj fy (0, 0) Kkr djsaA

5. fl) djsa fd Qyu f(x, y) = xy ] (0, 0) ij vodyuh; ugha gSA ysfdu fx

vkSj fy nksuksa ewy ij jgrs gS ftudk eku 0 gSA

6. n'kkZ;sa fd Qyu]

f(x, y) = 

     

   

2 2

2 2 , , 0,0

0, , 0,0

xy x y
x y

x y

x y

 



 

7. ;g fl) djsa fd ifjes; la[;kvksa dk ,d leqPp; ,d x.kuh; leqPp;
cukrk gSA

8. vchth; la[;kvksa dk leqPp; ,d vizkIr leqPp; cukrk gSA

9. fl) djsa fd ;fn f (x) = k  x [a, b] tgka K vpj gS] rks f   R[a, b] vkSj

( )
b

a

K K b a  . fn;k gS fd f  dk o.kZu [a, b] ij gSA

10. ekuk f(x) = x2 on [0, 9] 9 > 0. fl) djsa f   R[0, 9] vkSj Kkr djsa 
0

a

f .

11. fuEukuqlkj [1, 2] ij ifjHkkf"kr f ds fy, mPpre vkSj fuEure iw.kk±dksa dks
Kkr dhft,]

f(x) = 21 x  tc x rdZlaxr gSA

        = 1 – x tc x rdZghu gSA

12. Kkr djks 
2

3

1

x dx
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2-0 ifjp;
2-1 mís';
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2-3 rqyukRed ijh{k.k
2-4 ,csy vkSj fMfjpysV ds ijh{k.k
2-5 Ýqykuh dk lekdyu
2-6 ,d ekin.M ds ,d Qyu ds lekdy dh O;qRifÙk vkSj lekdyuh;rk
2-7 v/kZ vkSj iw.kZ varjky dh Qwfj;j Ükà[kyk
2-8 viuh izxfr tkafp, iz'uksa ds mÙkj
2-9 lkjka'k

2-10 eq[; 'kCnkoyh
2-11 Lo&ewY;kadu ç'u ,oa vH;kl
2-12 lgk;d ikB~; lkexzh

,d vlaxr lekdyu] lekdyu n`f"Vdks.k ds vUrjky ¼varjkyksa½ ds lekiu fcanq
ds :i esa ;k rks ,d okLrfod la[;k]  ] & ] ;k dqN vU; mnkgj.kksa esa nksuksa
lekiu fcanq n`f"Vdks.k lhek ds :i esa] ,d fuf'pr lekdyu dh lhek gSA bl
rjg ds lekdyu dks izk;% izrhdkRed :i esa ekud fuf'pr lekdyu dh rjg
fy[krs gSa] ogha dqN vU; fLFkfr;ksa esa] vuUrrk ds lkFk] lekdyu dh lhek ds :i
esa fy[krs gSaA laHkor% vlaxr lekdyu dks lekdyu dh lhekvksa ds chp vuUrrk
ds lkFk] izrhdkRed :i esa] izk;% ekud fuf'pr lekdyu ds :i esa fy[krs gSaA

Qyu esa ,d viwoZrk ds dkj.k ;k lekdyu dh ,d lhek ds vuUr gksus ds
dkj.k] izk;% dksbZ Hkh vlaxr lekdyu ds ewY;ksa dh x.kuk djus esa rc Hkh l{ke
gksrk gS] ;gka rd fd tc Qyu ikjaifjd vFkks± esa lekdyuh; ugha gS ¼mnkgj.k
ds fy,] tSls&jheku lekdyu½A

,d vkèkh Ük̀a[kyk Qwfj;j Ük̀a[kyk ,d Qwfj;j Ük`a[kyk ¼Fourier series½ gS ftls
,d leku varjky [0, L] ds ctk; vfèkd lkekU; [–L, L] ds :i esa ifjHkkf"kr
fd;k x;k gS] ftldk fufgrkFkZ ;g gS fd fo'ys"k.k fd;k x;k Qyu (Function)

( ), [0, ]f x x L  gksuk pkfg,A [–L, 0] ;k rks le (f–x)= f(x)) ;k fo"ke Q+aD'ku (f–
x)= –f(x)) rd c<+k;k tk ldrk gSA ;g iwjh rjg ls T;k (Sine) ;k dksT;k
(Cosine) Ükà[kyk esa Qyu ds foLrkj dh vuqefr nsrk gSA fo"ke vkSj le ds chp
dk pquko vkerkSj ij f(x) }kjk larq"V varj lehdj.k ls tqM+h lhek fLFkfr;ksa ls
çsfjr gksrk gSA
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bl bdkÃ esa vki vlaxr lekdyu vkSj muds vfHklj.k] rqyuk ijh{k.k]
,csy (Abel) vkSj fMfjpysV (Dirichlet) ds ijh{k.k] Ýqykuh (Frullani) dh lekdyu
O;qRifÙk vkSj ,d ifjeki (Perameter) ds ,d Qyu ds lekdyu dh lekdyuh;rk]
iw.kZ varjky dh Qwfj;j Ük`a[kyk ds ckjs esa vè;;u djsaxsA

bl bdkbZ dks i<+us ds ckn vki&

 vlaxr lekdyu vkSj muds vfHklj.k dh O;k[;k dj ik,axs(

 rqyukRed ijh{k.k dk o.kZu dj ik,axs(

 ,csy vkSj fMfjpysV ds ijh{k.k dks le> ik,axs(

 Ýqykuh ds lekdyu dk o.kZu dj ik,axs(

 ,d ifjeki ds ,d Qyu ds lekdy dh O;qRifÙk vkSj lekdyuh;rk dks
le> ik,axs(

 v/kZ vkSj iw.kZ varjky dh Qwfj;j Ükà[kyk dks le> ik,axsA

ge tkurs gSa fd tc vki fuf”pr lekdyu ( ) ,
b

a

f x dx  dh ifjHkk"kk ds ckjs esa

fopkj djrs gSa fd rc bl ifjHkk"kk dh nks lhek;sa gksrh gSaA igyk ;g gS fd Qyu
f[a, b] ij ifjc) gS vkSj nwljk gS fd lekdyu [a, b] ds varjky ls ck/; gksuk
pkfg,A vc eku ys fd bues ls fdlh ,d fu;e dks iwjk ugha fd;k tk ldrk gSa
;k rks Qyu f can varjky ij vlhfer gS 1n [a, b], ;fn lekdyu dh lhek,a

vuar gks tkrh gSa] rks lekdyu  
b

a

f x dx  dks vlaxr lekdyu dgk tkrk gSA

vlaxr lekdyu nks çdkj ds gksrs gSa&igyh rjg dk vlaxr lekdyu vkSj nwljk
rjg dk vlaxr lekdyuA ;fn ;k rks ,d ;k nksuksa gh lekdyu dh lhek,a vuar

ij gSa] ysfdu lekdY; rFkk ifj'kq) lekdyu  
b

a

f x dx  dks igyh rjg dk

vlaxr lekdy dgk tkrk gSA ;fn lekdyu dh lhek,a lhfer gSa ysfdu

 f vlhfer gS rks lekdyu lehdj.k  
b

a

f x dx nwljh rjg dk vlaxr lekdyu

dgk tkrk gSA

(Convergence of Improper Integral)

ekuk f ,d Qyu gS tks can varjky , .a  ij ifjc) vkSj fujarj gSA ge ifjHkkf"kr

djrs gSa fd]
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   lim
N

a ax
f x dx f x dx



 
;k

   
1/

lim
N

a aN
f x dx f x dx



 

;fn ;g lhek ekStwn gS vkSj ifjfer gS rks ge dgrs gSa fd lekdyu  



a

f x dx

vfHklkjh gS vU;Fkk ge dg ldrs gSa fd lekdyu vilkjh gSA

vc f ,d Qyu gks tks can varjky , a  ij fujarj gSA ge ifjHkkf"kr djrs

gSa]

   
– –

lim
a a

NN
f x dx f x dx

   
;fn ;g lhek ekStwn gS vkSj ifjfer gS rks ge dg ldrs gSa fd

lekdyu  


a

f x dx  vfHklkjh gS vU;Fkk ge dg ldrs gSa fd lekdyu vilkjh

gSA

vc ge lHkh okLrfod la[;kvksa ds fy, bl ifjHkk"kk dks ifjHkkf"kr djrs gSa
fd f  Qyu gS tks lHkh okLrfod la[;kvksa ds fy, fujarj gSA ;fn] dqN okLrfod

la[;k a ds fy,  


a

f x dx  vkSj  



a

f x dx  vfHklj.k gksrk gS] rks ge

   
– –

lim
aN

f x dx f x dx
 

    ifjHkkf"kr djrs gSa vkSj ge dg ldrs gS fd lekdyu

 



 f x dx  vfHklkjh gSA vU;Fkk ge dg ldrs gSa fd lekdyu vilkjh gSA

,d vU; ifjHkk"kk dgrh gS fd  



a

f x dx  eku 1 ds fy, vfHklj.k gS] ;fn

fdlh Hkh fn, x,  < 0, ds fy, 0  ekStwn gSA

  –
N

a
f x dx l   , izR;sd N    ds fy,

ekuk fd f(x) vkSj ψ (x) nks Qyu gSa tks varjky  ,a  esa ifjc) vkSj lekdyuh;

gSaA ekuk Qyu  f x  /kukRed gS vkSj ψ( ) ( )x f x tc x a ] rc  



a

f x dx
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vfHklkjh (Convergent) gksrh gS] ;g bl ckr dk vuqlj.k djrh gS fd vkjs[k

ψ( )
a

x dx


  vfHklkjh gksrk gS vkSj ψ( ) ( )
a a

x dx f x dx
 

   Hkh vfHklkjh gksrk gSA

;g Hkh dgk tk ldrk gS fd ;fn ψ( ) ( )x f x  tc x a  vkSj  



a

f x dx

vilkjh gS fQj ψ( )
a

x dx


  Hkh vilkjh gSA

rqyuk ijh{k.k dk ,d vkSj :i gS ;fn] 
( )

lim
ψ( )x

f x

x  ,d fuf'pr la[;k gS  0 , rks

lekdyu ( )
a

f x dx


  vkSj ψ( )
a

x dx


 ;k rks nksuksa vfHklkjh gSa ;k nksuksa vilkjh gSaA

: lekdyu , 0,


  n
a

dx
I a

x vfHklkjh gS tc 1n ] vkSj vilkjh gS tc

1n A

 ,d vlaxr lekdyu dh ifjHkk"kk ds }kjk]

na

dx

x



 = lim
nax

dx

x



 

= –lim n

ax
x dx



 

= 
1–

lim , 1
1–

xn

x
a

x
n

n

 
 

 

= 
1– –

lim
1– 1

n n

x

x a

n n

 
  

(2.1)

;fn 1n  rc 1 n  ldkjkRed gS vkSj blfy, 1lim n

x
x 


   blfy,

lehdj.k (2.1) dk mi;ksx djds
na

dx

x


 

blfy, fn;k gqvk lekdyu vilkjh gS]

tc 1n

;fn n > 1 rc 1 n  udkjkRed gS vkSj blfy, –
–1

1 1
lim lim 0n

nx x
x

x 
  



vr% fn;k gqvk lekdyu vfHklkjh gS]

tc 1n

vxj n ¾1] rc

na

dx

x



 = 
a

dx

x




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= lim
N

aN

dx

x 

=  lim log
N

aN
x



=  lim log – log
N

N a


=  – log a

= 

blfy, fn;k lekdyu fHkUu gS]

tc 1n  gS

blfy,] 


 n
a

dx

x  vfHklfjr gS tc 1n  gS vkSj fHkUu gS tc 1n ] z R

gSA

: ;fn  f
n
(x) ,d leqPp; S ij leku :i ls ifjofrZr gksrk gS vkSj

  ng x ij fujlh; gksrk gS vkSj leku :i ls S ij c¡/kk gqvk gS] rc Ük̀a[kyk f
n
(x)

g
n
(x) leku :i ls S ij ifjofrZr gksrh gSA

: ekuk R
n
(x) = f

n+1
(x)+f

n+2
(x) + ... + f

n+p
(x),   x S, rks

f
n+1

(x) g
n+1

(x) + f
n+2

(x) g 
n+2

(x) + ... + f
n +p

(x) g
n + p

(x)

= 
1
R

n
(x) g

n+1
 (x) + [

2
R

n
(x) – 

1
R

n
(x)] g

n+2
 (x) + .... + [

p
R

n
(x) – 

p – 1
R

n
(x)]

g
n + p

 (x)

= 
1
R

n
(x) [g

n+1
(x) – g

n+2
(x) + ... + 

p–1
R

n
(x) [g

n + p – 1
(x) – g

n + p
 (x)] + 

p
R

n
(x)

g
n+p

(x) ...(2.2)

pwafd ]f
n
(x) leku :i ls > 0  m  N ds fy, vfHklj.k djrk gS]

|
p
R

n
(x)| <    n  m vkSj p  1 vkSj x  S,

blfy,] lehdj.k ¼2-2½ nsrk gS

f
n+1

(x) g
n+1

(x)+f
n+2

(x) g
n+2

(x) + .... + f
n + p

(x) g
n + p

(x)|

< |g
n+1

(x) – g
n+2

 (x) + g
n+2

(x) – ... – g
n+p

(x)| + |g
n+p

(x)|

=  |g
n+1

(x) – g
n+p

(x)| +  |g
n + p

(x)|

.2 . 3  k k k    n m  vkSj 1p  vkSj x S

  ng x  ds fy, leku :i ls ifjc) gks jgk gS tSls fd 0 k

    ng x k x S vkSj n N

blfy,]f
n
(x) g

n
(x) , S  ij leku :i ls vfHklkjh gSA
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Qyu Ükà[kyk dk ,dleku vfHklj.k] vuar Ükà[kyk ds [k.M'k% lekdyu ,oa
vodyu esa egÙoiw.kZ Hkwfedk fuHkkrk gSA

(Dirichlet's Test for

Uniform Convergance)

(Dirichlet's Test) : ekuk fd X ,d vkO;wg

foLrkj gS ;fn Qyu :: , ,  n nf X C g X R n N  fuEufyf[kr dks iwjk djrs gSa%

(i) 



n

m
mn xfxF

1

)()(  n vkSj x  esa leku :i ls ifjc) gSA

(ii) lHkh x X  vkSj n N  ds fy,  1 n ng g x  gSA

(iii)    n n N
g x , X  ij leku :i ls 'kwU; esa vfHklkjh gSA

rc    
1

,



 n n
n

f x g x X  ij leku :i ls vfHklkjh gSA

: ge Hkkxksa ds }kjk ;ksx lw= (Summation) dk mi;ksx djds fl) djsaxs
fd]

1

( ) ( ) ( )
n

n k k
k

s x f x g x




1 1 1
2

( ) ( ) [ ( ) ( )] ( )
n

k k k
k

F x g x F x F x g x


  

1 1 1
2 2

( ) ( ) ( )( )( ) ( ) ( )
 

   
n n

k k k k
k k

F x g x F x g x F x g x

1

1
1 1

( ) ( ) ( ) ( )



 

  
n n

k k k k
k k

F x g x F x g x

1 1
1

( )[ ( ) ( )] ( ) ( )
n

k k k n n
k

F x g x g x g x F x 


  

rks vxj ,m n  mok¡ vkSj nok¡ vkaf'kd ;ksxQy ds chp dk varj

1 1 1
1

( ) ( ) ( )[ ( ) ( )] ( ) ( ) ( ) ( )
m

m n k k k m m n n
k n

s x s x F x g x g x g x F x g x F x  
 

    

;fn M = supF
n
xx X, n N

1 1 1
1 1

| ( ) ( ) | | [ ( ) ( )] ( ) ( )  
 

    
m

m n k k m n
k

s x s x m g x g x M g x M g x

1 1 1 1[ ( ) ( )] ( ) ( )n m m nM g x g x M g s M g x       … (2.3)

12 ( )nM g x
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pw¡fd    1 10, 0,  m ng x g x fQj lHkh    1 0 k kg x g x

çR;sd LFkkbZ x, ds fy, 1lim ( ) 0n
n

g x
 , gSA rc lehdj.k ¼2-3½ fuf'pr djrk

gS fd   ns x (Cauchy)  gS vkSj blfy, vfHklkjh gSA lhek

(Limit) dks s(x) j[kus ij lehdj.k ¼2-3½ dh fyfeV m  ysrs gq, nsrk gS]

1| ( ) ( ) | 2 ( )n ns x s x Mg x 

pwafd  1n ng x n s x , ,n ng x n s xds :i esa  , ,n ng x n s x  leku :i ls 'kwU; esa vfHklfjr gksrk

gS S
n
(x) ,dleku :i ls S(x) esa vfHklfjr gksrk fd tSls fd n ,s x A

: ge rhu vyx&vyx ?kkrkad Ük`a[kykvksa ij fopkj djsaxs]

0 0

1
,

 

 

   
       

n n

n n

z z

R n R
vkSj 20

1



 
  

n

n

z

n R
ds fy, dqN fuf'pr 0R gksrk

gS lHkh rhu Ük`a[kykvksa ds fy,] vfHklj.k dh f=T;k ,R l0, 1, 2 ds fy, fcYdqy
foijhr gSA

1 1 1 1 1
limsup limsup
 

 
   

 

l

n n
l nn nn R R n R

rks lHkh rhu Ük`a[kyk lHkh tfVy ;k lfEeJ la[;k  z ds fy, z R  ds lkFk

vfHklj.k djrh gSa vkSj z Rds lkFk lHkh tfVy la[;kvksa ds fy, vyx gksrh gSA

z R  ds fy,] Ük`a[kyk 0





 
  

n

n

z

R
 ls 'kq: djsa rks ge ;FkkFkZ :i ls

vkaf'kd ;ksx dh x.kuk dj ldrs gSa]
1

0

1

( )
1

1





            


 



n

mn

n
m

z
Rz z RF z z

R
R

n z R

; fn

; fn

...(2.4)

vc ;fn ,z R  ;g n  ds :i esas 
1

1
z
R

  esa vfHklfjr gksrk gSA blds

vykok] ;g z Rds fy, vilj.k djrk gS D;ksafd 

1 1

.
 

      

n n
z z

R R A ge

dg ldrs gSa fd ;g z R dks vilj.k djrk gS tc&tc z R Li"V gS D;ksafd
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1  n gksrk gSA z R ds fy, ,z R ] ds lkFk 
1

,


    

n
z

z R
R

vfHklj.k ugha dj

ldrk] D;ksafd

2 1 1

1 1
n n n

z z z z z

R R R R R

  
          
   

n  ls Lora= gSA rks T;kferh; Ük`a[kyk 0





 
  

n

n

z

R
gSA ftldh f=T;k

vfHklj.k R  gS] flQZ vkSj flQZ ;g ,z R ij fuHkZj djrk gSA

rhljh Ükà[kyk] 20

1



 
  

n

n

z

n R
] dh 20

1

 n n
 ls rqyuk djus ij] lHkh

z R  ds fy, vfHklj.k gSA tSlk fd] Ükà[kyk dh vfHklj.k f=T;k R gS] ;g dsoy

vkSj dsoy z R  ij gh vfHklj.k gSA e/; Ükà[kyk 0

1



 
  

n

n

z

n R
 vfHklj.k dk

,d jkspd Mksesu j[krh gSA fuf'pr gh vfHklj.k dh f=T;k R gS] blfy, Ükà[kyk

,z R  ds lkFk] lHkh lfEeJ la[;kvksa z ds fy, vfHklj.k gS rFkk ,z R  ds lkFk

lHkh lfEeJ la[;kvksa ds fy, fopyu djrh gSA z = R ds fy,] Ük`a[kyk

0 0

1 1
n

n n

z

n R n

 

 

   
 

  , ] tks fd vfHklj.k gSA blfy,] z R  dks NksM+rs gq,]

ysfdu z R, ds lkFkA bl LFkku ij fMfjpysV dk ijh{k.k mi;ksx esa vkrk gSA
fdlh Hkh 0  ,oa leqPp; ds fy,]

{ || | , | | }X z z R z R     

( )
n

n

z
f z

R
   
 

0

( )


   
 


mn

n
m

z
F z

R
tSls lehdj.k (2.4) esa gSA

1
ng

n


X

|z| = R
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z X  ds fy,,

1 1

1 1
2

| ( ) |
1

1 | |

n n

n

z z
RR R

F z
z

R z
R R

 
   
   

 

blfy, fMfjpysV ds ijh{k.k dh ifjdYiuk ls larq"V gksrk gS vkSj Ükà[kyk X

ij leku :i ls ifjofrZr gksrk gSA ge fu"d"kZ fudkyrs gSa fd 0

1



 
  

n

n

z

n R
, z

R  vkSj zR, z R, ds fy, vfHklj.k gksrk gS vkSj fopyu ds fy,]

z RvkSj ,z R

Ýqykuh (Frullani) ds lekdyu dks ge fuEu fof/k }kjk le> ldrs gSaA

Ekkuk fd tc ( )
b

a
f x dx

  vUrjky , a x b ij ck/; gS rFkk ψ( )x  vUrjky

, a x b ij ck/; rFkk ,dfn"V gS] x  a dh Hkk¡fr 'kwU; esa ifjofrZr djus ij]

( ) .ψ( )
b

a
f x dx x dx  vfHklj.k gSA

: 5/21

dx

x



  ds vfHklj.k dk ijh{k.k djsaA

 fn;k gqvk gS 5/21

dx

x




vuqfpr lekdyu dh ifjHkk"kk ls]

5/21

dx

x



 = 5/21
lim

N

N

dx

x 

= 5/2

1
lim

N

N
x dx

 

= 
–3/ 2

1

lim
–3/2

N

N

x


 
 
 

= 
–3/ 2

1

2
– lim

3

N

N
N


  

= 3/ 2

2 1
– lim –1

3 N N

 
  

= 
2

3
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tSlk fd lhek ,d fuf'pr eku ds fy, ekStwn gS] fn;k x;k lekdyu
vfHklkjh gSA

: vfHklj.k 3

0

xe dx


  dk ijh{k.k djsaA

 fn;k gqvk gS 3

0

xe dx



vlaxr lekdyu dh ifjHkk"kk ls]

3

0

xe dx


 = 3

0
lim

N x

N
e dx

 

= 
–3

0

lim
–3

Nx

N

e


 
 
 

= –3

0

–1
lim

3

Nx

N
e


  

= 
–3–1

lim –1
3

N

N
e


  

=  –1
0 –1

3

 = 
1

3

tSlk fd lhek ,d fuf'pr eku ds fy, ekStwn gS] fn;k x;k lekdyu
vfHklkjh gSA

: 
1

dx

x



  ds vfHklj.k dk ijh{k.k djsA

 fn;k gqvk 
1

dx

x



  gS

vlaxr lekdyu dh ifjHkk"kk ls]

 
1

dx

x



 = 
1

lim
N

N

dx

x 

=  11
lim log

N N

N
x

 

=  
1

lim log – 0
N

N
N

 
= 

pwafd lhek ekStwn ugha gS] lekdyu vilkjh gSA

:  1/30 1

dx

x



  ds vfHklj.k dk ijh{k.k djsA
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 fn;k gqvk gS  1/30 1

dx

x





vlaxr lekdyu dh ifjHkk"kk ls]

 1/30 1

dx

x



 =  1/3

0
lim 1

N

x
x dx




= 
 2/3

0

1
lim

2/3

N

N

x


 
 
  

=  2/3

0

3
lim 1

2

N

N
x


  

=  2/33
lim 1 –1

2 N
N


  

= 

pwafd lhek ekStwn ugha gS blfy, lekdyu vilkjh gSA

: 
0 – xe dx
  ds vfHklj.k dk ijh{k.k djsaA

 fn;k gqvk gS 
0 – xe dx


vlaxr lekdyu dh ifjHkk"kk ls]

0 – xe dx
 = 

0 –lim x

NN
e dx

 

= 
0

–

x

N
e  

= lim 1 N

N
e


  

= 1– 0 = 1

tSlk fd lhek ,d fuf'pr eku ds fy, ekStwn gS] fn;k x;k lekdyu
vilkjh gSA

: 
0

–

xe dx

  ds vfHklj.k dk ijh{k.k djsaA

 fn;k gqvk gS 
0

–

xe dx


vlaxr lekdyu dh ifjHkk"kk ls]

0

–

xe dx

 = 
0

–
lim x

NN
e dx

 
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= 
0–

–

lim
–1

x

N
N

e


 
 
 

= 
0–– lim 1– N

NN
e


  

= 

pwafd lhek ekStwn ugha gS] lekdyu vilkjh gSA

: 
–

xe dx
 

  ds vfHklj.k dk ijh{k.k djsaA

 fn;k gqvk gS 
–

xe dx
 



ge tkurs gSa fd 
–

xe dx
 

  = 
0

– 0

x xe dx e dx
 


   ¼mnkgj.k 2-6 vkSj mnkgj.k

2-7 ds ifj.kkeksa dk mi;ksx djds½

=  + 1 = 

tSlk fd fuf'pr :i ls lhek ekStwn ugha gS] fn;k x;k lekdyu vilkjh
gSA

: 
20

cos2

1

x
dx

x



  ds vfHklj.k dk ijh{k.k djsaA

 ekuk fd f(x) = 
2

cos 2

1

x

x
,   2

1
ψ

1
x

x




rc f(x) varjky ¼0] ½ esa /kukRed gS vkSj gekjs ikl gSA

|f(x)| = 
2

cos2

1

x

x

= 2

| cos2 |

1

x

x

 2

1

1 x
 D;ksafd |cos 2x|  1

blfy,] |f(x)  ( ) , 0x x  

vkSj 20 1

dx

x



 = 20
lim

1

N

N

dx

x 

= 
1

0
lim tan

N

N
x


  

= 1 –1lim tan – tan 0
N

N


  
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= 
π

– 0
2

= 
π

2
 okLrfod la[;k,a (Real Number)

blfy, 20 1

dx

x



  vfHklj.k gS] vkSj rqyuk ijh{k.k }kjk 
20

cos2

1

x

x



  vfHklj.k

Hkh gSA

: 2π

sin x
dx

x



  ds vfHklj.k dk ijh{k.k djsaA

 ekuk fd f(x) = 
2

sin x

x
,   2

1
ψ x

x


f¼x½ varjky ¼,½ esa ca/kk gqvk gS vkSj ψ( )x  varjky ¼,½ esa /kukRed gSA

vc |f(x)| = 2

sin x

x

= 
2

| sin |x

x

 2

1

x
  D;ksafd |sinx|  1

blfy,] |f(x)  ( ) , 0x x    vkSj 2π

dx

x



  vfHklj.k gSA

blfy,] rqyuk ijh{k.k 
2π

sin x

x



  }kjk Hkh vfHklj.k gSA

: 23 –1

dx

x



  ds vfHklj.k dk ijh{k.k djsaA

 ekuk fd  f(x) = 
2

1

–1x
, 

1
ψ( )x

x


Qyu f(x) varjky esa foHkkftr gS ¼3 ½ vkSj ψ( )x  ds fy, ¼3] ½ /kukRed
gSA

vc |f(x) = 
23

1 1

–1 xx


  tc x  3

vkSj 
3

dx

x



  vilkjh gSA
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blfy,] 
23 –1

dx

x



  rqyuk ijh{k.k }kjk Hkh fHkUu gSA

.  fl) djs fd 
1

0

sec2x
dx

x  vilkjh gSA

 ekuk fd f(x) = 
sec2x

x
, 

1
ψ( )x

x


tSls fd |f(x)| = 
sec2x

x

= 
| sec2 |x

x
D;ksafd |sec 2x|  1,  x

 
1

x

 vkSj |f(x)  |g(x)|

vkSj 
1

0

1
dx

x  vilkjh gS] blfy, rqyukRed ijh{k.k }kjk] 
1

0

sec2x

x  vilkjh

Hkh vilkjh gSA

:  –
2

cos2
1– . ,x

a

x
e

x



 ds vfHklj.k dk ijh{k.k djsa] tc a>0A

 ekuk fd  f(x) = 2

cos2x

x
 vkSj   –ψ 1– xx e

vc |f(x) = 2

cos2x

x

= 2

cos2x

x

 2

1

x
   D;ksafd |cos 2x|  1

vc 2

1
a x



 dx vfHklj.k gS] blfy, rqyukRed ijh{k.k }kjk 
2

cos2
a

x
dx

x




vfHklkjh gS A

vc –ψ( ) 1– xx e  ,dfn"V (Monotonic) c<+ jgh gS vkSj blds fy, ck/; gSA

blfy,]  –
2

cos2
1– .x

a

x
e

x



  ,scy (Abel's) dk ijh{k.k vfHklkjh gSA



vlaxr lekdyu]
vfHklj.k vkSj Qwfj;j
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: 
sin 2

,
a

x
dx

x



 lekdyu ds vfHklj.k dk ijh{k.k djsa] tc a > 0A

 ekuk fd f(x) =
1

x
,  ψ sin 2x x

1

2
 lhfer gS x a   vkSj 

1
lim 0
x x

  ,dfn"V ?kV jgk gSA

blfy,] ψ( )
x

a
x dx = sin 2

x

a
x dx
= |cos2a –cos2x|

 2 x ds fuf'pr eku ls

( cosx, –1 ls 1 ds chp esa vk/kkfjr gS)

x ds lHkh ψ( )
x

a
x dx  ifjfer ewY;ksa ds fy, ck/; gSA

blfy,] fMfjpysV ds ijh{k.k }kjk 
sin 2

a

x
dx

x



  vfHklkjh gSA

: fl) djsa fd]

–

2

.sin3x

a

e x
dx

x




 fn, gS]

–

2

.sin3
, 0

x

a

e x
dx a

x





ekuk fd f(x) = 
–

2

sin 3
, ψ( ) x

a

x
x e

x




tSls |f(x) = 2

sin 3x

x

= 2

1

x
[D;ksafd sin x a]

vkSj 2s

dx

x



  vfHklkjh gS] blfy, rqyukRed ijh{k.k }kjk 
2

sin 3
s

x
dx

x




vfHklkjh gSA

vc e-x eksuksVksfud ?kVrk gS vkSj x> a ds fy, ifjc) Qyu gSA blfy, ,csy

ds ijh{k.k }kjk 
–

2

sin3x

s

e x
dx

x



  vfHklkjh gSA
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: fl) djsa fd lekdyu 
–2

0

.sin3xe x
dx

x



  vfHklkjh gSA

 ge tkurs gS fd]

–2

0

.sin3xe x
dx

x



 = 
–2 –2

0

.sin3 .sin3x x

a

e x e x
dx dx

x x

 
 

ds fy, 0a 

vc tSlk fd] 
0

sin
lim
x

x
dx

x
 ,d laxr lekdyu gS vkSj blfy, ;g vfHklkjh

gSA

vc ge vfHklj.k 
–2

0

.sin3xe x
dx

x



  dh tk¡p djsaxs]

ekuk f(x) = 
–2

, ψ( ) sin
xe

x x
x



vkSj ψ( )
x

a
x = sin

x

a
x dx

= |cos a – cos x|  2   x dk ifjfer eku gSA

blfy,] ψ( )
x

a
x dx  x ds lHkh ifjfer ekuksa ds fy, ck/; gSA

vkSj
–2

( )
xe

f x
x

  ifjc) gS vkSj ,dfn"V ?kVrk gS vkSj

2

1
lim ( ) lim 0

xx x
f x

xe 
 

blfy,] fMfjpysV (Dirichlet's) ds ijh{k.k }kjk 
–2

0

.sinxe x
dx

x



  vfHklkjh gS

vkSj nks lekdyu dk ;ksx Hkh vfHklkjh gSA

lkekU; :i esa] ;g lp ugha gS fd ,d ekin.M ds lkis{k lekdyu fpà ds vèkhu
vlaxr lekdyuksa dk voydu fd;k tk ldrk gS ;k lekdyu fd;k tk ldrk
gSA nwljs 'kCnksa esa] ewy lekdyu ds Øe esa ;s lafØ;k,a ijLij ifjorZuh; ugha gSaA

;g fu/kkZfjr djus ds fy, fd D;k vlaxr iqujkòfr okys lekdyuksa esa
lekdyu dk Øe çfrorhZ gS] ge izk;% fuEufyf[kr ijh{k.k dk mi;ksx dj ldrs
gSa ;k fQj fuEu çek.k ds vk/kkj ij fo'ks"k tkap dj ldrs gSaA
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;fn vlaxr lekdyu

0
( ) ( , )f x f x y dy


 

  x  , varjky esa leku :i vfHklfjr gksrk gS] rc

0 0
( , ) ( , )dx f x y dy dy f x y dx

   

 
   

çek.k ds fy,] ge fu/kkZfjr djrs gSa]

0 0
( , ) ( , ) ( )

A

Af x y dy f x y dy R x


  
rc] /kkj.kk }kjk |R

A
(x)| <(A),  tgka  A  ,d la[;k gS tks dsoy A ij

fuHkZj djrh gS vkSj x ij ugha vkSj 'kwU;  A gks tkrh gSA lk/kkj.k lekdyu
ds fy, çkFkfed çes; ds vk/kkj ij gekjs ikl gS]

0 0
( , ) ( , ) ( )

A

A
dx f x y dy dx f x y dy R x dx

   

  
     

     = 
0

( , ) ( )
A

A
dy f x y dx R x dx

 

 
  

tc lekdyu ds e/; eku çes; }kjk]

0 0
| ( , ) – ( , ) | ( ) | – |

A
dx f x y dy dy f x y dx A

  

 
      

;fn ge vc A dks vuar rd tkus nsrs gSa] rks ge mijksä lw= çkIr djrs gSaA

;fn ,d ifjeki ds laca/k esa lekdyu Hkh vuar lekdyu varjky ij gksrk
gS] rks Øe esa ifjorZu lnSo laHko ugha gS] Hkys gh vfHklj.k ,d:i gksA gkykafd] ;g
fd;k tk ldrk gS ;fn nks vlaxr lekdyu ekStwn gSA bl çdkj] mnkgj.k ds
fy,]

0 0 0 0
( , ) ( , )dn f x y dy dy f x y dx

   
   

;fn oÙ̀k ds prqFkZ Hkkx esa] ogk¡ igys ls nks lekdyu ( , )f x y dxdy 
mifLFkr gSaA

bldk çek.k bl rF; ls feyrk gS fd vuqfpr f}&iw.kkaZdh; lekdyu ds
{ks= ds fy, lfUudVu fo/kk ls Lora= gSA ,d izdj.k esa] ge bl lfUudVu
(Approximation) dks x&v{k ds lekarj vuar pj.k ds }kjk fu"ikfnr djrs gSa] nwljs
izdj.k esa] pj.k }kjk y&v{k ds lekukarj pj.k ds }kjk fu"ikfnr djrs gSaA

( , )
b

a
f x y dy

,d leku ifj.kke ;g Hkh gksrk gS] vxj lekdyu dk varjky ifjfer gS]
ysfdu lekdyu lh/kh js[kkvksa dh ifjfer la[;k y = fLFkjkad ds lkFk ;k lekdyu
ds {ks= esa vf/kd lkekU; oØksa dh ifjfer la[;k ds lkFk can gSA lacafèkr çes; ;g
gS: ;fn x varjky   x  , esa fufgr gS] rks Qyu f(x, y) dsoy lh/kh js[kkvksa
ds ifjfer la[;k y = a

1
, y = a

2
, ..., y = a

r
, vkSj ;fn ;g lekdyu gSA
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( , ) ( , )
b b

a a a a
dx f x y dy dy f x y dx

 
   

x esa leku :i ls ifjofrZr gksrk gS] fQj ;g bl varjky esa x ds ,d lrr
Qyu dk fu:i.k djrk gS] vkSj

F(x) = 
0

( , )f x y dy


  vkSj 
0

( , )f x y dy



fQj leku :i ls vfHklj.k djsa]

F(x) = 
0

( , )xf x y dy



bl çdkj] bu 'krksaZ ds rgr] ,d ekin.M ds laca/k esa lekdyu vkSj

vodyu ds Øe dks vkil esa tksM+k tk ldrk gSA okLro esa] vxj ge fu/kkZfjr
djrs gSa rks]

G(x) = 
0

( , )xf x y dy



rc] fofues;rk ds çes; (Theorem of Interchangeability) dk mi;ksx djds

flQZ fl) gksrk gS] vc gekjs ikl gS]

( )G x dx


 = 
0

( , )dx f x y dy
 

  = 
0

( , )dy f x y dx
 

 
iw.kkaZdksa vkSj nkfgus gkFk dh vksj eku gSA

( , )xf x y dx


 = f (, y) – f (a, y)

tgka ls]

( )G x dx


 = F() – F(a)

blfy,] vxj ge varj djrs gSa vkSj fQj x }kjk  çfrLFkkfir djrs gSa] rks
ge çkIr djrs gSa]

( )dF x

dx
 = G(x) = 

0
( , )xf x y dy




tSlk fd fl) fd;k tkuk FkkA

blh rjg] ge lhek ds fy, fu;e dk foLrkj dj ldrs gSa tc lhek esa ls
,d ekin.M x ij fuHkZj djrk gSA okLro esa] ge fy[k ldrs gSa]

( )
( , )

x
f x y dy



 = 
( )

( , ) ( , )
a

x a
f x y dy f x y dy




 

tgka lekdyu ds varjky esa dksbZ fuf'pr eku gS( rc ge nkfgus gkFk dh
vksj nks 'kCnksa esa ls çR;sd esa igys ls fl) fu;e dk iz;ksx dj ldrs gSaA

tSlk fd igys fn;k x;k Fkk] gekjs vodyu ds fu;e lekdyu ds lhfer
varjky ds lkFk vlaxr lekdyu ds fy, Hkh gSaA

lekdyu ij fopkj djsa]
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–

0

xye dy


  = 
1

x
.    (x > 0)

;fn x  1, ;g lekdyu leku :i ls ifjofrZr gksrk gS] D;ksafd gekjs ikl
A ds /kukRed eku gSaA

– – –xy y A

A A
e dy e dy e

 
  

;g nkfgus gkFk dh vksj vc x ij fuHkZj ugha djrk gS vkSj bls ftruk pkgsa
mruk NksVk cuk;k tk ldrk gS] vxj ge i;kZIr :i ls cM+k pqurs gSaA ogh x ds
laca/k esa Qyu ds vkaf'kd vodyt ds lekdyu vax ds ckjs esa lp gSA ckj&ckj
vodyu ds }kjk] ge çkIr djrs gSa fd]

– 2 – –
2 30 0 0

1 2 !
, ,...,

1
xy xy n xy

n

n
ye dy y e dy y e dy

x x x

  
  

   .

fo'ks"k :i ls] ;fn ge x = 1, fu/kkZfjr djrs gSa] rks gekjs ikl gS]

(n + 1) = –

0
!n yy e dy n




vxys] lekdyu ij fopkj djsaA

2 20

dy

x y



  = 
1

2 x



iqu% gekjs fy, ;g le>uk vklku gS fd vxj x  a, tgk¡ a dksbZ /kukRed
la[;k gSA lekdyu ladsr ds rgr vodyu ds fy, vko';d lHkh èkkj.kk,a larq"V
gSaA blfy,] ge iqujkoÙ̀k vodyu djds lw=ksa dk Øe izkIr djrs gSaA

2 2 20 ( )

dy

x y



  = 3

1 1
. .

2 2 x


, 2 2 30 ( )

dy

x y



 = 5

1.3 1
. . ,

2 2.4 x


...

2 20 ( )n

dy

x y



  = 2 –1

1.3....(2 – 3) 1
. . .

2 2.4....(2 – 2) n

n

n x



bu lw=ksa ls] ge  ds fy, okfYy ds (Wallis’s) xq.kuQy dk ,d vkSj izek.k
izkIr dj ldrs gSA okLro esa] ;fn ge x = n j[krs gS] rks gekjs ikl gSA

20 (1 / )n

dy

y n



  = 
1.3....(2 – 3)

.
2 2.4....(2 – 2)

n
n

n



tSls gh n c<+rk gS] ck,a gkFk dh vksj lekdyu gks tkrk gS]

2–

0

1

2
ye dy x




okLro esa] varj

2–
20 0

–
(1 / )

y
n

dy
e dy

y n

 

 
vlekurk dks larq"V djrk gSA
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2 2– –
2 20 0 0

1
– –

(1 / ) (1 / )

T
y y

n n

dy
e dy e dy

y n y n

 


   

       + 
2–

2(1 / )
y

nT T

dy
e dy

y n

 


 
gkyk¡fd] ;fn ge T dks bruk cM+k pqurs gSaA

2– 1

2
y

T
e dy

T

 
 

vkSj fQj n bruh cM+h gS fd]

2–
20

1
–

(1 / ) 2

T
y

n
e dy

y n





tSlk fd çfØ;k ds le:i vfHklj.k ds vk/kkj ij fd;k tk ldrk gSA

2 –lim (1 / ) n

n
y n


 = 

2– ye

;g ,d ckj esa bl çdkj gSA

2–
20

1
–

(1 / )
y

ne dy
y n

  
    

;g laca/k LFkkfir djrk gSA

1.3...(2 – 3) 1
lim

2.4...(2 – 2)n

n
n

n 


tks okfYy (Wallis’s) ds xq.ku ds cjkcj gSA

lekdyu dh x.kuk djus ds fy, ge ys ldrs gSa]

0

sin y
dy

y





ge Qyu ij ppkZ djsaxs]

F(x) = 
–

0

sinxy y
e dy

y





lekdfyr jgrs gq, ;g lekdyu leku :i ls 0, x gks tkrk gSA

–

0
sinxye y dy




;fn leku :i ls x > 0, tgka n ,d vO;ofLFkr :i ls NksVh /kukRed

la[;k gSA bu nksuksa dFkuksa dks ;gk¡ fl) fd;k x;k gSA blfy,] ;fn 0 x vkSj]
;fn x , gS] rks F(x) fujarj ;k lrr gSA
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F(x) = – –

0
sinxye y dy



 .

ge vklkuh ls nks ckj lekdyu djds bl vafre lekdyu dk ewY;kadu dj
ldrs gSaA geus çkIr fd;k]

  F(x) = – 2

1

1 x

blfy,] ge lekdyu }kjk F(x) dk eku ik ldrs gSa(

;g eku gS]

F(x) = arcotx + C

tgka C ,d fLFkjkad gSA bl laca/k ds vk/kkj ij]

–
– – 0

0 0

sin 1xy
xy xyy e

e dy e dy
y x x

 

   

tks izkIr djrk gS ;fn x ,  ge ns[krs gS fd lim ( ) 0
x

F x


  rc C Hkh 0
gksuk pkfg, vkSj ge ikrs gSa]

F(x) = arcotx

0x  ds fy, F(x) dh fujarjrk ds dkj.k]

0
lim
x

F(x) = F(0) = 
0

sin y
dy

y





tksfd] pwafd gS]

0
lim
x

arcot x = 
2



vko';d lw= nsrk gSA

0

sin y
dy

y



 = 
2



vc ge bl çek.k ij ykSVrs gSa fd]

–

0

sinxy y
e dy

y





leku :i ls vfHklfjr gksrk gS] ;fn 0 x ;fn A ,d foosdk/khu la[;k gS]
k gS]  dk ,d U;wure xq.kt gS] tks A ls vf/kd gS] rks ge 'ks"k dks lekdyu
ds :i esa fy[k ldrs gSaA

– sinxy

A

y
e dy

y



  = 
( 1)

– –sin sink v
xy xy

A v
v k

y y
e dy e dy

y y

  




 

nkfgus gkFk dh vksj Ük̀a[kyk ds inksa esa ifjorZu'khy ladsr gSa vkSj mudk
fujis{k eku ,dfn"V :i ls 'kwU; ij igqap tkrk gS] tgka fycfuV~t (Leibnitz’s)
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vfHklj.k ijh{k.k }kjk] Ük̀a[kyk vfHklj.k djrh gS vkSj blds ;ksx dk fujis{k eku
blds igys dh rqyuk esa de gS vkSj gekjs ikl fHkUurk gS

( 1) ( 1)
– – sinsin 1 2k k

xy xy

A A A

yy
e dy e dy dy

y y A A

     
    

ftlesa nkbZa vksj dk Hkkx x ls Lora= gksrk gS vkSj bls ftruk pkgsa mruk NksVk
cuk;k tk ldrk gSA ;g vfHklj.k dh ,dlekurk LFkkfir djrk gSA

,dleku vfHklj.k gSA

–

0
sinxye y dy




fuEu laca/k dk ,d ckj vuqlj.k djrk gSA

– –sinxy xy

A A
e y dy e dy

 
   = 

– –Ax Ae e

x






lekdyuksa ds ,d:i vfHklj.k dh i;kZIr fLFkfr gSA lekdyu vfHklj.k ds
Øe dh fofues;rk i;kZIr ugha gS] tSlk fd fuEufyf[kr mnkgj.k ls irk pyrk gSA

vxj ge fu/kkZfjr djrs gSa f(x, y) = (2–xy)xye–xy, rc] pwafd

f(x, y) = 
2 –( )xyxy e

y




lekdyu 
0

( , )f x y dy


 , varjky 0 1  x  esa izR;sd x ds fy, vfLrRo esa

gS] vkSj rF;kRed :i esa] ,sls fdlh Hkh x dk eku] tks ;g /kkfjr djrk gS] dk eku
'kwU; gS] vr%

1

0 0
( , )dx f x y dy



   = 0

nwljh vksj]

f(x, y) = 2 –( )xyx y e
x




gj 0 y ds fy,] gekjs ikl gS]

1

0
( , )f x y dx = y e–y

vkSj blhfy,]

1

0 0
( , )dy f x y dx



  = –

0

yy e dy


 = –

0

ye dy


 = 1

bl izdkj]

1 1

0 0 0 0
( , ) ( , )dx f x y dy f x y dx

 
   
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Qwfj;j Ük̀a[kyk (Fourier Series) dk mi;ksx vkof/kd Qyu ds vuar Ük̀a[kyk fu#i.k
ds :i esa fd;k tkrk gS vkSj ;g foLrkj ds fy, f=dks.kferh; T;k (Sine) vkSj
dksT;k (Cosine) Qyuksa dk mi;ksx djrk gS bldk eq[; vuqç;ksx lk/kkj.k vkSj
vkaf'kd vody lehdj.kksa dk lek/kku djuk gSA ;g vody lehdj.kksa dks
fo'ks"kdj vkof/kd Qyuksa ds lkFk gy djus dk ,d 'kfä'kkyh lk/ku gS tks
xSj&le:i inksa ds :i esa çdV gksrk gSA bldk O;kid vuqç;ksx gksrk gSa D;ksafd
;g vkof/kd Qyuks ds lkFk&lkFk lrr Qyuks vkSj vlrr Qyuks ds fy, oS/k gksrk
gSA

Qyu f(x) dks vkof/kd dgk tkrk gS ;fn     , f x T f x dqN /kukRed

la[;kvksa T ds fy, okLrfod x , f(x) dk vkof/kd gSA f(x) dh y?kqre /kukRed
vof/k] f(x) dh izkFkfed ;k vk/kkjHkwr vof/k dgykrh gSA

mnkgj.k ds fy,] cosecx, sinx, secx, cosecx vkof/kd Qyu gSa 2 vkSj
cotx, tanx, ds lkFk vkof/kd vof/k gSa lkekU; rkSj ij] bls ifjHkkf"kr fd;k tk
ldrk gS]

;fn f(x +nT) = f(x), n  0

rc  , T f x  dh vof/k gS vkSj nT fdlh Hkh iw.kkaZd n  ds fy, f dh vofèk

gSA

;fn  f x  vof/k T  dk ,d vkof/kd Qyu gS] 0a  ds lkFk rc  f ax ]

,d 
T

a
 vof/k dk vkof/kd Qyu gSA

mnkgj.k ds fy,] 2cos x  dh vof/k gS
2

3


 =  vkSj 3sin x  dh vof/k

2

3


 gS

;fn  f x  vkSj  g x  dh vof/k T gS] rc dh vof/k T gS] tgka a vkSj b

fLFkjkad gSaA

,d fujarj Qyu fdlh Hkh /kukRed vof/k T ds fy, vkof/kd gSA ,d vofèk
dbZ vkof/kd Qyuks dk ;ksx] vof/k;ksa dk de ls de lkekU; xq.k gSA

;fn dksbZ dk;Z vof/k 2gS] rks f=dks.kferh; Ük`a[kyk f(x) ds :i esa fn;k
x;k gSA

f(x) = 0

1

( cos sin )
2 n n

n

a
a nx b nx





 

tgka] a
0

=
0

2
1

( )
a

f x dx


 
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a
n

=
2

0

1
( )cosf x nx dx



 

vkSj b
n

=
2

0

1
( )sinf x nx dx



 

tgka n = 1, 2, 3 ...........

0 , na a vkSj nb  dks Qwfj;j xq.kkad (Fourier Coefficiant) dgykrk gSA

tSls]

(i)
2

0

cos .cos 0mx nx dx


 m  n, m  0, n  0

(ii)
2

0

cos 0mx




(iii)
2

0

sin 0mx




(iv)
2

0

sin sin 0mx nx dx


 m  n, m  0, n  0

(v)
2

0

sin cos 0mx nx dx


 m  n, m  0, n  0

(vi)
2

2

0

sin mx dx




(vii)
2

2

0

cos mx dx




(viii)
2

0

cos sin 0mx mx dx




: f(x) = e2x in (0, 2) ds fy, Qwfj;j Ükà[kyk çkIr djsaA

 ge tkurs gSa fd Qwfj;j foLrkj gS]

f(x) =  0

1

cos sin
2 n n

n

a
a nx b ax




 

a
0

=  2

0

1
f x dx



 
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= 
2

0

1 axe dx


 

= 
2

0

axe


 
 
  

                                        2
0

1
–1aa e 



a
n

= 
2

0

1
( ) cosf x nx dx



 

= 
2

0

1
cosaxe nx dx



 

= 
 

2 2
0

cos sin1 axe a nx n nx

a n


 
 

   

                                      

2

2 2

1 –1a

n
ae

a
a n

 
     

vkSj b
n

= 
2

0

1
sinaxe nx dx



 

= 
 

2 2
0

sin cos1 axe a nx n nx

a n


 
 

   

=    2
2 2

1– a
n

n
b e

a n


 

blfy,] f(x) =
   2 2

2 2 2 2
1 1

–1 –11 – sin cos

2

a a

a a

e aen nx nx

a n a n

  

 

 
  

    
 

:(0, 2) ds fy,   f x x  dk Qwfj;j Ükà[kyk Kkr djsa vkSj]

 f x dk –6 ls 6rd xzkQ ;k vkjs[k vuqjsf[kr djsaA

ge tkurs gSa fd]

f(x) =  0

1

cos sin
2 n n

n

a
a nx b nx




 

tgka a
0

= 
2

0

1
( )f x dx



 
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= 
2

0

1
x dx



 

= 

22

0

1

2

x


 
 

   

=  21
4 – 0 2

2
  



                                0 2a  

a
n

=  2

0

1
cosf x nx dx



 

= 
2

0

1
.cosx nx dx



 

= 
2

2
0

1 sin cosx nx nx

n n


    

= 
 

2

1–11
0

n

 
   

    0na 

vkSj b
n

=  
0

1
sinf x nx dx



 

= 
0

1
sinx nx dx



 

= 

2

2
0

1 – cos sinx nx nx

n n


    

= 
1 –2

n

 
   

b
n

= 
2

–
n

blfy,] Qwfj;j Ükà[kyk gS]

f(x) = 
1

2 sin
0 – 2

2 n

nx

n






 

= 
1

sin
– 2

n

nx

n




 
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: f(x) = 
2

2

x 
 
 

esa (0, 2) ds fy, Qwfj;j Ükà[kyk çkIr djsaA

ge tkurs gSa fd]

f(x) = 0

1

( cos sin )
2 n n

n

a
a nx b nx





 

tgka a
0

= 
2

0

1
( )f x dx



 

= 
2

2

0

1 –

2

x
dx

  
   

= 
 

23
2

0

0

– –1

2 3

x


  
 

   


2

0 6
a




a
n

= 
2

0

1
( ) cosf x nx dx



 

= 
2

2

0

1 –
cos

2

x
nx dx

  
   

= 
     

22

2 3

0

2 – – cos– sin1 –2 sin
–

4

x nxx nx x nx

n n n


            

2

1
na

n


,oa b
n

=  
2

0

1
sinf x nx dx



 

= 
2

2

0

1 –
sin

2

x
nx dx

  
   
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=      
2

2

2 3
0

1 – cos sin 2
– 2 – – – cos

4

nx nx
x x nx

n n n


         

=  1
0 0

4




 0nb 

blfy,] Qwfj;j Ükà[kyk gS]

2
–

2

x 
 
 

= 
2

2
1

– 1 cos
0

2 2 6 n

x nx

n





      
 



= 
2

2
1

cos

12 n

nx

n








: f(x) dh Qwfj;j Ükà[kyk Kkr djsaA

tgka

f(x) = 
– , – 0

, 0

x

x x

   
   

vkSj blfy, fl) dhft, 
2

2 2 2

1 1 1

1 3 5 8


     

ge tkurs gSa fd]

tgka a
0

= 
–

1
( )f x dx



 

= 
0 0

–

1
( ) ( )f x dx f x dx

 

     

= 
0 0

–

1
(– )dx xdx

 

      

–

2na




a
n

= 
–

1
( ) cosf x nx dx



 
=

0

– 0

1
( ).cos ( ).cosf x nx dx f x nx dx





     

= 
0

– 0

1
– cos cosnx dx x nx dx





      

= 
0

2
0

– sin 1 sin cosnx x nx nx

n n n





            
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=  2

1
0 –1 –1

n

n
   

 2

1
–1 –1

n

na
n

   

vkSj b
n

= 
–

1
( )sinf x nx dx



 

= 
0

– 0

1
( ).sin ( ).sinf x x dx f x nx dx





     

= 
0

– 0

1
– sin sinnx dx x nx dx





      

= 
0

2
– 0

cos 1 – cos sinnx x nx x

n n n





          

=    11
1– –1 –

n

n n

 
 

 1
1– 2 1

n

nb
n
   

blfy,

  f(x) = 
    2

1 1

–1 –11 – 1 1
cos 1– 2 1 sin

2 2

n
n

n n

nx nx
n n

 

 

              
 

vc  0, x f x  ds vfujarj dk ,d fcanq gSA

tSlk fd f(x) =  1
0 – 0 (0 0)

2
f f   

=  1
– 0)

2


= 
–

2



Qwfj;j foLrkj esa 0x  eku j[kus ij gekjs ikl gS]

–

2


=  2

1

– 1 –2
(0)

4 2 –1n

f
n






 



;k
8


=  2

1

1

2 –1n n






= 
2 2 2 2

1 1 1 1

1 3 5 7
  
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:Qwfj;j Ükà[kyk ds :i esa  f x  dk foLrkj djsa ;fn]

f(x) = 
– for – 0

for 0

c x

c x

  
   

vkSj blfy, fl) djsa 
1 1 1

1 –
3 5 7 4


    

ge tkurs gSa fd]

f(x) = 0

1

cos
2 n n

n

a
a nx b nx





 

tgka a
0

= 
–

1
( )f x dx



 

= 
0

– 0

1
( ) ( )f x dx f x dx





     

= 
0

– 0

1
–c dx c dx





     

=     0

– 0

1
–

c
c x x






 

0 0a 

a
n
= 

01
( ).cosf x nx dx

 

= 
0

0

1
( ).cos ( ).cosf x nx dx f x nx dx





     

= 
0

0

1
– .cos .cosc nx dx c nx dx





     

= 

0

– 0

sin sinc nx c nx

n n





          

0na 

b
n
= 

–

1
( ).sinf x nx dx



 

= 
0

– 0

1
( ).sin ( ).sinf x nx dx f x nx dx





     

= 
0

– 0

1
(– ).sin .sinc nx dx c nx dx





     

= 
0

– 0

– – cos – cosc nx c nx

n n





          
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 2
1– –1

n

n

c
b

n
   

blfy,

f(x) =  
1

2
1 1 .sin

n

n

c
nx

n





   

= 
4

.sin
c

nx


= 0 n  fo"ke gS, n le gSA

vc  x = 
2


 j[kus ij

c = 
2

f
 

 
 

= 
 

1

sin 2 –4 2
2 –1n

nc

n







 

,oa
4


= 

 

1

sin 2 –
2

2 –1n

n

n









4


= 

1 1 1
1– –

3 5 7
    

:(0, 2) varjky ds fy,   sinxf x x  dk foLrkj djsaA

ge tkurs gSa fd]

f(x) =  0

1

sin sin
2 n n

n

a
a nx b nx





 

tgka a
0

= 
2

0

1
( )f x dx



 

= 
2

0

1
sinx x dx



 

=  2

0

1
– cos sinx x




     0 –2a 

a
n

= 
2

0

1
( ).cosf x nx dx



 

= 
2

0

1
sin cosx x nx dx


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=     2

0

1
sin 1 – sin –1

2
x n x n x dx




 

= 
       2 2

0 0

– cos 1 cos –1 – sin 1 sin –11 1
–

2 1 1 2 1 1

x n x n n x n

n n n n

 
     

            

= 
   – cos 1 2 cos –1 21

2 , 1
2 1 –1

n n
n

n n

    
    

    

a
n

= 
1 1

–1n n




2

2

–1na
n

  n  1 ds fy,

 n =1, ij a
1

= 
2

0

1
sin cosx x dx



 

= 
2

0

1
sinx x dx



 

= 
2

0

1 – cos 2 sin 2

2 4

x x x


    

 1

–1

2
a 

b
n

= 
2

0

1
( )sinf x nx dx



 

= 
2

0

1
sin .sinx nx nx dx



 

=    
2

0

1
cos –1 – cos 1x n x n x dx


   

= 
     

 
 

 2 2

sin 1 sin 1 – cos 1 cos 11
– – –

1 1 1 1

n x n x n x n x
x

n n n n

                      

= 
       2 2 2 2

1 1 1 1 1
– – , 1

1 1 1 1
n

n n n n

 
  

      

   0nb   for n  1

n = 1, ij b
1

= 
2 2

0

1
sinx x dx



 

=  
2

0

1
1 cos 2

2
x x dx




 
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= 

2
2

0

1 – sin 2 cos 2
–

2 2 2 4

x x x x
x


            

=   21 1 1
2 2 0 – 2

2 4 4

            
= 

blfy,

f(x) = xsin x =   2
2

1 1 1
–2 cos 2 cos sin 0

2 2 1n

nx x
n





   


   = 2
2

– cos cos
–1 sin 2

2 –1n

x nx
x

n





   

Qyu dks le vkSj fo"ke Qyuks ds :i esa ifjHkkf"kr fd;k tk ldrk gSA tc

f(–x) = f(x), x , rc Qyu  f x  dks le dgk tkrk gSA le Qyuksa ds fy,] xzkQ

y & v{k dh vksj lefer gksrk gSA ;g lekdyu ds xq.kksa dk mi;ksx djrk gS]

–
( )

a

a
f x dx  = 

–
2 ( )

a

a
f x dx

le Qyuksa esa dsoy x dh le ?kkrkad gksrh gSa vkSj f=dks.kferh; 'kCnksa esa] dsoy
cosx vkSj secx j[krs gSa

mnkgj.k ds fy,] –x2, x4 + 2, x6 + cosx, 3x8 + cos2x

tc  f x  vkSj  g x  le Qyu gksrs gSa] rc nks le Qyu Hkh le gS] ;kuh]

f(x) = f
1
(x) + g(x) Hkh le gSA nks leku Qyuks dk mRikn le gS] vFkkZr f

2
(x) -

f(x). g(x)

le Qyuksa ds fy, lHkh b
n
s iw.kk±dksa ds :i esa 'kwU; gksaxs rFkk b

n
 =

–

1
( )sinf x nx dx



  ,d fo"ke Qyu cu tkrk gSA Qyu ds fy, Qwfj;j Ük`a[kyk

dks ifjHkkf"kr fd;k x;k gS]

tSls f(x) = 0

1

cos
2 n

n

a
a nx







tgka a
0

= 
–

1
( )f x dx



 

= 
0

2
( )f x dx



 
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vkSj a
n

= 
–

2
( )cosf x nx dx



 

= 
0

2
( ).cosf x nx dx



 
bls Qwfj;j dksT;k (Cosine) Ükà[kyk Hkh dgk tkrk gSA

tc f(–x) = –f(x), x , rc Qyu  f x  dks fo"ke Qyu dgk tkrk gSA

–
( )

a

a
f x dx = 0

fo"ke Qyu dk vkjs[k ewy ;k mn~xe dh vksj lefer gS vkSj ;g lekdyu
ds xq.kksa dk mi;ksx djrk gSA

fo"ke Qyu esa dsoy x dh fo"ke ?kkrkad gksrh gSa vkSj f=dks.kferh; Qyu esa
dsoy sinx vkSj cosecx gksrs gSa

mnkgj.k ds fy, – x3, 3sinx + x, 4sin2x + x2, etc.

;fn  f x  vkSj (g x  fo"ke Qyu gSa] rks fo"ke Qyu dk ;ksx fo"ke gksxk]

mnkgj.k ds fy,]

f
1
(x) = f(x) + g(x) fo"ke gSaA

f
2
(x) = f

1
(x) . g(x) le gSaA

fo"ke Qyu ds fy, a
n
 vkSj a

0
 lHkh 'kwU; gSa D;ksafd lekdyu ,d fo"ke

Qyu cu tkrk gSA blfy,] fo"ke Qyu ds fy, Qwfj;j Ük̀a[kyk dks ifjHkkf"kr fd;k
x;k gS

f(x) = 
1

sinn
n

b nx





tcfd b
n

= 
–

1
( ).sinf x nx dx



 

= 
–

2
( ).sinf x nx dx



 
bls Qwfj;j T;k (Sine) Ükà[kyk dgk tkrk gSA

Qwfj;j Ükà[kyk dks rS;kj djus ds fy, ;g igyk pj.k gS fd fn;k x;k Qyu
le ;k fo"ke gS ;k ughaA

;fn f fo"ke gS] rks dsoy b
n
s dh x.kuk dh tkrh gS vkSj lw= esa ?kVk;k tkrk

gS ;fn f le Qyu gS] ogka a
0 
vkSj a

n
s dh x.kuk dh tkrh gSA

:Qwfj;j Ükà[kyk ds :i esa   3f x x  in dk (–) esa dk foLrkj

djsaA

tSlk fd   3f x x  vkSj      f x f x ] blfy,  f x  fo"ke Qyu gSA
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blfy, f(x) = 
1

sinn
n

b nx





blfy, b
n

= 
0

2
( )sinf x nx dx



 

= 3

0
sinx nx dx





= 
3 2

2 3 4

0

2 – sin 3 sin 6 cos 6sin
–

x nx x nx x nx nx

n n n n


 

    

= 
3

3

2 – cos 6
cos

x nx
n

n n

 
    

=  
2

3

6
2 –1

n x

n n

 
 

 

f(x) =  
2

3
1

6
2 1 sin

n

n

x
n n





 
  

 


:Qwfj;j Ükà[kyk ds :i esa   f x sinx  in dk (–) esa foLrkj

djsaA

tSlk fd     , (x)  f x f x f  fo"ke Qyu gSA

blfy, f(x) = 
1

( ).sin
n

f x x





tgka b
n

= 
0

2
sin .sinx nx dx



 

=    
0

1
cos 1 – cos 1n x n x dx


    

= 
   

0

sin 1 sin 11
–

1 1

n x n x

n n


  

    

0 , 1nb n 

b
1

= 
0

2
sin .sinx x dx



 

= 
 

0

1– cos 22

2

x dx

 

= 
0

1 – sin 2

2

x x


 
   
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= 



 1 1b 

f(x) = sinx

= b
1
 sinx

= sinx

: f(x) =  
2 2

– , –
12 4

x
   esa] Qwfj;j Ükà[kyk ds :i esa in

 f x dks foLrkj djsaA

tSlk fd      ,f x f x f x  le Qyu gSA

blfy, f(x) = 0

1

cos
2 n

n

a
a nx







a
0

= 
0

2
( )f x dx



 

= 
2 2

0

2
–

12 4

x
dx

 
   



= 
2 3

0
0

2
–

12 12

x
x


  
   



0 0a 

vkSj a
n

= 
0

2
( ).cosf x nx dx



 

= 
2 2

0

2
– cos

12 4

x
nx dx

 
   



= 
2 2

2 3

0

2 sin 2 cos 1 sin
– –

12 4 4 2

x nx x nx nx

n n n


             

= 2

2 1 2
.cos n

n

     

  1

2

–1
n

na
n





blfy, f(x) = 
  1

2
1

1
cos

n

n

nx
n







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: Qwfj;j Ükà[kyk ds :i esa   f x x  in esa (–) dk foLrkj

djsaA

 ge tkurs gSa fd   f x x

vkSj f(–x) = |–x|

= |x|

= f(x)

blfy,] f(x) ,d leku Qyu gS vkSj]

f(x) = 
1

cos
2

n
n

n

a
a nx







tgka a
0

= 
0

2
x dx



 

= 
0

2
x dx



 

= 
2

0

2

2

x


 
   

0a  

vkSj a
n

= 
0

2
( )cosf x nx dx



 

= 
0

2
| | .cosx nx dx



 

= 
0

2
cosx nx dx



 

= 2
0

2 sin cosx nx nx

n n


    

=  2

2
–1 –1

n

n
 
 

2

–4
,

= 0,


na n

n
n

fo"ke gSaA

le gaAS

blfy, |x| =  
 2

1

4 1
cos 2 –1

2 2 1n

n x
n







 

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: (–)  ds fy,   f x x  dk foLrkj djsa vkSj blfy, ;g

lR;kfir djsa fd]

– 2 1 1 1 1

4 1.3 3.5 5.7 7.9


       

ge tkurs gSa fd]

f(–x) = (–x) sin (–x)

= –x[–sinx]

= x sinx

= f(x)

blfy,]  f x  Hkh Qyu gS vkSj

f(x) = 0

1

cos
2 n

n

a
a nx







tgka a
0

= 
0

2
sinx nx dx



 

=  0
2

– cos sinx x x




=  2
– cos 



0 2a 

a
n

= 
0

2
( )cosf x nx dx



 

= 
0

2
sin cosx x nx dx



 

=    
0

1
sin 1 sin 1x n x n x dx


     

= 
       

2 2

0

– cos 1 cos –1 sin 1 sin –11
– – –

1 1 ( 1) ( 1)

n x n x n x n x
x

n n n n


     
    

         

= 
cos cos

1 1–

n n

n n

 




  1

2

–1 .2
, 1

–1

n

na n
n



 
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vkSj a
1

= 
0

2
sin cosx x x dx



 

= 
0

2 sin 2

2

x x
dx



 

= 
0

1
sin 2x x dx



 

= 
0

1 cos 2 sin 2

2 4

x x x
    

1

1

2
a




blfy, (x sinx) = 
  1

2
2

2 12 1
– cos cos .

2 2 –1

n

n

x x
n








= 
  1

2
2

1cos
1 2 cos

2 –1

n

n

x
nx

n






  

 x = 
2


 j[kus ij

2


sin

2


= 

  1

2
2

–1
1 0 2 cos

–1 2

n

n

n

n






  

–1
2


= 

  1

2
2

–1
2 cos

–1 2

n

n

n

n







– 2

4


= 

1 1 1

1.3 3.5 5.7
     

2l (Fourier Series for

Functions with Period 2l)

geus vof/k 2 ds lkFk Qyu ds fy, Qwfj;j Ük`a[kyk ij fopkj fd;k gSA vc ge
mu Qyu ds Qwfj;j foLrkj ij fopkj djsaxs tks vof/k 2l ds lkFk vkof/kd gSaA eku

yhft, fd  f x  esa ifjHkkf"kr vof/k 2l ds lkFk ,d Qyu  < x <  + 2l vkofèkd

gS r ks Qwfj ; j  foLr kj  (Expansion) ds :i esa fn;k tkrk gSA

f(x) = 0

1

cos sin

2
n n

n

a a n x b n x

l l





    
 


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tgka a
0

= 
21

( )
l

f x dx
l





a
n

= 
21 cos

( ).
l n x

f x dx
l l








vkSj b
n

= 
21 sin

( ).
l n x

f x dx
l l








vc eku yhft,  f x  Hkh (–l, l) le Qyu gSA fQj Qwfj;j dksT;k Ükà[kyk

fn;k gSA

f(x) = 
0

1

cos

2
n

n

a a n x

l








tgka a
0

= 
0

2
( )

l
f x dx

l 

vkSj a
n

= 
0

2 cos
( ). .

l n x
f x dx

l l




vc eku yhft,  f x  Hkh ,l l  esa fo"ke Qyu gSA fQj Qwfj;j T;k Ükà[kyk

fn;k gSA

f(x) = 
1

sinn

n

b n x

l







tgka b
n

= 
0

2 sin
( ).

l n x
f x dx

l l




(Half Range Series)

Qwfj;j foLrkj dks Qyu ds fy, ifjHkkf"kr fd;k x;k gS] tks] fd vof/k 2l ds lkFk
vkof/kd gSA eku yhft, fd gesa ,d Qyu f(x) fn;k x;k gS tks vukorZ gS vkSj

bls vk/ks varjky  0, l  yackbZ l  esa ifjHkkf"kr fd;k x;k gSA foLrkj ds bu çdkjksa

dh v/kZ Js.kh Qwfj;j Js.kh ds :i esa tkuk tkrk gSA bl ekeys esa]  f x  u rks fo"ke

gS vkSj u gh vkof/kd gS dsoy lwpuk varjky (0, l) esa  f x  ds fy, Qwfj;j dksT;k

Ük̀a[kyk çkIr djuk gSA bl udkjkRed Qyu esa] ,d u, Qyu  1f x  dks ifjHkkf"kr

djrs gSa fd]

(i)  , 0, l  varjky esa vkSj

(ii)  1f x  le  ,l l  esa Hkh Qyu djrk gS vkSj vkof/k 2l ds lkFk vkofèkd gSA
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;g]  1f x  dks f(x) dk vkof/kd foLrkj Hkh dgk tkrk gS vkSj fuEukuqlkj

O;ä fd;k tk ldrk gS]

Y
f(x)

0 l
X

Y

f(x
)

0 L
X–2l

–l

fp= 2-1 Qyu  f x  dk fu:i.k djrk gS] tcfd fp= 2-2  f x  ds foLrkj

dk fu:i.k djrk gS ;kuh]  1f x

pw¡fd lajpuk  f x  vkSj  1f x  esa (0, l) ds cjkcj gS] (f x ½ ds fy, v/kZ Js.kh

Qwfj;j dksT;k Ükà[kyk fuEukuqlkj nh xbZ gS]

f(x) = 0

1

cos

2 n
n

a n x
a

l








tgka a
0

= 
0

2
( )

l
f x dx

l 

vkSj a
n

= 
0

2 cos
( )

l n x
f x dx

l l




bls    1 f x f x ds fy,    0,  l f x ds fy,  1,0  vkSj bl ds :i esa

le>k tk ldrk gS  f x dh Ük̀a[kyk dk foLrkj dsoy varjky ¼0] l ½ ds fy, ekU;

gS] ysfdu bl e/;kUrj ds ckgj ds fy, ekU; ugha gSA

vc ekuk fd ge  f x  ds fy,  0, l esa v/kZ Js.kh Qwfj;j T;k Ükà[kyk izkIr

djus esa #fp j[krs gSa  2f x  ,d ,slk Qyu gS ftles]
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(i)    2 f x f x  esa ¼0] l ½

(ii)  2f x  fo"ke Qyu 2l  ds lkFk ¼& ,l l ½ vkof/kd Qyu gSA

rc  2f x  dks  f x  dh fo"ke vkof/kd fujarjrk dgk tkrk gS vkSj bls bl

çdkj O;ä fd;k tk ldrk gS]

Y

f(x)

0 l
X

Y

f(x)

0 l
X

–2l –l 2l 3l

–Y

fp= 2-3 Qyu  f x  dk fu#i.k djrk gS] tcfd fp= 2-4  f x ds foLrkj

dk fu#i.k djrk gS vFkkZr]  2f x A

pw¡fd fuekZ.k ds }kjk  f x  vkSj  2f x  , 0, l  esa cjkcj gS] blfy, varjky

esa  f x  ds visf{kr v/kZ Qwfj;j T;k Js.kh Ük̀a[kyk ds foLrkj ¼0] l ½ ds :i esa fn;k

tkrk gS]

f(x) = 
1

sinn
n

n x
b dx

l







= 
0

2
( )sin

l n x
f x dx

l l



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: Qksfj;j Ükà[kyk dk foLrkj dk eku fudkysA

 fn, x, varjky ¾ ( 4&0 )  esa]

2l = 0

l = 0

vc f(x) = 0

1

cos sin
2 2 2n n

n

a n x n x
a b





    
 



tgka a
0

= 
4

0

1
( )

2
f x dx

= 
4

0

1 –

2 2

x
dx

 
 
 

= 
42

0

1 –

4 2

x x 
 
 

=  1
4 8

4


 0 2a  

a
n

= 
4

0

1
( ) cos

2 2

n x
f x dx




= 
4

0

1
cos

2 2 2

n x
dx

    
 
 

=    
4

0

1 2 2
sin – 1 sin .

4 2 2

n x n x
x

n n

              


= 
4

0

1 2 2
0 – cos .

4 2

n x

n n

          

=  2 2

1
– cos 2 cos 0n

n




=  2 2

1
– 1 1

n




0na 
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vkSj b
n

= 
4

0

1
( ).sin

2 2

n x
f x dx




= 
4

0

1 –
.sin

2 2 2

x n x
dx

 


=    
4

4

0
0

1 2 2
– – cos . – –1 – cos .

4 2 2

n x n x
x dx

n n

                    


=  
4

0

–2 1 2
4 cos 2 cos0 – sin

4 2 2

n x
n

n n n

          

=  –2
– 4 –

4n
 



2
nb

n




blfy,]

f(x) = 
1

– – 2 2
sin

2 2 2n

x n x

n





  
 



 : f x  ds fy, Qwfj;j Ük̀a[kyk ds foLrkj dk eku fudkysA

tc f(x) = 
0, –5 0

3, 0 5

x

x

 
 

 fn, x, varjky esa] = 5 – (–5)

2l = 10

l = 5

vkSj  f(x) = 0

1

cos sin
2 5 5n n

n

a n x n x
a b





    
 



tc a
0

= 
5

5

1
( )

5
f x dx



= 
0 5

5 0

1
( ) ( )

5
f x dx f x dx



    

= 
5

0

1
0 3

5
dx   
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=  50
3

5
x

=  3
5 – 0

5

0 3a 

a
n

= 
5

5

1
( ) cos

5 5

n x
f x dx






= 
0 5

5 0

1
( ) cos ( ) cos

5 5 5

n x n x
f x dx f x dx



     

= 
5

0

1
0 3cos

5 5

n x
dx

   

= 
5

0

3 5
sin .

5 5

n x

n

 
  

=  3
sin 5 – sin 0

n




0na 

vkSj b
n

= 
5

–5

1
( ).sin

5 5

n x
f x dx




= 
0 5

–5 0

1 sin sin
( ). ( ).

5 5 5

n x n x
f x dx f x dx

     

= 
5

0

1 sin
0 3.

5 5

n x
dx

   

= 
5

0

3 – cos 5
.

5 5

n x

n

 
  

=  –3
cos – cos 0n

n




=  –3
1 –1

n

n
  

=  3
1 1

n

nb
n

    
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blfy,] f(x) =  
1

3 3 sin
1 –1

2 5

n

n

n x

n





   

: f(x) = x2 ds fy, (–1, 1) esa Qwfj;j Ükà[kyk dk eku fudkysA

fn, x, varjky = 1–(–1) esa

2l = 2

l = 1

tSls fd f(–x) = (–x)2

= x2

= f(x)

f(x) le Qyu gS] blfy,  bn = 0 vkSj Qwfj;j Ük`a[kyk bl çdkj nh xbZ gSA

f(x) = 
1

cos

2 1
n

n
n

a n x
a








tgka a
0

= 
1

0

2
( )

1
f x dx

= 
1 2

0
2 x dx

= 
13

0

2
3

x 
 
 

0

2

3
a 

a
n

= 
1

0

2 cos
( ).

1 1

n x
f x dx




= 
1 2

0
2 cosx n x dx

= 

1
2

2 2 3 3
0

1 2 2
sin cos sin

x
x n x n n

n n n
        

  2 2

4
–1

n

na
n




blfy,

f(x) =  2 2
1

2 4
1 cos

3
n

n

n x
n





  

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:  f(x) = x( – x) 0, 0 < x < ds fy, v/kZ Js.kh T;k Ük`a[kyk dk
eku fudkysA

v/kZ Js.kh lkbu (sine) ;k T;k Ükà[kyk fn;k x;k gS ftlesa]

f(x) = 
1

sinn
n

b nx





tgka b
n

= 
0

2
( )sinf x nx dx



 

= 
0

2
( )sinx x nx dx


 

 

=     2 3
0

2 – cos sin –2
– – 2 . cos

nx nx
x x x nx

n n n


                      

 3

4
1– –1

n

nb
n

   

blfy,] f(x) =  3
1

4
–1 1 sin

n

n

nx
n





  

: v/kZ Js.kh Ük̀a[kyk (T;k vkSj dksT;k) 0  x   ds fy, eku fudkysA

  f x x  blfy,] ifj.kke fudkysa 
2

2 2 2

1 1 1

8 1 3 5


     

 v/kZ Js.kh T;k Ükà[kyk fn;k x;k gS ftlesa]

f(x) = 
1

sinn
n

b nx





tgka b
n

= 
0

2
( )sinf x nx dx



 

= 
0

2
sinx nx dx



 

= 2
0

2 cos sinx nx nx

n n

    

 –2
–1

n

nb
n



blfy,,
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f(x) = 
  1

1

1
2 sin

n

n

x nx
n






 

Qwfj;j v/kZ Js.kh dks T;k Ük̀a[kyk gSA

f(x) = 0

1

cos
2 n

n

a
a nx







tgka a
0

= 
0

2
( )f x dx



 

= 
0

2
x dx



 

= 
2

0

2

2

x


 
   

0a  

vkSj a
n

= 
0

2
( ).cosf x nx dx



 

= 
0

2
.cosx nx dx



 

= 2
0

2 sin cosx nx nx

n n


    

 2

2
–1 –1

n

na
n

   

blfy,,

f(x) = x = 
 

2

1 –14
cos

2

n

nx
n

   


j[kus ij x = 0

0 = 
 

 2
1

cos 2 –14

2 2 –1n

n x

n









vkSj
2

8


= 2 3 2

1 1 1

1 3 5
     
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: Qwfj;j T;k vkSj dksT;k Ük`a[kyk   2f x x  esa (0,) ds fy, eku

fudkysA

;fn v/kZ Js.kh lkbu ;k T;k Ükà[kyk ds :i esa]

f(x) = 
1

sinn
n

b nx





tgka b
n

= 
0

2
( ).sinf x nx dx



 

= 2

0

2
sinx nx dx



 

= 
2

2 3

0

2 cos 2 sin 2cosx nx x nx nx

n n n


 

    

= 
   22

3 3

1 2 12 2
–

n

n n n

   
 

   

blfy,,

f(x) = x2 = 
   1

3
1

2 –1 –112
sin

nn

n

nx
n n





         


Qwfj;j dkslkbu ;k dksT;k Ük̀a[kyk gS]

f(x) = 0

1

cos
2 n

n

a
a nx







tgka a
0

= 
0

2
( )f x dx



 

= 2

0

2
x dx



 

= 
3

0

2

3

x


 
   
2

0

2

3
a




vkSj a
n

= 
0

2
( )cosf x nx dx



 

= 2

0

2
cosx nx dx



 
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= 
2

2 3

0

2 sin 2 cos 2
– sin

n
x nx x nx

nx
n n n

 
   

=  2

2 2
1 0

n

n

     

 
2

4 1
0

n

na
n


 

blfy, f(x) = x2 = 
 2

2
1

1
4 cos

3

n

n

nx
n






 

(Fourier Expansion of Piecewise

Monotonic Function)

fuEufyf[kr çes; vkSj ifj.kke ,  Qwfj;j Ükà[kyk ds vfLrRo ,oa vfHklj.k rFkk
fooDr&le; Qwfj;j :ikarj.k ls lacaf/kr gSa :

1- ; fn  f x  varjky (– , ) esa ck/; fopyu j[krk gS] rks  f x ls lacafèkr

Qwfj;j Ükà[kyk varjky ds Hkhrj fdlh Hkh fcanq ij  f x ds eku esa ftl ij

Qyu fujarj ifjofrZr gks tkrh gS] ;g fdlh Hkh ,sls fcanq ls Qyu ds can gksus

ij ewY;    1
0 0

2
    f x f x esa ifjofrZr gks tkrk gSA fcanqvksa ij] -,

, , fcanqvksa ij ;g    1
0 0

2
    f x f x  ewY; esa ifjofrZr gksrk gSA

2- ;fn   ,f x (– , ) es a ck/; fHkUurk g S ] rk s Qw fj;j Ük ` a[kyk

   1
0 0

2
    f x f x  varjky (– , ) esa ck/; gSA

3- ;fn   ,f x (– , ) esa ck/; gq, fHkUurk gS] rks Qwfj;j Ük̀a[kyk   ,f x esa

le:i ls fdlh Hkh varjky (a,b) esa ifjofrZr gksrh gS ftlesa a ij fujarj rFkk

b nksuksa rjQ ls   ,f x ij fujarj gSA

4- ;fn   ,f x lhek ifjorZu okyk ,d Qyu gS] ftls foosdk/khu <ax ls NksVs

vad ds lhfer la[;k esa lehiLFk vad ij  f x  dks dksbZ Åijh lhek ls ckgj

ugha fd;k x;k gS] rc Qwfj;j Ükà[kyk eku    1
0 0

2
    f x f x  ds

izR;sd fcanq ij (– , ) esa vfHklj.k djrk gSA Qyu ds vuar vfujarjrk ds

fcanqvksa dks NksM+dj] vlaxr lekdyu çnku fd;k tkrk gS ftlesa    f x dx
mifLFkr gS vkSj iwjh rjg ls vfHklkjh gSA
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5. ;fn   ,f x caf/kr gS vkSj ;fn og çR;sd fcanq ij vius Mksesu esa fujarj ;k

lrr gS] rks ,d lhfer la[;k ds fcanqvksa ds viokn ds lkFk] ftl ij og
lkekU; :i esa cV ldrh gS] vkSj ;fn Mksesu dks ,d ifjfer la[;k esa
foHkkftr fd;k tk ldrk gSA muesa ls fdlh ,d esa Qyu ,dfn"V
(Monotonic) gS] ;k nwljs 'kCnksa esa] Qyu ds ikl vius Mksesu esa dsoy
vfèkdre vkSj U;wure dh ,d lhfer la[;k gS] fujarjrk ;k lkrR;rk ds

fcanqvksa ij   ,f x  dh Qwfj;j Ük̀a[kyk f (x) ds fy,

   1
0 0

2
    f x f x  ds vlrrk@;k vfujarj fcanqvksa ij gSA

6- ;fn f ck/; fopyu dk gS] rks f dh Qwfj;j Ükà[kyk x ds gj fcanq ij eku

   1
0 0

2
    f x f x  esa vfHklfjr gks tkrh gSA ;fn f blds vykok] I

= (a, b) ds çR;sd fcanq ij fujarj gS] rks bldk Qwfj;j Ükà[kyk I esa leku :i
ls vfHklj.k gSA

1- vlaxr lekdyu D;k gS\

2- vlaxr lekdyu fdrus izdkj ds gksrs gSa\ budk la{ksi esa o.kZu dhft,A

3- Ýqykuh ds lekdyu dk o.kZu djsaA

4- ,d ekin.M ds ,d Qyu ds lekdy dh O;qRifÙk vkSj lekdyuh;rk dks
le>k,A

5- v/kZ vkSj iw.kZ varjky dh Qwfj;j Ük`a[kyk dk o.kZu djsaA

6- le vkSj fo"ke Qyuksa ds fy, Qwfj;j Ükà[kyk dks ifjHkkf"kr dhft,A

7- fdu foLrkjksa dks v/kZ Js.kh Qwfj;j Js.kh ds :i esa tkuk tkrk gS\

1- Qyu f can varjky ij vlhfer gS 1n [a, b] ;fn lekdyu dh lhek,a

vuar gks tkrh gSa] rks lekdyu  
b

a

f x dx  dks vlaxr lekdyu dgk tkrk

gSA

2- vlaxr lekdyu nks çdkj ds gksrs gSa&igyh rjg dk vlaxr lekdyu vkSj
nwljk rjg dk vlaxr lekdyuA ;fn ;k rks ,d ;k nksuksa gh lekdyu dh
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lhek,a vuar ij gSa] ysfdu lekdY; rFkk ifj'kq) lekdyu  
b

a

f x dx  dks

igyh rjg dk vlaxr lekdy dgk tkrk gSA ;fn lekdyu dh lhek,a

lhfer gSa ysfdu  f vlhfer gS rks lekdyu dyu lehdj.k  
b

a

f x dx nwljh

rjg dk vlaxr lekdyu dgk tkrk gSA

3- Ekkuk fd ( )
b

a
f x dx

  ck/; gS vkSj ψ( )x  ck/; gS vkSj varjky , a x b x

 a, ij ,dfn"V :i esa 'kwU; esa ifjofrZr djrk gS rc ( ) .ψ( )
b

a
f x dx x dx tksM+

nsrk gSA

4- lkekU; :i esa] ;g lp ugha gS fd ,d ekin.M ds lkis{k lekdyu fpà ds
vèkhu vlaxr lekdyuksa dk vodyu fd;k tk ldrk gS ;k lekdyu
fd;k tk ldrk gSA nwljs 'kCnksa esa] ewy lekdyu ds Øe esa ;s lafØ;k,a
ijLij ifjorZuh; ugha gSaA

5- Qwfj;j Ük`a[kyk dk mi;ksx vkof/kd Qyu ds vuar Ükà[kyk fu#i.k ds :i
esa fd;k tkrk gS vkSj ;g foLrkj ds fy, f=dks.kferh; lkbu ;k T;k vkSj
dkslkbu ;k dksT;k Qyuksa dk mi;ksx djrk gS bldk eq[; vuqç;ksx
lkèkkj.k vkSj vkaf'kd vodyu lehdj.kksa dk lek/kku djuk gSA ;g vody
lehdj.kksa dks fo'ks"kdj vkuqØfed fØ;kvksa ds lkFk gy djus dk ,d
'kfä'kkyh lkèku gS tks xSj&le:irk inksa ds :i esa çdV gksrk gSA bldk
O;kid vuqç;ksx gksrk gSa D;ksafd ;g vkof/kd Qyuks ds lkFk&lkFk lrr
Qyuks vkSj ,sls Qyuks ds fy, oS/k gksrk gS] tks vlrr gksrs gSaA

6- Qyu dks le vkSj fo"ke Qyuks ds :i esa ifjHkkf"kr fd;k tk ldrk gSA tc

f(–x) = f(x), x , rc Qyu  f x  dks le dgk tkrk gSA le Qyuks ds fy,]

xzkQ y & v{k dh vksj lefer gSA

7- Qwfj;j foLrkj dks Qyu ds fy, ifjHkkf"kr fd;k x;k gS] tks fd vof/k 2l

ds lkFk vkof/kd gSA eku yhft, fd gesa ,d Qyu f(x) fn;k x;k gS tks

vukorZ gS vkSj bls vk/ks varjky  0, l  yackbZ l  esa ifjHkkf"kr fd;k x;k gSA

foLrkj ds bu çdkjksa dks v/kZ Js.kh Qwfj;j Js.kh ds :i esa tkuk tkrk gSA

 fuf”pr lekdyu dh ifjHkk"kk ds ckjs esa ;g yxrk gS fd ( ) ,
b

a

f x dx  rc bl

ifjHkk"kk dh nks lhek;sa gksrh gSaA igyk ;g gS fd Qyu f[a, b] ij ifjc)
gS vkSj nwljk gS fd lekdyu [a, b] ds varjky ls ck/; gksuk pkfg,A
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 vlaxr lekdyu nks çdkj ds gksrs gSa&igyh rjg dk vlaxr lekdyu vkSj
nwljk rjg dk vlaxr lekdyuA ;fn ;k rks ,d ;k nksuksa gh lekdyu dh

lhek,a vuar ij gSa] ysfdu lekdY; rFkk ifj'kq) lekdyu  
b

a

f x dx  dks

igyh rjg dk vlaxr lekdy dgk tkrk gSA

 ;fn lekdyu dh lhek,a lhfer gSa ysfdu  f vlhfer gS rks lekdyu

lehdj.k  
b

a

f x dx nwljh rjg dk vlaxr lekdyu dgk tkrk gSA

 ;fn] dqN okLrfod la[;k a ds fy,  


a

f x dx  vkSj  



a

f x dx  vfHklj.k

gksrk gS] rks ge    
– –

lim
aN

f x dx f x dx
 

    ifjHkkf"kr djrs gSa vkSj ge dg

ldrs gS fd lekdyu  



 f x dx  vfHklkjh gSA vU;Fkk ge dg ldrs gSa fd

lekdyu vilkjh gSA

 lekdyu , 0,


  n
a

dx
I a

x vfHklkjh gksrk gS tc 1n  vkSj vilkjh tc

1n gSaA

 ;fn  f
n
(x) ,d leqPp; ij leku :i ls vfHklfjr gksrk gSA vkSj

  ng x ij vilfjr gksrk gS vkSj leku :i ls S ij ck/; gS] rc Ükà[kyk

f
n
(x) g

n
(x) leku :i ls S ij vfHklkjh gSA

 tc ( )
b

a
f x dx

  ck/; gksrk vkSj ψ( )x  Hkh ck/; gksrk vkSj varjky ij

,dfn"V , a x b x  a, ds :i esa 'kwU; esa ifjofrZr djrk gS rc

( ) .ψ( )
b

a
f x dx x dx tksM+ nsrk gSA

 ;fn ,d ekin.M ds laca/k esa lekdyu Hkh vuar lekdyu varjky ij gksrk
gS] rks Øe esa ifjorZu lnSo laHko ugha gS] Hkys gh vfHklj.k ,d:i gksA

 Qwfj;j Ük`a[kyk dk mi;ksx vkof/kd Qyu ds vuar Ük̀a[kyk fu#i.k ds :i
esa fd;k tkrk gS vkSj ;g foLrkj ds fy, f=dks.kferh; T;k vkSj dksT;k
Qyuksa dk mi;ksx djrk gS bldk eq[; vuqç;ksx lk/kkj.k vkSj vkaf'kd
vody lehdj.kksa dk lek/kku djuk gSA ;g vody lehdj.kksa dks
fo'ks"kdj vkuqØfed fØ;kvksa ds lkFk gy djus dk ,d 'kfä'kkyh lk/ku gS
tks xSj&le:i inksa ds :i esa çdV gksrk gSA blesa O;kid vuqç;ksx gksrk
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gSa D;ksafd ;g vkof/kd Qyuks ds lkFk&lkFk lrr Qyuks vkSj ,sls Qyuks ds
fy, oS/k gksrk gS] tks vlarr gksrs gSaA

 Qyu f(x) dks vkof/kd dgk tkrk gS ;fn     f x T f x  gSa] vkSj dqN

èkukRed la[;k ,T  fy, okLrfod x  dh vof/k gS f(x) dh lcls NksVh
èkukRed vof/k dks  f(x) dh izkFkfed ;k ekSfyd vof/k dgk tkrk gSA

 ,d fujarj Qyu fdlh Hkh /kukRed vof/k T ds fy, vkof/kd gSA ,d vofèk
dbZ vkof/kd Qyuks dk ;ksx] vof/k;ksa dk de ls de lkekU; xq.k gSA

 Qyu dks le vkSj fo"ke Qyuks ds :i esa ifjHkkf"kr fd;k tk ldrk gSA tc

f(–x) = f(x), x , rc Qyu  f x  dks le dgk tkrk gS] le Qyuks ds fy,]

vkys[k y & v{k dh vksj lefer gSA ;g lekdyu ds xq.k dk mi;ksx
djrk gS]

–
( )

a

a
f x dx  = 

–
2 ( )

a

a
f x dx

 tc  f x  vkSj  g x  le Qyu gksrs gSa] rc nks le Qyu Hkh le gS] vFkkZr~]

f(x) = f
1
(x) + g(x) Hkh le gSA nks leku Qyuks dk xq.ku le gS] vFkkZr f

2
(x)

- f(x). g(x)

 Qwfj;j foLrkj dks Qyu ds fy, ifjHkkf"kr fd;k x;k gS] tks fd vof/k 2l

ds lkFk vkof/kd gSA eku yhft, fd gesa ,d Qyu f(x) fn;k x;k gS tks

vukorZ gS vkSj bls vk/ks varjky  0, l  yackbZ l  esa ifjHkkf"kr fd;k x;k gSA

foLrkj ds bu çdkjksa dks vFkZ Js.kh Qwfj;j Js.kh ds :i esa tkuk tkrk gSA

 ;fn  f x ds varjky (– , ) esa cnyko fd;k gS] rks  f x ls lacafèkr

Qwfj;j Ükà[kyk varjky ds Hkhrj fdlh Hkh fcanq ij  f x ds eku esa] ftl ij

Qyu fujarj ifjofrZr gks tkrk gS] ;g fdlh Hkh ,sls fcanq ls Qyu ds can gksus

ij eku    1
0 0

2
    f x f x esa ifjofrZr gks tkrk gSA fcanqvksa -, ,

ij] ;g    1
0 0

2
    f x f x  eku esa ifjofrZr gks tkrk gSA

 ;fn   ,f x (– , ) es a ifjc) ifjorZu gS] rks Qwfj;j Ük ` a[kyk

   1
0 0

2
    f x f x  vfHklfjr gksrh gS] tksfd varjky (– , ) esa caèkh

gqbZ gS A

 ;fn   ,f x (– , ) esa ifjc) ifjorZu gS] rks Qwfj;j Ük̀a[kyk   ,f x  esa

le:i ls fdlh Hkh varjky (a,b) esa ifjofrZr gksrh gS ftlesa a ij fujarj rFkk

b nksuksa rjQ ls   ,f x ij fujarj gSA
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  ;fn dksbZ Qyu (f) can varjky [a, b] ij vlhfer gS]

;fn lekdyu dh lhek,a vuar gks tkrh gSa] rks lekdyu 
b

a

( )dxf x  dks

vlaxr lekdyu dgk tkrk gSA

  Qwfj;j Ük`a[kyk dk mi;ksx vkof/kd Qyu ds vuar
Ükà[kyk fu#i.k ds :i esa fd;k tkrk gS vkSj ;g foLrkj ds fy, f=dks.kferh;
lkbu ;k T;k vkSj dksT;k ;k dkslkbu Qyuks dk mi;ksx djrk gSA

  Qwfj;j foLrkj dks Qyu ds fy, ifjHkkf"kr fd;k x;k
gS] tks fd vof/k 2l ds lkFk vkof/kd gSA ekuk gesa ,d Qyu f (x) fn;k x;k
gS tks vukorZ gS vkSj bls v/kZ varjky (0, l) yackbZ l esa ifjHkkf"kr fd;k x;k
gSA foLrkj ds bu izdkjksa dks v/kZ Js.kh Qwfj;j Ükà[kyk ds :i esa tkuk tkrk
gSA

  tc 
b

a e

( )dxf x

  vkSj  (x) ck/; gksrk gS vkSj

varjky a<x < b; x  a ij ,dfn"V :i esa 'kwU; esa ifjofrZr djrk gSA

1. vfHklj.k 
21 –1

dx

x



  dk ijh{k.k djsaA

2. –3/ 2

1
x dx



 dk eku Kkr djsaA

3.  5

0

xe dx


  dk vfHklj.k dk ijh{k.k djsaA

4. –8

0

xe dx


  dk vfHklj.k dk ijh{k.k djsaA

5.  
24 ( – 3)

dx

x



  dk vfHklj.k dk ijh{k.k djsaA

6.  2/34 (1 )

dx

x



  dk vfHklj.k dk ijh{k.k djsaA

7. fl) djsa fd 2– 2 5

dx

x x



    vfHklkjh gSA
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8.  
1

40
.

dx

x  dk eku Kkr djsaA

9.  20

cos3

16

x
dx

x



  dk vfHklj.k dk ijh{k.k djsaA

10.  (i) 
2

20

sin x
dx

x



  (ii) 
2

20

1– cos x
dx

x



  ds vfHklj.k dk ijh{k.k djsaA

11.  
20 – 3 –1

dx

x x



  ds vfHklj.k ds ijh{k.k ds fy, rqyukRed ijh{k.k dk

iz;ksx djsaA

12.  2

0
sin x dx



  ds vfHklj.k dk ijh{k.k djsaA

13.
cos – cos

, when
a

ax bx
dx

x



  tc , when α 0.  ds vfHklj.k dk ijh{k.k djsaA

1. (–) ds fy, f(x) = x – x2 dh Qwfj;j Ük`a[kyk dks Kkr djsa vkSj

  12

2
1

–1

12

n

n n






  dks Kkr djsaA

2. f(x) = 

2
1 , – 0

2
1 , 0 0

x
x

x
x

     

   
 

 dh Qwfj;j Ükà[kyk Kkr djsaA

3. f(x) = 
0, – 0

sin , 0 0

x

x x

  
  

Qwfj;j Ükà[kyk Kkr djsa vkSj fl) djsa fd]

– 2

4


 = 

1 1 1

1.3 3.5 5.7
     

4. f(x) = 
sin , 0

0 2

a x x

x

  
    

Qwfj;j Ükà[kyk Kkr djsa vkSj fl) djsa fd]

1 1 1 1

2 1.3 3.5 5.7
      
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5. f(x) = 
, 0

2 , 2

x x

x x x

  
     

Qwfj;j Ük`a[kyk Kkr djsaA

6. Qwfj;j Ükà[kyk Kkr djsa] ;fn

(i) f(x) = x2 (–, )

(ii) f(x) = |x| (–, )

(iii) f(x) = x (–, )

(iv) f(x) = |sinx| (–, )

(v) f(x) = 
2

2

– , – 0

, 0

x x

x x

   


  

(vi) f(x) = xsinx,     (–, )

7. Qwfj;j Ükà[kyk Kkr djsa] ;fn
(i) f(x) = ex (–l, l)

(ii) f(x) =
1, 0 2

3, 2 4

x

x

 
  

(iii) f(x) =  
0 1

2 1 4

x x

x x

  
   

(iv) f(x) = 
0, L 0

E sin , 0 L

t

t t

  
   

(v) f(x) =  

2
, 0

2
2 –

,
2

cx L
x

L
c L x L

x L
L

  

  

8. f(x) = 

1 1
– , 0

4 2
3 1

, 1
4 2

x x

x x

  

   


9. fuEu dh Qwfj;j T;k vkSj dksT;k Ükà[kyk Kkr djsa]
(i) f(x) = 1, 0 < x < L
(ii) f(x) = x, 0 < x < 4

(iii) f(x) = 
1 0 1

0 1 2

x

x

 
  

(iv) f(x) = x – x2 (0, 1)
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3-0 ifjp;
3-1 mÌs';
3-2 nwjhd lef"V
3-3 lehiorhZ vkSj lhek fcanq
3-4 can ;k lao`r vkSj [kqys ;k foor̀ leqPp;
3-5 lao`r vkO;wg
3-6 vkarfjd vkSj lhek fcanq
3-7 nwjhd lef"V dk milef"V
3-8 iw.kZrk vkSj dSaVj ds loZfu"B ;k izfrPNsnu çes;
3-9 ladqpu fl)kar

3-10 iw.kZ Øfer {ks= ds :i esa okLrfod la[;k
3-11 l?ku mileqPp;
3-12 cS;j Js.kh çes;
3-13 izFke ,oa f}rh; x.kuh; lef"V
3-14 viuh izxfr tkafp, iz'uksa ds mÙkj
3-15 lkjka'k
3-16 eq[; 'kCnkoyh
3-17 Lo&ewY;kadu ç'u ,oa vH;kl
3-18 lgk;d ikB~; lkexzh

,d nwjhd lef"V (Metric Space)] leqPp; ij ,d vkO;wg ds lkFk ,d leqPp;
gSA vkO;wg ,d Qyu (Function) gS tks leqPp; ds fdlh Hkh nks vo;oksa ds chp
dh nwjh dh voèkkj.kk dks ifjHkkf"kr djrk gS] ftls vkerkSj ij leqPp; dgk tkrk
gSA vkO;wg dqN ljy xq.kksa dks larq"V djrk gSA vukSipkfjd :i ls ,d Çcnq ls
Lo;a dh nwjh 'kwU; gS] tks nks vyx&vyx Çcnqvksa ds chp dh nwjh /kukRed gS] A
ls B dh nwjh B ls A dh nwjh ds leku gS] vkSj A ls B dh nwjh ls de gS ;k fdlh
Hkh rhljs Çcnq CA A ds ekè;e ls A ls B dh nwjh ds cjkcjA ,d vkO;wg foo`r vkSj
laor̀ leqPp; tSls lkef;d xq.kksa dks çsfjr djrk gS] tks vfèkd vewrZ laLFkkfud
lef"V (Topological Spaces) ds vè;;u dh vksj ys tkrk gSA lcls ifjfpr ;k
lef"V nwjhd lef"V 3&vk;keh ;wfDyfM;u lef"V gSA

okLro esa] ,d vkO;wg ;wfDyfM;u vkO;wg (Euclidean Metric) dk lkekU;hdj.k
gS tks ;wfDyfM;u nwjh ds pkj nh?kZ&Kkr xq.kksa ls mRiUu gksrk gSA ;wfDyfM;u
vkO;wg mUgsa tksM+us okyh lhèkh js[kk [kaM dh yackÃ ds :i esa nks Çcnqvksa ds chp dh
nwjh dks ifjHkkf"kr djrk gSA vU; vkO;wg fjä lef"V] mnkgj.k ds fy, nh?kZo`Ùkh;
T;kfefr vkSj vfrijoy; (Hyperbolic) T;kfefr esa gksrs gSa] tgk¡ dks.k }kjk ekih
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xÃ xksys ij nwjh ,d vkO;wg gksrh gS] vkSj vfrijoy; T;kfefr ds vfrijoy;t
(Hyperboloid) izfr:i (Model) dk mi;ksx fo'ks"k lkis{krk }kjk osx ds vkO;wgksa
lef"V ds :i esa fd;k tkrk gSA

bl bdkÃ esa vki nwjhd lef"V] lehiRo vkSj lhek Çcnq] foor̀ vkSj laor̀
leqPp; (Set)] vkO;wg] vkarfjd Hkkx vkSj lhek Çcnq] nwjhd lef"V dk mi&Hkkx]
iw.kZrk vkSj dSaVj ds izfrPNsnu ;k loZfu"B çes;] ladqpu fl)kar] iw.kZ Øe laxr ds
vuqlkj okLrfod la[;k] {ks=] l?ku mileqPp;] cS;j Js.kh çes;] fo;ksT; f}rh;
x.kuh; vkSj çFke x.kuh; lef"V (Space) ds ckjs esa vè;;u djsaxsA

bl bdkbZ dks i<+us ds ckn vki&

 nwjhd lef"V dk o.kZu dj ik,axs(

 lehiorhZ vkSj lhek fcanq dh O;k[;k dj ik,axs(

 laor̀ vkSj foo`r leqPp; dks le> ik,axs(

 vkarfjd Hkkx vkSj lhek fcanq dh O;k[;k dj ik,axs(

 lkef;d lef"V ds milef"V dks le> ik,axs(

 laiw.kZ vkSj dSaVj ds loZfu"B ;k izfrPNsnu izes; dk o.kZu dj ik,axs(

 l?ku mileqPp; dh O;k[;k dj ik,axs(

 cS;j Js.kh izes; dks le> ik,axs(

 fo;ksT; izFke ,oa f}rh; x.kuh; lef"V dh O;k[;k dj ik,axsA

X  ,d xSj&fjDr leqPp; gSaA ,d Qyu d:X × X R ¼okLrfod leqPp;½ dks ,d
vkO;wg ;k nwjh Qyu dgk tkrk gS ;fn lHkh x, y, z  X, ds fy, fuEu fLFkfr;ka
larq"V gSaA

[m 1]: d (x, y) > 0.

[m 2]: d (x, y) = 0 ;fn vkSj dsoy ;fn x = y.

[m 3]: d (x, y) = d (y, x), (lefer) (Symmetry).

[m 4]: d (x, z) < d (x, y) + d (y, z). (f=dks.kh; vlekurk) (Triangle
Inequality)

(i) ;qXe (X, d) dks nwjhd lef"V (Metric Space) dgk tkrk gS vkSj d (x, y)

dks fcanq x vkSj y ds chp dh nwjh dgk tkrk gSA

vU; ifjHkk"kk] ,d nwjhd lef"V X ds mileqPp; A dk O;kl] ftls] (A),

}kjk n'kkZ;k x;k gS] bls fuEu }kjk ifjHkkf"kr fd;k x;k gS
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(A) = sup {d(x, y): x, y A}

 (ii) d (A, B) }kjk fu:fir X ds nks mileqPp; A, B ds chp dh nwjh dks
ifjHkkf"kr fd;k x;k gS]

d (A, B) = inf {d (x, y): xA, y B}

(iii) fcanq a X vkSj leqPp; A X  ds chp dh nwjh }kjk ifjHkkf"kr fd;k
x;k gS]

d (a, A) = inf {d(a, x): x A}.

 (iv) X dk ,d mileqPp; A dks (A) ifjfer (Finite) gksus ij ck/; fd;k
tkrk gSA ;g fuEukuqlkj gS] fd ;fn dksbZ A okLrfod la[;k M esa ekStwn gS vkSj
,d fcanqq q X gS rks PA ,sls lHkh ds fy, tgk¡ og d (p, q) < M nwjhd lef"V
gSaA

gekjs mís';ksa ds fy, nwjhd lef"V ds lcls egRoiw.kZ mnkgj.k gSa] ;wfDyfM;u
lef"V Rn, fo'ks"k :i ls okLrfod js[kk (Real Line)  R vkSj lfEefJr ry
(Complex Plane) R2 gSA Rn esa nwjh }kjk ifjHkkf"kr fd;k x;k gS]

d (x, y) = | x – y | (x, y Rn) (i)

ifjfLFkfr;k¡ [m1], [m2], [m3] vkSj [m4] çes; 3-1 ls larq"V gSa vkSj bl
çdkj Rn ,d nwjhd lef"V gSA

,d vU; mnkgj.k gS fd X fdlh Hkh xSj&fjDr leqPp; ds :i esa ysdj
x, y X ds fy,] ifjHkkf"kr djsa

0
( , )

1  .


  

x y
d x y

x y

;fn

;fn

iqu% ;g ns[kuk vklku gS fd X ij d ,d vkO;wg gS ftls fofoDr vkO;wg
(Discrete Metric) dgk tkrk gSA

bls Hkh fuEu :i }kjk ifjHkkf"kr fd;k tk ldrk gS]

(i) i=1,..., n ds fy, a
i
 < b

i 
dks ysdjA iqu% Rn esa lHkh fcanqvksa ds leqPp;

x = (x
i
,...,x

n
) ftuds funsZ'kkad vlekurkvksa dks larq"V djrs gSa a

i
 < x

i
 < b

i
 (1 <

i < n) ,d n&d{kk (n-cell) dgk tkrk gSA

bl çdkj 1&d{kk ,d varjky gS] vkSj 2&d{kk ,d vk;r vkfn gSA

(ii ) a Rn vkSj r > 0 dks ysdj f=T;k r ij dsaæ ds lkFk ,d [kqyk ;k lao`r
can ;k foor̀ xsan dks lHkh x Rn ds leqPp; ds :i esa ifjHkkf"kr fd;k tkrk gS
tSls |x – a| < r (;k | x – a | < r

vkSj (a, r) ¼;k B [a, r]½] }kjk fu:fir fd;k tk,xk]

bl çdkj B (a, r) = {x R
n
: | x – a | < r}

vkSj B [a, r]{xR
n
:| x – a | < r}
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(iii) Rn dk ,d mileqPp; A mÙky (Convex) dgk tkrk gS ;fn x + (1

– ) y A

tc Hkh x A, y A vkSj 0 < < 1 gks rksA

crk nsa] fd X ,d nwjhd lef"V gSA ;gka of.kZr lHkh fcanqvksa vkSj leqPp;ksa dks X
ds vo;o vkSj mileqPp; le>k tkrk gSA

(i) ;fn r > 0, leqPp; N (p, r) = {xX: d (p, x) < r} dks fcanq p dk
lehiorhZ (Neighbourhood) fcanq dgk tkrk gSA la[;k r dks N (p, r) dk f=T;k
dgk tkrk gSA

 nwjhd lef"V R, esa

N (p, r) = {x R : | x – p | < r)

= {x R : p – r < x < p + r} = [p – r, p + r]

bl çdkj bl izdj.k esa] p ds lehiorhZ ,d e/; fcanq ds :i esa p ds lkFk
,d [kqyk ;k foo`r varjky gSA

(ii) ,d fcanq p dks leqPp; A dk ,d ifjfer fcanq dgk tkrk gS] ;fn p ds
çR;sd lehiorZrk esa p ds vykok A dk fcanq gksrk gSA

A ds lHkh lhek fcanqvksa ds leqPp; dks A dk O;qRiUu leqPp; dgk tkrk
gS] vkSj D(A) }kjk fu:fir fd;k tk,xkA

 mileqPp; A = {1, 1

2
 1

2
} R esa çR;sd r > 0 ds fy, lhek fcanq

ds :i esa 0 gS] ge ,d /kukRed iw.kkaZd n
0
 fu;qDr dj ldrs gSa tSls fd 1/n

0
 <

r  vkSj 1/n
0
 0, ds ckn ls 0, ge ns[krs gSa] fd 0 ds çR;sd lehiorhZ N(0, r) esa

0 ds vykok A dk fcanq gSA

iw.kkaZdksa ds leqPp; 1 dk dksbZ lhek fcanq ugha gS] tcfd lhek fcanqvksa dk
leqPp; f, Q ¼ifjes; la[;kvksa ds leqPp;½ (The Set of Rationals) R dk lHkh gS
D;ksafd ikBd vklkuh ls lR;kfir dj ldrk gSA

(iii) A fcanq p dks leqPp; A dk i`Fkd fcanq (Isolated Point) dgk tkrk gS]
;fn p A A dk lhek fcanq u gksA

bl çdkj mnkgj.k 3-3 esa leqPp;ksa A dk çR;sd fcanq A dk ,d i`Fkd fcanq
gSA

(iv) leqPp;  A dks laor̀ ;k can dgk tkrk gS] fd ;fn D(A) A, vFkkZr~
A esa blds lHkh lhek fcanq ls varfoZ"V (Contain) gSaA

mnkgj.k ds fy,] R esa çR;sd can ;k laor̀ varjky ,d can ;k laor̀ leqPp;
A gS tks can ;k laor̀ ugha gSA

(v) ,d fcanq p dks A dk ,d vkarfjd (Interior) fcanq dgk tkrk gS ;fn dksbZ
p dk lehioZrk N mifLFkr gS] tSls fd N A
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A ds lHkh vkarfjd (Interior) fcanqvksa ds leqPp; dks A dk vkarfjd fcanq dgk
tkrk gS vkSj bls A° }kjk fu:fir fd;k tk,xkA

mnkgj.k ds fy,] ;fn A = [0, 1], rks A° = ]0, 1[

(vi) dgk tkrk gS] fd ,d leqPp; A [kqyk foor̀ (Open) gksrk gS ;fn mlds
çR;sd fcanq dk lehiorhZ gksrs gS] vFkkZr~ ;fn çR;sd p A esa] p dk ,d lehi N(p)

fLFkr gksrk gS] tSls fd N(p)A|

bl çdkj A [kqyk ;k foor̀ gS] ;fn A dk çR;sd fcanq A dk vkarfjd
(Interior) fcanq gSA

 çR;sd r > 0 ds fy,] [kqyk ;k foo`r varjky [p – r, p + r] ,d
fcanq pR dk ,d lehiLFk gS] blfy, R dk ,d mileqPp; A [kqyk gS ;fn çR;sd
p A, fLFkr gS] rks r > 0 ekuk fd]

[p – r, p + r] A|

fo'ks"k :i ls] çR;sd [kqyk ;k foor̀ varjky [a, b] ,d [kqyk ;k foo`r
leqPp; gSA

vxj p [a, b] ds fy,] r = min {p – a, b – p} ysus ijA rc [p – r, p + r

[] a, b] tks fn[kk jgk gS] fd [a, b] [kqyk gSA

(vii) ;fn A lao`r gS rks A dks A lgh ekuk tkrk gS] vkSj ;fn A dk çR;sd
fcanq A dk lhek fcanq gSA

(viii) leqPp; A dk laor̀ ;k lao`r A ds O;qRiUu leqPp; D(A) dk laxBu
gS vkSj bls A  ls fu:fir fd;k tk,xkA

(ix) ,d leqPp; A dks nwljs leqPp; B esa l?ku dgk tkrk gS] ;fn

A B gS|

lkFk gh] A dks X esa ;k gj txg l?ku dgk tkrk gS] ;fn A =X gS|

(x) ,d leqPp; A dks dgha Hkh l?ku ;k xSj&l?ku ugha dgk tk ldrk gS

;fn A  dk dksbZ lehiLFk ugha gSA ;g ns[kuk vklku ugha gS] fd leqPp; l?ku

ugha gS vkSj dsoy ;fn ( A )º = Ø gksA

(xi) ,d leqPp; A dks dgk tkrk gS fd ;fn dksbZ okLrfod la[;k M gS
vkSj fcanq q X gS rks og d(p, q) < M lHkh p A ds fy, gSA

,d nwjhd lef"V esa] çR;sd fudVrk ,d [kqyk ;k laor̀ leqPp; gSA

 N(a, r) dks fdlh fcanq a X dk fudVrk ekusa rkfd

N(a, r) = {x X : d(a, x) < r} gks] < r,

;fn p N(a, r) foosdk/khu (Arbitrary) gks] rks d(a, p) < r

Ekkuk fd = r – d (a, p) > 0

ge n'kkZ,axs fd N (p, ) N(a, r)
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okLro esa] y N (p, ) dk rkRi;Z d (p, y) <  gS vkSj f=dks.kh; fo"kerk
n'kkZrh gS fd

d (a, y) < d (a, p) + d (p, y) < d (a, p) + 

= d (a, p) + r – d (a, p) = r

bldk rkRi;Z gS fd y N (a, r)

bl çdkj ge ns[krs gSa fd]

y N (p, ) y N(a, r) vkSj blfy, N (p, ) N (a, r)A blfy,]
N (a, r) dk lehiLFk p gS vkSj pwafd N (a, r) esa dksbZ fcanq p Fkk] ge fu"d"kZ fudkyrs
gSa fd N (a, r) ,d [kqyk ;k foo`r leqPp; gSA

 eku ysa fd p ,d nwjhd lef"V ds mileqPp; A dk ,d lhek fcanq
gSA rc p ds çR;sd lehiLFk esa vlhe :i ls dbZ fcanq gksrs gSaA

 eku yhft, fd p dk ,d lehiLFk N gS] ftlesa dsoy A ,d ifjfer
la[;k gSA ekuk fd q1,...,qn ds N A os fcanq gSa] tks p ls fof'k"V (Distinct) gSaA

ekuk fd r = min {d (p, q) : 1 < i < n}

fQj  r > 0 /kukRed la[;kvksa ds ifjfer leqPp; dk U;wure gksukA
lehiLFk N (p, r) esa  p ls vyx A dk dksbZ fcanq ugha gS] blfy,  A dk lhfer fcanq
p ugha gS tks fd fojks/kkHkkl gSA blfy,]  p ds çR;sd lehiLFk esa  A ds vlhe :i
ls dbZ fcanq gksus pkfg,] bl çdkj çes; dh LFkkiuk djuh pkfg,A

,d ifjfer fcanq leqPp; esa dksbZ lhek fcanq ugha gSA

,d leqPp;  A vxj [kqyk ;k foo`r gS vkSj vxj dsoy bldk iwjd
can ;k lao`r gks x;k gSA

 eku yhft, fd A [kqyk gSA ;g fn[kkus ds fy, fd bldk iwjd A can
gSA x dks A dk dksbZ lhek fcanq crk;k tk,A rc x ds çR;sd lehiLFk esa A dk
,d fcanq gksrk gSA bldk rkRi;Z gS fd x dk dksbZ Hkh lehiLFk A esa lekfgr ugha
gks ldrk gS vkSj blfy, A dk vkarfjd fcanq x ugha gS D;ksafd A [kqyk ;k lao`r
gS] bldk eryc gS og x A vkSj QyLo:i A can ;k foo`r gSA

blds foijhr] ekuk A can gS rFkk ekuk x, A dk ,d LoSfPNd fcanq gSA rc]
x AA pwafd A can gS] xdks A dk lhek fcanq ugha ekuk tk ldrk gSA vr% ogka
x dk ,d lehiRo N bl izdkj gS fd N esa A dk dksbZ fcanq ugha gS] vFkkZr~ N 
AA bl izdkj] A vius lHkh fcanqvksa dk lehiRo j[krk gS] vkSj blfy, A [kqyk gSA

 R dk ,d can ;k lao`r mileqPp; A gS tks Åij ifjc) (Bounded)

gSA ;fn u, A ds l, u, b gSa] rks u A gSaA

 eku yhft, u A gj h > 0 ds fy,] ,d fcanq x A  gS tSls fd
u – h < x < u vU;Fkk ds fy, u – h dh Åijh ca/k A gksxkA bl çdkj u ds çR;sd
lehiLFk esa A dk fcanq x gksrk gS] D;ksafd u A ls x u Hkh gSA ;g bl çdkj



nwjhd lef"V

Lo&vf/kxe 107

ikB~; lkexzh

gS fd A dk ,d lhek fcanq u gS] tks A dk fcanq ugha gSA blfy,] A laor̀ ugha gS
tks ifjdYiuk dk [kaMu djrk gSA vr% blh dkj.k u A gSA

;fn A can ;k lao`r gS vkSj uhps c¡/kk gS vkSj ;fn l dh glb gS] rks l 
A

lR;kiu iwoZorhZ çes; ds leku gSA

 ekuk fd (X, d) ,d nwjhd lef"V gSA rc

(i) fjDr leqPp;  vkSj laiw.kZ lef"V X foor̀ gksus ds lkFk&lkFk can ;k
laor̀ Hkh gSaA

(ii) [kqys leqPp;ksa ds LoSfPNd laxzg dk leqPp; [kqyk gSA

(iii) can leqPp;ksa dh ifjfer la[;k dk leqPp; [kqyk gSA

(iv) can leqPp;ksa ds LoSfPNd laxzg ds loZfu"B ;k izfrPNsnu dk can
leqPp; gSA

 (i)] dks fl) djus ds fy, {A: A} foo`r leqPp;ksa dk ,d LosPN
laxzg gksuk pkfg,A

ekuk fd] A = {A: A}

dqN  A ds fy, x A x A

ogka ekStwn gS  > 0 tSls fd N( x, ) A A[kqyk gS]]

N (x,) A AA]

A [kqyk gS ¼ifjHkk"kk ds vuqlkj½A

(ii) vkSj (iii) ds çek.k ,d ckj iwjd ds fy, Mh&e‚xZu fu;eksa (De-Morgan

Laws) dk mi;ksx dj ikyu djdsA bl çdkj lkfcr djus ds fy, (ii) ekuk fd
A

i
, i = 1, 2,...n lao`r leqPp; dk ,d ifjfer laxzg gksA rc

Ai lao`r gS

X – Ai [kqyk gS –V i = 1, 2,....n

{X – A
i
 : i = 1, 2,...n} [kqyk gS (iii) }kjk

X – {Ai : i = 1, 2,...,n} [kqyk gS

[Mh&e‚xZu fu;e }kjk]

{A
i
 : i = 1, 2,...n} laor̀ gSA

R ds ,d mileqPp; G dks [kqyk ;k foo`r dgk tkrk gS ;fn gj fcanq p  G ds
fy,] ,d [kqyk varjky I ekStwn gks tSls fd p  G |

;g dgus ds lerqY; gS fd G [kqyk gS ;fn izR;sd p  G, vkSj ogka mifLFkr
gS  nhd N(p,) = ]p–, p + [, tSls fd N(p, )GA
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(i) çR;sd [kqyk varjky ,d [kqyk leqPp; (Open Set) gSA

(ii) fjDr leqPp; f vkSj iw.kZr% okLrfod iafä R [kqys ;k foòr leqPp; gSaA pwafd
f esa dksbZ fcanq varfoZ"V ugha gS] blfy, iwoZorhZ ifjHkk"kk larq"V gSA blfy, f
[kqyk ;k foor̀ gSA

;g n'kkZus ds fy, fd R [kqyk gS] ge ns[krs gSa fd çR;sd pR vkSj lHkh
 > 0,ds fy,] gekjs ikl] [p–, p + ] R gSA blfy,] R [kqyk ;k foor̀ gSA

(i) laor̀ [kqyk varjky [2, 3] [kqyk ugha gS] pw¡fd [2, 3] esa fufgr 2 dk dksbZ
-nhd ekStwn ugha gS [2, 3] esaA

(ii) leqPp; 
1

{ : }A n N
n

   rc ls [kqyk ugha gS] tc A dk dksbZ fcanq -nhd

esa fufgr ugha gSA

 [kqyk leqPp; ds fdlh Hkh laxzg dk lfEeyu ,d [kqyk leqPp; gSA

C dks foor̀ leqPp; dk dksbZ Hkh laxzg gksus nsa vkSj S dks mudk la?k cuk,a]
ekuk fd S =  {G : G  C}

ekuk fd pS

rc p dks C esa leqPp; esa ls de ls de ,d ls lacaf/kr gksuk pkfg,] ftls
pG dgrs gSaA pwafd G [kqyk gS vkSj ogka ekStwn gS -nhd N(p, ) dk p tSls fd
N(p, )  G ysfdu GS] vkSj blfy, N(p, )SA blfy, S [kqyk gSA

 foòr leqPp;ksa ds ifjfer laxzg dk loZfu"B ;k izfrPNsnu (Intersection)

[kqyk ;k foo`r (Open) gSA

 S = 
1

n

i
i

G
=
  1 tgk¡ çR;sd G

i
 [kqyk gSA eku ysa fd pS

¼;fn S [kkyh gS] rks fl) djus ds fy, dqN Hkh ugha gS½A iqu% lHkh
i=1, 2,....n ds fy, pG gSA

pwafd G
i
 [kqyh gS] blfy, 

i
 > 0 ekStwn gS tSls fd N(p, 

i
)  G

i
 gj i = 1,

2,..., n ds fy,A

ekuk fd  = min [
1
, 

2
,...., 

n
]

rc N(p, ) 
1

n

i
i

G
=
 = S blfy, S [kqyk ;k foo`r gSA

foo`r leqPp;ksa ds vifjfer laxzg dk loZfu"B ;k izfrPNsnu vko';d
:i ls [kqyk ugha gSA mnkgj.k ds fy,] ;fn G

n
 = ]–1/n, 1/n] (n  N),  rks çR;sd
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G
n
 [kqyk gS ¼,d [kqyk varjky gksus ds ukrs½] ysfdu 

1

n

n
i

G
=
 = {0} tks rc ls [kqyk

ugha gS tc rd ekStwn ugha gS > 0 tSls fd]]– , [{0}

 fn[kk,¡ fd R esa izR;sd ,dy leqPp; ¼Singlton set½ dk iwjd [kqyk
;k foo`r gSA vke rkSj ij] ,d ifjfer leqPp; dk iwjd [kqyk gksrk gS

 ekuk fd R esa ,d ,dy leqPp; {x} gSA ;g fn[kkus ds fy, fd bldk iwjd
{x) [kqyk gSA y{x} ysus ijA ;fn {x} = f rks çekf.kr djus ds fy, dqN Hkh

ugha gS] rc y  x leqPp; –x y = r > 0 gksA rks 0 <  < r ysaA rc N(y, )=]

y–, y + [ esa x varfoZ"V ugha gS vkSj blfy, N(y, ){x) gSA blh dkj.k ls {x)
[kqyk gSA iqu%] ;fn A = {x

1
, x

2
..., x

n
} dk dksbZ ifjfer mileqPp; R gS] rks ge

A={x
1
} {x

2
}  ...   {x

n
} fy[k ldrs gSaA fQj A=[{x

1
}   ...   {x

n
}]=

{x
1
}   ...  {x

n
} gSA pwafd çR;sd {x

1
} [kqyk gS] ;g çes; 3-7 ls fuEukuqlkj

gS fd A [kqyk gSA

(Closed Sets)

;fn F dk iwjd [kqyk gS rks R esa ,d leqPp; F dks can ;k lao`r dgk
tkrk gSA

(i) çR;sd lao`r varjky [a,b] can gS] pwafd bldk iwjd [a,b]=]

–, a[ ] b, [ [kqyk gS] nks [kqys varjkyksa dk ,d lfEeyu gSA

(ii) R esa çR;sd ,dyRo leqPp; laor̀ gSA vf/kd lkekU; :i ls] R esa çR;sd
ifjfer leqPp; can gSA

(iii) lao`r&[kqyk varjky [a,b[ lao`r gSA

(i) can leqPp;ksa (Closed Sets) ds ifjfer laxzg dk lfEeyu can gSA

(ii) can leqPp;ksa ds ,d foosdk/khu (Arbitary) laxzg dk loZfu"B ;k
izfrPNsnu can gSA

(i) ekuk fd F
i
 (i = 1,2,..., n) laor̀ leqPp;ksa ds ifjfer laxzg gksrk gSA fQj

çR;sd F
i
 [kqyk gSA Mh&e‚xZu fu;e }kjk] (By De-Morgan Law) gekjs ikl Fi

gS tks [kqyk gS] foor̀ leqPp;ksa ds ifjfer laxzg dk loZfu"B (Intersection) gSA
blfy, F

i
 can gSA

C dks lao`r leqPp;ksa dks ,d LosPN laxzg fu;e ekuk tkrk gSA fQj çR;sd
FC lao`r gS vkSj blfy, bldk iwjd F [kqyk gSA Mh&e‚xZu fu;e }kjk] gekjs
ikl ( F)= (FC),  gS] tks çes; 3-7 }kjk [kqyk gSA blfy,  F= (FC) laor̀
gSA

 ;fn A [kqyk gS vkSj B laor̀ gS] rks fn[kk,¡ fd A–B foo`r gq,
leqPp; gSa vkSj B-A=B A, tks nks can ;k laor̀ leqPp; dk çfrPNsnu gSA
blfy,] A–B [kqyk gS vkSj B–A can gSA



nwjhd lef"V

110 Lo&vf/kxe
ikB~; lkexzh

(Accumulation Points: Adherent Points)

;fn AR,rks ,d fcanq pR dks A dk lap; fcanq ¼;k ,d lhek fcanq½ dgk tkrk
gS ;fn p ds çR;sd e-nhd N(p,) esa P ls fof'k"V A ds fcanq fufgr gSaA

A ds lHkh lap; fcanqvksa ds leqPp; dks A dk igyk vodyt leqPp; (First

Derived Set) ¼;k ljy vodyt leqPp;½ (Simply Derived Set) dgk tkrk gS
vkSj A dks D(A) }kjk n'kkZ;k tkrk gSA D(A) ds igys vodyt leqPp; dks A dk
nwljk vodyt leqPp; dgk tkrk gS vkSj D2(A) }kjk fu:fir fd;k tkrk gSA
lkekU; rkSj ij] A ds vodyt leqPp; dks Dn(A) }kjk n'kkZ;k tkrk gSA

(i) laor̀ varjky dk çR;sd fcanq [a,b] foor̀ varjky esa fcanqvksa ds leqPp; dk
,d lap; fcanq gS] ]a,[b rks bl izdj.k esa D]a,b[=a,b]

(ii) 0 leqPp; 
1

:   A n N
n

   
 

 dk dsoy lap; fcanq gSA

blfy, D(A)={0}A

(iii) çR;sd okLrfod la[;k (Real Number) ifjes; la[;kvksa (Rational Number)

ds leqPp; Q dk ,d lap; fcanq gS vkSj blfy, D(Q) = R A

(iv) ;fn A = [2,3[, rks D (A) = [2,3]

;fn AR, rks ,d fcanq pR dks A dk vuqorhZ fcanq (Adherent Point) dgk
tkrk gS ;fn p ds çR;sd -nhd  esa A dk fcanq gksrk gSA A ds lHkh vuqorhZ fcanqvksa
ds leqPp; dks Adh (A) }kjk fu:fir A dk voyEcu¼vuqorhZ½ dgk tkrk gSA

 ;fn A dk ,d lap; fcanq (Accumulation Point)  p gS] rks p ds çR;sd
-nhd  esa vlhe :i ls A ds dbZ fcanq gksrs gSaA

 blds foijhr] eku yhft, fd ogk¡ p dk ,d -nhd (b, ) = p +  ekStwn
gS tks dsoy p ls vyx fcanq dh ,d ifjfer la[;k dks p

1,
 p

2 , ...
 p

,
 dgrs gSA r

èkukRed la[;kvksa esa ls lcls NksVs dks fu:fir djrs gSaA

1p p- , Zp p  , ...., np p- .

iqu% N(p, r/2) = ]p–r/2, p + r/2[ dk ,d -nhd gS ftlesa p ls vyx A dk
dksbZ lqfuf'pr fcanq ugha gSA tks fd ,d fojks/kkHkkl gSA blfy, gj -nhd ds p

esa vlhe :i ls A ds dbZ fcanq gksus pkfg,A

,d leqPp; dks (First Species) dk dgk tkrk gS ;fn blesa
dsoy vodyt leqPp;ksa dh ,d (Finite Number) gksrh gSA ;fn
bldh vodyt leqPp;ksa dh la[;k vifjfer (Infinite) gS] rks bls nwljs izdkj
(Second Species) dk dgk tkrk gSA
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/;ku nsa fd ;fn ,d leqPp; igys izdkj dk gS] rks mldk vafre O;qRiUu
leqPp; [kkyh gksuk pkfg,A nwjhd lef"V ,d leqPp; ftldk (n + 1) osa O;qRiUu
leqPp; [kkyh gksrk gS] bls nth O;oLFkk dk ,d leqPp; dgk tkrk gSA

lHkh ifjes; la[;kvksa dk leqPp; Q nwljs izdkjksa dk gS] D;ksafd

D(Q) = R, D2(Q) = D(R) = R.

D3(Q) = D(R) = R, vkfnA

blfy,] Q ds lHkh O;qRiUu leqPp; R ds cjkcj gSaA

ekuk fd A = {1/n : n  N} fQj D(A) = {0} pwafd D(A) esa
,dy fcanq (Single Point) gksrk gS] blfy, blesa dksbZ lhek fcanq ugha gks ldrk gS
vkSj blfy, D2(A) = blfy, A igys izdkj (First Species) vkSj izFke dksfV
(First Order) dk gSA

ekuk fd A = {1,
1

2
, 

1

3
, 

1

2
+

1

3
,

1

4
,

1

2
+

1

4
,
1

5
, 

1

2
+

1

5
....} rc A

dh lhek fcanq 0 gS vkSj mileqPp; ds fy, Hkh lhek fcanq 
1

2
 gS] {1,

1

2
,
1

3
,

1

4
,....}

ewy esa l?ku gS vkSj 
1

2
 ij mileqPp; {

1

2
,

1

2
+

1

3
,

1

2
+

1

4
,....} l?ku (Dense) gSA

blfy, D(A) = {0,
1

2
} vkSj D2(A) =blfy, A igys izdkj vkSj izFke dksfV dk

gSA

ekuk fd A = {1, 
1

2
, (

1

2
)2, 

1

2
 + (

1

2
)2, (

1

2
)3, 

1

2
 + (

1

2
)3, (

1

2
)2

+ (
1

2
)3, (

1

2
)4, 

1

2
 + (

1

2
)4, (

1

2
)2 + (

1

2
)4, (

1

2
)3 + (

1

2
)4, (

1

2
)5,...}.

fQj ;g fujh{k.k ls Li"V gS fd

D(A) = {0, 
1

2
, (

1

2
)2, (

1

2
)3, ....}, D2(A) = {0} vkSj D3(A) =

blfy, bl izdj.k esa] A igys izdkj vkSj f}rh; dksfV dk gSA

 ekuk fd ,d leqPp; A ds fcanqvksa dks fuEu }kjk fn;k x;k gS]

1

1

3S +
2

1

5S +
3

1

7S +
4

1

11S ,

tgka S
1
, S

2
, S

3
, S

4 
çR;sd esa lHkh /kukRed lekdyu eku gksaA

blfy, D(A) esa fuEu }kjk fn, x, pkj leqPp; gksrs gSa]

1

1

3S +
2

1

5S +
3

1

7S , 
1

1

3S +
2

1

5S +,
4

1

11S , 
1

1

3S +
3

1

7S ,
4

1

11S
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2

1

5S +
3

1

7S +
4

1

11S  vkSj fcanqvksa ds N% leqPp; gksaxsA

1

1

3S +
2

1

5S , 
1

1

3S +
2

1

7S , 
1

1

3S +
4

1

11S , 
2

1

5S +
3

1

7S

2

1

5S +
4

1

11S , 
3

1

7S +
4

1

11S  vkSj fcanqvksa ds pkj leqPp; gksaxsA

1

1

3S , 
2

1

5S , 
3

1

7S ,
4

1

11S  ,dy fcanq 0 ds lkFk gSA

D2(A) esa bu leqPp;ksa esa ls vafre nl 'kkfey gSa vkSj fcanq 0, D3(A)  esa
vafre pkj leqPp; vkSj fcanq 0 'kkfey gSa] vkSj D4(A) esa dsoy fcanq 0 'kkfey gSaA
bl çdkj] leqPp; A igys izdkj vkSj prqFkZ dksfV dk gSA

 n'kkZ;s fd] sin (
1

x
) dk 'kwU; izFke dksfV dk ,d leqPp; cukrk

gS] sin 
1

1
sin

x

 
 
 
 
 

 dk 'kwU; f}rh; dksfV dk ,d leqPp; cukrk gS] sin
1

1
sin

1
sin x

 
 
 
 
 
 
  
 

 ds

'kwU; r`rh; dksfV dk ,d leqPp; cukrs gSa bR;kfnA

sin
1

x
 dk 'kwU; sin

1

x
=0 }kjk fn;k tkrk gS] tks 

1

x
= n ;k x =

1

np
, nsrk gS]

tgk¡ n ,d iw.kkaZd gSA blfy, ;fn sin
1

x
 'kwU; dk leqPp; A gS] rks lHkh :i 

1

np

esa A 'kkfey gSa] tgk¡ n ,d iw.kkaZd gSA Li"V :i ls D(A) = {0} vkSj blfy, A

izFke dksfV dk gSA

iqu% sin 
1

1
sin

x

= 0, 
1

1
sin

x

= n, nsrk gS] tgk¡ n ,d iw.kkaZd gSA

rc sin
1

x
=

1

np
, ftlesa ls lkekU; eku (General Value) 

1

x
 gS ftls 

1

x
= n

+ sin–1 =
1

np
 }kjk fn;k tkrk gS tgk¡ m ,d iw.kkaZd gSA
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;k x = 
1

1
1

sinm
n

      

---(i)

bl çdkj sin
1

1
sin

x

 
 
 
 
 

 dk 'kwU; ,d fcanqvksa dk leqPp; cukrs gSa] ftls B

dgrs gSaA

;g Li"V gS fd D(B) :i 
1

m
 ds vad vkSj fcanq 0 ds gksrs gSa vkSj blfy,

D2(B)esa ,dy fcanq 0 'kkfey gSaA blfy, B f}rh; dksfV dk gSA

blh rjg ge fn[kk ldrs gSa fd sin
1

1
sin

1
sin x

 
 
 
 
 
 
  
 

 dk 'kwU; r`rh; dksfV dk ,d

leqPp; gS] bR;kfnA

(Bolzano-Weierstrass Theorem)

,d lhfer vuar leqPp; esa okLrfod la[;kvksa dk de ls de ,d lhek fcanq gksrk
gSA

 A, R dh ,d vuar lhfer mileqPp; gSA fQj] ifjfer fLFkjkad m vkSj
M ekStwn gSa] tks m  a  M  lHkh ds fy, aA de ls de ,d varjky
[m, (m+M), M] esa A ds vadksa dh ,d vuar la[;k gksuh pkfg,A ge bl
r j g d s v ar j ky  d ks [a

1
+b

1
] uke nsrs gSaA blh rjg] varjky esa ls ,d

[a
1,

1

2
(a

1 
+ b

1
), [a

1 
+ b

1
], [

1

2
(a

1 
+ b

1
), b

1
] esa A ds vlhe :i ls dbZ fcanq gksrs gSa

vkSj ge bls [a
2
,b

2
] ds :i esa ns[krs gSaA

vc [a
2
,b

2
] ds lkFk vkxs c<+saxs tSlk geus [a

1
, b

1
] ds lkFk fd;k FkkA bl

rjg ls tkjh j[krs gq,] ge ,d can varjky {I
n
}={[a

n
, b

n
]} tSls fd I

n
I

n
 
+1 
vkSj


n
] = b

n
– a

n
=

–

2n

M m
0 dks n  ds :Ik esa vuqØe çkIr djrs gSaA

blfy, usLVsM varjky çes; (Nested Interval Theorem) }kjk] I
n
 esa ,d gh

fcanq gksrk gS] ftls x
0 
dgrsa gSA ge n dks ,sls pqurs gSa fd b

n
–a

n
<A rc] I

n
 x

o
–

, x
0
+ vkSj QyLo:i varjky] x

o
–, x

0
+ ds vifjfer fcanq A gksrs gSaA ;g

bl çdkj gS fd x
0
 dk ,d lhek fcanq A gSA ;g çek.k dks iwjk djrk gSA
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R esa leqPp; A dk laoj.k] A dks 'kkfey fd, gq, y?kqre can leqPP; gksrk gS vkSj

bls A  ds }kjk n'kkZ;k tkrk gSA

bl ifjHkk"kkuqlkj] A A A blds vykok A  ges'kk A dk can leqPp;
(Closed Set) gSA

 ekuk R esa A ,d leqPp; gSA rc] A  = AD (A), vFkkZr~ A ds lHkh
vuqorhZ fcanqvksa dk leqPp; A gSA

 ge igyh ckj ekurs gSa fd AD (A) gSA ;fn p ds fy, AD (A) dh
dksbZ lhek gSA rc ;k rks A dk ,d lhek fcanq p gS ;k pD (A) dh lhek gSA ;fn
A dk ,d lhek fcanq p gS] rks pD (A) gSA ;fn D(A) dk ,d lhek fcanq p gS] rks
pD (A) pwafd D(A) laor̀ gSA ;k rks izdj.k ij] pD (A) vkSj fuf'pr :i ls
p AD (A) gS blfy, AD (A) laor̀ gSA

vc AD (A) ls ;qä ,d lao`r leqPp; A gS] vkSj A ds ckn ls A  esa lcls
NksVk leqPp; gS] gekjs ikl]

AAD (A) ...(3.1)

rFkk] A AD (A)  D( A ) ... (3.2)

pwafd A  lao`r gS] gekjs ikl D ( A ) A  gSA ... (3.3)

lehdj.kksa ¼3-2½ vkSj ¼3-3½ ls] D (A) A

blds vfrfjä] A A  vkSj D (A) AA AAD (A) A ... (3.4)

lehdj.kksa ¼3-1½ vkSj ¼3-4½ ls] A = AD (A)

 ;fn A ,oa B, R ds mileqPp; gksa rc]

(i)  A  Ì B  A B , (ii)  A B = A  B .

(iii) A B  A  B , (iv) A = A .

 (i) fn, x, AB ysfdu B B  ges'kkA blfy,] AB bl çdkj B  ,d
can leqPp; gS ftlesa A gSA ysfdu A   esa lcls NksVk can leqPp; A gSA
blfy, A B

(ii)  izek.k ¼i½ }kjk AAB  A A B  vkSj BAB B A B  gSA

blfy,] A  B  A B . ... (3.5)

iqu% A A  vkSj B B A B A  B  ysfdu A  B  can gS] nks can
leqPp;ksa dk la?k (Union) gSA bl çdkj A  B  ,d can leqPp; gS ftlesa
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A B gksrk gSA ysfdu A B  lcls NksVk can leqPp; gS ftlesa A B gksrk

gSA blfy, A B  A  B ... (3.5)

  lehdj.kksa ¼3-5½ vkSj ¼3-6½ ls] A B = A  B

(iii) izek.k ¼i½ }kjk A B AA A B A  vkSj A B  B A B  B  gSA

blfy, A B A B 

(iv) pwafd A  lao`r gS] gekjs ikl çes; 3-12 (ii) gS fd A = A

(i) ;fn Q ifjes; la[;kvksa dk leqPp; gS] rks

D(Q) = R vkSj blfy, Q = QD (Q) = Q R = R

(ii) A =]2, 3[  fQj D(A)=[2, 3] vkSj blfy,

A  = AAD(A) = [2, 3]

(iii) R esa dksbZ Hkh ifjfer leqPp; A gSA pwafd okLrfod la[;kvksa dk çR;sd

ifjfer leqPp; lao`r gS] gekjs ikl A =A gSA

(i) ekuk R ,d mileqPp; gS rFkk ekuk pAA rc p dks A dk ,d vkarfjd fcanq
dgk tkrk gS] ;fn ogka A esa p dk ,d -nhd mifLFkr jgrk gS] vFkkZr~ ;fn
ogka  > 0 bl izdkj mifLFkr jgrk gS fd ]p–, p + [  AA A ds lHkh
vkarfjd fcanqvksa dk leqPp;] A dk vkarfjd dgykrk gS rFkk bls A° ;k int

A ds }kjk n'kkZ;k tkrk gSA

(ii) fcanq p dks A dk ckgjh fcanq (Exterior Point) dgk tkrk gS ;fn A ds iwjd
A esa fufgr p dk e-nhd ekStwn gSA A ds lHkh ckgjh fcanqvksa ds leqPp; dks
A dk ckgjh dgk tkrk gS vkSj bls ext A ls n'kkZ;k tkrk gSA

(iii) ,d fcanq p dks A dk ,d lhek fcanq ¼;k lhekar fcanq½ (or Frontier Point) Hkh
dgk tkrk gS ;fn ;g u rks vkarfjd gS vkSj u gh A dk ckgjh fcanq gSA A
ds lHkh lhek fcanqvksa dk leqPp; A dk lhek ¼;k lhekar½ dgykrk gS ftls
b (A) [;k Fr (A)] }kjk fpfàr fd;k tkrk gSA

 A dks R dk milewg cukrs gSa] rc

(i) A° ,d [kqyk leqPp; gS]

(ii) A esa fufgr lcls cM+k [kqyk leqPp; A° gS

(iii) A [kqyk gS vkSj ;fn dsoy A° = A gS rksA
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 ekuk fd R ds dksbZ Hkh mileqPp; A, B gksa rc] fl) djsa

(AB)° = A°  B°,

AB A   (AB)° A° vkSj ABB  (AB)° B°

 (AB)°  A°B°. ...(3.7)

iqu% A°A vkSj B°B  A°B° AB

blds vykok A°B° [kqyk gS] nks foòr leqPp;ksa dk loZfu"B (Intersection)

gSA

bl çdkj AB esa fufgr ,d [kqyk leqPp; A°B° gSA ysfdu AB esa
fufgr lcls cM+k [kqyk leqPp; (AB)° gSA blfy,

A°B° (AB). ...(3.8)

lehdj.kksa ¼3-7½ vkSj ¼3-8½ ls] (AB)°= A°B°

 (i) ekuk fd A = ]0, 1[ pw¡fd A [kqyk gS A° = A=]0, 1[ gSA

pw¡fd A=] – , 0] [1, ,[,   ext A = (A)° = ] – , 0[ ]1, [ gSA

¼/;ku nsa fd A½ ds vkarfjd fcanq 0 vkSj 1 ugha gSa]A

 b (A) ={0, 1}, A dh lhek (Boundary) ds ckn ls A ds mu fcanqvksa ds
gksrs gSa tks A ds u rks vkarfjd fcanq gSa vkSj u gh ckgjh vad gSA

(ii) Q lHkh rdZlaxr fcanqvksa dk lewg gSA rc Q° = , Q ds fdlh Hkh fcanq
ds ikl Q esa fufgr -nhd ugha gks ldrk gSA

ext Q = (Q)° =  D;ksafd Q esa lHkh vifjes; fcanq gksrs gSa vkSj -nhd ,d
vifjes; fcanq dk dksbZ Q esa lekfgr ugha fd;k tk ldrk gSA ¼/;ku nsa fd gj
-nhd fcanq ij ges'kk ,d vuar la[;k esa ifjes; gksrs gSa lkFk gh rdZghu fcanq gksrs
gSA blfy, b(Q) = R

lac)rk (Connectedness) dh /kkj.kk fo'ys"k.k esa ekSfyd egRo dh gSA ,d
lkef;d ¼vkO;wg½ lef"V esa lac)rk dh vkSipkfjd ifjHkk"kk nsus ls iwoZ] ge
milef"V ¼mi&fopkj½ dh /kkj.kk dk ifjp; nsrs gSaA

ekuk (X, d) ,d nwjhd lef"V gS rFkk ekuk fd A, X dk ,d mileqPp; gSA
ekuk fd d*, A × A ds fy, d ds izfrca/k dks n'kkZrk gS] vFkkZr~]

d* (x, y) = d (x, y)

tgka A ds fcanq x, y gSaA rks A ds fy, ,d vkO;wg d* gS ftls mRçsfjr vkO;wg
(Induced Metric) dgk tkrk gS vkSj vkO;wg A ds lkFk leqPp; A dks d* dk
milef"V dgk tkrk gSA



nwjhd lef"V

Lo&vf/kxe 117

ikB~; lkexzh

bl çdkj] çsfjr vkO;wg ls ySl X dk ,d lcleqPp; A vius vki esa ,d
nwjhd lef"V gS vkSj fudVrk] [kqys leqPp; vkSj can leqPp; dks fdlh Hkh nwjhd
lef"V ds :i esa ifjHkkf"kr fd;k x;k gSA ysfdu ,d [kqyk leqPp; ¼lao`r
leqPp;½ X ds ,d milewg ds :i esa ekuk tkus ij A dh t:jr dk [kqyk ¼lao`r½
ugha gksuk pkfg,A

mnkgj.k ds fy,] ;fn ge R ds milef"V ds :i esa can varjky [0, 1] dks
ekurs gSa] rks v/kZ [kqyk varjky (Semi-Open Interval) [0, 1] esa [0, 1[ [kqyk gS]
ysfdu R esa ughaA okLro esa] ;fn X vkSj B A dk milef"V A gS] rc

(i) B [kqyk gS] ;fn X esa ,d leqPp; G ekStwn gS] rks

B = G A

(ii) A esa B ekStwn gS ;fn X esa ,d leqPp; H lao`r ekStwn gS rks tSls fd]

B = H A

/;ku nsa fd] okD;ka'k ‘A esa B [kqyk gS’ dk vFkZ gS fd A ij izsfjr vkO;wg ds
lkis{k B [kqyk gSA lkFk gh] ‘X esa B [kqyk gS’ dk vFkZ gS fd X ij vkO;wg ds lanHkZ
esa B [kqyk gSA

 (i) ;fn A X [kqyk gS] rks B A esa A [kqyk gS ;fn X [kqyk gks rcA

(ii) ;fn A X lao`r gS] rks X esa laor̀ gksus ij B A laor̀ gS] ;fn X esa
laor̀ gSA

,d vU; ifjHkk"kk gS] ,d nwjhd lef"V X dk mileqPp; A dks vlaxr djus
ds fy, dgk tkrk gS ;fn ;g nks vfjä vla;qä leqPp;ksa (Non-Empty Disjoint

Sets) C ,oa D dk lfEeyu gS tks nksuksa A esa [kqys gSa]

C D = vkSj C D = A

iwoZorhZ ifjHkk"kk ls ;g fudyrk gS fd nwjhd lef"V X dk ,d mileqPp;
vlaxr gks tkrk gS ;fn ;g nks vfjä la;qDr leqPp;ksa dk lfEeyu gS tks nksuksa
A esa lao`r gSA

ge A dks i`FkDdj.k (Separation) ¼;k folaca/ku½ (Disconnection) dk
C D dgrs gSaA

;g ifjHkk"kk ls ,d ckj esa vkrk gS fd çR;sd ,dy leqPp; ,d tqM+k gqvk
leqPp; (Connected Set) gSA

 R lac) ¼tqM+k½ gSA

 eku yhft,] ;fn laHko gks] R vlac) gks x;k gSA rc ogka nks vfjDr]
vla;qDr] laor̀ leqPp; A vkSj B mifLFkr gSa tSls fd R = A BA pwafd A, B

vfjDr gSa] ge a
1
 A vkSj b

1
 B dk eku fudky ldrs gSaA pwafd A B = a

1

b
1
, vkSj blfy, a

1
 > b

1 
;k a

1
 < b

1
A eku yhft, a

1
, < b

1
A ekuk fd I

1
 = ]a

1
, b

1
]

rkfd I
1
 ,d lao`r varjky gSA I

1 
dks f}foHkkftr djrs gS vkSj bldk e/; fcanq

1 1

2

a b
 fujh{k.k djrs gSa fd A ;k B ls lacaf/kr gksuk pkfg,] ysfdu A vkSj B nksuksa
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ls vla;qDr ¼Disjoint½ ugha gSaA ;g fuEukuqlkj gS fd nks fgLlksa esa ls A esa bldk
ck;ka var fcanq (Left End Point) gksuk pkfg, vkSj B esa bldk nk;ka var fcanq (Right

End Point) gSA ge bl varjky dks I
2
 = [a

2
, b

2
] }kjk fu:fir djrs gSaA

ge I
2
 dks f}foHkkftr djrs gSa vkSj igys dh rjg vkxs c<+rs gSaA ge bl

çfØ;k dks tkjh j[krs gSaA Li"V :i ls I
1
 I

2
 I

3
 ... bl çdkj ge ,d usLVsM

(Nested) vuqØe çkIr djrs gSa <I
n
> tSls varjky mudh yackbZ |I

n
| 0 ds :Ik esa]

n  blfy,] usLVsM varjky çes; ds }kjk] ,d vf}rh; fcanq c ekStwn gS tks
çR;sd I

n
, ds varxZr vkrk gS] vFkkZr

c {In : n N}

;g ns[kuk vklku gS fd A vkSj B nksuksa dk ,d lhek fcanq c gS] ;fn
V (c, ) = ] c – , c +[ dksbZ Hkh c dk -nhd gS] ge ,d /kukRed iw.kkaZd m

0
 dks

bruk cM+k ik ldrs gSa fd I
n
 N (c, ) lHkh n > m

0
 ds fy, vkSj QyLo:i

N (c, ) esa A vkSj B nksuksa ds fcanqvksa dh vifjfer la[;k gS D;ksafd A vkSj B lao`r
gSa] c A vkSj c B tks fd A B = ds ckn ls ,d fojks/kkHkkl gSA blfy,] R
ls lac) ¼tqM+k½ gksuk pkfg,A

 R dk ,d mileqPp; A tqM+k gqvk gS ;fn vkSj dsoy ;fn ;g ,d
varjky gSA

 ^dsoy ;fn* HkkxA ekuk A lac) gS rFkk ;fn laHko gks rks eku yhft, A
,d varjky ugha gSA rc] ogka a < p < b ds lkFk okLrfod la[;k,a a, p, b bl
izdkj mifLFkr gSa fd a, b A ysfdu p A ekuk fd

G = ] – , p[ vkSj H = ]p, x[

rc G, H R esa vla;qDr] vfjDr [kqys leqPp; gSaA os vfjDr gSa D;ksafd a 
G rFkk b HA ekuk fd

C = A G vkSj D = A H

fQj] gekjh igys dh fVIif.k;ksa ls] A esa C vkSj D [kqyk gS] vkxs a C vkSj
b vkSj D esa] rkfd os vfjärk gksaA blds vykok

C G, D H vkSj G H = C D = 

vkSj C D = (A G) (B H)

= A (G H) = A (R – {p}

p A A R – {p}]

blfy,] A dk C D ,d i`FkDdj.k gS vkSj ifj.kkeLo:i A vlaxr dj
fn;k tkrk gS tks fd ,d fojks/kkHkkl gSA blfy,] A dks ,d varjky gksuk pkfg,A

^;fn* HkkxA bl Hkkx dk çek.k Bhd mlh rtZ ij gS tSlk fd fiNys NksVs
çes;ksa esa ekewyh la'kks/kuksa ds lkFk gksrk gS vkSj bls vH;kl ds :i esa NksM+ fn;k
tkrk gSA
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nwjhd lef"V (X, d) esa vuqØe < x
n
>, dk x

0
 X] vfHklj.k djrk gS ;fn ;g

varr% x
0 
ds gj nhd esa ,dxqf.kr jgrk gS rks bl çdkj ;fn çR;sd > 0 ds fy,

,slk /kukRed iw.kkaZd n  gksrk gS tSls fd

n  n ()   d (x
n
, x

0
) < 

,d vU; ifjHkk"kk gS] nwjhd lef"V (X, d) esa vuqØe < x
n
> ,d dkmph

(Cauchy) vuqØe ekuk tkrk gS] ;fn çR;sd > 0 ds fy, ,sls /kukRed iw.kkaZd
n () eku fy;k tkrk gS tSls

m, n   n ()   d(x
m
, x

n
) <

;g ns[kuk vklku gS fd ,d nwjhd lef"V esa çR;sd vfHklj.k vuqØe
dkmph vuqØe (Cauchy Sequence) gSA

,d nwjhd lef"V X dks iw.kZ dgk tkrk gS ;fn X esa çR;sd dkmph vuqØe
X esa ,d fcanq ij ifjofrZr gks tkrk gSA

 (Cantor's Intersection Theorem)

(X, d) ,d iw.kZ nwjhd lef"V gks vkSj <F
n
> dks X ds vfjä lao`r mileqPp; dk

,d usLVsM vuqØe (Nested Sequence) gks tSls fd]

 (F
n
) 0 tSls n  ds :i esaA

rks 
1n




  F

n
 fcYdqy ,d fcanq ds gksrs gSaA

 çR;sd n ds fy,] ge x
n
 F

n
 pqurs gSaA pw¡fd  (F

n
)0, çR;sd >0 ds

fy,] ogk¡ ,d /kukRed iw.kkaZd m
0
 mifLFkr gS tSls fd d (F

m0
) < iqu% pwafd <F

n
>

usLVsM (Nested) gS] gekjs ikl gS]

n, m  m
0
   F

n
, F

m
 F

m0   x
n
, x

m
 F

m0
   d(x

n
, x

m
) <

bl çdkj < x
n
 > ,d dkmph vuqØe gSA pwafd X dqN x

0
 X ds fy,

x
n
 x

0 
 rc iwjk gks tk,xkA ge x

0
 

1n




 F

n
 dk nkok djrs gSaA ;g lkfcr djus

ds fy,] m dksbZ /kukRed iw.kkaZd gksuk pkfg,A

iqu%

n > m   x
n
 F

m
... (i)

[ ].n n n mx F n m F F    vkSj

x
n
  x

0
 ds ckn ls] vuqØe varr% x

0
 ds çR;sd nhd esa gksrk gS vkSj lehdj.k

(i) ds }kjk] x
0
 ds çR;sd nhd  esa vifjfer la[;k esa F

m
 vad gksrs gSaA bl çdkj

F
m
 dk ,d lhek fcanq x

0 
gSA

pwafd F
m
 lao`r gS] x

0
F

m
 vkSj pwafd m LosPN (Aritary) gS] blfy, gekjs ikl

x
0
 

1n




  F

n
 gSA
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vc eku yhft, fd ogk¡ ,d vkSj fcanq x
0
 

1n




  F

n
 gSA rc izR;sd n ds fy,

d (x
0
, x

0
*)  (F

n
)A blfy,]  (x

0
, x

0
*) = 0 D;ksafd n ds :i esa  (F

n
)0A

blfy, x
0
 = x

0
* vkSj blfy, 

1n




  F

n
 = {x

0
}A

ekuk fd] (X, d) ,d iw.kZ nwjhd lef"V (Metric Space) gksA ekufp=.k (Mapping)

dks X ij ,d ladqpu ekufp=.k (Contraction Mapping) ;k ladqpu (Contraction)

dgk tkrk gS ;fn dksbZ okLrfod la[;k 0    < 1 ds lkFk  ekStwn gSA tSls fd
çR;sd x, y,  X ds fy,]

d (f (x), f (y)) d (x, y) < d (x, y)

bl çdkj ladqpu ekufp=.k esa] fdUgha nks fcanqvksa ds izfrfcacksa (Images) ds
chp dh nwjh fcUnqvksa (Points) ds chp dh nwjh ls de gksrh gSA blfy, ;fn nks esa
ls çR;sd ds fy, vuqiz;ksx ^vuqca/k* (Contracts) ds chp dh nwjh gSA

Li"V :i ls] fdlh Hkh nwjhd lef"V dk ladqpu X ij leku :i ls fujarj
gksrk gSA ,d fcanq p  X dks f dk fuf'pr fcanq (Fixed Point) dgk tkrk gS ;fn
(p) = pA

 R
2
 vkSj ekufp=.k ds fy, lkekU; vkO;wg (Usual Metric) d ij

fopkj djsa tgk¡ x = (x
1
, x

2
)A rc] R

2
 ij ,d ladqpu f gSA blds fy,] gekjs ikl

d [f (x), f (y)]=d ( 1
2 x, 1

2 y) gSA

 ekuk nwjhd lef"V X dk ,d l?ku mileqPp; A gSA ge fl) djsaxs fd
XA, X dk ,d [kqyk mileqPp; gSA ekuk p XAA

ekuk fd I
n
 = [a

n
, b

n
,] vkSj eku yhft, fd A lHkh a

n 
dk leqPp; gSA rc

A vfjärk gS vkSj Åij ¼b
1
 }kjk½ ca/kk gqvk gSA blfy,] A ds ikl de ls de

Åijh lhek gksuh pkfg,] u dgsaxsA ;fn m vkSj n /kukRed iw.kkaZd gSa] rks

a
n
  a

m+n
   b

m+n   b
m

rkfd u   b
m
 çR;sd m ds fy,A blds vykok Li"V :i ls a

m
   u çR;sd

m ds fy,A

;g bl çdkj gS fd u I
m
 ds fy, m = 1, 2, 3,...

vr%  {I
n
 : n N}  

 (Lemma) 1: ekuk fd k ,d /kukRed iw.kka Zd gksA ;fn < I
n
 >

k-d{k dk ,d Øe gS tSls fd   I
n
 I

n
 
+1

 (n = 1, 2, 3,...)

rks  {I
n
 : n N}  
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 lHkh fcanqvksa ls feydj x = (x
1
,..., x

k
) tSls fd] a

n,i
   x

i
  b

n
,
i

 (1 i   k : n = 1, 2, 3,...),

vkSj I
n
, i = [a

n,i,
 b

n,i
]

çR;sd ds fy, i vuqØe < I
n,i

  iwoZ çes; dh fLFkfr dks larq"V djrk gSA

blfy,] okLrfod la[;k,¡ ekStwn gSa xi* (1  i  k) tSls fd

a
n
,i  xi*  b

n
,i (1  i  k ; n = 1, 2, 3,...)

vxj ge leqPp; djrs gSa x* = (x
1
*,..., xk*),

ge ns[krs gS fd x* I
n
 for n = 1, 2, 3,...,

rkfd  {I
n
 : n N}

 çR;sd k-d{k fufgr ;k l?ku ¼Compact½ gSA

 I dks k-d{k ¼k- cell½ ls ;qä lHkh fcanqvksa

x = (x
1
,..., xk)

tSls fd a
i
   xi  b

i
, (1  i  k)

leqPp;   = 
1/2

2

1

( )
k

i i
i

b a


  
 


rc x I, vFkkZr~ |x – y| A eku yhft,] ;fn laHko gks] rks I l?ku
(Compact) ugha gSA fQj I dk ,d [kqyk vkoj.k C = {G :  A} mifLFkr gksrk
gS ftlesa dksbZ ifjfer mivkPNkfnr ugha gksrk gSA C

i
 = (a

i
 + b

i
) 2 dk eku j[kus

ij] varjky [a
i
, c

i
] vkSj [c

i
, b

i
] fQj 2k k-çdks"B Q

i 
fu/kkZfjr djsa ftldk lfEeyu

I gSA buesa ls de ls de ,d leqPp; Q
i
 dg ldrs gSa fd I

1
, C ds fdlh Hkh

ifjfer milaxzg }kjk vkPNknu ugha fd;k tk ldrk gS ¼vU;Fkk I dks bruk
vkPNkfnr fd;k tk ldrk gS½A ge vxys I

1
 dks foHkkftr djrs gSa vkSj çfØ;k

vuUrrk tkjh j[krs gSaA ge bl çdkj fuEufyf[kr xq.kksa ds lkFk k&d{kksa dk ,d
vuqØe < I

n
> çkIr djrs gSaA

(i) I   I
1
   I

2  ...;

(ii) C ds fdlh ifjfer milaxzg }kjk I
n 
doj ugha fd;k x;k gS(

(iii) x I
n
, y I

n
 dk rkRi;Z gS fd |x – y|   2–n A

(i) vkSj ySek (II) }kjk] çR;sd I
n
 esa ,d fcanq x* gSA pw¡fd C, I, x* G dk

,d vkPNknu gS] blfy, dqN Gds fy, x*, G[kqyk gS] r > 0 ,slk gS fd y gSA
|y – x*| < r dk vFkZ gS fd y  G, n dks bruk cM+k pqusa fd 2–n <rA rc (iii) dk
rkRi;Z gS fd I

n G, tks ladqpu ¼ii½ gSA çek.k vc iw.kZ gSA

(Weierstrass Theorem)  Ra ds çR;sd lhekc} vifjfer
mileqPp; (Bounded Infinite Subset) A dk lhek fcanq Rn esa gksrk gSA
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 pw¡fd A ls lhekc} gS] k-d{k I   Rn dk milewg A gSA iwoZ çes; }kjk
I l?ku ¼Compact½ gSA fQj çes; 3-42 }kjk] A dk I esa ,d lhek fcanq gS vkSj blds
ifj.kkeLo:i Rn esa ,d lhek fcanq gSA

 A dks Rn dk mileqPp; cukrs gSaA rc fuEufyf[kr dFku lerqY; gSaA

(i) A laor̀ vkSj lhfer gSA

(ii) A l?ku gSA

(iii) A ds çR;sd vuar milewg dk lhek fcanq A esa gSA

 (i)   (ii) A dks lao`r vkSj lhekc} gksus nsaA fQj dqN k&d{k I ds fy,
A  I A blds ckn ;g 3-40 vkSj 3-19 çes;ksa ls gS fd A l?ku ¼Compact½ gSA

(ii)   (iii)A ;g çes; 3-42 ls gSA

(iii)   (i) A crk nsa fd A ds çR;sd vlhfer mileqPp; dk A esa ,d lhek
fcanq gSA ;g n'kkZus ds fy, fd A lhekc) ugha gS] rc A esa ds |x

n
| > n (n = 1, 2,

3...) lkFk fcanq x
n
 gksrs gSa

bu fcanqvksa ls feydj leqPp; x
n
 vuar gS vkSj tkfgj gS fd Rn esa dksbZ lhek

fcanq ugha gS vkSj blfy, A esa dksbZ Hkh lhek fcanq ugha gSA ysfdu ;g ifjdYiuk dk
[kaMu djrk gSA blfy, A dks lhekc) fd;k tkuk pkfg,A

fQj ls ;fn A lao`r ugha gS] rks ,d fcanq x
0
Rn gS tks A dk ,d lhek fcanq

gS] ysfdu A dk fcanq ugha gSA lhek fcanq dh ifjHkk"kk ds vuqlkj] çR;sd n = 1, 2,

3,..., ds fy,] fcanq x
n
A gSa tSls fd]

|x
n
 – x

0
| < 1/n

ekuk fd] S dks bu fcanq x
n
 dk leqPp; djsaxsA rc Li"V :i ls S vifjfer

gS ¼vU;Fkk 0nx x  dk vifjfer :i ls dbZ n ds fy, ,d fujarj /kukRed eku

gksxk½A blds vykok S dk ,d lhek fcanq x
0
 gS vkSj ;g Li"V gS fd S dk Rn esa

dksbZ vU; lhek fcanq ugha gSA ekuus ds fy, yRn, y  x
0

leqPp; |x – y| = r rkfd r > 0 rc

|y – x
n
| = |y – x

0
| – (x

n
 – x

0
)

  |y – x
n
| – |x

n
 – x

0
|

 r – 
2.

n
0

1
| |nx x

n
    


pwafd r fLFkj gksrs gSa] vr% lHkh n   m
0 
ds fy, 

1

n
   

2

r
 tSls /kukRed iw.kkaZd

m
0
 gksrk gSA ;g bl çdkj gS fd

| y – x
n
|   r – 

2

r
 – 

2

r
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lHkh n   m
0 
 ds fy,A blls irk pyrk gS fd fudVrk N (y, r/2) esa S dk

dsoy ,d ifjfer la[;k gS vkSj blfy, y, S dk ,d lhek fcanq ugha gSA bl çdkj
S dk A esa dksbZ lhek fcanq ugha gS tks fQj ls ifjdYiuk ds foijhr gSA blfy, bls
can ;k lao`r vo'; fd;k tkuk pkfg,A

 ;fn A dgha Hkh l?ku (Dense) ugha gS] rks nwjhd lef"V A  dk laiw.kZ
lef"V X ugha gSA

 pw¡fd X lao`r gS] X = XA fQj ls X [kqyk gS] gekjs ikl ( X )° = X° = X

gSA pwafd A xSj&l?ku (Non-Dense) gS] ( A )° =  bl çdkj ls A   X

 ;g nks xSj&l?ku leqPp;ksa ds izdj.k esa çes; fl) djus ds fy,

i;kZIr gS] A vkSj B dgrs gSa fd vklkuh ds fy,] ge G = [ ]A B ° dk eku j[krs

gSa rkfd G A B  = A  B ;fn og  vuqlj.k djrk gSA vxj bl çdkj gS fd

G ( B )   ( A    B )   ( B ) = [ A    ( B )]   [ B    ( B )]

[forj.k fu;e]

         = A    ( B ) [   B    ( B ) = ]

      A A

         [G   ( B )’]°  ( A )° =        [  B xSj l?ku gSA]

ysfdu    G° A B °° = [ ]A B ° blfy, [ ]A B ° = 

blfy, A   B xSj&l?ku gSA

S (x, r), A X esa xSj&l?ku gS] fQj çR;sd foo`r {ks= esa ,d lao`r {ks=
gksrk gS ftlesa A dk dksbZ fcanq ugha gksrk gSA

  ekuk fd] S (x, r) dks lef"V X esa dksbZ Hkh [kqyk xksyk u gksA pwafd A

xSj&l?ku gS] blfy, (A) gj txg l?ku gS rkfd ext (A)A

[ext(A)]  = X blfy, gj fcanq ext (A) dk ,d lqlaxr fcanq x  X gS vkSj
ifj.kkeLo:i S (x) esa ext (A) dk ,d fcanq y varfoZ"V gksuk pkfg,A ysfdu pwafd
S (y, r) ,d [kqyk leqPp; gS] blfy, S (x, r)  esa ,d [kqyk {ks= S (y, r) ekStwn gS
tSls fd S (y, r)   ext (A)A bldk rkRi;Z ;g gS fd S (y, r) esa A. e dk dksbZ fcanq
ugha gSA

;g bl çdkj gS fd ;fn 0 < r < r, laor̀ {ks= S (x, r)  esa S [y, r] lekfgr
gS] ysfdu A dh lekfgr fcanq ugha gSA

 ge dgrs gSa fd ;fn dksbZ {ks= F dks Øfer fd;k tkrk gS] rks
fuEufyf[kr fLFkfr;ksa dks iwjk djus okyk F dk mileqPp; P ekStwn gksrk gSA
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P
1
 : çR;sd a  F ds fy,] fuEufyf[kr esa ls dksbZ ,d in j[ks tkrs gSaA

a=0, a P vFkok –a P

P
2
 : a  P vkSj b  P   a+b  P vkSj ab  P

leqPp;  P dks F ds /kukRed vo;oksa dk leqPp; dgk tkrk gSA ,d
vknsf'kr {ks= F esa ,d vo;o ,d _.kkRed vo;o dgykrk gS ;fn a u rks
èkukRed ;k 'kwU; gSA ge dgrs gSa fd a, b ls de gS] a < b ;k b > a vxj b–a

P fy[kk tkrk gS] rks bl çdkj] rRo b  F /kukRed gS ;fn b–0  P rks ;g
gS fd 0 < b ;k b > 0 ge ,d a < b xyr gS ;g bafxr djus ds fy, b   a fy[ksaA
fuEufyf[kr xq.kksa dks vklkuh ls LFkkfir fd;k tk ldrk gSA

Q
1
: çR;sd nks vo;oksa a,b ds fy, F esa ,d] ,d vkSj laca/kksa esa ls dsoy ,d

a<b, a=b ;k b < a larq"V gSA

Q
2
: a < b vkSj b < c   a < c.

Q
3
: a < b   a+c < b+c,   c

Q
4
: 0 < a, 0 < b   0 < ab.

Q
5
: a < b, 0 < c   ac < bc.

(Dedekind Property)  ,d Øfer
fd;k x;k {ks= F dks MsMsfdaM xq.k j[kus ds fy, dgk tkrk gSA

(Isomorphism of Ordered Fields)  nks
F vkSj K nks Øec) {ks= gSaA ,d K ij F dk rqY;kdkfjrk K ij F dk ,d&,d
ekufp=.k f gS] tks +,... vkSj > dks bl vFkZ esa lajf{kr djrk gS fd F esa çR;sd
x vkSj y ds fy,] gekjs ikl gSA

(i) f(x+y)=f(x)+f(y),

(ii) f(x,y)=f(x),f(y),

(iii) x>y f(x)>f(y).

(Uniqueness of Complete Ordered Field)

izR;sd nks iw.kZ Øfer {ks= rqY;kdkjh gksrs gSaA ;s {ks= vfuok;Z :i ls bl vFkZ esa
leku gSa fd os lHkh ,d&nwljs ds le:ih gSaA

R

ge lHkh Lo;afl)ksa dks lR;kfir djsaxsA ;fn rFkk 1 lHkh okLrfod la[;k,a
gSa rFkk Øe'k% MsMsfdaM dVko (X

1
, X

2
), (Y

1
, Y

2
), (Z

1
, Z

2
), (O

1
, O

2
) rFkk (I

1
, I

2
),  ds

}kjk n'kkZ;ha tkrha gSa] rc

A
1
 : RR nks okLrfod la[;kvksa dk ;ksx ,d okLrfod
la[;k gS vkSj blfy, blds vykok lao`r Lo;afl) larq"V gSA

A
2
 :  vFkkZr~ ;ksx Øefofues; gSA
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A
3
 : () + =  + ( +) vFkkZr ;ksx lkgp;Z gSA

A
4
 : 0 =     R vFkkZr~ 0 ;ksx'khy rRled gSA

A
5
 : ;fn  R rks – R ,slk fd  + ( –) = 0 ;kuh R ds çR;sd rRo
esa ,d ;ksx'khy O;qRØe gksrk gSA

M
1 
: RR ;kuh nks okLrfod la[;kvksa dk xq.kuQy fQj
ls ,d okLrfod la[;k gS vkSj blfy, xq.ku ds lekiu dks larq"V
fd;k tkrk gSA

M
2 
: = vFkkZr~ xq.ku Øe fofues; gSA

M
3 
: ()  = () vFkkZr~ xq.ku lkgp;Z gSA

M
4 
: 1=    R vFkkZr~ okLrfod la[;k 1 xq.kukRed rRled gSA

M
5 
: çR;sd  R dks NksM+dj = 0 esa ,d vf}rh; okLrfod la[;k
ekStwn gS –1 og –1 = 1 vFkkZr~ çR;sd xSj&'kwU; okLrfod la[;k
esa xq.kukRed O;qRØe gksrk gSA

D : çR;sd rhu okLrfod la[;k ds fy, ( ),

 , ( +) = +,

(), =    + ,

vFkkZr~ forj.k dk fu;e iz;ksx gksrk gSA

blfy, R ,d {ks= gSA

vkxs R ,d Øfer {ks= gSA D;ksafd geus fn[kk;k gS fd ;fn  R, rks
laHkor% laca/kksa esa ls ,d  > 0,  =0,  < 0 /kkj.k djrk gSA ;g vklkuh ls
fn[kk;k tk ldrk gS fd ;fn   R,  > 0,  >0, rks  +  > 0 blfy, R
,d Øfer fd;k x;k {ks= gSA Lo;afl) ds ckn R ,d iw.kZ Øfer fd;k gqvk {ks=
gSA

R  R ds çR;sd xSj&fjä milewg ftlesa Åijh lhek
gksrh gS] esa ,d mPpre (Supremum) gksrk gSA nwljs 'kCnksa esa R ds ikl MsMsfdaM
xq.k gSA

 ifjes; la[;kvksa dk {ks= Q, MsMsfdaM xq.k dk i{k ysrk gSA mnkgj.k
ds fy, leqPp; ij fopkj djsa

S = (1,1.4,1.41,1.414,...)

rc mnkgj.k ds vuqlkj S dh Åijh lhek gS] ysfdu bldk Q esa dksbZ
mPpre ugha gSA rF;kRed :i ls Sup S=2, tks fd ifjes; la[;k ugha gSA

 R ds çR;sd xSj&fjä milewg S ftlesa de lhek gksrk gS] esa ,d
bfUQue (Infimum) gksrk gSA

 T, R dk ,d mileqPp; gS] ftlesa S ds rRoksa ds lHkh _.kkRed vo;o
gSa]

T={–x : x S }
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ge n'kkZrs gSa fd T dh ,d Åijh lhek gSA ekuk fd m, S ds fy, fupyh
lhek gS] rkfd m  x izR;sd x  S ds fy,A rc –m –x ;k –x  –m tgka –x
TA pwafd –x  –m izR;sd –x  T ds fy,] ;g bl izdkj gS fd -m, T dh ,d Åijh
lhek gSA iw.kZrk Lo;afl) ds vuqlkj] T dk ,d mPpre gS] ftls M dgk tkrk gSA
rc -M, S ds fy, fupyh lhek gSA ;g ljyrk ls n'kkZ;k tk ldrk gS fd -M,

S dk fuEure gSA ;g n'kkZus ds fy, ge fujh{k.k djrs gSa fd ;fn u, S dh fupyh
lhek gS] rc -u, T dh Åijh lhek gS] rkfd M  –u, vFkkZr –M u, ;g n'kkZrk gS
fd -M, S dk fuEure gSA bl izdkj izes; fl) gksrh gSA

 ;fn a vkSj b okLrfod la[;k,¡ gSa tSls fd a  b + e çR;sd e > 0

ds fy,] rks a  bA

 ;fn b < a rks e = (a–b)/2 ysrs gq,] gekjs ikl tks fojks/kkHkkl gS og
ifjdYiuk gSA rc gekjs ikl gksuk pkfg, a  bA

  ;fn S ,d mPpre (Supremum) ds lkFk okLrfod la[;kvksa dk ,d
xSj&fjDr leqPp; gS] rks sup S=u dgk tk ldrk gSA fQj gj p < u ds fy, dqN
x  S ekStwn gS tSls fd p < x  uA

 pwafd u = sup S, gekjs ikl gj x  u ds fy, x S gSA vc ;fn ge S

esa çR;sd x  ds fy, x  p gS rks p o/kZeku u dh rqyuk esa S ds fy, ,d Åijh
lhek gksxhA ysfdu ;g mPpre dh ifjHkk"kk ds foijhr gSA blfy, de ls de ,d
x  S ,slk gksuk pkfg, fd p < x  u.

  ;fn u= sup S, rks çR;sd  > 0 ds fy, x  S ekStwn gS tSls
fd u – < x  uA

 ;fn  v = inf S rks çR;sd p > v ds fy,] dqN x  S ekStwn gS tSls
v  x < p

 iwoZ çes; ds lekuA

 A vkSj B ds xSj&fjä R milewg gSa] C dks leqPp;
dks fu:fir djrs gSaA

C = (x + y : x  A, y B )

;fn A vkSj B esa ls çR;sd dk ,d mPpre (Supremum) gS] rks C dk Hkh
,d mPpre gS vkSj sup C = sup A + sup B

 u u = sup A  vkSj v=sup BA ;fn z dksbZ rRo C gS] rks z=x+y gSA tgk¡
x  A, y  B vkSj z = x+y  u+vA bl çdkj u+v, C ds fy, ,d Åijh lhek
gSA blfy, C dk mPpre gksuk pkfg,] dguk = sup C fQj  u + v ¼mPpre
ds }kjk½A tgka u + v   dksbZ Hkhs  > 0 fQj] ogk¡ ,d x A vkSj y B ekStwn
gSA

u–< x vkSj v –<y
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budks tksM+us ij gesa çkIr gksrk gSA

u – v –2< x+y 

bl izdkj u + v  +2 izR;sd ds fy, < 0 vr% u + v    çek.k iwjk
djukA

 çkÑfrd la[;kvksa dk leqPp; N Åij ls f?kjk gqvk ugha gSA

  eku yhft,] N Åij ca/kk gSA iqu% N dk ,d mPpre gS] u=sup N dgsaA
dqN n  N ekStwn gS tSls fd u–1 < n iqu% bl n ds fy, n+1>uA n + 1  N ds
ckn ls] ;g bl rF; dk [kaMu djrk gS fd u = sup N A blfy, N dks Åij ls
vflfer gksuk pkfg,A

 çR;sd okLrfod la[;k x ds fy,] ,d /kukRed iw.kkaZd (Positive

Integer) n ekStwn gSA tSls fd] n > xA

 ;fn gekjs ikl çR;sd n N ds fy, x  n Fkk] rks x ds fy, N ,d Åijh
lhek gksxk] tks iwoZorhZ çes; dk [kaMu djrk gS] blfy, ogk¡ dqN n N ekStwn gksuk
pkfg,] tSls fd] n > x

(Axiom of Archimedes)  ;fn x ,d
okLrfod la[;k gS vkSj y dksbZ /kukRed okLrfod la[;k gS] rks ,d /kukRed iw.kkaZd
n ekStwn gSA tSls ny > x

 ;fn dksbZ n  N ,slk ugha gksrk gS] rks ny > x gksxk  rks ge lHkh n ds

fy, ny  x gksxkA ysfdu fQj] 1 ,
x

n
y
  fn[kk jgk gS fd 

x

y  ds fy, ,d Åijh

ck/; gS] çes; 3-30 dk fojks/k djrk gSA

 A, B dks R dk mileqPp; cuk,aA

(i) A dks B esa fufgr dgk tkrk gS ;fn B  A  gksA

(ii) A dks R ;k gj txg l?ku dgk tkrk gS ;fn A = R gksA

(iii) A dks xSj&l?ku (Non-Dense) ;k vuhfgr dgk tkrk gS ;fn ( A )° = ,

gks vkSj lao`r dk vkarfjd Hkkx [kkyh gSA

bl çdkj] A xSj&l?ku gS ;fn A esa dksbZ Hkh ¼xSj&fjDr½ ;k  [kqyk varjky
ugha gSA ,d lao`rleqPp; dk vuqlj.k djrh gS] vkSj ;g xSj&l?ku  gS ;fn
blesa dksbZ [kqyk varjky ugha gSA

(iv) A dks Lo;a A D(A) ds fy, l?ku dgk tkrk gS] ;fn A dk çR;sd fcanq A
ds fy, lhfer gSA

(v) A dks ifjiw.kZ dgk tkrk gS ;fn A Lo;a l?ku vkSj laor̀ gSA
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ekuk A, R dk mileqPp; gS vkSj p A gS] rc p dks A dk i`Fkd fcanq dgk
tkrk gS vxj ogk¡ -nhd ekStwn gS ftlesa p ds vykok A dk dksbZ fcanq ugha gSA
A leqp; dks iF̀kd ;k vlrr dgk tkrk gS ;fn blds lHkh fcanq iF̀kd fcanq gSaA

,d leqPp; ds bl i`Fkd fcanq ds rF; dh fo'ks"krk ;g gS fd ;g ml
leqPp; fcanq dh ,d lhek ugha gSaA

;g bl ifjHkk"kk ls gS fd ,d leqp; lgh gS vxj vkSj dsoy vxj ;g
laor̀ gS vkSj dksbZ i`Fkd vad ugha gSA

 ,d leqPp; lgh gS vxj vkSj dsoy vxj A = D (A) gSA

 A ifjiw.kZ gS  A vius vki esa fufgr vkSj laor̀ gSA

 A dk çR;sd fcanq A dk ,d lhek fcanq gS vkSj A dk çR;sd lhek fcanq
A ls lacaf/kr gS

A D (A) vkSj D (A)A

A D (A)

 çR;sd x.kuh; leqPp; igyh Js.kh dk gSA

 A dks ,d fxuus ;ksX; leqp; gksus nsa] rkfd ge bls fy[k ldsa]

A = {x
1
, x

0
, x

3
, ...., x

n
, ....}

A dks ,d fcanq leqPp; ds ,d x.kuh; la?k ds :i esa Hkh fy[kk tk ldrk
gSA

A = 
1i

¥

=
  {x

i
}

pw¡fd gj ,d fcanq leqPp; {x
n
} dgha ugha gS] vkSj ge ns[krs gSa fd A igys

dk lewg gSA

 ¼1½ Q = R ds ckn ls] lHkh ifjes; fcanqvksa dk leqPp; Q gj
txg fufgr x  X gS Q D (Q) = R ds ckn ls ;g Hkh fufgr gSA gkykafd] ;g
lgh ugha gS pwafd ;g lao`r ugha gSA ;g çFke Js.kh dk gS D;ksafd ;g x.kuh; gSA

¼2½ ekuk fd A = [0, 1] rc A = D (A) ds ckn ;g ifjiw.kZ gSA

¼3½ ekuk fd A = {1/n : nN} rc A dk çR;sd fcanq ,d iF̀kd fcanq gS rFkk

A dh lhek fcanq ugha gSA blfy, A vlrr gSA A xSj&l?ku gS pwafd A = A  {0}

gS vkSj blfy, dksbZ [kqyk varjky A  dk mileqPp; ugha gks ldrk gSA

 ;fn A vkSj B igyh Js.kh ds leqPp; gSa] rks A B Hkh igyh Js.kh
dk gSA

 ekuk fd A = 
1n

¥

=
  A

n 
rFkk B =

1n

¥

=
  B

n
, tgka çR;sd A

n
 vkSj çR;sd B

n
 dgha

l?ku ugha gSA rc A B rFkk lHkh A
n
s vkSj B

n
s dk lewg gSA ysfdu lHkh

leqPp; A
n
 vkSj B

n
 ,d x.kuh; laxzg dk :i gS blfy, A B igyh Js.kh dk

gSA
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bl izdkj ;g dYiuk vLohdk;Z gSA

vk{ksi ds fy,] ,d gh vko';d çek.k ds lkFk igys vuqPNsn esa varj iz;ksx
gksxkA

 ;fn ,d leqPp; A vius vki esa l?ku gS] rks bldk igyk O;qRiUu
leqPp; D(A) ,dne lgh gSA

 pw¡fd A vius vki esa l?ku gS] blfy, gekjs ikl A  D (A) gSA bldk
vFkZ ;g gS fd

AD     (A) = D (A)

 D [AD(A)]=D(D(A))

;k D(A)D(D(A))=D(D(A)

;k D(A)D2(A)=D2(A).  .. (i)

pwafd D(A) laor̀ gS gekjs ikl gS D2(A) D(A)= D(A)

ftldk rkRi;Z gS D(A)D2(A)=D(A)

blfy, lehdj.k (i) ls D(A)=D2(A)

blfy, D(A) ,dne lgh gSA

 fcanq dk çR;sd i`Fkd leqPp; x.kuh; gSA

 ekuk fd A ,d i`Fkd leqPp; gSA rc A dk çR;sd fcanq ,d i`Fkd fcanq
gS] vkSj blfy, leqPp; dks fdlh vU; fcanq okys varjky esa layXu fd;k tk ldrk
gSA ;fn dksbZ nks bu varjkyksa dks foHkkftr djrk gS] rc ,d ;k nksuksa dks NksVk
fd;k tk ldrk gS rkfd os vla;qä cu tk,A vc ge Li"V djrs gSa fd bu
varjkyksa dk laxzg C x.kuh; gSA ;g fn[kkus ds fy,] ekuk {x

1
, x

2
, x

3 
...} dks

ifjes; la[;kvksa dh fxurh djus ;ksX; leqPp; crk,A laxzg C ds çR;sd varjky
esa] vlhe :i ls dbZ x

n
 gksaxs] ysfdu bu ds chp lcls NksVs lwpdkad n ds lkFk

flQZ ,d gksxkA vc ge lehdj.k f:N }kjk vkdyu f (I)=n, dks ifjHkkf"kr djrs
gSa ;fn x

n
 esa lcls NksVh funsZ'kkad (Index) I ds lkFk ifjes; la[;k gSA ;g vkdyu

I, JC vkSj f(I)=F(J)=n gS] ftldk vFkZ gS fd lkekU;r% I vkSj J esa x
n
 gS vkSj

bldk rkRi;Z  I = J gS ¼/;ku nsa fd C esa varjky vlarq"V gSa] blfy, tc rd os
leku ugha gksrs gSa] rc rd muds ikl ,d fcanq ugha gks ldrk gS½A

 bl çdkj f us C vkSj N dk ,d mileqPp; ds varjky ds chp ,d&,d
lkeatL; LFkkfir fd;k ¼çkÑfrd la[;kvksa dk leqPp;½ blfy, C x.kuh; gSA

pwafd C ds çR;sd varjky esa A dk ,d vkSj dsoy ,d fcanq gksrk gS] blfy,
;g bl çdkj gS fd A x.kuh; gSA

nwjhd lef"V dk mileqPp; çFke Js.kh dk dgk tkrk gS vxj ;g l?ku x.kuh;
lewg ds la?k ds :i esa fy[kk tk ldrk gSA
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cs;j Js.kh çes; (Baire Category Theorem) fl) djus ls igys] ge dqN
çkjafHkd çes;ksa dks fl) djrs gSaA

 ekuk fd X ,d vkO;wg mileqPp; gSA fQj fuEufyf[kr dFku
lerqY; gSaA

(i) A, X esa xSj&l?ku  gS (ii) A esa dksbZ lehiorhZ ugha gS] (iii) ( A ), X esa
uhfgr  gSA

ge igys (i)   çekf.kr djsaxs vkSj vc gekjs ikl gSaA

A vuhfgr gS tc   ( A ) = 

  X dk dksbZ fcanq A  dk vkarfjd fcanq ugha gSA

  A  blds fdlh Hkh fcanq dk lehiorhZ ugha gSA

  A  esa dksbZ lehiorhZ ugha gSA

vc ge fl) djrs gSa fd (ii)   (iii) gekjs ikl gS]

A  esa dksbZ lehiorhZ ugha gSA

x  X lHkh ds fy,  A  vkSj lHkh r > 0, S (x, r)  A

lHkh x  X  ds  S (x, r)   ( A )’    fy, vkSj r > 0

 x ds çR;sd lehiorhZ esa çR;sd x  X ds fy, (A) fcanq gksrk gS]

X,  [( )]A  = X   ( A ) esa fufgr gksrk gS

 (i) pwafd ( A ) = ext ( A ) gS ;g iwoZorhZ çes; ls fuEukuqlkj gS fd A vuhfgr
gS vxj vkSj dsoy vxj ext ( A ) izR;sd txg l?ku gS

(ii) pwafd A   A  gekjs ikl gS A  ( A )A blfy, ;fn ( A )X esa uhfgr
gS] rks A gSA iwoZorhZ çes; ls ;g fudyrk gS fd ;fn A, X xSj&l?ku gS] rks AX
esa uhfgr gSA

 ;fn A dgha l?ku (Dense) ugha gS] rks A  dk laiw.kZ lef"V X ugha
gSA

pwafd X laor̀ gS] X = XA fQj X [kqyk gS] gekjs ikl ( X )° = X° = X gSA

pwafd A xSj&l?ku gS] ( A )° =   esa bl çdkj] ;g fuEu gS fd A    XA

 nks A vkSj B dgs tkus okys vfjDr leqPp;ksa dh fLFkfr ds fy, izes;

dks fl) djus ds fy, ;g i;kZIr gSA ljy :i esa] ge j[krs gSa G = [ ]A B ° rkfd

G A B  = A  B tks fd bl izdkj gS

G ( B )   ( A    B )   ( B ) = [ A    ( B )]   [ B    ( B )]

[forj.k dk fu;e]

= A    ( B ) [   B    ( B ) = ]

  A .

     [G   ( B )]°  ( A )° =       [  B xSj&l?ku gS]
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Ysfdu G° A B °° = [ ]A B ° so the [ ]A B ° = 

blfy,, A   B xSj&l?ku gSA

 S (x, r) A esa xSj&l?ku gS] fQj çR;sd [kqyk {ks= laor̀ {ks= Hkh j[krk
gS ftlesa A dk dksbZ fcanq ugha gSA

 S (x, r) dks lef"V X esa fdlh Hkh foor̀ {ks= esa jgus nsaA pw¡fd A xSj&l?ku
gS] ext (A) gj txg l?ku gSA çes; 3-38 gS rkfd]

[ (A)]ext  = X blfy,] çR;sd fcanq ext (A) vkSj x  X dk ,d lqlaxr fcanq
gS ifj.kkeLo:i S (x) esa ext (A) dk ,d fcanq y gksuk pkfg,A ysfdu ext (A) ,d
[kqyk vkO;wg gS S (x, r) esa lekfgr S (y, r)   ext (A) ,d [kqyk {ks= S (y, r) ekStwn
gS tSls fd A rkRi;Z gS fd S (y, r) esa S (x, r) dk dksbZ fcanq ugha gS

;g bl çdkj gS fd ;fn {ks= esa lekfgr gS 0 < r < r, ysfdu blesa
S [y, r] dk S (x, r) dksbZ fcanq ugha gSA

 gj vkO;wg iwjk lef"V gksrk gS [kqn ds nwljh Js.kh
esa mileqPp; ds :i gksrk gS A

 ekuk (X, d) ,d iw.kZ nwjhd lef"V gSA ge ;g fn[kk,axs fd X nwljh Js.kh
dk gS eku yhft,] ;fn laHko gks rks] X nwljh Js.kh dk ugha gSA rc X igyh Js.kh
dk gksuk pkfg, rkfd X dgha Hkh fufgr leqPp; ds ,d x.kuh; lewg dk feyu
u dj ik,a ge bl lewg dks ,d vuqØe <A

n
> ds :i esa O;ofLFkr djrs gSaA pwafd

<A
n
> xSj&l?ku gS] çes; 3-41 }kjk f=T;k r

1
 < 1 ds lkFk ,d laor̀ {ks= K

1
 ekStwn

gS ,slk gS fd K
1
   A

1 
=  ekuk S

1
 dks K

1
 tgka K

1
esa S

1
, ds leku dsaæ vkSj f=T;k

okys foo`r {ks= dks fu:fir djrs gSaA S
1 
esa] ge dj ldrs gSa f=T;k r

2
 < 

1

2
 ds ,d

laor̀ xksys K
2
 dk irk yxk ldrs gS  tSls fd K

2
   A

2
 =  bl rjhds ls] ge ,d

fLFkj fLFkfr dk fuekZ.k djrs gSa < K
n
> lao`r xksys ds fuEufyf[kr nks xq.k gSa%

(i) çR;sd /kukRed iw.kkaZd n, K
n
 ds 

 
fy, A

1
, A

2
,...,A

n
 dks çfrPNsn ugha

djrk gSA

(i) K
n
 fd f=T;k n  ds :i esa 'kwU; gks tkrk gSA

pwafd X iwjk gks x;k gS] ;g dSaVj (Cantor’s) ds çfrPNsnu çes; }kjk
vuqlj.k djrk gS

1n




 K

n

,d ,dy fcanq x
0
 ls cuk gksrk gS tks fdlh l?ku A

n
 leqPp; ls lacaf/kr ugha

gSA ysfdu ;g laHko ugha gS D;ksafd X igyh Js.kh dk gSA blfy, X nwljh Js.kh
dk gksuk pkfg,A

iwoZorhZ çes; dks fuEufyf[kr mi;ksxh :iksa esa j[kk tk ldrk gS%

(i) ;fn < A
n
> ,d iw.kZ nwjhd lef"V X esa dgha Hkh l?ku leqPp; dk

vuqØe gS] rks X esa ,d fcanq ekStwn gS tks fdlh Hkh A
n
s esa ugha gSA
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(ii) ;fn ,d iw.kZ nwjhd lef"V vius mileqPp; ds vuqØe dk la?k gS] rc
vuqØe esa de ls de ,d leqPp; dks lao`r djus ds fy, vkarfjd
Hkkx [kkyh gksuk pkfg,

,d laLFkkfud lef"V dks  ¼vyx djus ;ksX;½ dgk tkrk gS ;fn blesa ,d
x.kuh; vkPNknu@l?ku mileqPp; gksrk gS( blesa lef"V ds vo;oksa ds vuqØe

  1n n
x




 mifLFkr gksrs gSa] ftlls lef"V ds çR;sd xSj&fjDr foor̀ mileqPp; esa

vuqØe dk de&ls&de ,d vo;o fufgr jgrk gSA fo'ks"k :i ls] x.kuh; l?ku
mileqPp; ij] ftldk fo;ksT; lef"V ij çR;sd lrr Qyu] ftldk fo;kstu
gkWlMkWQZ lef"V dk mileqPp; gS] blds ekuksa }kjk fu/kkZfjr fd;k tkrk gSA

lkekU; :i ls] i`Fkdrk ,d ,sls lef"V ij ,d rduhdh ifjdYiuk gS tks
dkQh mi;ksxh gS vkSj T;kfefr rFkk fpjlEer fo'ys"k.k esa i<+k, x, foLrkjksa ds
oxksaZ esa lkekU; :i ls cgqr gYds ekus tkrs gSaA nwljh x.;rk ds lac) fl)kar ds
lkFk foHksn dh rqyuk djuk vko';d gS] tks lkekU; rkSj ij lkekU; :i ls vf/
kd fdUrq  nwjhd lef"V ds oxZ ds cjkcj gksrk gSA vc ge fo;ksT; lef"V ds dqN
mnkgj.k ij fopkj djsaA

1- çR;sd l?ku nwjhd lef"V ¼;k nwjhduh; lef"V½ fo;ksT; gSA

2- dksbZ Hkh laLFkkfud lef"V (Topological Space) tks i`FkDdj.kh; milef"V
ds x.kuh; la[;k dk leqPp; gS] i`FkDdj.kh; gSA bu çFke nks mnkgj.kksa esa
n&vk;keh ;qfDyfM;u lef"V i`FkDdj.kh; gksuk ,d fHkUu çek.k fn;k tkrk
gSA

3- Rn esa R ds ,d l?ku mileqPp; ls lHkh fujarj dk;ksaZ dk lef"V fo;ksT;
gSA

4- oh;jLVªSl lfUudVu (Weierstrass Approximation) izes; dk vuqlj.k djus
ij ;g ljyrk ls irk pyrk gS fd ifjes; xq.kkad okyk cgqin dk leqPp;
Q[t]] bdkbZ varjky [0,1] ij] ,dleku vfHklj.k dh ehfVªd ds lkFk] lrr
Qyu ds lef"V C[0,1] dk ,d x.kuh; l?ku mileqPp; gSA cukp&etwj
izes; (Banach-Mazur theorem) bl ckr ij tksj nsrh gS fd dksbZ Hkh fo;ksT;
cukp lef"V] C[0,1] ds can jSf[kd milef"V ds fy,] leferh; :i ls
rqY;dkjh gSA

5- yhcsT;wt (Lebesuge) fjä lef"V Lp  fdlh 1 < p <  ds fy, vyx djus
;ksX; gSaA

6- ,d fgYcVZ lef"V pj gS vxj vkSj dsoy vxj bldk x.kuh; lkekU;
ykafcd vk/kkj (Countable Orthonormal Basis) gS] rks ;g fuEukuqlkj gS fd
dksbZ Hkh fo;ksT;] vuar&vk;keh fgYcVZ lef"V rqY;kdkfjd 2  gSA
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7- ,d fo;ksT; lef"V dk mnkgj.k tks nwljk&x.kuh; ugha gS] R
Ilt 
gS] fuEure

lhek laLFkkfud (Lower Limit Topology) ls lqlfTtr okLrfod la[;kvksa
dk lewg gSA

8- ,d laLFkkfud lef"V X, ;fn vkSj dsoy ;fn tc X dk mileqPp; A

ifjfer ;k izx.kuh; gS] bl izdkj fd A dk lao`r laiw.kZ lef"V gS vFkkZr~

. Q R A X

9- lkekU; laLFkkfud ds lkFk okLrfod js[kk R fo;ksT; gS pwafd ifjes;

la[;kvksa dk leqPp; Q vx.kuh; gS vkSj R esa l?ku gS vFkkZr Q R  l?ku

;k vkPNkfnr gSA

10- izR;sd nwljk x.kuh; lef"V fo;ksT; gS] ysfdu izR;sd fo;ksT; lef"V f}rh;
x.kuh; gSA mnkgj.k ds fy,] can&[kqyk varjky [a, b) ds }kjk mRiUu]
VksiksykWth ds lkFk okLrfod js[kk R] fo;ksT; lef"V dk ,d fpjlEer
mnkgj.k gS] tks fd x.kuh;rk ds f}rh; Lo;afl) dks larq"V ugha djrk gSA

laLFkkfud lef"V X dks çFke x.kuh; lef"V dgk tkrk gS] ;fn ;g fuEufyf[kr
Lo;afl) dks larq"V djrk gS] ftls x.kuh; dk igyk Lo;afl) (Axiom) dgk tkrk
gSA

nwljs 'kCnksa esa] ,d laLFkkfud (Topological) lef"V X] ,d izFke x.kuh;
lef"V gS ;fn vkSj dsoy ;fn ogk¡ izR;sd fcanq peX ij ,d x.kuh; LFkkuh; vkèkkj
fo|eku gSA

,d izFke x.kuh;] fo;ksT; gkWlMkWQZ lef"V ¼fo'ks"k:i ls ,d fo;ksT;
ehfVªd lef"V½ vf/kdre lkrR; izeq[krk c j[krk gSA bl izdkj ds lef"V esa]
laoj.k dk fuèkkZj.k vuqØeksa dh lhek }kjk gksrk gS] vkSj dksbZ Hkh vuqØe vf/kdre
,d lhek j[krk gS] blfy, ogk¡ vfHklj.k vuqØeksa ds leqPp; ls izkIr vkPNknh
ekufp= izkIr gksrk gS] ftldk eku x.kuh; l?ku mileqPp; esa X ds fcanqvksa ds
fy, gksrk gSA ,d fo;ksT; gkWlMkWQZ lef"V vf/kdre 2c izeq[krk j[krk gS] tgka c
lkrR; dh izeq[krk gSA vr,o] laoj.k dks fuLianu vk/kkj dh lhek ds :i esa
fo'ks"khÑr djrs gSa% ;fn Y, X dk mileqPp; gS rFkk Z, X dk fcanq gS] rc Z, Y ds
laoj.k esa gS] ;fn vkSj dsoy ;fn ogk¡ fuLianu vk/kkj B fo|eku gS] tks fd Z dh
vksj vfHklj.k gSa]  Y ds mileqPp; dks /kkj.k fd, gksA

bl izdkj ds fuLianu vk/kkj ds leqPp; S(Y) dh vf/kdre izeq[krk
¼dkfMZusfyVh½ 22[y] gSA blds vfrfjDr] ,d gkWlMkWQZ lef"V esa] izR;sd fuLianu
vkèkkj ds fy, ogk¡ vfèkdre ,d lhek gksrh gSA bl izdkj] ogk¡ ,d vkPNknu S(Y)

 X gksrk gS] tc Y  = XA ,d vfHkUu rdZ vkSj vf/kd lkekU; ifj.kke dks
LFkkfir djrk gS% ekuk fd ,d gkWlMkWQZ laLFkkfud lef"V X] dkfMZusfyVh k ds lkFk
,d l?ku mileqPp; dks lekfgr fd, gq, gSA rc] X dh vf/kdre dkfMZusfyVh
22k rFkk 2k gS] ;fn ;g izFke x.kuh; gSA vf/kdre lkrR;ksa okys dbZ fo;ksT;
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lef"Vksa dk xq.ku ,d fo;ksT; lef"V gSA fo'ks"k:i esa] Lo;a esa okLrfod js[kk ls
izkIr lHkh Qyuksa dk lef"V RR] laLFkkfud xq.ku ds lkFk laiUu] dkfMZusfyVh 2c ds
lkFk ,d fo;ksT; gkWlMkWQZ lef"V gSA vf/kd lkekU; :i esa] ;fn k dksbZ vuar
dkfMZuy gS] rc vkdkj ds l?ku mileqPp; ds lkFk] vf/kdre 2k lef"Vksa dk
xq.ku] vf/kdre k gSA

 crk nsa fd X ,d nwjhd lef"V gSA peX foo`r dh x.kuk djus
;ksX; oxZ xksys {S(p, 1), S(p, 1/2), S(p, 1/3),..... } ds lkFk dsanz esap ij ,d
lef"Vh; vkèkkj gSA bl çdkj çR;sd nwjhd lef"V x.kuh;rk dk igyk Lo;afl)
dks larq"V djrk gSA

 X dks fdlh Hkh vlrr lef"V (Discrete Space) gks vkSj pX

dks fcanq p ij ,d lef"Vh; lef"V vk/kkj nsa ,dy leqPp; {p} gS] tks x.kuk ;ksX;
gSA bl çdkj gj vlrr lef"V x.kuk ds igys Lo;afl) dks larq"V djrk gSA

blds Øe Vksiksy‚th esa igyk v.kuh; (Uncountable) Øeokpd (ordinal)


1
 fo;ksT; ugha gSA

mPpre (Supremum) okys izfreku ds lkFk lHkh ca/ks gq, okLrfod vuqØeksa
dk ckukp lef"V l vyx ugha gSA

Vksiksy‚th  ds lkFk laLFkkfud lef"V X dks nwljh x.kuk ;ksX; lef"V dgk tkrk
gS] ;fn ;g fuEufyf[kr Lo;afl) dks larq"V djrk gS] ftls x.kuk ;ksX; dk nwljk
Lo;afl) dgk tkrk gSA laLFkkfud  ds fy, ,d x.kuh; vkèkkj B ekStwn gSA
mnkgj.k ds fy,] ifjes; var Çcnqvksa ds lkFk foor̀ varjky ¼A, nwjhd lef"V B½ dk
oxZ vFkkZr~ a, b  Q tgka Q ifjes; la[;kvksa dk mileqPp; gS] x.kuk ;ksX; gS vkSj
okLrfod thou R ij lkekU; laLFkkfud ds fy, ,d vkèkkj gSA bl çdkj R x.kuk
ds nwljs Lo;afl) dks larq"V djrk gS vkSj bl çdkj ,d nwljk x.kuk lef"V
(Countable Space) gSA

vlrr laLFkkfud ds lkFk okLrfod js[kk R ij fopkj djsa] vc ,d
mileqPp; X ij vlrr laLFkkfud ds fy, ,d vkSj dsoy vkèkkj ;g gS fd X

ds lHkh ,dy (Singleton) mileqPp;ksa dk laxzg B] vc ge è;ku nsa fd R xSj
x.kuk ;ksX; gS vkSj bl çdkj R ds ,dy mileqPp; {p} dk oxZ xSj x.kuh; gSA
bl çdkj vlrr laLFkkfud D ds lkFk laLFkkfud lef"V (Topological Space) R

x.kuk dh nwljh Lo;afl) dks larq"V ugÈ djrk gSA mlh rdZ ls] vlrr laLFkkfud
D ds lkFk ifjes; la[;kvksa ds laLFkkfud lef"V Q ls x.kuk dh nwljh Lo;afl)
gksrh gSA

;fn B fdlh lef"V X ds fy, ,d x.kuh; vkèkkj gS] vkSj ;fn B
p
 esa B ds

vo;o gSa] ftlesa Çcnq p  X gS] rks p ij ,d x.kuh; lef"V vkèkkj B
p
 gSA dksÃ

Hkh nwljh&x.kuh; lef"V fo;ksT; gS% ;fn {U
n
} fol ,d x.kuh; vkèkkj] fdlh

Hkh x
n 
 U

n 
dk p;u djus ls ,d x.kuh; l?ku milewg cu tkrk gSA blds
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foijhr] ,d nwjhduh; lef"V (Metrizable Space) fo;ksT; gS ;fn vkSj dsoy ;fn
;g nwljh x.kuk ;ksX; gS ;fn vkSj dsoy ;fn ;g ÇyMsy‚Q gSA

,d nwljs x.kuh; lef"V dk ,d LosPN mi&lef"V nwljk x.kuh; gS]
vyx&vyx lef"V ds mi&Hkkxksa dks vyx djus dh vko';drk ugÈ gSA

vf/kdre lkrR; okys dbZ fo;ksT; lef"Vksa dk xq.ku fo;ksT; gksrk gSA
f}rh; x.kuh; lef"V dk ,d x.kuh; xq.ku] f}rh; x.kuh; gksrk gS] ysfdu f}rh;
x.kuh; lef"V ds vx.kuh; xq.ku ds fy, izFke x.kuh; gksuk vko';d ugha gSA

iF̀kDdj.k ds xq.k/keZ vius vki esa vkSj fdlh laLFkkfud lef"V dh x.kuh;rk
(Cardinality) ij dksÃ lhek ugÈ nsrs gS] ux.; laLFkkfud ds lkFk laiUu dksÃ Hkh
leqPp; vyx djus ;ksX; gS] lkFk gh nwljk x.kuh;] vèkZ&l?ku vkSj tqM+k gqvk gSA
ux.; laLFkkfud ds lkFk *nqfo/kk* bldk [kjkc iF̀kDdj.k xq.k gS] bldk dksyeksxksjkso
(Kolmogorov) HkkxQy ¼vuqikr½ ,d&fcanq lef"V gSA

 igyk x.kuk ;ksX; lef"V X ij ifjHkkf"kr ,d Qyu p  X  ij
fujarj gksrk gS vxj vkSj dsoy vxj ;g Øfed :i ls p ij fujarj gksrh gSA

nwljs 'kCnksa esa] ;fn dksÃ laLFkkfud lef"V X x.kuk ;ksX; ds igys Lo;afl)
dks larq"V djrk gS] rks f: XY ij fujarj gS vxj vkSj dsoy gj vuqØe ds fy,
{a

n
} dks p esa ifjoÆrr djus ij] vuqØe {f(a

n
)} esa Y dks f(p) esa ifjofrZr djrk

gS] vFkkZr

( ) ( )n na p f a f p 

 ,d nwljk x.kuh; lef"V Hkh çFke x.kuh; gSA

ekuk S ,d leqPp; gSA ekuk A, S dk mileqPp; gSA rc] S ds mileqPp;
dk laxzg C, A dk vkoj.k gS] ;fn A, C ds vo;oksa ds la?k dk ,d mileqPp; gSA
vFkkZr~

 :A c c C 

;fn C dk çR;sd vo;o dk ,d [kqyk milewg gS] rks C dks A dk [kqyk
vkoj.k dgk tkrk gSA ;fn C esa ,d x.kuh; mi&oxZ lekfgr gS] tks A dk ,d
vkoj.k Hkh gS] rks C dks A ds x.kuk ;ksX; vkoj.k ds fy, fQj ls dgk tkrk gSA

 A dks fdlh nwljs x.kuh; lef"V X ds fdlh Hkh mileqPp; ij ys
tkus nsa A rc A dk çR;sd [kqys vkoj.k x.kuh; vkoj.k ds fy, y?kqdj.kh; djus
;ksX; gSA

 ekuk X ,d nwljh x.kuh; lef"V gSA rc izR;sd vkèkkj B ds fy,,

X  ,d x.kuh; vkèkkj ij y?kqdj.kh; (Reducible) djus ;ksX; gSA

 ,d laLFkkfud lef"V X dks fyaMsykWQ dk lef"V dgk tkrk
gS vxj X ds gj foor̀ vkoj.k dks x.kuh; vkoj.k ds fy, fQj ls iz;ksx fd;k
tk,A

bl çdkj] gj nwljk x.kuh; fyaMsykWQ (Lindelof) dk lef"V gSA
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1- ,d vkO;wg ls vki D;k le>rs gSa\

2- foor̀ leqPp; dk la{ksi esa o.kZu djsaA

3- laor̀ leqPp; ls vki D;k le>rs gSa\

4- vuqorhZ fcanq dh O;k[;k djsaA

5- laor̀ djuk ;k laoj.k ls vki D;k le>rs gSa\

6- vkarfjd vkSj lhek fcanq dh O;k[;k djsaA

7- nwjhd lef"V ds milef"V dks la{ksi esa le>k,aA

8- ladqpu fl)kar D;k gS\

9- Øfer {ks= ls vki D;k le>rs gSa\

10- MsMsfdaM xq.k ls vki D;k le>rs gSa\

11- Øfer {ks=ksa dh rqY;kdkfjrk dk o.kZu djsaA

12- cS;j Js.kh izes; dks ifjHkkf"kr djsaA

13- fo;ksT; dh O;k[;k djsaA

14- fyaMsykWQ lef"V dk o.kZu djsaA

1- X dks ,d xSj&fjDr leqPp; gSaA ,d Qyu d: X× X R ¼okLrfod dk
leqPp;½ dks ,d vkO;wg ¼;k nwjh Qyu½ dgk tkrk gSA

2- R ds ,d mileqPp; G dks [kqyk dgk tkrk gS ;fn gj fcanq p  G ds fy,]
,d [kqyk varjky I ekStwn gks tSls fd p C G|

;g dgus ds cjkcj gS fd G [kqyk gS vxj gj p  G ds fy,] ekStwn gS vkSj
 nhd N(p,) = [p–, p + ] tSlk fd N(p, )CG

;fn F dk iwjd [kqyk gS rks R esa ,d leqPp; F dks laor̀ fd;k tkrk gSA

3- ;fn F dk iwjd [kqyk gS rks R esa ,d leqPp; F dks laor̀ fd;k tkrk gSA

4- ;fn AR,rks ,d fcanq pR dks A dk lap; fcanq ¼;k ,d lhek fcanq½ dgk
tkrk gS ;fn p ds çR;sd -nhd N(p,) esa p ls fHkUu A dk fcanq gksrk gSA

5- A esa R ds leqPp; dks lao`r djuk A okyk lcls NksVk lao`r leqPp; gS vkSj

A  }kjk fu:fir fd;k tkrk gSA
6- ekuk R ,d mileqPp; gS vkSj ekuk fd pAA rc p dks A dk ,d vkarfjd

fcanq dgk tkrk gS vxj ogk¡ A esa p dk ,d -nhd mifLFkr jgrk gS] vFkkZr~]
vxj ogk¡  > 0 ekStwn gS tSlk fd] [p–, p + ]  A ds lHkh vkarfjd fcanqvksa
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dk leqPp; gS A dk vkarfjd Hkkx dgykrk gS vkSj bls A° ;k int A }kjk
fu:fir fd;k tkrk gSA

(ii) fcanq p dks A dk ckgjh fcanq dgk tkrk gS

(iii) ,d fcanq p dks A dk ,d vk/kkjHkwr fcanq ¼;k lhek fcanq½ Hkh dgk tkrk
gS

7- lac)rk ¼dusfDVfoVh½ dh /kkj.kk fo'ys"k.k esa ekSfyd egRo dh gSA ,d
lkef;d nwjhd lef"V esa lac)rk dh vkSipkfjd ifjHkk"kk nsus ls iwoZ] ge
milef"V dh /kkj.kk dk ifjp; nsrs gSaA

8- (X, d) ,d iw.kZ nwjhd lef"V gksA ekufp=.k dks X ij ,d ladqpu ekufp=.k
;k ladqpu dgk tkrk gS ;fn dksbZ okLrfod la[;k 0    < 1 ds lkFk 
ekStwn gSA

9- ge dgrs gSa fd ;fn dksbZ {ks= F dk vkns'k fn;k tkrk gS] rks fuEufyf[kr
fLFkfr;ksa dks iwjk djus okyk F dk mileqPp; P ekStwn gksrk gSA

10- MsMsfdaM xq.k ¼;k iw.kZrk xq.k½ % ,d Øfer fd;k x;k {ks= F dks fMMsfdaM
xq.k ¼;k iw.kZrk xq.k½ j[kus ds fy, dgk tkrk gSA ;fn F ds izR;sd xSj&fjDr
mileqPp; esa Åijh lhek gksrh gSA

11- Øfer {ks=ksa dh le:irk % ekuk fd F vkSj K nks Øec) {ks= gSaA ,d
K ij F dk le:irkokn K ij F dk ,d&,d ekufp=.k f gS] tks +,...

vkSj > dks bl vFkZ esa lajf{kr djrk gS fd F esa çR;sd x vkSj y ds fy,]
gekjs ikl gSA

12- nwjhd lef"V dk mileqPp; çFke Js.kh dk dgk tkrk gS vxj ;g l?ku
x.kuh; lewg ds la?k ds :i esa fy[kk tk ldrk gSA

13- ,d laLFkkfud lef"V dks fo;ksT; ¼vyx djus ;ksX;½ dgk tkrk gS ;fn
blesa ,d x.kuh; vkPNknu@l?ku mileqPp; gksrk gS( blesa lef"V ds

vo;oksa ds vuqØe   1n n
x




 mifLFkr gksrs gSa] ftlls lef"V ds çR;sd foor̀

mileqPp; esa vuqØe dk de&ls&de ,d rRo fufgr jgrk gSA fo'ks"k :i
ls] x.kuh; l?ku mileqPp; ij] ftldk fo;ksT; lef"V ij çR;sd lrr
Qyu] ftldk fo;kstu gkWlMkWQZ lef"V dk mileqPp; gS] blds ekuksa }kjk
fu/kkZfjr fd;k tkrk gSA

14- ,d laLFkkfud lef"V X dks fyaMsykWQ dk lef"V dgk tkrk gS vxj X ds
gj foo`r vkoj.k dks x.kuh; vkoj.k ds fy, fQj ls iz;ksx fd;k tk,A

 X  ,d xSj&fjDr leqPp; gSaA ,d Qyu d: X× X R ¼okLrfod leqPp;½
dks ,d vkO;wg ¼;k nwjh Qyu½ dgk tkrk gS ;fn lHkh x, y, z  X, ds fy,
fuEu fLFkfr;ka larq"V gSaA
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[m 1]: d (x, y) > 0.

[m 2]: d (x, y) = 0 ;fn vkSj dsoy ;fn x = y.

[m 3]: d (x, y) = d (y, x), (le:irk).

[m 4]: d (x, z) < d (x, y) + d (y, z). (vlefer f=dks.k)

 ;qXe (X, d) dks nwjhd lef"V dgk tkrk gS vkSj d (x, y) dks fcanq x vkSj y
ds chp dh nwjh dgk tkrk gSA

 ;fn r > 0, leqPp; N (p, r) = {xX: d (p, x) < r} dks fcanq p dk fudVre
dgk tkrk gSA la[;k r dks N (p, r) dk f=T;k dgk tkrk gSA

 ,d fcanq p dks leqPp; A dk ,d lhfer fcanq dgk tkrk gS] ;fn p ds çR;sd
fudVrk esa p ds vykok A dk vad gksrk gSA

 leqPp; A dks dgk tkrk gS fd ;fn D(A) A, vFkkZr~ A dks can dj fn;k
x;k gS] rks A esa blds lHkh lhek fcanq gSaA

 ,d fcanq p dks A dk ,d vkarfjd (Interior) fcanq dgk tkrk gS ;fn dksbZ
p dk fudVrk N ekStwn gS] tSls fd N A

 ,d nwjhd lef"V esa] çR;sd fudVrk ,d [kqyk leqPp; gSA

 R ds ,d mileqPp; G dks [kqyk dgk tkrk gS ;fn gj fcanq p  G ds fy,]
,d [kqyk varjky I ekStwn gks tSls fd p  G |

 foo`r leqPp;ksa ds vifjfer laxzg dk loZfu"B vko';d :i ls [kqyk ugha
gSA mnkgj.k ds fy,] ;fn G

n
 = ]–1/n, 1/n] (n  N),  rks çR;sd G

n
 [kqyk

gS ¼,d [kqyk varjky gksus ds fy,½] ysfdu 
1

n

n
i

G
=
 = {0} tks rc ls [kqyk ugha

gS tc rd ekStwn ugha gS > 0 tSls fd]]– , [{0}

 ;fn AR,rks ,d fcanq pR dks A dk lap; fcanq ¼;k ,d lhek fcanq½ dgk
tkrk gS ;fn p ds çR;sd -nhd N(p,) esa p ls fHkUu A dk fcanq gksrk gSA

 ;fn A dk ,d lap; fcanq p gS] rks p ds çR;sd -nhd  esa vlhe :i ls
A ds dbZ fcanq gksrs gSaA

 ,d leqPp; dks igys izdkj dk dgk tkrk gS ;fn blesa dsoy vodyt
leqPp;ksa dh ,d ifjfer la[;k gksrh gSA ;fn bldh vodyt leqPp; dh
la[;k vifjfer gS] rks bls nwljh çtkfr dk dgk tkrk gSA

 lac)rk dh /kkj.kk fo'ys"k.k esa ekSfyd egRo dh gSA ,d laLFkkfud nwjhd
lef"V esa lac)rk dh vkSipkfjd ifjHkk"kk nsus ls iwoZ] ge milef"V dh
èkkj.kk dk ifjp; nsrs gSaA

 R dk ,d mileqPp; A tqM+k gqvk gS ;fn vkSj dsoy ;fn ;g ,d varjky
gSA
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 nwjhd lef"V (X, d) esa vuqØe < x
n
> vfHklj.k djrk gS x

0
 X] ;fn ;g

varr% x
0 
ds gj nhd esa ,dxqf.kr jgrk gS rks bl çdkj ;fn çR;sd > 0

ds fy, ,slk /kukRed iw.kkaZd n  gksrk gS tSls fd

n  n ()   d (x
n
, x

0
) < 

 ,d vU; ifjHkk"kk gS] nwjhd lef"V (X, d) esa vuqØe < x
n
> ,d dkmph

vuqØe ekuk tkrk gS] ;fn çR;sd > 0 ds fy, ,sls /kukRed iw.kkaZd n ()

eku fy;k tkrk gS tSls

m, n   n ()   d(x
m
, x

n
) <

 (X, d) ,d iw.kZ nwjhd lef"V gksA ekufp=.k dks X ij ,d ladqpu ekufp=.k
;k ladqpu dgk tkrk gS ;fn dksbZ okLrfod la[;k 0    < 1 ds lkFk 
ekStwn gSA tSls fd çR;sd x, y,  X ds fy,]

d (f (x), f (y)) d (x, y) < d (x, y)

 Ra ds çR;sd lhekc} vifjfer mileqPp; A dk lhek fcanq Rn esa gksrk gSA

 leqPp;  P dks F ds /kukRed vo;oksa dk leqPp; dgk tkrk gSA ,d
vknsf'kr {ks= F esa ,d rRo ,d _.kkRed rRo dgykrk gS ;fn a u rks
èkukRed ;k 'kwU; gSA ge dgrs gSa fd a, b ls de gS] a < b ;k b > a vxj
b–a P fy[kk tkrk gS] rks bl çdkj] rRo b  F /kukRed gS ;fn b–0 
P rks ;g gS fd 0 < b ;k b > 0 ge ,d a < b xyr gS ;g bafxr djus
ds fy, b   a fy[ksaA

 ,d Øfer fd;k x;k {ks= F dks MsMsfdaM xq.k ¼;k iw.kZrk xq.k½ j[kus ds fy,
dgk tkrk gS] ;fn F ds gj xSj&fjDr mileqPp; esa Åijh lhek gksrh gSA

 R ds çR;sd xSj&fjä milewg ftlesa Åijh lhek gksrh gS] esa ,d mPpre
gksrk gSA nwljs 'kCnksa esa R ds ikl MsMsfdaM xq.k gSA

 çR;sd okLrfod la[;k x ds fy,] ,d /kukRed iw.kkaZd n ekStwn gSA tSls fd]
n > xA

 ;fn ,d leqPp; A vius vki esa l?ku gS] rks bldk igyk O;qRiUu leqPp;
D(A) ,dne lgh gSA

 nwjhd lef"V dk mileqPp; çFke Js.kh dk dgk tkrk gS vxj ;g l?ku
x.kuh; lewg ds la?k ds :i esa fy[kk tk ldrk gSA

 ,d laLFkkfud lef"V dks fo;ksT; ¼vyx djus ;ksX;½ dgk tkrk gS ;fn
blesa ,d x.kuh; vkPNknu@l?ku mileqPp; gksrk gS( blesa lef"V ds

vo;oksa ds vuqØe   1n n
x




 mifLFkr gksrs gSa] ftlls lef"V ds çR;sd foor̀

mileqPp; esa vuqØe dk de&ls&de ,d rRo fufgr jgrk gSA fo'ks"k :i
ls] x.kuh; l?ku mileqPp; ij] ftldk fo;ksT; lef"V ij çR;sd lrr
Qyu] ftldk fo;kstu gkWlMkWQZ lef"V dk mileqPp; gS] blds ekuksa }kjk
fu/kkZfjr fd;k tkrk gSA
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 lkekU; :i ls] i`Fkdrk ,d ,sls lef"V ij ,d rduhdh ifjdYiuk gS tks
dkQh mi;ksxh gS vkSj T;kfefr rFkk fpjlEer fo'ys"k.k esa i<+k, x, lef"Vksa
ds oxksaZ esa lkekU; :i ls cgqr ekewyh ekus tkrs gSaA nwljh x.kuh;rk ds
lac) fl)kar ds lkFk foHksn dh rqyuk djuk vko';d gS] tks lkekU; rkSj
ij lkekU; :i ls vf/kd fdUrq nwjhd lef"V ds oxZ ds cjkcj gksrk gSA

 lkekU; laLFkkfud ds lkFk okLrfod js[kk R fo;ksT; gS pwafd ifjes;

la[;kvksa dk leqPp; Q vx.kuh; gS vkSj R esa l?ku gS vFkkZr Q R  l?ku

;k vkPNkfnr gSA

 Vksiksy‚th  ds lkFk Vksiksy‚ftdy lef"V X dks nwljh x.kuk ;ksX; lef"V
dgk tkrk gS] ;fn ;g lacaf/kr Lo;afl) dks larq"V djrk gS] ftls x.kuk ;ksX;
dk nwljk Lo;afl) dgk tkrk gSA Vksiksy‚th  ds fy, ,d x.kuh; vkèkkj B
ekStwn gSA

 X dks ,d xSj&fjDr leqPp; gSaA ,d Qyu d: X× X
R ¼okLrfod dk leqPp;½ dks ,d vkO;wg ¼;k nwjh Qyu½ dgk tkrk gSA

  ;fn F dk iwjd [kqyk gS rks R esa ,d leqPp; F dks laor̀
fd;k tkrk gSA

 R ds ,d mileqPp; f dks [kqyk dgk tkrk gS ;fn ;g
fcanq PEG ds fy, ,d [kqyk varjky I ekStwn gSA

 ;fn AER, rks ,d fcanq PER dk lap; fcanq ¼;g ,d lhek
fcanq½ dgk tkrk gSA

 A esa R ds leqPp; dks lao`r djuk A djuk A okyk lcls NksVk
laor̀ leqPp; gS vkSj A }kjk fu:fir fd;k tkrk gSA

 lac)rk dh /kkj.kk fo'ys"k.k esa ekSfyd egRo dh gSA ,d
laLFkkfud lef"V esa lac)rk ifjHkk"kk nsus ls iwoZ] ge ml lef"V dh /kkj.kk
dk ifjp; nsrs gSaA

 ge dgrs gSa fd ;fn dksbZ {ks= F dks Øfer fd;k tkrk gS]
rks fLFkfr;ksa dks iwjk djus okyk F dk mileqPp; P ekStwn gksrk gSA

 (Dedekind Property) ,d Øfer

fd;k x;k {ks= F dks MsMsfdaM xq.k j[kus ds fy, dgk tkrk gSA

1. Kkr djsa fd R dk fuEufyf[kr mileqPp; [kqyk gS ;k lao`r gS %

(i) [0, 1]
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(ii) [1, 2]

(iii) 1[0, 2]

(iv) [0, 1]  [2, 3]

(v) {1/2n : n  N)

(vi) {1, 2, 3, 4}

(vii) N

(viii) Q

(ix) 0

(x) R.

2. ;g crk,a fd D;k R dk fuEufyf[kr mileqPp; lao`r] [kqyk] ifjiw.kZ ;k
ifjc) gqvk gS

(i) lHkh iw.kk±dksa dk leqPp;

(ii) okLrfod 1 la[;k 
1

n
 ls feydj leqPp; curk gSA (n = 1, 2, 3,...),

(iii) [kaM [a, b].

3. fuEufyf[kr dks mnkgj.k nsdj le>k,a %

(i) ,d [kqyk leqPp; tks ,d varjky ugha gSA

(ii) ,d lao`r leqPp; tks ,d varjky ugha gSA

(iii) ,d varjky tks [kqyk ugha gSA

(iv) ,d varjky tks lao`r ugha gSA

(v) ,d varjky tks [kqyk leqPp; gSA

(vi) ,d varjky tks lao`r leqPp; gSA

(vii) ,d leqPp; tks uk gh [kqyk varjky gS vkSj uk gh [kqyk leqPp; gSA

(viii) ,d leqPp; tks uk gh lao`r varjky gS vkSj uk gh laor̀ leqPp; gSA

4. gka ;k uk esa mÙkj nsa] izR;sd izdj.k esa ;k rks izek.k }kjk ;k foijhr mnkgj.k
}kjk vius mÙkj dks lgh crk,aA

(i) D;k ,d vuar leqPp; [kqyk gks ldrk gS\

(ii) D;k ,d vuar leqPp; [kqyk gks ldrk gS\

(iii) ,d vuar xSj&[kkyh leqPp; [kqyk gks ldrk gS\

(iv) laor̀ leqPp;ksa ds foosdk/khu laxzg dk la?k can gS\

(v) D;k [kqys leqPpvksa dk foosdk/khu laxzg izfrPNsnu ij [kqyk gS\

5. D;k vifjes; la[;kvksa dk leqPp; [kqyk ;k can gksrk gS\

6. D;k R ds mileqPp; nksuksa [kqys ;k can gSaA
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7. leqPp; A = {1/2n, n  N} ij vuqorhZ fcanq dks Kkr dhft,] tksfd ;gka A
ds lap; fcanq ij Hkh gS\

8. fn[kk,a fd x lao`r gksus dk ,d fcanq gS] ¼vFkkZr~ vuqorhZ fcUnq½ leqPp; A dk
;fn vksj dsoy ;fn s

n
  A vkSj x = lim s

n
 ds lkFk vuqØe {s

n
} gksA

9. fn[kk, dh vifjes; la[;kvksa dk leqPp; izR;sd txg l?ku gSA

10. D;k ifjes; la[;kvksa dk leqPp; Q Lo;a esa l?ku gS\

11. leqPp; dk mnkgj.k nhft, tksfd laor̀ gS ysfdu l?ku ugha gSA

12. leqPp; dk mnkgj.k nhft, tksfd mÙke gS ysfdu xSj&l?ku ugha gSA

1. fuEufyf[kr mileqPp; ds lHkh lap; fcanq ds leqPp; dks 1 esa fu/kkZfjr djsa
vkSj r; djsa fd leqPp; foo`r gSa ;k laor̀ gSaA

(i) I lHkh iw.kk±dksa dk leqPp;,

(ii) {(–l)n + (l/m) : m, n  N],

(iii) {(1/n) + (l/m) : m, n n  N}.

(iv) {(–1)n [1 + (1/n)] : n  N},

(v) {3–n + : n  N}  {5–n : n N}  {0}.

2. ekuk leqPp; A ds fcanq fn, x, gSa]

1 2

1 1 1
.... ,

na a a
 

tgk¡ n ,d fuf'pr /kukRed iw.kk±d gS vkSj la[;k A izR;sd /kukRed vfHkUu
eku ysrh gSA fn[kk,a fd A izFke oxZ vkSj noh Øe ;k dksfV dk gSA

3. fn[kk,a dh fcanq 1/12 dSaVj leqPp; (Cantor's Set) ds fcanq 
1

12
 ij gSA

[ladsr 
1

12
 = 0

3
’ 00202020 ].

4. C dks xq.k ds lkFk okLrfod la[;kvksa ds lao`r leqPpvksa dk ,d laxzg ekusa]
tks C ds izR;sd ifjfer milaxzg esa ,d xSj&fjDr izfrPNsnu gS] vkSj eku
ys fd C dk buesa ls dksbZ ,d leqPp; ifjc) gSA fl) djks fd
{F : F  C} .

[ladsr% gsbu&cksjsy izes; vkSj Mh&ekWxZu fu;eksa dk mi;ksx djsa].

5. ekuk{F
n
} okLrfod la[;kvksa ds xSj&fjDr lao`r leqPp;ksa F

n 
F

n+l
 dk ,d

Øe ;k dksfV gSA fn[kk,a fd F
n
 dk buesa ls dksbZ ,d leqPp; lhfer gS] rks
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1
1i

F




   mnkgj.k nsdj fn[kk,a fd ;g fu"d"kZ xyr gS ;fn gesa buesa ls

lhfer leqPp; dh vko';drk ugha gSA

6. fl) djsa fd izR;sd xSj&fjDr [kqyk leqPp; ifjes; vkSj vifjes; nksuksa esa
'kkfey gksrk gSA

7. ;g fl) djs fd R esa izR;sd lao`r leqPp; foo`r leqPp;ksa dh x.kuk ;ksX;
laxzg dk izfrPNsnu ;k loZfu"B gSA

8. ;g fl) djs fd R esa izR;sd xSj&fjDr] ca/ks gq, laor̀ leqPp;] ca/ks gq, lao`r
leqPp; A ;k rks ,d lao`r varjky gS ;k fQj A dks ,d varjky esa foor̀
varjky ds ,d x.kuk ;ksX; vlac) laxzg dks gVkdj izkIr fd;k tk ldrk
gS] ftldk vafre fcanq S ls lacaf/kr gSA

9. fn[kk, fd /kukRed yEckbZ vlac) varjky dk dksbZ Hkh laxzg x.kuh; gSA
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4-0 ifjp;
4-1 mís';
4-2 fujarj ;k lrr Qyu
4-3 foLrkj çes;
4-4 ,d leku fujarjrk ;k lkrR;
4-5 l?kurk
4-6 iw.kZr% ifjc) lef"V
4-7 ifjfer çfrPNsnu xq.k
4-8 fujarj Qyu vkSj l?ku leqPp;] lac)rk
4-9 viuh izxfr tkafp, iz'uksa ds mÙkj

4-10 lkjka'k
4-11 eq[; 'kCnkoyh
4-12 Lo&ewY;kadu ç'u ,oa vH;kl
4-13 lgk;d ikB~; lkexzh

,d lrr ;k fujarj Qyu (Continuous Function) ,d ,slk Qyu (Function) gS
ftlds eku (Value) esa dksÃ vpkud ifjorZu ugÈ gksrk gS] vkSj ftls foPNsnu ds
:i esa tkuk tkrk gSA vfèkd lVhd :i ls] ,d fujarj Qyu ds fufo"V (Input)

esa i;kZIr :i ls NksVs ifjorZu blds fuxZr eku (Output) esa euekus <ax ls NksVs
ifjorZu gksrs gSaA ;fn Qyu fujarj ugÈ gS] rks ,d Qyu dks can djus ds fy, dgk
tkrk gSA 19 oÈ 'krkCnh rd] xf.krK cM+s iSekus ij fujarjrk dh lgt èkkj.kkvksa
ij Hkjkslk djrs Fks] ftlds nkSjku ,fIly‚u&MsYVk ¼Epsilon–Delta½ ifjHkk"kk tSls
ç;kl bls vkSipkfjd :i nsus ds fy, fd, x, FksA

Qyu dh lrr~ laLFkkfud (Continuous Topology) dh eq[; voèkkj.kkvksa esa
ls ,d gSA tks fd dksfV fl)kar esa gS] fo'ks"k :i ls Mksesu fl)kar esa] ,d fujarjrk
dh èkkj.kk dks Ld‚V fujarjrk (Scots Continuous) ds :i esa tkuk tkrk gSA fo'ks"k
:i ls lkekU; laLFkkfud esa] l?kurk (Compactness) ;k la;qärk ,d xq.k gS tks
;wfDyfM;u foLrkj ds can gksus dh èkkj.kk dks lkekU; djrk gS ¼vFkkZr] bldh lHkh
lhek Çcnqvksa ls ;qä½ vkSj lhfer ¼vFkkZr~ blds lHkh Çcnq ,d nwljs ds dqN fuf'pr
nwjh ij fLFkr gksrs gSa½A mnkgj.kksa esa ,d can varjky] ,d vk;r ;k Çcnqvksa dk ,d
fuèkkZfjr leqPp; 'kkfey gSA ;g èkkj.kk fofHkUu rjhdksa ls ;wfDyfM;u lef"V dh
rqyuk esa vfèkd lkekU; laLFkkfud lef"V (Topology Space) ds fy, ifjHkkf"kr dh
xÃ gSA
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bl bdkÃ esa] vki fujarj Qyu] foLrkj çes;] ,dleku fujarjrk vkSj
l?kurk] iw.kZr% ck/; lef"V] l?ku leqPp; vkSj la;qärk ds ckjs esa vè;;u djsaxsA

bl bdkbZ dks i<+us ds ckn vki&

 fujarj ;k lrr Qyu dk o.kZu dj ik,axs(

 foLrkj izes; dh O;k[;k dj ik,axs(

 ,dleku lkrR; ;k fujarjrk dks le> ik,axs(

 l?kurk dk o.kZu dj ik,axs(

 ifjfer izfrPNsnu xq.kksa dh O;k[;k dj ik,axs(

 fujarj ;k lrr Qyu dk la;qDr vkSj mlds l?ku leqPp; dks le>
ik,axsA

ekuk nwjhd lef"V Y esa] ,d l?ku nwjhd lef"V X dk lrr ekufp=.k F gSA

nwljs 'kCnksa esa] l?ku lef"V dk l?ku fp=] l?ku gSA

: ekuk fd  :H A  ]  f X  dk ,d [kqyk vkoj.k gSA pwafd f lrr~ gS]

f –1  1f H  X esa ,d [kqyk lewg gSA ;g fuEukuqlkj gS fd laxzg   1 :f H A  

X dk ,d [kqyk vkoj.k gSA pwafd X l?ku gS] cgqr lh lwfp;ka ;k lwpdkad (Indices)

1....., n  ekStwn gSaA ,slk gS fd]

X = f -1 [H1
]  ...  f–1 [H

n
) = f1 [H1

 ... H
n
].

;g bl çdkj gS fd

f = [X] = f [f–1 (H1 ...  H1
]   Hn

)   ...   Hn

blfy,  f X  l?ku gSA

Rn esa ,d leqPp; A dk ekufp=.k F ck/; dgk tk ldrk gS ;fn ogk¡ ,d

okLrfod la[;k M bl izdkj fo|eku gks fd  | |f x M izR;sd x A  ds fy,A

eq[; çes; esa tkus ls igys] ySek 1 ekuk tkrk gS

: ;fn X ,d lkekU; laLFkkfud lef"V (Topological Space) gS vkSj A] X
esa can gS] fQj fdlh Hkh lrr~ Qyu ds fy, :f A R  gS bl izdkj ls gS  |f(x)

< 1, ,d lrr~ Qyu (Continuous Function) g gS,
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g : X R  bl izdkj ls gS tks   1
| |

3
g x   ds fy;s ,x X  vkSj

    2
| |

3
f x g x   ds fy;s X A  gSA

: ;g leqPp;ksa (Sets) 
1 1

( ]
3

f    
 

 vkSj 
1 1

[ , )
3

f    
 

 A esa vla;qDr

(Disjoint) vkSj can (Closed) gSaA pwafd A can gS] os X esa Hkh can gSaA pw¡fd X lkekU;

gS] fQj "mjhlksgu" (Urysohn's) ds }kjk ySek vkSj ;g rF; fd [0] 1], 
1 1

, ,
3 3

   

ds le:i gSA 
1 1

: ,
3 3

g X     
 ,d lrr Qyu gSA tks bl izdkj ls

1 1 1
( , ]

3 3
g f c     
 

 vkSj 
1 1 1
[ , )
3 3

g f    
 

 gSA bl çdkj   1
| |

3
g X 

ds fy;s .x X A vc] vfn   1
,

3
f X     iqu%   1

| |
3

g x    vkSj bl çdkj

    2

3
f x g x  A blh çdkj ;fn  1

1,
3

f x   iqu%   1

3
g x   vkSj bl

çdkj 2
( ) – ( )

3
f x g x  A var esa] 2

( ) – ( )
3

f x g x  , ds fy, gekjs ikl |g(x)| £

1

3
, gS blfy,     2

3
f x g x  A vr%     2

3
f x g x    lHkh ds fy, x  A

j[krh gSA

: igys eku yhft, fd fdlh can milewg ij fdlh Hkh lrr Qyu ds
fy, ,d fujarj ;k lrr foLrkj (Continuous Extension) gksrk gSA C vkSj D dks
vla;qDr gksus nsa vkSj X esa can dj nsa rFkk F dks fuEu izdkj ifjHkkf"kr fd;k tkrk
gS :

 C D R  ls   0f x  ds fy;s x C  vkSj   1f x  ds fy;s  x D  vc

f fujarj ;k lrr gS vkSj ge bls ,d fujarj ;k lrr Qyu rd c<+k ldrs gSaA

: .F X R  mjhlksgu ds ySek (Urysohn's Lemma)] x lkekU; gS D;ksafd F fujarj
dk;Z gS tSls fd F(x) = 0 ds fy;s x  C vkSj f(x) = 1 ds fy, 1 x  D.

blds foijhr] X dks lkekU; gksus nsa vkSj A dks X esa can ;k laor̀ fd;k tk,A

ySek }kjk] ,d fujarj ;k lrr Qyu 0 : g X R  gksrk gS bl rjg ls  0

1

3
g x

ds fy;s x X  vkSj    0

1

3
 f x g x  ds fy;s  .x A  pwafd 
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fujarj (Continuous) ;k lrr gS] ySek gesa crkrh gS fd ,d lrr Qyu

 gSA bl rjg ls  1

1 2

3 3
    

g x  ds fy;s x X  vk Sj

0 1
2 2

( ) – ( ) – ( )
3 3

f x g x g x    
 

 ds fy;s .x A

ySek ds ckj&ckj vuqç;ksx }kjk ge fujarj ;k lrr Qyu dk vuqØe fufeZr
dj ldrs gSaA

0 1 2, , ,........g g g  bl rjg ls   1 2

3 3
    

n

ng x  lHkh ds fy, x X  gS] vkSj

       0 1 2

2
........

3
        

n

f x g x g x g x  ds fy;s .x A

ifjHkkf"kr djs a    
0




 nn

F x g x  D;ks afd   1 2

3 3
    

n

ng x  vkSj

0

1 2

3 3





 
  

n

n

 ,d T;kferh; Ükà[kyk ds :i esa ifjofrZr gksrk gS] fQj  
0




 n
n

g x  iwjh

rjg ls vkSj leku :i ls] blfy, F gj txg ifjHkkf"kr ,d lrr Qyu gSA blds

vykok] 
0

1 2
1

3 3





    
n

n

 bldk vk'k;   1.F x  gSA

vc] ,x A  ds fy,] gekjs ikl og gS    
1

0

2

3





    
k

k

nn
f x g x  vkSj

tSlk fd K vuar rd tkrk gS] nkbZa vksj 'kwU; vkSj blfy, ;ksx F ¼x½ esa tkrk gSA

bl çdkj     0 f x F x  blfy, F] F dk foLrkj djrk gSA

: ;fn ,d Qyu f larks"k tud FkkA   ,f x  fQj çes; dks lqn<̀+

(Strengthened) fd;k tk ldrk gSA F ds ,d foLrkj f izkIr djsaA og leqPp;

    1 1 1  BF  can gS vkSj A ls vla;qDr gS D;ksafd     1 F x f x  ds

fy;s x A mjhlksgu ds ySek }kjk ,d lrr Qyu f gS bl rjg ls    1A

vkSj    0 .B  vr%    x x  ]  x  dk fujarj ;k lrr foLrkj gS] vkSj ;g

xq.k Hkh gS tks fd     1.F x f x  gSA
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fn, x, nwjhd lef"V (Metric Space) (X, d
1
) vkSj (Y, d

2
)] ,d Qyu (Function)

: f X Y  gj okLrfod la[;k (Real Number) ds fy, leku :i ls fujarj dgk

tkrk gS 0  ogk¡ mifLFkr 0  ,slk gj x ds fy,] y X  ds lkFk

 1 , ,d x y   gekjs ikl og     2 , .d f x f y  gSA

;fn X vkSj Y okLrfod la[;kvksa ds mileqPp; (Subsets) gSa] d
1
 vkSj d

2

ekud ;wfDyfM;u ekunaM (Euclidean Norm) gks ldrs gSa] | • |, ifjHkk"kk nsrs gq,:

lHkh ds fy, 0  ogk¡ ,d 0  mifLFkr gSA tSls fd lHkh ds fy,

, ,  x y X x y   dk rkRi;Z     . f x f y  ls gSA

izR;sd fcanq ij] ,dleku :i ls lrr gksus rFkk lkekU; :i ls lrr gksus
esa varj ;g gS fd ,dleku lrrrk esa   dk eku dsoy s ij fuHkZj djrk gS u
fd Mksesu esa fdlh fcanq ijA

fdlh fo'ks"k fcanq ij Lo;a lrrrk (Continuity) ,d foLrkjh; ¼vfèkd ckjhdh
ls] fcanqvksa ds vkèkkj ij½ xq.k gS] vFkkZr Qyu f lrr jgrk gS ;k ughaA tc ge
fdlh Qyu dh ,d varjky ij fujarj gksus dh ckr djrs gSa] rks gekjk rkRi;Z dsoy
;g gS fd ;g varjky ds çR;sd fcanq ij tkjh gSA blds foijhr] leku fujarjrk
,d lkoZHkkSfed xq.k (Global Property) gS] bl vFkZ esa fd ekud ifjHkk"kk O;fDrxr
fcanqvksa ds ctk; vadksa ds tksM+s dks lanfHkZr djrh gSA nwljh vksj] çk—frd foLrkj
f*, ds lanHkZ esa ,d foLrkjh; ifjHkk"kk nsuk laHko gS] tSlk fd fuEufyf[kr mnkgj.kksa
esa n'kkZ;k x;k gS:

1- nks nwjhd lef"V ds chp çR;sd fyifLpV (Lipschitz) lrr ekufp= leku
:i ls fujarj gSA fo'ks"k :i ls çR;sd Qyu tks vodyuh; (Differentiable)

gS vkSj ftlds vodyt lhekc) gS] ,d leku :i ls lrr gSA vkerkSj ij]
gj èkkjd dk fujarj Qyu leku :i ls fujarj gSA

2- leku :i ls lekukarj xfr'khy Qyuksa dk çR;sd vo;o ,d leku :i ls
lrr gSA

3- Li'kZjs[kk Qyu varjky (Tangent Function Interval)  / 2, / 2   ij

fujarj ;k lrr gS ysfdu ml varjky ij leku :i ls fujarj ;k lrr ugha
gSA

4- ;g ?kkrh; Qyu (Exponential Function)  xx e  iwoZ okLrfod js[kk ij gj
txg fujarj ;k lrr gS ysfdu js[kk ij leku :i ls fujarj ;k lrr ugha
gSA

5- ;g ifjHkk"kkvksa dk rkRdkfyd ifj.kke gS fd çR;sd leku :i ls lrr Qyu
(Continuous Function) fujarj ;k lrr gSA
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6- O;qRØe (Converse) Qyu dk iz;ksx ugha gksrk gSA mnkgj.k ds fy, Qyu
2: , . f R R x x  ij fopkj djsa fdlh Hkh /kukRed okLrfod la[;k

(Positive Real Number) gSA fQj leku fujarjrk ds fy, ,d /kukRed
la[;k ds vfLrRo dh vko';drk gksrh gS   tSls fd lHkh ds fy, X

1
 X

2   
ds

lkFk 1 2 , X X   gekjs ikl    1 2 . f X f x   gS ysfdu fdlh Hkh

/kukRed la[;k ds fy,  ] gekjs ikl

        22 2 ,     f x f x x x      gS vkSj i;kZIr :i ls cM+s x

ds fy, ;g ek=k   ls vfèkd gSA

7- ;fn , : X R f X R  leku :i ls lrr (Uniformly Continuous) gS
vkSj S A lhfer gS] rc f ¼S½] R dk ,d lhfer mileqPp; (Subset) gSA

fo'ks"k :i ls] Qyu 
1

x
x
 ls  0,1  R ds fy, lrr gS ysfdu leku :i

ls lrr ugha gSA

8- lkekU;r%] leku :i ls lrr Qyu ds varxZr ,d laiw.kZr: ifjc)
mileqPp; (Totally Bounded Subset) dk fp= iwjh rjg ls ifjc) gksrk gSA
bl ckr ls lkoèkku jgsa fd leku :i ls lrr Qyu ds varxZr foosdkèkhu
(Arbitrary) nwjhd lef"V ds ifjc) mileqPp; dh fp= dks ifjc) gksus dh
vko';drk ugha gSA mnkgj.k ds fy,] iw.kkaZd vkO;wg ds lkFk laiUu iw.kkaZd
ls rRled Qyu (Identity Function) ij fopkj djsa tks lkekU; ;wfDyfM;u
(Euclidean) vkO;wg ls laiUu gSA

9- gsbu&dSaVksj (Heine-Cantor) çes; dk nkok gS fd ;fn X l?ku gS] rks çR;sd
fujarj : f X Y  leku :i ls fujarj gSA fo'ks"k :i ls] ;fn Qyu

okLrfod js[kk ds lhfer ifjc) varjky ij lrr jgrk gS rks ;g ml
varjky ij leku :i ls lrr jgrk gSA MkcksZDl (Darboux) dh iw.kkZRedrk
,d ,dleku lkrR; çes; (Uniform Continuity Theorem) ls yxHkx
rRdky gh dke djrh gSA

10- ;fn ,d okLrfod&eku Qyu (Real Valued Function) f lrr gS] [0, )

vkSj  
x

Iim f x  ¼vkSj ifjfer gS½] rks f leku :i ls lrr gSA fo'ks"k :i ls]

C
0
(R) dk çR;sd vo;o] R ij lrr Qyuksa dk og foLrkj] tks vuar esa u"V

gks tkrk gS] ,d leku :i ls lrr gksrk gSA è;ku nsa fd ;g Åij of.kZr

gsbu&dSaVksj çes; dk ,d lkekU;hdj.k gS] pwafd    0cC R C R A

xSj&ekud fo'ys"k.k (Non-Standard Analysis) esa] ,d okLrfod eku Qyu
f ,d okLrfod pj (Real Variable) dk ,d fcanq ij lrr a fcanq ij gSA vxj varj

gks tc Hkh     f a f a  vuar  gksrk gS   vuar gS] bl çdkj f] R ds leqPp;

A ij Bhd gS ;fn ,slh xq.k gj okLrfod fcanq a A  ij larq"V gSA le:i dh
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lrrrk dks bl in ds :i esa O;Dr fd;k tk ldrk gS fd dsoy okLrfod fcanqvksa
A esa gh lgh gS] ysfdu vius xSj&ekud led{k ¼çk—frd foLrkj½ (Natural

Extension) * A esa * R  esa lHkh fcanqvksa ij gSSA

: f=dks.kferh; Li'kZjs[kk Qyu (Trigonometric Tangent Function)

[kqys varjky ij lrr  / 2, / 2   ml leqPp; ij leku :i ls lrr jgus esa

foQy jgrk gS D;ksafd blesa vuar :i ls NksVh /kukRed okLrfod la[;k,¡ gksrh gSa]

tSls fd  tan / 2 2   vkSj  tan / 2 2   ,d vuar :i ls NksVh jkf'k ls

vfèkd fHkUu gksrh gSA

: ?kkrh; Qyu] okLrfod js[kk R ij lrr] R ij leku :i ls lrr
gksus esa foQy jgrk gS D;ksafd vuar :i ls cM+s xSj&ekud okLrfod la[;k,¡ gSa x
vkSj vuar :i ls NksVh xSj&ekud okLrfod la[;k,¡   gSa tSls fd exp(x + ) –

exp(x) vuar :i ls NksVh ugha gSA f}?kkrh; Qyu (Squaring Function) 2x  ds

lanHkZ esa ,d vfèkd Li"V x.kuk xSj&ekud dyu (Non-Standard Calculus) ij
fn[kkbZ nsrh gSA

;wfDyfM;u lef"V (Euclidean Space) ds eè; Qyu ds fy,] ,dleku
lkrR; bl vFkZ esa O;k[;kf;r dh tk ldrh gS fd Qyu vuqØe ds vuqlkj dSls

dk;Z djrk gSA fo'ks"k :i ls] A dks nR  dk mileqPp; (Subset) ekuk tkrk gSA
,d Qyu f : A  Rm  ,d leku :i ls lrr gS] ;fn vkSj dsoy ;fn] vuqØeksa
x

n 
vkSj y

n 
ds izR;sd ;qXe ds fy,] tks bl izdkj gS fd]

lim n n
n

x y


 = 0

gekjs ikl gS lim ( ) ( )n n
n

f x f y


 = 0

nwjhd lef"V (Metric Space) esa ifjc) leqPp; gksus dk xq.k le:irk
(Homomorphism) }kjk lajf{kr ugha gS] mnkgj.k ds fy,] varjky ¼0] 1½ vkSj iwjs
R lkekU; lkafLFkfr ds rgr le:id (Homomorphism) gSaA blfy, çes;ksa dks
okLrfod fo'ys"k.k (Real Analysis) esa lkekU; djus ds fy,] tSls laor̀ ifjc)
varjky ij lrr Qyu lhekc) gksrk gS] gesa ,d ubZ voèkkj.kk dh vko';drk gSA

;g l?kurk (Compactness) dk fopkj gSA ge ,d ifjHkk"kk nsaxs tks ckn esa
nwjhd lef"V ij ykxw gksrh gS] ysfdu bl chp] gekjs ikl dsoy [kqys leqPp;ksa ds
lanHkZ esa rdZ gSA

lkafLFkfrd lef"V rc lqxfBr gksrk gS] tc çR;sd [kqys vkoj.k esa ifjfer
mivkoj.k (Sub-Covering) gksrk gSA
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,d lef"V X dk [kqyk vkPNknu] i
j I

U X


  ds lkFk ,d [kqys leqPp; dk

laxzg {U
i
} gS rFkk ;g ,d ifjfer mi&vkoj.k j[krk gS ;fn ' }.iU s dh ,d fuf'pr

la[;k dk p;u fd;k tk ldrk gS tks fd vHkh Hkh X dks vkPNkfnr djrh gksA

lcls egRoiw.kZ ckr ;g gS fd bldk lkekU; vkO;wg ds lkFk R ds fy,
bldk D;k eryc gSA

:  varjky [0] 1] R ij lkekU; vkO;wg (Usual Metric) ds rgr l?ku gSA

: ekuk   iU ] [0, 1] dk ,d [kqyk vkoj.k gSA ;g fofèk lewg A ij fopkj

djus ds fy, gS A    { 0,1 | 0,x x   esa ls dbZ ifjfer ds }kjk vkPNkfnr

(Cover) fd;k tk ldrk gS ' }.iU s A rc R dh iw.kZrk xq.k dk mi;ksx A dh de

ls de Åijh lhek gksus ds fy, djsaA

ekuk 1,   rc ,d dqN [kqys leqPp; U
i0
 esa fufgr gksrk gS vkSj blfy,

U
i0
 esa ,d c&lehiorhZ esa fLFkr gksrk gSA

ij vc [0, – /2] '
iU s  ls ifjfer ds }kjk vkPNkfnr fd;k x;k gS] vkSj

blfy, ;g laxzg] ds lkFk lkFk U
i0
 vkPNkfnr [0, + /2] tks  dh ifjHkk"kk dk

[kaMu djrk gSA blh rjg ds çek.k ls irk pyrk gS fd R dk dksbZ Hkh can caèkk
gqvk varjky l?ku gSA ge ckn esa ns[ksaxs fd okLro esa R ¼bldh lkekU; vkO;wg
ds lkFk½ dk dksbZ Hkh can ifjc) milewg l?ku gSA

: bldh lkekU; vkO;wg (Usual Metric) ds lkFk R dk ,d l?ku
mileqPp; can vkSj ifjc) gSA

: ;fn ,d leqPp; A  R can ugha gS rks ,d lhek fcanq (Limit Point) p 
A gSA fQj can ds iwjd }kjk vkPNkfnr p ds - lehiorhZ ds fy;s p = 1, 1/2, 1/

3,....

mnkgj.k ds fy, ;fn A = (0, 1) vkSj p = 0 fQj (0, 1) = (1/
2
 , 1)  (l/

3
,1)

(1/4, 1) ...

ge A dks vkoj.k djus ds fy, ,d ifjfer mivkoj.k ugha ys ldrsA

blh rjg ds çek.k ls irk pyrk gS fd ,d ifjc) (Unbounded) leqPp;
l?ku ugha gSA

1- l?ku lewg dh lrr fp++= l?ku gSaA

vFkkZRk] ;fn f: C  Y lrr gS] vkSj C l?ku gS] fQj f(C) Hkh l?ku gksxkA

: crk nsa fd {U
i
} f(C) dk [kqyk vkoj.k gSA fQj {f–1(U

i
)} C dk [kqyk

vkoj.k gS vkSj blfy, bls lhfer mivkoj.k esa ?kVk;k tk ldrk gSA '
iU s  dk

laxr laxzg f(C) dk ifjfer mivkoj.k gksxkA
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: ;fn X l?ku gS] vkSj ~ dksbZ lekurk lacaèk gS rks X/~ l?ku gSA

: çk—frd ekufp= p. X  X/~ lrr vkSj vkPNkfnd (Continuous and

Onto) gSA

2- l?ku Lisl dk dksbZ Hkh can milewg l?ku gSA

: ;fn {U
i
} A  C dk [kqyk vkoj.k gS] rks çR;sd U

i
 = V

i
  A ds lkFk

V
i 
C esa [kqyk gSA fQj laxzg (Collection) {V

i
} ds lkFk esa [kqys leqPp; C - A

vkoj.k C vkSj blfy, ,d ifjfer mivkoj.k gSA blds vuqlkj '
iU s  rks A dks

vkoj.k djsaA

: gsbu&cksjsy çes; (Heine-Borel Theorem) : bldh lkekU; vkO;wg ds
lkFk R ds fdlh Hkh can ckè; mileqPp; l?ku gSA

: ,slk dksbZ Hkh mileqPp;] laòr ifjc) varjky (Closed Bounded Interval)

dk laor̀ mileqPp; gksrk gS] ftls geus Åij ns[kk gS] og l?ku gksrk gSA

(Corollary) : lhfer c) varjky ij fdlh okLrfod eku Qyu (Real

Valued Function) dks lhekc) fd;k tkrk gS vkSj bldh lhek çkIr gksrk gSA

: laor̀ ifjc) varjky lqxfBr gksrk gS vkSj blfy, bldk izfrfcac l?ku
gksrk gS vkSj blfy, la;kstdrk }kjk okLro esa ,d varjky Hkh gksrk gSA bl çdkj
Qyu ckè; gS vkSj bldk izfrfcac ,d varjky |p, q| gS] bldh lhek eki fd, x,
'kh"kZ vkSj q vadksa ij çkIr gksrh gSA

3- gkWlM‚QZ (Hausdorff) lef"V dk dksbZ l?ku mileqPp; can gSA

: ekuk C  X  l?ku gS] ;g fn[kkus ds fy, fd X – C [kqyk gS] ge x  X

– C ysrs gSa vkSj n'kkZrs gSa fd X – C [kqys mileqPp; (Subset) esa gSA

çR;sd y  C ds fy,] ge x rFkk y : x  U
y 
y  V

y
 dks vyx djrs gq,]

vlac) [kqys leqPp;ksa U
y
 rFkk V

y
 dks izkIr dj ldrs gSaA leqPp;  U

y
] tgk¡

izfrPNsnu O;kid :i ls y  C gS] tks fd C ij ugha feyrk gS rFkk bl izdkj
X& C esa gSA nqHkkZX; ls] ;g vko';d :i ls [kqyk ugha gS D;ksafd vifjfer
izfrPNsnuksa ds varxZr ,d lkaLFkkfud ¼Topology½  can ugha gSA rFkkfi] pwafd C

l?ku gS] ge lc R;kx ldrs gSa ysfdu ifjfer :i ls dbZ V
y
s rFkk laxr:i ls

V
y
s dk izfrPNsnu [kqyk leqPp; gksxk tks fd gekjs fy, vko';d gSA

4- dksbZ Hkh l?ku g‚lM‚QZ lef"V (Hausdorff Space) Hkh lkekU; gSA

5- l?ku lef"V dk xq.ku (Product) l?ku gSA

,aMªh VkbdksuksQ (Andrei Tychonoff) ds ckn bl çes; dks Vkbdksu‚Q çes;
(Tychonoffs Theorem) dgrs gSa] ftUgksaus bls vuar :i ls dbZ foLrkjksa ds xq.ku ds
:i esa fl) fd;k FkkA ;gk¡ rd fd nks foLrkjksa ds fy, çek.k vk'p;Ztud :i ls
eqf'dy gSA
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: can bdkbZ oxZ (Closed Unit Square) [0, 1] × [0, 1] l?ku gSA

blfy, Hkh eksfcvl cSaM (Mobius Band) okLrfod ç{ksI; ry (Real Projective

Plane)] o`Ùkt oy;] xksyk (Torus Sphere) tSlh txgksa dks igpku ls cuk;k x;k
gSA

lac) leqPp; ,d leqPp; gS] ftls nks xSj&fjDr mileqPp; esa foHkkftr
ugha fd;k tk ldrk gS] tks lewg ij çsfjr lkis{k lkafLFkfr esa [kqys jgrs gSaA leku
:i ls] ;g ,d lewg gS ftls nks xSj&fjDr mi&Hkkxksa esa foHkkftr ugha fd;k tk
ldrk gS tSls fd çR;sd milewg esa nwljs ds lewg can gksus ds lkFk lkekU; :i
ls dksbZ fcanq ugha gksrk gSA

ekuk X ,d lkafLFkfrd lef"V gSA X esa tqM+k leqPp; ,d leqPp; A  X

gS ftls nks xSj&fjDr milewg esa foHkkftr ugha fd;k tk ldrk gS tks lewg A ij
çsfjr lkis{k lkafLFkfr (Induced Relative Topology) esa [kqys gSaA leku :i ls] ;g
,d leqPp; gS ftls nks xSj&fjDr milewgksa esa foHkkftr ugha fd;k tk ldrk gS]
bl çdkj çR;sd mileqPp; ds vU; lewg can gksus ij leku fcanq ugha gksrs gSaA
foLrkj X] ;fn ;g Lo;a dk lac) mileqPp; gS rks lac) lkafLFkfrd lef"V gSA

okLrfod la[;k] okLrfod la[;kvksa ds [kqys ;k can eè;kUrj ds :i esa ,d
tqM+k lewg gSaA ¼okLrfod ;k tfVy½ ry tqM+k gqvk gS] tSlk fd lrg esa dksbZ [kqyk
;k can pØ ;k dksbZ oy; gSA LFkyk—frd dh T;k oØ (Sine Curve) lrg dk ,d
tqM+k gqvk milewg gSA lrg ds milewg dk ,d mnkgj.k tks tqM+k ugha gS] fuEu
}kjk fn;k tkrk gSA

B = {z  C : |z| < ;k |z – 2| < 1|

T;kferh; –f"V ls leqPp; B nks [kqys gq, pØ (Open Disks) dk leqPp;
gS] ftudh lhek,¡ 1 ij Li'kZjs[kk gSaA

(Connectedness and Continuity)

fujarjrk ;g ,d lrr ds :i esa ,d lrr Qyu ds vfèkd lgt xq.kksa ls esy
[kkrh gS ,d tqM+s lewg dks ,d tqM+s leqPp; esa cny nsrh gSA

(Path Connectedness)

,d lkafLFkfrd lef"V X esa] A ls B dk iFk can eè;kUrj [0]1] ls X rd dk ,d
lrr Qyu gS tks bl çdkj gS

f(0) = a

vkSj     f(1) = b

,d milewg Y dks iFk tqM+k gqvk dgk tkrk gS tc Y ds Hkhrj bl rjg dk
iFk mifLFkr gS] tks fd Y ds çR;sd ;qXe fcanq {a] b} ds fy, gSA

: izR;sd iFk&lac) leqPp; lac) gSA
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: nks foosdk/khu (Arbitrary) fcanqvksa a vkSj b ,d iFk ls tqM+s lewg Y ij fopkj
djsaA ekuk P dks ,d ls nwljs rd ,d iFk gksus nksA ;fn os nks fcanq Øe'k% nks
vyx&vyx [kqys leqPp;ksa esa Fks rks U vkSj V ftuds la?k esa Y Fkk] rks bl rjg ds
[kqys leqPp; mlh rjg P dks foHkkftr djsaxs vkSj lkfcr djsaxs fd ;g tqM+k ugha
gSA pwafd ge tkurs gSa fd p ¼lac) leqPp; [0,1] ds lrr çfrfcac ds :i esa½ ls
;g fu"d"kZ fudkyk tk ldrk gS fd a vkSj b laHkor% Y ds vkoj.k ds nks la;qDr [kqys
lewgksa esa ugha gks ldrsA ;g Y ds fdlh Hkh nks fcanqvksa ds fy, lp gS] blfy, Y ds
la;qDr [kqys leqPp;ksa esa Y ds nks [kkyh&jfgr Hkkx ugha gks ldrs gSaA

blfy,] Y tqM+k (Connected) gqvk gSA

: ,d vkn'kZ lef"V dk izR;sd tqM+k gqvk [kqyk lewg iFk ls tqM+k gqvk gSA

: fdlh fcUnq a ds fy, xSj&fjDr [kqys ;k foor̀ leqPp; U gS] rFkk ge
leqPp; V ds fcUnqvksa b, u ds miFk a, b gksrs gSa rFkk leqPp; V ,d [kqyk ;k foor̀
leqPp; gS ftldk lkekU; foLrkj iFk tqM+k gqvk gS ¼ladsr& dksbZ fcanq C dk dsUnzh;
iFk b ij rFkk U esa varfoZ"V gS tks V esa varfoZ"V gS D;ksafd mldk iFk gS tks a ls
c rd B ls gksdj xqtjrk gS½A

blh rjg] lewg W] U ds fcanq z ls feydj curk gS] ftlds fy, z ls dksbZ iFk ugha
gS] og Hkh [kqyk gSA rks] U nks vlac) [kqys leqPp;ksa dk V vkSj  W la?k gSA ;fn
U tqM+k gqvk gS] rks ;g dsoy rHkh laHko gS tc W [kkyh gks ¼pw¡fd V xSj&fjDr gS
D;ksafd blesa a gS½A blfy,] U ¾ V] tks ;g dguk gS fd U ds fdlh Hkh vU; fcanq
ls ,d jkLrk gSA

:  ,d nwjhd lef"V l?ku gS] ;fn vkSj dsoy ;fn ;g iw.kZ vkSj iwjh rjg ls
f?kjk gqvk gSA

igys eku ysa fd ¼S] d½ ,d vuqØfed :i ls l?ku nwjhd lef"V gSA ge
igys fn[kkrs gSa fd ¼a] d½ esa fdlh Hkh dkmph vuqØe (a

k
) dh lhek gksrh gS] okLro

esa] vuqØfed (Sequentially) :i ls vuqØe esa dqN fcanq a  S; esa ifjofrZr gksus ds
ckn vuqØe gksrk gS, ysfdu pwafd vuqØe dkmph (Cauchy) gS] bldk eryc ;g
gS fd iwjs vuqØe dh lhek a gSA rks ¼S] d½ iwjk gks x;k gSA

ekuk  > 0 ;g fn[kkus ds fy, fd ,d l?ku lef"V iwjh rjg ls lhekc)
gSA rc [kqys leqPp; -xsanksa {N(x) : x  S] S dk [kqyk vkoj.k cukrk gSA l?kurk
}kjk] ,d lhfer mivkoj.k fo|eku gSA vFkkZRk] ogk¡ fcanq x

0
, ......x

n
 tSls fd

vko';d gSA

S =  
0 i n

N x
 


vc eku ysa fd (S, d) iw.kZ vkSj iwjh rjg ls ckè; gS, ge ;g n'kkZ,axs fd
(S, d) Øfed :i ls l?ku gSA ;g fl) gksxk fd (S, d) okLro esa l?ku gS D;ksafd
vuqØfed :i ls l?ku nwjhd lef"V (Compact Metric Space) Hkh l?ku gSA

ge igys nkok djrs gSa fd dqy ifjc)rk (Total Boundedness) dk rkRi;Z
fuEufyf[kr gS:
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;fn (a
k
), S esa dksbZ vuqØe gS vkSj  > 0 rks ogk¡ fdlh Hkh x  S gS bl rjg

ls vuar :i ls dbZ n ds fy, d(a
k
, x)  gSA

okLro esa] ekuk 0 ,....., nx x  dqy ifjc) dh ifjHkk"kk ds :i esa gksA rks izR;sd

k ds fy,] ;gk¡ dqN gS  j
k
  {0, ....,n} bl rjg ls  ,k jkd a x  ] dqN j ds fy,]

gekjs ikl j
k
 = j gksuk pkfg, vuar :i ls dbZ k ds fy,] vkSj nkos ds vuqlkj x :

= kkx  gksrk gSA vc ekuk (a
k
) esa ,d foosdk/khu (Arbitrary Sequence) vuqØe gSA

nkos (Claim) ds vuqlkj] dqN x
1
  S gS] bl rjg ls   1

,
2kd a x   vuar :i ls

dbZ k ds fy;sA

vc ge (a
k
) ds ckn ds nkos dk iz;ksx dj ldrs gSa mu vo;oksa ls feydj

ftuds fy,   1
,

2kd a x  , x
2
  S fl) djus ds fy, fd vuar :i ls dbZ k nksuksa

d(a
k
, x)  l/4 vkSj d(a

k
, x)  1/2] dks larq"V djrk gSA

vc ge foospukRed :i ls vkxs c<+rs gSa] LoHkko ds lkFk ,d vuqØe (x
m
)

çkIr djus ds fy, ftlesa vuar :i ls dbZ k mifLFkr gksa] tSls fd 1  j  m:

  –, 2 j
k jd a x  ....(4.1)

vc k
0
 dks foosdk/khu ekudj ,d vuqorhZ ( )

mka  dks ,d çsjd :i ls

ifjHkkf"kr djsa] vkSj pqus k
m + 1

 U;wure gSA bl rjg ls k
m + 1

 > k
m
 rFkk ,slk gS fd

¼4-1½ k = k
m
 ds fy, vkSj lHkh ds fy, 1  j  m gksrs gSaA

ge nkok djrs gSa fd ;g dkmph ,d vuqØe gSA okLro esa]  > 0 vkSj n

dks i;kZIr :i ls cM+k pqusa fd 1/2n–1 <   gks rc

      –, , , 2.2
j i j j

n
k k k n k nd a a d a x d a x   

tc dHkh] j, j  n gSa] D;ksafd ¼S] d½ èkkj.kk ls l?ku gS] ge ns[krs gSa fd (a
k
)

ds :i esa ,d vfHklj.kh; vko';drk gSA

: nwjhd lef"V dk çR;sd mileqPp; iw.kZ :i ls ifjc) gksrk gSA

: ekuk fd ds nwjhd lef"V dk iwjh rjg ls c¡èkk gqvk mileqPp; gSA ekuk
x, y  K ge n'kkZ,axs fd M > 0 mifLFkr gS tSls fd fdlh Hkh x, y ds fy, gekjs
ikl d(x –y) < M gSA

iwjh rjg ls caèkh gqbZ ifjHkk"kk ls] ge ,d  > 0 vkSj ,d ifjfer mileqPp;

izkIr dj ldrs gSaA {x
1
 , x

2
....,x

n
} k dk bl rjg ls K =  1 ,nk B xk  , ]

vr% x  B(xl – l), y  B(xl, ), i, l  {1, 2, ..,n} rks gekjs ikl og gS

d(x – y)  <d(x, xi)+d(xi, xl) +d(xi, y)

 + max1 
 s-t 
 nd(xs, xt)+= M gSA
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(Finite Intersection Property)

;fn çR;sd ifjfer milewg esa ,d xSj&fjDr çfrPNsnu gksrk gS rks leqPp; C ds
lewg ds ikl ifjfer çfrPNsnu xq.k gksrk gSA

1- lkafLFkfrd lef"V X lqlac) gS] ;fn vkSj dsoy rHkh tc ifjfer çfrPNsnu
xq.k ds can milewgksa ds çR;sd lewg esa ,d xSj&fjDr çfrPNsnu gksrk gSA

2- eku yhft, fd X l?ku gSA ;g fn[kkus ds fy, fd ifjfer çfrPNsnu dh xq.k
ds lkFk can mileqPp; ds çR;sd lewg ds ikl ,d xSj&fjDr çfrPNsnu gS]
ge fdlh Hkh lewg dks can mileqPp; dk C ekurs gSa] C =  ds lkFk vkSj

fn[kkvks fd ogk¡ ,d ifjfer milewg   1

n
i i

C c

  ekStwn gS] bl rjg ls

  1
n

i i
C C CC  tks ;s n'kkZrk gS 1 .n

i iC  

3- eku ysa fd ifjfer çfrPNsnu dh xq.k ds lkFk gj lewg ds can mileqPp;
esa ,d xSj&fjDr çfrPNsnu gSA ;g fn[kkus ds fy, fd X l?ku gS] ge flQZ
Åij fn, x, rdZ dks ifjofrZr dj nsrs gSaA

4- eku yhft, fd u] X dk [kqyk vkoj.k gSA fQj u = X dk rkRi;Z

 / \ \C u C uX U X U X u        ysfdu pwafd çR;sd X \ U can

gS] ogk¡ ,d ifjfer milewg (Finite Family) gksuk pkfg,  
1

n
i i

U u

u bl

rjg ls  11\ \i
n

i i i
n
iX U X U U u       vU;Fkk {X\U}

Uu ifjfer çfrPNsnu

xq.k gS ysfdu  \U u X U    blfy,] 1 i
n
i U X  .

5- ekuk   1i i
C




 l?ku mileqPp; dk ,d vuqØe gS bl rjg ls 1i iC C 

ds fy;s i = 1, 2,.... gS] rks 
1 ii
C




 

iwoZ çLrko ls rqjar ikyu djrs gSaA

(Boundedness)

ekuk ¼X] d½ ,d nwjhd lef"V gSA A mileqPp; ,d X ds fy, ;fn dqN K > 0

ds fy, ifjc) gS] ogka ij x  X gS bl rjg ls A  N
K
(X) gSA

1- ;fn mileqPp; A, X ls iw.kZ :i ls ifjc) gS ;fn lHkh ds fy,  > 0 gS]

ogk¡ ifjfer leqPp;   1
n

i i
x X  blh izdkj A  U

1

n

i
N(X

i
) gSA

;fn A iw.kZ :i ls ifjc) gS] rks A lhfer gSA

2- eku yhft, fd A iwjh rjg ls ifjc) gSA fQj ,d ifjfer lewg   1

n
i i

x X



gS bl rjg ls  1 1 .n
i iA N x   dksbZ Hkh x  X pqusa vkSj ;fn
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K = max {d(x, x
i
) : i,..., n} vc fdlh Hkh z  A ij fopkj djsaA fQj dqN

j ds fy, z  N
1
(x

j
) gSA blfy;s d(z, r)  d(z, x

j
) + d(x

j
, z) < K + 1,

ftldk rkRi;Z A   N
K+1

(x) gSA

bl dFku ds foijhr ;g t:jh ugha fd ;g lp gS:

1- ;fn A  Rn ifjc) gS] rc A iwjh rjg ls lhfer gSA

2- x, y  [0,1] ds fy;s ifjHkk"kk d(x, y) = sup
iN

 {|X
i
, y

i
|}. rks ([0,1], d) iwjh

rjg ls ifjc) ugha gSA

3- çek.k ,d vH;kl ds :i esa NksM+ fn;kA

4- ;fn C l?ku gS] rks C iwjh rjg ls ifjc) gS vkSj blfy, ;g lhfer gSA

5- eku yhft, fd C l?ku gSA  > 0 fu;r gS] vkSj [kqys vkoj.k {N(x)}
xC

ij fopkj djsa fQj C 
xx

N(x) dk rkRi;Z ,d ifjfer leqPp;   1

n
i i

x


bl rjg ls C 
xxN(x) blfy, C iwjh rjg ls f?kjk gSA

(Sequential Compactness)

: ,d l?ku nwjhd lef"V Øfed :i ls l?ku gSA

: ekuk ,d l?ku nwjhd lef"V esa ,d vuar lewg X gSA ;g lkfcr djus
ds fy, fd A dk ,d lhek fcanq gS] gesa ,d fcanq p izkIr gksxk ftlds fy, p ds
çR;sd [kqys lehiorhZ esa vuar :i ls A ds dbZ fcanq gksaA rks x ds gj fcanq ds ikl
,d [kqyk lehiorhZ gS ftlesa dsoy A ds cgqr ls ifjfer fcanq gSaA ;s lewg X dk
,d [kqyk vkoj.k cukrs gSa vkSj ,d ifjfer [kqyk (Finite Open) vkoj.k fudkyus
ls X] A dk vkoj.k dsoy dqN gh fcanq esa feyrk gSA ;g vlaHko gS D;ksafd A 
X vkSj A vuar gSA

: l?ku nwjhd lef"V esa çR;sd ifjc) vuqØe (Bounded Sequence) esa
,d vfHklj.k mivuqØe (Sub-Sequence) gksrk gSA

: mijksDr lhek fcanq (Limit Point) p dks ns[krs gq,] x
i1
 dks p ds lehiorhZ-

1 esa ys tk,¡ x
i2
] p ds 1/2 lehiorhZ esa gksxk p,…… vkSj gesa p dks ifjofrZr djus

okyk mivuqØe feyrk gSA

gsbu&cksjsy çes; (Heine-Borel Theorem) ds lkFk] ;g cksYtkuks&oh;jLVªSl
(Balzano-Weierstrass) çes; dk vFkZ gSA

K l?ku gS ;fn K ds çR;sd [kqys vkoj.k esa ,d ifjfer mivkoj.k gSA K vuqØfed
:i ls l?ku gksrk gS vxj k ds çR;sd vuar mileqPp; esa k dksbZ lhek fcanq gksrk
gSA

: K l?ku gS] K  Øfed :i ls l?ku gSA
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çek.k ds fy, nks lgk;d èkkj.kkvksa dh vko';drk gksrh gS,

lef"V X iF̀kDdj.kh; gS ;fn ;g x.kuh; l?ku mileqPp; dks ekurs gSaA

X ds [kqys mileqPp; dk ,d laxzg {V
a
} dks X ds fy, ,d vkèkkj dgk

tkrk gS ;fn fuEu lR; gS:  izR;sd ds fy;s x  X vkSj gj [kqys lewg ds fy,
G  X bl rjg ls x  G, bl rjg ls ogk¡ mifLFkr gSA

x  V G

nwljs 'kCnksa esa] X dk izR;sd [kqyk mileqPp; V’s & ds & V’s ds mRiUu
ds lHkh [kqys mileqPp; ds ,d la?kVu ds :i esa fo;ksftr (Decomposes) gksrk
gSA lewg {V} esa yxHkx ges'kk vuar :i ls dbZ vo;o gksrs gSa ¼,dek= viokn
;fn X ifjfer gS½A rFkkfi] ;fn X vyx gksus ;ksX; gS] rks fuf'pr :i ls dbZ [kqys
mileqPp; ,d vkèkkj cukus ds fy, i;kZIr gSa ¼foospuk dFku Hkh lR; gS vkSj ,d
vklku vH;kl gS½A

: çR;sd fo;ksT; nwjhd lef"V (Metric Space) dk ,d x.kuh; vkèkkj gSA

: ekuk fd X fo;ksT; (Separable) gS] ifjHkk"kk ds vuqlkj blesa ,d x.kuh;
l?ku mileqPp; gS] P = {p

1
, p

2
,...}, lehiorhZ ds x.kuk ;ksX; laxzg ij fopkj djsa

{N
r
(x), r  Q, i = 1, 2,... } ge ns[krs gSa fd ;g ifjHkk"kk dh tk¡p djus ds fy,

,d vkèkkj gSA

fdlh Hkh [kqys lewg G  X  vkSj fdlh Hkh fcanq x  G ij fopkj djsa] pwafd G
[kqyk gS] ogka mifLFkr r > 0 gS] bl rjg ls N

r
(x)  G, r dks de djuk ;fn

vko';d gks rks ge lkekU;rk dh gkfu ds fcuk eku ldrs gSa fd r ifjes; gSA pwafd
P l?ku gS] ifjHkk"kk ds }kjk x, p dh ,d lhek fcanq gS] blfy, N

r/2
(x) P dk ,d fcanq

gksrk gSA blfy, ogk¡ i ekStwn gS bl rjg ls d(x, p
i
) < 

2

r  pwafd r rdZlaxr gS]

lehiorhZ N
r/2

(p
i
) pqus gq, laxzg ds varxZr vkrk gSA blds vykok] N

r/2
(p

i
)  N

r
(x)

 G varr% esa] pw¡fd gekjs ikl d(x, p
i
) < 

2

r
 Hkh gS x  N

r/2
(p

i
) rks pquk laxzg x ds

fy, ,d vkèkkj gSA

: ;fn X Øfed :i ls l?ku gS rc ;g fo;ksT; (Separable) gSA

: fu;r  > 0 vkSj ekuk x
1
  X pqusa x

2
  X bl rjg ls d(x

1
, x

2
) > , vxj

laHko gks rksA pquk gqvk x
1
,..., x

j
, pqusa x

j+i
 ¼vxj laHko gks rks½ bl rjg ls

d(x
i
, x

j+i
) >  lcds fy, i = 1,... ,j. ge igys ns[krs gSa fd bl çfØ;k dks ifjfer

la[;k ds ckn #duk gksxkA fQj ls] vU;Fkk ge de ls de  ikjLifjd :i ls
nwj vad x

i
  ds vuar vuqØe çkIr djsaxs; pwafd X Øfed :i ls vuar milewg

{x
i
, i = 1,2,...} dks ladqfpr djrk gS] ,d lhek fcanq y dks Lohdkj djsxk] vkSj

lehiorhZ N/2
(y) blesa x

i
’s, ds vuar :i ls dbZ 'kkfey gksaxs] bl rF; dks ftØ

djrs gq, fd muesa ls dksbZ Hkh nks de ls de d ls nwj gSaA blfy, iqujkòfÙk;ksa dh
,d lhfer la[;k ds ckn ge çkIr djrs gSa x

1
,..., x

j
 bl rjg ls N(x1

)...

N(xj
) = X (X dk çR;sd fcanq <  nwjh ij gS ,d ls x

i
’s dk gSA)
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vc ge bl fuekZ.k dks  = 
1

n
 (n = 1, 2,...) ds fy, ekurs gSaA n = 1 ds fy;s

fuekZ.k vad (Construction Point) x
11

,..., x
1j1
 nsrk gS] bl rjg ls N

1
(x

11
) 

N
1
(x

1j1
) = X, n = 2 ds fy, x

21
,. ., x

2j2
 gesa feyk] bl rjg ls N

1/2
(x

21
...N

1/

2
(x

2j2
)
 
X, bR;kfnA ekuk S = {x

ki
, k  1,1  i  jk} Li"V :i ls S x.kuk ;ksX; gS]

ge nkok djrs gSa fd S l?ku gS ¼vFkkZr S  = X½A okLro esa] ;fn x  X vkSj r >

0 ds vkl&ikl N
r
(x) ges'kk de ls de S dk ,d fcanq gksrk gS] ¼n dks pquk rkfd

1

n
 < r, esa ls ,d x

ni
’ss r ls de nwjh ij gS x ls½] rks X dk çR;sd fcanq ;k rks S

ls lacafèkr gS ;k S dk ,d lhek fcanq gS] vFkkZr S  = X bl fcanq ij ge tkurs gSa
fd çR;sd vuqØfed :i ls l?ku leqPp; dk ,d x.kuk ;ksX; vkèkkj gksrk gSA vc
ge fn[kkrs gSa fd ;g fdlh Hkh [kqys vkoj.k ds x.kuk mivkoj.k dks çkIr djus ds
fy, i;kZIr gSA

: ;fn X dk x.kuh; vkèkkj (Countable Base) gS] rks x ds çR;sd [kqys
vkoj.k esa lokZfèkd x.kuh; mivkoj.k ekuk tkrk gSA

: ;fn {F
n
} ,d vuqØfed :i ls l?ku leqPp;  ds xSj&fjDr can

mileqPp; dk vuqØe gS] bl rjg ls F
n
  F

n + 1
 ds fy;s n = 1, 2,..., rks

1n nF
    gSA

: çR;sd iw.kkaZd n ds fy, x
n
  F

n
 ysa] vkSj E = {x

n
, n = 1, 2,... } nsaA ;fn

E ifjfer gS] rks ,d x
i
 vuar :i ls dbZ F

n
’s ls lacafèkr gSA pwafd F

1
   F

2
  ....,

bldk eryc gS fd x
i
 izR;sd F

n
, ls lacafèkr gS] vkSj gesa ;s feyrk gS fd

1n ny F
  fjDr ugha gSA

vc eku ysa fd E vuar gSA pwafd k vuqØfed :i ls l?ku (Compact) gS]
E esa lhek fcanq y gS] n dk eku Bhd djsa: Y ds çR;sd lehiorhZ esa E ds vuar fcanq
gksrs gSa; muesa ls ge ,d dks <w¡< ldrs gSa tks fd i > n ds fy, Xi ls vkSj blfy,
F

n
 dk gS ¼D;ksafd x

i
  F

i
  F

n
 ½A pwafd y ds çR;sd lehiorhZ esa F

n
 dk ,d fcanq

gksrk gS] ge çkIr djrs gSa fd ;k rks y  F
n
, ;k F

n
 dh ,d lhek fcanq gS; rFkkfi]

pwafd F
n
 can gS] F

n
 dh çR;sd lhek fcanq F

n
 ls lacafèkr gSA rks nksuksa gh fLFkfr;ksa esa

ge fu"d"kZ y  F
n
 fudkyrs gSa] pwafd ;g çR;sd n ds fy, gS] ge 1n ny F

  çkIr
djrs gSa] tks fl) djrk gS fd çfrPNsnu fjDr (Intersection Empty) ugha gSA

ge vc çes; fl) dj ldrs gSaA eku ysa fd K vuqØfed :i ls l?ku gS]
vkSj {G}, K dk [kqyk vkoj.k gksA ySek 1 vkSj ySek 2 ds }kjk] K dk ,d x.kuh;
vkèkkj (Countable Base) gS] blfy, ySek 3 {G} }kjk lcls vfèkd fxurh djus
;ksX; midsaæ ij Lohdkj fd;k tkrk gS fd ge {G

i
}

i  1
 dks fu:fir djsaxsA gekjk

mís'; ;g fn[kkuk gS fd {G
i
} ,d ifjfer midsaæ Lohdkj djrk gS ¼tks {G} dk

ifjfer midsaæ Hkh gksxkA blfy, eku ysa fd vuar :i ls dbZ G
i
s gSa] vkSj eku ysa
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fd n ds izR;sd eku ds fy,] gekjs ikl G
1
 .....  G

n 
 K gS ¼vkSj geus ,d

ifjfer midsaæ ik;k gS½A

ekuk F
n
 = {x  K, x  G

1
 ..... G

n
} = K  c

nG .... c
nG  D;ksafd G

i

[kqyh gS] F
n
 can gS; èkkj.kk }kjk F

n
 xSj&fjDr (Non Empty) gS; vkSj Li"V :i ls

lHkh n ds fy, F
n
  F

n+1
A blfy,] ySek 4 dk iz;ksx djus ls gesa 1n nF

  

çkIr gksrk gS] ,d fcanq y  K ekStwn gS bl rjg ls y  G
1
 ..... G

n
 izR;sd n

ds fy,A ge fu"d"kZ fudkyrs gSa fd 1 ,n
i iy G  tks ,d fojksèkkHkkl gS D;ksafd [kqys

lewg esa G
i
 ds vkoj.k K gSA

blfy, n dk eku mifLFkr gS tSls G
1
,..., G

n
 vkoj.k KA ge ;g fu"d"kZ

fudkyrs gSa fd K dk çR;sd [kqyk vkoj.k ,d ifjfer midsaæ dks Lohdkj djrk
gS] vkSj blfy, fd K l?ku gSA

ifjHkk"kk dk lkekU; rkfdZd :i gS fd % Lisl X dk ,d mileqPp; S iw.kZr% ifjc)
leqPp; gS] ;fn vkSj dsoy ;fn fn;s x;s fdlh vkdkj E ds fy,] ogk¡ ,d izkÑfrd
la[;k n rFkk X ds mileqPp; dk ifjokj A

1
, A

2
, ........ A

n
 fo|eku gS] bl izdkj

dh S ifjokj ds la?k esa fufgr gS ¼vU; 'kCnksa esa] ifjokj S dk fuf'pr vkoj.k gS½
rFkk blh izdkj fd ifjokj esa izR;sd leqPp; Ai dk vkdkj E ¼;k de½ gSA xf.krh;
izrhdksa ds :i esa %

lef"V X ,d iw.kZ ifjc) foLrkj gS] ;fn vkSj dsoy rHkh tc ;g Lo;a dk
,d mileqP; ekuk tkrk gSA

,d nwjhd lef"V (Metric Space) X dk ,d milewg  S iwjh rjg ls ifjc)
(Bounded) gS ;fn vkSj dsoy ;fn] fdlh Hkh /kukRed okLrfod uacj E dks fn;k
tk,] rks X ds mileqPp; (Subset) ds S dk ,d ifjfer vkoj.k ekStwn gksrk gS]
ftlds O;kl E ls de gksrs gSaA ¼nwljs 'kCnksa esa] ;gka ,d 'vkdkj' èkukRed okLrfod
la[;k gS] vkSj ;fn bldk O;kl E ls de gS rks ,d mileqPp; vkdkj E gS½]
lerqY; :i esa] S iwjh rjg ls ifjc) gS ;fn vkSj dsoy ;fn] igys dh rjg dksbZ
E fn;k x;k gks] ogk¡ vo;o a

1
, a

2
,..., a

n
 ekStwn gSa] X esa ls ,d ,slk gS tks a

t
 fcanqvksa

ds pkjksa vksj f=T;k E ds [kqys CkkWYl (Balls) xsanksa ds la?k esa fufgr gSA

,d lkafLFkfrd lfn'k foLrkj dk ,d mileqPp; S] ;k vfèkd lkekU; rkSj
ij lkafLFkfrd ,csfy;u lewg (Topological Abelian Group)] x iwjh rjg ls c¡èkk
gqvk gS vxj vkSj dsoy vxj] igpku ds fdlh Hkh lehiorhZ E ¼'kwU;½ rRo dks ns[krs
gq,] X ds mileqPp; }kjk S dk ,d ifjfer vkoj.k ekStwn gSA ftuesa ls çR;sd
E dk mileqPp; dk vuqokn gSA ¼nwljs 'kCnksa esa] ,d *vkdkj* ;gk¡ rRled vo;o
dk lehiorhZ gS] vkSj ,d milewg E dk vkdkj gS ;fn ;g E ds mileqPp; dk
vuqokn gS½ lerqY; :i ls]  S iwjh rjg ls c) gS ;fn vkSj dsoy ;fn] igys dh rjg



fujarj ;k lrr Qyu
vkSj l?kurk

162 Lo&vf/kxe
ikB~; lkexzh

dksbZ E fn;k x;k gks] ogk¡ vo;o a
1
, a

2
,..., a

n
 dk x ekStwn gSa] bl rjg ls S] fcanq

ds }kjk E ds n vuqoknksa ds feyu esa fufgr gSA

,d laLFkkfud (Topological) lewg X ;fn iw.kZ :i ls ifjc) (Bounded) gS
vkSj dsoy rHkh bls ck,a vuqokn dk mi;ksx djrs gq, laLFkkfud ,csfy;u lewgksa
(Topological Abelian Group) dh ifjHkk"kk dks larq"V djrk gSA vFkkZr E + a

i
 ds

foLrkj ij a
i 
E  dk mi;ksx djsaA oSdfYid :i ls] X lgh rjg ls ifjc)

(Bounded) gS ;fn vkSj dsoy rHkh ;g lgh vuqokn dk mi;ksx djrs gq, laLFkkfud
,csfy;u lewgksa dh ifjHkk"kk dks larq"V djrk gSA

vFkkZr E + a
i
 ds LFkku ij Ea

i
 dk mi;ksx djsaA ¼nwljs 'kCnksa esa] ;gk¡ ,d

‘vkdkj’ Li"V :i ls rRled vo;o dk lehiorhZ gS] ysfdu nks èkkj.kk,¡ gSa fd D;k
,d leqPp;  fdlh fn, x, vkdkj dk gS] ck,¡ vuqokn ds vkèkkj ij ,d ckbZa èkkj.kk
vkSj lgh vuqokn ds vkèkkj ij ,d lgh èkkj.kk gSA½

mi;qZDr ifjHkk"kkvksa dks lkekU; djrs gq,] ,d leku foLrkj X dk ,d
mileqPp; S iwjh rjg ls ifjc) gS ;fn vkSj dsoy ;fn] X esa fdlh Hkh çfros'k
(Entourage) E dks fn;k tk,] rks X ds mileqPp; }kjk S dk ,d ifjfer vkoj.k
ekStwn gS] ftlds çR;sd dkVsZf'k;u oxZ (Cartesian Squares) E dk ,d milewg gSA
¼nwljs 'kCnksa esa] ,d 'vkdkj' ;gk¡ ,d çfros'k gS] vkSj ,d mileqPp; E dk gS ;fn
bldk dkVsZf'k;u oxZ E dk milewg gSA½ leku :i ls] S iwjh rjg ls c¡èkk gqvk gS
;fn vkSj dsoy ;fn] fdlh E dks igys dh rjg fn;k x;k gks] rks ekStwn mileqPp;
A

1
, A

2
,..., A

n
 ---] X esa ls ,d ,sls S] A

i
 ds la?k esa lekfgr gS vkSj] tc Hkh X ds

X vkSj Y nksuksa vo;o (Element) leku leqPp; A
t
, ij gksrs gSa] rc ¼x] y½ E ls

lacafèkr gksrk gS ¼rkfd x vkSj y, E }kjk ekis x, E djhc gksa½A

uhps of.kZr iwoZlgrrk xq.k/keks± dk iz;ksx djrs gq,] l?kurk la?k ,oa dkmph
lekiu ds lkFk] fdlh Hkh oxZ ds lkslksa ds fy,] ifjHkk"kk esa vHkh vkSj of̀) dh tk
ldrh gSA

dksbZ Hkh iw.kZr% ifjc) lef"V dks lhèks ifjHkkf"kr dj ldrk gS] vkSj fQj ,d
leqPp; dks iwjh rjg ls caèks gksus ds fy, ifjHkkf"kr dj ldrk gS ;fn vkSj dsoy
;fn ;g iwjh rjg ls caèks gks rks mi&lef"V ds :i esa ekuk tkrk gSA iwjh rjg ls
caèkh gqbZ txg ,d ,slk lef"V gS ftls fdlh Hkh fuf'pr *vkdkj ds dbZ mileqPp;
¼tgka vkdkj dk vFkZ fn, x, lanHkZ ij fuHkZj djrk gS½ }kjk can fd;k tk ldrk
gSA vkdkj ftruk NksVk gksrk gS] mrus gh vfèkd mileqPp;ksa dh vko';drk gks
ldrh gS] ysfdu fdlh Hkh fof'k"V vkdkj ds fy, dsoy cgqr ls mileqPp; dh
vko';drk gksrh gSA ,d lacafèkr èkkj.kk iwjh rjg ls caèks gq, leqPp; gS] ftlesa
dsoy foLrkj ds mileqPp; dks vkoj.k (Cover) djus dh vko';drk gSA ,d
iw.kZr% ifjc) lef"V dk gj milewg ,d iwjh rjg ls caèkk gqvk leqPp; gS, ysfdu
;gk¡ rd fd vxj ,d txg iwjh rjg ls ckè; ugha gS] fQj Hkh blds dqN
mileqPp; gksaxsA iwoZlagr ¼;k iwoZ&fufgr½ 'kCn dk mi;ksx Hkh blh vFkZ ds lkFk
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fd;k tkrk gS] ysfdu bl 'kCn dk mi;ksx vis{kk—r lhfer gksus ds fy, Hkh fd;k
tkrk gSA

ifjHkk"kk dk lkekU; rkfdZd :i gS, ,d lef"V X dk ,d mileqPp; S ,d
iwjh rjg ls lhekc) leqPp; gS ;fn vkSj dsoy ;fn] fdlh Hkh vkdkj E dks ns[krs
gq,] ,d çk—frd la[;k n vkSj ,d lewg mifLFkr gS] A

1
A

2
,...... A

n
, X ds

mileqPp;] tSls fd S lewg ds la?k esa fufgr gS ¼nwljs 'kCnksa esa] ifjokj S dk
'ifjfer vkoj.k' gS½] vkSj ,sls ifjokj esa çR;sd leqPp; A

i
 dk vkdkj E ¼;k mlls

de½ gS ½A xf.krh; çrhdksa esa lHkh {E} ds fy,; lef"V X ,d iwjh rjg ls lhekc)
lef"V gS vxj vkSj dsoy vxj ;g ,d iwjh rjg ls c¡èkk gqvk leqPp; gS tc Lo;a
dk mileqPp; ekuk tkrk gSA ¼,d O;fDr iwjh rjg ls caèks gq, LFkku dks lhèks
ifjHkkf"kr dj ldrk gS] vkSj fQj ,d leqPp; dks iwjh rjg ls ckè; djus ds fy,
ifjHkkf"kr dj ldrk gS ;fn vkSj dsoy vxj ;g iwjh rjg ls caèks gks rks mi&lef"V
ekuk tkrk gSA½

;gka 'lef"V' vkSj 'vkdkj' 'kCn vLi"V gSa] vkSj mUgsa fofHkUu rjhdksa ls lVhd
cuk;k tk ldrk gSA ,d mileqPp; S tks fd ,d nwjhd lef"V X iwjh rjg ls c¡èkk
gqvk gS ;fn vkSj dsoy ;fn] fdlh Hkh /kukRed okLrfod la[;k E dks fn;k tk,]
rks X ds mileqPp; ds }kjk S dk ,d ifjfer vkoj.k ekStwn gS ftlds O;kl E ls
de gSaA ¼nwljs 'kCnksa esa] ;gka ,d 'vkdkj' ,d /kukRed okLrfod la[;k gS] vkSj ,d
mi&vkdkj E dk gS ;fn bldk O;kl E ls de gS½ rks leku :i ls] ,l iwjh rjg
ls ifjc) vo;o gS vxj vkSj dsoy vxj] igys ls dksbZ E fn;k tkrk gS] rks ekStwn
vo;o a

1
, a

2
, .... a

n 
dk X ,slk gS fd S, vad a

i
 f=T;k E ds n [kqyh ckWYl ds la?kkr

esa lekfgr gSA

,d mileqPp; S tks fd ,d laLFkkfud lfn'k lef"V (Topological Vector

Spaces) ;k vfèkd vke rkSj ij laLFkkfud ,csfy;u lewg (Topological Abelian

Group) X iwjh rjg ls c¡èkk gqvk gS ;fn vkSj dsoy ;fn] fdlh Hkh rRled ds ¼'kwU;½
vo;o ds lehiorhZ E dks ns[krs gq,] X ds çR;sd ds mileqPp; }kjk S dk ,d
ifjfer vkoj.k ekStwn gSA tks E ds mileqPp; dk vuqokn gSA ¼nwljs 'kCnksa esa] ,d
*vkdkj* ;gk¡ rRled vo;o dk lehiorhZ gS] vkSj ,d milewg E dk vkdkj gS
;fn ;g E ds milewg dk vuqokn gS½A leku :i ls] S iwjh rjg ls lhekc) gS
;fn vkSj dsoy ;fn] igys dh rjg dksbZ Hkh E fn;k x;k gS] rks blesa ekStwn vo;o
a

1
,a

2
,.... a

n
 dk X ekStwn gSa] tSls fd S] E ds n vuqoknksa ds la?k a

i
 esa ekStwn gSA

,d lkaLFkkfud lewg X ^oke*&iwoZr% cká gS ;fn vkSj dsoy ;fn og ^oke*
vuqokn dk iz;ksx djrs gq,] Åij of.kZr VksiksykWftdy ,csfy;u lewgksa dh ifjHkk"kk
dks larq"V djrk gSA vFkkZr~ a, E ds LFkku ij E+ai dk iz;ksx djsaA oSdfYid :i
ls] X ^nk;k¡*&iw.kZr% ck/; gS] ;fn vkSj dsoy ;fn ;g nk,¡ vuqokn dk iz;ksx djrs
gq, VksiksykWftdy ,csfy;u lewgksa dh ifjHkk"kk dks larq"V djrk gSA vFkkZr~ E + ai

ds LFkku ij Eai dk iz;ksx djsaA ¼nwljs 'kCnksa esa] ,d ^vkdkj* ;gk¡ Li"V :i ls
le:i vo;o dk lehiRo gS] ysfdu ogk¡ nks /kkj.kk,a gSa] dkSu&lk leqPp; fn;s x,
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vkdkj dk gS % ck;ha /kkj.kk] ck,a vuqokn ij vk/kkfjr gS vkSj nk;ha /kkj.kk] nk,a
vuqokn ij vk/kkfjr gSA½

iwoZorhZ ifjHkk"kkvksa dks lkekU; djrs gq,] ,d leku lef"V X dk ,d
mileqPp;  S iwjh rjg ls c¡èkk gqvk gS ;fn vkSj dsoy ;fn] X esa dksbZ Hkh çfros'k
E fn;k tkrk gS] rks X ds mileqPp; }kjk S dk ,d ifjfer vkoj.k ekStwn gS]
ftlds çR;sd dkVsZf'k;u oxZ E dk ,d milewg gSA ¼nwljs 'kCnksa esa] ,d 'vkdkj'

;gk¡ ,d çfros'k gS] vkSj ,d mileqPp; E dk gS ;fn bldk dkVsZf'k;u oxZ E dk
milewg gSA½ leku :i ls] S iwjh rjg ls c¡èkk gqvk gS ;fn vkSj dsoy ;fn] fdlh
E dks igys dh rjg fn;k x;k gks] rks ekStwn mileqPp; A

1
, A

2
, ..., A

n
, X dk S]

A ds la?k esa lekfgr gS] vkSj] tc Hkh X ds x vkSj y nksuksa ds vo;o ,d gh leqPp;
A ls lacafèkr gksrs gSa] rc ¼x] y½ dk lacaèk gksrk gS E ¼rkfd x vkSj y] E }kjk ekis
x, laor̀ gksa½A

ifjHkk"kk dks vHkh Hkh vkxs c<+k;k tk ldrk gS] l?kurk vkSj dkmph iwjk gksus
dh èkkj.kk ds lkFk Js.kh ds lef"V (Category of Spaces) ds fdlh Hkh oxZ ds fy,,

,d foLrkj iwjh rjg ls f?kjk gqvk gS vxj vkSj dsoy vxj bldh iw.kZrk l?ku gS]
mnkgj.k ds fy,]

 okLrfod js[kk dk ,d mileqPp;] ;k vfèkd vke rkSj ij ¼ifjfer&vk;keh
(Finite Dimensional)½ ;wfDyfM;u lef"V] iwjh rjg ls c¡èkk gqvk gS ;fn vkSj
dsoy vxj ;g ifjc) gSA

 ,d fgYcVZ lef"V (Hilbert Spaces) esa bdkbZ xksyk] ;k vkerkSj ij ,d
cukp (Banach) foLrkj esa] iwjh rjg ls ifjc) gksrk gS ;fn vkSj dsoy  ;fn
foLrkj esa ifjfer vk;ke gksA

 tc Hkh voèkkj.kk dks ifjHkkf"kr fd;k tkrk gS] gj l?ku leqPp; iwjh rjg
ls c¡èkk gksrk gSA

 gj iwjh rjg ls ifjc) nwjhd lef"V ifjc) gSA gkyk¡fd] çR;sd caèkh gqbZ
nwjhd lef"V iwjh rjg ls caèkh gqbZ ugha gSA

 iw.kZ nwjhd lef"V (Metric Spaces) dk ,d mileqPp; iw.kZr% ifjc) gS ;fn
vkSj dsoy ;fn ;g vis{kk—r l?ku gS ¼bldk eryc gS fd bldk can gksuk
fufgr gS½A

 foLrkjh; :i ls mÙky foLrkj (Convex Space) detksj laLFkkfud (Weak

Topology) ds lkFk laiUu gksrk gS tks iwoZlagr leqPp; fcYdqy caèks gq,
leqPp; gksrs gSaA

 ,d nwjhd lef"V fo;ksT; vkO;wg (Separable) gS vkSj dsoy vxj ;g iwjh
rjg ls caèks gq, fo;ksT; vkO;wg ds fy, le:id gSA

 vlrr vkO;wg ds lkFk ,d vuar nwjhd lef"V ¼fdlh Hkh nks vyx&vyx
fcanqvksa ds chp dh nwjh 1 gS½ iwjh rjg ls ckè; ugha gS] Hkys gh ;g ckè; gksA
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dqy lhekc)rk vkSj l?kurk ds chp ,d vPNk lacaèk gS, ,d leku lef"V l?ku
gS ;fn vkSj dsoy ;fn ;g nksuksa iwjh rjg ls ckè; gS vkSj dkmph iw.kZrk gSA bls
;wfDyfM;u (Euclidean) foLrkfjr ls ysdj ,d leku foLrkfjr rd gsbu&cksjsy
çes; ds lkekU;hdj.k ds :i esa ns[kk tk ldrk gS] gesa lhek dks dqy lhekc)rk
ds lkFk cnyuk gksxk ¼vkSj iw.kZrk ds lkFk fudVrk dks Hkh cnyuk gksxk½A

dqy lhekc)rk vkSj dkmph iw.kZrk dh çfØ;k ds chp ,d iwjd lacaèk gSA ,d
leku LFkku ;k lef"V iwjh rjg ls f?kjk gqvk gS ;fn vkSj dsoy ;fn mldh dkmph
iw.kZrk iwjh rjg ls ckè; gSA ¼;g bl rF; ls esy [kkrk gS fd] ;wfDyfM;u lef"V
esa] ,d leqPp; dks ckè; fd;k tkrk gS ;fn vkSj dsoy] ;fn bldk vUr lhekc)
gksA½

bu çes;ksa dks feykdj] ,d leku foLrkj iwjh lhekc) gS ;fn vkSj dsoy ;fn
bldk iwjk gksuk fufgr gSA bls dqy lhekc)rk dh oSdfYid ifjHkk"kk ds :i esa
fy;k tk ldrk gSA oSdfYid :i ls] bls ^iwoZlagrrk (Precompactness)* dh
ifjHkk"kk ds :i esa fy;k tk ldrk gS] tcfd vHkh Hkh dqy lhekc)rk dh ,d vyx
ifjHkk"kk dk mi;ksx dj jgk gSA fQj ;g ,d çes; cu tkrk gS fd ,d foLrkj iwjh
rjg ls lhekc) gS ;fn vkSj dsoy vxj ;g iwoZlagr (Precompact) gSA

ifjfer çfrPNsnu xq.k (Finite Intersection Property)] leqPp; X ds mileqPp; ds
laxzg dh xq.k gSA laxzg.k esa bl xq.k dk leqPp; gksrk gS ;fn laxzg ds fdlh
ifjfer milaxzg (Sub Collection) dk çfrPNsn xSj&fjDr gSA lewgksa dk ,d dsfUær
iz.kkyh ifjfer çfrPNsnu xq.k ds lkFk lewgksa dk ,d laxzg gSA

ekuk X ds lkFk ,d leqPp; A = {A
i
}

iIa
 gks x ds mileqPp; dk ,d

leqPp; fQj laxzg A ifjfer çfrPNsnu xq.k ¼FIP½ gS] vxj dksbZ ifjfer milaxzg
(Finite Sub Collection) J  I xSj&fjDr çfrPNsnu (Non-Empty Intersection)

i
i J

A

  gSA

: ekuk fd X ,d l?ku g‚lM‚QZ lef"V (Hausdorff Space) gS tks ml
xq.k (Property) dks larq"V djrk gS tks ,d fcanq leqPp; ugha gSA ;fn X esa ,d ls
vfèkd fcanq gSa] rc X vx.kuh; (Uncountable) gSA

;g fl) djus ls iwoZ] ge dqN mnkgj.k nsrs gSa:

(i) ge gkWlMkWQZ dh fLFkfr dks [kRe ugha dj ldrs, vlkoèkkuhiw.kZ lkafLFkfr ds
lkFk ,d x.kuh; leqPp; lqlac) gS] ,d ls vfèkd fcUnq j[krk gS] vkSj xq.k
dks larq"V djrk gS] ftldh dksbZ ,d fcanq leqPp; [kqys ;k laòr (One Point

Sets are Open) ugha gS] ysfdu ;g vx.kuh; ugha gSA
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(ii) ge lHkh ifjes; la[;kvksa (Rational Number) ds leqPp; ds :i esa l?kurk
fLFkfr dks lekIr ugha dj ldrsA

(iii) ge bl in dks lekIr ugha dj ldrs gSa fd ,d fcanq leqPp; vlrr
lkafLFkfr (Discrete Topology) fn[kkus ds :i esa ,d ifjfer foLrkj ds :i
esa ugha [kqy ldrk gSA

: crk nsa fd X ,d l?ku g‚lM‚QZ lef"V gSA ge fn[kk,axs fd vxj u ,d
[kkyh ugha gS] X dk [kqyk mileqPp; vkSj ;fn X] X dk fcanq gS] mlds ckn U ds
ikl V lfEefyr gS ftlds can gksus esa x ugha gS ¼x] U esa gks ldrk gS ;k ugha Hkh
gks ldrk gS½A lcls igys] x ls vyx U esa y pqusa ¼;fn x U esa gS] rks ,sls y dk
vfLrRo gksuk pkfg, vU;Fkk U ,d [kqyk ,d fcanq leqPp; gksxk] ;fn x U esa ugha
gS] rks ;g laHko gS D;ksafd U xSj&fjDr gS½A fQj gkWlM‚QZ fLFkfr }kjk] Øe'k% x vkSj
y ds vlarq"V lehiorhZ w vkSj k pqusaA rc (K  U) U esa fufgr y ds ikl gksxk]
ftlds can gksus esa okafNr x  ugha gSA

vc eku yhft, fd f] Z ¼èkukRed iw.kkaZd½ ls X rd dk ,d fo'ks"k.k gSA Z

ds fp= ds fcanqvksa dk {x
1
, x

2
, ......} ds :i esa fu:fir djsaA ekuk X igyk [kqyk

leqPp; gks vkSj x esa fufgr ikl esa U
1
 dk p;u djsa] ftldk lekiu x

1
 'kkfey

ugha gSA nwljs] U
1
 esa fufgr lehiorhZ U

2
 pqusa] ftuds lekiu esa x

2
 'kkfey ugha gSA

bl çfØ;k dks tkjh j[ksa] ftlesa mu yksxksa dks 'kkfey fd;k x;k gS tks U
n+1

 dks
U

n
 esa lfEefyr djrs gSa] ftuds can gksus esa x

n+1
 ugha gSA è;ku nsa fd èkukRed

iw.kkaZdksa esa {U
i
} ds fy, èkukRed iw.kkaZdksa i esa laxzg.k ifjfer çfrPNsnu xq.k dks

larq"V djrk gS vkSj blfy, muds can dk çfrPNsn 'kwU; gS ¼,Dl dh l?kurk }kjk½A
blfy, bl çfrPNsnu esa ,d fcanq x gSA dksbZ Hkh x

i
 bl çfrPNsnu ls lacafèkr ugha

gks ldrk D;ksafd x
i 
, U

i
 ds can gksus ls lacafèkr ugha gSA bldk eryc ;g gS fd

x lHkh ds fy, x
i
 ds cjkcj ugha gS vkSj f vkPNkfnr (Surjective) ugha ,d

fojksèkkHkkl gSA blfy,] x vx.kuh; gSA

: 1 çR;sd can varjky [a, b] (a < b) vx.kuh; gSA blfy,] okLrfod
la[;kvksa dk leqPp; vx.kuh; gSA

: 2 izR;sd foLrkjh; :i ls l?ku gkWlMkWQZ lef"V tks Hkh iw.kZ gS] vx.kuh;
gSA

:  eku yhft, fd X ,d foLrkjh; :i ls l?ku g‚lM‚QZ (Hausdorff)

lef"V gS tks ,dne lgh vkSj l?ku gSA fQj ;g rqjar vuqlj.k djrk gS fd x

vx.kuh; ¼çes; }kjk½ gSA ;fn X foLrkjh; :i ls l?ku g‚lM‚QZ gS] lgh lef"V
tks l?ku ugha gS] fQj x dk ,d lw=h; ladyu ,d l?ku g‚lM‚QZ lef"V gS tks
,dne lgh Hkh gSA ;g fuEukuqlkj gS fd x dk ,d fcanq ladyu vx.kuh; gSA
blfy, x vx.kuh; gS ¼,d vx.kuh; leqPp; ls fdlh fcanq dks gVkuk vHkh Hkh ml
leqPp; dh vfLFkjrk dks cjdjkj j[krk gS½A
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leqPp; X ds mileqPp; ds laxzg   I
A A   dks ifjfer izfrPNsnu xq.kksa

okyk dgk tk ldrk gS] la{ksi esa FIP, ;fn A dk izR;sd ifjfer milaxzg {A
1
,

A
2
,..., A

n
}, 1 /ini A   dks larq"V djrk gSA

ifjfer çfrPNsnu xq.k dk mi;ksx lcls vfèkd ckj laLFkkfud lef"V ¼;gk¡
,d çek.k ds :i esa ik;k tk ldrk gS½ ds fy, fuEufyf[kr led{k in nsus ds fy,
fd;k tkrk gSA

,d VksiksykWftdy lef"V X l?ku gS] ;fn vkSj dsoy ;fn X ds can

mileqPp; ds izR;sd laxzg C =   J
C  , tks fd ifjfer izfrPNsnu xq.k/keZ okyk

gS] ds fy, 1 /iC  A

iwoZorhZ dk ,d egRoiw.kZ fo'ks"k lanHkZ ;g gS fd ftlesa C xSj&'kwU; fLFkj
lewg dk ,d laxzg.kh; laxzg gS] vFkkZr~] tc gekjs ikl C

1
  C

2
  C

3
 .... bl

lanHkZ esa] G esa Lopkfyr :i ls ifjfer çfrPNsnu dk xq.k gS] vkSj ;fn çR;sd  ,d

l?ku laLFkkfud lef"V dk can milewg gS] fQj] çLrko }kjk] 1 /iC  A

l?kurk ds foy{k.k dk ç;ksx dqN lqlac) gkWlMksQZ lef"V dh vx.kuh;rk
ij lkekU; ifj.kke dks lkfcr djus ds fy, fd;k tk ldrk gS] vkSj ;g Vkbdksu‚Q
çes; (Tychonoffs Theorm) ds çek.k esa Hkh ç;ksx fd;k tkrk gSA

: lkafLFkfrd lef"V] ;fn vkSj dsoy rHkh lafLFkr gksrk gS tc ifjfer
çfrPNsnu xq.k okys blds can leqPp;ksa ds fdlh leqPp; esa fjDr çfrPNsnu gksrk
gSA

iwoZorhZ çes; vfuok;Z :i ls Mh&e‚xZu ds fu;eksa (De Morgan Law) dk
mi;ksx djds fQj ls fy[ks x, l?ku lef"V dh ifjHkk"kk gSA l?ku lef"V dh
lkekU; ifjHkk"kk [kqyk lewg vkSj laxBu ij vkèkkfjr gksrh gSA bldh nwljh vksj
mijksDr vfHky{k.k can leqPp;ksa rFkk varèkkZjkvksa ds vkèkkj ij fy[kk x;k gSA

: eku yhft, fd X l?ku gS] X dks vkoj.k djus okys [kqys mileqPp; ds
fdlh Hkh laxzg esa ,d lhfer laxzg gS tks x dks Hkh vkoj.k djrk gSA vkxs] eku

yhft,  i I
Fi


] ifjfer çfrPNsnu ds xq.k ds lkFk can mileqPp;ksa dk ,d

foosdkèkhu laxzg gSA ge nkok djrs gSa fd i I Fi  [kkyh ugha gSA

eku yhft,] vU;Fkk] ekuk i I Fi = 

rc] X =  
i IFi c


i IFic

  ¼;gk¡] ,d leqPp; (Set) A esa X ds iwjd

(Complement) dks A
c
 ds :i esa fy[kk tkrk gS½ pwafd çR;sd Ft can gS] laxzg

 i I
Fic

 , X ds fy, ,d [kqyk vkoj.k gS] l?kurk }kjk] ifjfer mileqPp;  I
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gksrk gS] bl rjg ls X = i J Fic  gS] ijUrq fQj X =  i J c
Fi , vr% i J iF   ,

tks vuqØe  i I
Fi

  ds ifjfer çfrPNsnu xq.k ds foijhr gSA nwljh fn'kk esa çek.k

,d gh fn'kk esa çdV gksrk gSA eku yhft;s fd X esa ifjfer çfrPNsnu xq.k gSA ;g

lkfcr djus ds fy, fd X l?ku gS] ekuk  i I
Fi

 , X esa [kqys leqPp; dk ,d laxzg

gks tks X vkoj.k djrk gSA ge nkok djrs gSa fd bl laxzg esa ,d ifjfer milaxzg
gS tks X dks Hkh vkoj.k djrk gSA ;g lcwr varfoZjksèk ls gSA eku yks fd X/ =

i J Fi  lHkh ifjfer J  I ds fy;s gS ] vkb, ge igys fn[kkrs gSa fd can

mileqPp;ksa ds laxzg  i I
Fic

  esa ifjfer çfrPNsnu dk xq.k gSA ;fn J] I dk ,d

lhfer mileqPp; gS] fQj i J Fic =   /i J c
Fi    tgk¡ iwoZ vfHkdFku ds ckn

ls J ifjfer FkkA fQj] pw¡fd X ds ikl  / i J ic i J i c
F F      ifjfer

çfrPNsnu xq.k gS]

;g bl èkkj.kk dk [kaMu djrk gS fd  i i I
F

  X ds fy, ,d vkoj.k gSA

D   R l?ku gS ;fn vkSj dsoy ;fn fdlh Hkh D ds [kqys vkoj.k ds fy, ge
ifjfer vPNkfnr dks ?kVk (Subtract) ldrs gSaA tks fn;k x;k gS (G)   A a,

R dh [kqys mileqPp; dk laxzg lwpdkadksa dk ,d LoSfPNr leqPp;½ tSls fd A

rc AD G  , esa ifjfer :i ls dbZ lwpdkad ekStwn gksrs gSa 
1
,...,

n
   A

bl izdkj fd 
11

N
iD G   -

Ekkuk fd D ,d LoSfPNd mileqPp; gS R dkA rc ACD, D easa [kqyk gS ¼;k
D ls lacaf/kr ;k [kqyk&D½ ;fn vkSj dsoy ;fn ogk¡ R dk [kqyk mileqPp; G

fo|eku gS] bl izdkj fd D = G  DA blh izdkj] ge can&D leqPp; dh /kkj.kk
dks izkIr dj ldrs gSaA /;ku j[ksa fd] D, D esa [kqyk vkSj can nksuksa gS] vkSj blfy,
'kwU; (o) gSA

D  R lac) gS ;fn vkSj dsoy ;fn  vkSj D] D ds ,dek= mileqPp; gS]
tks fd D esa can ,oa [kqys nksuksa gSaA nwljs 'kCnksa eas] ;fn D = A  B rFkk A, B vlac)
:i ls D ds] [kqys&D mileqPp; gSa] rc ;k rks A =  ;k B = 0A

Ekkuk fd f : D  R dks foosdk/khu Qyu (Arbitrary Function) D  R, a 
D ,d fuf'pr vo;o gS vkSj ifjHkk’kk ds vuqlkj ;fn a ij f fujarj gS rks ;g
fuEufyf[kr xq.k dks n'kkZrk gS]

 0, 0a   

bl izdkj   ( ) – ( )ax a x D f x f a       
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vafre fufgrkFkZ (Last Implication) leqPPk; ds lanHkZ esa fQj ls fuEu izdkj
fy[kk tk ldrk gS]

      ( )a a f af B D B    

;gk¡] ge ladsru B
x
(r) : = (x – r, x + r) dk mi;ksx dj ldrs gSaA

(Characterization of Continuous Functions Using Preimages)

Ekkuk D  R vkSj f : D  R ,d Qyu gS blds ckn uhps fn, x,
çLrko led{k gSaA

(1) f  lrr gS ¼D ij½A

(2) G R   [kqys ;k foor̀ (Open) gS rFkk f–1(G) , D esa [kqys ;k foor̀ (Open)

gSA

(3) F R   can ;k laòr (Closed) gS rFkk f–1(F), D esa laòr ;k can (Closed)

gSA

 a  bA Ekkuk G  R [kqyk gSA a  f–1(G) ysus ijA rc f (a)  G, vkSj
pwafd G [kqyk gS] ogk¡ fuf'pr :i ls  > 0 fo|eku gksuk pkfg,] bl izdkj fd

   f aB G  A lkrR;rk ds }kjk] bl  > 0 ds laxr ogka  > 0 fo|eku gS] bl

izdkj fd       a f af B D B    A ysfdu ;g f–1(G) ds vanj laiw.kZ leqPp;

  af B D B    dks LFkkfir djrk gS %

tSSls&    1
aB D f G  

a ij  vkSj a f –1(G) dks ifjorZu djrs gq,] fuHkZjrk dks fpfàr djus ds
fy, vc ge  = 

a
 fy[krs gSa] rks gesa fuEu çkIr gksrk gSa]

      –1
1

a aa f G
f G B D


   

tks n'kkZrk gS fd f–1 (G), D esa [kqyk gSA

b c  ekuk F  R ,d can leqPPk; gS] tks dgrk gS G = CF ¼R esa iwjd½
[kqyk gSA

rc]

         1 –1| | –f F x D f x F x D f x G D f G       

pw¡fd [kqys D ds mileqPPk; dk iwjd D esa can gS] bldk vFkZ gS fd
f –1(F), D esa can gS vkSj ;fn vkSj dsoy ;fn c  a: f–1(G), D esa [kqyk gSA
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xq.k/keZ ds ç;ksx ls ge ;g fl) dj ldrs gSa fd larr Qyuksa dh lajpuk
,d lrr Qyu (Continuous Function) gSA

(Proposition) ekuk  f : D  R lrr gS] g : E  R] vkSj f (D) 
E Hkh lrr gSA rc Qyu h := g ° f : D  M, h(x) = g(f(x)) }kjk ifjHkkf"kr fd;k
x;k gS] tks lrr gSA

ekuk fd G  R [kqyk leqPp; (Open Set) gS fQj h–1(G) = f–1(g–1(G)

ysfdu g–1(G) = V  E, ds fy, V  R gS] dqN [kqys leqPp; gS] ysfdu fQj
h–1(G) = f–1(V  E) – f–1(V),  D esa [kqyk gS] blfy, ;gka h lrr gSA

ekuk f : D  R ,d lrr Qyu gS] tSls fd f(x)  0, x D   rc
h : D  R }kjk h(x) = 1/f(x) fn;k tkrk gS] tks lrr gSA

 : R – {0}  R g(x) = 1/x tks lrr gS] f(D)  R – {0}, blfy, h = g

° f lrr gSA

(General Properties of Continuous Function)

,d lrr Qyu leqPp; l?ku leqPp; dk izfrfp=.k djrk gSA

nwljs 'kCnksa esa] eku ysa fd f : D  R lrr gS vkSj D l?ku gS] fQj gesa ;g
fl) djus dh vko';drk gS fd izfrfcac f(D), R dk ,d mileqPp; gSA mlds
fy,] ge f(D) dk ,d LoSfPNr [kqyk vkoj.k f(D)  G ij fopkj djsa vkSj ge
fuEu miJs.kh Kkr djus dk ç;kl djsaxsA gekjs ikl D   

 f–1(G) iwoZ dh
izfrfcac gSA ysfdu f–1(G) esa [kqyk gS] blfy, ogka ekStwn V

a
  R dks ,sls [kqyk gksuk

pkfg, tSls fd f–1(G) = V  D rc  .(V,  D) ftldk lhèkk lk eryc
gS fd D  ,VKkr djrs gSA bl çdkj ge D ds [kqys vkPNknu ds le{k igq¡p
x,A blfy, ogk¡ ifjfer ds dbZ 

1
,..., 

N
 lwpdkad mifLFkr gksuk pkfg,A bl

rjg ls D  
1 i

N
i G  ftldk vFkZ gS lekurk D =  –1

1 1( )
i i

N N
i iV D f G      

ysfdu bldk eryc gS fd ;g l?ku gSA

lac) leqPp; esa ,d lrr Qyu ekufp=.k lac) leqPp;A vU;
'kCnksa esa] ekuk fd f : D   lrr gS rFkk D  lac) gSA rc] f(D) Hkh lac) gSA

ekuk f(D) lac) ugha gS ]rks ;gk¡ A, B, f(D) ds mileqPp; esa vlarq"V rFkk
vfjDr ugha gksuk pkfg,] f(D) ds mileqPp; nksuksa f(D) ds lkis{k [kqyrs gSa] tSls
fd f(D) = A  B rks ysfdu bldk rkRi;Z ;g gS f(D) ds lkis{k [kqys gksus dk
eryc gS fd ogk¡ U, V  R ekStwn gS tSls fd A = f(D)  U, B = f(D)  V blfy,
ysfdu f(D)  U V bldk rkRi;Z gS fd D  f–1(U) D f–1(V) gksxkA pwafd U, V

[kqys gSaA ;g fuEukuqlkj gS fd f–1(U) vkSj f–1(V) D ds lkis{k [kqys gSaA ysfdu os
Hkh vlarq"V gSaA pwafd D tqM+k gqvk gS] blfy, ;g fuEu esa ls ,d gS vkSj f–1(U)

[kkyh gSA ysfdu A  U, blfy, ;g f–1(A) =  dks Hkh cy iznku djrk gS] tks fd
vlaHko gS tc rd fd A =  ¼è;ku nsa fd A, f  ds fp= dk mileqPp; gS½] tks fd
fojksèkkHkklh gSA
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,d l?ku (Compact) leqPP; ij ,d lrr Qyu leku :i ls lrr
(Continuous) gSA

ekuk D l?ku gS vkSj f : D  R lrr gSA fn;k gS > 0, rks gesa
 > 0 Kkr djuk gS] bl izdkj fd ;fn x, y  D vkSj |x – y| <  rc
|f(x) – f(y)| < A bl rjg fujarjrk dh ifjHkk"kk ls]  > 0 vkSj x  D fn, x,
gSa] ogka fo|eku d

x 
 ,slk gS fd ;fn |y – x| < d

x
 rc |f(y) – f(x)| < A Li"V

:i ls D   1

2x D x xNB
     
 

A bl [kqys vkoj.k ls ge ,d ifjfer fudky

ldrs gSa tgka ¼D fufgr gS½ bl rjg  ls 1 ,N
i xD B (

1

2 ix (/2))A vFkkZr~ ogk¡

x
1
, x

2
, ......,X

N
  D dbZ ifjfer ekStwn gksuk pkfg,A

ekuk vc  = min{
1

2 xN (/2)}A ge ns[ksaxs fd  dk;Z djrk gSA

bl rjg |y – z| <  dks LoSfPNd ls y, z  D fy;k fopkj ;g gS fd y
fdlh Hkh x

j
 ds ikl gksxk] tks cnys esa mlh x

j
 ds ikl z j[krk gSA ysfdu ;g nksuksa

f(y), f(z) dks f(x
j
) ¼x

j
 ij fujarjrk }kjk½ ds djhc gksus ds fy, QkslZ (Force) djrk

gS] vkSj blfy, ,d nwljs ds vuqikr gSA

pwafd y  D, 1 <  j < N] bl rjg ;gka dqN

y  B
xj 

(
1

2 jx (/2)) 1 <  j < N, j esa ekStwn gksuk pkfg,A

bl izdkj]

|y – x
j
|< 

1

2 jx (/2)

|y – z|< ()  
1

2 jx (/2)

f=Hkqt vlekurk (Triangle Inequality) ls ;g fuEukuqlkj |z – x| < 
1

2 jx (/2)

gSA blfy, x dk 
1

2 jx (/2): y, z ds eè; esa gS] bls bl izdkj O;Dr fd;k tk ldrk

gS]
 |f(y) – f(x

j
)|< /2

|f(z) – f(x
j
)|< /2

iqu% f=dks.k vlekurk }kjk | f(y) – f(z)| < gekjs ikl gSA

ekuk fd f leku :i ls lrr ugha
gS] bldk vFkZ gS fd ogk¡  > 0 mifLFkr gS tSls fd dksbZ  > 0 dk;Z ugha djrk
gSA
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 = 
1

n
dk D;k vFkZ gS] ;g tk¡pus ds fy, ge ns[krs gSa fd blds fy,

3n  1 esa dksbZ x
n
, y

n
  D3 gS ;k ughA bl izdkj ls |x

n
 – y

n
| < 1

n
 vkSj tcfd

|f(x
n
) – f(y

n
)| > esa l?ku gSA ;|fi D l?ku gS] fo'ks"k :i ls D esa dksbZ Hkh vuqØe]

vfHklkjh vuqxkferk j[krk gS] ftldh lhek D ls lacaf/kr gSA bl fl)kar dks nks ckj
ykxw djus ij ge ikrs gSa fd ogk¡ n

1
< n

2
 < ..., mifLFkr gksus pkfg,] bl izdkj

vuqxkeh  
1kn k

x

 rFkk  

1kn k
y


 vfHklkjh gSa] rFkk x = lim

kx nx  D, y =

lim
kx ny   DA gekjs ikl fuEufyf[kr gSa%

(i) l?kurk }kjk fuekZ.k] 1 1
– .

k kn n
k

x y
n k

   lhek ysrs gq,] gesa x = y izkIr

gksrh gSaA

(ii) lrrrk }kjk]  lim ( )
kk nf x f x  ]pawfd x  DA

 lim ( )
kk nf y f y 

(iii) }kjk fuekZ.k]    –
k kn nf x y > blfy, lhek esa |f(x) – f(y)| >

ge bl çdkj ,d fojksèkkHkkl rd igq¡prs gSaA

% ekuk fd D  R fQj fuEufyf[kr çLrko led{k gSaA

(i) D l?ku (Compact) gSA

(ii) D ifjc) ,oa laòr ;k can (Bounded and Closed) gSA

(iii) D ds çR;sd vuqØe esa ,d vfHklj.kh; mikuqØe (Convergent Subsequence)

gksrh gS ftldh lhek D ls de gksrh gSA

a  b, D  R =  1 – ,n n n  , D dk [kqyk vkoj.k gS] pwafd 1N   bl

izdkj D   1 – ,n n n   = (–N, N) blls irk pyrk gS fd D ifjc) (Bounded)

gqbZ gSA ;g lkfcr djus ds fy, D can gS]

ge flèn dj ldrs gSa fd R – D [kqyk gS]

ekuk fd] y =  R – D gS] rc D  1
1 1

[ – , ]n R y
n n



   
 

 bl [kqys vkoj.k

dk ifjfer vkoj.k gk suk pkfg,A blfy, 1N   bl izdkj ;g
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1 1
– [ ,D R y y

N N
    ysfdu bldk eryc gS fd 

1 1
, –y y R D

N N
    
 

ysfdu y dks R – D esa foosdk/khu pquk x;k] blfy, ;g leqPPk; b  c [kqyk gS]
vkSj blfy, D Lo;a can gSA ;g bl rF; ds lkFk djuk gS fd çR;sd caèks vuqØe

esa ,d vfHklj.kh; ifj.kke gSA ;gk¡ c  b ,d D = D  dks n'kkZrk gS vkSj bldk
bl rF; ls ysuk gS fd D  vfHklkjh Øeksa dh lhekvksa dk D leqPp; gSA bR;kfn]

c  a

D  1k kG
 , D dk ,d foosdk/khu [kqyk vkoj.k gSA ¼è;ku nsa [kqys leqPp;

dk ,d Xk.krh; vkoj.k laxzg.kh; laxzg gS tks fd lkekU; vuar] [kqyk vkoj.k ugha
gks ldrk gSA fuf'pr :i ls] ge ;g lkfcr djus ds fy, vko';d dne mBkrs
gSa fd D ds fdlh Hkh vkoj.k ls ge ,d Xk.kuh; mivPNkfnr (Countable

Subcovering) fudky ldrs gSa] vkSj bl rF; dks lekIr djuk gksxkA R ,d x.kuk
djus ;ksX; l?ku leqPp; dks Lohdkj djrk gSA bl pj.k ds ikBîiqLrd esa bl

dne dk fooj.k i<+saA½ vkb, fl) djsa fd n  1 ekStwn gS tSls fd] D  1k kG


ekuk fd bl ifj.kke esa rc 1N   ogk¡ ekStwn gS x
n
  D – 1k kG

 A ysfdu x
n

,d vuqØe D gS] blfy, blesa  
1jn

j
x


 in D esa lhek ds lkFkA ,d vfHklj.kh;

ifj.kke gksuk pkfg,] lim
nj nx a D    ysfdu G

i
, s esa ls ,d ds varxZr vkrk

gS] ,d G
i
, s [kqyk gS] ;g bl çdkj gS fd ,

jn Nx G   j  j
0
 ds fy, ¼j dkQh cM+k½

gSaA fo'ks"k :i ls ;g n'kkZrk gS fd j ds fy, i;kZIr gS ¼j
0
 ls cM+k vkSj N ls cM+k½

gekjs ikl 1
j

j

n
n N kx G    , ]pwafd nj n

j
  j > N ;g x

n
’s dh ifjHkkf"kr laifÙk

dk [kaMu djrk gSA

R tqM+k gqvk gSA

 oLrqr% dFku ;g gS fd rFkk R Lo;a esa] R ds ,dek= mileqPp; gSa] tks
fd [kqys ,oa can nksuksa gSaA bls fl) djus ds fy,] ekuk fd bl xq.k/keZ ds lkFk E,

R dk ,d vfjDr mileqPp; gSA ge fl) djsaxs fd E=RA blds fy,] ,d LoSfPNr
c  R ysrs gSaA ;g fl) djus ds fy, fd CE] ge dYiuk djrs gSa fd c  E vkSj
ns[krs gSa fd varfoZjks/k gSA pw¡fd E vfjDr gS] rc ;g bl izdkj vuqlj.k djrk gS
fd E ;k rks c ds ck,a ;k c ds nk,a] fcanqvksa dks j[krk gSA

iwoZ èkkj.k eku ysa]

¼1½ leqPp; dk fuèkkZj.k djsa S = {x  E|x < c} ds Åij ls] S ls ifjc)
(Bounded) gS ¼c, S ds fy, ,d Åijh ckè; gS½A blfy, ge y = l.u.b.(S)

 R fuèkkZj.k dj ldrs gSaA
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¼2½ fufo"V (Input)% E can gSA rc S =  – ,E c   rc y  S  = S, blfy, y

< c gksxkA

¼3½ fufo"V (Input)% y  S  E vkSj E [kqyk gS bldk eryc gS fd blesa  >

0 ekStwn gS bl rjg (y – , y + )  E i;kZIr NksVk  pqusa rkfd  < c

– y gksA ml fLFkfr esa z = y +/2  (y – , y + )  E dk ,d rRo xq.k
E gSA

¼4½ z < c, blfy, z  S

¼5½ z > y

tks y dh ifjHkkf"kr xq.k ds lkFk fojksèkkHkkl (Contradiction) esa gSA

 R dk ,dy lac) mileqPp; (Connected Subsets)] varjky ¼u gh
[kqyk u gh can½ gksrs gSaA

 igys ge ;g fl) djrs gSa fd R dk tqM+k mileqPPk; ,d varjky gksuk
pkfg,A

ekuk E  R dks ,d tqM+k mileqPPk; cukrs gSaA ge fl) djrs gSa ;fn
a  b  E, rc [a,b]  E gSA nwljs 'kCnksa esa] fdlh Hkh nks vo;oksa (Elements) ds
lkFk] E ds chp iw.kZ varjky gksrk gSA bls ns[kus ds fy,] a vkSj b ds chp ,d
okLrfod la[;k c nsaA ekuk c  E fQj E = A  B tgk¡ A = (–, c)  E vkSj B
= (c, +  E è;ku nsa fd A vkSj B, D ds ;ksX; mileqPPk; gSa] nksuksa D ds lkis{k
[kqys gSa] D;ksafd S tqM+k gqvk gS] buesa ,d de ls de [kkyh gksuk pkfg,] D;ksafd a
 A vkSj b  B bl çdkj gS] tks fd c  E fojksèkkHkkl gSA

;g n'kkZus ds fy, E okLro esa ,d varjky gS] inf E, rFkk sup E ij fopkj
djrs gSaA E ck/; gSA rc m=inf E] M = sup E  R, rFkk Li"Vr% E  [m, M]A
nwljh vksj] fdlh Hkh fn;s x;s x  (m, M) ds fy,] ogk¡ a, b  E fo|eku gS] bl
izdkj fd a < x < bA og bl dkj.k] D;ksafd m] M  E rFkk m ds djhc ¼Øe'k%
M½ E ds fdlh fcanq dks Hkh izkIr fd;k tk ldrk gS] tks fd okafNr gSA ¼varjky (m,

M)½ ds lkFk ,d fp= dk js[kkadu djsa rFkk blds vanj ,d fcanq x dks LFkkfir djsa½A
ysfdu rc] [a, b]E] rFkk fo'ks"kr% x  EA pwafd x dk pquko (m, M) esa LoSfPNd
:i ls fd;k x;k Fkk] gekjs ikl (m, M)  E  [m, M] gksuk pkfg,] blfy, E

fuf'pr :i ls ,d varjky gSA f}rh; fLFkfr% E vlac) gSA bl leku èkkj.kk ds
lkFk fn[kk,a fd E ,d vlac) varjky gSA

. : ekuk fd D  R l?ku gS vkSj f : D  R ,d lrr Qyu gSaA rc y
1
,

y
2
  D fo|eku gS tSls fd f (y

1
)   f(x)  f(y

2
), x  DA

: f(D)R dk ,d l?ku mileqPp; (Compact Subset) gS] blfy, ;g ckè;
vkSj can gSA bldk rkRi;Z ;g gS fd g.l.b(f(D))  f(D) vkSj l.u.b.(f(D))  f(D)
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HkhA ysfdu rc y
1
, y

2
  E D fo|eku gksuk pkfg, tSls fd f(y

1
) = g.l.b.f(D) vkSj

f(y
2
) = l.u.b. f(D)A ysfdu bldk rkRi;Z gS f(D)  [f(y

1
), f(y

2
)] gSA

,d l.u.b. dks lwfpr djus ds fy, vadu f(D)] f¼x½ dk mi;ksx djrk gSA
MhA dh fp= nwljs 'kCnksa esa] sup

x D
,  f(x) = l.u.b.{f(y) | y  D}A çes; dgrh gS

fd ;fn D fufgr gS vkSj f  lrr gS] rks up
x D 

 f(x) ifjfer gS] vkSj blls Hkh vfèkd
blesa y

1
  D fo|eku gS tSls f(y

1
) = sup

x D  
f(y)A ;fn vuq{ks= fufgr ugha gS] rks

O;fDr lrr Qyuksa (Continuous Function) ds mnkgj.k ik ldrk gS tSls fd i) sup

f = +  ;k ,slk gS fd ii) sup f ,d okLrfod la[;k gS ysfdu f dh izfrfcac esa ugha
gSA izdj.k (i) ds fy,] f(x) = 1/x dks (0,1] ij ifjHkkf"kr djsaA izdj.k (ii) ds fy,]
f(x) = x ysaA [0]1½ ij ifjHkkf"kr fd;k x;kA

. : R esa ,d varjky ij ifjHkkf"kr ,d lrr ¼okLrfod eku½ Qyu esa
eè;orhZ eku xq.k (Intermediate Value Property) gksrk gSA

: eku ysa fd R vkSj f esa ,d varjky gS f: E  R ,d lrr Qyu gSA
a, b  (dgrs gSa a < b½ vkSj y dks f(aa) vkSj f ¼b½ ds chp dh la[;k dgrs gSaA
eè;orhZ eku Xkq.k og dFku gS tks a vkSj b ds chp ekStwn gS tSls fd f ¼c½ ¾ yA
ysfdu ;g rqjar bl rF; ls vkrk gS fd f(E) ,d varjky gSA ¼E] R  E ls tqM+k
,d varjky gS E f  R dk ,d tqM+k gqvk mileqPp; gS½ E R  R esa ,d varjky
gS½A

1- ,dleku fujarjrk dh O;k[;k dhft,A

2- lkoZHkkSfed xq.k ls vki D;k le>rs gSa\

3- ,dleku lkrR; dh lkekU;r% dh O;k[;k dhft,A

4- l?kurk ls vki D;k le>rs gSa\ la{ksi esa bldh O;k[;k djsaA

5- la;kstdrk vkSj fujarjrk ls vki D;k le>rs gSa\

6- iFk la;kstdrk dh O;k[;k djsA

7- ifjfer izfrPNsnu ds xq.kksa dh O;k[;k djsaA

8- l?ku dks ifjHkkf"kr djsaA

1- fn, x, nwjhd lef"V (Metric Space) (X, d
1
) vkSj (Y, d

2
)] ,d Qyu

(Function) : f X Y  gj okLrfod la[;k (Real Number) ds fy, leku
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:i ls fujarj dgk tkrk gS 0  ogk¡ mifLFkr 0  ,slk gj x ds fy,]

y X  ds lkFk  1 , ,d x y   gekjs ikl og     2 , .d f x f y   gSA

2- leku fujarjrk ,d lkoZHkkSfed xq.k (Global Property) gS] bl vFkZ esa fd
ekud ifjHkk"kk O;fDrxr fcanqvksa ds ctk; vadksa ds tksM+s dks lanfHkZr djrh
gSA

3- lkekU;r%] leku :i ls lrr Qyu ds varxZr ,d iw.kZr: ifjc) mileqPp;
(Totally Bounded Subset) dk fp= iwjh rjg ls ifjc) gksrk gSA bl ckr ls
lkoèkku jgsa fd leku :i ls lrr Qyu ds varxZr foosdkèkhu (Arbitrary)

nwjhd lef"V ds ifjc) mileqPp; dh fp= dks ifjc) gksus dh vko';drk
ugha gSA mnkgj.k ds fy,] iw.kkaZd vkO;wg ds lkFk laiUu iw.kkaZd ls rRled
Qyu (Identity Function) ij fopkj djsa tks lkekU; ;wfDyfM;u (Euclidean)

vkO;wg ls laiUu gSA

4- nwjhd lef"V (Metric Space) esa ifjc) leqPp; gksus dk xq.k le:irk
(Homomorphism) }kjk lajf{kr ugha gS] mnkgj.k ds fy,] varjky ¼0] 1½ vkSj
iwjs R lkekU; lkafLFkfr ds rgr le:id (Homomorphism) gSaA

5- fujarjrk ;g ,d lrr ds :i esa ,d lrr Qyu ds vfèkd lgt xq.kksa ls
esy [kkrh gS ,d tqM+s lewg dks ,d tqM+s leqPp; esa cny nsrh gSA

6- ,d lkafLFkfrd lef"V X esa] A ls B dk iFk can eè;kUrj [0]1] ls X rd
dk ,d lrr Qyu gS tks bl çdkj gS

f(0) = a

vkSj     f(1) = b

,d milewg Y dks iFk tqM+k gqvk dgk tkrk gS tc Y ds Hkhrj bl rjg dk
iFk mifLFkr gS] tks fd Y ds çR;sd ;qXe fcanq {a] b} ds fy, gSA

7- ifjfer çfrPNsnu xq.k (Finite Intersection Property)] leqPp; X ds mileqPp;
ds laxzg dh xq.k gSA laxzg.k esa bl xq.k dk leqPp; gksrk gS ;fn laxzg ds
fdlh ifjfer milaxzg (Sub Collection) dk çfrPNsn xSj&fjDr gSA lewgksa
dk ,d dsfUær iz.kkyh ifjfer çfrPNsnu xq.k ds lkFk lewgksa dk ,d laxzg
gSA

8- D   R l?ku gS ;fn vkSj dsoy ;fn fdlh Hkh D ds [kqys vkoj.k ds fy,
ge ifjfer vPNkfnr dks ?kVk (Subtract) ldrs gSaA tks fn;k x;k gS (G)
 A a, R dh [kqys mileqPp; dk laxzg lwpdkadksa dk ,d LoSfPNr leqPp;½

tSls fd A rc AD G  , esa ifjfer :i ls dbZ lwpdkad ekStwn gksrs

gSa 
1
,...,

n
  A
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 ekuk ,d lrr ekufp=.k dh ,d lrr nwjhd lef"V X nwjhd lef"V Y esa
gksA rc f [X] l?ku gSA

 ;fn X ,d lkekU; nwjhd lef"V gS vkSj A] X esa can gS] fQj fdlh Hkh lrr
Qyu ds fy, :f A R  bl rjg ls  |f(x) < 1, ,d lrr Qyu g gS,

X R  bl rjg ls   1
| |

3
g x   ds fy;s ,x X  vkSj     2

| |
3

f x g x 

ds fy;s X A  gSA

 fn, x, nwjhd lef"V (X, d
1
) vkSj (Y, d

2
)] ,d Qyu : f X Y  gj

okLrfod la[;k ds fy, leku :i ls fujarj dgk tkrk gS 0  ogka ekStwn

0  ,slk gj x ds fy,] y X  ds lkFk  1 , ,d x y   gekjs ikl og

    2 , .d f x f y  gSA

 ;fn X vkSj Y okLrfod la[;kvksa ds mioxZ gSa] d
1
 vkSj d

2
 ekud ;wfDyfM;u

izfreku gks ldrs gSa] | • |, ifjHkk"kk nsrs gq,: lHkh ds fy, 0  ogk¡ ,d

0  ekStwn gSA tSls fd lHkh ds fy, , ,  x y X x y   dk rkRi;Z

    . f x f y 

 nks nwjhd lef"V ds chp çR;sd fyifLpV lrr ekufp= leku :i ls lrr
gSA fo'ks"k :i ls çR;sd Qyu tks foHksnd gS vkSj ftlds O;qRiUu lhekc)
gS] ,d leku :i ls lrr gSA vkerkSj ij] gj èkkjd dk lrr Qyu leku
:i ls lrr gSA

 gsbu&dSaVksj çes; dk nkok gS fd ;fn X l?ku gS] rks çR;sd lrr

: f X Y  leku :i ls lrr gSA fo'ks"k :i ls] ;fn Qyu okLrfod js[kk
ds lhfer ifjc) varjky ij lrr jgrk gS rks ;g ml varjky ij leku
:i ls lrr jgrk gSA MkcksZDl dh iw.kkZRedrk ,d le lkrR; çes; ls
yxHkx rRdky gh dke djrh gSA

 ;fn ,d okLrfod eku Qyu f lrr gS] [0, )  vkSj  
x

Iim f x  ¼vkSj ifjfer

gS½] rks f leku :i ls fujarj gSA fo'ks"k :i ls] C
0
(R) dk çR;sd vo;o] R

ij lrr Qyuksa dk og foLrkj] tks vuar esa u"V gks tkrk gS] ,d leku :i
ls lrr gksrk gSA è;ku nsa fd ;g Åij of.kZr gsbu&dSaVksj çes; dk ,d

lkekU;hdj.k gS] pwafd    0cC R C R A

 A dks nR  dk mileqPp; ekuk tkrk gSA bl Qyu f : A  Rm esa] bl çdkj
ds vuqØe x

n
 rFkk y

n
 ds çR;sd ;qXe ds fy, bl çdkj dk Qyu ,d leku

:i ls yxkrkj pyrk jgrk gSA
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lim n n
n

x y


 = 0

gekjs ikl gS lim ( ) ( )n n
n

f x f y


 = 0

 nwjhd lef"V esa ifjc) leqPp; gksus dk xq.k le:irk }kjk lajf{kr ugha gS]
mnkgj.k ds fy,] varjky ¼0] 1½ vkSj iwjs R lkekU; lkafLFkfr ds rgr
le:id gSaA blfy, çes;ksa dks okLrfod fo'ys"k.k esa lkekU; djus ds fy,]
tSls lao`r ifjc) varjky ij lrr Qyu lhekc) gksrk gSA

 lac) leqPp; ,d leqPp; gS] ftls nks xSj&fjDr mileqPp;ksa esa foHkkftr
ugha fd;k tk ldrk gS] tks leqPp; ij çsfjr lkis{k lkafLFkfr esa [kqys jgrs
gSaA leku :i ls] ;g ,d leqPp; gS ftls nks xSj&fjDr mi Hkkxksa esa
foHkkftr ugha fd;k tk ldrk gS tSls fd çR;sd mileqPp; esa nwljs ds
leqPp; can gksus ds lkFk lkekU; :i ls dksbZ fcanq ugha gksrk gSA

 ekuk X ,d lkafLFkfrd foLrkj gksA X esa tqM+k leqPp; ,d leqPp; A  X

gS ftls nks xSj&fjDr mileqPp; esa foHkkftr ugha fd;k tk ldrk gS tks
leqPp; A ij çsfjr lkis{k lkafLFkfr esa [kqys gSaA leku :i ls] ;g ,d
leqPp; gS ftls nks xSj&fjDr mileqPP;ksa esa foHkkftr ugha fd;k tk ldrk
gS] bl çdkj çR;sd mileqPp; ds vU; lewg can gksus ij leku fcanq ugha
gksrs gSaA lef"V X] ;fn ;g Lo;a dk lac) mileqPp; gS rks lac)
lkafLFkfrd lef"V gSA

 okLrfod la[;k] okLrfod la[;kvksa ds [kqys ;k can eè;kUrj ds :i esa ,d
tqM+k lewg gSaA ¼okLrfod ;k lfEeJ.k½ lery tqM+k gqvk gS] tSlk fd lrg
esa dksbZ [kqyk ;k can pØ ;k dksbZ oy; gSA LFkyk—frd dh T;k oØ lrg
dk ,d tqM+k gqvk mileqPp; gSA

 ,d mileqPp; Y dks iFk&tqM+k gqvk dgk tkrk gS tc Y ds Hkhrj bl rjg
dk iFk ekStwn gS] tks fd Y ds çR;sd ;qXe fcanq {a] b} ds fy, gSA

 lkafLFkfrd lef"V X lqlac) gS] ;fn vkSj dsoy rHkh tc ifjfer çfrPNsnu
xq.k ds can mileqPp;ksa ds çR;sd lewgksa esa ,d xSj&fjDr çfrPNsnu gksrk gSA

 X ds [kqys mileqPp; dk ,d laxzg {V
a
} dks X ds fy, ,d vkèkkj dgk

tkrk gS ;fn fuEu lR; gS:  izR;sd ds fy;s x  X vkSj gj [kqys leqPp; ds
fy, G  X bl rjg ls x  G, bl rjg ls ogk¡ ekStwn gSA

 foLrkj X ds ,d mileqPP; S ,d iwjh rjg ls ifjc) leqPP; lewg gS vxj
vkSj dsoy vxj] fdlh Hkh vkdkj E fn;k] ogk¡ ,d çk—frd la[;k n vkSj
,d lewg A

1
, A

2
, ...,A

n
 ekStwn gS X ds mileqPp;ksa esa ls ,d] ,slk gS fd S

lewg ds la?k esa fufgr gS ¼nwljs 'kCnksa esa] lewg S dk ,d ifjfer vkoj.k gS½]
vkSj ,slk gS fd lewg esa çR;sd leqPp; A

i
 vkdkj E ¼;k de½ dk gSA

xf.krh; çrhdksa esa, lef"V X ,d iw.kZ ifjc) lef"V gS] ;fn vkSj dsoy rHkh
tc ;g Lo;a dk ,d mileqP; ekuk tkrk gSA
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 ,d laLFkkfud leqPp; X ;fn iwjh rjg ls ifjc) gqvk jgrk gS vkSj dsoy
rHkh bls ck,a vuqokn dk mi;ksx djrs gq, laLFkkfud ,csfy;u leqPp;ksa dh
ifjHkk"kk dks larq"V djrk gSA vFkkZr E + a

i
 ds foLrkj ij a

i 
E  dk mi;ksx

djsaA oSdfYid :i ls] X lgh rjg ls ifjc) gqvk gS ;fn vkSj dsoy ;fn
;g lgh vuqokn dk mi;ksx djrs gq, laLFkkfud ,csfy;u leqPp;ksa dh
ifjHkk"kk dks larq"V djrk gSA

 okLrfod js[kk dk ,d mileqPp;] ;k vfèkd vke rkSj ij ¼ifjfer vk;keh½
;wfDyfM;u foLrkj] iwjh rjg ls c¡èkk gqvk gS ;fn vkSj dsoy vxj ;g ifjc)
gSA

 ,d fgYcVZ lef"V esa bdkbZ xksyk] ;k vkerkSj ij ,d cukp lef"V esa] iwjh
rjg ls ifjc) gksrk gS vxj vkSj dsoy leqPp; esa ifjfer vk;ke gksA

 ifjfer çfrPNsnu xq.k] leqPp; X ds mileqPp; ds laxzg ds xq.k gSA
laxzg.k esa bl xq.k dk leqPp; gksrk gS ;fn laxzg ds fdlh ifjfer milaxzg
dk çfrPNsn xSj&fjDr gSA leqPp;ksa dk ,d dsfUær iz.kkyh ifjfer çfrPNsnu
xq.k ds lkFk leqPp;ksa dk ,d laxzg gSA

 D   R fufgr gS ;fn vkSj dsoy ;fn fdlh Hkh D ds [kqys vkoj.k ds fy,
ge ifjfer vPNkfnr dks ?kVk ldrs gSaA tks fn;k x;k gS (G)   A a, R

dh [kqys mileqPp; dk laxzg lwpdkadksa dk ,d LoSfPNr leqPp; ½ tSls fd

A fQj AD G  , esa lw{e :i ls dbZ lwpdkad ekStwn gksrs gSa 
1
,...,

n

  A ,slk fd 
11

N
iD G   -

 ,d fujarj ;k lrr Qyu ls lEc) leqPp; esa fufgr leqPp; dk vkdyu
fd;k tk ldrk gSA

nwljs 'kCnksa esa] eku ysa f : D  R lrr gS vkSj D ls tqM+k gqvk gSA rc blls
f(D) Hkh tqM+k gqvk gSA

 R esa ,d varjky ij ifjHkkf"kr ,d lrr ¼okLrfod eku½ Qyu esa eè;orhZ
eku xq.k gksrk gSA

  fdlh fo'ks"k fcanq ij Lo;a fujarjrk ;k
lrrrk ,d foLrkjh; xq.k gS] vFkkZr f Qyu lrr jgrk gS ;k ugha tc ge
fdlh Qyu dks ,d varjky ij fujarj gksus dh ckr djrs gSa] rks gekjk
eryc dsoy ;g gS fd ;g izR;sd fcanq ij tkjh jgsA

  xcx iwoZ okLrfod js[kk ij gj txg fujarj ;k lrr gS
ysfdu js[kk ij leku :i ls fujarj ;k lrr ugha gSA
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  ;fn X l?ku gS] rks izR;sd fujarj ;k lrr Qyu f:X
 Y leku :i ls fujarj ;k lrr gSA fo'ks"k :i ls ;fn Qyu okLrfod
js[kk ds lhfer ifjc) varjky ij lrr jgrk gS rks ;g ml vaarjky ij
leku :i ls lrr jgrk gSA

  nwjhd lef"V esa ifjc) leqPp; ds xq.k le:irk }kjk lajf{kr
ugha gSA mnkgj.k ds fy, varjky (0, 1) vkSj iwjs R lkekU; lkfLFkfr ds
rgr le:irk gSA blfy, izes;ksa dks okLrfod fo'ys"k.k esa lkekU; djus ds
fy, tSls laor̀ ifjc) varjky ij lrr Qyu lhekc) gksrk gSA

 ;g ,d lrr ds :i esa ,d lrr Qyu ds vf/kd lgt xq.kksa
ls esy [kkrh gS ,d tqM+s leqPp; dks ,d tqM+s leqPp; esa cny nsrh gSA

  ,d lkafLFkfrd lef"V X esa] a ls b dk iFk can e/;kUrj
[0, 1] ls X rd dk ,d lrr Qyu gSA

1- lrr ;k fujarj Qyu D;k gS\

2- foLrkj çes; dks ifjHkkf"kr djsaA

3- rqY;kdkfjrk vkSj le:irk esa D;k varj gS] O;k[;k djsaA

4- l?kurk D;k gS\ l?kurk dks mnkgj.k nsdj ifjHkkf"kr djsaA

5- iw.kZr% ifjc) lef"V dks mnkgj.k nsdj ifjHkkf"kr djsaA

6- ifjfer izfrPNsnu xq.k dks ifjHkkf"kr djsaA

7- fujarj Qyu dk la;qDrk vkSj mlds fufgr leqPp; dh O;k[;k djsaA

1- lrr ;k fujarj Qyu dh mi;qä mnkgj.k nsdj O;k[;k djsaA

2- ,dleku lrrrk ds ckjs esa ppkZ djsa vkSj mi;qä mnkgj.k nsdj Li"V djsaA

3- l?kurk ds xq.kksa dk o.kZu mnkgj.k nsdj djsaA

4- foLrkj çes; dh O;k[;k mnkgj.k nsdj djsaA

5- l?ku leqPp; vkSj l?kurk ;k la;qärk dks foLrkj ls mnkgj.k lfgr
le>kb,A

6- gkWlM‚Q+Z fLFkfr;ksa ds ckjs esa mi;qä mnkgj.k nsdj O;k[;k djsaA

7- ÞlkekU; laLFkkfud esa] l?kurk ;k la;qärk ,d xq.k gS tks ;wfDyfM;u
foLrkj ds mileqPp; ds can gksus dh èkkj.kk dks lkekU; djrk gSßA bl
dFku dh lR;rk dk vkSfpR; fl) dhft,A
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5-10 Lo&ewY;kadu ç'u ,oa vH;kl
5-11 lgk;d ikB~; lkexzh

,d lfEeJ ;k tfVy la[;k (Complex Number) ,d la[;k gS ftls a + bi ds :i
esa O;ä fd;k tk ldrk gS] tgk¡ a vkSj b okLrfod la[;k,¡ (Real Numbers) gSa]
vkSj i lehdj.k x2 = –1 dk ,d gy gSA D;ksafd dksÃ Hkh okLrfod la[;k (Real

Number) bl lehdj.k dks larq"V ugÈ djrh gS] blfy;s i dks ,d dkYifud
la[;k (Imaginary Number) dgk tkrk gSA lfEeJ la[;k a + bi ds fy,] a dks
okLrfod Hkkx (Real Part) dgk tkrk gS] vkSj b dks dkYifud Hkkx (Imaginary

Part) dgk tkrk gSA ,sfrgkfld ukedj.k dkYifud gksus ds ckotwn] lfEeJ
la[;kvksa dks xf.krh; foKkuksa esa okLrfod la[;kvksa ds leku okLrfod ekuk tkrk
gS] vkSj çk—frd nqfu;k ds oSKkfud fooj.k ds dÃ igyqvksa esa ekSfyd gSaA

,d fo'ys"k.kkRed Qyu ,d Qyu gS ftls LFkkuh; :i ls ,d vfHklkjh
?kkr Ükà[kyk (Convergent Power Series) }kjk fn;k tkrk gSA tc okLrfod
fo'ys"k.kkRed Qyu vkSj lfEeJ fo'ys"k.kkRed Qyu nksuksa ekStwn gSa] rc Jsf.k;ka
dqN rjhdksa ls leku gSa] ysfdu dqN lehdj.kksa esa vyx gSaA çR;sd çdkj ds Qyu
vlhe :i ls fHkUu gksrs gSa] ysfdu lfEeJ fo'ys"k.kkRed Qyu (Complex Analytic

Function) mu xq.kksa dks çnÆ'kr djrs gSa tks vke rkSj ij okLrfod fo'ys"k.kkRed
Qyu (Real Analytic Function) ds fy, ugÈ gksrs gSaA

bl bdkÃ esa vki lfEeJ la[;kvksa tSls fd Øfer ;qXe] fo'ys"k.kkRed Qyu]
dkWmph&jheku lehdj.k] eksfc;l :ikarj.k vkSj vuqdks.kh izfrfp=.k (Conformal

Mapping) ds ckjs esa vè;;u djsaxs A
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bl bdkbZ dks i<+us ds ckn vki&

 Øec) tksM+s ds :i esa lfEeJ la[;kvksa dh O;k[;k dj ik,axs(

 fo'ys"k.kkRed Qyu dk o.kZu dj ik,axs(

 dkWmph&jheku lehdj.k dh O;k[;k dj ik,axs(

 eksfc;l :ikarj.k dks le> ik,axs(

 duQkWeZy ekufp= dh O;k[;k dj ik,axsA

(Complex Number)

 ,d lfEeJ ;k tfVy la[;k dks okLrfod la[;kvksa (Real Numbers)

dh ,d tksM+h ds :i esa ifjHkkf"kr fd;k tk ldrk gS vkSj çrhd (x, y) }kjk fpfàr
fd;k tk ldrk gSA ;fn ge z = (x, y) fy[krs gSa] rks x dks okLrfod Hkkx (Real

Part) dgk tkrk gS vkSj y dks lfEeJ la[;k z dk dkYifud Hkkx dgk tkrk gS vkSj
Øe'k% R(x) vkSj I(x) }kjk fu:fir fd;k tk ldrk gSA

bl ifjHkk"kk ls Li"V gS fd nks lfEeJ la[;k,a (x, y) vkSj (x, y) cjkcj gSa
;fn vkSj dsoy ;fn x= x vkSj y= y gSA

ge çrhd C }kjk lHkh lfEeJ la[;kvksa ds leqPp; dks fu:fir djsaxsA

(Sum of Two Complex Number)  nks
lfEeJ la[;kvksa dk ;ksx (x,y) vkSj (xy) lekurk (Equality) }kjk ifjHkkf"kr
fd;k x;k gSA

     ' ' ' ', , ,x y x y x x y y   

(Product of Two Complex Numbers): lekurk
}kjk xq.ku dks ifjHkkf"kr fd;k x;k gS]

(x, y) × (x', y') = (x – yy', xy + yx').

i % ;g çrhd (Symbol) i  }kjk lfEeJ la[;k ¼0] 1½ dks fu:fir
djus ds fy, çFkkxr gS

bl ladsru (Notation) ds lkFk

       2 0,1 . 0,1 0.0 1.1,0.1 1.0 1,0i      

rkfd i  dks okLrfod la[;k &1 dk oxZewy le>k tk ldsA

çrhd i  dk mi;ksx djds] ge lfEeJ la[;k (x, y) dks x + iy ds :i esa
fy[k ldrs gSaA blds fy;s gekjs ikl gS]

(x + iy) = (x, 0) + (0, 1).(y, 0)
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= (x, 0) + (0. y – 1. 0, 0.0 + 1. y)

= (x, 0) + (0, y)

= (x + 0, 0 + y) = (x, y)

C (C as a Filed)

(Commutative Law of Addition)& gekjs ikl gS

(x, y) + (x', y') = (x + x', y + y') = (x' + x, y' + y) = (x', y') + (x, y).

(Associative Law of Addition)  gekjs ikl gS]

[(x, y) + (x', y')] + (x", y")

= (x + x', y + y') + (x", y") = ( ' ", ' ")x x x y y y   

= ( ' ", ' ")x x x y y y     = (x, y) + (x' + x", y' + y')

= (x, y) + [(x', y') + (x", y")].

(Additive Identity)  gekjs ikl gS]

       , 0, 0 0, 0 ,x y x y x y    

blfy, tfVy la[;k ¼0] 0½ ;ksxkRed le:irk gS vkSj ifj.kkeLo:i bls
lfEeJ la[;kvksa dh ç.kkyh ds fy, 'kwU; dgk tkrk gSA

(Additive Inverse)  gekjs ikl gS]

       , , , 0, 0x y x y x x y y      

la[;k (–x, –y) gS] blfy,] (x, y) ds ;ksxkRed çfrykse dks lfEeJ la[;k
(x, y) dk _.kkRed dgk tkrk gS vkSj ge fy[krs gSa% (x,y) = (–x, –y)A

(Commutative Law of Multiplication)  gekjs
ikl gS]

(x, y) (x', y') =(xx' –yy', xy' + yx') = (x'x' – y'y, y'x + x'y)

= (x', y')(x, y).

(Associative Law of Multiplication)  gekjs ikl gS]

[(x, y)(x', y')] (x", y")

= (xx' – yy', xy' + yx' (x", y")

= [(xx' – yy') x" – (xy' + yx') y", (xx' – yy') y" + (xy' + yx') x"]

= [x(x' x" – y'y") – y(x'y" + y'x"), x(x'y" + y'x') + y(x' x" – y'y")]

= (x, y) [x'x" – y'y", x'y" + y'x"]

= (x, y) [(x', y') (x', y")].

(Multiplicative Idenlity)  gekjs ikl gS]

      , 1,0 .1 .0, .0 .1 ,x y x y x y x y   
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blfy, lfEeJ la[;k ¼1] 0½ xq.kkRed rRled gS vkSj bls lfEeJ la[;kvksa
dh ç.kkyh ds fy, ,d:irk dgk tkrk gSA

(Multiplicative Inverse)  lfEeJ la[;k (x', y') dks lfEeJ
la[;k (x, y)  dk O;qRØe (Inverse) dgk tkrk gS% ;fn]

     ' ', . , 1,0x y x y 

;k    ' ' ' ', 1, 0xx yy xy yx  

bl izdkj ' ' ' '1, 0xx yy xy yx   

;s 
' '

2 2 2 2, y
x y

x
x y x y

  
   çnku djrs gSa] (x, y) lfEeJ la[;k (Complex

Number) ¼0] 0½ dk fu:i.k (Represent) ugha djrk gSA

bl çdkj ,d xSj&'kwU; tfVy la[;k esa ,d vf}rh; xq.kd gS tks lfEeJ
la[;k ls O;qRØe (Inverse) gS

2 2 2 2
–

x y

x y x y

 
   

vkSj (x, y)–1 }kjk fu:fir fd;k tkrk gSA

(Distributive Law of Multiplication)  gekjs ikl
gS]

(x, y) [(x', y') + (x", y")]

= (x, y) [x' + x", y' + y"]

= [x (x' + x") – y (y' + y"), x (y' + y") + y (x' + x")]

= [xx' + xx" – yy' – yy", xy' + xy" + yx' + yx"]

= [xx' – yy' + xx" – yy", xy' + yx' + xy" + yx"]

= (xx' – yy', xy' + yx') + (xx" – yy", xy" + yx")

= (x, y)(x', y') + (x, y)(x", y").

bl çdkj lHkh lfEeJ la[;kvksa dk leqPp; Åij ds :i esa tksM+ vkSj xq.kk
ds rgr ,d {ks= cukrk gSA

vc ge nks lfEeJ la[;kvksa ds varj vkSj foHkktu dks ifjHkkf"kr djrs gSaA

(Difference and Division of

Two Complex Numbers)

nks lfEeJ la[;kvksa z ¾ (x, y) vkSj z' (x', y) dk varj lekurk ls ifjHkkf"kr gksrk
gSA

z – z' = z + (–z') = (x, y) + (–x', –y')

= (x + (–x'), y(–y') = (x – x', y – y')).

foHkktu dks lekurk   1' '/ .z z z z


 }kjk ifjHkkf"kr fd;k x;k gSA
 ' 0, 0z   fn;k x;k gSA
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ge ikrs gSa]

–1( , )( ' ')
'

z
x y x y

z


= 2 2 2 2

' '
( , ) –

' ' ' '

x y
x y

x y x y

 
   

= 2 2 2 2 2 2 2 2

' ' ' '
, –

' ' ' ' ' ' ' '

xx yy xy yx

x y x y x y x y

 
      

= 2 2 2 2

' ' '– '
,

' ' ' '

xx yy yx xy

x y x y

 
   

'2 '2 0x y   fn;k x;k gSA

(Modulus and Argument of Complex

Number)

ekuk z = x + iy  dksbZ Hkh lfEeJ la[;k gSA

;fn] cos , sinx r y r   ] rks 2 2r x y   dks lfEeJ la[;k z dk

ekikad dgk tkrk gS rFkk |z| ds :i esa fy[kk tkrk gS vkSj 1tan /y x  dks ewy
ls z dk rdZ ;k vk;ke (Argument or Amplitude)dgk tkrk gSA

blds vykok] ,d lfEeJ la[;k dk rdZ vf}rh; (Unique) ugha gS] D;ksafd
;fn  rdZ dk egRo gS] rks 2n   Hkh gS] tgk¡ n ¾ 0] 1] 2 ------

rdZ dk egRo tks vlekurk dks larq"V djrk gS]

    

dks rdZ dk izeq[k (Principal) egRo dgk tkrk gSA ge fVIi.kh (Remark)
djrs gSa fd 0 dk rdZ ifjHkkf"kr ugha gSA

: ;g varj vkSj ekikad dh ifjHkk"kkvksa ls Li"V gS fd |z
1
& z

2
| vad] z

1
 vkSj

z
2
 ds chp dh nwjh gSA ;g bl çdkj gS fd fuf'pr lfEeJ la[;k z

0
 vkSj okLrfod

la[;k r ds fy,] lehdj.k |z& z
0
|¾ r dsaæ z

0
 vkSj f=T;k (Radius) r ds lkFk ,d

oÙ̀k (Circle) dk fu:i.k djrk gSA

(Geometrical Representation of
Complex Number)

ge ,d fcUnq P }kjk lfEeJ la[;k z = x + iy dk fu:i.k djrs gSaA ftldk
dkVsZf'k;u funsZ'kkad (Cartesian Coordinates) (x, y) vk;rkdkj v{k OX vkSj OY
ls lanfHkZr fd;k tkrk gS] ftls vkerkSj ij Øe'k% okLrfod vkSj dkYifud v{k
dgk tkrk gSA Li"V :i ls P ds /kzqoh; funsZ'kkad (Polar Coordinate) gSa ¼r]½] tgk¡
r ekikad gS vkSj  tks fd tfVy z dk rdZ gSA ftl lrg ds fcUnqvksa dks lfEeJ
la[;kvksa }kjk n'kkZ;k tkrk gS] mls vx±M lrg ;k vx±M vkjs[k (Argand Plane or

Argand Diagram) dgk tkrk gSA

bls tfVy lrg ;k x‚mfl;u lrg (Complex Plane or Gaussian Plane) Hkh
dgk tkrk gSA
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: lfEeJ la[;k z dks fcUnq ¼x] y½ ds izR;; (Affix) ds :i esa tkuk tkrk
gS tks bls n'kkZrk gSA

(Conjugate Complex Numbers)

;fn] z = x + iy rks lfEeJ la[;k x – iy dks lfEeJ la[;k z dk la;qXe dgk tkrk
gS vkSj bls z ds :i esa fy[kk tkrk gSA ;g vklkuh ls ns[kk tkrk gS fd la[;k,¡

z
1
 + z

2
 vkSj z

1
z

2 
ls Øe'k% 1 2z z  vkSj 1 2z z  la;qfXer (Conjugate) gSaA

gekjs ikl Hkh gS]

 2| | , 2z z z R z z z
 

  

vkSj  2 . | | | | .iI z z z z z
 

   A

T;kferh; :i ls] z dk la;qXe okLrfod v{k (Real Axis) esa z dk çfrfcac ¼;k
best½ gSA ;fn (r, )] P ds /kzqoh; funsZ'kkad gSa] rks blds ijkorZu (Reflection) P' ds
/kqzoh; funsZ'kkad (r, – ) gSa rc gekjs ikl gSa]

amp z = – amp z A

(Properties of Moduli)

vc ge ekikadks (Moduli) ds dqN cqfu;knh ifj.kkeksa dks lkfcr djrs gSaA

: nks lfEeJ la[;kvksa ds xq.ku dk ekikad] ekikadks dk xq.kuQy gSA

: gekjs ikl gS 
22 2

1 2 1 2 1 2 1 2| | 1 2 1 2 | | | |z z z z z z z z z z z z
   

  

rks 1 2 1 2| | | | |z z z z

blh rjhds ls ;g fl) fd;k tk ldrk gS fd]

1 1

2 2

z z

z z
    (z

2
  0).

: nks lfEeJ la[;kvksa ds ;ksx dk ekikad dHkh Hkh muds ekikad ds ;ksx
ls vf/kd ugha gks ldrk gSA

: ge ;g lkfcr djsaxs 1 2 1 2z z z z 

gekjs ikl]
2

1 21 2 1 2| | ( )( )z z z z z z   

2 2 1 21 1 2 2z z z z z z z z   

1 2 2 11 2 1 2( )z z z z z z z z    ...(5.1)

   1 1 2 21 2 1 1( )z z z z z z z z  

   2 21 12R( ) 2 | |z z z z 
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pwafd ,d lfEeJ la[;k dk okLrfod Hkkx (Real Part) dHkh Hkh vius ekikad
(Modulus) ls vf/kd ugha gks ldrk gSA

rc ¼5-1½ }kjk fn;k x;k 2 2 2
21 2 1 2 1| | | | | | 2R( )z z z z z z   

2 2
21 2 1| | | | 2 | |,z z z z  

2 2
1 2 1 2| | | | 2 | |,z z z z  

D;ksafd 21 1 2| | | |z z z z .

 2 2
1 2 1 2| | (| | | |)z z z z  

vr:]     1 2 1 2| | | | | |z z z z   .

: pwafd 2 2 2
21 2 1 2 1| | | | | | 2R( )z z z z z z     ;ksx }kjk+ (By Addition)

2 2 2 2
1 2 1 2 1 2| | | – | 2(| | | )z z z z z z     gSA

(Alternative Methods)

z
1
 = r

1
 (cos 

1 
+i sin 

1
) vkSj z

2
 = r

2
 (cos 

2 
+ i sin 

2
), fy[kus ij ge

z
1
 = z

2
 = (r

1 
cos 

1 
+ r

2
 cos 

2
) + i (r

1
 sin 

1 
+ r

2
 sin 

2
); ikrs gSa

rkfd 2 2
1 2 1 2 1 2 1 2| | [ 2 cos(θ – θ )]z z r r r r   

2 2
1 2 1 2[ 2 ]r r r r   1 2[ cos(θ – θ ) ]

1 2 1 2| | |r r z z    .

vr%] 1 2 1 2| | | | | |z z z z  

(Geometrical Interpretation)

ekuk fd] P, Q izR;; (Affix) z
1
, z

2
 ds fcUnq gSA lekarj prqHkqZt (Parallelogram)

OPRQ dks iwjk djsa] rc R izR;; (z
1
 + z

2
) dk fcUnq gSA

vc | z
1 
| = OP

| z
2 
| = OQ = PR

vkSj | z
1 
+ z

2 
| = OR

ge tkurs gSa fd fdlh Hkh f=Hkqt (Triangle) esa] fdlh Hkh nks Hkqtkvksa (Sides)

dk ;ksx rhljh Hkqtk ls vf/kd gksrk gSA

blfy, OP + PR > OR

;k 1 2 1 2| | | | | |z z z z  

;k 1 2 1 2| | | |z z z z  

;fn O] P vkSj Q ,d lh/kh js[kk (Straight Line) esa gSa rks lekurk gksxhA

rks gekjs ikl gSa 1 2 1 2| | | |z z z z   A
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: mijksDr çes; ls gekjs ikl gS]

1 2 3 1 2 3 1 2 3| | | | | | | | | | |z z z z z z z z z       

xq.k dks vklkuh ls bl :i esa 'kkfey djds c<+k;k tk ldrk gS]

1 1

| |
n n

k k

zk zk
 

  (n = 1, 2, 3 ....).

: nks lfEeJ la[;kvksa (Complex Number) ds varj dk ekikad dHkh Hkh
muds çfr:i ds varj ls de ugha gks ldrkA

: tSls&tSls ge vkxs c<+rs gSa]

2
1 2| – |z z  2 2

21 1 2| | –2R( ) | |z z z z 

2 2
21 1 2| | –2R( ) | |z z z z 

2 2
1 1 2 2| | –2 | | | |z z z z 

2
1 2(| | – | |)z z

rkfd 1 2 1 2| – | | | – | |z z z z

: gekjs ikl gS]

1 2 1 1 1 2 1 1 2 2– ( cos cos ) ( sin sin )z z r r i r r       ;

blfy, 2
1 2 1 2 1 2 1 2| – | [ 2 cos( )]z z r r r r     

2 2
1 2 1 2( 2 )r r r r   1 2[ cos( ) 1]  

1 2 1 2| | | |r r z z   

,d gh dkj.k ds fy, 2 1 2 1| | | | | |z z z z  

vr: 2 1 1 2| | | | | |z z z z  

(Geometrical Interpretation)

;gka 1 2 1 2| |, | |, | |OP z OQ z OP z z   

pwafd fdlh f=dks.k varj esa dksbZ Hkh nks Hkqtk rhljs Hkqtk ls de gksrk gS] gekjs ikl
 OPQ, OP – OQ < QP gSA

;k 1 2 1 2| | | | | |z z z z  

;k 1 2 1 2| | | | | |z z z z  

: gekjs ikl gS

1 1 2 1 2 2| | | | | | | |z z z z z z    

;k 1 2 1 2| | | | | |z z z z  



lfEeJ la[;k,a vkSj
fo'ys"k.kkRed Qyu

Lo&vf/kxe 191

ikB~; lkexzh

(Properties of Arguments)

vc ge lfEeJ la[;k ds rdksaZ ij fuEufyf[kr çes;ksa dks fl) djrs gSaA

: fdlh Hkh lfEeJ la[;k ds xq.kuQy dk rdZ] rdksaZ ds ;ksx ds cjkcj gksrk gSA

: ekuk fd 1 2 3, , ,..., nz z z z  xSj&'kwU; lfEeJ la[;k (Non-Zero Complex

Numbers) gksA 1 2, ,..., nr r r  dks muds eksMqyh vkSj 1 2, ,... n    dks muds rdZ ds :i
esa crk,aA

rc gekjs ikl gS]

1 2 1 1 1 2 2.... (cos sin ) (cos sin ) (cos sin )n n n n nz z z r i r i r i        

1 2 1 2 1 2... [cos( ... ) sin( ... )]n n nr r r i            

 arg 1 2 1 2 1 2( ... ) ... arg arg ... argn n nz z z z z z         

tks çes; fl) djrk gSA

: nks lfEeJ la[;kvksa ds HkkxQy dk rdZ muds rdksaZ ds varj ds cjkcj
gSA

: gekjs ikl gS]

1

2

z

z  = 
1 1 2

2 2 2

(cos sin )

(cos sin )

r i

r i

 
 



= 
1

1 1 2 2
2

(cos sin )(cos sin )
r

i i
r

    

= 
1

1 2 1 2
2

[cos( ) sin( )]
r

i
r

     

     arg 
1

1 2 1 2
2

arg arg
z

z z
z

 
 

    
 

(Impossibility of Ordering the

Complex Numbers)

jSf[kd Øe dh /kkj.kk < lfEeJ la[;kvksa ij ykxw ugha gksrh gSA ;fn laHko gks rks]
dYiuk djsa fd ge ,d Øe laca/k < dks ifjHkkf"kr dj ldrs gSa] tks fd 2 ds
Q

1
 ls Q

5
 rd ds Lo;afl) dks larq"V djrk gSA rc] pw¡fd i  0, gekjs ikl ;k rks

i  > 0 ;k i < 0 gS] tks fd Lo;afl) Q
1
 ds vuqlkj gSA fopkj djsa fd] i > 0 rc

Lo;afl) Q
4
 esa a = b = i ysus ij] gesa i izkIr gksrk gSA i > 0 vFkkZr –|>0| nksuksa vksj

1 tksM+us ij ¼Lo;afl) Q
3
½] gesa izkIr gksrk gS 0 > 1 rFkk 1 > 0A iqu% –1 > 0 rFkk

1 > 0 ij Lo;afl) Q
4
 dks ykxw djus ij] ge ns[krs gSa fd (–1) > 0 ;k 1 > 0A bl

izdkj gekjs ikl nksuksa 0 > 1 rFkk 1 > 0 gSa tks fd varfoZjks/kh Lo;afl) Q
1
 gSA blh

izdkj gekjs ikl i > 0  ugha gSA vr% lfEeJ la[;kvksa dks bl :i esa Øec) ugha
fd;k tk ldrk gS fd Lo;afl) Q

2
 ls Q

5
 rd dks larq"V fd;k tk ldsA

pwafd |z|, R (z) vkSj I (z) okLrfod la[;k gSa] tSls dFku

| z
1
 | > | z

2
 |, R (z

1
) < R (z

2
) vkSj I (z

1
) > I (z

2
) lkFkZd gSaA blds ckn ls
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| z |2 = R2 (z) + I2 (z), ;g ns[kuk vklku gSA

| z | > | R (z) | > R (z) vkSj | z | > | I (z) | > I (z)

(Riemann Sphere and the Point At

Infinity)

,d xksys ij fcUnqvksa }kjk lfEeJ la[;kvksa dk Hkh fu:i.k fd;k tk ldrk gS] blds
fy,] ,d xksys ij fcUnqvksa vkSj ,d lrg ij fcUnqvksa ds chp ,d&,d lekurk
LFkkfir djus ds fy, i;kZIr gSA

;g lekurk f=foe vkys[kh ç{ksi.k (Stereographic Projection) ds ek/;e ls
LFkkfir fd;k x;k gSA blds fy, ge ç{ksi.k ds 'kh"kZ (Vertex) ds :i esa xksys ij
,d fcUnq ysrs gSa vkSj ç{ksi.k dh lrg ds :i esa blds Hkweè;orhZ ry dks ysrs gSaA
rc fdlh Hkh fcUnq ij xksys ds 'kh"kZ LFkku ds vykok lrg dk ,d vf}rh; fcUnq
(Unique Point) “A” gS] blds foijhr] lrg ds çR;sd fcUnq ds fy,] xksys ds ,d
vf}rh; fcUnq ls esy [kkrh gSA

fo'ys"k.kkRed :i ls ge fuEukuqlkj vkxs c<+ ldrs gSa]

ekuk fd xksyk]

2 2 2 1X Y Z    ...(5.2)

vkSj ç{ksi.k dh Lkrg (Plane of Projection) gks]

Z = 0   ...(5.3)

ge ç{ksi.k ds 'kh"kZ V dks ¼0] 0] 1½ ds :i esa ysrs gSaA

ekuk fd] (X, Y, Z) xksys ij fdlh fcUnq A dk funsZ'kkad gS vkSj lglac) fcUnq
(Corresponding Point) “A” ds funsZ'kkad gks tgk¡ js[kk V A ç{ksi.k ds lrg ls
feyrk gSA

pw¡fd vad ¼0] 0] 1½] (X, Y, Z), (x, y, 0) ,d lh/kh js[kk esa gSaA gekjs ikl gS

1

1

X Y Z

x y


 



;s nsrs gSa 
1 ' 1

X Y
x y

Z Z
 

 
...(5.4)


1

X iY
z x iy

Z


  


...(5.5)

vkSj blds foijhr] ge ¼5-2½ dh enn ls ¼5-4½ ls çkIr djrs gSaA

(Complex Variable)

z = x + iy dks ,d lfEeJ pj (Complex Variable) dgk tkrk gS] tgk¡ x vkSj y
nks Lora= okLrfod pj (Independent Real Variables) gksrs gSaA
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vx±M lrg (Argand Plane) ftlesa pj z dks fcUnqvksa }kjk n'kkZ;k tkrk gS]
bls z&lrg (z-Plane) dgk tkrk gSA og fcUnq tks lfEeJ pj dk çfrfuf/kRo djrk
gS] fcUnq ds :i esa tkuk tkrk gSA

(Function of a Complex Variable)

;fn ,d leqPp; S esa çR;sd z ds fy,] ,d vf}rh; eku (Unique Value) w tqM+k
gqvk gS] rks w dks z dk ,d Qyu (Function) dgk tkrk gS vkSj fuEufyf[kr }kjk
fu:fir fd;k tkrk gS]

w = f (z)

S dks f dh ifjHkk"kk ds Mksesu ds :i esa tkuk tkrk gSA f dh lhek (Range)
ds lHkh ekuksa dh lexzrk leqPp; (Totality Set) f (z) gS tks fd z ls S ds vuqlkj
gSA

pw¡fd w lfEeJ gS] blfy, bls fy[kk tkrk gS
w = f (z) = u (x, y) + i v (x, y)

;gk¡ u (x, y) vkSj v (x, y), x vkSj y ds okLrfod eku Qyu (Real Valued

Function) gSa vkSj bUgsa w ;k f (z) Qyuksa ds okLrfod vkSj dkYifud Hkkxksa ds :i
esa tkuk tkrk gSA

: ;fn w = z2  rc]

u + iv = (x + iy)2

= x2 – y2 + i2xy

bl izdkj 2 2u x y   vkSj v = 2xy

;fn z dks /kzqoh; (Polar) :i esa O;ä fd;k tkrk gS rks u vkSj v, r vkSj  ds
Qyu gSaA ;fn z ds çR;sd eku ds fy, w dk ,d vf}rh; eku (Unique Value) gS]
rks w dks z dk ,dy eku Qyu (Single Valued Function) dgk tkrk gSA

: w = z2 vkSj 1
w

z
 , z ds ,dy eku Qyu gSaA

;fn z ds gj eku ds fy, w dk ,d ls vf/kd eku gS] rks w dks z dk cgq eku Qyu
(Multi-Valued Function) dgk tkrk gSA

: 1/ 4w z  vkSj w = amp (z) ds cgq eku Qyu gSaA 1/ 4w z  pkj eku
gS vkSj w = amp (z) vlhe :i ls 0.z   ds fy, dbZ eku gSA

(Limit of a Function of a Complex

Variable)

L dks f (z) dh lhek ds :i esa dgk tkrk gS D;ksafd z, z
0
 ds lehi vkrk gS vkSj blds

}kjk fu:fir fd;k tkrk gS]

 
0

lim
z z

f z L




;fn gj 0  ds fy, 0   ekStwn gS rks ,slk gS | ( ) – |f z L  tc Hkh

0| – | .z z  A

;gk¡ z fdlh Hkh fn'kk ls z0 ij lehi vk ldrk gSA
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f(z) (Continuity)

,dy eku Qyu (Single Valued Function f (z) dks ,d fcUnq z
0
 ij fujarj ;k lrr

gksuk dgk tkrk gS ;fn]

 
0

0lim ( )
z z

f z f z




vFkkZRk z ds :i esa f (z) ds eku dks lhfer djuk z0 eku f (z0) ds lkFk esy
[kkrk gSA

fdlh Qyu dks z&lrg ds ,d {ks= R esa fujarj ;k lrr gksuk dgk tkrk
gS ;fn ;g {ks= ds çR;sd fcUnq ij fujarj gSA

,d Qyu tks z
0
    

0
0lim

z z
f z f z


  ij fujarj ugha gS] dks z

0
 ij vlarr

(Discontinuous) dgk tkrk gSA

(Differentiablility)

,d Qyu f (z) dks ,d fcUnq z
0
 ij vodyuh; dgk tkrk gS ;fn lhek]

0( )f z  = 0 0

0

( ) – ( )
lim
z

f z z f z

z 

 


=
0

0

0

( ) – ( )
lim

–z z

f z f z

z z
 with 0z z z  

fo|eku gSA lhek 0( )f z  dks z
0
 ij f (z) ds O;qRiUu ds :i esa tkuk tkrk gSA

mijksä lhek z ls z
0
 rd fdlh Hkh ekxZ ds leku gksuh pkfg,A

(Analyticity)

,d Qyu f (z) dks ,d fcUnq z
0
 ij fo'ys"k.kkRed dgk tkrk gS vxj ;g z

0
 ij

vodyt (Derivative) gS vkSj z
0
 ds fudV çR;sd fcUnq ij gSA

,d Qyu f (z) ,d {ks= R esa fo'ys"k.kkRed (Analytic) gS ;fn ;g {ks= R ds
çR;sd fcUnq ij fo'ys"k.kkRed gSA

,d fo'ys"k.kkRed Qyu dks ,d fu;fer Qyu ;k iw.kZlefefrd Qyu
(Holomorphic Function) ;k eksukstsfud Qyu (Monogenic Function) ds :i esa Hkh
tkuk tkrk gSA

,d fcUnq ftl ij ,d Qyu f (z) fo'ys"k.kkRed ugha gS] vFkkZr] blesa
vodyt ugha gS] ,d foy{k.k (Singular) fcUnq ;k f (z) dh foy{k.krk (Singularity)

dgykrk gSA
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y

x


z0

: ,d fcUnq z
0
 ds lehiLFk (Neighbourhood)] z ds lHkh fcUnqvksa dk leqPp;

gS ftlds fy, | z – z0 | <  tgk¡  ,d èkukRed fLFkjkad (Positive Constant) gSA

z0 dk gVk;k gqvk lehiorhZ 0 < | z – z0 | < gSA

z0 
dk oy; (Annulus) 1 < | z – z0 | < 2

dkWmph&jheku lehdj.kksa (Cauchy-Riemann Equations) dk mi;ksx ;g fl)
djus ds fy, fd;k tkrk gS fd ,d lfEeJ Qyu fo'ys"k.kkRed (Complex

Function Analytic) gS ;k ughaA

: ;fn Qyu f (z) = u (x, y) + iv (x, y), z&lrg ds {ks= (Region) R esa
fo'ys"k.kkRed gS rks bl fcUnq ij igyh dksfV esa u vkSj v dk vkaf'kd vodyt
(Partial Derivatives) gksrk gS vkSj dkWmph jheku lehdj.kksa dks larq"V djrk gS,

u

x


  = 

v

y




 vkSj –
u v

y x

 


 
y

x

z

z z +
II

I

: ifjdYiuk ds }kjk (By Hypothesis)] f vodyh; (Differentiable) gS
blfy, f 

ekStwn gSA

vFkkZr, ( )f z = 
0

( ) – ( )
lim
z

f z z f z

z 

 


R esa gj txg] tgk¡ z  fdlh Hkh iFk (Path) ij 'kwU; ds fudV (Approach) tk
ldrk gSA ge fy[k ldrs gSa]

z  = x i y  

I : 0y   vkSj 0x 

( )f z =
0
0

( , ) ( , ) – ( , ) – ( , )
lim
y
x

u x x y y iv x x y y u x y iv x y

x i y 
 

        
  
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=
0 0

( , ) – ( , ) ( , ) – ( , )
lim lim
x x

u x x y u x y v x x y v x y
i

x x   

   


 

= ux + i vx …(5.6)

II : 0x   vkSj 0y 

( )f z =
0
0

( , ) ( , ) – ( , ) – ( , )
lim
x
y

u x x y y iv x x y y u x y iv x y

x i y 
 

        
  

=
0 0

( , ) – ( , ) ( , ) – ( , )
lim lim
y y

u x y y u x y v x y y v x y

i y y   

   


 

( )f z =
1

y yu v
i



= – y yiu v …(5.7)

iFk I vkSj iFk II ds lkFk lehdj.kksa ¼5-6½ vkSj ¼5-7½ ls gesa feyrk gS]

x x y yu iv iu v   

bl izdkj, ux = vy vkSj uy = – vx

:

1- ;fn ,d {ks= R esa f fo'ys"k.kkRed (Analytic) gS] rks u] v esa lHkh fcUnqvksa ij
C&R dh inksa dks iwjk djrk gSA

2- vodyt f ' lehdj.kksa ¼5-6½ vkSj ¼5-7½ dk mi;ksx djds ik;k tk ldrk
gSA

3- C&R dh fLFkfr vko';d gS ysfdu i;kZIr ugha gSA

4- vkaf'kd vodyt fujarj gksus ij C&R fLFkfr;k¡ i;kZIr gSaA

(Sufficient

Condition For a Function to be Analytic): ,dy ewY;oku lrr Qyu
(Continuous Function) w = f (z) = u(x, y) + iv (x, y) ,d {ks= R ds z&lrg ij
fo'ys"k.kkRed gS] ;fn pkj vkaf'kd vodyt ux, uy, vx vkSj vy esa fuEufyf[kr
fo'ks"krk,a gSa:

(i) os ekStwn gSaA

(ii) os fujarj gSaA

(iii) os C&R lehdj.kksa ux = vy vkSj uy = –vx dks larq"V djrs gSa, R ds çR;sd
fcUnq ijA

(Cauchy-Riemann Equation

in Polar Coordinates)

ekuk cos ,x r   siny r   rks z = x + iy
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                z = cos sin ir i r r e    

blfy, u + iv = ( ) ( )if z f r e 

vFkkZr u + iv = ( )if r e 

r vkSj   ds laca/k esa vkaf'kd :i ls varj djus ij] gesa feyrk gS]
u v

i
r r

 


 
= ( )i if r e e   …(5.8)

u v
i

 


 
 = ( )i if r e i r e  

= ( )i iir f r e e     …(5.9)

lehdj.k ¼5-8½ dks lehdj.k ¼5-9½ esa izfrLFkkfir (Substituting) dj ge çkIr djrs
gSa]

u v
i

 


 
=

u v
ir i

r r

     

= –
u v

ir r
r r

 
 

gesa feyus okys okLrfod vkSj dkYifud Hkkxksa (Real and Imaginary Parts) dh rqyuk
djus ij]

u

r




 = 
1 v

r




 vkSj 
1

–
v u

r r

 


 

: vody f   dk mi;ksx djds x.kuk dh tk ldrh gS]

f   = – ( )i
r re u iv 

;k f   =
–

( )
i

i
u iv

r e
  

;fn w = f (z) gS rks ( )f z  dks 
dw

dz
 ds :i esa Hkh fu:fir fd;k tkrk gS]

bl izdkj]
dw

dz
 = 

u v
i

x x

 


 

  = ( )
w

u iv
x x

 
 

 

rFkk
dw

dz
 = –

u v
i

y y

 


 

  = – ( )i u iv
y




  = –
w

i
y




(Harmonic Function)

: ,d Qyu f (x, y) dks ,d gjkRed Qyu (Harmonic Function) dgk
tkrk gS ;fn ;g ykIykl lehdj.k (Laplace Equation) dks larq"V djrk gS] vFkkZr]

2 0f 
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vFkkZr]
2 2

2 2

f f

x y

 


 
 = 0

:ikarj.k (Transformation) dks fuEu :i }kjk djrs gSa]

w = 
az b

cz d




...(5.10)

tgka z] w lfEeJ pj (Complex Variable) gksrs gSa] a] b] c] d lfEeJ fLFkjkad
(Complex Constant) gksrs gSa vkSj ad – bc  0 dks eksfc;l :ikarj.k (Mobius

Transformation) dgk tkrk gSA

lehdj.k ¼5-10½ dks bl :i esa fy[kk tk ldrk gS]

cwz + dw – az – b = 0

tks w vkSj lkFk gh z esa jSf[kd (Linear) gS; ;gh dkj.k gS fd lehdj.k
¼5-10½ esa lacaèk dks ,d f}js[kh;u :ikarj.k (Bilinear Transformation) dgk tkrk gSA
bls dHkh&dHkh jSf[kd :ikarj.k (Linear Transformation) Hkh dgk tkrk gSA ,.,Q.

eksfc;l (A.F. Mobius) ¼1790&1868½ ds uke ds ckn f}js[kh; :ikarj.k dks
eksfc;l :ikarj.k (Mobius Transformation) ds :i esa tkuk tkrk gSA

lehdj.k (5.10) ls gesa feyk]

w = 
/

/

a z b a

c z d c




 ...(5.11)

ge ns[krs gSa fd ;fn b/a = d/c ] vFkkZr ;fn ad – bc = 0 gS] rks gesa z ds fHkUu
eku ds fy, w dk leku eku feyrk gS vkSj ;fn ad – bc  0 gS] rks gesa z ds fHkUu
eku ds fy, dk fHkUu eku feyrs gSaA

 ad – bc dks :ikarj.k dk fu/kkZjd (Determinant) dgk tkrk gSA

lehdj.k ¼5-10½ ls] ge çkIr djrs gSa z = 
dw b

cw a


 

 = 

b
wd d

ac w
c


 


...(5.12)

lehdj.k ¼5-11½ ls] z-lrg ds çR;sd fcUnq dks z = – d/c dks NksM+dj  w-

lrg esa ,d vf}rh; fcUnq ij vkdyu (Mapped) fd;k tkrk gSA

lehdj.k ¼5-12½ ls] w-lrg ds çR;sd fcUnq dks w = a/c ds vykok z-lrg
esa ,d vf}rh; fcUnq (Unique Point) esa vkdyu fd;k tkrk gSA

mnkgj.k ds fy,] :ikarj.k w = 
3 5

4

z

z




 ,d f}js[kh; :ikarj.k gS D;ksafd (3

. 4 – 5 . 4) = 12 – 5 = 7  0

: çR;sd f}js[kh; :ikarj.k rhu ewy f}js[kh; :ikarj.kksa dk ifj.kke gSA
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: ekuk fd] f}js[kh; :ikarj.k gS]

w = 
az b

cz d




...(5.13)

tgk¡ ad – bc  0 vkSj c  0A

;k w = 

b
za a

dc z
c




 = 1

b
za a a

dc c z
c

  
  

 
 

= 

b d
z za aa c

dc cz
c

    
  
 
 

= 

b d
a aa c

dc cz
c

  
 



= 
 

.
bc ada a

dc c
ac z

c




  
 

= 
2

1a bc ad
dc c z
c


 



;g :ikarj.k rhu :ikarj.kksa dk ifj.kke gS]

z
1

= d
z

c
 ,  z

2
 = 

1

1

z
, z

3
 = 22

bc ad
z

c



 w = 
a

c
+ z

3

ftls mlh rjg ls çHkkfor fd;k tk ldrk gS tSls z
1
 = 

d

c
 + z dks çHkkfor

fd;k tkrk gSA mijksä rhu lgk;d :ikarj.k ds :i gSa]

w = z + , w = 
1

z
, w = z

tks f}js[kh; :ikarj.k gSaA

blfy, fn, x, f}js[kh; :ikarj.k :i ds f}js[kh; :ikarj.kksa dk ifj.kke gS]

w = z + , w = z, w = 
1

z

(Basic Transformations)

: :ikarj.k w = z +  dks vuqokn dgk tkrk gS] tgk¡  = a + ib

 w= u + iv = (x + iy) + (a + ib) = (x + a) + i (y + b)

 u= x + a, v = y + b
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blfy,] z-lrg esa fcUnq P(x, y) dks w-lrg esa fcUnq P(x + a, y + b) ij
vafdr fd;k tkrk gSA blh rjg] z-lrg ds vU; fcUnqvksa dks w-lrg ij vafdr
(Mapped) fd;k tkrk gSA bl çdkj vxj w-lrg dks z-lrg ij vf/kjksfir
(Superposed) fd;k tkrk gS] rks w-lrg dk vkÑfr lfn'k (Vector)  ds ek/
;e ls ifjofrZr fd;k tkrk gSA

z-lrg (z-Plane)

w-lrg (w-Plane)

:ikarj.k w = z dks vko/kZu (Magnification) vkSj ?kw.kZu (Rotation) dgk tkrk gS
tgka w, , z lfEeJ la[;k (Complex Number) gSaA

ekuk fd] w = Rei,  = aei, z = rei  gS]
rc ge w = z, ls çkIr djrs gSa]

Rei= (aei) (rei) = (ar) ei( + )

 R = ar vkSj  =  + 

blls irk pyrk gS fd :ikarj.k w = z, vko/kZu ds lkFk ,d ?kw.kZu ds
vuq:i gSA
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z-lrg

w-lrg

(Inversion)

:ikarj.k w = 1

z
 dks O;qRØe (Inversion) dgk tkrk gSA

ekuk fd] z = rei vkSj w = Rei rks ge izkIr djrs gSa]

Rei= 
1
ire   = 1 ie

r
 

 R = 1

r
 and  = – 

blfy, z-lrg esa fcUnq P(r, ) dks w-lrg esa fcUnq 1
,P

r
    
 

 ij vafdr

fd;k tkrk gSA

blfy,] :ikarj.k z dk O;qRØe gS vkSj okLrfod v{k (Real Axis) esa çfrfcEc
ds ckn gksrk gSA bdkbZ oÙ̀k (Unit Circle) ds vanj ds fcUnq (| z | = 1) blds ckgj ds
fcUnqvksa ij vafdr djrs gSa] vkSj bdkbZ oÙ̀k ds ckgj ds fcUnqvksa dks blds vanj
fcUnqvksa esa j[krs gSaA
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r

– 

P r( , )

P' r(1/ , )

O

1/r

x, u

y, v

: f}js[kh; :ikarj.k]

w = 
az b

cz d




or̀ dks arg 1

2

z z

z z




 =  dks ,d leku o`r (Similar Circle) arg 1

2

w w

w w




= fLFkjkad

(Constant) esa cny nsrk gS tgk¡ w
1
, w

2
 Øe'k% z

1
, z

2
 ds vuqlkj gksrs gSaA

: ;gk¡] w = 
az b

cz d




pwafd w
1
, w

2
 Øe'k% z

1
, z

2
 ds vuqlkj gS, rks

w
1
 = 

1

1

az b

cz d


  vkSj w

2
 = 

2

2

az b

cz d




 1

2

w w

w w




= 

1

1

2

2

az baz b
cz d cz d

az baz b
cz d cz d

 
 

 
 

 = 2

1

cz d

cz d




 1

2

z z

z z




=  1

2

z z

z z




 tgk¡  = 2

1

cz d

cz d




 arg 1

2

w w

w w

 
  

= arg 1

2

z z

z z

 
  

= arg  + arg 1

2

z z

z z

 
  

= arg  + 

 arg 1

2

w w

w w

 
  

= k

tgk¡ k okLrfod gS tks ,d w&lrg esa ,d òÙk gS tks nks fuf'pr fcUnqvksa (Fixed

Point) w
1
, w

2
 ls gksdj xqtjrk gS] tks z

1
, z

2
 ds izfrfcac (Image) gSaA

(Cross Ratio)

ekuk fd z
1
, z

2
, z

3
, z

4
 dksfV esa fy, x, pkj fcUnq gSa] rc vuqikr dks fuEu }kjk

fu:fir fd;k tkrk gS]
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1 2 3 4

2 3 4 1

( ) ( )

( ) ( )

z z z z

z z z z

 
 

…(5.14)

z
1
, z

2
, z

3
, z

4
 dk vuqizLFk vuqikr (Cross Ratio) dgykrk gS ftls (z

1
, z

2
, z

3
,

z
4
) }kjk fu:fir fd;k tkrk gSA

: çR;sd f}js[kh; :ikarj.k vuqizLFk vuqikr dks lajf{kr djrk gSA

: w = 
az b
cz d




 ,d f}js[kh; :ikarj.k gS tgk¡ w
1
, w

2
, w

3
, w

4
 Øe'k% z

1
, z

2
,

z
3
, z

4
 ds izfrfcac gSa] rks ge ;g fl) djsaxs fd w

1
, w

2
, w

3
, w

4
 dk vuqizLFk vuqikr

z
1
, z

2
, z

3
, z

4
, ds vuqizLFk vuqikr ls cjkcj gS] vFkkZr,

(w
1
, w

2
, w

3
, w

4
) = (z

1
, z

2
, z

3
, z

4
)

pwafd w
1
, w

2
, w

3
, w

4
 Øe'k% z

1
, z

2
, z

3
, z

4
 ds izfrfcac gSa] fQj

rc w
1

= 1

1

az b

cz d




, w
2
 = 2

2

az b

cz d




, w
3
 = 3

3

az b

cz d




vkSj w
4
 = 4

4

az b

cz d




 w
1
 – w

2
= 1

1

az b

cz d




 – 2

2

az b

cz d




 = 1 2

1 2

( ) ( )

( ) ( )

ad bc z z

cz d cz d

 
 

...(5.15)

mlh çdkj] w
2
 – w

3
= 2 3

2 3

( ) ( )

( ) ( )

ad bc z z

cz d cz d

 
 

...(5.16)

w
3
 – w

1
= 3 4

3 4

( ) ( )

( ) ( )

ad bc z z

cz d cz d

 
 

...(5.17)

vkSj] w
4
 – w

1
= 4 1

4 1

( ) ( )

( ) ( )

ad bc z z

cz d cz d

 
 

...(3.18)

lehdj.kksa ¼5-15½] ¼5-16½] ¼5-17½ vkSj ¼5-18½ ls ge çkIr djrs gSa]

(w
1
, w

2
, w

3
, w

4
) = 

1 2 3 4

1 3 4 1

( ) ( )

( ) ( )

w w w w

w w w w

 
   = 

1 2 3 4

1 3 4 1

( ) ( )

( ) ( )

z z z z

z z z z

 
 

vkSj (w
1
, w

2
, w

3
, w

4
) = (z

1
, z

2
, z

3
, z

4
).

: f}js[kh; :ikarj.k dk irk yxk,a] tks z-lrg ds Øe'k% z
1
, z

2
, z

3
 dks

w-lrg ds w
1
, w

2
, w

3 
ds fcUnqvksa esa cny nsrk gSA

: ekuk w = 
az b

cz d




 ,d f}js[kh; :ikarj.k gSA

pwafd w
1
, w

2
, w

3
, Øe'k% z

1
, z

2
, z

3
, ds izfrfcac gSa] fQj

w
1

= 1

1

az b

cz d




, w
2
 = 2

2

az b

cz d




vkSj w
3
 = 3

3

az b

cz d




 w – w
1

= 1

1

az baz b

cz d cz d




 
 = 1

1

( ) ( )

( ) ( )

ad bc z z

cz d cz d

 
 

... (i)
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mlh izdkj] w
1
 – w

2
= 1 2

1 2

( ) ( )

( ) ( )

ad bc z z

cz d cz d

 
 

...(ii)

w
2
 – w

3
= 2 3

2 3

( ) ( )

( ) ( )

ad bc z z

cz d cz d

 
 

...(iii)

vkSj w
3
 – w = 3

3

( ) ( )

( ) ( )

ad bc z z

cz d cz d

 
 

...(iv)

lehdj.kksa (i), (ii), (iii) vkSj (iv) ls

1 2 3

1 2 3

( ) ( )

( ) ( )

w w w w

w w w w

 
 

 = 1 2 3

1 2 3

( ) ( )

( ) ( )

z z z z

z z z z

 
 

;g vko';d :ikarj.k gSA bl :ikarj.k dks fuEu :i esa fy[kk tk ldrk gS]

w = 
z

z

  
   tgk¡ , ,  vkSj  lfEeJ fLFkjkad gSaA

: f}js[kh; :ikarj.k dk irk yxk,a] tks Øe'k% z = , i, 0  dks fcUnq
w w = 0, i,  esa cnyrk gSA

gy: ge tkurs gSa fd f}js[kh; :ikarj.k] izfrfp=.k z = z
1
, z

2
, z

3
 esa w = w

1
, w

2
, w

3

Øe'k% gS]

1 2 3

1 2 3

( ) ( )

( ) ( )

w w w w

w w w w

 
 

 = 1 2 3

1 2 3

( ) ( )

( ) ( )

z z z z

z z z z

 
 

;gk¡ z
2
 = i, z

3
 = 0, w

1
 = 0, w

2
 = i, z

1
   vkSj w

3
  

 3

3

( ) ( )

( ) ( )

w o i w

o i w w

 
 

 = 1

1

( ) ( )

( ) ( )

z z i o

z i o z

 
 

vkSj   3

3

1

( ) 1

i
w

w

w
i

w

 
 

 
 

  
 

 = 
 

1

1

1

1 (0 )

z
i

z

i
z

z

 
 

 
 
  

 

vkSj    
w

i
 = i

z
(z

1
  , w

3
  )

vkSj    w = 1

z


tks vko';d :ikarj.k gSA

: f}js[kh; :ikarj.k dk irk yxk,a] tks z = 2, 1, 0 dks w = 1, 0, i esa
cnyrk gSA

: ge tkurs gSa fd f}js[kh; :ikarj.k tks fcUnqvksa dks z = z
1
, z

2
, z

3
 :ikarfjr :i

ls w = w
1
, w

2
, w

3
 esa cny nsrk gSA

1 2 3

1 2 3

( ) ( )

( ) ( )

w w w w

w w w w

 
 

= 1 2 3

1 2 3

( ) ( )

( ) ( )

z z z z

z z z z

 
 

vkSj
i iw

i w




 = 2 z

z


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(i – iw)z = (i – w) (2 – z)

vkSj iz – iwz = i (2 – z) – w (2 – z)

vkSj {–iz + 2 – z}w = i (2 – z) – iz = 2i – 2iz

vkSj w= 2 2

2 (1 )

i iz

i z


 

 = 2 ( 1)

(1 ) 2

i z

z i


 

tks vko';d :ikarj.k gSA

: f}js[kh; :ikarj.k dk irk yxk,a tks izfrfp= z = 1, z = i vkSj z =

–1 dks fcUnqvksa w = i, w = 0 vkSj w = –i esa çnf'kZr djrk gSA

: ge tkurs gSa fd f}js[kh; :ikarj.k tks izfrfp=ksa dks Øe'k% z = z
1
, z

2
, z

3
 dks

w = w
1
, w

2
, w

3
 esa cny nsrk gS]

1 2 3

1 2 3

( ) ( )

( ) ( )

w w w w

w w w w

 
 

= 1 2 3

1 2 3

( ) ( )

( ) ( )

z z z z

z z z z

 
 

;gka z
1
 = 1, z

2
 = i, z

3
 = –1, w

1
 = i, w

2
 = 0 vkSj w

3
 = –i

 ( ) (0 )

( 0) ( )

w i i

i i w

 
  

= 
( 1) ( 1)

(1 ) ( 1 )

z i

i z

 
  

vkSj ( )

( )

i w i

i w i


 

= 
( 1) (1 )

( 1) ( 1)

z i

z i

 
 

vkSj (w – i) (z + 1) (i – 1) = – (w + i) (z – 1) (1 + i)

vkSj (wi – i2 – w + i) (z + 1) = (1 – z) (w + wi + i2 + i)

vkSj (wi – w + 1 + i) (z + 1) = (1 – z) (w + wi + i – 1)

vkSj w {(i – 1) (z + 1) – (1 – z) (1 + i)}= {(i – 1) (1 – z) – (z + 1) (1 + i)}

vkSj w {zi – z + i – 1 – 1 – i + z + zi}= {i – 1 – zi + z – z – zi – 1 – i}

vkSj w {2zi – 2}= {–2 – 2zi}

vkSj w = ( 1)

1

zi

zi

 


tks vko';d :ikarj.k gSA

(Bilinear Transformation of a Circle)

: f}js[kh; :ikarj.k w = 
az b

cz d




 z-lrg ds ,d oÙ̀k dks w-lrg ds ,d

oÙ̀k esa cny nsrk gS vkSj O;qRØe fcUnq] O;qRØe fcUnqvksa esa cny tkrs gSaA

: ;gk¡ :ikarj.k w = 
az b

cz d




 gSA …(5.19)

ge tkurs gSa fd z p

z q




 = r …(5.20)

O;qRØe fcUnq (Inverse Point) p] q ds lkFk z&lrg esa ,d oÙ̀k dk çfrfuf/kRo
djrk gSA ;fn r ¾ 1] lehdj.k ,d js[kk dk fu:i.k djrk gS tks fd fcUnq
p] q ds lfEefyr gksus dk lgh f}Hkktd (Bisector) gSA
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lehdj.k ¼5-19½ ls] ge ns[krs gSa fd z-lrg esa fcUnq p] q Øe'k% w-lrg

(w-Plane) esa 
ap b

cp d




 vkSj 
aq b

cq d




 ds fcUnqvksa ds vuqlkj gSaA

lehdj.kksa ¼5-18½ vkSj ¼5-19½ ls] ge çkIr djrs gSa

ap b
w

cp d
aq b

w
cq d






= cq d
k

cp d




...(5.21)

tgka z = 
dw b

cw a


 

;g lehdj.k fn[kkrk gS fd ;g w-lrg esa ,d oÙ̀k dk fu:i.k djrk gS]
ftlds O;qRØe fcUnq gSa]

ap b

cp d




 vkSj 
aq b

cq d




blfy, z-lrg esa ,d òÙk w-lrg esa ,d oÙ̀k esa cny tkrk gS] vkSj O;qRØe
fcUnq O;qRØe fcUnqvksa esa cny tkrs gSaA

: bl fLFkfr dk irk yxk,a fd :ikarj.k w = 
az b

cz d




w-lrg esa bdkbZ

oÙ̀k dks z-lrg esa ,d lh/kh js[kk esa :ikarfjr djrk gSA

: ;gk¡ :ikarj.k gS]

w = 
az b

cz d




 = 

b
za a

dc z
c






blfy, bdkbZ o`r |w| = 1, w-lrg esa nsrk gS]

|w| = 1 = 

b
za a

dc z
c





vkSj

b
z

a
d

z
c




 = 

c

a

tks ,d js[kk dk fu:i.k djrk gS tc 
c

a  = 1 ;k |a| = |c| gksrk gSA

vr% vko';d fLFkfr |a| = |c| gSA

:

1- lehdj.k

z p

z q




 = k gSA

k = 1 ;k k  1 ds vuqlkj ,d js[kk ;k oÙ̀k dk fu:i.k djrk gSA
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2- f}js[kh; :ikarj.k w = az b

cz d




, z-lrg esa ,d or̀ dks w-lrg esa ,d lhèkh

js[kk esa cny nsrk gS vkSj O;qRØe fcUnq bl js[kk ds ckjs esa lefer
(Symmetrical) :i esa :ikarj.k gksrk gSA

: f}js[kh; :ikarj.k dk irk yxk,a tks lrg I(z) > 0 dks bdkbZ òr
|w| 1 esa cny nsrk gSA

: f}js[kh; :ikarj.k gS]

w = 
az b

cz d




 = 

b
za a

dc z
c





...(i)

tks I (z) = 0 dks |w| = 1 esa cny nsrk gSA

blfy,] z-lrg esa okLrfod v{k w-lrg esa bdkbZ or̀ esa cny tkrk gSA
blfy,] fcUnq w, 1/w ¼bdkbZ or̀ ds laca/k esa O;qRØe½ Øe'k% z, z  ¼z-lrg esa
okLrfod v{k (Real Axis) ds laca/k esa O;qRØe½ esa cny tkrk gSA fcUnq w = 0, w =

 fcUnq ,   ds vuq:i gSA

blfy, lehdj.k (i) ls ge b

a


 = , 

d

c
  =   çkIr djrs gSa

 w = 
a z

c z

 
 

...(ii)

fcUnq z = 0 fcUnq |w| = 1 ls esy [kkrh gS; rc lehdj.k (ii) ls ge çkIr djrs
gSa]

|w|= 1 = a

c




 or 1 = a

c




;k 1 = a

c
( || = | |)

;k a

c
 = ei …(iii)

tgk¡ okLrfod gSA

lehdj.kksa (ii) vkSj (iii) ls

w = ei z

z

 
 

izfrfp=.k (Mapping) I (z)  = 0 esa |w| = 1 ds fy, vko';d ifjorZu gSA

iqu% w w  – 1 = z

z

 
 

ei 
z

z

 
 

 e– i – 1

;k |w|2 – 1 = 
( ) ( )

1
( ) ( )

z z

z z

   


   
 = 

2

( ) ( )

| |

z z

z

   

 

= 
2

2 ( ) 2 ( )

| |

i I z i I

z



 
 = 

2

4 ( ) ( )

| |

I z I

z




 
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pw¡fd] w = 0,  ls esy [kkrk gS] rks I () > 0A

blfy,] |w |2 – 1 < 0 ds fy, I (z) > 0

;k |w |2 < 1, I (z) > 0

blfy,] w = ei 
z

z

 
 

 tks vko';d :ikarj.k gSA

: f}js[kh; :ikarj.k dk irk yxk,a tks v/kZ lrg Re (z)  0 dks
bdkbZ oÙ̀k |w|  1 esa cny nsrk gSA

: f}js[kh; :ikarj.k gS]

w = 
az b

cz d




 = 

b
za a

dc z
c




...(i)

tks Re(z) = 0 dks |w| = 1 esa cny nsrk gSA blfy,] z-lrg esa dkYifud v{k
w-lrg esa bdkbZ oÙ̀k esa cny tkrk gSA

blfy, w-lrg esa w, 1/ w  ¼bdkbZ oÙ̀k ds laca/k esa O;qRØe½ dks z-lrg esa
fcUnq z, – z  ¼dkYifud v{k ds laca/k esa O;qRØe½ esa cny fn;k tkrk gSA

fcUnq w = 0,  fcUnq , – ds vuq:i gSaA

blfy, lehdj.k (i) ls ge çkIr djrs gSa
b

a


 = , 

d

c


 = –

 w = 
a z

c z

 
 

...(ii)

fcUnq z = 0 fcUnq |w| = 1, ls esy [kkrk gS] fQj lehdj.k (ii) ls] ge çkIr
djrs gSa

|w| = 1 = a

c




;k 1 = a

c
( || = | |)

;k a

c
= ei ...(iii)

tgk¡ okLrfod (Real) gSA

lehdj.kksa (ii) vkSj (iii) ls] ge çkIr djrs gSa

i z
w e

z
 







|w| = 1 esa Re(z) vkadyu ds fy, vko';d :ikarj.k gSA

pw¡fd w = 0,  ls esy [kkrk gS] rks Re(z)  0A
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 w w  – 1 = iz
e

z z

z 
   

   e–i – 1

;k |w|2 – 1 = 
( )

1
( ) ( )

( )z

z z

z 


   
 

= 
2

( )

| ( |

( )z z

z




 

  

= 2

2Re( ) 2Re

| ( |

( )z

z


 


  tgk¡ Re() > 0

 |w |2 – 1 < 0 ds fy, Re(z) > 0A

blfy, w = 
z

z

 
 

 vko';d :ikarj.k gSA

: mu lHkh f}js[kh; :ikarj.kksa dk irk yxk,a] tks bdkbZ oÙ̀k
| z |  1 dks bdkbZ oÙ̀k |w |  1 esa cnyrs gSaA

: f}js[kh; :ikarj.k gS

w = 
az b

cz d




 = 

b
za a

dc z
c




...(i)

tks oÙ̀k | z | = 1 dks oÙ̀k |w | = 1 esa cny nsrk gSA

blfy, w-lrg esa w, 1/ w  ¼oÙ̀k |w | = 1 ds laca/k esa O;qRØe½ z-lrg esa z,

1

z
 (oÙ̀k | z | = 1 ds laca/k esa O;qRØe½ ds vuqlkj gSaA

fcUnq w = 0,  fcUnq , 
1

a
, ds vuq:i gSa] fQj lehdj.k (i) ls ge çkIr djrs

gSa]
b

a


= ,

d

c


 = 

1



 w = 
1

a z

c z

 




...(ii)

fcUnq z = 1 fcUnq |w | = 1 ls esy [kkrh gS; rc lehdj.k (ii) ls ge çkIr djrs gSa]

|w|= 1 = 
1

1
1

a

c

 




 = 1

1

a

c

  
 

 = 1

1

a

c

  
 

;k 1 = a

c

  |1 | |1 |    

;k a

c

 = ei tgka  okLrfod gSA …(iii)
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lehdj.kksa (ii) vkSj (iii) ls] ge çkIr djrs gSa]

w = ei 
1

z

z

 
 

;g og :ikarj.k (Transformation) gS tks | z | = 1 dks |w | = 1 esa ekufpf=r djrk gSA

ww  – 1= ei

1

z

z

 
 

 e–i

1

z

z

 
 

 – 1

|w|2 – 1 = 
( ) ( )

1
( 1) ( 1)

z z

z z

   


   

= 
2

(1 ) (1 )

| 1|

zz

z

  


 

= 
2 2

2

(1 | | ) (1 | | )

| 1|

z

z

  


 
 tgka || < 1

;k |w| < 1, | z | < 1 ls esy [kkrh gSA

blfy, w = ei 
1

z

z

 
 

 vko';d :ikarj.k gSA

: n'kkZ,¡ fd :ikarj.k w = 
2 3

4

z

z




 oÙ̀k x2 + y2 – 4x = 0 dks :ikarfjr

djrk gS lh/kh js[kk 4u + 3 = 0 esa tgk¡ w = u + iv gSA

: ;g :ikarj.k gS]

w = 
2 3

4

z

z




;k wz – 4w = 2z + 3

;k (wz – 2z) = 4w + 3

;k z = 
4 3

2

w

w




 z = 
4 3

2

w

w




fn, x;k oÙ̀k x2 + y2 – 4x = 0 gS

;k (x + iy) (x – iy) – 4x = 0

;k z z  – 2 (z + z ) = 0 [ z + z  = 2x]

;k 4 3 4 3 4 3 4 3
2

2 2 2 2

w w w w

w w w w

    
       

 = 0

;k (4w + 3) (4w  + 3) – 2 [(4w + 3) (w  – 2) + (4w  + 3) (w – 2)] = 0

;k 16ww + 12w + 12w + 9 – 8ww + 16w – 6w + 12 – 8ww + 16w – 6w + 12 = 0

;k 22w + 22 w  + 33 = 0

;k 2 (2 + w ) + 3 = 0
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;k 4u + 3 = v, w = u + iv fy[ksaxsA

tks fd w-lrg esa ,d lh/kh js[kk (Straight Line) gSA

: w-lrg ij] w = 
i z

i z




:ikarj.k ds rgr] x-v{k dk izfrfp=.k

izkIr dhft,A

: fn;k x;k :ikarj.k w = 
i z

i z




 gSA

u + iv= 
i x iy

i x iy

 
 

 = 
( 1)

( 1)

x i y

x i y

  
 

= 
( 1) ( 1)

( 1) ( 1)

x i y x i y

x i y x i y

    


   

= 
2 2

2 2

1

( 1)

x ix ix y

x y

    

 
 = 

2 2

2 2

1 (2 )

( 1)

x y i x

x y

   

 

okLrfod vkSj dkYifud Hkkxksa dks cjkcj djus ij gesa izkIr gksrk gS]

u = 
2 2

2 2

1

( 1)

x y

x y

  

 
, v = 

2 2

2

( 1)

x

x y 

x v{k dk izfrfp=.k çkIr djus ds fy,] geus mijksä lehdj.k esa y ¾ 0
izfrLFkkfir fd;k vkSj bl çdkj gesa feyrk gS]

u = 
2

2

1

1

x

x

 


...(i)

vkSj v = 
2

2

1

x

x 
...(ii)

lehdj.k (i) ls] gesa ux2 + u = –x2 + 1 feyrk gS]

;k x2 (u + 1) = 1 – u

;k x2 = 1

1

u

u




lehdj.k (ii) esa x dk eku j[krs gq, ge çkIr djrs gSa]

v= 

1

1
1

1
1

u

u
u

u









 = 1 1
1 2

u u
u

 



 = 1

(1 ) (1 )
2

u u 

;k v2 = 
21

4

u

;k 4v2 + u2 = 1

;k
2 2

4 1

u v
  = 1

tks ,d nh?kZòÙk (Ellipse) dk fu:i.k djrk gSA
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: ,d fcUnq ftl ij f (z) = 0 :ikarj.k dk ,d Økafrd fcUnq
(Critical Point) dgk tkrk gSA

1- :ikarj.k] w = zn tgk¡ n ,d /kukRed iw.kkaZd gS:

;gka w = zn, rks dw

dz
 = nzn–1

 dw

dz
= 0 ij z = 0

blfy, :ikarj.k z = 0 dks NksM+dj lHkh fcUnqvksa ij ladfyr gSA

ekuk fd z = rei vkSj w = Rei, rks w = zn nsrk gS,

Rei = rn ein

 R = rn ...(5.22)

vkSj  = n ...(5.23)

lehdj.kksa ¼5-22½ vkSj ¼5-23½ ls] ge ;g fu"d"kZ fudkyrs gSa:

(i) z-lrg esa mn~xe ds laca/k esa o`r r = a = fLFkjkad, w-lrg esa mRifÙk ds
laca/k esa o`r R = an = fLFkjkad ij :ikarfjr gksrk gSA

(ii) z-lrg esa mn~xe ds laca/k esa iafä;k¡  =  = fLFkjkad, w-lry esa
mn~xe ds laca/k esa  = n = fLFkjkad esa cny tkrh gS vkSj -js[kk dk
<yku (Slope) -js[kk ds <yku ls n xquk gksrk gSA

(iii) z-lrg esa ewy :i ls vius 'kh"kZ ds lkFk òÙkkdkj {ks= (Circular Sector)

ewy vkSj n dsaæh; dks.k ij vius 'kh"kZ ds lkFk ,d oÙ̀kkdkj {ks= esa cny
tkrk gSA

(iv) dsaæh; dks.k /n ds lkFk oÙ̀kkdkj {ks= dk vkarfjd Hkkx] Åijh v/kZry
i(w) > 0 dh vuq:irk ls :ikarfjr gksrk gSA

2- :ikarj.k w = z2:

;gk¡ w = z2, rks dw

dz
 = 2z


dw

dz
 = 0 ds fy, z = 0

blfy, :ikarj.k z = 0 dks NksM+dj lHkh fcUnqvksa ij ladfyr (Conformat)

gSA

vc w = z2 nsrk gSA

u + iv = (x + iy)2 = x2 + 2xyi – y2 = (x2 – y2) + i (2xy)

 u = x2 – y2 ...(5.24)

vkSj v = 2xy ...(5.25)
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lehdj.kksa ¼5-24½ vkSj ¼5-25½ ls] ge :ikarj.k ds fuEufyf[kr rF;ksa dks
'kkfey dj ldrs gSaA

(i) tc x = fLFkj = a] rc lehdj.kksa ¼5-24½ vkSj ¼5-25½ ls] ge çkIr djrs
gSa]

u = a2 – y2 vkSj v = 2ay

mijksä laca/kksa ls y dks foLFkkfir djrs (Eliminating) gq,] ge çkIr djrs
gSa]

v2 = 4a2y2 = 4a2 [a2 – u2]

blfy, z-lrg esa js[kk x = a, w-lrg esa ijoy; (Parabola) esa cny
tkrk gS ftldk 'kh"kZ (Vertex) (a2, c) gksrk gS vkSj dsUnz ewy ij gksrk
gSA a = –a ds fy,] gesa leku ijoy; feyrk gSA

O
x a = – x a = 

x

y

O
u

v

( , )a c2

w-planez-plane
z&lrg w&lrg

(ii) z&lrg esa js[kkvksa ds chp dh iêh ds fy, x = a vkSj x = b,w–lrg
esa x =  tgk¡ a    b dks ijoy; v2 = 42(2 – u) esa cny fn;k
tkrk gSA blfy,] z&lrg esa js[kk,a x = a vkSj x = b }kjk f?kjs {ks= dks
w–lrg esa ijoy; v2 = 4a2 (a2 – u) vkSj v2 = 4b2 (b2 – u) ls f?kjs {ks=
esa cny fn;k tkrk gSA x – a vkSj  = –b, ds fy,] gesa leku ijoy;
feyrk gSA

x b = – x a = – x a = x b = 

O

y

x

z&lrg
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v

u
O

( , 0)a2

( , 0)b2

w&lrg

(iii) z&lrg esa {ks= x  a vkSj x  – a dks w–lrg esa ijoy; v2 = 4a2

(a2 – u) ds ckgjh fgLls esa cny fn;k tkrk gSA

x a = – x a = 

O

y

x

z&lrg
v

u
O

( , 0)a2

w&lrg

(iv) z&lrg esa {ks= 0  x  a ij w&lrg ijoy; v2 = 4a2(a2 – u) ds
vkarfjd Hkkx esa cny tkrk gSA

x a = O

y

x

v

u
( , 0)a2

z&lrg z&lrg
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3- :ikarj.k z = w  ¼tks w = z2 dk O;qRØe izfrfp=.k gS½,

vc z = w  rks w = z2 or u + iv = (x + iy)2 = x2 – y2 + i (2xy)

 u = x2 – y2 ...(5.26)

vkSj v = 2xy ...(5.27)

lehdj.kksa ¼5-26½ vkSj ¼5-27½ ls] ge :ikarj.k ds fuEufyf[kr rF;ksa dk
fu"d"kZ fudky ldrs gSaA

(i) tc u = fLFkjkad = a (> 0), rc lehdj.k ¼5-26½ ls ge çkIr djrs gSa
x2 – y2 = a

tks ,d vk;rkdkj vfrijoy; (Rectangular Hyperbola) gSA

blfy, w-lrg esa js[kk] u = a, vk;rkdkj vfrijoy; x2 – y2 = u esa
z-lrg esa :ikarfjr gks tkrk gSA

u a = 

O

v

u

y

x
O

w&lrg z&lrg

(ii) w-lrg esa js[kkvksa u = a vkSj u = b ds chp dh iV~Vh (Strip) z&lrg
esa vk;rkdkj vfrijoy; x2 – y2 = a vkSj x2 – y2 = b ds chp layXu
{ks= esa cny tkrh gSA

y

O

u a = 

O

v

u

u b = 

x

w&lrg z&lrg
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(iii) w&lrg esa {ks= u  a] z&lrg esa vk;rkdkj vfrijoy; x2 – y2 = a2

ds vkarfjd {ks= esa cny tkrk gSA

u a = 

O

v

u

u b = 

y

O
x

w&lrg z&lrg

(iv) tc v = fLFkjkad = a (> 0)] rks ge lehdj.k ¼5-27½ ls] xy =a/2 çkIr
djrs gSa tks ,d vk;rkdkj vfrijoy; gSA

blfy, w&lrg esa js[kk v = a] z&lrg esa vk;rkdkj vfrijoy; xy

= a/2 esa cny tkrk gSA
v

v = a

u
O

y

x

xy = a/2

O

w&lrg z&lrg

(v) w&lrg esa js[kkvksa v = a vkSj v = b ds chp dk {ks= z&lrg esa
vk;rkdkj vfrijoy; xy = a/2 vkSj xy = b/2 ls f?kjs {ks= esa cny
tkrk gSA

v

u

v = b

v = a

O

y

x

xy = b/2

xy = a/2O

w&lrg z&lrg

(vi) w&lrg esa {ks= v  a z&lrg ds vk;rkdkj vfrijoy; xy = a/2 ds
vkarfjd {ks= esa cny tkrk gSA

v

u

v = a

o

y

x
xy = a/2o

w&lrg z&lrg
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4- :ikarj.k] w = 1 1

2
z

z
  
 

:

;gk¡] w = 1 1

2
z

z
  
 

, rks dw

dz
 = 

2

1 1
1

2 z

  
 

 dw

dz
= 0 ds fy, z = ±1

blfy,] fn;k x;k ifjorZu z = ± 1 dks NksM+dj ladfyr gSA

ekuk z = rei, rks

w = 1 1

2
z

z
  
 

 = 1 1

2
i ire e

r
     

vkSj u + iv = 1 1
(cos sin ) (cos sin )

2
r i i

r
         

= 1 1 1
cos sin

2 2

i
r r

r r

                

 u = 1 1
cos

2
r

r
   
 

   ...(5.28)

vkSj v = 1 1
sin

2
r

r
   
 

   ...(5.29)

rc ge :ikarj.k ds fuEufyf[kr ekeyksa ij fopkj djrs gSa:

(i) tc r ¾ fLFkjkad] rc lehdj.kksa ¼5-28½ vkSj ¼5-29½ ls] ge çkIr djrs gSa

cos2  + sin2 = 
2 2

2 21 1 1 1

4 4

u v

r r
r r


       
   

;k
2 2

2 21 1 1 1

4 4

u v

r r
r r


       
   

 = 1

tc r > 1, z&lrg esa òr | z | = r dks nh?kZoÙ̀k esa cny fn;k tkrk gS
2 2

2 21 1 1 1

4 4

u v

r r
r r


       
   

 = 1

w&lrg esaA

tc r ¾ 1] lrg esa oÙ̀k |z| ¾ 1 okLrfod v{k ds Hkkx esa cny tkrk gS] rks
w&lrg esa –1 ls 1 ds chp nks ckj of.kZr fd;k tkrk gSA



lfEeJ la[;k,a vkSj
fo'ys"k.kkRed Qyu

218 Lo&vf/kxe
ikB~; lkexzh

(ii) tc  ¾ fLFkjkad] rc lehdj.kksa ¼5-28½ vkSj ¼5-29½ ls] ge çkIr djrs
gSa

2 2

2 2cos sin

u v


 
= 

2 2
1 1 1 1

4 2
r r

r r
        
   

= 1

blfy, z&lrg esa v/kZO;kl js[kk (Radial Line)  ¾ fLFkjkad, w&lrg esa
vfrijoy; esa cny tkrh gSA

5- :ikarj.k] w = ez

;gk¡] w = ez, rks dw

dz
 = ez

 dw

dz
 0 lHkh z ds fy,

blfy, fn;k x;k :ikarj.k z&lrg esa z ds lHkh ekuksa ds fy, vuqdks.kh gSA

ekuk w = Rei vkSj z = x + iy, rks Rei = ex + iy = ex.eiy

 R = ex    ...(5.30)

vkSj  = y   …(5.31)

vc ge :ikarj.k dh fuEufyf[kr fLFkfr;ksa ij fopkj djrs gSa:

(i) tc y ¾ fLFkjkad ¾ ] rc lehdj.k ¼5-31½ ls] ge çkIr djrs gSa

 = 

bl çdkj] z&lrg esa js[kk y = ] w&lrg esa js[kk  =  esa cny tkrh gSA

(ii) z&lrg esa y =  vkSj y =  ls f?kjk {ks= :ikarfjr gksrk gS w&lrg ij tks
 = 0, v/kZO;kl js[kkvksa  =  vkSj  =  {ks= ls f?kjk gksrk gSA

y

x

y = 

y = 

O

v

u
  = 




 =
 

O

z–lrg w–lrg

(iii) tc x = 0] rc lehdj.k ¼5-31½ ls gesa R = e0 = 1, feyrk gS vFkkZr~ |w| = 1A
blfy,] z&lrg esa dkYifud v{k ¼vFkkZr~] x = 0½ dks bdkbZ o`r |w| = 1

lrg esa cny fn;k tkrk gSA
y

x
O

x = 0

v

u
O

|w| = 1

    z–lrg w–lrg
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(iv) z&lrg esa js[kkvksa y = 0, y =  vkSj x = 0 ls f?kjk {ks= gS w&lrg esa ls tc
 = 0,  =  vkSj |w| = 1 esa ifjc) {ks= esa :ikarfjr gksrk gSA

v

uo

|w| = 1

  =  = 0

y

xo

x = 0

y = 

y = 0

    z–lrg w–lrg

: f}js[kh; :ikarj.k dk irk yxk,a tks oÙ̀k dks cnyrk gS |z| = 1 ij
|w| = 1 vkSj fcUnq z = 1 cukrk gS] –1 Øe'k% w = 1, –1 ls esy [kkrk gSA

: ge tkurs gSa fd :ikarj.k tks oÙ̀k dks ifjofrZr djrk gS |z| = 1 esa |w| = 1 gS]

w = ei
1

z

z

 
 

tgk¡  okLrfod gS vkSj || < 1

pw¡fd vad z = 1, –1 ekufp= w = 1, –1 esa feyrs gSa] gesa feyrk gS

1 = ei 
1

1

 
 

...(i)

vkSj –1 = ei 
1

1

  
 

;k 1 = ei 
( 1 )

1

  
 

...(ii)

lehdj.kksa (i) vkSj (ii) ls ge çkIr djrs gSa]

ei (1 )

1

 
 

= ei 
( 1 )

1

  
 

;k
1

1

 
 

= 
(1 )

1

  
 

;k 1 +   –  –   = –  + 1 –   + 

;k 2 = 2   = 

blfy,] vko';d :ikarj.k gS w = ei

1

z

z

 
 

:  izfrfp=.k w = 1

z
 ds varxZr] |z- 2i | = 2 dh Nfo dks izkIr djsaA

: ;gk¡] w = 1

z
; rks z = 

1

w
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;k x + iy = 
1

u iv
 = 

2 2

u iv

u v




 = 

2 2 2 2

u v
i

u v u v




 

 x = 
2 2

u

u v
vkSj y = 

2 2

v

u v




...(i)

vc |z – 2i| = 2 ;k |x + iy – 2i| = 2

;k |x + i (y – 2)| = 2

;k x2 + (y – 2)2 = 4

;k
2 2

2 2 2 2
2

u v

u v u v

   
           

 = 4 [lehdj.k (i)]

;k u2 + [v + 2 (u2 + v2) ]2 = 4 (u2 + v2)2

;k u2 + v2 + 4u2v + 4v3 + 4 (u2 + v2)2 = 4 (u2 + v2)2

;k u2 + v2 + 4u2v + 4v3 = 0

;k u2 + v2 + 4v (u2 + v2) = 0

;k (u2 + v2) (1 + 4v) = 0 ( u2 + v2  0)

: ifjorZu w = z2 ds rgr lh/kh js[kk x + y = 1 dk izfrfcac Kkr djsaA

: ;gk¡]

w = z2, rks u + iv = (x + iy)2 = x2 – y2 + 2xyi

 u = x2 – y2 vkSj v = 2xy ...(i)

x + y= 1 or (x + y)2 = 1

;k x2 + y2 + 2xy = 1 vkSj x2 + y2 = 1 – 2xy = 1 – v   (lehdj.k (i) ls)

;k (x2 + y2)2 = (`1 – v)2   (oxZ djus ij)

;k (x2 – y2)2 + 4x2y2 = (1 – v)2

;k u2 + v2 = 1 – 2u + v2 (lehdj.k (i) ls)

;k u2 + 2v = 1

blfy,] vko';d :ikarj.k u2 + 2v = 1  gSA

: :ikarj.k w = 1/z ds rgr vuar iêh 1/6 < y < 1/3 dk izfrfp=.k
çkIr djsa vkSj vkys[kh {ks= (Graphical Region) dk js[kkadu djsaA

: ;gk¡] w = 1

z

 z = 
1

w
 = 

1

u iv

;k x + iy= 
2 2

u iv

u v




 = 

2 2 2 2

u v
i

u v u v




 

 x = 
2 2

u

u v
 vkSj y = 

2 2

v

u v




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Tkc y < 
1

3
: 

2 2

v

u v




 < 

1

3
;k u2 + v2 + 3v > 0 ;k u2 + 

2
3 9

2 4
v
   
 

 tks 3/2 vkSj

dsaæ (0, –3/2) ds lkFk òÙk ds ckgjh {ks= dk fu:i.k djrk gSA

Tkc y > 
1

6
: 

2 2

v

u v




 > 

1

6
 ;k u2 + v2 + 6v < 0 ;k u2 + (v + 3)2 < 9

tks f=T;k 3 vkSj dsaæ (0,-3) ds lkFk oÙ̀k ds vkarfjd {ks= dk fu:i.k djrk gSA

vkys[kh {ks= gS]

–3/2

v

u

: fl) dhft, fd òÙk w| = 1 :ikarj.k w = 11
( )

2
z z  ds rgr oÙ̀k

x2 + y2 ± 2y –1 = 0 ds vuqlkj gSA

: fn;k x;k :ikarj.k gS]

w = 11
( )

2
z z

;gka] |w| = 1

;k  11

2
z z  = 1

;k 1
z

z
  
 

 = 2

;k
2

1
z

z
  
 

 = 4

;k 1 1
z z

z z
       
   

= 4 [ z z  = |z|2]

;k 1 1
z z

z z
       
   

 = 4

;k (z2 + 1) ( z 2 + 1) = 4z z

;k z2 z 2 + z2 + z  – 4z z  + 1 = 0

;k (z2 z 2 – 2z z  + 1) + (z2 + z 2 – 2z z ) = 0
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;k (z z  – 1)2 + (z – z 2) = 0

;k (x2 + y2 – 1)2 + (2iy)2 = 0 [ z – z  = 2yi]

;k (x2 + y2 – 1) – 4y2= 0

;k (x2 + y2 – 1)2 = 4y2 = (2y)2

;k x2 + y2 – 1 = ± 2y

bl izdkj ifj.kke izkIr gqvkA

: fl) dhft, fd ifjorZu w = sin z, js[kkvksa x = fLFkjkad rFkk
y = fLFkjkad ds ifjokjksa dk] eq[kj 'kadqvksa ds nks ifjokjksa esa izfrfp=.k djrk gSA

: ;gk¡] w = sin z

;k u + iv= sin (x + iy) = sin x cosh y + i cos x sinh y

 u = sin x cosh y         ...(i)

vkSj v = cos x sinh y         ...(ii)

lehdj.kksa (i) vkSj (ii) ls y dks foLFkkfir djrs gq,] ge çkIr djrs gSa]

1= cosh 2y – sinh 2y = 
2 2

2 2sin cos

u v

x x


vkSj
2 2

2 2sin cos

u v

x x
  = 1

;g n'kkZrk gS fd z-ry esa lh/kh js[kk,a x ¾ fLFkjkad] w&ry esa] eq[kj vfrijoy;
esa ekufpf=r dh tkrh gSaA

fQj] x dks lehdj.kksa (i) vkSj (ii) ls gVkdj] ge çkIr djrs gSa]
sin2 x + cos2 x = 1

vkSj
2 2

2 2cosh sinh

u v

xy y
 = 1

blls irk pyrk gS fd z-lrg esa lh/kh js[kk y ¾ fLFkjkad dks w&lrg esa dUQksdy
nh?kZoÙ̀k (Confocal Ellipse) esa ekufp= fd;k tkrk gSA

: w ¾ cosh z dk ifjorZu [kkstsaA

: ;gk¡ w ¾ cosh z

vkSj u + iv= cosh (x + iy) = cosh x cos y + i sinh x sin y

 u = cosh x cos y ...(i)

vkSj v = sin x sin y

        ...(ii)

lehdj.kksa (i) vkSj (ii) ls y dks foLFkkfir djrs gq,] ge çkIr djrs gSa]
sin2y + cos2y = 1

vkSj
2 2

2 2sinh cosh

v u

x x
 = 1
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blls irk pyrk gS fd z-lrg esa y&v{k ¼vFkkZr~] x ¾ fLFkjkad½ ds lekukarj js[kk,¡
w&lery esa nh?kZoÙ̀k esa cny tkrh gSA

fQj] x dks lehdj.kksa ¼1½ vkSj ¼2½ ls gVkdj] ge çkIr djrs gSa]
cosh2 x – sinh2 x= 1

vkSj
2 2

2 2cos sin

u v

y y
  = 1

;g n'kkZrk gS fd z&lrg esa x&v{k ¼vFkkZr~] y ¾ fLFkjkad½ ds lekukarj js[kk,¡
w&lrg esa vfrijoy; esa cny tkrh gSA

,d :ikarj.k rqY;dks.kh (Isogonal) dgk tkrk gS] ;fn  dks.k ij] z&rRo esa nks oØ
fcUnq z0 ij izfrPNsnu djrs gq, w rRo esa] fcUnq w0 ij izfrPNsnu djus okys nks
laxr oØksa esa :ikarfjr gks tkrs gSa] tks fd leku dks.k  ds lkFk] fcUnq z0 ij laxr
gSA bl izdkj] ;fn dsoy dks.k ds ifjeki dks ifjjf{kr fd;k tkrk gS] rks :ikarj.k
rqY;dks.kh (Isogonal) dgykrk gSA

y

x

c1

c2

z0

O



z-plane

v

u

c1

c2

w0

O



w-plane

z-lrg         w-lrg

;fn ?kw.kZu dk cks/k] lkFk gh lkFk dks.k dk ifjek.k ifjjf{kr gS] rc :ikarj.k]
vuqdks.k (Conformal) dgykrk gSA

y

x

c1

c2

z0

O



z-plane

v

u

c2

w0

O



w-plane

c1

z-lrg         w-lrg

 ;fn f (z) fo'ys"k.kkRed gS] rc izfrfp=.k vuqdks.kh gSA

 ekuk 1 rFkk 2, z ry esa nks lrr oØ gSa] fcUnq z0 ij çfrPNsnu djrs gSa
rFkk ekuk bl fcUnq ij Li'kZ js[kk,a] okLrfod v{k ds lkFk] dks.k 

1
 rFkk 

2 
cukrh

gSA ekuk z1 rFkk z2] z0 ds fudV 1 rFkk 2  ij nks fcUnq gS] rFkk os z0 ls leku
nwjh r ij fLFkfr gS] blfy, gekjs ikl gS]

z1 – z0= rei1, z2 – z0 = rei2

Tkc r  0, vkSj 1  1 vkSj 2  2
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1

2

z2

z1
z0

y

xo
2

1

z - plane
z-lrg

w2

w1
w0

v

uo
2

1

2

1

w-lrg

Ekkuk w0 w-ry esa] z
0
 ds laxr dksbZ fcUnq gS] vkSj dks w&lrg esa w1 vkSj w2 ds

fcUnqvksa ds vuqlkj gksus nsrs gSa tks lrg esa oØ 1 vkSj 2 dk o.kZu djrk gSA

ekuk w1 – w0 = ei1, w2 – w0 = ei2

 f  (z0) = 
1 0

1 0

1 0

lim
z z

w w

z z




vkSj Rei = 
1

1

1
lim

i

i

e

re






 ¼pwafd f (z0) dks Rei ds :i esa fy[kk tk ldrk gS½

vFkkZr]

Rei = 1 1 1( )lim ie
r

  

blfy,] 1lim
r

 
  

 = R = 0( )f z  vkSj lim (1 – 1) =  ;k lim 1 – lim 1 = 

vkSj, 1 – 1 =  ;k 1 = 1 + 

blh rjg ;g fl) fd;k tk ldrk gS fd 2 = 2 + 

blfy, oØksa 1 vkSj 2 esa w0 dks.k 1 +  vkSj 2 +  ds lkFk okLrfod v{k ds
lkFk Li'kZ js[kk,¡ gSa vkSj w0 ij 1 vkSj 2 ds chp dk dks.k
1 – 2 = (1 + ) – (2  +  = 1 – 2 gS tks fd z0 

ij 1 vkSj 2 
ds chp ds

dks.k ds leku gSA blfy, oØ 1 vkSj 2 ds leku dks.k ij 1 vkSj 2 çfrPNsn
?kVrk gSA ;g Hkh 1 vkSj 2 ds chp ds dks.k 1 vkSj 2 ds chp ds dks.k ds leku
gSA blfy, :ikarj.k vuqdks.kh gSA

 foijhr ¼Converse½% ;fn dksÃ w = f (z) ladfyr gS] rks ;g fo'ys"k.kkRed
gSA

ekuk u = u (x, y) vkSj v = v (v, y) xy- ds uv- lrg nks vuqlkj :ikarj.k gSaA
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ekuk fd dr vkSj ds Øe'k% uv – lrg vkSj xy& lrg esa çkjafHkd yackÃ gSa vkSj w
= u + iv = f (z) gS] tgk¡ z = x + iy, u vkSj v,x vkSj y ds vyx&vyx Qyu gSa]

          rc ds2 = dx2 + dy2 ...(5.32)

dr2 = du2 + dv2

pwafd u vkSj v nksuksa x, y ds Qyu gSa] rc

du = u u
dx dy

x y

 


 
 vkSj dv = v v

dx dy
x y

 


 

 du2 + dv2 = 
2 2

u u v v
dx dy dx dy

x y x y

      
           

;k, dr2 = 
2 2

2u v
dx

x x

                
 + 2

u u v v
dx dy

x y x y

    
   

    
 +

2 2
u v

y y

                
...(5.33)

pwafd izfrfp=.k vuqdks.kh gS] rks vuqikr% dr : ds ds fn'kk ls Lora= gS( rc lehdj.kksa
¼5-32½ vkSj ¼5-33½ ls feyrk gSA



2 2

1

u v

x x

            = 
. .

0

u u v v

x y x y

   


   
 = 

2 2

1

u v
y x

          ...(5.34)


2 2

u v

x x

           
= 

2 2
u v

y y

    
       

...(5.35)

vkSj
u u v v

x y x y

   
  

   
 = 0 ...(5.36)

lehdj.k ¼5-35½ larq"V gS tc]
ux = vy , uy = – vx ...(5.37) (dkWmph&jheku lehdj.k)

lehdj.k ¼5-35½ larq"V gS tc]

ux = –vy, vx = uy       ...(5.38)

lehdj.k ¼5-38½ dks lehdj.kksa ¼5-37½ esa ifjofrZr (Reduce) djds fy[krs gSa &v ds
fy, v] vFkkZr] w& lrg dh okLrfod èkqjh esa ijkorZu }kjk vkadyu vk—fr ds :i
esa ysrs gq,A blfy,] lehdj.k ¼5-38½ ,d rqY;dks.kh ds vuqlkj gSa] ysfdu vuqlkj
:ikarj.k ugÈA

ge ns[krs gSa fd ;fn w&lrg ds fy,&lrg dh vkdyu duQkWeZy ;k vuqdks.kh
gS] rks ifjorZu dk ,dek= :i w = f (z) gS tgka f (z), z dk ,d fo'ys"k.k Qyu gSA

bl ifjfLFkfr esa] :ikarj.k ds dks.k dk ifjek.k lajf{kr jgrk gS] ysfdu muds ladsr
cny tkrs gSaA mnkjg.k ds fy,] :ikarj.k ij fopkj djsa]

w = x – iy vkSj z = x + iy
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blfy,] w = x – iy dk çfrÇcc gS tgk¡ dks.kksa dks lajf{kr fd;k tkrk gS ysfdu muds
ladsr cny fn, tkrs gSaA

lkekU; rkSj ij] ;g :i ds gj :ikarj.k ds fy, lp gSA
w = ( )f z ...(5.39)

tgk¡ f (z) fo'ys"k.kkRed gS D;ksafd ,slk :ikarj.k nks :ikarj.kksa dk la;kstu gS]
 = z ...(5.40)

vkSj w = f () ...(5.41)

lehdj.k ¼5-40½ esa dks.kksa dks lajf{kr fd;k tkrk gS] ysfdu muds ladsrksa dks
lehdj.k ¼5-41½ dks.kksa esa cny fn;k tkrk gS vkSj muds ladsrksa dk laj{k.k fd;k
tkrk gSA blfy,] ifj.kkeh :ikarj.k lehdj.k ¼5-39½ esa] dks.kksa dks lajf{kr fd;k
tkrk gS vkSj muds ladsr cny fn, tkrs gSaA

blfy, ;g :ikarj.k rqY;dks.kh gS] ij vuqdks.kh ugÈ gSA

1- lfEeJ la[;kvksa ls vki D;k le>rs gSa\

2- o`Ùk dk fu:i.k fdl izdkj fd;k tkrk gS\

3- lfEeJ la[;kvksa ds T;kferh; fu:i.k dh O;k[;k dhft,A

4- jheku fLFkfr dk o.kZu djsaA

5- lfEeJ pj ls vki D;k le>rs gSa\ la{ksi esa bldh O;k[;k djsaA

6- fdlh Qyu dh fujarjrk ;k lrrrk ls vki D;k le>rs gSa\

7- foy{k.k fcUnq ;k foy{k.krk ls vki D;k le>rs gSa\

8- dkWmph&jheku lehdj.kksa dk mi;ksx D;ksa fd;k tkrk gS\

9- Økafrd fcUnq dh O;k[;k djsaA

10- rqY;dks.kh ls vki D;k le>rs gSa\

1- ,d lfEeJ la[;k dks okLrfod la[;kvksa dh ,d ;qXe ds :i esa ifjHkkf"kr
fd;k tk ldrk gS vkSj çrhd (x, y) }kjk fpfàr fd;k tk ldrk gSA ;fn
ge z = (x, y) fy[krs gSa] rks x dks okLrfod Hkkx dgk tkrk gS vkSj y dks
lfEeJ la[;k z dk dkYifud Hkkx dgk tkrk gS vkSj Øe'k% R(x) vkSj I(x)

}kjk fu:fir fd;k tk ldrk gSA

2- ;g varj vkSj ekikad dh ifjHkk"kkvksa ls Li"V gS fd |z
1
& z

2
| vad] z

1
 vkSj z

2

ds chp dh nwjh gSA ;g bl çdkj gS fd fuf'pr lfEeJ la[;k z
0
 vkSj

okLrfod la[;k r ds fy,] lehdj.k |z& z
0
|¾ r dsaæ z

0
 vkSj f=T;k r ds lkFk

,d oÙ̀k dk çfrfuf/kRo djrk gSA
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3- ge ,d fcUnq P }kjk lfEeJ la[;k z = x + iy dk fu:i.k djrs gSa ftldk
dkVsZf'k;u funsZ'kkad (x, y) vk;rkdkj v{k OX vkSj OY dks lanfHkZr fd;k
tkrk gS] ftls vkerkSj ij Øe'k% okLrfod vkSj dkYifud v{k dgk tkrk gSA
Li"V :i ls P ds /kzqoh; funsZ'kkad gSa ¼r]½] tgk¡ r ekikad gS vkSj  tks fd
tfVy z dk rdZ gSA ftl lrg ds fcUnqvksa dks lfEeJ la[;kvksa }kjk n'kkZ;k
tkrk gS] mls vx±M lrg ;k vx±M vkjs[k dgk tkrk gSA

4- ,d xksys ij fcUnqvksa }kjk lfEeJ la[;kvksa dk Hkh fu:i.k fd;k tk ldrk
gS] blds fy,] ,d xksys ij fcUnqvksa vkSj ,d lrg ij fcUnqvksa ds chp
,d&,d lekurk LFkkfir djus ds fy, i;kZIr gSA

5- vx±M lrg ftlesa pj dks fcUnqvksa }kjk n'kkZ;k tkrk gS] dks z&lrg dgk
tkrk gSA og fcUnq tks lfEeJ pj dk fu:i.k djrk gS] fcUnq ds :i esa tkuk
tkrk gSA

6- ,dy eku Qyu f (z) dks ,d fcUnq z
0
 ij fujarj ;k lrr gksuk dgk tkrk

gS ;fn]

 
0

0lim ( )
z z

f z f z




vFkkZRk z ds :i esa f (z) ds eku dks lhfer djuk z0 eku f (z0) ds lkFk esy
[kkrk gSA

fdlh Qyu dks z&lrg ds ,d {ks= R esa fujarj ;k lrr gksuk dgk tkrk
gS ;fn ;g {ks= ds çR;sd fcUnq ij fujarj gSA

,d Qyu tks z
0
    

0
0lim

z z
f z f z


  ij fujarj ugha gS] dks z

0
 ij vlrr ;k

vfujarjrk dgk tkrk gSA

7- ,d fcUnq ftl ij ,d Qyu f (z) vodyuh; ugha gS] vFkkZr] blesa vodyt
ugha gS] ,d foy{k.k fcUnq ;k f (z) dh foy{k.krk dgykrk gSA

8- dkWmph&jheku lehdj.kksa dk mi;ksx ;g [kkstus ds fy, fd;k tkrk gS fd
,d lfEeJ Qyu fo'ys"k.kkRed gS ;k ughaA

9- Økafrd fcUnq: ,d fcUnq ftl ij f (z) = 0 :ikarj.k dk ,d Økafrd fcUnq
dgk tkrk gSA

10- ,d :ikarj.k dks rqY;dks.kh dgk tkrk gS ;fn fcUnq z0 ij ,d dks.k  ij
z&lrg esa nks oØ ?kVrs gSa] rks fcanq w0 ij lrg esa nks lacaf/kr oØksa esa
:ikarfjr gksrs gSa tks leku dks.k  ij fcUnq z0 ls esy [kkrs gSaA blfy, ;fn
dsoy dks.k ds ifjek.k dks lajf{kr fd;k tkrk gS rks :ikarj.k dks rqY;dks.kh

dgk tkrk gSA

 ,d lfEeJ la[;k dks okLrfod la[;kvksa dh ,d tksM+h ds :i esa ifjHkkf"kr
fd;k tk ldrk gS vkSj çrhd (x, y) }kjk fpfàr fd;k tk ldrk gSA ;fn
ge z = (x, y) fy[krs gSa] rks x dks okLrfod Hkkx dgk tkrk gS vkSj y dks
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lfEeJ la[;k z dk dkYifud Hkkx dgk tkrk gS vkSj Øe'k% R(x) vkSj I(x)

}kjk fu:fir fd;k tk ldrk gSA

 lfEeJ la[;k (x', y') dks lfEeJ la[;k (x, y)  dk O;qRØe dgk tkrk gS%
;fn]

     ' ', . , 1,0x y x y 

 nks lfEeJ la[;kvksa z ¾ (x, y) vkSj z' (x', y) dk varj lekurk ls ifjHkkf"kr
gksrk gSA

 ;fn] z = x + iy rks lfEeJ la[;k x – iy dks lfEeJ la[;k z dk la;qXe dgk
tkrk gS vkSj bls z ds :i esa fy[kk tkrk gSA ;g vklkuh ls ns[kk tkrk gS
fd la[;k,¡ z

1
 + z

2
 vkSj z

1
z

2 
ls Øe'k% 1 2z z  vkSj 1 2z z  la;qfXer gSaA

 nks lfEeJ la[;kvksa ds ;ksx dk ekikad dHkh Hkh muds ekikad ds ;ksx ls
vfèkd ugha gks ldrk gSA

 nks lfEeJ la[;kvksa ds varj dk ekikad dHkh Hkh muds çfr:i ds varj ls
de ugha gks ldrkA

 ,d xksys ij fcUnqvksa }kjk lfEeJ la[;kvksa dk Hkh fu:i.k fd;k tk ldrk
gS] blds fy,] ,d xksys ij fcUnqvksa vkSj ,d lrg ij fcUnqvksa ds chp
,d&,d lekurk LFkkfir djus ds fy, i;kZIr gSA

 z = x + iy dks ,d lfEeJ pj dgk tkrk gS] tgk¡ x vkSj y nks Lora=
okLrfod pj gksrs gSaA

 L dks f (z) dh lhek ds :i esa dgk tkrk gS D;ksafd z, z
0
 ds lehi vkrk gS

vkSj blds }kjk fu:fir fd;k tkrk gS]

 
0

lim
z z

f z L




vxj gj 0  ds fy, 0   ekStwn gS rks ,slk gS | ( ) – |f z L  tc Hkh

0| – | .z z  A

 ,d Qyu f (z) dks ,d fcUnq z
0
 ij vodyuh; dgk tkrk gS vxj ;g z

0
 ij

O;qRiUu gS vkSj z
0
 ds fudV çR;sd fcUnq ij gSA

 dkWmph&jheku lehdj.kksa dk mi;ksx ;g [kkstus ds fy, fd;k tkrk gS fd
,d lfEeJ Qyu fo'ys"k.kkRed gS ;k ughaA

 ;fn Qyu f (z) = u (x, y) + iv (x, y), z&lrg ds {ks= R esa fo'ys"k.kkRed gS
rks bl fcUnq ij igyh dksfV esa u vkSj v dk vkaf'kd vodyu gksrk gS vkSj
dkWmph&jheku lehdj.kksa dks larq"V djrk gS,

u

x


  = 

v

y




 vkSj –
u v

y x

 


 

 :ikarj.k w = z dks vko/kZu vkSj ?kw.kZu dgk tkrk gS tgka w, , z lfEeJ
la[;k gSaA

 ,d fcUnq ftl ij f (z) = 0 :ikarj.k dk ,d Økafrd fcUnq dgk tkrk gSA
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 ,d :ikarj.k dks rqY;dks.kh dgk tkrk gS ;fn fcUnq z0 ij ,d dks.k  ij
z&lrg esa nks oØ ?kVrs gSa] rks fcan w0 ij lrg esa nks lacaf/kr oØksa esa
ifjofrZr gksrs gSa tks leku dks.k  ij fcUnq z0 ls esy [kkrs gSaA blfy, ;fn
dsoy dks.k ds ifjek.k dks lajf{kr fd;k tkrk gS rks :ikarj.k dks rqY;dks.kh

dgk tkrk gSA

  % ,d lfEeJ la[;k dks okLrfod la[;kvksa dh ,d tksM+h ds
:i esa ifjHkkf"kr fd;k tkrk gS vkSj bldks (x, y) }kjk fpfg~ur fd;k tkrk gSA

  % lfEeJ la[;k (0, 0) ;ksxkRed lekurk gS vkSj
ifj.kkeLo:i bls lfEeJ la[;kvksa dh iz.kkyh ds fy, 'kwU; dgk tkrk gSA

  % ,d fcUnq P }kjk lfEeJ la[;k x=x+iy
dk fu:i.k djrs gS ftldk dkVsZf'k;u funsZ'kkad (x, y) vk;rkdkj v{k OX
vkSj OY ls lanfHkZr fd;k tkrk gS] ftls vkerkSj ij Øe'k% okLrfod vkSj
dkYifud v{k dgk tkrk gSA

  % ftl lrg ds fcUnqvksa dks lfEeJ la[;kvksa }kjk n'kkZ;k tkrk
gS] mls vx±M lrg ;k vx±M vkjs[k dgk tkrk gSA

  % z=x+iy dks ,d lfEeJ pj dgk tkrk gS] tgk¡ x vkSj y nks
Lora= okLrfod pj gksrs gSaA

  % fdlh Qyu dks z-lrg ds ,d {ks= R esa fujarj ;k
lrr gksuk dgk tkrk gS ;fn ;g {ks= ds izR;sd fcUnq ij fujarj ;k lrr gSA

  % ,d fcUnq ftl ij ,d Qyu f(z) fo'ys"k.kkRed ugha gS]
vFkkZr] blesa vodyt ugha gS] ,d foy{k.k fcUnq ;k f(z) dh foy{k.krk
dgykrk gSA

  % ,d Qyu f(x, y) dks ,d gjkRed Qyu dgk tkrk gS
;fn ;g ykIykl lehdj.k dks larq"V djrk gS] vFkkZr 2 0 b

  % tgk¡ z, w lfEeJ pj gksrs gSa] a,b,c,d lfEeJ fLFkjkad
gksrs gSa vkSj ad-bc0 dks eksfc;l :ikarj.k dgk tkrk gSA

  % ,d fcUnq ftl ij f (2)=0 gS :ikarj.k dk ,d egRoiw.kZ
fcUnq dgk tkrk gSA

  % ;fn ?kw.kZu dk cks/k] lkFk gh lkFk dks.k dk
ifjek.k ifjjf{kr gS] rc :ikarj.k] vuqdks.k ;k duQkWeZy dgykrk gSA

1- ,d lfEeJ pj ds Qyu ls vkidk D;k vfHkçk; gS\

2- lfEeJ la[;kvksa esa xq.kkRed O;qRØe D;k gS\

3- la;qXe lfEeJ la[;k D;k gS\
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4- jheku o`Ùk {ks= dks ifjHkkf"kr djsaA

5- fo'ys"k.kkRedrk ls D;k vfHkçk; gS\

6- fdlh Qyu dks fo'ys"k.kkRed gksus ds fy, in fy[ksaA

7- vuqizLFk vuqikr dks ifjHkkf"kr djsaA

1- Þ,d lfEeJ la[;k ,d la[;k gS ftls a + bi ds :i esa O;ä fd;k tk
ldrk gS] tgk¡ a vkSj b okLrfod la[;k,¡ gSa] vkSj i lehdj.k x2 = –1 dk
,d gy gSßA bl dFku dh lR;rk ds in fl) dhft,A

2- ,sfrgkfld ukedj.k dkYifud gksus ds ckotwn] lfEeJ la[;kvksa dks xf.krh;
foKkuksa esa okLrfod la[;kvksa ds leku okLrfod ekuk tkrk gS] D;ksa\ mi;qä
mnkgj.k nsdj O;k[;k djsaA

3- lfEeJ la[;kvksa esa fofHkUu Øefofues; lehdj.k fu;e dh mnkgj.k nsdj
O;k[;k djsaA

4- la;qXe lfEeJ la[;k dh mnkgj.k nsdj O;k[;k djsaA
5- fofHkUu dkWmph&jheku lehdj.kksa dh mi;qä mnkgj.k nsdj O;k[;k djsaA
6- lfEeJ fo'ys"k.kkRed Qyu dkSu ls xq.kksa dks çnÆ'kr djrs gSa\ mnkgj.k

nsdj O;k[;k djsaA

7- vuqdks.kh ;k duQkWeZy izfrfp=.k dh O;k[;k dhft,A
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