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ifjp;

Lo&vf/kxe 1

ikB~; lkexzh

jSf[kd chtxf.kr (Linear Algebra) xf.kr ds yxHkx lHkh {ks=ksa ds fy, dsaæh; gSA
mnkgj.k ds fy,] js[kh; chtxf.kr T;kfefr dh vk/kqfud çLrqfr;ksa esa ekSfyd gS]
ftlesa ewy oLrqvksa tSls fd js[kkvksa] lery vkSj ?kw.kZu (Rotation) dks ifjHkkf"kr
djuk 'kkfey gSA blds vykok] dk;kZRed fo'ys"k.k dks ewy :i ls Qyuksa dh
lef"V esa jSf[kd chtxf.kr ds vuqç;ksx ds :i esa ns[kk tk ldrk gSA jSf[kd
chtxf.kr dk mi;ksx vf/kdka'kr% foKkfud vkSj bathfu;fjax {ks=ksa esa fd;k tkrk
gS] D;ksafd ;g dbZ çkÑfrd ?kVukvksa ds e‚Mfyax vkSj ,sls e‚Myksa ds lkFk
dq'kyrkiwoZd daI;wfVax dh vuqefr nsrk gSA

lfn'k lef"V (Vector Space) ,d xf.krh; lajpuk gS tks lfn'k ds ,d
laxzg ls curh gS] ftls ,d lkFk tksM+k tk ldrk gS vkSj vfn'k (Scalar) ds :i
esa Kkr la[;kvksa ls xq.kk fd;k tk ldrk gS ;k c<+k;k tk ldrk gSA vfn'kksa dks
izk;% okLrfod la[;k ekuk tkrk gS] ysfdu fdlh Hkh lfn'k lef"V dks tfVy
la[;kvksa] ifjes; la[;kvksa ;k ;gka rd fd vf/kd lkekU; {ks=ksa }kjk xq.kk fd;k tk
ldrk gSA lfn'k tksM+ vkSj vfn'k xq.ku ds lapkyu dks dqN vko';drkvksa dks
larq"V djuk gksrk gS ftUgsa Lo;afl) (Axioms) dgk tkrk gSA lfn'k lef"V] jSf[kd
lehdj.kksa (Linear Equations) dh ç.kkfy;ksa dks lacksf/kr djus ds fy, mi;qDr
jSf[kd chtxf.krh; èkkj.kk gSaA ,d lfn'k lef"V ,d lfn'k dh /kkj.kk ls mRiUu
gksrh gS ftlls ge ;kaf=dh (Mechanics) ;k T;kfefr (Geometry) esa ifjfpr gks
pqds gSaA

jSf[kd chtxf.kr esa ,d vkarfjd xq.ku lef"V (Inner Product Space) ,d
lfn'k lef"V gS ftlesa ,d vfrfjDr lajpuk gksrh gS ftls vkarfjd xq.ku (Inner

Product) dgk tkrk gSA ;g vfrfjDr lajpuk lef"V esa çR;sd lfn'k dh tksM+h
dks ,d vfn'k ek=k ds lkFk tksM+rh gS ftls lfn'k ds vkarfjd xq.ku ds :i esa
tkuk tkrk gSA vkarfjd xq.ku lgt T;kferh; /kkj.kkvksa tSls fd ,d lfn'k dh
yackbZ ;k nks lfn'kksa ds chp ds dks.k ds fuf'pr ifjp; dh vuqefr nsrs gSaA os lfn'k
¼'kwU; vkarfjd xq.ku½ ds chp yacdks.kh;rk ;k ykfEcdrk (Orthogonality) dks
ifjHkkf"kr djus ds lkèku Hkh çnku djrs gSaA vkarfjd xq.ku lef"V fo'ks"k :i ls
;wfDyfM;u lef"V (Eucledean Space) ¼ftlesa vkarfjd xq.ku M‚V xq.ku (Dot

Product) gS] ftls vfn'k xq.ku (Scalor Product) Hkh dgk tkrk gS½ dks fdlh Hkh
¼laHkor% vuar½ vk;ke ds lfn'k lef"V ds fy, lkekU;h—r djrs gSa] vkSj
dk;kZRed fo'ys"k.k esa Hkh v/;;u fd;k tkrk gSA ,d vkarfjd xq.ku ds lkFk ,d
lfn'k lef"V dh vo/kkj.kk dk igyk mi;ksx 19oha 'krkCnh ds bVyh ds xf.krK
fxmlsIih fi;kuks (Giuseppe Peano) ds dkj.k 1898 esa laHko gqvkA

la[;kRed fo'ys"k.k (Numerical Analysis) fujarj xf.kr dh leL;kvksa ds
lek/kku [kkstus ds fy, ,Yxksfjne (Algorithm) dk v/;;u gSA ;g =qfV;ksa ij
mfpr lhek cuk, j[krs gq, vuqekfur lek/kku çkIr djus esa enn djrk gSA ;|fi
la[;kRed fo'ys"k.k esa bathfu;fjax vkSj HkkSfrd foKku ds lHkh {ks=ksa esa vuqç;ksx gSa]



ifjp;

2 Lo&vf/kxe
ikB~; lkexzh

fQj Hkh 21oha lnh esa tSfod foKku us oSKkfud lax.kuk ds rRoksa dks viuk;k gSA
[kxksyh; vkSj vUrfj{k laca/kh fiaMksa] vFkkZr~ xzgksa] rkjksa vkSj vkdk'kxaxkvksa dh xfr
dh x.kuk ds fy, lk/kkj.k vody lehdj.kksa dk mi;ksx fd;k tkrk gSA blds
vykok] ;g nok vkSj tho foKku ls lacaf/kr leL;kvksa dks gy djus ds fy, vody
lehdj.kksa dh x.kuk Hkh djrk gSA ,;jykbal fVdV dh dherksa] gokbZ tgkt vkSj
pkyd ny dks lkSais x;s dk;ks± vkSj bZa/ku dh t:jrksa dks vafre :i nsus ds fy,
ifj"Ñr vuqdwyu ,Yxksfjne dk mi;ksx djrh gSA chekafdd fo'ys"k.k ds fy, chek
daifu;k¡ la[;kRed fo'ys"k.kksa dk Hkh mi;ksx djrh gSaA la[;kRed fo'ys"k.k dk ewy
mís'; vf}rh; leL;kvksa ds fy, vuqekfur vkSj lVhd lek/kkuksa dh x.kuk djus ds
fy, rduhdksa dk izk:i ;k vfHkdYiuk vkSj fo'ys"k.k djuk gSA la[;kRed fo'ys"k.k
esa] nks fof/k;k¡ 'kkfey gksrh gSa] vFkkZr~ çR;{k fof/k;k¡ vkSj iqujkof̀Ùk fof/k;k¡A çR;{k
fofèk;k¡ fdlh leL;k ds gy dks pj.kksa dh ,d lhfer la[;k esa x.kuk djrh gSa tcfd
iqujkof̀Ùk fof/k;k¡ ,d çkjafHkd vuqeku ls 'kq: gksdj Øfed lfUudVu (Successive

Approximation) cukrh gSaA =qfV;ksa (Errors) dk v/;;u la[;kRed fo'ys"k.k dk ,d
egRoiw.kZ Hkkx gSA fdlh leL;k ds lekèkku esa gksus okyh =qfV;ksa dk irk yxkus vkSj
mUgsa Bhd djus ds fy, vyx&vyx fof/k;k¡ gSaA

bl iqLrd ̂ jSf[kd chtxf.kr ,oa la[;kRed fo'ys"k.k* dks ,d ljy iqLrd
ds :i esa O;ofLFkr fd;k x;k gS ftlesa jSf[kd chtxf.kr vkSj la[;kRed fo'ys"k.k
dh ewy vo/kkj.kkvksa dk foLrkj ls o.kZu fd;k x;k gSA ;g lfn'k lef"V vkSj
milef"V ds fl)kar vkSj vk;ke] jSf[kd QSyko ;k foLrkj] jSf[kd fuHkZjrk] jSf[kd
Lora=rk vkSj muds ewy xq.k] foLrkj çes;] ,d vk/kkj esa vo;oksa dh la[;k ds
O;qRØe] milef"V ds vk;ke] jSf[kd :ikarj.k ;k ifjorZu vkSj mu dk vkO;wg ;k
esfVªDl ds :i esa çfrfuf/kRo] jSf[kd :ikarj.kksa ;k ifjorZuksa ds chtxf.kr]
jSad&'kwU;rk çes; vkSj vk/kkj ds ifjorZu] nksgjh ;k }Sr lef"V] jSf[kd :ikarj.k
;k ifjorZu ds vkbxsu eku vkSj vkbxsu lfn'k] f}?kkr vkSj gfeZfV;ku lef"V
(Hermitian Space) ds :i] vkarfjd xq.ku lef"V] ykfEcd lfn'k vkSj ykfEcd
iwjd] ifjfer vk;keh lef"V ds fy, cslsy (Bessel) dh vlekurk] ykfEcd
leqPp;] dkmph&'DoktZ (Cauchy-Schwarz) vlekurk] xzke&f'eV (Gram Schmidt)

ykfEcdrk çfØ;k] lehdj.kksa dk lek/kku] ç{ksi] varjky O;oLFkk] U;wVu&dksVs
(Newton-Cote's) ds lw=] xkWml (Gauss) {ks=Qyu lw=] js[kh; lehdj.k] iqujkòfÙk
fof/k;k¡ ¼tSdksch (Jacobi)] xkWmt&lhMsy (Gauss-Seidel))] lk/kkj.k vody lehdj.k]
la[;kRed lekdyu] vkSj la[;kRed vodyu dh ewy ckrsa le>us esa ikBdksa dh
enn djsxkA

iqLrd esa Lokè;k; iz.kkyh dk iz;ksx fd;k x;k gS] ftlesa izR;sd bdkbZ dk
vkjaHk ml bdkbZ ds ifjp; ls gksrk gS] rRi'pkr bdkbZ ds mís'; vkrs gSaA ikB ds
chp&chp esa viuh izxfr tkafp, ds iz'u lekfo"V fd;s x, gSaA izHkkoh iqudZFku ds
fy;s izR;sd ikB ds var esa lkjka'k] eq[; 'kCnkoyh vkSj Lo&ewY;kadu iz'u ,oa
vH;kl fn, x, gSaA

gesa fo'okl gS fd ;g iqLrd fo"k; ds lkaxksikax v/;;u esa fo|kfFkZ;ksa ds
fy;s mi;ksxh lkfcr gksxhA



lfn'k lef"V vkSj
milef"V % fl)kar vkSj

vk;ke

Lo&vf/kxe 3
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1-0 ifjp;
1-1 mís';
1-2 lfn'k lef"V dh ifjHkk"kk,a vkSj mnkgj.k
1-3 milef"V
1-4 jSf[kd QSyko ;k jSf[kd foLrkj ¼foLrf̀r½
1-5 jSf[kd fuHkZjrk] jSf[kd Lora=rk vkSj muds ewy xq.k
1-6 foLrkj çes;
1-7 vk/kkj ds vo;oksa dh la[;k dh vifjorZuh;rk
1-8 milef"V ds ;ksx dk vk;ke
1-9 viuh izxfr tkafp, ç'uksa ds mÙkj

1-10 lkjka'k
1-11 eq[; 'kCnkoyh
1-12 Lo&ewY;kadu ç'u ,oa vH;kl
1-13 lgk;d ikB~; lkexzh

lfn'k lef"V ;k osDVj lef"V (Vector Space) ,d xf.krh; lajpuk gS tks lfn'k
ds ,d laxzg ls curh gS] tks fd ,d ,slh oLrq gS ftls ,d lkFk tksM+k tk ldrk
gS vkSj vfn'k (Scalar) ds :i esa Kkr la[;kvksa ls xq.kk fd;k tk ldrk gS ;k c<+k;k
tk ldrk gSA vfn'kksa (Scalars) dks vDlj okLrfod la[;k (Real Numbers) ekuk
tkrk gS] ysfdu fdlh Hkh lfn'k lef"V dks tfVy ;k lfEeJ la[;kvksa (Complex

Numbers)] rdZlaxr la[;kvksa (Rational Numbers) ;k ;gka rd  fd vf/kd lkekU;
{ks=ksa }kjk xq.kk fd;k tk ldrk gSA lfn'k tksM+ vkSj vfn'k xq.ku ds lapkyu dks
dqN fu;eksa dks larq"V djuk gksrk gS ftUgsa Lo;afl) (Axioms) dgk tkrk gSA lfn'k
lef"V jSf[kd lehdj.kksa dh ç.kkfy;ksa dks lacksf/kr djus ds fy, mi;qDr jSf[kd
chtxf.krh; /kkj.kk gSaA ,d lfn'k lef"V ,d lfn'k  dh /kkj.kk ls mRiUu gksrk
gS ftls ge ;kaf=dh ;k T;kfefr esa Hkh ç;ksx dj ldrs gSaA

,d lfn'k dks ,d funsZf'kr js[kk [kaM ds :i esa ifjHkkf"kr fd;k x;k gS] tks
chtxf.krh; (Algebraic) 'kCnksa esa ,d Øfer ;qXe (Ordered Pair) (a, b) ds :i esa
ifjHkkf"kr fd;k x;k gS tks ,d fuf'pr ;k LFkk;h funsZ'kkad ç.kkyh (Fixed

Coordinates System) ds lkis{k vafre fcanq (Terminal Point) ds funsZ'kkad gSaA ,d
milef"V (Subspace) ,d lfn'k lef"V gS tks ,d vkSj lfn'k lef"V esa lekfgr
gSA blfy, çR;sd milef"V vius vki esa ,d lfn'k lef"V gS] ysfdu ;g fdlh
vU; lfn'k lef"V ds lkis{k Hkh ifjHkkf"kr tk ldrk gSA



lfn'k lef"V vkSj
milef"V % fl)kar vkSj
vk;ke

4 Lo&vf/kxe
ikB~; lkexzh

lfn'k lef"V ;k osDVj lef"V dks vewrZ djus esa gesa tks ykHk gksrk gS] og
oLrqvksa ds fdlh fo'ks"k fodYi ds fcuk lef"V ds ckjs esa crkus dk ,d rjhdk gS ¼tks
gekjs lfn'k dks ifjHkkf"kr djrk gS½] lafØ;k;sa ¼tks gekjs lfn'k ij dk;Z djrh gS½]
;k funsZ'kkad ¼tks lef"V esa gekjs lfn'k dh igpku djrs gSa½A vkxs ds ifj.kke
vfèkd lkekU; lef"V ij iz;ksx gks ldrs gSa] ftlesa vuar vk;ke (Infinite

Dimension) gks ldrs gSa] tSls fd dk;kZRed fo'ys"k.k (Functional Analysis)A

jSf[kd chtxf.kr (Linear Algebra) esa] lfn'k lef"V esa ,d leqPp; S dk
jSf[kd QSyko ;k jSf[kd foLrkj (Linear Span) lfn'k dk lcls NksVk jSf[kd
milef"V gksrk gS ftlesa leqPp; gksrk gSA ;g ;k rks çfrPNsnu ds lHkh jSf[kd
milef"V ds :i esa fpf=r fd;k tk ldrk gS ftlesa S 'kkfey gSa] ;k S ds vo;oksa
ds jSf[kd la;kstuksa ds leqPp; ds :i esaA

bl bdkbZ esa vki lfn'k lef"V (Vector Space)] milef"V (Subspace)]
jSf[kd QSyko ;k jSf[kd foLrkj (Linear Span)] jSf[kd fuHkZjrk (Linear Dependence)]
jSf[kd Lora=rk (Linear Independence) vkSj muds ewy xq.k] foLrkj çes; (Extension

Theorem)] ,d vk/kkj ds vo;oksa dh la[;k dh vifjorZuh;rk (Invariance), rFkk
milef"V ds vk;keksa (Dimensions) ds ckjs esa v/;;u djsaxsA

bl bdkbZ dks i<+us ds ckn vki&

 lfn'k lef"V dks ifjHkkf"kr djus esa l{ke gksaxs(

 milef"V dh O;k[;k dj ik,axs(

 jSf[kd QSyko ;k foLrkj ¼foLr`fr½ dh ppkZ dj ldsaxs(

 jSf[kd fuHkZjrk] Lora=rk vkSj muds ewy xq.kksa dks ifjHkkf"kr dj ldsaxs(

 foLrkj çes; dk o.kZu dj ik,axs(

 ,d vk/kkj ds vo;oksa dh la[;k dh vifjorZuh;rk dk o.kZu dj ik,axs(

 milef"V ds ;ksx ds vk;keksa dh O;k[;k dj ik,axsA

oy; ;k fjax (Ring) esa çsjd dkjd iw.kkaZd dk leqPp; (Set) vkSj lewgksa esa ,d
leqPp; ds lHkh Øep;ksa (Permutations) dk leqPp; gksrk gSA lfn'k lef"V
(Vector Space) ,d lfn'k (Vector) dh /kkj.kk ls mRiUu gksrk gS ftlls ge
;kaf=dh (Mechanics) ;k T;kfefr (Geometry) esa ifjfpr gks pqds gSaA vkidks ;kn
gksxk fd ,d lfn'k dks ,d funsZf'kr js[kk [kaM (Directed Line Segment) ds :i
esa ifjHkkf"kr fd;k x;k gS] ftls chtxf.krh; 'kCnksa esa ,d Øfer leqPp; (a, b)

dh ,d vpj ¼fuf'pr½ funsZ'kkad fudk; ds lkis{k vafre fcanq (Terminal Point) ds
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funsZ'kkad ds :i esa ifjHkkf"kr fd;k x;k gSA lfn'k dk ;ksx fuEufyf[kr fu;e }kjk
fn;k x;k gS]

(a1, b1) + (a2, b2) = (a1 + a2, b1 + b2)

vki vklkuh ls lR;kfir (Verify) dj ldrs gSa fd lfn'k ds leqPp ds bl
:i ls ,csfy;u lewg (Abelian Group) curk gSaA blds vykok] vfn'k xq.ku
(Scalar Multiplication) ds fu;e dks  (a, b) = (a, b) }kjk ifjHkkf"kr fd;k
x;k gS tks dqN xq.kksa (Properties) dks larq"V djrk gSA bl vo/kkj.kk dks leku :i
ls f=vk;ke (Three Dimension) esa Hkh foLrkfjr fd;k tk ldrk gSA vki ,d
lfn'k lef"V dh ifjHkk"kk ds ek/;e ls iwjh /kkj.kk dk lkekU;hdj.k (Generalize)

dj ldrs gSa vkSj vfn'k dks u dsoy okLrfod ds leqPp; esa] cfYd fdlh Hkh {ks=
F esa cny ldrs gSaA bl çdkj ,d lfn'k lef"V lewg] fjaxksa ;k oy;ksa (Rings)

ls bl rjg fHkUu gksrk gS fd ;g ckgj ls Hkh vo;oksa dks 'kkfey dj ldrk gSaA

 eku yhft, fd < V, + > ,d ,csfy;u lewg (Abelian Group) gS vkSj
< F, +,  > ,d {ks= (Field) gSA ,d Qyu × dks F × V  V ls ¼ftls vfn'k xq.ku
dgk tkrk gS½ ifjHkkf"kr djsa tks fd lHkh   F, v  V,  v  V ds fy, ekU;
gksA rc V dks F ij lfn'k lef"V dgk tkrk gS ;fn lHkh x, y  V, ,   F ds
fy, fuEufyf[kr fu;e iz;ksx gksrs gSa%

(i) ( + ) x = x + x
(ii)  (x + y) = x + y
(iii) () x =  (x)

(iv) 1 . x = x, 1, F dh ,dkRedrk (Unity) gSA

rc] F ds vo;oksa dks (Scalars) vkSj V ds mu vo;oksa dks 
(Vectors) dgk tkrk gSA

 vki lqfo/kk ds fy,] V vkSj F dh nks vyx&vyx f}vk/kkjh lajpukvksa
(Binary Compositions) ds fy, ,d gh çrhd + dk mi;ksx dj ldrs gSaA blh
rjg] {ks= F ds vfn'k xq.ku (Scalar Multiplication) vkSj xq.ku (Product) fy, ,d
gh çrhd dk mi;ksx fd;k tk ldrk gSA

pwafd < V, + > dk ,d lewg gS] blds (Identity Element)

dks 0 }kjk n'kkZ;k x;k gSA blh rjg] {ks= F esa 'kwU; vo;o Hkh gksxs ftls 0 }kjk
n'kkZ;k tkrk gSA lansg ;k nqfo/kk (Doubt) dh fLFkfr esa] vki 0v vkSj 0F vkfn] tSls
fofHkUu çrhdksa dk mi;ksx dj ldrs gSaA

pwafd vki lkekU; rkSj ij ,d vpj {ks= ds lkFk dke djrs gSa] blfy, vki
lfn'k lef"V dks dsoy V ¼;k dHkh&dHkh V (F) ;k VF½ ds :i esa fy[k ldrs gSaA
;g ges'kk le>k tk,xk fd ;g F ij ,d lfn'k lef"V gS ¼vU;Fkk tc rd dh
crk;k ugha x;k gks½A

vkius vfn'k xq.ku dks F × V  V ls ifjHkkf"kr fd;k gSA vki bls V × F  V

ls Hkh ifjHkkf"kr dj ldrs gSa vkSj ,d leku ifjHkk"kk izkIr dj ldrs gSaA igys okys
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dks ck;k¡ lfn'k lef"V (Left Vector Space) dgk tkrk gS vkSj nwljs dks nk;k¡
lfn'k lef"V (Right Vector Space) dgk tkrk gSA ;g dguk vklku gksxk fd
;fn V, F ij ,d ck,a lfn'k lef"V ds :i esa gS] rks ;g F ij ,d nk,¡ lfn'k
lef"V ds :i esa Hkh gksxkA bl ifj.kke dks ns[krs gq,] ;g ck,¡ ;k nk,¡ lfn'k
lef"V ds ckjs esa ckr djuk vuko';d gks tkrk gSA blfy, ge F ij dsoy lfn'k
lef"V ds ckjs esa fopkj djsaxsA

vki mijksDr ç.kkyh dks rHkh ifjHkkf"kr dj ldrs gSa tc vfn'k ds eku dks
{ks= dh ctk; fjax ;k oy; (Ring) esa fy;k tk ldrk gS] tks ekikadksa (Modules)

dh ifjHkk"kk dh lR;rk dks fl) djrk gSA

 fdlh Hkh lfn'k lef"V V(F) esa] fuEufyf[kr ifj.kke feyrs gSa%
(i) 0.x = 0

(ii) .0 = 0

(iii) (–)x = – (x) = (– x)

(iv) ( – )x = x – x, ,   F, x  V

(i) 0.x = (0 + 0).x = 0.x + 0.x

 0 + 0.x = 0.x + 0.x

 0 = 0.x ¼V esa fujlu ;k jí (Cancellation) djuk½

(ii) .0 = .(0 + 0) = .0 + .0  .0 = 0

(iii) (–)x + x = [(–) + ]x = 0 . x = 0

 (–x) = – x

(iv) Åij ds vuqlkj gSA

fuEufyf[kr mnkgj.k çes; 1-1 dk o.kZu djrs gSa%

(i) ;fn < F, +, . > ,d {ks= gks] rks F ij F ,d lfn'k lef"V gksxk D;ksafd
< F, + > = < V, + > ,d ;ksx'khy ,csfy;u lewg (Additive Abelian

Group) gSA vfn'k xq.ku (Scalar Multiplication) dks F ds xq.kuQy ds :i
esa fy;k tk ldrk gSA lHkh xq.k (Properties) lHkh fu;eksa dks iwjk djrs gSA
bl çdkj F(F) ,d lfn'k lef"V gSA

(ii) eku yhft, fd < F, +, . > ,d {ks= gS]

eku yhft, fd V = {(1, 2) | 1, 2  F}

;gk¡ ge ‘$’ vkSj ‘-’ ds vfn'k xq.ku (Scalar Multiplication) dks fuEu :i
ls ifjHkkf"kr djsaxs]
(1, 2) + (1, 2) = (1 + 1, 2 + 2)

(1, 2) = (1, 2)
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vki ijh{k.k dj ldrs gSa fd ifjHkk"kk ds lHkh fu;e iwjs gks jgs gSaA ;gk¡]

V = F × F = F2

bls F3 rd c<+k;k tk ldrk gS vkSj mlds vkxs Hkh c<+k;k tk ldrk gSA
lkekU; rkSj ij ge n–Viyksa (Tuples) (1, 2, ..., n), i F dks ysrs gS
vkSj Fn ;k F(n) = {(

1
, 

2
, ..., 

n
) | 

i
 F} dks F ij lfn'k lef"V ds :i

esa ifjHkkf"kr djrs gSaA

(iii) ;fn F  K nks {ks= gSa rks K(F) ,d lfn'k lef"V cuk,xk] tgk¡ K(F) dk
;ksx K dk $ gS vkSj fdlh Hkh  F, x  K ds fy, . x dks K esa  vkSj
x dk xq.ku ekuk tkrk gSA

bl çdkj C(R), C(C), R(Q) lfn'k lef"V ds dqN mnkgj.k gSa] tgka
C = lfEeJ la[;k (Complex Number), R = okLrfod la[;k (Real Number)

vkSj Q = ifjes; la[;k (Rational Number) gSA

(iv) eku yhft, fd V = lHkh okLrfod ekuksa ds lrr Qyuksa (Real Valued

Continous Functions) ds leqPp; gS ftls [0, 1] ij ifjHkkf"kr fd;k x;k
gSA ;gk¡ V ;ksx vkSj vfn'k xq.ku ds rgr okLrfod R ds {ks= esa ,d lfn'k
lef"V cukrk gS] bls fuEu :i ls ifjHkkf"kr fd;k tkrk gSa%

(f + g)x = f (x) + g(x) f, g  V

( f )x =  f (x)  R lHkh x  [0, 1] ds fy,A

;gk¡ 'kk;n ;g Lej.k djuk pkfg, fd nks lrr Qyuksa (Continuous

Functions) dk ;ksx lrr gksrk gS vkSj ,d lrr Qyu dk vfn'k xq.ku
(Scalar multiple) Hkh lrr gksrk gSA

(v) {ks= F ij lHkh cgqinksa ds leqPp; F [x], fdlh vfuf'pr (Indeterminate)

x ds fy,] F ij ,d lfn'k lef"V cukrk gS] rks cgqinksa ds ;ksx vkSj vfn'k
xq.ku dks fuEufyf[kr rjhds ls ifjHkkf"kr fd;k tkrk gS%

f (x) = a0 + a1x + ... + anx
n  F [x],  F ds fy,

.( f (x)) = a0 + a1x + ... + anx
n

 (vi) Mm × n (F) lHkh m × n vkO;wg dk leqPp; {ks= F ls çkIr çfof"V;ksa (Entries)

ds }kjk] ;ksx vkSj vfn'k xq.ku ds rgr vkO;wg F ij ,d lfn'k lef"V
cukrk gSA

ge Mn × n (F) ds fy, fpUg Mn (F) dk mi;ksx djrs gSaA

 (vii) eku yhft, fd F ,d {ks= vkSj X ,d xSj&fjDr (Non-Empty) leqPp; gSA

eku yhft, fd F X = {f | f : X  F}, X ls F rd lHkh ekufp=.k ;k eSfiax
(Mapping) dk leqPp; gSA rc F X] ;ksx vkSj vfn'k xq.ku ds rgr F ij
,d lfn'k lef"V cukrk gS] ftls fuEukuqlkj ifjHkkf"kr fd;k tkrk gS%
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f, g  FX,   F ds fy,A

f + g : X  F,  F : X , F dks ifjHkkf"kr bl rjg djs fd]

( f + g)(x)= f (x) + g(x)

( f )(x)=  f (x)  x  X

 (viii) eku yhft, fd V f=vk;ke lef"V (Three Dimensional Space) esa lHkh
lfn'k dk leqPp; gSA V esa ;ksx dks T;kfefr vkSj vfn'k xq.ku ds lkekU;
rkSj ij lfn'k ds ;ksx dh rjg fy;k tkrk gS]

 R,

v   V   v  tks V esa ,d lfn'k gS vkSj ftldk ifjek.k

(Magnitude) V ls |  | xq.kk gSA rc V] R ij lfn'k lef"V cukrk gSA

 ,d lfn'k lef"V V(F) esa ,d xSj&fjDr mileqPp; W dks V dk
milef"V (Subspace) dgk tkrk gS ;fn W ds lapkyuksa ds varxZr W milef"V
cukrk gSA

 fdlh lfn'k lef"V V(F) ds vfjDr milewg W dks milef"V gksus ds
fy, vko';d vkSj t:jh fu;e ;g gS fd W ;ksx vkSj vfn'k xq.ku (Scalar

Multiplication) ds varxZr can ;k laor̀ (Closed) gksA

 ;fn W ,d milef"V gS] rks ifj.kke ifjHkk"kk ds vuqlkj gksuk pkfg,A

blds foijhr] eku yhft, fd W ;ksx vkSj vfn'k xq.ku ds lkis{k lao`r gSA

eku yhft, fd x, y, W pwafd 1F, –1  F
 – 1. y  W  – y  W

x, – y  W  x – y  W

 < W, + > < V, + > dk milewg cukrk gS

ifjHkk"kk esa ckdh fu;e rqPN :i (Trivially) esa vuqlj.k djrs gSaA

 lfn'k lef"V V(F) dk vfjDr milewg W lfn'k milef"V V dk
milef"V gS ;fn vkSj dsoy ;fn x + y  W, ,   F, x, y  W ds fy, gSA

 ;fn W ,d milef"V gS] rks ifj.kke ifjHkk"kk ds vuqlkj gksrk gSA

blds foijhr] ;fn W ifjHkk"kk ds fu;eksa dks iwjk djrk gSA

rks eku yhft, fd x, y  W dksbZ vo;o gS pwafd 1  F

1 . x + 1 . y = x + y  W

 W lfn'k ;ksx ds lkis{k laor̀ gSA

fQj ls x  W,   F rc]

x = x + 0.y lHkh y  W, 0  F ds fy,A
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tks W esa gS ¼/;ku nsa ;gka 0] W esa ugha gks ldrk gS½

;gk¡ W vfn'k xq.ku ds lkis{k lao`r gSA

bl çdkj] ifj.kke fiNys çes; ds vuqlkj gSA

 V vkSj {0} fdlh Hkh lfn'k lef"V V(F) dk rqPN milef"V (Trivial

Subspace) gksxkA

mnkgj.k ds fy,] lfn'k lef"V R2(R) ij fopkj djsaA

rc W1 = {(a, 0 ) | a  R}

W2 = {(0, b) | b  R}

R2 ds milef"V gSA

tSls fdlh Hkh ,   R, (a1, 0), (a2, 0)  W1, ds fy, ge izkIr djrs gSa]

 (a1, 0) +  (a2, 0) = (a1, 0) + (a2, 0)

= (a1 + a2, 0)  W1

blfy, W1 milef"V gSA blh çdkj] ge n'kkZ ldrs gSa fd W2 Hkh R
2 dk

milef"V gSA

 nks milef"Vksa dk la?k (Union) ,d milef"V ugha gks ldrk gSA

 fn, x, izes; ds varxZr 1-3 çes; ij fopkj djsaA

W1  W2 leqPp; gS ftlesa lHkh (a, 0), (0, b) çdkj ds ;qXe gksaxsA

fo'ks"k :i ls (1, 0), (0, 1)  W1  W2

ysfdu (1, 0) + (0, 1) = (1, 1)  W1  W2 gS]

blfy, W1  W2 ,d milef"V ugha gSA

 milef"Vksa ds la?k (Union) vkSj izfrPNsnu (Intersection) ls lacaf/kr vf/kd
tkudkjh ds fy, fuEu mnkgj.kksa dks ns[ksaA

milef"V ds dqN mnkgj.k bl çdkj gSa%

(i) eku yhft, fd V = R[x] vkSj W = {f (x)  V | f (x) = f (1– x)}

rc W, V dk milef"V gksxk D;ksafd]

W   D;ksafd 0  W, f (x) = 0 = f (1 – x)

fQj] vxj f (x), g(x)  W, rc f (x) = f (1 – x), g(x) = g(1 – x)

eku yhft, fd f (x) + g(x) = h(x)

rc h(1 – x) = f (1 – x) + g(1 – x)

= f (x) + g(x) = h(x)

 h(x)  W ;k f (x) + g(x)  W
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fQj]   R, ds fy,] eku yhft, fd f (x) = r(x)

rc r(1 – x) =  f (1 – x) =  f (x) = r(x)

 r(x)  W   f (x)  W

blfy, W ,d milef"V gSA

(ii) eku yhft, fd V = FX ¼çes; 1-1 mnkgj.k (vii) nsf[k,½ vkSj eku yhft,
fd] Y  X

rc W = {f  V | f (y) = 0  y Y} dk V milef"V gSA

Li"V :i ls 0  W vkSj f, g  W,

f (y) = 0 = g(y)  y  Y

blfy, (f + g)(y) = f (y) + g(y) = 0  y  Y

  f + g  W

iqu%] ;fn   F, rc

( f )y =  ( f (y)) = 0   y  Y

  f  W

(iii) ;fn V = Rn rc]

W = {(x1, x2, ..., xn) | x1 + x2 + ... + xn = 1}, V dk milef"V ugha gksxkA

/;ku nsa (1, 0, 0, ..., 0) + (0, 1, 0, ..., 0) = (1, 1, 0, ..., 0)  W gSA

(iv) eku yhft, fd V = M2 × 1 (F)A eku yhft, fd A, F ij ,d 2 × 2 vkO;wg
(Matrix) gSA

rc W = 1 1

2 2
0

x x
V A

x x

          
     

 V dk milef"V cukrk gSA

W   D;ksafd 
0

0

 
 
 

  W

1

2

x

x

 
 
 

 ds fy, 1

2

y

y

 
 
 

 W  esa gekjs ikl gSa,

A 1

2

x

x

 
 
 

 = 0 = A 1

2

y

y

 
 
 

 A 1 1

2 2

x y

x y

    
    

    
 = 0

 1

2

x

x

 
 
 

 + 1

2

y

y

 
 
 

  W
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vkSj A 1

2

x

x

  
  
  

 = 1

2

x
A

x

 
  

 
 = 0  1

2

x

x

 
  
 

  W

blfy, W, V dk milef"V gSA

(v) eku yhft, fd V = 2
2F , gS] tgk¡ F2 = {0, 1} mod 2 gSA

;fn W1 = {(0, 0), (1, 0)}
W2 = {(0, 0), (0, 1)}

W3 = {(0, 0), (1, 1)}

rc W1  W2  W3 = {(0, 0), (1, 0), (0, 1), (1, 1)} = V

bl çdkj ge ns[krs gSa fd ;gk¡ V ,d ;Fkksfpr milef"V (Proper

Subspace) gS tks fd lhfer ;k ifjfer (Finite) la[;k dk la;kstu gSA

gkykafd] ;g ifj.kke rc lgh ugha gksxk tc V vlhfer ;k vifjfer
(Infinite) {ks= ij lfn'k lef"V gksxkA

 eku yhft, fd V lhfer ;k ifjfer {ks= F ij lfn'k lef"V gSA

eku yhft, V = W1W2 ... Wk , Wi, V  i dk milef"V gSA vxj o(F)

 k gS] rc fn[kk,a fd fdlh Hkh i ds fy, V = Wi gksxkA

 eku yhft, fd V  Wi fdlh Hkh i ds fy,]

rc Wk  W1  W2 ... Wk–1

vkSj W1  W2 ... Wk–1  Wk

  x  Wk bl çdkj fd] x  W1  W2 ... Wk–1

vkSj  y  W1 ... Wk–1 bl çdkj fd] y  Wk

eku yhft, fd S = {ax + y | a  F}

rc S dk dksbZ Hkh vo;o (Element) Wk esa ugha gksxk D;ksafd]

ax + y  Wk  ax + y – ax = y  Wk, ,d fojks/kkHkkl (Contradiction) gSA

rc ax + y Wk  a  F

 ax + y  W1  W2 ...... Wk–1  a  F

bl rjg  ,   F,   bl çdkj dh]

x + y  Wj, x + y  Wj fdlh Hkh j ds fy, 1  j  k – 1 gksxkA

 (x + y) – (x + y)  Wj

 ( – )x  Wj

 x  Wj  x  W1  .....  Wk–1, ,d fojks/kkHkkl gSA

 V = Wi fdlh Hkh i ds fy,A
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¼vki ;gk¡ ns[k ldrs gSa fd mnkgj.k (v) ds vuqlkj milef"V o(F) = 2 gS
vkSj vki fdlh Hkh i ds fy, fy[k ldrs gSa V = W1  W2  W3, V  Wi½

(Sum and Direct Sum of Subspaces)

eku yhft, fd W1 vkSj W2 fdlh lfn'k lef"V V(F) dh nks milef"V gSa rks ge
ifjHkkf"kr djsaxs%

W1 + W2 = {w1 + w2 | w1  W1, w2  W2}

W1 + W2   tSls fd 0 = 0 + 0  W1 + W2

iqu%] x, y  W1 + W2, ,  F vFkkZr]

x = w1 + w2

y = w'1 + w'2 w1, w'1  W1, w2, w'2  W2

x + y =  (w1 + w2) + (w'1 + w'2)

= (w1 + w'1) + (w2 + w'2)  W1 + W2

;g n'kkZrk gS fd nks milef"V dk ;ksx Hkh ,d milef"V gksrk gSA

vki ifjHkk"kk dk foLrkj] blh rjg] n milef"Vksa ds fy, Hkh dj ldrs gSa]
W1, W2, ..., Wn, tks fd milef"V gh gS] rks ge fy[k ldrs gSa]

W1 + W2 + ... + Wn = 



1

n

i
i

W

 eku yhft, fd W1, W2,..., Wn fdlh lfn'k lef"V V(F) dh milef"V
gS] rks W1 + W2 + ... + Wn dks ljy ;ksx dgk tk;xk] vxj çR;sd x  W1 + W2

+ ... + Wn dks x = w1 + w2 + ... + wn, wi  Wi dks vf}rh; :i esa O;Dr fd;k
tk ldrk gS rks ge bl fLFkfr dks ,sls fy[k ldrs gSa]

W1 + W2 + ... + Wn = W1  W2  ...  Wn

ge dgrs gSa] ,d lfn'k lef"V V viuh milef"V W1, W2, ..., Wn dk ljy
;ksx gS vxj V = W1  W2  ...  Wn, vFkkZr~,

V = W1 + W2 + ... + Wn

vkSj çR;sd v  V dks fof'k"V :i ls v = w1 + w2 + ... + wn, wi  Wi esa
fy[kk tk ldrk gSA

 V = W1  W2  V = W1 + W2, W1  W2 = (0)

 eku yhft, fd V = W1  W2

gesa W1  W2 = (0) dks fl) djus dh vko';drk gSA

ekuk fd x  W1  W2, rc x  W1 vkSj x  W2

 x = 0 + x  W1 + W2 = V

 x = x + 0  W1 + W2 = V
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D;ksafd çR;sd x dks x = x + 0 vkSj 0 + x ds :i esa O;Dr fd;k tk ldrk
gS vkSj çfrfuf/kRo ;k fu:i.k vf}rh; (Unique) gS] blfy, ge x = 0 çkIr djrs
gSaA

 W1  W2 = (0)

foykser% (Conversely), ekuk fd v  V dksbZ vo;o gS vkSj ;fn]

v = w1 + w2

v = w'1 + w'2 v ds nks çfrfuf/kRo gSaA

rc w1 + w2 = w'1 + w'2 (= v)

 w1 – w'1 = w'2 – w2

vc W1 esa L.H.S., gS vkSj W2 esa R.H.S., gS

vFkkZr, izR;sd W1  W2 = (0) ls lacaf/kr gSA

 w1 – w'1 = w'2 – w2 = 0

 w1 = w'1, w2 = w'2

bl çdkj ;g izek.k fl) gksrk gSA

 mijksDr çes; dks bl rjg Hkh fy[kk tk ldrk gS]

W1 + W2 = W1  W2  W1  W2 = {0}

 eku yhft, fd ,d lef"V V(F) =

F2(F) gS] tgk¡ F ,d {ks= gSA

ekuk fd W1 = {(a, 0) | a  F} vkSj
           W2 = {(0, b) | b  F}

rks V, W1 vkSj W2 dk ;ksx gksxk]
v  V  v = (a, b) = (a, 0) + (0, b)  W1 + W2

bl çdkj] V  W1 + W2

;k V = W1 + W2

iqu% ;fn (x, y)  W1  W2 dksbZ vo;o gS rks]

(x, y)  W1 vkSj (x, y)  W2

 y = 0 vkSj x = 0

 (x, y) = (0, 0)

 W1  W2 = (0)

bl rjg V = W1  W2

 eku yks fd R  R rd lHkh Qyuksa dk lfn'k lef"V V gSA eku
yks fd Ve = {f  V | f le gS}, V0 = {f  V | f  fo"ke gS}, rc Ve rFkk V0, V  vkSj
V = Ve  V0 ds milef"V gSA
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 V esa tksM+ vkSj vfn'k xq.ku fuEufyf[kr fu;e }kjk fd;k tk,xkA
(f + g) x= f (x) + g(x); ( f ) x =  f (x)

rks Ve  blfy, 0(x) = 0  0(x) = 0(– x)

 0  Ve

fQj ls ,   R, f, g  Ve gekjs ikl]

= ( f (– x)) + (g (– x))

=  f (x) + g(x)

= ( f + g)x

  f + g  Ve

 Ve, V dk milef"V gS

blh çdkj] V0] V dk milef"V gSA

blfy,] Ve + V0 Hkh V dk milef"V gksxkA

ge fn[kk,axs fd V  Ve + V0

eku yks fd f  V dksbZ vo;o ;k lnL; gSA

eku yks fd g : R  R gSa] bl rjg fd g(x) = f (– x) gSA rc g  V gS]

rc f = 1 1 1 1

2 2 2 2
f g f g        

   

pwafd 1 1 1 1 1 1
( ) ( ) ( ) ( ) ( )

2 2 2 2 2 2
          

f g x f x g x g x f x

= 
1 1

2 2
f g x  

 

ge izkIr djrs gSa] 1 1

2 2
f g  Ve

blh çdkj, 1 1

2 2
f  g  V0

 f  Ve + V0  V  Ve + V0

;k V = Ve + V0

varr% f  Ve  V0  f  Ve, f  V0

 f (– x)= f (x) vkSj f (– x) = – f (x)

 f (x)= – f (x)

 f (x) + f (x) = 0 = 0(x)

 2f (x) =0 (x) lHkh x ds fy,
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 2f= 0  f = 0  Ve  V0 = (0).

bl çdkj ;g fl) gksrk gSA

 ;fn lfn'k lef"V V ds rhu milef"V L, M, N gSa vkSj M  L

gSa rks fl) dhft, fd L  (M + N) = (L  M) + (L  N) = M + (L  N) gSA

,d mnkgj.k Hkh nsa] tc M  L gksus ij ifj.kke fl) ugha gks ik;sxkA

 ge vH;kl djus ds fy, igyk Hkkx vkids fy, NksM+ nsrs gSaA ge vkidks ;kn
fnykuk pkgrs gSa fd oy;ksa ;k fjaxksa (Rings) esa vkn'kksaZ ds fy, leku ifj.kke çkIr
gq, FksA bl lekurk (Equality) dks izekih; lekurk (Modular Equality) dgk tkrk
gSA

vc lef"V V = R2 ij fopkj djsa]

ekuk fd L = {(a, a) | a  R}

M = {(a, 0) | a  R}

N = {(0, b) | b  R}

;g ,d fu;fer (Routine) izdj.k gS ;g fu/kkZfjr djus ds fy, fd L, M,

N, ;gk¡ V ds milef"V gSA
(a, a) + (a, a) = (a, a) + (a, a)

= (a + a, a + a)  L, bR;kfnA

vc (x, y)  L  M  (x, y)  L vkSj (x, y)  M

  y = x vkSj y = 0

  x = 0 = y  (x, y) = (0, 0)

blh çdkj] L  N = {(0, 0)}

  L  M + L  N = {(0, 0)}

iqu%] M + N = {(a, b) | a, b  R} vkSj D;ksafd (1, 1)  M + N (1, 1)  L

geus izkIr fd;k (1, 1)  L  (M + N), fdUrq (1, 1)  L  M + L  N gSA

 bl çdkj L  (M + N)  (L  M) + (L  N), tc M  L gSA

 eku yks fd V = RX ¼çes; 1-3 dk mnkgj.k ns[ksa½ vkSj fix x0  X

gSA
W= {f  V | f (x0) = 0}

W= {g  V | g(x) = 0  x  X – {x0}}

rc fl) djsa fd W, W, V ds milef"V gS vkSj V = W  WA

 ge ikBdksa ij ;g fl) djus ds fy, NksM+ nsrs gSa fd W, W milef"V gSA

eku yks fd f  W  W ' rc f  W vkSj f  W 
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 f (x0) = 0, f (x) = 0  x  X, x  x0

 f (x) = 0,  x  X,

 f  = 0 vkSj blfy, W  W = {0} gSA

eku yks fd f  V vkSj ekuk fd f (x0) = r

rc ( f – r x0)  W, r x0  W

vkSj f = ( f – r x0) + r x0  W + W 

 V = W + W 

vFkkZr, V = W  W 

/;ku nsa]x0 Øksusdj MsYVk (Kronecker Delta) dks n'kkZrk gS ;kuh]

x0 (x0) = 1, x0 (x) = 0  x  x0 gSA

(Quotient Spaces)

;fn W ,d lfn'k lef"V V(F) dk milef"V gS rks < W, + > ls < V, + > dk ,d
,csfy;u lewg (Abelian Group) curk gSA ge V esa W ds lHkh lgleqPp;

(Cosets) dh ckr dj ldrs gSaA eku yks fd V

W
 lHkh lgleqPp; W + v dk

leqPp;] v  V gS rks ge fn[kk ldrs gSa fd 
V

W
 Hkh F ij lfn'k lef"V cukrk gSA

(W + x) + (W + y)= W + (x + y) x, y  V

(W + x) = W + x   F

;ksx iw.kZ :i ls ifjHkkf"kr gS blfy,]

W + x = W + x

W + y = W + y

 x – x  W, y – y  W

 (x – x) + (y – y)  W

 (x + y) – (x + y)  W

 W + (x + y) = W + (x + y)

iqu%, W + x = W + x

 x – x  W,

 (x – x)  W   F

 x – x  W

 W + x = W + x

 (W + x) = (W + x)
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bl çdkj] vfn'k xq.ku (Scalar Multiplication) dks Hkh vPNh rjg ls
ifjHkkf"kr fd;k x;k gSA vki ;g tkap ldrs gS fd lfn'k lef"V dh ifjHkk"kk dh
lHkh fLFkfr;ka larq"V gksrh gSaA

W + 0, V

W
 dk 'kwU; gks tk;xkA

W – x, W + x dk O;qRØe ;k çfrykse (Inverse) gSA

rFkk ((W + x) + (W + y)) = (W + (x + y))

= W + (x + y)

= W + (x + y)

= (W + x) + (W + y)

= (W + x) + (W + y), bR;kfnA

bl çdkj] V/W Hkh F ij lfn'k lef"V cukrk gS] V dk W ds lkis{k HkkxQy
lef"V (Quotient Space) dgykrk gSA

 eku yhft, fd V(F) lfn'k lef"V gS] vkSj vi  V, i  F Øe'k% V

vkSj F ds vo;o gSa] rks vo;oksa 
1

n

i i
i

v


  ds izdkj dks F ij v1, v2, ..., vn dk jSf[kd

lap; (Linear Combination) dgk tkrk gSA

eku yhft, fd S, V dk ,d xSj&fjDr leqPp; gS rc leqPp;]

L(S) = 
1

| , , finite
n

i i i i
i

v F v S n


      
 
  lhfer (Finite)| , , finite

  
 
 

 gSA

vFkkZr] S ds vo;oksa ds lhfer ;k ifjfer leqPp; ds laiw.kZ jSf[kd lap;ksa
ds leqPp; dks jSf[kd QSyko ;k foLr`fr ;k foLrkj (Linear Span) dgk tkrk gSA
bls < S > }kjk Hkh fu:fir fd;k tkrk gSA ;fn S = , rks L(S) = {0} dks
ifjHkkf"kr djsaA

 L(S)] S ls ;qDr V dk lcls NksVk milef"V gSA

 L(S)  D;ksafd v  S  v = 1 . v, 1  F

 v  L(S)

bl çdkj] okLro esa] S  L(S)

eku yhft, fd x, y  L(S), ,   F dksbZ vo;o gSaA

rc] x = 1v1 + 2v2 + ... + nvn
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y = 1v1 + 2v2 +...+ mvm vi, vj S, i, j  F

bl çdkj] x + y = 1v1 + 2v2 + ... + nvn + 1v1 + ... +

mvm

R.H.S. ,d jSf[kd lap; L(S) ls lacaf/kr gSA

bl çdkj L(S), S ls ;qDr V dk lcls NksVk milef"V gSA

eku yhft, fd W, S ls ;qDr V dk milef"V gSA

ge n'kkZrs gSa L(S)  W

x  L(S)  x = ivi vi  S, i  F

vi  S  W lHkh i ds fy, vkSj W ,d milef"V gSA

 ivi  W  x  W

 L(S)  W

bl çdkj fl) gksrk gSA

 ;fn S1 vkSj S2 ,d milef"V gS rc]
(i) S1  S2  L(S1)  L(S2)

(ii) L(S1  S2) = L(S1) + L(S2)

(iii) L(L(S1)) = L(S1).

 (i) x  L(S1)  x = ivi  vi  S1, i  F

blfy, vi  S1  S2 lHkh i ds fy,A

 ivi  S2  x  L(S2)

 L(S1)  L(S2).

(ii) S1 S1  S2  L(S1)  L(S1  S2)

S2 S1  S2  L(S2)  L(S1  S2)

 L(S1) + L(S2)  L(S1  S2)

iqu%] S1 L(S1)  L(S1) + L(S2)
S2  L(S2)  L(S1) + L(S2)

 S1  S2  L(S1) + L(S2).

bl çdkj L(S1  S2)  L(S1) + L(S2)

D;ksafd L(S1  S2) dk lcls NksVk milef"V gS] ftlesa S1  S2 vkSj
L(S1) + L(S2) gSA

bl çdkj L(S1  S2) = L(S1) + L(S2)
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(iii) eku yhft, fd L(S1) = K rc ge fn[kk nsaxs fd L(K) = L(S1)

D;ksafd K  L(K)

 L(S1)  L(L(S1))

iqu% x  L(L(S1))  x L(S1) ds vo;oksa (Members) dk ,d jSf[kd lap;
gS tksfd S1 ds vo;oksa dk ,d jSf[kd lap; gSA

blfy, x, S1 ds vo;oksa dk ,d jSf[kd lap; gSA

 x  L(S1)

rks L(L(S1)) L(S1)

bl çdkj L(L(S1)) = L(S1)

 ;fn W] V dk milef"V gS] rks L(W) = W vkSj blds foijhr gSA

 ifjHkk"kk ds vuqlkj W  L(W) vkSj pwafd L(W), W ls ;qDr V dk lcls
NksVk milef"V gS] ftlesa W Hkh milef"V gSA

L(W)  W

bl çdkj] L(W) = W

foykser% ;k ¼blds foijhr½ eku yhft, fd L(W) = W

eku yhft, fd x, y  W, ,   F

rc x, y  L(W)

 x vkSj y] W ds vo;oksa dk ,d jSf[kd lap; gSA

 x + y] W ds vo;oksa dk ,d jSf[kd lap; gSA

 x + y  L(W)

 x + y  W

 W ,d milef"V gSA

 ;fn V = L(S) gks] rks ge dg ldrs gSa fd S, V ij foLr`fr ;k foLrkj
(Spans ;k Generates) djrk gSA F ij lfn'k lef"V V dks ifjfer vk;ke (Finite

Dimensional) dgk tkrk gSA ;fn dksbZ V ds ,d ifjfer mileqPp; (Finite

Subset) esa S dk vfLrRo bl çdkj gksxk fd] V = L(S) gSA ge ifjfer vk;ke
lfn'k lef"V ds fy, ladsru FDVS dk mi;ksx djrs gSaA ifj.kkeksa ls] ;g fl)
gksrk gS fd ;fn S1 vkSj S2] V ds nks milef"V gSa] rks S1 + S2 Hkh S1  S2 }kjk
foLr`fr ;k foLrkj milef"V gksaxsA

okLro esa] L(S1  S2) = L(S1) + L(S2) = S1 + S2 gSA

 ekuk fd S = {(1, 4), (0, 3)}] R2(R) dk milef"V gS] rks fn[kk,¡
fd ¼2] 3½] L(S) ls lacaf/kr gSA
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 ¼2] 3½  L(S) ;fn bls ¼1] 4½ vkSj ¼0]3½ ds jSf[kd lap; ds :i esa j[ks] rks

vc] (2, 3) = (1, 4) + (0, 3)

 (2, 3) = ( + 0, 4 + 3)

 2= , 4 + 3 = 3

  = 2,  = – 5

3

vr% (2, 3)= 2 (1, 4) – 5

3
 (0, 3)

bl çdkj] (2, 3) L(S).

 eku yhft, fd V = R4(R) vkSj S = {(2, 0, 0, 1), (– 1, 0, 1, 0)}

gS] rks L(S) dk irk yxk,aA

 dksbZ Hkh vo;o (1, 2, 3, 4)  L(S), S ds vo;oksa ;k lnL;ksa dk ,d
jSf[kd lap; gSA

eku yhft, fd (1, 2, 3, 4) = (2, 0, 0 1) + (– 1, 0, 1, 0), ,  R

rc (1, 2, 3, 4) = (2 – , 0, , )

vFkkZr] L(S) = {(2 – , 0, , ) | ,   R}

 fn[kk,¡ fd lef"V F[x] ifjfer vk;ke ugha gSaA

 eku yhft, fd V = F[x] vkSj ekus fd ;g ifjfer vk;ke gSa]

rc  S  V bl rjg fd V = L(S) vkSj S ifjfer gSA

vxj S = {p1, p2,..., pk} gS rks ge eku ldrs gS fd pi  0 i

eku yhft, fd deg pi = ri vkSj t = Max {r1, r2,..., rk}

;gk¡ x t+1 V vkSj D;ksafd V = L(S),

x t+1= 1p1 + 2p2 + ... + kpk, i  F

blfy,] 0 = (– 1) xt+1 + 1p1 + ... + kpk

pwafd xt+1] p1, p2,..., pk esa ugha izrhr gksrk gSA

gesa izkIr gksrk gS – 1 = 0 tks ,d fojks/kkHkkl gSA

blfy, V] F ij FDVS ugha gSA

/;ku nsa] ;fn S = {1, x,..., xn,...} gksxk rks V = L(S) gksxkA

eku yhft, fd V(F) ,d lfn'k lef"V gSA V esa vo;oksa v1, v2, ..., vn ,d jSf[kd]
fuHkZjrk (Linear Dependence) ;k LD dgykrs gSa ;fn vfn'kksa (Scalars)1, 2,... n

 F gS ¼ftlesa ls lHkh 'kwU; ugha gS½ rks]
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1v1 + 2v2 + ... nvn = 0 gksxkA

(v1, v2, ..., vn la[;k esa lhfer ;k ifjfer gSa] ysfdu vfuok;Z :i ls vyx
ugha gSa½A

bl çdkj ,d jSf[kd fuHkZjrk ds fy, ivi = 0 vkSj de ls de ,d
i  0 gksuk pkfg,A ;fn v1, v2...vn ,d jSf[kd fuHkZjrk ugha gS rks os ,d jSf[kd
Lora=rk (Linear Independent) ;k (LI) dgykrs gSaA

nwljs 'kCnksa esa] v1, v2,.., vn, LI gksxk ;fn ivi = 0  i = 0 lHkh i ds fy,A

,d lhfer ;k ifjfer leqPp; X = {x1, x2..., xn} dks n lnL;ksa ds LD ;k
LI ds vuqlkj LD ;k LI dgk tkrk gSA

lkekU; rkSj ij V(F) ds dksbZ Hkh mileqPp; Y(F) dks LI dgk tkrk gSA
;fn çR;sd ifjfer xSj&fjDr mileqPp; Y, LI gS] vU;Fkk bls LD dgk tkrk gSA
;fn dqN mileqPp; LI gSa vkSj dqN LD gSa rks Y dks LD dgk tkrk gSA

(i) ,d xSj&'kwU; lfn'k ges'kk LI gksrk gS D;ksafd v  0, v = 0 dk eryc
 = 0 gksrk gSA

(ii) ,d 'kwU; lfn'k lef"V ges'kk LD gksrk gSA

1 . 0 = 0 1  0, 1  F

bl çdkj] lfn'k lef"V dk dksbZ Hkh laxzg ftlesa 'kwU; gksrk gS og ges'kk
LD gksrk gSA

nwljs 'kCnksa esa] vxj v1, v2,..., vn, LI gksrk gS rks buesa ls dksbZ Hkh 'kwU; ugha
gks ldrk gSA ¼ysfdu blds foijhr ugha] vkxs mnkgj.k ns[ksa½A

(iii) v, LI gksrk gS vxj v  0 gSA

(iv) LI leqPp; dk dksbZ mileqPp; LI gksrk gSA

(v) LD leqPp; dk dksbZ Hkh vf/kleqPp; (Super Set) LD gksrk gSA

(vi) vfjDr leqPp; ] LI gksrk gS D;ksafd blesa dksbZ xSj&fjDr ifjfer
mileqPp; ugha gS vkSj ifj.kkeLo:i ;g jSf[kd Lora=rk dh fLFkfr dks
larq"V djrk gSA nwljs 'kCnksa esa] tc Hkh  esa ivi = 0 rc dksbZ Hkh i ugha
gS ftlds fy, i  0, gksxk blfy, leqPp; , LI gksrk gSA dHkh&dHkh ge
;g Hkh dgrs gSa fd xSj&fjDr leqPp; LI gh gksrk gSA

(vii) lfn'k dk leqPp; LI gksxk ;fn vkSj dsoy ;fn bldk çR;sd ifjfer
mileqPp; LI gSA

,d jSf[kd Lora= vkSj fuHkZjrk ds dqN mnkgj.k fuEu gSaA

(i) R2(R), R = okLrfod (Reals) ij fopkj djsa]
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v1 = (1, 0), v2 = (0, 1)  R2 , LI gS

D;ksafd 1v1 + 2v2  = 0 lHkh 1, 2  R
 1(1, 0) + 2(0, 1) = (0, 0)
 (1, 2)= (0, 0)  1 = 2 = 0

(ii) lfn'k lef"V R3(R) esa mileqPp;

S = {(1, 0, 0), (0, 1, 0), (0, 0, 1), (2, 3, 4)} ij fopkj djsA

pwafd 2(1, 0, 0) + 3(0, 1, 0) + 4(0, 0, 1) – 1(2, 3, 4) = (0, 0, 0)

ge S dks LD esa izkIr djrs gSaA

(iii) cgqin ds lfn'k lef"V esa lfn'kksa

f (x) = 1 – x, g(x) = x – x2, h(x) = 1 – x2, LD gksxk D;ksafd]

f (x) + g(x) – h(x) = 0 gSA

 n'kkZ;sa fd R3(R) esa lfn'k v1 = (0, 1, – 2), v2 = (1, – 1, 1),

v3 = (1, 2, 1), LI gSaA

 eku yhft, fd ivi = 0 ds fy, i  R

rc] 1(0, 1, – 2) + 2 (1, – 1, 1) + 3 (1, 2, 1) = (0, 0, 0)

 (0, 1, – 21) + (2, – 2, 2) + (3, 23, 3) = (0, 0, 0)

 0 + 2 + 3 = 0

1 – 2 + 23 = 0

– 21 + 2 + 3 = 0

D;ksafd fu/kkZjdksa dk xq.kkad 
0 1 1

1 1 2

2 1 1




  – 6  0 gSA

blfy, mijksDr lehdj.kksa dk lkekU; gy dsoy 'kwU; gS]

  1 = 2 = 3 = 0  v1, v2, v3, LI gSA

 ;g fn[kk,¡ fd F[x] esa {f (x), g(x), h(x)}, LI gS] tc Hkh deg

f (x), deg g(x), deg h(x) vyx&vyx gksaxsA

 eku yhft, fd f (x) = a0 + a1x + ... + amxm, am  0

g(x) = b0 + b1x + ... + bnx
n, bn  0

h(x) = c0 + c1x + ... + ctx
t, ct  0

eku yhft, fd f (x) + g(x) + h(x)  = 0, , ,   F

eku yhft, fd m < n < t gS ¼lkekU;rk fdlh Hkh gkfu (Loss) ds fcuk½A

rc]  ct  = 0   = 0 D;ksafd ct  0

  f (x) + g(x) = 0
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vkSj blfy, bn = 0   = 0 D;ksafd bn  0

  f (x) = 0   am = 0   = 0 D;ksafd am  0

vr% F ij F [x]] esa {f (x), g(x), h(x)} LI gSA

 ;g fn[kk,¡ fd R4(R) esa lfn'kksa v1 = (1, 1, 2, 4), v2 = (2, – 1,
– 5, 2), v3 = (1, – 1, – 4, 0) vkSj v4 =  (2, 1, 1, 6) LD gSaA

 ekuk fd a (1, 1, 2, 4) + b(2, – 1, – 5, 2) + c (1, –1, –4, 0)
+ d(2, 1, 1, 6) = (0, 0, 0, 0)

;k   (a, a, 2a, 4a) + (2b, – b, – 5b, 2b) + (c, – c, – 4c, 0)

+ (2d, d, d, 6d) = (0, 0, 0, 0)

 a + 2b + c + 2d = 0

a – b – c + d = 0

2a – 5b – 4c + d = 0

4a + 2b + 0c + 6d = 0



1 2 1 2

1 1 1 1

2 5 4 1

4 2 0 6

a

b

c

d

   
       
    
   
   

= 

0

0

0

0

 
 
 
 
 
 

R2  R2 – R1, R3  R3 – 2R1, R4  R4 – 4R1

1 2 1 2

0 3 2 1

0 3 2 1

0 3 2 1

a

b

c

d

   
        
     
        

= 

0

0

0

0

 
 
 
 
 
 

R4  1

2
R4, R3  1

3
R3

1 2 1 2

0 3 2 1

0 1 2/3 1/3

0 3/4 1 1/2

a

b

c

d

   
        
     
        

= 

0

0

0

0

 
 
 
 
 
 

R4  R4 – R2, R3  R3 – R2

1 2 1 2

0 3 2 1

0 0 0 0

0 0 0 0

a

b

c

d

   
        
   
   
   

= 

0

0

0

0

 
 
 
 
 
 

 a + 2b + c + 2d = 0

– 3b – 2c + d = 0

3b + 2c + d = 0

 a + 2b + c + 2d = 0

– 3b – 2c + d = 0
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3b + 2c + d = 0

a = – 1, b = – 1, c = 1, d = 1 lehdj.kksa dks larq"V djrk gS A

pwafd xq.kkad xSj&'kwU; (Non-Zero Coefficients) gSa] blfy, fn, x, lfn'k
LD gSaA

 ;g n'kkZ;sa fd]

(i) {1, 2 }, Q ij R esa LI gSA

(ii) {1, 2 , 3 }, Q ij R esa LI gSA

(iii) {1, 2 , 3 , 6 }, Q ij R esa LI gSA

 (i) eku yhft, fd 2a b  = 0,  a, b  Q

eku yhft, fd b  0, rks 2  = – a

b
  Q, ,d fojks/kkHkkl gSA

blfy, b = 0 vkSj a = 0-

vr% {1, 2 } Q ij R esa LI gSA

(ii) eku yhft, 2 3a b c   = 0, a, b, c  Q

eku yhft, c  0 rc]

3 = – a b

c c
  2  = 2   , ,   Q

 3 = 2 + 22 + 2 2

  2  Q   = 0

eku yhft,  = 0 rc  = 3

2
, ,d fojks/kkHkkl gSA

blfy,] c = 0 fn;k gS]

2a b  = 0  a = b = 0 fu;e (i) lsA

vr% ¿1] 2] 3À Q ij R esa LI gSA

bl çdkj izek.k fl) gksrk gSA

(iii) eku yhft, fd 2 3 6a b c d    = 0, a, b, c, d  Q

rc ( 2a b ) + 3 ( 2c d ) = 0

eku yhft, fd 2c d   0
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rc 3  = ( 2)

( 2)

a b

c d

 


 = 
2 2

( 2) ( 2)

2

a b c d

c d

  



= 2   , ,   Q

 2 ( 1) 3     = 0

 – 1  = 0 fu;e (ii) ls] ,d fojks/kkHkkl gSA

 2c d = 0  c = d = 0  2a b  = 0

 a = b = 0

bl çdkj ;g izek.k fl) gksrk gSA

 ;fn S = {v1, v2,.... vn}, V dk ,d vk/kkj gS] rks V ds çR;sd vo;o
dks v1, v2,..., vn ds jSf[kd lap;ksa (Linear Combination) ds :i esa fof'k"V :i ls
O;Dr fd;k tk ldrk gSA

 pwafd ifjHkk"kk ds vk/kkj ij] V = L(S), v  V ds çR;sd vo;o dks v1, v2,...,

vn jSf[kd lap;ksa ds :i esa O;Dr fd;k tk ldrkA

ekuk fd v = 1v1 + 2v2 + ... + nvn, i  F

v = 1v1 + 2v2 + ... + nvn, i  F

rc 1v1 + 2v2 + ... + nvn = 1v2 + 2v2 + ... + nvn

 (1 – 1) v1 + (2 – 2) v2 + ... + (n – n) vn = 0

 i – i = 0 lHkh i (v1, v2,... vn, LI  gS) ds fy,A

 tc i = i lHkh i ds fy,A

 eku yhft, fd lfn'k lef"V V dk ifjfer mileqPp; S bl çdkj
gS fd V = L(S) [vFkkZr] V, ifjfer vk;keh lfn'k lef"V (Finite Dimensional

Vector Space ;k FDVS) gS] rks ,d mileqPp; S ekStwn gksxk tks V dk ,d
vkèkkj gksxkA

 ;fn S esa LI vo;o gSa rks S Lo;a V dk vk/kkj cukrk gS vkSj gekjs ikl
fl) djus ds fy, dqN Hkh ugha gSA vc eku ysa fd T, S dk mileqPp; bl çdkj
gS fd T, V dks foLr`r djrk gS vkSj T, S dk lcls U;wure mileqPp; (Minimal

Subset) gS ¼T dk vfLrRo lqfuf'pr gS D;ksafd S lhfer ;k ifjfer gS½A

eku ysa fd T = {v1, v2,..., vn}

ge fn[kk,axs fd T, LI gSA

eku ysa fd ivi = 0, i  F

;fn fdlh i ds fy, i  0 gSA rks lkekU;rk fdlh Hkh gkfu ds fcuk] ge
1 0 ys ldrs gSaA
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rc 1
–1 ekStwn gksxkA

vc] 11v1 + 2v2 + ... + nvn = 0

 1
–1(1v1 + 2v2 + ... + nvn) = 0

 v1 = (–1
–12)v2 + (–1

–1 3)v3 + ... + (–1
–1n)vn

= 2v2 + 3v3 + ... + nvn i  F

;fn v  V dksbZ vo;o gks rks]
v = 1v1 + 2v2 + ... nvn i  F blfy, V = L(T)

 v = 1(2v2 + ... + nvn) + 2v2 + ... + nvn

vFkkZr] V dk dksbZ Hkh vo;o v2, v3,..., vn dk jSf[kd lap; (Combination) gSaA

 {v2, v3,...vn}, V dk QSyko ;k foLr`fr ;k foLrkj djrk gS] tks T
dh gekjs fodYi ds foijhr gS ¼D;ksafd T cgqr NksVk gS½A

blfy, 1 = 0

;k lHkh i ds fy,] i = 0 gSA

  v1, v2,... vn] LI gSA

vkSj bl çdkj T] V dk vk/kkj gSA

 ,d ifjfer vk;keh lfn'k lef"V (Finite Dimensional Vector Space ;k
FDVS) dk ,d vk/kkj gSA

okLro esa] vki fdlh Hkh lfn'k lef"V ds fy, bl ifj.kke dks fl) dj
ldrs gSa] vFkkZr] fdlh Hkh lfn'k lef"V dk vk/kkj gksrk gSA

 ekuk fd V ,d ifjfer vk;keh lfn'k lef"V (Finite Dimensional

Vector Space ;k FDVS) gSA eku yhft, fd S vkSj T] V ds nks ifjfer
mileqPp; bl çdkj gSa fd S] V dk QSyko ;k foLrkj djrk gS vkSj T] LI gS rks
o(T)  o(S)

 eku yhft, fd S = {v1, v2,..., vn}

T = {w1, w2,..., wm}

eku yhft, fd m > n

D;ksafd S] V dk QSyko ;k foLrkj djrk gS] rks gekjs ikl gS]

w1  = a11 v1 + a12 v2 + ... + a1n vn

w2= a21 v1 + a22 v2 +...+ a2nvn

... ... ...

wm= am1 v1 + am2 v2 +...+ amn vn tgka aij  F gSA

lehdj.kksa dh ç.kkyh ij fopkj djsaA

a11 x1 + a21 x2 +...+ am1 xm = 0
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a12 x1 + a22 x2 + ... + am2 xm = 0

... ... ...

a1n x1 + a2n x2 + ... + amn xm = 0

tgka x1, x2,..., xm  F vKkr gSA

pwafd lehdj.kksa dh la[;k vKkr la[;k ls de gS] rks  esa ,d xSj&'kwU;
gy gksxk 1, 2,.., m ¼fdlh Hkh i  0) ds fy,½ F esa bl izdkj fd]

a11 1 + ... + am1 m = 0

... ... ...

a1n 1 + ... + amn m = 0a

blfy,] 1 (a11 v1 + ... + a1n vn) + ... + m (am1 v1 + ... + amn vn) = 0

 1 w1 + 2 w2 + ... + m wm = 0

 i = 0 i blfy, w1, w2,..., wm LI gSA

tks ,d fojks/kkHkkl gS vkSj bl çdkj m  n

vFkkZr] o(T)  o(S) gSA

 ifjfer vk;keh lfn'k lef"V (Finite Dimensional Vector Space ;k
FDVS) dk dksbZ Hkh vk/kkj lhfer ;k ifjfer gksrk gSA

 eku yhft, fd S ,d ifjfer vk;keh lfn'k lef"V (Finite Dimensional

Vector Space ;k FDVS)] V dk vk/kkj gS vkSj S lhfer ;k ifjfer ugha gSA

pwafd V lhfer ;k ifjfer vk;ke gS] V dk lhfer ;k ifjfer mileqPp; T bl
çdkj gS fd V = L(T) gSA

eku yhft, o(T) = m

eku yhft, S1] LI mileqPp; S bl çdkj gS fd o(S1) = m + 1

mijksDr çes; ds vuqlkj o(T)  o(S1)] blls gesa m  m + 1 feysxk] ;g
,d fojksèkkHkkl ns jgk gSA blfy, S dks lhfer ;k ifjfer gksuk pkfg,A

 ifjfer vk;keh lfn'k lef"V (Finite Dimensional Vector Space ;k
FDVS) ds fdUgha nks vk/kkjksa esa vo;oksa dh la[;k lkekU; gksrh gSA

 eku yhft, fd S vkSj T ,d ifjfer vk;keh lfn'k lef"V (Finite

Dimensional Vector Space ;k FDVS)] V ds nks vk/kkj gSaA

mijksDr miçes; ds vuqlkj] S vkSj T lhfer ;k ifjfer gSa vkSj çes; o(T)

 o(S) vkSj o(S)  o(T) ds vuqlkjA

blfy, o(T) = o(S) gSA
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1- ,d lfn'k lef"V ,d fjax ;k oy; ls dSls fHkUu gksrk gS\

2- lfn'k lef"V V(F) dk ,d xSj&fjDr mileqPp; W dk milef"V V dc
curk gS\

3- milef"V esa ;ksx vkSj Øekxr ;ksx dh ifjHkk"kk nhft,A

4- jSf[kd la;kstuksa vkSj jSf[kd QSyko ;k foLrkj dks ifjHkkf"kr djsaA

ekuk fd K, F vkSj a  K dk foLrkj (Extension) gSA

ekuk fd F[a] = {f (a) | f (x) = a0 + a1x + ... + anx
n  F[x]}, ai  F

rc f (a) = a0 + a1a + ... + ana
n  K, ge F[a]  K izkIr djrs gSaA

ge ns[k ldrs gSa fd F[a] ,d lekdyu Mksesu (Integral Domain) gSA

ekuk fd E blds HkkxQy (Quotients) dk {ks= gSA rc E, F[a] ls ;qDr
lcls NksVk {ks= gksxkA ge fn[kkrs gSa]

F[a] F(a)  E

vc x = 0 + 1.x + 0.x2 + ...  F[x] vkSj bl rjg]

a= 0 + 1.a + 0.a2 + ...  F[a]

vFkkZr~] a  F[a]  E

iqu% ;fn   F dksbZ vo;o gks rks]

 =  + 0x + 0x2 + ...  F[x]

ge izkIr djrs gSa]   F[a] ;k F  F[a]  E

blfy, F(a)  E, pqafd F(a) lcls NksVk {ks= gksxk ftlesa F rFkk a gSaA

;fn f (a)  F [a] dksbZ Hkh vo;o ;k lnL; gks tgka]

f (a) = 0 + 1a + ... + na
n, i  F

rc] a  F(a), i  F  F(a), ge f (a)  F(a) izkIr djrs gSaA

blfy, F[a]  F(a) vkSj bl rjg]

F[a]  F (a)  E

ysfdu] E] F [a] ls ;qDr lcls NksVk {ks= gSA

  E  F (a) vFkkZr~ F(a) = E gksxkA
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bl rjg] geus Li"V :i ls {ks= F(a) fu/kkZfjr fd;k gSA ;g F[a] ds
HkkxQy (Quotient) dk {ks= gSA

ge fy[krs gSa] F(a) = 
( )

( ) 0, ( ), ( ) [ ]
( )

f a
g a f x g x F x

g a

 
  

 

lkekU; rkSj ij ge ,slk fn[kk ldrs gS]

 F (a1, ..., an) = 11
1

11

( , ..., ) [ ]( , ..., )
| ( , ..., ) 0,

( , ..., ) [ ]( , ..., )
nn

n
nn

f x x F xf a a
g a a

g x x F xg a a

 
  

,d LokHkkfod ç'u mBrk gS fd F[a] = F(a) dc gksrk gS\ bldk mÙkj nsus
ds fy,] ge lcls igys ;g ifjHkkf"kr djrs gSa fd chtxf.krh; vo;o (Algebaric

Element) D;k gSA ekuk fd K, F dk foLrkj gSA a  K dks F ij chtxf.krh; dgk
tkrk gSA ;fn xSj&'kwU; cgqin (Non-Zero Polynomial) bl izdkj f (x)  F[x]  rks
f (a) = 0 gksxkA vU;Fkk] bls vchth; vo;o (Transcendental Element) dgk tkrk

gSA mnkgj.k ds fy, 2R = okLrfod {ks= Q ij chtxf.krh; gS ¾ okLrfod

{ks= (Real Field) tSls fd 2  xSj&'kwU; cgqin f (x) = x2 – 2  Q[x] dks larq"V
djrk gSA gkykafd] , e  R, Q ij chtxf.krh; ugha gSaA F ds ,d foLrkj K dks
chtxf.krh; foLrkj dgk tkrk gS ;fn izR;sd a  K, F ij chtxf.krh; gksA

;fn dqN a  K ij a chtxf.krh; ugha gS] rks K dks F dk vchth; foLrkj
dgk tkrk gSA mnkgj.k ds fy,] R] Q dk vchth; foLrkj gSA ge fuEufyf[kr
çes; esa ns[ksaxs fd ifjfer foLrkj chtxf.krh; gksrs gSaA

rks] C = lfEeJ la[;kvksa (Complex Numbers) dk {ks= R ij chtxf.krh;
gS tSlk fd [C : R] = 2] {1, i} C, R ij ,d vk/kkj gSA ge dHkh&dHkh bl rF;
dks O;Dr djus ds fy, ladsru K/F dk mi;ksx djrs gSa fd K] F dk ,d foLrkj
gSA blh çdkj] K / F chtxf.krh; gSA bldk vFkZ gS fd K, F dk chtxf.krh;
foLrkj (Algebraric Extension) gSA

 ,d lhfer ;k ifjfer foLrkj (Finite Extension) chtxf.krh; gksrk
gSA

 K, F dk ,d lhfer ;k ifjfer foLrkj gSA ekuk fd [K : F] = nA ekuk
fd a  K rc 1, a, ..., an jSf[kd :i ls F ij fuHkZj djrs gSaA bl çdkj]

0, 1, ...,n  F  bl izdkj  0.1 + 1a + ... + na
n = 0 dqN i  0

ds fy,]

ekuk fd f (x) = 0 + 1x + ... + nx
n rc f (x) F [x] esa xSj&'kwU; cgqin

gS

fdlh Hkh i  0 ds fy,A blds vykok f (a) = 0 + 1a + ... + na
n = 0

gksxkA

 a ] F ij chtxf.krh; gSA
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 K] F ij chtxf.krh; gSA

 çes; 1-11 dk izfrykse (Converse) lR; ugha gSA ge bls fl) djus ds fy,
ckn esa ,d mnkgj.k nsaxsA

 a  K, F ij chtxf.krh; gS ;fn [F(a) : F] = lhfer ;k ifjfer gSA

 çes; 1-11 ls F(a)] F ij chtxf.krh; gSA

vFkkZr a  F(a), F ij chtxf.krh; gSA

mijksDr miçes; dk foykse (Converse) Hkh lgh gksrk gSA ysfdu ge vxys
çes; ds ckn bls fl) djsaxsA

 ekuk fd a  K, F ij chtxf.krh; gSA rc

(i) ,d vf}rh; ,dxq.kkadh vy?kqdj.kh; cgqin (Unique Monic Irreducible

Polynomial) p(x)  F[x] gS bl izdkj fd, p(a) = 0 gksxkA

(ii) xSj&'kwU; cgqin q(x)  F[x] gS bl izdkj fd, q(a) = 0] q(x), p(x) dks
foHkkftr djrk gSA

(iii) F (a) = F [a] gSA

 (i) pwafd F ij a chtxf.krh; gS]  ,d xSj&'kwU; cgqin f (x)  F[x] bl
izdkj gS fd,

f (a) = 0

ekuk fd t(x)] F ij y?kqre ?kkr dk xSj&'kwU; cgqin gS bl izdkj fd,

t(a) = 0 vkSj eku yhft, fd]

t(x) = a0 + a1x + ... + anx
n, ai  F

;fn  t(x) ,dxq.kkadh (Monic) ugha gS ¼,dxq.kkadh cgqin ds }kjk] gekjk
eryc ,d cgqin gS ftlesa mPpre ?kkr in dk xq.kkad 1 gS½ rks eku yhft, fd]

p(x)= an
–1a0 + an

–1a1x + ... + xn = an
–1t(x)

rks deg p(x) = n = deg t(x) vkSj p(a) = 0 vkSj p(x) ,dxq.kkadh cgqin
(Monic Polynomial) gSA

bl çdkj ,dxq.kkadh cgqin p(x) gS U;wure ?kkr okys cgqin gSa bl rjg
fd] p(a) = 0 gksxkA

eku yhft, fd p(x) = p1(x)p2(x)] tgk¡ cgqin p1 vkSj p2] bl izdkj gS fd
deg p dh rqyuk esa ;s U;wure ?kkr okys cgqin gSaA

rks] 0 = p(a) = p1(a)p2(a)

 p1(a) = 0 vkSj p2(a) = 0 [D;ksafd F[a] ,d lekdy Mksesu gS]
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ysfdu blls fojks/kkHkkl mRiUu gksxk D;ksafd p(x) U;wure ls U;wure ?kkr ds
lkFk cgqin gSA

blfy, p(x) vy?kqdj.kh; (Irreducible) cgqin gSA

p(x) dh fof'k"Vrk fn[kkus ds fy,] eku yhft, fd q(x)] F ij bl izdkj gS
fd q(a) = 0 gksxkA vy?kqdj.kh; ,dxq.kkadh cgqin (Irreducible Monic Polynomial)

gS] pwafd F[x]] ,d ;wfDyfM;u Mksesu (Euclidean Domain) gS]  h(x) vkSj r(x) ij
bl izdkj fd, q(x) = p(x)h(x) + r(x) gksxkA

tgk¡ r(x) = 0 ;k deg r < deg p

vc 0 = q(a) = p(a)h(a) + r(a)

 r(a)= 0 blfy, p(a) = 0

pw¡fd p(x) U;wure ?kkr dk gS bl izdkj fd, p(a) = 0] rks ge ikrs gSa fd deg

r < deg p laHko ugha gSA

blfy,  q(x) = p(x)h(x)

pwafd] q(x) vy?kqdj.kh; (Irreducible)] gS] blfy;s (1.11) h(x) ,d vpj
cgqin gksuk pkfg,A dg ldrs gSa fd] h(x) = c

rc q(x) = cp(x)

pwafd q(x) ,dxq.kkadh gS] L.H.S esa mPpre ?kkr in dk xq.kkad 1 gS vkSj
blfy, ;g R.H.S esa Hkh 1 gksxkA

R.H.S. esa cp(x) = can
–1a0 + can

–1a1x + ... + cxn, c = 1 gksxkA

bl çdkj] q(x) = p(x), p(x) dh fof'k"Vrk (Uniquencess) fl) djrk gSA

(ii) lehdj.k ¼1-11½ dk vuqlj.k fd;k x;k gSA

(iii) ekufp=.k  : F[x]  F[a], dks ifjHkkf"kr djsaA bl izdkj fd,

( f (x)) = f (a)

rc  vkPNknd le:irk (Onto Homomorphism) ¼lR;kfir½ gSA

ekSfyd çes; }kjk]

F[a]  
[ ]

Ker

F x



pwafd F[a] ,d lekdy Mksesu gS] blfy, ;g [ ]

Ker 

F x


 gksxk] ftldk vFkZ gS]

Ker  tks fd ,d çeq[k vkn'kZ (Prime Ideal) gSA pwafd a] K ij chtxf.krh; gS]
blfy,  ,d xSj&'kwU; cgqin f (x)  F[x] bl izdkj gS fd, f (a) = 0

 (f (x)) = f (a) = 0
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 f (x)  Ker   Ker   (0)

vFkkZr~] Ker ] F[x] dk ,d xSj&'kwU; izkFkfed vkn'kZ gS tks ,d ;wfDyfM;u
Mksesu (Euclidean Domain) gS] tks fd ,d izeq[k vkn'kZ Mksesu (Principle Ideal

Domain ;k PID) esa gSA

bl çdkj Ker  ,d mPpre vkn'kZ (Maximal Ideal) gSA


[ ]

Ker 
F x

 ,d {ks= gSA

 F [a] ,d {ks= gSA

ysfdu F(a)] F vkSj a ls ;qDr lcls NksVk {ks= gS vkSj bl izdkj F(a) 
F[a] gSA

bl dkj.k F[a]  F(a)

vr% F(a) = F[a]

 F(a)] F[a] ds HkkxQy dk {ks= (Field of Quotients) gS vkSj tc F[a] Lo;a
vius vki es {ks= gksxk] rks F[a] = F(a)

 çes; ¼1-12½ esa fu/kkZfjr p(x) dks by p(x) = Irr(F, a) }kjk fu:fir fd;k x;k
gSA ;g F ij a }kjk larq"V vf}rh; ,dxq.kkadh vy?kqdj.kh; cgqin gSA pw¡fd p(x)

U;wure ?kkr dk gS] tks fd bl izdkj gS fd, p(a) = 0, blfy, p(x) dks a dk
U;wure cgqin (Minimal Polynomial) dgrs gSaA

tgk¡ F(x) = 
0

( ) [ ],
( ) g

f x g K xf
g x 

   
  

 ;fn a  K, F ij vchth; gS rks F(x)  F(a) gSA

  dks ifjHkkf"kr djsa] F(x)  F(a)

 ( )

( )

f x

g x

 
 
 

 = 
( )

( )

f a

g a
,

rc  iw.kZ rjg ls ifjHkkf"kr vkPNknd le:irk gSA

rFkk  ( )

( )

f x

g x

 
  

 = 0


( )

( )

f a

g a
= 0

 f (a) = 0

 f (x) = 0,  vU;Fkk F ij a chtxf.krh; gksxkA


( )

( )

f x

g x
 = 0
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  1–1 gSA

bl çdkj F(x)  F(a)-

 eku yhft, fd F ij a  K ,d chtxf.krh; gSA rc [F(a) : F] =

lhfer ;k ifjfer (Finite) = deg Irr (F, a) vkSj blfy, F(a), F dk chtxf.krh;
foLrkj gSA

 eku yhft, fd p(x) = Irr (F, a) gS] eku yhft, fd n = deg p(x) gSA

ge Kkr djsaxs fd ,d F(a) = 1, a, a2, ..., an–1, F ij vk/kkj curk gSA

eku yhft, fd 0  f (a)  F[a] = F(a)A rks f (x)  F[x] gSA

vc f (x), p(x)  F[x],  q(x), r(x)  F[x] ds fy, bl izdkj fd, f (x) =

p(x)q(x) + r(x) ;k rks r(x) = 0 ;k deg r < deg p gksxkA

fdUrq r(x) = 0  f (x) = p(x)q(x)

 f (a) = p(a)q(a) = 0  blfy,    p(a) = 0

tks fd laHko ugha gS D;ksafd f (a)  0

blfy, r(x)  0 gSA bl çdkj deg r < deg p gksxhA

eku yhft, fd r(x) = 0 + 1x + ... + n–1x
n–1, iF, tgka dqN i 'kwU;

gks ldrs gSaA

iqu%] f (a) = p(a) q(a) + r(a)  vkSj  p(a) = 0

ge izkIr djrs gSa f (a) = r(a)

bl çdkj f (a) = 0 + 1a + 2a
2 + ... + n–1a

n–1

vFkkZr~] {1, a, a2, ..., an–1} QSyko ;k foLrkj ;k foLr`fr (Spans) F[a] =

F(a), F ds Åij gS rks]

ge ns[krs gSa fd ;g LI gSA

eku yhft, ;s LD gS] rks ii lHkh 'kwU; ugha gSaA

bl izdkj fd]

0 + 1a + 2a
2 + ... + n–1a

n–1 = 0

 t(x) = 0 + 1x + ... + n–1x
n–1 xSj&'kwU; cgqin gS ¼fdlh Hkh i  0½]

t(a) = 0 ds lkFkA

bl rF; ds fojks/kkHkkl ;k foijhr fd p(x) vYire ?kkr dk cgqin gSA
blfy;s 1, a, ..., an–1] LI gS vkSj bl rjg F(a) ds fy, ,d vk/kkj cukrs gSaA

blfy, [F(a) : F] = n.
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 miçes; dk çes; 1-11 esa mi;ksx djds ge bl fu.kZ; ij igq¡ps gSa fd
F ij a  K chtxf.krh; gksxk vxj [F(a) : F] = lhfer ;k ifjfer gksxkA

 ,d vo;o a  K dks F ij ?kkr n dk chtxf.krh; dgk tkrk gS ;fn
;g F ij n ?kkr ds cgqin dks larq"V djrk gS vkSj bldh vYire ?kkr (n) ds fdlh
Hkh cgqin dks larq"V ugha dj ikrk gSA

bl çdkj a] F ij ?kkr n dk chtxf.krh; gS ;fn deg Irr (F, a) = n ml
izdj.k esa Hkh]

[F(a) : F] = n vkSj {1, a, a2, ..., an–1} F ij F(a) dk ,d vk/kkj gSA

 vxj F ij a1, ..., an  K chtxf.krh; gS rks F(a1, ..., an)] F dk
lhfer ;k ifjfer foLrkj gS vkSj blfy, F ij chtxf.krh; gSA

 ge n ij izos'k.k (Induction) }kjk ifj.kke dks fl) djrs gSaA ;fn n ¾
1] ifj.kke miçes; 1 ls vk,xk bls n ls U;wure eku ds fy, lR; eku ysaA eku
yhft, fd F ij aa1, ..., an  K ,d chtxf.krh; gSaA

vc F ij a1, ..., an  K ,d chtxf.krh; gSa  F (a1, ..., an–1), ij an ,d
chtxf.krh; gSa rks F  F(a1, a2, ..., an–1) gSA

 miçes; 1 ds }kjk] [F(a1, ..., an–1) (an) : F(a1, ..., an–1)] lhfer ;k
ifjfer gSA izos'k.k ifjdYiuk ;k vo/kkj.kk (Induction Hypothesis) }kjk] [F(a1,

..., an–1) : F] lhfer ;k ifjfer gSA

 [F(a1, ..., an) : F] = [F(a1, ..., an) : F(a1, ..., an–1)] [F(a1, ..., an–1) : F]

¾ lhfer ;k ifjfer gSA

ifj.kke lHkh n ds fy, lgh gSA

izos'k.k }kjk] ifj.kke lHkh n  1 ds fy, lgh gSA

 vxj F ij a, b  K chtxf.krh; gS rks F ij a ± b, ab, ab–1 Hkh
chtxf.krh; gksaxs (;fn b  0)A nwljs 'kCnksa esa] K ds vo;o F ij chtxf.krh;
gksdj K dk ,d mi{ks= (Subfield) cukrs gSaA ¼vkSj bl mi{ks= dks F dk K ij
chtxf.krh; lao`r (Algebraic Closure) dgk tkrk gS½A

 miçes; 2 ds }kjk] F ij F(a, b) chtxf.krh; gS rks F ij]

a ± b, ab, ab–1  F(a, b) Hkh chtxf.krh; gksaxsA

 (1): ;fn K] F dk ,d foLrkj {ks= gS vkSj S  K, rc

F(S) = 
1

1
1

1
1

, [ , ..., ]
( , ..., )

( , ..., ) 0,
( , ..., )

, ...,

 
   
  

n
n

n
n

n

f g F x x
f u u

g u u n
g u u

u u S

N ,

 eku yhft, fd L R.H.S. dks fu:fir djrk gSaA ge igys n'kkZ;saxs fd L,

K dk mi{ks= gSA

rc] L, K dk mi{ks= gSA
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eku yhft, fd] 1

1

( , ..., )

( , ..., )
m

m

f u u

g u u
 L, 1 1

1 1

( , ..., )

( , ..., )
n

n

f v v

g v v
  L

ekuk fd]Y = 1 1 1

1 1 1

( , ..., ) ( , ..., )

( , ..., ) ( , ..., )
m n

m n

f u u f v v

g u u g v v


= 1 1 1 1 1 1

1 1 1

( , ..., ) ( , ..., ) ( , ..., ) ( , ..., )

( , ..., ) ( , ..., )
m n n n

m n

f u u g v v f v v g u u

g u u g v v



ifjHkkf"kr djsa] h(x1, ..., xm + n)

=f (x1, ..., xm) g1 (xm + 1, ..., xm + n) – g(x1, ..., xm) f1(xm + 1, ..., xm + n)

r (x1, ..., xm + n) = g(x1, ..., xm) g1(xm+1, ..., xm + n)

rks] Y = 1 1

1 1

( , ..., , , ..., )

( , ..., , , ..., )
m n

m n

h u u v v

r u u v v
  L

eku yhft,] 1 1

1 1

( , ..., )

( , ..., )
n

n

f v v

g v v
  0

ekuk fd] Z = 1 1 1

1 1 1

( , ..., ) ( , ..., )
·

( , ..., ) ( , ..., )
m n

m n

f u u g v v

g u u f v v

ifjHkkf"kr djsa] h1(x1, ..., xm + n) = f (x1, ..., xm) g1(xm + 1, ..., xm + n);

r1 (x1, ..., xm + n) = g(x1, ..., xm) f1(xm + 1,..., xm + n).

rks] Z = 1 1 1

1 1 1

( , ..., , , ..., )

( , ..., , , ..., )
m n

m n

h u u v v

r u u v v
  L

rc, L, K dk mi{ks= gSA

ekuk fd] u1  S. f (x) = x, g(x) = 1 dks ifjHkkf"kr djsaA

f (u1) = u1, g(u1) = 1

rc 1

1

( )

( )

f u

g u
 L  1

1

u   L  u1  L

blfy,] S  L gSA

eku yhft, fd]   F gS rks f (x) = , g(x) = 1 dks ifjHkkf"kr djsaA

eku yhft, fd] u  S gS] rc f (u) = , g(u) = 1 gksxkA

vc] ( )

( )

f u

g u
 L 

1

  =   L

bl rjg] ¾ F  L

ysfdu F(S)] F vkSj S ls ;qDr lcls NksVk {ks= gS] tks fd F(S)  L gSA

eku yhft, fd] Y  L gS rc Y = 1

1

( ,..., )

( ,..., )
n

n

f u u

g u u
, ui  S
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pqafd ui  S vkSj  f, g, F esa xq.kkad gSa f (u1, ..., un)  F(S) vkSj g(u1, ...,

un)  F(S)A

rks] Y  F(S)

rc] L F(S)

bl çdkj F(S) = L

;fn K] F dk ,d foLrkj {ks= gS] vkSj K chtxf.krh; vo;oksa }kjk
mRiUu gksrk gS (vFkkZr, K = F(S), tgk¡ K ij S  K ,d chtxf.krh; vo;oksa dk
leqPp; gS½] rc K] F dk ,d chtxf.krh; foLrkj {ks= gksxkA

 eku yhft, fd] C  K rc C = 1

1

( , ..., )

( , ..., )
n

n

f u u

g u u
, ui  S

tgk¡ f (x1, ..., xn), g(x1, ..., xn)  F[x1,..., xn]

Li"V :i ls C  F(u1, ..., un) gSA ysfdu u1, ..., un chtxf.krh; gSaA F 

F(u1, ..., un) ijA

F  F(u1, ..., un)] F dk ,d foLrkj {ks= gS F  C] ij chtxf.krh; gSaA

bl çdkj K/F chtxf.krh; gSaA

 ;fn L, K dk chtxf.krh; foLrkj gS] vkSj K] F dk chtxf.krh;
foLrkj gS] rks L, F dk chtxf.krh; foLrkj gksxkA

 eku yhft, fd a  L gSA pwafd L, K ij chtxf.krh; gS rFkk a, K ij
chtxf.krh; gSA

vFkkZr~  0  f (x)  K[x] bl izdkj fd, f (a) = 0

eku yhft, fd f (x) = 0 + 1x + ... + nx
n, i  K

pw¡fd K] F ij ,d chtxf.krh; gSA blfy, F ij çR;sd i  K

chtxf.krh; gksxkA

çes; 1-12 ds miçes; 3 }kjk]

[F(0, 1, ..., n) : F] = lhfer ;k ifjfer (Finite) gSA

eku yhft, fd M  = F(0, 1, ..., n)

eku yhft, fd [M : F] lhfer ;k ifjfer gS vkSj blfy, M, F ij ,d
chtxf.krh; gSA Li"V :i ls] çR;sd i  MA bl çdkj]

f (x)  M[x]

vFkkZr~] a] M ij ,d chtxf.krh; gSA

miçes; 2 }kjk] M(a), M dk lhfer ;k ifjfer foLrkj gSA

 [M(a) : F] = [M(a) : M] [M : F] = lhfer ;k ifjfer (Finite) gSA
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 M(a)] F ij chtxf.krh; gSA

 a  M(a)] F ij chtxf.krh; gSA

pwafd a] L dk ,d foosdk/khu vo;o (Arbitrary Element) gS] blfy, L] F
dk chtxf.krh; foLrkj gSA

 ,d lfEeJ la[;k (Complex Number) dks ,d chtxf.krh; la[;k
(Algebraic Number) rc dgk tkrk gS ;fn ;g ifjes; la[;kvksa (Rational

Numbers) ds {ks= ij chtxf.krh; gksA

,d chtxf.krh; la[;k dks ,d chtxf.krh; iw.kk±d (Algebraic Integer)

dgk tkrk gS ;fn ;g 1
1

    n n
nx x ... ] ds izdkj ds lehdj.k dks larq"V djrk

gS tgka 1, ...n iw.kk±d gS] vFkkZr~ iw.kk±d ij ,dxq.kkadh cgqin (Monic Polynomial)

gSA

 ;fn a dksbZ chtxf.krh; la[;k gS] rks fl) djsa ,d (+ve)

èkukRed iw.kkaZd n, ,slk gS fd na ,d chtxf.krh; iw.kkaZd gksxkA

 pwafd a ,d chtxf.krh; la[;k gS] blfy, a ifjes; ds {ks= ij chtxf.krh;
gSA

bl çdkj ,d xSj&'kwU; ,dxq.kkadh cgqin f (x)  Q[x] bl izdkj gS fd,

f (a) = 0, tgk¡ Q =  ifjes; dk {ks=A

eku yhft, fd f (x) = xm + 1x
m–1 + ... + m–1x + m, i  Q

eku yhft, fd i = 
i

i

p

q  tgk¡ pi, qi, qi > 0 iw.kkaZd gSaA

 am + 1

1

p

q
am–1 + ... + 1

1

m m

m m

p p
a

q q



  = 0

eku yhft, fd n = q1... qm ;gka n ,d /kukRed iw.kkaZd gSA

vkSj nam + p1q2...qmam–1 + ... + pmq1 ... qm–1 = 0

 nmam + p1q2 ... qmam–1nm–1 + ... +  pmq1 ... qm–1n
m–1 = 0

na cgqin dks larq"V djrk gS xm + p1q2 ... qmxm–1 + ... + pmq1 ... qm–1n
m–1 = 0

tgka xq.kkad (Coefficient) iw.kkaZd gSaA

vFkkZr na ,d chtxf.krh; iw.kkaZd gSA

 ;fn ifjes; la[;k r ,d chtxf.krh; iw.kkaZd Hkh gS] rks fl) djsa
fd r ,d lk/kkj.k iw.kkaZd gksuk pkfg,A-

 eku yhft, fd r = 
p

q
, tgka q > 0, (p, q) = 1

pw¡fd r ,d chtxf.krh; iw.kkaZd gSA

rm + 1r
m–1 + ... + m–1r + m = 0

is iw.kkaZd gSA
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1

1 1

m m

m m

p p

q q




   + ... + m–1

p

q
 + m = 0

  pm + q × iw.kkaZd ¾ 0

 q, pm dks foHkkftr djrk gS ysfdu ¼(p, q) ¾ 1 gSA

 q | 1  q = 1  r = p = iw.kkaZd gSA

 fl) djsa fd sin mº çR;sd iw.kkaZd m ds fy, ,d chtxf.krh;
la[;k gS A

 vc emi/180 = cos sin
180 180

m m
i

 


 /180 180( )mie = cos m + i sin m = ±1

  emi/180 x180 dk ,d ewy gS = ±1

 emi/180 lHkh iw.kkaZd m ds fy, ,d chtxf.krh; la[;k gSA

 cos
180

m  + i sin
180

m  ,d chtxf.krh; la[;k gSA

blds vykok cos sin
180 180

m m
i

 
  Hkh ,d chtxf.krh; la[;k gSA

 2 cos
180

m  lHkh iw.kkaZd m ds fy, ,d chtxf.krh; la[;k gSA

 cos
180

m  lHkh iw.kkaZd m ds fy, ,d chtxf.krh; la[;k gSA

 cos mº lHkh iw.kkaZd m ds fy, ,d chtxf.krh; la[;k gSA

blds vykok cos
180

m  vkSj cos
180

m  + i sin
180

m  ,d chtxf.krh; la[;k gSA

 i sin
180

m  ,d chtxf.krh; la[;k gSA

 sin
180

m  ,d chtxf.krh; la[;k gS D;ksafd  i Hkh chtxf.krh; la[;k gSA

 sin mº chtxf.krh; la[;k gSA

 Q ds Åij Q ( 3, 5)  dk ,d vk/kkj Kkr dhft,A

 gekjs ikl gS]

 [Q ( 3, 5)  : Q] = [Q ( 3) ( 5) : Q]

= [Q ( 3) ( 5)  : Q ( 3)] [Q 3  : Q]

= [L ( 5)  : L] [Q ( 3)  : Q]  tgka  L = Q ( 3)

= deg Irr (L, 5)  × deg Irr (Q, 3 )

= deg (x2 – 5) × deg (x2 – 3)
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= 2 × 2 = 4

bl çdkj vk/kkj esa 4 vo;o gSaA

rFkk] ;fn [(F(a) : F)] = n gS rks 1, a, a2, ..., an–1, F dk vk/kkj gksxk] vkSj

bl rjg L ij L ( 5)  dk vk/kkj {1, 5}gksxkA

Q ij Q ( 3)  dk vk/kkj {1, 3}  gSA

bl rjg [L ( 5)  : L] [Q ( 3)  : Q] = [(Q ( 3, 5)  : Q] dk vk/kkj gksxkA

1.1, 1. 3 , 1. 5 , 3 5  [ekud fu;eksa ds vuqlkj]

vFkkZr] 1, 3, 5, 15  gSA

 2 3  ds fy, U;wure cgqin dk irk yxk,a vkSj bldk

mi;ksx djds ;g fn[kk;sa dh Q ( 2, 3)  = Q ( 2 3) A Q( 2, 3)  ds fy,

vkèkkj Kkr djsaA

 vc 2( 2 3)  = 5 + 2 6 ;

4( 2 3) = 49 + 20 6

blfy,] 4( 2 3)  – 10 2( 2 3)  + 1 = 0

bl rjg] Q ij a = 2 3  + f (x) = x4 – 10x2 + 1 dks larq"V djrk gSA

eku yhft, fd p(x) = Irr(Q, a)

rc p(x) dh ?kkrsa 2 3 , 2 3  , 2 3   gksaxsA blfy, p(x) dh
?kkr U;wure 4 gksxhA fdarq f (a) = 0 vkSj f (x)  Q[x] gSA

 p(x)] f (x) dks foHkkftr djrk gSA

 p(x) = f (x)

bl rjg] 2 3  f (x) dk U;wure cgqin (Minimal Polynomial) gSA

blfy,] [Q ( 2 3)  : Q] = 4

rFkk] [Q 2  : Q] = deg Irr (Q, 2 )

= deg (x2 – 2) = 2

vc Q  Q( 2 )  Q( 2 , 3 )

g(x) = x2 – 3  Q( 2 ) [x] ij fopkj djsaA

rc g( 3 ) = 0

 deg Irr (Q( 2 ), 3 )  deg g(x) = 2
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 [(Q( 2 , 3 ) : Q]  2.

blfy, ] [Q( 2 , 3 ) : Q]  4

Li"V :i ls] Q  Q( 2  + 3 )  Q( 2 , 3 ).

[Q( 2 , 3 )] : Q] = [Q( 2 , 3 ) : Q( 2  + 3 )] × [Q( 2  + 3 ) : Q]

 [Q( 2 , 3 )] : Q( 2  + 3 )] = 1

 Q( 2 , 3 ) = Q( 2  + 3 )

pwafd [Q( 2  + 3 ) : Q] = 4 {1, 2  + 3 , ( 2  + 3 )2, ( 2  + 3 )3}

dk ,d vk/kkj Q( 2  + 3 ) = Q( 2 , 3 ), Q ds Åij gSA

 ekuk fd F(x) fu/kkZfjr x esa ifjes; Qyu vksdk {ks= gSA fn[kk,¡
fd F (x) dk çR;sd vo;o tks F esa ugha gS] oks F ij vchth; (Transcendental)

gksxkA

 eku yhft, fd 0  ( ), , ( , ) 1.
f f

F x F f g
g g
    gSA

eku yhft, fd f

g
 F ij vchth; (Transcendental) gSA

rc f

g
, F ij chtxf.krh; gksxkA

blfy, F
f

g

 
 
 

 = F
f

g

 
 
 

g

f
  F

f

g

 
 
 

 = F
f

g

 
 
 

 ij fopkj djsaA

¼/;ku nsa 0  f

g
  F

f

g

 
 
 

 vkSj F
f

g

 
 
 

 {ks= gS g

f
  F f

g

 
 
 

 = F 
f

g

 
 
 

)

blfy,] g

f
= 0 + 1 

f

g

 
 
 

 + ..... + n

n
f

g

 
 
 

, i  F

vr% gn + 1 = (0g
n + 1fgn – 1 + ..... an f n)  fA

pwafd (f, g) = 1,  f | gn + 1  f | g  f = bdkbZ (Unit)

 g = bdkbZ  
f

g
 = bdkbZ  F, ,d fojks/kkHkkl gSA

blfy, f

g
, F ij vchth; (Transcendental) gSA
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 eku yhft, fd K] F dk foLrkj gS vkSj eku ys fd aK rc
F[a] dks F ij ,d lfn'k lef"V ekuk tk ldrk gS] ;fn F[a] dk vk;ke F ij
lhfer ;k ifjfer gS] rks fn[kk,¡ fd F[a] = F(a) gSA

 eku yhft, fd 0  c  F[a] gSA

T : F[a]  F[a] dks ifjHkkf"kr djsaA

T(b) = bc

rc T ,d jSf[kd :ikarj.k (Linear Transformation) gSA

eku ysa fd b  Ker T rc T(b) = 0  bc = 0  b = 0 D;ksafd c  0 vkSj
F[a] ,d lekdyu Mksesu (Integeral Domain) gSA

rks Ker T = {0}] T dks 1–1 gksus ds fy, izsfjr djsxkA

pwafd F[a]] F ij FDVS gS] T Hkh vkPNknd (Onto) gksxkA

vc 1  F[a]    b  F[a] bl izdkj, T(b) = 1

  bc = 1 ;k rks c çfrykseh; (Invertible) gksxkA

blfy, F[a], F vkSj a ls ;qDr {ks= gS] fdarq F(a), F vkSj a ls ;qDr lcls
NksVk {ks= gS vkSj blfy, F(a)  F[a]] D;ksafd F[a]  F(a)] blls F[a] = F(a)

feysxkA

 ekuk fd K] F dk foLrkj gSA fn[kk,¡ fd K/F chtxf.krh; gS ;fn
vkSj dsoy ;fn çR;sd fjax ;k oy; R] ,slk gS fd F  R  K ,d {ks= gSA

 K/F chtxf.krh; gS vkSj R ,d fjax ;k oy; gS bl izdkj fd F  R  K

pwafd R  K Øefofues; ;k Øep; (Commutative) gksxk vkSj K, R  dk ,d
,d:irk gksxk D;ksafd F  R  K

eku yhft, fd 0  a  R rc a  K  a–1  K

K/F chtxf.krh; gS a, F ij chtxf.krh; gksxkA

  0  f (x)  F(x) bl izdkj, f (a) = 0

eku yhft, fd f (x) = 0 + 1x + ..... + nx
n, i  F

rc 0 + 1a + 2a
2 + ...... + na

n = 0 fdlh Hkh i  0 ds fy,A ekuk dh
o  0,

rc 0a
–1 = – (1 + 2a + ... + na

n+1)  R

  a–1  R blfy, 0
–1  F  R

blfy, izR;sd xSj&'kwU; vo;o R esa çfryksfe; (Invertible) gksrk gSA

foykser% (Conversely)] eku yhft, fd a  K] eku yhft, fd R = F[a]]
rks R ,d fjax ;k oy; bl rjg gS fd] F  R  K
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ifjdYiuk ;k vo/kkj.kk }kjk] R ,d {ks= gSA

eku yhft, fd a  0, rc a–1  R = F[a]

bl çdkj a–1 = 0 + 1a + ... + na
n, i  F

eku yhft, fd f (x) = 0 + 1x + ... + nx
n  F[x]

rks 1 = 0a + 1a
2 + ... + na

n+1

0a + 1a
2 + ... + na

n+1 – 1 = 0 nsrk gSA

blls Kkr gksrk gS fd a, x f (x) – 1  F[x] dks larq"V djrk gSA

Li"V :i ls x f (x) – 1 ,d xSj&'kwU; cgqin gSA

bl çdkj a, F ij Hkh chtxf.krh; gS vkSj K/F chtxf.krh; gSA

 eku yhft, fd T] lfn'k lef"V V ij ,d jSf[kd ladkjd (Linear

Operator) gSA ;fn W] V dk ,d milef"V ,slk gS fd T(W)  W rc ge dgrs
gSa fd W, T ds rgr vifjorZuh; gS ;k T-vifjorZuh; (Invariant) gSA

 pw¡fd T(0) = 0 vkSj T(V) = V, V ds nksuksa 'kwU; milef"V vkSj V
vifjorZuh; milef"V gSaA

 eku yhft, fd v  Ker T rc T(v) = 0  Ker T  Ker T, V dk
vifjorZuh; (Invariant) milef"V gSA blds vykok w  ImT  w = T(v)  Tw

= T(Tv), Tv  V  Tw  ImT

blfy, ImT] V dk vifjorZuh; milef"V gSA

 eku yhft, fd f (t) dksbZ cgqin (Polynomial) gSA eku yhft, fd
v  Ker (f (T)) rc f (T) v = 0

pwafd f (t) . t = t f(t)

f (T)T = Tf(T)

bl çdkj] f(T) Tv = Tf(T) v = 0

 Tv  Ker f (T)

 Ker f (T), T ds v/khu vifjorZuh; gksxkA

 ekuk fd R2 ij T ,d jS[kh; ladkjd (Linear Operator) gS]
ftlesa vkO;wgksa dk ekud Øfed vk/kkj gSA

A = 
1 –1

2 2

 
 
 

fl) djsa fd T ds varxZr vifjorZuh; R 2 dk ,dek= milef"V R 2 vkSj
'kwU; milef"V gSaA
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 A (;k T) dh vfHky{k.k (Characteristic) cgqin gS ¾ 
–1 1

–2 – 2

x

x
 = x2 – 3x

+ 4, ftuds ewy okLrfod ugha gSaA blfy, A (;k T) dk vkbxsu eku (Eigen

Value) R esa ekStwn ugha gSa vxj W] R2 dk ,d vifjorZuh; milef"V ,slk gS
bl izdkj fd W  0, rc dim = 1A W dks v QSyko ;k foLrkj djrk gSA rc Tv

 W  Tv = v, v  0   dk vkbxsu eku gSA ;g ,d fojks/kkHkkl gSA blfy,
O vkSj R 2 ,dek= R 2 ds vifjorZuh; milef"V gSaA

 eku yhft, fd W] V ij jSf[kd ladkjd T dk ,d vifjorZuh;
milef"V gSA rc T ij vkO;wgksa dk çfrfuf/kRo gS] tgk¡ A] W ij T dk Tw çfrcafèkr
vkO;wg (Restriction Matrix) gSA

 eku yhft, fd {w1, ..., w r}, W dk ,d vk/kkj gSA eku yhft, fd  = {w1,

..., wr, v1, ..., vs}, V dk ,d vk/kkj gS] ftls W ds vk/kkj dks c<+kdj çkIr fd;k
tk,xkA

pwafd T(w)  W lHkh w  W ds fy,] rks ge Tw : W  W dks Tw(x) = T(x)

ls lHkh x  W ds fy, ifjHkkf"kr djrs gSaA

rc Tw] W esa ladkjd (Operator) gSA

Tw(w1) = T(w1) = a11w1 + ... + ar1wr

............................

Tw(wr) = T(wr) = a1rw1 + ... + arrwr

T(v1) = b11w1 + ... + br1wr + c11v1 + ... + cs1vs

............................

T(vs) = b1sw1 + ... + brswr + c1sv1 + ... + cssvs

bl çdkj vk/kkj  ds lkis{k esa T dk vkO;wg dk Øe gksxk]

 = 

11 1 11 1

1 1

11 1

1

0 0

0 0

r s

r rr r rs

s

s ss

a a b b

a a b b

c c

c c

 
 
 
 
 
 
 
 
  

 
     

 
 

     
 

s

= 
0

A B

C

 
 
 

 tgka A = (aij), B = (bij), C = (cij)

tks fd Øe'k% Øe r × r,  r × s, s × s, ds gSaA

Li"V :i ls] {w1, ..., wr} ds lkis{k esa A dk vkO;wg ¾ W dk vk/kkj gSA Tw]
W ij T dk çfrca/k (Restriction) dgykrk gSA
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vc ge fn[kkrs gSa fd çes; ¼1-14½ esa çkIr vkO;wg C dqN jSf[kd ladkjd dk

V

W
 ij T ls çsfjr vkO;wg gSA

T : 
V

W
  

V

W
 dks bl rjg ifjHkkf"kr djsa fd]

T (W + v) = W + T(v), v  V

rc T  lqifjHkkf"kr gS D;ksafd W + v = W + v

 v – v W

 T(v – v)  W

 T(v) – T(v)  W

 W + T(v) = W + T(v)

pwafd T jSf[kd :ikarj.k gS] blfy, T  Hkh gksxkA eku ysa fd {w1, ..., wr},

W dk ,d vk/kkj gSA

fQj bls V dk vk/kkj cukus ds fy, c<+k;k tk ldrk gSA eku yhft, {w1,

..., wr, v1, ..., vs}, V dk ,d vk/kkj gSA rc {W + v1, ..., W + vs}] 
V

W
 dk ,d

vkèkkj gSA

vc T (W + v1) = W + T(v1)

= W + b11w1 + ... + br1wr + c11v1 + ... + cs1vs

= W + c11v1 + ... + cs1vs

...................

T (W + vs) = W + T(vs) = W + b1sw1 + ... + brswr + c1sw1 + ... + cssvs.

= W + c1sv1 + ... + cssvs ¼ çes; 1-14 ds vuqlkj½

 V

W
 ds {W + v1, ..., W + vs} vk/kkj ds lkis{k esa T  dk vkO;wg

= 

11 1

1

s

s ss

c c

c c

 
 
 
 
 
 

 
   
   

 

 = C

,d fo'ks"k fLFkfr tgka çes; esa B = 0 çkIr gksrk gS] tc T ds rgr V nks
vifjorZuh; milef"V dk çR;{k ;ksx gksrk gSA

 ;fn F ij W vkSj U] F.D.V.S. vkSj V = U  W ij ,d jSf[kd
ladkjd ds vifjorZuh; milef"V gSaA fQj V dk ,d vk/kkj  bl çdkj gS fd

vkO;wg 
0

0

A

C

 
 
 

 gS] tgka A] W ij Tw dk vkO;wg gS vkSj C] U ij Tu dk vkO;wg gSA
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 ekuk fd {w1, ..., wr}, W dk ,d vk/kkj gS vkSj {u1, ..., us}, U dk ,d vkèkkj
gSA rc {w1, ..., wr, u1, ..., us}, W  U = V dk ,d vk/kkj gSA

vc]  Tw(w1) = T(w1) = a11w1 + ... + ar1
wr

Tw(w2) = T(w2) = a12w1 + ... + ar2
w2

.........................

Tw(wr) = T(wr) = a1rw1 + ... + arrwr

pawfd  T(wi)  W lHkh i = 1, ..., r ds fy,A

blh çdkj]  Tu(u1) = T(u1) = c11u1 + ... + cs1us

Tu(u2) = T(u2) = c12u1 + ... + cs2us

...........................

Tu(us) = T(us) = c1su1 + ... + cssus

D;ksafd T(uj)  U lHkh j = 1, ..., s ds fy,A

bl rjg ds lkis{k esa  dk vkO;wg ¾ V dk {w1, ..., wr, u1, ..., ur} gS]

11 1

1

11 1

1

0 0

0 0

0 0

0 0

r

r rr

s

s ss

a a

a a

c c

c c

 
 
 
 
 
 
 
 
  

 
     

 
 

     
 

 = 
0

0

A

C

 
 
 

tgk¡ A = (aij), C = (cij) Øe'k% r × r vkSj s × s vkO;wg gSaA Li"V :i ls A]
W ij Tw] dk vkO;wg gS vkSj C] U ij Tu dk vkO;wg gSA

 eku yhft, fd F ij V dksfV  5 dk x ds lHkh cgqinksa dk lfn'k
lef"V gSA eku ysa T: V  V dks T(1) = x2 + x4, T(x) = x + 1, T(x2) = 1,

T(x3) = x3 + x2 + 1 ls ifjHkkf"kr fd;k x;k gSA ;fn W dks {1, x2, x4} lef"V djrk
gS]

(a) fn[kk,¡ fd W] T ds rgr vifjorZuh; (Invariant) gSA

(b) W ds mi;qDr vk/kkj esa Tw dk vkO;wg Kkr dhft,A

(c)
V

W
 ds mi;qDr vk/kkj esa T  dk vkO;wg Kkr dhft,A

(d) V ds mi;qDr vk/kkj esa T dk vkO;wg Kkr dhft,A

 (a) eku yhft, fd w  W rc w = a + bx2 + cx4 tgk¡ a, b, c  F

T(w) = a . T(1) + bt(x2) + cT(x4)

= a(x2 + x4) + b + cx4

= b + ax2 + (a + c) x4

 W, lHkh w  W ds fy,A
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vFkkZr W] T ds rgr vifjorZuh; (Invariant) gSA

(b) /;ku nsa fd {1, x2, x4}, F ij jSf[kd :i ls Lora= leqPp; gS vkSj blfy, W
dk ,d vk/kkj curk gS] vkSj bls V ij {1, x2, x4, x, x3, x5} ds uke ls c<+kdj
vk/kkj cuk;k tk ldrk gSA

vc Tw(1) = T(1) = x2 + x4 = 0 . 1 + 1 . x2 + 1 . x4

Tw (x2)= T(x2) = 1 = 1 . 1 + 0 . x2 + 0 . x4

Tw(x4)= T(x4) = x4 = 0 . 1 + x2 + 1 . x4

 vkO;wg dks Tw, {1, x2, x4} ds lanHkZ esa W dk vk/kkj feyrk gSA

A = 
0 1 0

1 0 0

1 0 1

 
 
 
  

(c) vc {W + x, W + x3, W + x5}] 
V

W
 dk vk/kkj gSA

 T (W + x) = W + T(x) = W + x + 1

= W + x = 1 . (W + x) + 0(W + x3) + 0(W + x5)

T (W + x3) = W + T(x3)

= W + x3 + x2 + 1

= W + x3

= 0(W + x) + 1(W + x3) + 0(W + x5)

T  (W + x5) = W + T(x5)

= W + 0 = W = 
V

W
 dk 'kwU;A

= 0(W + x) + 0(W + x3) + 0(W + x5)

 vkO;wg T , {W + x, W + x3, W + x5} ds lanHkZ esa 
V

W
 dk vk/kkj feyrk gSA

C = 
1 0 0

0 1 0

0 0 0

 
 
 
  

(d) T(x) = x + 1 = 1 . 1 + 0 . x2 + 0 . x4 + 1 . x + 0 . x3 + 0 . x5

T(x3) = x3 + x2 + 1 = 1 . 1 + 1 . x2 + 0 . x4 + 0 . x + 1 . x3 + 0 . x5

T(x5)= 0 = 0 . 1 + 0 . x2 + 0 . x4 + 0 . x + 0 . x3 + 0 . x5

 vkO;wg dks T, {1, x2, x4, x, x3, x5} ds lanHkZ esa, V dk vk/kkj feyrk gSA
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0 1 0 1 1 0

1 0 0 0 1 0

1 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 0

 
 
 
 
 
 
 
 
 
  





      




= 
0

A B

C

 
 
 

, tgka B = 
1 1 0

0 1 0

0 0 0

 
 
 
  

 eku yhft, fd F ij] F.D.V.S. ds fy, T  ,d jSf[kd ladkjd
gSA ekuk fd W, T dk ,d vifjorZuh; milef"V gSA fn[kk,¡ fd T dh vfHkyk{kf.kd
cgqin (Characteristic Polynomial) pT (x) dks fuEufyf[kr }kjk fn;k tk ldrk gSA

pT (x) = ( )
wTp x ˆ ( )

wT
p x , tgka ( )

wTp x , ˆ ( )
wT

p x  Øe'k% Tw vkSj T w ds

vfHkyk{kf.kd cgqin gSaA

 T dh vfHkyk{kf.kd cgqin pT(x) dks fuEufyf[kr }kjk fn;k tk ldrk gS&

–
0

A B
xI

C

 
 
 

= 
–

0 –

A xI B

C xI

 
 
 

  ˆ

 
 
   

;gka ij dk vkO;gw

ij dk vkO;gw

wA W T

V
C T

W

= – –A xI C xI  = ¼Tw dk vfHkyk{kf.kd cgqin½ × ¼ T  dk vfHkyk{kf.kd cgqin½

= pTw
(x) ˆ ( )Tp w

,d LokHkkfod iz'u mBrk gS fd "T ds fy, U;wure cgqin Tw ds U;wure cgqin
ds lanHkZ esa D;k gS\" tSlk fd geus mi;qZDr mnkgj.k esa ns[kk gS fd Tw dk vfHkyk{kf.kd
cgqin T ds vfHkyk{kf.kd cgqin dks foHkkftr djrk gS] gesa T ds U;wure cgqin ds ckjs
esa leku ifj.kke feyrk gSA vFkkZr ;g fl) gqvkA

 eku yhft, fd F.D.V.S., V ds fy, T ij ,d jSf[kd ladkjd
gSA eku yhft, fd W dks V dk vifjorZuh; (Invariant) milef"V gSA eku yhft,
fd v1, v2,. . .,vk ] T  ds vkbxsu lfn'k (Eigen Vector) gSa tks vyx&vyx vkbxsu
eku ds vuq:i gSaA fl) djsa fd ;fn v1 + v2. . .+vk W rc lHkh i ds fy,] vi

Wi gksxkA

 ge k ij izos'k.k (Induction) ds }kjk ifj.kke dks fl) djsaxsA k = 1 ds fy,]
ifj.kke Li"V :i ls lgh gSA eku ysa fd ifj.kke k  1, k > 1 ds fy, Hkh lgh
gksxkA

eku ysa v1 + v2. . .+vk W
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rc T(v1) + T(v2)+. . .+T(vk) W  blfy,  T(W) W

blfy, 1v1 + 2v2+. . .+kvk W

vkSj kv1 + kv2+. . .+kvk W

(1 k)v1 + (2 k)v2+. . .+(k1 k)vk1 W

izos'k.k (Induction) ds }kjk]

(i k)vi Wi lHkh i, = 1, 2, . . ., k  1 ds fy,A

  vi Wi lHkh , = 1, 2, . . ., k ds fy,A

  vk Wi

rks] ifj.kke k ds fy, Hkh lgh gSA

blfy, izos'k.k (Induction) ds }kjk ifj.kke lHkh iw.kkaZdksa k > 0 ds fy, lgh
gSA

 fl) djsa fd ;fn ifjfer vk;ke lfn'k lef"V V ij T ,d
fod.kZuh; jSf[kd vkWijsVj ;k ladkjd gS vkSj W] V dk xSj&'kwU; T&vifjorZuh;
milef"V gS] rks Tw Hkh fod.kZuh; (Diagonalisable) gksxkA

 pwafd T ,d fod.kZ gS] rks V dk ,d Øfer (Ordered) vk/kkj]  = {v1, v2,.

. .,vk} bl rjg ekStwn gksxk fd çR;sd vi] T dk vkbxsu lfn'k (Eigen Vector)

gksxkA

eku ysa T(vi) = ivi gSA

eku ysa V = {w1, w2,. . .,wm}, W dk vk/kkj gSA

eku ysa 1, 2,. . .,k, T dh vyx&vyx vkbxsu lfn'k eku gksaxsA

eku ysa W1, W2,. . .,Wk lacaf/kr vkbxsu lef"V gSA

rc V = W1W2. . .Wk

eku ysa 1 = {x1,. . .,xr1
}, . . ., k = {y1,. . .,yrk

} Øe'k% W1,. . .,Wk dk
vkèkkj gSA

rc w1 = (1x1+. . .+r1
xr1

)+. . .+(1y1+. . .+rk
yrk

) = z1+. . .+zk,

tgk¡ z1 = 1x1+. . .+r1
xr1

. . . .

zk = 1y1+. . .+rk
yrk

vc z1+. . .+zk W vkSj çR;sd zi, T dk vkbxsu lfn'k gSA

fiNys mnkgj.k ds }kjk] zi W lHkh i = 1, 2,. . .,k ds fy,A

bl rjg eku ysa]
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Wm = u1+. . .+uk, tgk¡ çR;sd ui] T dk vyx&vyx vkbxsu lfn'k eku
ds lkis{k esa vkbxsu lfn'k gSA

 {z1, z2,. . .,zk,. . .,u1,. . .,uk}] W dks jSf[kd djrk gSA

 blds dqN mileqPp; Tw ds vkbxsu lfn'k ls ;qDr W dk vk/kkj gksrs
gSa vFkkZr Tw fod.kZuh; (Diagonalizable) gSA

 Tw dk U;wure cgqin T ds U;wure cgqin dks foHkkftr djrk gS] tgka
W] V dk vifjorZuh; (Invariant) milef"V gS vkSj V ij T ,d jSf[kd ladkjd
gSA

 eku yhft, fd p(x)] T ds fy, U;wure cgqin gSA

eku yhft, fd p(x) = 0 + 1x + ... + n – 1x
n – 1 + xn

D;ksafd T(w) = Tw(w) lHkh w  W ds fy,A

T2(w) = T(Tw(w))

= Tw(Tw(w))  blfy,  Tw(w)  W

bl rjg T r(w) = T r
w (w) lHkh w  W ds fy,A

 p(Tw) (w) = p(T) (w) lHkh w  W ds fy,A

= 0 blfy, p(T) = 0 lHkh w  W ds fy,A

 p(Tw) = 0

eku yhft, fd q(x)] Tw ds fy, U;wure cgqin gSA

rc p(x) = q(x) r(x) + h(x)

 tgka h(x) = 0 ;k deg h(x) < deg q(x)

 0 = p(Tw) = q(Tw) r(Tw) + h(Tw)

 h(Tw) = 0

vxj h(x)  0, rc h(x) xSj&'kwU; cgqin gksdj Tw ls larq"V gS ysfdu
ftldh ?kkr deg q(x) ls de gSa] fojks/kkHkkl gS D;ksafd q(x) U;wure gSA

 h(x) = 0  q(x)] p(x)dks foHkkftr djrk gSA

 F ij ,d F.D.V.S. V(F) ij ,d jSf[kd ladkjd T dks f=dks.kh; ;k
f=dks.kkdkj (Triangulable) ;k (Triangularizable) dgk tkrk gS ;fn V dk Øec)
vk/kkj bl rjg ekStwn gks fd [T] f=dks.kh; (Triangular) gksA

 eku yhft, fd T ,d F.D.V.S. V(F) ij ,d jSf[kd ladkjd gSA T
f=dks.kh; ;fn vkSj dsoy ;fn F[x] ij T ds fy, vfHkyk{kf.kd cgqin jSf[kd
vyx&vyx dk xq.ku gks ¼leku :i ls] T f=dks.kh; gksrk gS ;fn vkSj dsoy ;fn
tc T ds vkbxsu eku F esa gksa½A

 eku yhft, fd ;fn F [x]] ij T ds fy, vfHkyk{kf.kd cgqin jSf[kd
dkjdksa (Linear Factors) dk xq.ku gSaA
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eku yhft, fd F esa c1, c2, ..., cn] T dh vkbxsu eku (Eigen Values) gSA

ge n ij izos'k.k dk mi;ksx djsaxsA

;fn n = 1 gS] rks ifj.kke Li"V gS D;ksafd 1 × 1 vkO;wg ges'kk f=dks.kh; gksrk gSA

;fn n > 1, rks eku ysa fd F ij n ls de vk;ke ij lHkh lfn'k lef"V ds
fy, ifj.kke lgh gksxkA eku yhft, fd foek (dim) V = n gS vkSj v1] T dk] c1

ds fy, vkbxsu lfn'k (Eigen Vector) gSA rc T(v1) = c1v1

eku ysa fd W = < v1 >

rc W] V dk T-vifjorZuh; (T-Invariant) milef"V gksxkA

V

W
 foek V

W
 = n – 1 ij fopkj djsaA

rc T̂  : V

W
  

V

w
 bl rjg gS fd,

T̂ (W + v) = W + T(v)

V

W
 ij lqifjHkkf"kr jSf[kd ladkjd gSA

eku ysa fd f (x)] T dk vfHkyk{kf.kd cgqin vkSj g(x)] T  dk vfHkyk{kf.kd
cgqin gSA

rc g(x)] f(x) dks foHkkftr djrk gS ¼mnkgj.k 1-27 ls½A

rks g(x) esa F[x] Hkh jSf[kd dkjdksa dk xq.ku gSA

izos'k.k ;k baMD'ku vo/kkj.kk (Induction Hypothesis)  }kjk vk/kkj (Basis)

  = V

W
 dk {W + v2, ..., W + vn}] bl rjg fd]

T̂


    = 

22 2

0

:

0 0

n

nn

a a

a

 
 
 
 
 
 

 





, aij  F

 T̂ (W + vj) = a2 j (W + v2) + ... + anj(W + vn)

 W + T(vj) = a2 j(W + v2) + ... + anj(W + vn)

= W + a2 j v2 + ... + anjvn

 T(vj) = a2 jv2 + ... + anj vn + a1j v1 ,   a1j  F

vc  = {v1, v2, ..., vn}] V dk vk/kkj gS]



11 12 1

22 2[ ]

0 0

n

n

nn

a a a

a a
T

a



 
 
 
 
 
 


  

, tgka a11 = c1
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tksfd f=dks.kh; vkO;wg [Triangular Matrix) gSa vkSj bl rjg T f=dks.kh;
gSA bl rjg ifj.kke izos'k.k ds ek/;e ls feyrk gSA

foykser%] ;fn T f=dks.kh; gS] rks V dk ,d vk/kkj (Basis)  bl rjg gksxk
fd  [T] = A Hkh f=dks.kh; gksxk vkSj T dh vkbxsu eku (Eigen Values) A esa fod.kZ
dh izfof"V gksxhA

vFkkZr F[x] esa A vkSj T ds fy, vfHkyk{kf.kd cgqin jSf[kd dkjdksa dk
xq.ku gksrk gSA

 ge bl çdkj izkIr djrs gSa fd T f=Hkqt gksxk ;fn vkSj dsoy ;fn tc
F[x] esa T U;wure cgqin jSf[kd dkjdksa dk xq.ku gksrk gSA

 ;fn A lfEeJ la[;kvksa (Complex Numbers) ds {ks= ij n × n vkO;wgksa
gS] rks A f=dks.kh; gSA

 chtxf.kr ds ewyHkwr çes; }kjk ¼vFkkZr C {ks= esa lfEeJ la[;kvksa ds
çR;sd cgqin ds lHkh ewy C esa gksaxs½] A dk U;wure cgqin p(x) = (x – c1)

r1 ... (x

– ck)
rk gksxk] tgka ci  C mi;qZDr çes; ds vuqlkj A f=dks.kh; gSA

 eku yhft, fd W, V ,d ifjfer vk;ke lfn'k lef"V V(F) ij
,d jSf[kd ladkjd gSA eku yhft, fd T dh lHkh vkbxsu eku F esa gSa] rks fl)
dhft, fd V ds çR;sd xSj&'kwU; T-vifjorZuh; (Invariant) milef"V esa T

vkbxsu lfn'k gSA

 eku yhft, fd W] F dk ,d xSj&'kwU; T-vifjorZuh; (Invariant) milef"V
gSA rc W ij T dk çfrca/k Tw, W ij ,d jSf[kd ladkjd gksxkA pwafd Tw dh
vfHkyk{kf.kd cgqin T dh vfHkyk{kf.kd cgqin dks foHkkftr djrh gS] blfy, Tw

ds vkbxsu eku Hkh F ls lacaf/kr gksxsaA eku yhft, fd c  F, Tw ds vkbtu eku
gSA rc  0  x  W bl çdkj fd Tw(x) = cx  T(x) = cx  x dk Hkh vkbxsu
lfn'k gksxkA

 eku yhft, fd V ij T ,d jSf[kd ladkjd gSA ;fn V dk çR;sd
milef"V T ds varxZr vifjorZuh; (Invariant) gS] rks fn[kk,¡ fd T rRled
ladkjd (Identity Operator) dk ,d vfn'k xq.ku (Scalar Multiple) gSA

 eku yhft, fd 0  v V gSA eku yhft, fd W] V dk milef"V V }kjk
QSyko ;k foLrkj ;k foLr`fr gS D;ksafd W] T ds rgr vifjorZuh; (Invariant) gS]
v  W  T(v)  W  T(v) = v. w  W  w = av  T(w) = aT(v) = av =

av = w gSA eku yhft, fd v W, v VA blds ckn v, v yxHkx Lora= gSaA

eku yhft, fd W milef"V dks v }kjk QSyko ;k foLrkj ¼foLr`r½ fd;k
tk jgk gSA pwafd W] T ds rgr vifjorZuh; (Invariant) gS] T(v)  W

 T(v) = vA eku yhft, v – v, V  lef"V }kjk QSyko ;k foLrkj
¼foLr`r½ gS rc igys dh rjg T(v – v) = (v – v)

 T(v) – T(v) = v – vv – v = v – v
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 ( – )v = ( – )v   =  =  as v, v jSf[kdh; Lora=
(Linearly Independent) gSA

 T(v) = (v)

lHkh v  V ds fy,] T(v) = v

 T = I

 eku yhft, dh R3 ij T ,d jSf[kd ladkjd gS tks vkO;wgksa }kjk
ekud Øec) (Standard Ordered) vk/kkj esa n'kkZ;k x;k gS]

2 0 0

1 2 0

0 0 3

 
 
 
  

eku yhft, fd W = Ker (T  2I) gSA fl) djsa fd W dk dksbZ iwjd
T-vifjorZuh; (Invariant) milef"V ugha gSA

 vc w  W dk eryc gS fd (T  2I) (w) = 0

bl rjg] T(w) = 2w] eku yhft, fd w = (x, y, z) gSA

rc
2 0 0

1 2 0 2

0 0 3

x x

y y

z z

     
          
         

blfy,] x + 2y = 2y, 3z = 2z

rks] x = 0 = z vkSj w = (0, y, 0)

blfy,] W = <(0, 1, 0)> = <
2
>

eku yhft, fd] V = W  W ,  T(W ) W 

eku yhft, fd] T  = T  2I] ekuk v N(T )R(T )

blfy,] T (v) = 0, v = T (y) = (T  2I)(w + w), w W, w W 

= (T  2I)(w) W

vkSj T (v) = 0 dk rkRi;Z gS fd v N(T ) = W

bl rjg] v W W = {0}

blfy,] v = 0 dk rkRi;Z gS fd N(T ) R(T ) = {0}

vc (T  2I)(
1
) = T(

1
)  2

1
 = 2

1
 + 

2 
 2

1
 = 

2
  W = N(T )

bl rjg (T  2I)(
1
) = T (

1
) R(T )

mi;qDr fu;e ls] (T  2I)(
1
)  N(T ) R(T) = {0}

bl rjg] 
2
 = 0, ,d fojks/kkHkkl gSA
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blfy,] W dk dksbZ iwjd (Complementary) T-vifjorZuh; (Invariant)

milef"V ugha gSA

 eku yhft, fd T ,d ifjfer vk;ke lfn'k lef"V ij ,d js[kh;
ladkjd gSA ;g fl) djsa fd iw.kkaZd k > 0 bl rjg ekStwn gS fd]

V = R(Tk)  N(Tk)

 vc V R(T)  R(T2) . . ., V dh milef"V dh vojksgh Ükà[kyk gSA

pwafd V ifjfer vk;ke gS] blfy, iw.kkaZd k > 0 bl rjg ekStwn gS fd
R(Tk) = N(Tk+1)

pwafd foek ;k (dim)  V = foek R(T k), foek N(T k)

¾ foek R(T k+1) foek N(Tk+1)

foek N(T k) = foek N(Tk+1)

bl rjg] x  R(T k)  N(T k)

T k(x) = 0, x = T k(v)

T 2k(v) = 0 v  N(T 2k) = N(T k)

T k(v) = 0 x = 0

bl rjg R(T k)  N(T k) = {0}

 eku yhft, fd T ,d ifjfer vk;ke lfn'k lef"V ij ,d js[kh;
ladkjd gS vkSj R] T dh jsat (Range) gSA fl) djsa fd R ,d iwjd T-

vifjorZujh; (Invariant) milef"V gS ;fn vkSj dsoy ;fn R] T ds 'kwU; lef"V
ls Lora= gksxkA

 eku yhft, fd R dk ,d iwjd T-vifjorZujh; (Invariant) lef"V W gSA

blfy,] V = R  W, T(w) W

eku yhft, fd x  R  N

rc x = T(y), T(x) = 0

vc y  V dk rkRi;Z gS fd y = r + w, r  R, w  W

bl rjg] x = T(y) = T(r) + T(w) = T(r) + w, w = T(w)  W

blfy,] w = x  T(r)  R

bl rjg] w  R W = {0} dk rkRi;Z gS fd]

w = 0 vkSj blfy,] x = T(r), r  R

bl rjg] x = Tk(r
1
)  R(Tk)

rFkk x  N(T) dk vFkZ gS fd x  N(Tk)
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blfy,] x  R(Tk) N(Tk) = {0}

bl çdkj] x = 0 ftldk vFkZ gS fd R N = {0}

bl rjg] R] N ls Lora= gSA

foykser%] eku yhft, fd R] N ls Lora= gSA

R N = {0}

rc foek (dim) (N + R) ¾ foek N + foek R foek (R N),

¾ foek N + foek R ¾ foek V

blfy,] V = R  N

fdarq T(N) N

bl çdkj] R esa ,d iwjd T-vifjorZujh; lef"V (Invariant Space) N gSA

 ;fn ,d ifjfer vk;ke lfn'k lef"V V vkSj R ij T ,d jSf[kd
ladkjd gSA N] V dk Lora= milef"V gS] rks ;g fl) djsa fd N] R dk vf}rh;
T-vifjorZujh; (Invariant) milef"V iwjd gSA

 Åijh mnkgj.k ds }kjk] V = R  N, T(N) N

eku yhft, V = R  W, T(W) W

ge fn[kk,axs fd W = N

vc foek N ¾ foek W

eku yhft, fd w  W

blfy, T(w)  R  W = {0}

bldk vFkZ gS fd T(w) = 0

bl çdkj w  N

blfy,] W N vkSj foek W ¾ foek N

bl rjg W = N

 eku yhft, fd T lfeJ la[;kvksa ds {ks= esa ifjfer vk;ke lfn'k
lef"V ij ,d jSf[kd ladkjd gSA fl) djsa fd T-fod.kZuh; (Diagonalisable) gS]
;fn vkSj dsoy ;fn T dks C ij dqN cgqin ls foyksfir (Annihilated) fd;k tkrk
gS] ftlds vyx&vyx ewy gSaA

 eku yhft, fd T- fod.kZuh; gSA eku yhft, fd p(x)] T dk U;wure cgqin
gSA ekud fu;e ds vuqlkj] p(x) ds vyx&vyx ewy gSa vkSj p(T) = 0

foykser%] ekuk fd q(x)] C ij ,d cgqin bl çdkj gS fd q(T) = 0 vkSj
q(x)] ds vyx&vyx ewy gSA

vFkkZr p(x)] q(x) dks foHkkftr djrk gSA
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vkSj bl çdkj p(x) ds vyx&vyx ewy gSaA

ekud fu;e ds vuqlkj] T-fod.kZuh; (Diagonalisable) gSA

 ;fn A 'kwU;Hkkoh (Nilpotent) gS] rks fn[kk,¡ fd A f=dks.kh;
vkO;wgksa ds leku gS ftldh fod.kZ esa lHkh çfof"V;k¡ (Entries) 'kwU; gSaA

 A 'kwU;okpd gS  Am = 0 A A dk U;wure cgqin p(x) A, x r dk r  m

gS rks] A dk vkbxsu eku dsoy 0 gksxkA D;ksafd 0  F, çes; 1-16 ds }kjk] A

f=dks.kh; vkO;wgksa B ds leku gSA

 A = P–1BP

pw¡fd A dk vkbxsu eku dsoy 0 gS] B dk vkbxsu eku dsoy 0 gS vkSj ;s
B ij fod.kZ çfof"V;k¡ (Entries) gSaA

 ,d FDVS, V dks n dk vk;ke dgk tkrk gSA ;fn V ds fdlh Hkh
vkèkkj esa n vo;oksa dh la[;k gksrh gSA

ge ladsru (Notation) foek ;k (dim)  F V = n ;k dsoy foek ;k (dim) V
= n dk mi;ksx djrs gSa vkSj dgrs gSa fd V, n-vk;ke lfn'k lef"V gSA

igys fd, x, ,d mnkgj.k ds ladsru foek R2 = 2] okLro esa foek Rn = n  gSA

 ;fn foek V = n gS] rks V esa dksbZ Hkh n + 1 lfn'k jSf[kd :i ls fuHkZj
gSaA

 ekuk fd T  V ,d LI leqPp; bl rjg gSa fd] o(T) = n + 1

ekuk fd S] V dk vk/kkj gSaA rc S] V }kjk QSyko ;k foLrkj ;k foLr`fr
gksxk vkSj o(S) = n gSaA

çes; 1-10 }kjk] o(T)  o(S)

n + 1  n feyrk gS tks ,d fojks/kkHkkl gSA

bl çdkj V esa dksbZ n + 1 lfn'k LD gksrs gSaA

 ,d lfn'k lef"V dk vk/kkj vf/kdre jSf[kd :i ls Lora= leqPp;
gS vkSj blds foijhr] lfn'k lef"V esa çR;sd vf/kdre jSf[kd :i ls Lora=
leqPp; bldk vk/kkj gksrk gSA

 ekuk fd S] ,d lfn'k lef"V V dk vk/kkj S gS] rks S] V esa jSf[kd :i ls
Lora= leqPp; gSA eku ys fd T] V esa ,d jSf[kd :i ls Lora= leqPp; bl çdkj
gS fd S  T] ;fn S  T rks t  T bl çdkj fd t  S

rc t  T   t  V  t = 1s1 + 2s2 + ... + nsn, i  F, si  S D;ksafd
S] V }kjk QSyko ;k foLrkj ;k foLr`fr gksrk gSA
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 (– 1) t + 1s1 + 2s2 + ... + nsn = 0, tgk¡ t  si fdlh Hkh i ds fy,A

 – 1 = 0

D;ksafd {t, s1, s2,..., sn}  T ,d jSf[kd :i ls Lora= leqPp; gSA rks gesa
fojks/kkHkkl feyrk gSA

blfy, S ,d vf/kdre jSf[kd :i ls Lora= leqPp; gSA

blds foijhr] eku ys fd S  V ,d vf/kdre jSf[kd :i ls Lora= leqPp; gSA

eku yhft, fd v  V vkSj v  L(S)

rc S  S  {v} D;ksafd v  L(S)  v  S

vkSj blfy, S  {v} ,d LD leqPp; gS vkSj bl çdkj S  {v} ,d
ifjfer mileqPp; gS tks LD leqPp; gSA

vFkkZr, s1, s2,... sn  S D;ksafd] {v, s1, s2,..., sn}, LD leqPp; gSA
vFkkZr, v + 1s1 + ... + nsn = 0,   F, i  F

tgka  ;k dksbZ Hkh i 'kwU; ugha gSA

vxj  = 0 rc 1s1 + 2s2 + ... + nsn = 0

 i = 0  i

blfy,    0

bl çdkj v = (––11)s1 + ... + (––1n) sn

 v  L(S), ¼,d fojks/kkHkkl gS½A

bl rjg V = L(S) vkSj bl rjg S, V dk vk/kkj gSA

 eku yhft, fd fdlh Hkh lfn'k lef"V V ds mileqPp; esa LI lfn'k
dh vf/kdre la[;k n gSA rc foek V = n gSA

 eku yhft, fd S] V esa LI mileqPp; bl çdkj gS fd o(S) = n

rc S] V esa ,d vf/kdre LI leqPp; gSA Åijh çes; ds }kjk] rc S] V dk
vkèkkj gSA

bl rjg foek V = o(S) = n gSA

 eku yhft, fd V(F) ,d lfn'k lef"V gSA V dk U;wure tfur ;k
tsujsfVax leqPp; (Minimal Generating Set) V dk ,d vk/kkj gS vkSj foykser%
¼blds foijhr½] V dk çR;sd vk/kkj] V dk U;wure tfur ;k tsujsfVax leqPp;
gksrk gSA

 S] V dk ,d U;wure tfur ;k tsujsfVax mileqPp; gSA

rc V = L(S) gksxk vkSj S dk dksbZ mfpr mileqPp; V ugha cukrk gSA ge
fn[kk,axs fd S1] LI leqPp; gSA eku yhft, fd ;g ugha gS] rks S dk ,d lhfer
;k ifjfer mileqPp; S1] LI bl rjg ekStwn gS] fd S1] LI ugha gSA
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rks  s  S1 bl çdkj gS fd s] S1 ds vo;oksa dk jSf[kd lap;] vkSj blfy,
S dk Hkh gSA

eku yhft, fd T = S – {s}

rc V = L(T) vkSj T

 S] ,d fojks/kkHkkl D;ksafd S] V dk U;wure tfur ;k

tsujsfVax leqPp; gSA blfy, S] V dk ,d vk/kkj gSA

blds foijhr] eku yhft, fd B] V dk ,d vk/kkj gS ge fn[kk,axs dh B dk
dksbZ Hkh mfpr mileqPp; V dks tfur ;k tsujsV ugha dj ldrk gSA

eku yhft, fd B 

  B vkSj V = L(B)A rc  b  B, bl çdkj fd] b  B

rc b  B  b  V = L(B)   b = 
1

n

i ib ,   bi  B

 0 = (– 1) b 
1

n

i ib  , b  bi fdlh Hkh i ds fy,A

 – 1 = 0 as {b, b1,..., bn}  B, LI mileqPp; gS] ,d fojks/kkHkkl gSA

bl çdkj B] V dk U;wure tfur ;k tsujsfVax leqPp; (Minimal Generating

Set) gSA

 ;fn V ,d FDVS gS vkSj {v1, v2,..., vr}] V ds LI mileqPp; gS] rks
bls V dk vk/kkj cukus ds fy, c<+k;k tk ldrk gSA

 ;fn {v1, v2,... vr}, V ls QSykrk ;k foLrkfjr djrk gS] rks ;g Lo;a V dk
,d vk/kkj cukrk gS vkSj fl) djus ds fy, dqN Hkh ugha gSA

eku yhft, fd S = {v1, v2,... vr, vr + 1,... vn}] V dk vf/kdre LI

mileqPp; gS] ftlesa {v1, v2, ..., vr} gSA

ge fn[kkrs gSa fd S] V dk vk/kkj gS] ftlds fy, ;g fl) djuk i;kZIr gS
fd S] V ls QSyko ;k foLrkj gksrk gSA

eku yhft, v  V dksbZ Hkh vo;o gSA

rc T = {v1, v2,...vn,v}] S ds dkj.k ¼ds p;u ls½ LI gSA

  1, 2,..., n,   F ¼lHkh 'kwU; ugha½] bl rjg fd]
1v1 + ... + nvn + v = 0

ge nkok djrs gSa   0 eku yhft,  = 0

rc 1v1 + ... + nvn = 0

 i  = 0 lHkh i ds fy, D;ksafd 1, v2,..., vn] LI gSA

   = i = 0 lHkh i ds fy, tks lR; ugha gSA

bl rjg   0 vkSj vkSj blfy, –1 ekStwn gSA
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pwafd v = (––11)v1 + (––12)v2 + ... + (––1n)vn

v, v1, v2,..., vn dk ,d jSf[kd lap; gSA

tks gekjs dFku (Assertion) dks çekf.kr djrk gSA

(Aliter)  eku yhft, fd foek ;k dim V = n vkSj S = {v1, v2,...,

vr}A ;fn S] V esa vf/kdre LI leqPp; gS rks çes; 1-17 }kjk] ;g V dk ,d

vkèkkj gSA ;fn S] V esa vf/kdre LI leqPp; ugha gS] rks ,d leqPp; T   S ,slk

gS fd V esa T, LI leqPp; gSA D;ksafd LI leqPp; esa n lfn'kksa ls vf/kd ugha gks
ldrs gS] blfy, lhfer pj.kksa ds ckn] V esa ,d vf/kdre LI leqPp; B  S

gksxkA çes; 1-17 }kjk] B] V dk ,d vk/kkj gksxkA blfy, S dks V esa vk/kkj B
cukus ds fy, c<+k;k tk ldrk gSA

 ;g ifj.kke rc Hkh fl) gks ldrk gS tc lfn'k lef"V ifjfer vk;ke ugha
gksA

 ;fn foek V = n vkSj S = {v1, v2,..., vn}] V ls tfur ;k tsusjsVsM
QSyko ;k foLr`fr ¼foLrkj½ gksrk gS rks S] V dk ,d vk/kkj gSA

 pwafd foek V = n] V  ds fdlh Hkh vk/kkj esa  n vo;o gksrs gSaA ekud fu;eksa
}kjk] S dk ,d mileqPp;] V dk ,d vk/kkj gksxk] D;ksafd S esa n vO;o gSa] ;g
vius Lo;a ij V dk vk/kkj cu,xkA

 ;fn foek V = n vkSj S = {v1, v2,...,vn}] V dk LI mileqPp; gS rks
S] V dk ,d vk/kkj gSA

 pwafd S = {v1, v2,..., vn}, LI gS] bls V dk vk/kkj cukus ds fy, c<+k;k tk
ldrk gS] ysfdu foek V] n gksus ds dkj.k ;g Lo;a V dk ,d vk/kkj gksxkA

(Aliter)  eku yhft, fd v  V, rc

izes; 1-12 dh miizes; 3 }kjk] v, v1, v2,..., vn, LD gksaxsA

bl çdkj]
 , 1, 2,..., n  F

blfy,] v + 1v1 + 2v2 + ... + nvn = 0

tgk¡ dksbZ Hkh i ;k  'kwU; ugha gSA

;fn  = 0] rc 1v1 + 2v2 + ... + nvn = 0

 i = 0 i D;ksafd v1, v2 ..., vn, LI gSA

bl çdkj   0 vkSj]
v = (––11)v1 + ..... + (––1n)vn  L(S)

 V  L(S)

 V = L(S) vkSj D;ksafd S] LI gS( S] V dk vk/kkj gSA
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 ;fn {v1, v2,..., vn} dk vk/kkj FDVS, V gS] foek n vkSj
v = ivi, r  0 rks fl) djks fd {v1, v2,..., vr–1, v, vr + 1 ..., vn}] V dk ,d
vkèkkj gSA

 gekjs ikl gS]

v = 1v1 + ... + rvr + ... + nvn r  0,  r
–1

   vr = (–r
–11) v1 + ... + (–r

–1 r–1) vr–1 + r
–1v + ... + (–r

–1n)vn

= 1v1 + ... + r–1vr–1 + rv + r + 1 vr + 1 + ... + nvn

vxj x  V dksbZ vo;o gS rc]
x= 1v1 + 2v2 + ... + nvn i  F

 x = a1v1 + ... + ar–1vr–1 + ar(1v1 + ... + nvn) + ... + anvn

;k x, ¼v1, ..., vr–1, v, vr+1,..., vn½ dk ,d jSf[kd lap; gSA

vkSj ;fn x dksbZ Hkh vo;o gksus ij] ge izkIr djrs gSa fd {v1,..., vr–1, v,

vr+1,... vn}, V }kjk QSyko ;k foLrkj gS vkSj çes; 1-21 ds }kjk ;g V dk ,d
vkèkkj cukrk gSA

 F ds nks ifjfer vk;ke lfn'k lef"V rqY;kdkjh (Isomorphic) gSa] ;fn
mudk vk;ke (Dimension) leku gSA

 eku yhft, fd V vkSj W] F ij nks lfn'k lef"V rqY;kdkjh gSa vkSj  : V  W

rqY;kdkjh gSaA

eku yhft, fd foek V = n vkSj {v1, v2, .., vn}] V dk ,d vk/kkj gksA

ge nkok ;k DySe dj ldrs gSa fd {(v1), (v2), ..., (vn)}]W dk ,d
vkèkkj gksxkA

vc 
1

n

i
i 

  (vi) = 0 i  F,

 ( )i iv   = 0 = (0)

 i iv  = 0 ( is 1–1)

 i  = 0 lHkh i ds fy, v1, v2, ..., vn, LI gS]

 (v1), (v2), ..., (vn), LI gS]

iqu%] ;fn w  W dksbZ vo;o gS] rks  vkPNknd (Onto) gS]  dqN v  V

bl rjg gSa fd (v) = w gksA

vc v  V  v = 
1

n

i i
i

v


  fdlh Hkh i  F ds fy,A

 w = (v) =  i iv 
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 w = )i iv  = 1(v1) + 1(v2) + ... + n(vn)

;k w] (v1), (v2), ..., (vn) dk ,d jSf[kd lap; gSA

blfy, (v1), (v2),..., (vn), esa QSyko ;k foLrkj W ls tfur ;k tsujsVsM
gS vkSj blfy,] W dk ,d vkèkkj cukrs gSa rks]

foek W = n gksxkA

blds foijhr] eku yhft, fd foek V = foek W = n vkSj eku yhft,
{v1, v2, ..., vn} vkSj {w1, w2, ...,wn} Øe'k% V vkSj W dk vk/kkj gSaA

 : V  W dks bl rjg ifjHkkf"kr djsa fd]
(v)= (1v1 + 2v2 + ... + nvn)

= 1w1 + 2w2 + ... + nwn

rc  vklkuh ls vPNh rjg ls ifjHkkf"kr fd;k tk ldrk gSA ¼okLro esa
dksbZ Hkh v  V vk/kkj ds lnL;ksa dk vf}rh; jSf[kd lap; gS½A

;fn v, v  V dksbZ vo;o gS rc]

v= i iv , v = i iv i, i  F

(v + v )=  i i i iv v    
=  )i i iv   
= ( )i i iw  
= i i i iw w     = (v) + (v)

vkSj (v) =  i iv    =  i iv   = i( ) iw
= i iw   = (v)

le:irk (Homomorphism) gSaA

vc vxj v  Ker 

rks (v) = 0

  i iv   = 0

 i iw = 0

 i = 0 lHkh i ds fy, w1, w2, ..., wn] LI gksxk
 v  = 0
 Ker = {0}

  ,dSdh (One-One) gSA

bl çdkj Li"V rkSj ij  vkPNknd (Onto) gksxkA blfy,  rqY;kdkjh
(Isomorphism) gSaA

 ,d rqY;kdkfjrk ds rgr ,d vk/kkj dks ,d vk/kkj ij ekufpf=r fd;k
tkrk gSA ;g çes; ds ml igys Hkkx dks vuqlj.k djrk gSA
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 fn[kk,¡ fd lHkh okLrfod lrr Qyu y = f (x) ds leqPp;
vody lehdj.k dks larq"V djrk gS rks ;g R ij lfn'k lef"V gksxkA bldk ,d
vk/kkj Kkr djsaA

 ge tk¡p dj ldrs gS fd V = {f | f : R  R, f  Cont.}] R ij ,d lfn'k
lef"V gS]

( f + g)x = f (x) + g(x)

(f )x = (f (x))

eku yhft, fd W = {f  V | f fn, x, vody lehdj.k dk ,d gy gSÀ

fn;k x;k vody lehdj.k gS]
(D3 + 6D2 + 11D + 6) y = 0

(D + 1) (D + 2) (D + 3) y = 0

 D = – 1, – 2, – 3

vkSj lkekU; gy (General Solution) gksxk]
y = Ae–x + be–2x + Ce–3x

vxj S = {e–x, e–2x, e–3x} rc Li"V :i ls S] W ls QSyko ;k foLrkj
¼Span½ gSA

eku yhft, Ae–x + Be–2x + Ce–3x = 0

rc –Ae–x + (– 2) Be–2x + (– 3C) e–3x = 0

Ae–x + (4B) e–2x + (9C) e–3x = 0  x

x = 0 j[kus ij]
1 1 1

1 2 3

1 4 9

A

B

C

   
        
      

 = 0  M 
A

B

C

 
 
 
  

 = 0

tgk¡ det M = 1(–18 + 12) – 1 (–9 + 3) + 1 (– 4 + 2) = – 2  0

blfy, M –1 ekStwn gS vkSj blfy, A = B = C = 0

 S, LI gS vkSj blfy, W dk vk/kkj gSA

W ,d lfn'k lef"V gS D;ksafd ;g V dk milef"V gSA

[y1, y2  W  1y1 + 2y2 fn, x, vody lehdj.k dk ,d gy gS]
 1y1 + 2y2  W]

 ;fn S = {v1, v2,..., vr}] V ,d LI mileqPp; gS] vkSj v  V ,slk
gS fd v L(S)] rks fn[kk,¡ fd S  {v}] V dk ,d LI mileqPp; gSA

 S  {v} = {v1, v2,..., vr, v}

eku yhft, fd 1v1 + 2v2 + ... + rvr + v = 0 i  F,   F
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vxj   0 rc –1 ekStwn gS vkSj ge izkIr djrs gSa]
–1(1v1 + 2v2 + ... + rvr + v) = 0

 v = (––11)v1 + (––12)v2 + ... + (–1r)vr

 v  L(S) ,d fojks/kkHkkl gSA

blfy,]  = 0

 1v1 + 2v2 + ... + rvr = 0

 i = 0 lHkh i ds fy, D;ksafd ¼v1, v2,..., vr½] LI gSA

  = i = 0 lHkh i ds fy,A

 ¼v1, v2,..., vr, v½ LI gSaA

bl çdkj ;g fl) gksrk gSA

 eku yhft, fd W, FDVS, V dk ,d milef"V gS] rks W ifjfer
vk;ke vkSj foek W  foek V gksxkA okLro esa] foek V = foek W gksxk ;fn
V = W gSA

 eku yhft, fd foek V = n] rc n] v ds fdlh Hkh mileqPp; esa LI vo;oksa
dh vf/kdre la[;k gSA pwafd W dk dksbZ Hkh mileqPp; V dk Hkh mileqPp;
gksxk] n] W esa LI vo;oksa dh vf/kdre la[;k gSA

¼w1, w2,..., wm½] W esa LI vo;oksa dh vf/kdre la[;k gS] rc m  n gSA

ge ns[ksaxs fd{w1, w2,..., wm}, W dk ,d vk/kkj gSaA ;s igys ls gh LI gSaA
;fn w  W dksbZ vo;o gS rks mileqPp; {w1, w2, ..., wm, w} LD gSA

 F ¼lHkh 'kwU; ugha gS½ esa 1, 2,..., m,  bl rjg gS fd]

1w1 + ... + m wm + w = 0

vxj  = 0] ge izkIr djrs gSa] i = 0 lHkh i ds fy,] D;ksafd w1,..., wm, LI

gSA ;g lR; ugha gS blfy,   0 vkSj blfy, –1 ekStwn gSA

mi;qDr lehdj.k ls ge izkIr djrs gSa]
w = (––11)w1 + ... + (––1 m) wm

;g n'kkZrk gS fd {w1, w2,..., wm}] W dk foLrkj ;k QSyko gS ¼vkSj blfy,
lhfer ;k ifjfer vk;ke gS½A

 {w1, w2,..., wm}, W dk vk/kkj gSA

foek W = m  n = foek V

vkf[kj esa] vxj foek V = foek W = n

vkSj {w1, w2,..., wn}] W  dk vk/kkj gS rks tSls W  esa {w1, w2,..., wn}, LI

gS] mlh rjg ;g V esa LI gksxk vkSj tSls foek V = n, {w1, w2,..., wn}, V dk
vkèkkj gS]
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vxj v  V dksbZ Hkh vo;o gS rc]
v = 1w1 + 2w2 + ... + nwn  W

 V  W  V = W

blds foijhr] fuf'pr :i ls] V = W foek V = foek WA

(i) ;fn W] V dk ,d milef"V gS tgk¡ W = (0) gS rks W dk vk;ke 'kwU; ekuk
tkrk gSA

(ii) C (Q) ifjfer vk;ke ugha gS ;fn ,slk gS rks bldk milef"V R(Q) Hkh
ifjfer vk;ke gksxk] tks fd lR; ugha gS] D;ksafd geus ekuk fd foek R(Q)

= n gSA

ekuk fd x1, x2,..., xn] R(Q) dk ,d vk/kkj gS] rks

R = {1x1 + 2x2 + ... + nxn | i  Q}

pwafd Q x.kuh; leqPp; (Countable Set) gS] çR;sd i esa x.kuh; fodYi
(Countable Choices) gSaA rks R Hkh x.kuh; gksxk] tks lR; ugha gSA blfy,
foek R(Q) lhfer ;k ifjfer ugha gSA

(iii) çes; dk ifj.kke lgh ugha vk,] vxj V lhfer ;k ifjfer vk;ke ugha gksxkA
V = F[x]] vkSj W = F[x2]] ij fopkj djsa rks W] V dk milef"V gksxk] W

 V D;ksafd x  V, x  W

;gk¡ S = {1, x, x2,..., xn,...}] V dk vk/kkj gS vkSj T = {1, x2,..., x2n,...}] W
dk ,d vk/kkj gSA ekufp=.k  : S  T] bl çdkj fd] (xi) = x2i, 1–1 lgh
gS vkSj bl çdkj S vkSj T dh ,d gh x.kuh;rk (Cardinality) gS
 foek V = foek W

 eku yhft, fd W, FDVS, V dk milef"V gS rks]

foek V

W
= foek V – foek W

 eku yhft, fd foek W = m vkSj {w1, w2, ..., wm}] W dk ,d vk/kkj gSA

w1, w2,..., wm, W esa LI gksus ij V esa Hkh LI gksxk vkSj bl çdkj {w1, w2,..., wm}

dks V dk vk/kkj cukus ds fy, c<+k;k tk ldrk gSA

eku yhft, fd {w1, w2,..., wm, v1, v2,..., vn}] V dk foLrkfjr vk/kkj gSA

rc W + (1v1 + ..... + nvn) = W
 1v1 + ..... + nvn  W

 1v1 + ..... + nvn  (w1,..., wm) dk jSf[kd lap; gSA

 1v1 + ..... + nvn = 1w1 + ..... + mwm j  F
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 1v1 + ..... + nvn – 1w1 – ..... – mwm = 0

 i = j = 0 lHkh i] j ds fy,]

 {W + v1, W + v2,....., W + vn}, LI gSA

iqu%] fdlh Hkh W + v  V

W
, v  V  dk eryc gS fd v, w1,..., wm, v1,..., vn

ds lkFk jSf[kd lap; gSA

vFkkZr] v = 1w1 + ... + mwm + 1v1 + ... + nvn i, j  F

gesa izkIr gS] W + v = W + (1w1 + ... + mwm) + (1v1 + ... + nvn)

= W + (1v1 + ... + nvn)

= (W + 1v1) + ... + (W + nvn)

= 1(W + v1) + 2(W + v2) + ... + n(W + vn)

bl çdkj V

W
] S ls foLr`fr ;k QSyko gS vkSj blfy, vk/kkj gSA

vFkkZr foek (dim) V

W
 = n

bl rjg foek V

W
= foek V – foek W

 bl çdkj gesa izkIr gS fd vxj V] FDVS gS rks V

W
 Hkh gksxkA

bldk çfrykse (Converse) t:jh ugha fd lgh gksA

V = F[x],  W = {x2 f (x) | f (x)  V} ij fopkj djsaA

rc W, V dk milef"V gS vkSj rc]
V

W
= {W + a0 + a1x | ai  F}

ftls {W + 1, W + x} }kjk foLr`r ;k foLrkj fd;k x;k gSA

vkSj bl çdkj V

W
 lhfer ;k ifjfer vk;ke gS tcfd V ugha gSA

 vxj FDVS, V ds A vkSj B nks milef"V gSa rc]

foek (A + B) = foek A + foek B – foek (A  B)

 geus igys gh fl) fd;k gS fd]

A B

A


  

B

A B

 foek 
A B

A


 = 

B

A B

¾ foek (A + B) –  foek A = foek B – foek (A  B)
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;k foek (A + B) = foek A + foek B – foek (A  B)

 vkidks ,d vH;kl ds :i esa mijksDr çes; dk vius vki gy fudkyus dk
ç;kl djuk pkfg,A

 ;fn  A  B = (0) rc foek (A + B) = foek A + foek B

vFkkZr, foek (A  B) = foek A + foek B

 eku yhft, fd W1, W2, W3 ,d FDVS ds milef"V gSaA
fn[kk,axs fd

foek (W1 + W2 + W3)  foek W1 + foek W2 + foek W3 – foek (W1  W2)

– foek (W1  W3) – foek (W2  W3) + foek (W1  W2  W3)

 gekjs ikl gS]

foek (W1 + W2 + W3) = foek W1 + foek (W2 + W3) – foek (W1  (W2 + W3))

¾ foek W1 + foek W2 + foek W3 – foek (W2  W3) – foek (W1  (W2

+ W3))  foek W1 + foek W2 + foek W3 – foek (W2  W3)

– foek (W1  W2) – foek (W1  W3) + foek (W1  W2  W3)

D;ksafd (W1  W2) + (W1  W3)  W1  (W2 + W3)

 eku yhft, fd R ij Pn lHkh cgqinksa dh ?kkr (Degree)   n dk
lfn'k lef"V gSa] tks P4/P2 dk vk/kkj çnf'kZr djrk gSA

blfy, foek 4

2

P

P
 = foek P4 –foek P2 dks lR;kfir djsaA

 ;g ns[kuk vklku gS fd {1, x, x2, x3, x4}] P4 dk ,d vk/kkj gS vkSj bl
çdkj foek P4 = 5A blh çdkj foek P2 = 3 D;ksafd P2 = {1, x, x2} dk ,d vkèkkj
gSA

eku yhft, fd S = {P2 + x3, P2 + x4} rc S] 4

2

P

P
 dk ,d vk/kkj gSA

P2 + f  4

2

P

P
  P2 + 0 + 1x + 2x

2 + 3x
3 + 4x

4 = P2 + f

 P2 + f = 3(P2 + x3) + 4(P2 + x4)

 S, 4

2

P

P
 ls QSyko ;k foLr`fr ¼foLrkj½ gSA

iqu%] (P2 + x3) + (P2 + x4) = 'kwU; = P2

 P2 + x3 + x4 = P2

 x3 + x4 = a + bx + cx2  P2

 a = b = c =  =  = 0 D;ksafd cgqin 'kwU; gSA

vxj lHkh xq.kkad 'kwU; gSA
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bl çdkj S, 4

2

P

P
 dk vk/kkj gksxkA

blfy, foek 4

2

P

P
 = 2 = 5 – 3 = foek P4 – foek P2

 eku yhft, fd W ,d FDVS, V dk milef"V gS] rks V dk ,d
milef"V W bl rjg ekStwn gksxk fd V = W  W

 {w1, w2,..., wm}] W dk ,d vk/kkj gS] rks w1, w2,..., wm esa LI gksus ds dkj.k
W esa Hkh LI gksxkA V dk vk/kkj cukus ds fy, ge bu LI vko;oksa dk foLrkj djrs
gSaA tSls]

{w1,..., wm, v1,..., vn}

eku yhft, fd W  = L ({v1, v2,..., vn}), vFkkZr] W  mileqPp; dh {v1,

v2,..., vn} }kjk foLr`fr ;k foLrkj fd;k x;k gSA

ge fn[kk,axs fd W  W  = V

eku yhft, fd v  V dksbZ vo;o gS rc]
v = (1w1 + ... + mwm) + (1v1 + ... + nvn), i, j  F

tgka igyk dks"Bd 'kCn W dk gS vkSj nwljk W' dk gS]

  v  W + W  vkSj bl çdkj V  W + W 

 V = W + W

iqu%] vxj x  W  W  dksbZ vo;o gS]

rc x  W vkSj x  W

 x = a1w1 + ... + amwm ai, bj  F

x = b1v1 + ... + bnvn
     a1w1 + ... + amwm + (–b1)v1 + ... + (–bn)vn = 0

 ai = bj = 0 lHkh i, j ds fy, w1,..., wm, v1,..., vn, LI gSA

bl çdkj x = 0

 W  W  = (0)

;k V = W  W 

(i) W  dks W dk iwjd (Complement) dgk tkrk gSA bl çdkj geus ;g fl)
dj fn;k gS fd FDVS ds çR;sd milef"V esa ,d iwjd gksrk gSA

(ii) mijksDr çes; dks fdlh Hkh lfn'k lef"V ds fy, fl) fd;k tk ldrk gS
¼vfuok;Z :i ls ifjfer vk;ke gksuk t:jh ugha gS½A

 ;fn V esa W] W  dk dksbZ iwjd gS rks foek W  = foek V – foek W

pw¡fd V = W  W   foek V = foek (W  W ) = foek W + foek W 

 foek W  = foek V – foek W
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;|fi milef"V ds çR;sd iwjd dk ,d gh vk;ke gksrk gS] ysfdu bldk
vFkZ ;g ugha gS fd ,d milef"V dk ,d vf}rh; iwjd gksxkA

 eku yhft, fd V(F) ,d lfn'k lef"V gSA V dh milef"V W1, W2,...,

Wm dks Lora= dgk tk ldrk gS vxj]
w1 + w2 + ... + wm = 0  wi = 0 i,  wi  Wi gSA

 eku yhft, fd V, FDVS gSA eku yhft, fd W1, W2,..., Wm] V dh
milef"V gS] tgka W = W1 + W2 + ... + Wm rc fuEufyf[kr lerqY; (Equivalent)

gksaxs]

(i) W1, W2,..., Wm Lora= gSaA

(ii) Wj  (W1 + W2 + ... + Wj–1) = {0}, j,  2  j  m

(iii) ;fn i] Wi] dk Øfed vk/kkj gSA 1  i  m, rc   = {1, 2,..., m}] W
dk Øfed vk/kkj gksxkA

fu;e (i) fu;e (ii)

eku yhft, fd x  Wj  (W1 + W2 + ... + Wj–1) dksbZ vo;o gSA

 x  Wj vkSj x  W1 + W2 + ... + Wj–1

 x = wj, x = w1 + w2 + ... + wj–1 wi  Wi

 w1 + w2 + ... + wj–1 = wi

rc w1 + w2 + ... + wj–1 + (–1) wj + 0 + 0 ... + 0 = 0

 wi = 0 i (i) ds iz;ksx lsA

 x = 0  ifj.kkeA
fu;e (ii)  fu;e (iii)

eku yhft, fd i = 
1

{ ,..., }
di

i ix x , Wi dk vk/kkj gSA

eku yhft, fd 
11 1 2 2

1

...
i

k

i i i i id id
i

a x a x a x


   = 0 gSA

rc 
1

k

i
i

w

  = 0  wi = 0 lHkh i ds fy, ¼D;ksafd] vxj j lcls cM+k iw.kkaZd

gS tSls fd wj  0,] rc w1 + ... + wj = 0  wj  Wj  (W1 + ... + Wj–1) = {0}

 wj = 0, ,d fojks/kkHkkl gS½A

  = {1,..., k}, W esa ,d Lora= leqPp; gSA pwafd i] Wi ls foLr`fr
gS lHkh i] ] W ls foLr`fr ;k QSyko ;k foLrkj gSA

  dk ,d vk/kkj gSA
fu;e (iii)  fu;e (i)
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eku yhft, fd x1 + ... + xm = 0, xi  Wi

rc 
1 1 1 1 11

1 1 1 1.... ... ...
d dk

d k k kx x x x         = 0

 çR;sd xq.kkad (Coefficient) ij = 0 D;ksafd  jSf[kd :i ls Lora=
gSA

 lHkh xi = 0 ds fy,A

 W1,..., Wm Lora= gSaA

 eku yhft, fd V ,d ifjfer vk;ke gS vkSj W1,..., Wm] V dh
milef"V gS rks V = W1 + ... + Wm vkSj foek V = foek W1 + ... + foek Wm gSA

rks fl) djsa fd V = W1  ...  Wm gSA

 eku yhft, fd lHkh i ds fy, i] Wi dk Øfed vk/kkj gSA eku yhft, fd
foek Wi = di vkSj x  V gSA

rc  x = x1 + ... + xm, xi  Wi, xi  Wi  xi lfn'k dk ,d jSf[kd lap; gSA

  x = {1, ..., m} esa lfn'kksa dk ,d jSf[kd lap; gSA

 V ls foLr`fr ;k foLrkj ;k QSyko gksrk gSA

 V dk vk/kkj gS ¼;fn V dk vk/kkj ugha gS] rks  ds dqN
mileqPp;] V ds vk/kkj gksaxs foek V < o(1) + ... + o(m) = foek W1 + ...... +

foek Wk = foek V] ,d fojks/kkHkkl gS½A

 W1, ..., Wm] çes; 1-27 }kjk Lora= gSaA

 Wj  (W1 + ... + Wj – 1) = {0} lHkh j ds fy,] 2  j  m çes; 1-27 }kjk

  V = W1  W2 + ... +  Wm

5- crk,a fd dSls ,d ifjfer foLrkj chtxf.krh; gS\

6- T&vifjorZuh; D;k gS\

7- F.D.V.S., V(F) ij ,d jSf[kd ladkjd T dc F ij f=dks.kh; gksrk gS\

8- fl) djsa fd vxj nks lfn'k LD gSa] rks muesa ls ,d vfn'k xq.kd gSA

9- ekuk dh ;fn V = M
2
(R) vkSj ekuk dh ;fn W = {AV|A = A'} V dk

milef"V gS rks W dk vk/kkj Kkr djsaA

1- fjax ;k oy; (Ring) esa çsjd dkjd iw.kkaZd dk leqPp; vkSj lewgksa esa lHkh
Øep; ds leqPp; dk leqPp; gksrk FkkA lfn'k lef"V ,d lfn'k dh
èkkj.kk ls mRiUu gksrk gS ftlls ge ;kaf=dh ;k T;kfefr esa ifjfpr gks pqds
gSaA
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2- ,d lfn'k lef"V V(F) esa ,d vfjDr mileqPp; W dks V dk milef"V
dgk tkrk gSA ;fn W ds ifjpkyuksa ds varxZr W milef"V cukrk gSA

3- eku yhft, fd W1, W2,..., Wn fdlh lfn'k lef"V V(F) dh milef"V gS
rks W1 + W2 + ... + Wn dks ljy ;ksx dgk tk;xkA vxj çR;sd x  W1

+ W2 + ... + Wn dks x = w1 + w2 + ... + wn, wi  Wi dks vf}rh; :i esa
O;Dr fd;k tk ldrk gSA

4- eku yhft, fd V(F) lfn'k lef"V gS] vi  V, i  F Øe'k% V vkSj F ds

vo;o gSa] rks bl rjg ds vo;oksa v1, v2, ..., vn ¼F ij½
1

n

i i
i

v


  dks jSf[kd

lap; dgk tkrk gSA

5- K, F dk ,d ifjfer foLrkj gSA ekuk fd [K : F] = nA ekuk fd a  K rc
1, a, ..., an jSf[kd :i ls F ij fuHkZj djrs gSaA

6- T] lfnd lef"V V ij ,d jSf[kd ladkjd gSA ;fn W] V dk ,d milef"V
,slk gS fd T(W)  W rc ge dgrs gSa fd W, T ds rgr vifjorZuh; gS ;k
T-vifjorZuh; gSA

7- F ij ,d F.D.V.S., V(F) ij ,d jSf[kd ladkjd T dks f=dks.kh; dgk
tkrk gS ;fn V dk Øec) vk/kkj bl rjg ekStwn gks fd [T] f=dks.kh;
gksA

8- ,d FDVS, V dks n vk;ke dgk tkrk gSA ;fn V ds fdlh Hkh vk/kkj esa
n vo;oksa dh la[;k gksrh gSA

ge ladsru foek F V = n ;k dsoy foek V = n dk mi;ksx djrs gSa vkSj
dgrs gSa fd V, n-vk;ke lfn'k lef"V gSA

9- W ,d lfn'k lef"V gS D;ksafd ;g V dk milef"V gSA

[y1, y2  W  1y1 + 2y2 fn, x, vody lehdj.k dk ,d gy gSA
 1y1 + 2y2  W]

 ,d lfn'k dks ,d funsZf'kr js[kk [kaM ds :i esa ifjHkkf"kr fd;k x;k gS] tks
chtxf.krh; 'kCnksa esa ,d Øfer leqPp; (a, b) dh ,d vpj ¼fuf'pr½
funsZ'kkad fudk; ds lkis{k vafre fcanq ds funsZ'kkad ds :i esa ifjHkkf"kr fd;k
x;k gSA

 V vkSj F dh nks vyx&vyx f}vk/kkjh lafØ;k ds fy, ,d gh çrhd
èkukRed (+) dk mi;ksx dj ldrs gSaA blh rjg] {ks= F ds fy, ,d gh
çrhd] dk mi;ksx vfn'k xq.ku vkSj xq.ku ds fy, fd;k tk ldrk gSA
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 vfn'k xq.ku dks F × V  V ls ifjHkkf"kr fd;k gSA vki bl V × F  V ls Hkh
ifjHkkf"kr dj ldrs gSa vkSj ,d leku ifjHkk"kk gks ldrh gSaA igys okys dks
ck,a lfn'k lef"V dgk tkrk gS vkSj nwljs dks nk,¡ lfn'k lef"V dgk tkrk
gSA

 fdlh lfn'k lef"V V(F) ds vfjDr milewg W dks milef"V gksus ds fy,
vko';d vkSj t:jh fu;e ;g gS fd W lfn'k ;ksx vkSj vfn'k xq.ku ds
varxZr can ;k laor̀ gksA

 fjaxksa ;k oy;ksa esa vkn'kksaZ ds fy, ,d leku ifj.kke çkIr gq, Fks lekurk dks
izekih; lekurk dgk tkrk gSA

 ;fn W ,d lfn'k lef"V V(F) dk milef"V gS rks < W, + > ls < V, + >

dk ,d ,csfy;u lewg curk gS] ge V esa W ds lHkh lgleqPp; dh ckr
dj ldrs gSaA

 eku yhft, fd V(F) lfn'k lef"V gS] vi  V, i  F Øe'k% V vkSj F ds

vo;o gSa] rks bl rjg ds vo;oksa v1, v2, ..., vn ¼F ij½
1

n

i i
i

v


  dks jSf[kd

lap; dgk tkrk gSA

 S ds vo;oksa ds ifjfer leqPp; ds laiw.kZ jSf[kd lap;ksa ds leqPp; dks
jSf[kd QSyko ;k foLrkj dgk tkrk gSA bls < S > }kjk Hkh fu:fir fd;k
tkrk gSA

 ;fn V = L(S)] rks ge dgsaxs S, V dks QSyko ;k foLrkj djrk gSA F ij
lfn'k lef"V V dks lhfer ;k ifjfer vk;ke dgk tkrk gSA ;fn dksbZ V
ds ,d lhfer ;k ifjfer mileqPp; esa S dk vfLrRo bl çdkj gksxk fd
V = L(S) gSA ge lhfer ;k ifjfer vk;ke lfn'k lef"V ds fy, ladsru
FDVS dk mi;ksx djrs gSaA

 lkekU; rkSj ij V(F) ds dksbZ Hkh mileqPp; Y(F) dks LI dgk tkrk gSA
;fn çR;sd lhfer ;k ifjfer vfjDr mileqPp; Y, LI gS] vU;Fkk bls LD

dgk tkrk gS rks] vxj dqN mileqPp; LI gSa vkSj dqN LD gSa rks Y dks LD

dgk tkrk gSA

 (i) ,d xSj&'kwU; lfn'k ges'kk LI gksrk gS D;ksafd v  0, v = 0 dk vFkZ
 = 0 gksrk gSA

(ii) ,d 'kwU; lfn'k lef"V ges'kk LD gksrk gSA

 a  K dks F ij chtxf.krh; dgk tkrk gS ;fn ,d xSj&'kwU; cgqin
f (x)  F[x] bl izdkj gS fd] f (a) = 0A vU;Fkk] bls vchth; vo;o dgk
tkrk gSA
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 dqN a  K ij a chtxf.krh; ugha gS] rks K dks F dk vchth; foLrkj ;k
foLrkj dgk tkrk gSA mnkgj.k ds fy,] R] Q dk vchth; foLrkj gSA

 (i) ,d vf}rh; ,dxq.kkadh vy?kqdj.kh; cgqin gS p(x)  F[x] bl
izdkj, p(a) = 0 gSA

 (ii) xSj&'kwU; cgqin q(x)  F[x] bl izdkj, q(a) = 0] q(x), p(x) dks
foHkkftr djrk gSA

 p(x) dh fof'k"Vrk fn[kkus ds fy,] eku yhft, fd q(x)] F bl izdkj, q(a)

= 0 ij dksbZ vy?kqdj.kh; ,dxq.kkadh cgqin gS] pwafd F[x]] ,d ;wfDyfM;u
Mksesu gSA

 fu/kkZfjr p(x) dks y p(x) = Irr(F, a) ds }kjk fu:fir fd;k x;k gSA ;g F
ij a }kjk larq"V vf}rh; ,dxq.kkadh vy?kqdj.kh; cgqin gSA pw¡fd p(x)

U;wure ?kkr bl izdkj, p(a) = 0, blfy, p(x) dks a dk U;wure cgqin
dgrs gSaA

 ,d vo;o a  K dks F ij ?kkr n dk chtxf.krh; dgk tkrk gS ;fn ;g
F ij ds ?kkr n ds cgqin dks larq"V djrk gS vkSj blls de ?kkr (n) ds
fdlh Hkh cgqin dks larq"V ugha dj ikrk gSA

 F ij a, b  K a1,.....an  K chtxf.krh; gS rks F ij a ± b, ab, ab–1 (;fn
b  0) Hkh chtxf.krh; gksaxsA nwljs 'kCnksa esa] K ds vo;o F ij chtxf.krh;
gksdj K dk ,d mi{ks= cukrs gSaA ¼vkSj bl mi{ks= dks F dk K ij
chtxf.krh; lao`r dgk tkrk gS½A

 T] lfn'k lef"V V ij ,d jSf[kd ladkjd gSA ;fn W] V dk ,d milef"V
,slk gS fd T(W)  W rc ge dgrs gSa fd W, T ds rgr vifjorZuh; gS ;k
T-vifjorZuh; gSA

 A ;k T dk vkbZxsu eku R esa ekStwn ugha gSa vxj W] R2 dk ,d
vifjorZuh; milef"V ,slk gS fd W  0, rc ekè; W = 1 gSA W dks v

QSyko ;k foLrkj djrk gSA rc Tv  W  Tv = v, v  0   dk
vkbZxsu eku gSA ;g ,d fojks/kkHkkl gSA blfy, O vkSj R 2 ,dek= R 2 ds
vifjorZuh; milef"V gSaA

 W] V ij jSf[kd ladkjd T dk ,d vifjorZuh; milef"V gSA rc T ij
vkO;wgksa dk çfrfuf/kRo gS] tgk¡ A] W ij T dk Tw çfrcafèkr vkO;wg gSA

 F [x] ij T ds fy, vfHkyk{kf.kd cgqin jSf[kd dkjdksa dk xq.ku gSaA

 chtxf.kr ds ewyHkwr çes; }kjk ¼vFkkZr C {ks= esa lfEeJ la[;kvksa ds çR;sd
cgqin ds lHkh ewy C esa gksaxs½] A dk U;wure cgqin p(x) = (x – c1)

r1 ...

(x – ck)
rk gksxk] tgka ci  C ekud çes; ds vuqlkj A f=dks.kh; gSA
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 ,d FDVS, V dks n vk;ke dgk tkrk gS ;fn V ds fdlh Hkh vk/kkj esa n
vo;oksa dh la[;k gksrh gSA

ge ladsru foek F V = n ;k dsoy foek V = n dk mi;ksx djrs gSa vkSj
dgrs gSa fd V n-vk;ke lfn'k lef"V gSA

 ,d lfn'k lef"V dk vk/kkj vf/kdre jSf[kd :i ls Lora= leqPp; gS vkSj
blds foijhr] lfn'k lef"V esa çR;sd vf/kdre jSf[kd :i ls Lora=
leqPp; bldk vk/kkj gksrk gSA

 ,d rqY;kdkjhrk ds rgr ,d vk/kkj dks ,d vk/kkj ij ekufpf=r fd;k
tkrk gSA ;g çes; ds ml igys Hkkx dk vuqlj.k djrk gSA

 W ,d lfn'k lef"V gS D;ksafd ;g V dk milef"V gSA

[y1, y2  W  1y1 + 2y2 fn, x, vody lehdj.k dk ,d gy gSA
 1y1 + 2y2  W]

  lfn'k lef"V ,d xf.krh; lajpuk gS tks lfn'k ds ,d
laxzg ls curh gS] tks fd ,d ,slh oLrq gS ftls ,d lkFk tksM+k tk ldrk
gS vkSj vfn'k ds :i esa Kkr la[;kvksa ls xq.kk fd;k tk ldrk gS ;k c<+k;k
tk ldrk gSA

  ,d lfn'k milef"V V(F) esa ,d xSj&fjDr mileqPp; W dks
V dk milef"V dgk tkrk gS ;fn V ds varxZr W lfn'k lef"V cukrk gSA

  ;fn V = L(S)] rks ge dgsaxs S,

V dks foLr`r ;k QSyko ;k foLrkj djrk gSA F ij lfn'k lef"V V dks
lhfer ;k ifjfer vk;keksa okyk dgk tkrk gS ;fn fdlh Hkh V ds ,d lhfer
;k ifjfer mileqPp; esa S dk vfLrRo bl çdkj gksxk fd V = L(S)A ge
lhfer ;k ifjfer vk;keksa okys lfn'k lef"V ds fy, ladsru FDVS dk

mi;ksx djrs gSaA

1- lfn'k lef"V D;k gSa\ mi;qDr mnkgj.k nsdj ifjHkkf"kr djsaA

2- ,d xSj&fjDr mileqPp; ds milef"V gksus ds fy, D;k 'krZ gS\

3- jSf[kd QSyko ;k foLrkj dks ifjHkkf"kr djsaA

4- jSf[kd fuHkZjrk vkSj jSf[kd Lora=rk ds ewy xq.kksa dks crk,aA

5- foLrkj çes; dks mnkgj.k nsdj ifjHkkf"kr djsaA
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6- aK dks dc ?kkr n dk F chtxf.krh; dgk tkrk gS\

7- ;fn a ,d chtxf.krh; iw.kkaZd gS vkSj m ,d lk/kkj.k iw.kkaZd gS] rks fl)
dhft, fd a + m ,d chtxf.krh; iw.kkaZd gSA

8- fl) dhft, fd nks chtxf.krh; iw.kkaZdks dk ;ksx vkSj xq.ku ,d chtxf.krh;
iw.kkaZd gSA

9- ekuk fd T ,d jSf[kd ladkjd gS ,d ifjfer vk;keksa okys lfn'k lef"V V ij
gS] rks fl) dhft, fd T fod.kZ gS ;fn dsoy V ,d vk;keh T-vifjorZuh;
milef"V dk çR;{k ;ksx gSA

10- milef"V ds ;ksxksa ds vk;ke crkb,A

1- ekuk dh V  ,d lfn'k lef"V gS C ijA V ij vfn'k xq.ku dks ov }kjk
ifjHkkf"kr djsaA fl) dhft, fd ,d u, vfn'k ;k vfn'k xq.ku ds lUnHkZ
esa V Hkh C ij lfn'k lef"V cukrk gSA

2- fl) dhft, fd dksbZ jSf[kd ifjorZu ;k :ikUrj.k T : R  R okLro esa
T(x) = x dk ,d çdkj gS fdlh   R ds fy,A

3- jSf[kd fuHkZjrk vkSj jSf[kd Lora=rk ds ewy xq.kksa dh mnkgj.k nsdj O;k[;k
djsaA

4- ;fn a  K chtxf.krh; gS F ij Øe'k% ?kkr m vkSj n ds vkSj ;fn m vkSj
n rqyukRed :i ls vHkkT; gSa] rks fl) djsa fd F(a, b) dh ?kkr mn F ij
gSA

5- ;fn a  K chtxf.krh; gS F ij tks dksbZ fo"ke ?kkr gSa] rks fl) djsa fd
F(a) = F(a2)A

6- fl) dhft, fd 2+3 dh ?kkr 4 gS Q ij vkSj 2+35 dh ?kkr 6 gS Q
ijA

7- Q (2, 3) ij Q dk vk/kkj Kkr dhft,A

8- ekuk fd V ,d lfn'k lef"V gS lHkh cgqinksa dk okLrfod la[;k R ds {ks=
esaA vkSj ekuk fd W milef"V gS V dk tks QSyko ;k foLrkj gS {1, x, x2}

ds }kjk vkSj ekuk fd T ,d jSf[kd ladkjd gS V ij  tks fd T (f(x)) = x

f (x) }kjk ifjHkkf"kr gSA fl) dhft, fd W, T ds vUnj vifjorZuh; ugha
gSA

9- ;fn lfn'k lef"V V ds rhu milef"V L, M, N gSa vkSj M  L gSa rks fl)
dhft, fd L  (M + N) = (L  M) + (L  N) = M + (L  N) gksxkA

10- fl) dhft, fd R3(R) lfn'kksa esa v1 = (0, 1, – 2), v2 = (1, – 1, 1), v3 =

(1, 2, 1), LD  gksaxsA

11- FDVS dk dksbZ Hkh vk/kkj lhfer ;k ifjfer gksrk gSA bl dFku dh lR;rk
dks mnkgj.k lfgr fl) dhft,A
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12- fl) dhft, fd ,d vo;o a  K dks F ij] ?kkr n dk chtxf.krh; dgk
tkrk gS ;fn ;g F ij ?kkr n ds cgqin dks larq"V djrk gS vkSj blls
fuEure ?kkr (n) ds fdlh Hkh cgqin dks larq"V ugha dj ikrk gSA
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xf.kr esa] ,d jSf[kd ekufp= (Linear Map) ¼ftls jSf[kd ekufp=.k Hkh dgk tkrk
gS] jSf[kd :ikarj.k  ;k] dqN lanHkksaZ esa] jSf[kd Qyu (Linear Function) nks ekikadksa
(Modulus) ds chp ,d eSi ;k ekufp= V  W  gS tks vfn'k ;k Ldsyj ds tksM+
vkSj xq.ku fl)kar dks lajf{kr djrk gSA ,d egRoiw.kZ fo'ks"k izdj.k rc gksrk gS tc
V = W] V dk ,d varjkdkfjrk (Endomorphism) gksrk gSA dHkh&dHkh jSf[kd
ladkjd (Liner Operator) 'kCn bl izdj.k dks lanfHkZr djrk gSA ,d vU; dFku
ds vuqlkj] jSf[kd ladkjd V  vkSj W dks iF̀kd djus dh vuqefr nsrk gS] tcfd
mUgsa okLrfod lfn'k lef"V (Vector Space) gksus dh vko';drk gksrh gSA
dHkh&dHkh jSf[kd Qyu 'kCn dk vFkZ jSf[kd eS ekufp= ds leku gksrk gS] tcfd
fo'ys"k.kkRed T;kfefr esa ,slk ugha gksrk gSA ,d jSf[kd ekufp= ges'kk ,d jSf[kd
milef"V ij jSf[kd milef"V ¼laHkor% de vk;ke½ dks ekufp= djrk gS mnkgj.k
ds fy,] ;g ,d lery ds ewy ls ,d lery lh/kh js[kk ;k fcanq dk eSi djrk gSA
jSf[kd ekufp=ksa dks izk;% vkO;wg ;k esfVªDl (Matrix) ds :i esa n'kkZ;k tk ldrk
gS] vkSj ljy mnkgj.kksa esa ?kw.kZu (Rotation) ;k fu;fer vkorZu vkSj ijkorZu jSf[kd
:ikarj.k (Reflection Linear Transformation) lekfo"V gSaA vewrZ chtxf.kr (Abstract

Algebra) dh Hkk"kk esa] ,d jSf[kd ekufp= ,d ekikad le:irk (Module

Homomorphism) gSA Js.kh fl)kar dh Hkk"kk esa] ;g fdlh fn, x, fjax ;k oy;
(Ring) ds Åij ekikadksa dh Js.kh esa ,d :iokn gSA

fdlh Hkh lfn'k lef"V (Vector Space) V esa] V  ij lHkh jSf[kd Qyuksa ls
feydj ,d leku nksgjk ;k }Sr lef"V (Dual Vector Space) ¼;k la{ksi esa dsoy
nksgjk ;k }Sr lef"V½ gS] ftlesa Øe ls fLFkjkad }kjk tksM+ vkSj vfn'k xq.ku ds
lfn'k lef"V dh lajpuk Hkh gSA vLi"Vrk ls cpus ds fy, bls chtxf.krh; nksgjk



jSf[kd :ikarj.k

76 Lo&vfèkxe
ikB~; lkexzh

;k }Sr lef"V Hkh dgk tk ldrk gSA tc bls ,d laLFkkfud lfn'k lef"V
(Topological Vector Space) ds fy, ifjHkkf"kr fd;k tkrk gS] rks bls fujarj nksgjk
lef"V (Continuous Dual Space) dgk tkrk gS] tks fujarj jSf[kd Qyuksa ds vuq:i
nksgjs lef"V dk ,d milef"V gSA

bl bdkbZ esa vki jSf[kd :ikarj.k ;k ifjorZu (Linear Transformation) vkSj
mu dk vkO;wg (Matrix) ds :i esa fu:i.k] jSf[kd :ikarj.kksa ;k ifjorZuksa ds
chtxf.kr] jSad&'kwU;rk çes; (Rank-Nullity Theorem) vkSj vk/kkj ds ifjorZu]
nksgjk ;k }Sr lef"V (Dual Space), jSf[kd :ikarj.k ;k ifjorZu ds vkbxsueku
(Eigen Value) vkSj vkbxsu lfn'k (Eigen Vector) f}?kkr (Quadratic Form) vkSj
gfeZfV;u lef"V (Hermitian Form) ds ckjs esa v/;;u djsaxsA

bl bdkbZ dks i<+us ds ckn vki&

 jSf[kd :ikarj.k vkSj mu ds vkO;wg dks ifjHkkf"kr djus esa l{ke gksaxs(

 jSf[kd :ikarj.kksa ;k ifjorZuksa ds chtxf.kr dh O;k[;k dj ik,axs(

 jSad&'kwU;rk çes; vkSj vk/kkj ds ifjorZu dh ppkZ dj ldsaxs(

 nksgjk ;k }Sr lef"V dks ifjHkkf"kr dj ldsaxs(

 jSf[kd :ikarj.k ;k ifjorZu ds vkbxsu eku vkSj vkbxsu lfn'k dk o.kZu dj
ik,axs(

 f}?kkr vkSj gfeZfV;u :iksa dh O;k[;k dj ik,axsA

eku yhft, fd U(F), V(F) {ks= F ij Øe'k% n vkSj m vk;ke lfn'k lef"V gSaA
eku yhft, fd  = {u1, ..., un},  = {v1, ..., vm} Øe'k% Øfed vkèkkj gSA eku
yhft, fd T : U  V  jSf[kd :ikarj.k (Linear Transformation) gS] D;ksafd T(u1),

..., T(un)  V vkSj {v1, ..., vm}] foLr`fr ;k foLrkj (Span) V, gS] tgk¡ çR;sd
T(ui) lfn'k v1, ..., vm dk ,d jSf[kd lap; (Combination) gSA

eku yhft, fd T(u1) = 11v1 + ... m1vm

T(u2) = 12v1 + ... + m2vm

........

T(un) = 1nv1 + ... + mnvm

tgka çR;sd ij  F,  gS] rc m × n  vkO;wg gksxk]

A = 

... ...11 12 1
: : ... ... :

: : ... ... :

: : ... ... :

... ...1 2

 
 
 
 
 
 
 
 
 

  

  

n

mnm m
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bl dks Øe'k% Øfed vkèkkj , , ds lkis{k T dk vkO;wg (Matrix) dgk
tkrk gSA A dks fof'k"V :i ls T }kjk fuèkkZfjr fd;k tk ldrk gS D;ksafd çR;sd
ij  F fof'k"V  (Uniquely) :i ls fuèkkZfjr gksrk gSA

blfy, ge fy[k ldrs gSa]
A = [T], 

Øfed (Ordered) vkèkkj 'kCn cgqr egRoiw.kZ gS] D;ksafd vkèkkj dk Øe cny
x;k gS] çfof"V;k¡ (Entries) ij mudh fLFkfr (Position) dks cny nsxk vkSj blfy,
laxr vkO;wg (Corresponding Matrices) vyx gksxkA

fo'ks"k :i ls ;fn U = V,  =  rks [T],  fy[kus ds ctk;] ge [T]
fy[ksxsA

eku yhft, fd F ij Mm×n(F) lHkh m × n vkO;wg ds lfn'k lef"V dks
fu:fir djrk gS vkSj Hom (U, V), U(F) ls V(F) rd lHkh lfn'k lef"V ds
jSf[kd :ikarj.kksa dks n'kkZrk gSA vc ge fuEu izes;ksa dks fl) djsaxsA

 Hom (U, V)  Mm×n(F) gSA

% dks ifjHkkf"kr djsa %  Hom (U, V)  Mm×n(F), bl izdkj fd,

(T) = [T], 

tgka  = {u1, ... un},  = {v1, ... vm}, U, V, ds Øe'k% Øfed vkèkkj gSA
 bl izdkj lqifjHkkf"kr fd;k x;k gS fd [T],  gksxk] ftls fof'k"V :i ls T }kjk
fuèkkZfjr fd;k tkrk gSA ;g lR;kfir (Verify) djuk eqf'dy ugÈ gS fd  ,d
jSf[kd :ikarj.k gSA

eku yhft, fd (S) = (T), S, T  Hom (U, V)

rc [S],  = [T], 
 (aij) = (bij)

 aij = bij lHkh  i, j ds fy,A

 S(uj) = 
1

m

ij i
i

a v

  = 

1

m

ij i
i

b v

  = T(uj), lHkh j = 1, ... n ds fy,A

 S = T   1-1 ;k ,dSdh (One-One) gSA

eku yhft, fd A = (aij)m×n  Mm×n(F) gSA rc jSf[kd :ikarj.k T  Hom

(U, V) bl rjg gS fd]

T(uj) = 
1

m

ij i
i

a v

 , j = 1, ..., n ds fy,A

 A = [T],  = (T)  vkPNknd (Onto) gSA

bl çdkj  le:irk (Isomorphism) vkSj Hom (U, V) Mm×n(F) gSA

foek Hom (U, V) = mn gSA

% ekuk fd S = lHkh m × n vkO;wg ds leqPp;ksa esa dsoy ,d çfof"V 1 gS vkSj
vU; lHkh çfof"V;k¡ 'kwU; gS] Mm×n(F) ds vk/kkj ij gSA
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Li"V :i ls]  o(S) = mn   foek Mm×n(F) = mn

  foek Hom (U, V) = mn

 eku ysa S, vkSj T nks jSf[kd :ikarj.k V(F) ls V(F) rd gSA eku ysa ,

V dk ,d Øfed vkèkkj gS] rc [ST] = [S][T] gksxkA

 eku yhft, fd  = {v1, ... vn}

eku yhft, fd S(v1) = a11v1 + ... an1v1

   ........
S(vn) = a1nv1 + ... + annvn

tgk¡ aij  F

lkekU; rkSj ij, S(vj) = 
1

n

ij i
i

a v

  lHkh j = 1, ..., n ds fy,A

 [S] = (aij)

blh çdkj]
T(v1) = b11v1 + ... + bn1vn
........

T(vn) = b1nv1 + ... + bnnvn tgka bij  F gSA

lkekU; rkSj ij] T(vk) = ,
1

n

jk j
j

b v

  lHkh k = 1, ..., n ds fy,A

 [T] = (bjk)

 ST(vk) = S
1

n

jk j
j

b v


 
 
 
 
  = 

1

( )
n

jk j
j

b S v

  = 

1 1

n n

ij jk i
i j

a b v
 

 
 
 
 

 

[ST] = (cik), tgka cik = 
1

n

ij jk
j

a b



rFkk (i, k)oha çfof"V [S] [T]esa]

= 
1

n

ij jk
j

a b

  = cik = (i, k)oha çfof"V [ST]esa]

 [ST] = [S] [T]

 ;fn S, V(F) ls V(F), esa çfrykseh; jSf[kd :ikarj.k (Invertible Linear

Transformation) gS] rks ,slk [S] ds lkFk Hkh gksxk ftldk lfn'k V vkSj vkèkkj
 gS vkSj foykser%A

 pw¡fd S çfrykseh; (Invertible) gS,  T : V  V bl çdkj fd]  ST = I = TS

gSA eku yhft, fd V dk Øfed vkèkkj gSA rc mi;qDr çes; }kjk]
[ST] = [I] = I, tgk¡ T = S–1

 [S][T] = I

 [S][S
–1] = I

 [S–1] = [S]–1
, V ds fdlh vkèkkj  ds fy,A
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foykser% eku yhft, fd [S]çfrykseh; gSA rc  vkO;wg A = (aij) ij F bl
rjg gS fd] [S] A = I

eku yhft, fd T : V  V jSf[kd :ikarj.k bl rjg gS fd]

T(vj) = 
1

n

ij i
i

a v

 lHkh (j = 1, ... n) ds fy,A

 [T] = A

 [S] [T] = I

 [ST] = I

 (ST)(vj) = vj lHkh (j = 1, ..., n) ds fy,A

 (ST)(x) = (ST)(1v1 + ... + nvn)

= 1v1 + ... + nvn

= x lHkh x  V ds fy,

 ST = I S çfrykseh; gSA

vc ge ,d lfn'k lef"V ds nks vyx&vyx vkèkkjksa ds lkis{k esa jSf[kd
:ikarj.kksa (Linear Transformations) ds vkO;wg (Matrices) ds chp ds lacaèk dks
le>k,axsA

 ;fn T : V(F)  V(F) rd jSf[kd :ikarj.k (Linear Transformation)

gSA eku yhft, fd  = {u1, ..., un},  = {v1, ..., vn}

V dk ,d Øfed vkèkkj gSA

rc F ij  ,d xSj&foy{k.k (Non-Singular) vkO;wg P bl çdkj gS fd]
[T] = P–1[T]P.

eku yhft, S : V  V jSf[kd :ikarj.k bl çdkj gS fd S(ui) = vi lHkh
i = 1, ... n ds fy,A

vc  x  Ker S  S(x) = 0, x = 1u1 + ... + nun, i F
 S(1u1 + ... + nun) = 0

 1S(u1) + ... + nS(un) = 0

 1v1 + ... + nvn = 0

 i = 0 lHkh  i ds fy,A

 x = 0
 Ker S = {0}

 S, 1-1 ;k ,dSdh (One-One) gS vkSj blfy, vkPNknd (Onto)

Hkh gSA

vFkkZr S rqY;kdkfjrk (Isomorphism) gSA ekuk fd  [T] = (aij)

rc T(uj) = 
1

n

ij i
i

a u



 (STS–1)(vj) = ST(uj)
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= S
1

n

ij i
i

a u


 
  
 
  = 

1

n

ij i
i

a v



 [STS–1] = (aij) = [T]
 [S][T][S

–1] = [T]
 [S][T][S]

–1 = [T]
 [T] = [S]

–1 [T][S]
= P–1[T] P, tgk¡ P = [S].

 2.1: eku yhft, fd C2 ij ifjHkkf"kr T(x1, x2) = (x1, 0)  ,d jSf[kd
:ikarj.k gSA  eku yhft, fd  = {1 = (1, 0), 2 = (0, 1)},  = {1 = (1,

i), 2 = (–i, 2)}, C2 ij Øfed vkèkkj gSA vkO;wg T, ,  ds lkis{k esa D;k gksxk\

:  vc T(1) = T(1, 0)

= (1, 0)
= a(1, i) + b(–i, 2)

 a – bi = 1 tgka a, b  C

ai + 2b = 0
 a = 2, b = – i
 T(1) = 21 – i2

rFkk T(2) = T(0, 1) = (0, 0) = 01 + 02

 [T]  = 
2 0

0i

 
  

 gSA

 F ij A ,d n × n vkO;wg gSA ;g fn[kk,¡ fd A çfrykseh; gksxk
;fn vkSj dsoy ;fn tc F ij LraHk (Columns), A jSf[kd :i ls Lora= gksxkA

 V(F) n vk;ke lfn'k lef"V gSaA eku yhft, fd  = {v1,..., vn} dk V ,d
Øfed vkèkkj gSA eku yhft, fd A = (aij), T : V  V,  jSf[kd :ikarj.k bl rjg
gS fd]

T(vj) = 
1

n

ij i
i

a v



 [T] = A gSA

eku yhft, fd Mn(F), F ij lHkh n × n vkO;wg dks fu:fir djrk gSA

eku yhft, fd A  Mn (F) çfrykseh; gSA rc T Hkh çfrykseh; gksxk
¼miçes; ls ysdj çes; 2-2 rd½ vkSj blfy, T, 1&1 ,dSdh (One-One) rFkk
vkPNknd (Onto) gSA

eku yhft, fd 
11 1

1

1

: ... α :
n

n

n nn

a a

a a

   
        
      

= 0, i  F
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1 11 1

1 1

n n

n n nn

a a

a a

  
 
 
    


  


= 0

       1a11 + ... + na1n= 0
... ...

1an1 + ... + nann = 0

 1a11 v1 + ... + na1n v1 = 0
... ...

 1an1 vn + ... + nann vn = 0

   1(a11v1 + ... + an1vn) + ... + n(a1nv1 + ... + nnvn) = 0

   1T(v1) + ... + nT(vn) = 0

       T(1v1 + ... + nvn) = 0

   1v1 + ... + nvn = 0 blfy, T 1-1 ,dSdh gSA

 i = 0 lHkh i ds fy,

 A ds LraHk jSf[kd :i ls Lora= gSaA

foykser%

F ij A ds LraHk jSf[kd :i ls Lora= gSA

vc] x  Ker T
 T(x) = 0, x  V
 T(1v1 + ... + nvn , = 0

 1T(v1) + ... + nT(vn) = 0


1

( )
n

j j
j

T v

  = 0    

1 1

n n

j ij i
j i

a v
 

 
 
 
 

   = 0


1 1

( )
n n

j ij i
i j

a v
 

 
 
 
 

   = 0


1

n

j ij
j

a

  = 0 lHkh i = 1, ..., n ds fy,A


11 1

1

1

: ... :
n

n

n nn

a a

a a

   
         
      

 = 0

 çR;sd i = 0 D;ksafd LraHk jSf[kd :i ls Lora= gSaA
 x = 0  Ker T = {0}

 blfy, T ,dSdh vkSj vkPNknd (Onto) gSA

 T çfrykseh; gSA
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ekuk fd {ks= F ij V vkSj W nks lfn'k lef"V gSa vkSj T : V  W vkSj
S : V  W nks jSf[kd :ikarj.k (Linear Transformation) gSA ge T + S, dks
ifjHkkf"kr djsaxs ] rks T vkSj S dk ;ksx gksxk]

T + S : V  W, bl çdkj fd,

(T + S)v = T(v) + S(v), v  V

rc T + S dk Hkh V  W  rd jSf[kd :ikarj.k gksxk]
(T + S) (x + y) = T(x + y) + S(x + y)

= T(x) + T(y) + S(x) + S(y)

= (T + S)x + (T + S)y

iqu%  F ds fy,] ge jSf[kd :ikarj.k T : V  W dks  ds xq.ku
(Product) dks ifjHkkf"kr djsaxs (T) : V  W ds }kjk bl çdkj dh] (T)v =

(T(v)) gksxkA

;g vklkuh ls ns[kk tk ldrk gS fd T Hkh jSf[kd :ikarj.k V  W gS rFkk
eku yhft, fd Hom (V, W) V  W ls lHkh jSf[kd :ikarj.k dk leqPp; gS A fQj
ge fn[kk,axs dh Hom (V, W) mi;qDr ifjHkkf"kr ;ksx vkSj vfn'k xq.kuQy ds
rgr {ks=Qy F ij ,d lfn'k lef"V cukrk gSA ge igys gh ns[k pqds gSa fd tc
T, S Hom (V, W),   F gS rks T + S, T  Hom (V, W) gksxk] bl izdkj ls bl
lafØ;k ds fy, ;g laor̀ (Closure) gksxkA

bl çdkj ge ifjHkk"kk dh dqN vU; fu;eksa dks Hkh lR;kfir djsaxsA
(T + S)v = T(v) + S(v) = S(v) + T(v) = (S + T)v lHkh v  V ds fy,A

 T + S = S + T lHkh S, T  Hom (V, W) ds fy,A

ekufp= O : V  W, bl izdkj gS fd, O(v) =  0 jSf[kd :ikarj.k gS vkSj,

(T + O)v = T(v) + O(v) = T(v) = (O + T) v lHkh v ds fy,A

bl izdkj  Hom (V, W) dk O 'kwU; gSA

fdlh Hkh T  Hom (V, W), ekufp= (–T) : V  W, bl izdkj gksxk fd,

(–T)v = –T(v)

T dk ;ksxkRed O;qRØe (Additive Inverse) gksxkA

iqu%, [(T + S)]v = [(T + S)v] = [T(v) + S(v)] = T(v) + S(v)

= (T)v + (S)v = (T + S)v lHkh v  V ds fy,A
 (T + S) = T + S

[()T]v = ()T(v) = [T(v)] = [(T)]v lHkh v ds fy,
 ()T = (T)

(1T)v = 1 . T(v) = T(v) lHkh v ds fy,A
 1 . T = T
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blfy, ge izkIr djrs gSa fd Hom (V, W), F {ks= ij ,d lfn'k lef"V
cukrk gSA

 ladsru ;k uksVs'ku (Notation) L(V, W) dk mi;ksx Hom (V, W) dks n'kkZus
ds fy, Hkh fd;k tkrk gSA

 nks jSf[kd ifjorZuksa dh xq.ku ¼la- jpuk½

ekuk fd V, W, Z, F {ks= ij rhu lfn'k lef"V gSA

ekuk fd T : V  W,  S : W  Z  jSf[kd :ikarj.k (Linear Transformation)

gSA

ge ST : V  Z dks bl rjg ifjHkkf"kr djsaxs fd,

(ST)v = S(T(v))

rc ST dk ,d jSf[kd :ikarj.k gksxk ¼lR;kfir djsa½] ftls S vkSj T dk
xq.ku (Product) dgk tkrk gSA

TS dks ifjHkkf"kr ugÈ fd;k tk ldrk gS vkSj lEHkkfor gh bls ifjHkkf"kr
fd;k x;k gks] ;g ST ds cjkcj ugÈ gks ldrk gSA

 ,d jSf[kd :ikarj.k T : V  V  dks V ij ,d jSf[kd ladkjd (Linear

Operator) dgk tkrk gS]

tcfd ,d jSf[kd :ikarj.k T : V  F  dks ,d jSf[kd fØ;kRed (Linear

Functional) Hkh dgk tkrk gSA ge  T.T ds fy, T2 vkSj Tn = T n–1T, vkfn ladsru
(Notation) dk mi;ksx djrs gSaA

 eku yhft, fd T, T1, T2 , jSf[kd :ikarj.k gSa V ij] vkSj ekuk fd I :
V  V rRled ekufp=.k (Identity Map) I(v) = v gS] lHkh v ds fy, ¼tks Li"V
:i ls ,d jSf[kd :ikarj.k gS½A rc]

(i) IT = TI = T
(ii) T(T1 + T2) = TT1 + TT2

(T1 + T2)T = T1T + T2T

(iii) (T1T2) = (T1)T2 = T1(T2)   F

(iv) T1(T2T3) = (T1T2)T3.

: (i) fuf'pr ;k Li"V :i lsA
(ii) [T(T1 + T2)]x = T[(T1 + T2)x] = T[T1(x) + T2(x)]

= T(T1(x)) + T(T2(x)) = TT1(x) + TT2(x)

= (TT1 + TT2)x

 T(T1 + T2) = TT1 + TT2

vU; ifj.kke Hkh blh rjg vk,axsA
(iii) [(T1T2)]x = [(T1T2)x] = [T1(T2(x))]

[(T1)T2]x = (T1) [T2(x)] = [T1(T2(x)]

[T1(T2)]x = T1(T2)x = T1(T2(x)) = T1(T2(x))]

bl izdkj izek.k fl) gksrk gSA
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(iv) ifjHkk"kk ds vuqlkj ifj.kke feysxkA

mijksä çes; ds vkèkkj ij fuEu mnkgj.kksa dks ns[ksaA

ekuk fd F ij] V vkSj W Øe'k% foek m vkSj foek n ds nks lfn'k
lef"V gSA rks Hom (V, W) dk foek mn gksxkA

ekuk fd {v1, v2, ..., vm} vkSj {w1, w2, ..., wn} Øe'k% V vkSj W dk vkèkkj
gSA

ekufp=.k (Mappings) Tij : V  W dks bl izdkj ifjHkkf"kr djsa fd]

     Tij(v) = iwj 1  i  m

 1  j  n

tgka v  V dksbZ vo;o gS vkSj blfy,]

v = 1v1 + 2v2 + ... mvm fdlh Hkh i  F ds fy,A

rFkk] /;ku nsa fd Tij(vk) = 0 ;fn k  i

 = wj ;fn k = i

ge fn[kk,axs fd Tij jSf[kd :ikarj.k gSA

eku yhft, fd  x, y  V rc  x = 
1

,
m

i iv   y = 
1

m

i iv i, i  F

vc Tij(x + y) = Tij[(1v1 + ... + mvm) + (1v1 + ... + mvm)]

= Tij[(1 + 1)v1 + ... + (m + m)vm]

= Tij(1v1 + ... + mvm)

= iwj

= (i + i)wj = iwj + iwj = Tij(x) + Tij(y)

rFkk, Tij(x) = Tij((1v1 + ... + mvm))

= Tij(1v1 + ... + mvm)

= (i)wj = (i wj) = Tij (ivi)

= Tij(x)

bl izdkj Tij  Hom (V, W) gSA geus izekf.kr fd;k Fkk fd S = {Tij | 1

 i  m, 1  j  n}, Hom (V, W) dk ,d vk/kkj cukrk gSA

eku yhft, fd,

11T11 + 12T12 + ... + 1nT1n + 21T21 + 22T22 + ... + 2nT2n + ... +
m1Tm1 + m2Tm2 + ... + mnTmn = 0, ij  F

[tgka 0 laHkor~, Hom (V, W) dk 'kwU; gSA]

v1 ls lek/kku }kjk gesa izkIr gksxk]

11T11(v1) + 12T12(v1) + ... + 1nT1n(v1) + 21T21(v1) + ... = 0

 11w1 + 12w2 + ... + 1nwn + 0 + ... + 0 + ... = 0

fdarq w1, w2 ..., wn, LI gSA

 11 = 12 = ...1n = 0

blh izdkj] v2 ls lek/kku }kjk gesa izkIr gksxk 21 = 22 = ... 2n = 0
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blh izdkj v3, v4 ... ls lek/kku }kjk ge izkIr djrs gSa fd lHkh xq.kkad
(Coefficient) 'kwU; gSa vkSj bl izdkj S, LI gSA blfy, o(S) = mn gSA

eku yhft, fd T  Hom (V, W) dksbZ vo;o (Element) gS rc]

T : V  W jSf[kd :ikarj.k gSA

ge fn[kk,axs fd T, Tij dk jSf[kd lap; (Linear Combination) gSA

v1 ij fopkj djsa] rc T(v1)  W vkSj bl izdkj w1, w2,... wn dk jSf[kd lap;
gSA

eku yhft, fd T(v1) = 11w1 + 12w2 + ... + 1nwn

T0 = 11T11 + 12T12 + ... + 1nT1n + 21T21 + 22T22 + ... + amnTmn j[kus
ij (tgka 11, 12 ... laHkor~ igys ds cjkcj gSa)

rc T0(v1)= 11T11(v1) + 12T12(v1) + ...

= 11w1 + 12w2 + 2nwn + 0 + 0 + ... + 0

 T0(v1) = T(v1)

blh izdkj v2, v3, ... vm, ds lkFk dk;Z djus ij] gesa izkIr gksrk gS,

T0(v2) = T(v2)
...........

T0(vm) = T(vm)

bl izdkj T0 vkSj T, V ds vk/kkj ds lHkh vo;oksa ij lger gSaA

 T0 vkSj T, V  T0 = T ds lHkh vo;oksa ij lger gSaA

ysfdu Ta, S ds lnL;ksa dk ,d jSf[kd lap; gSA

T, S ds lnL;ksa dk ,d jSf[kd lap; gSA

 S dk foLrkj ;k foLr`rh gS Hom (V, W) rdA

;k fd S, Hom (V, W) dk ,d vk/kkj cukrk gSA

blfy, foek ;k dim Hom (V, W) = mn gksxkA

Li"V :i ls foek Hom (V, V) = mL gS tgka foek V = M vkSj foek
HOM (V, F) = m.1 = m pwafd foek F(F)=1 D;ksafd F, 1 }kjk mRiUu gksrk gS vkSj
bl izdkj {1}, F(F) dk vk/kkj gSA

 jSf[kd :ikarj.k (Linear Transformation) dh jsat ;k lhek
(Range)] Js.kh (Rank)] vf"V ;k Ker vkSj 'kwU;rk (Nullity) dks Kkr dhft,A

T : R3  R3, bl izdkj gS fd,

T(x, y, z) = (x + z, x + y + 2z, 2x + y + 3z)

 eku yhft, fd (x, y, z) Ker T dk dksÃ vo;o gS] rc]
T(x, y, z) = (0, 0, 0)

 (x + z,  x + y + 2z,  2x + y + 3z) = (0, 0, 0)
 x + 0 + z = 0

x + y + 2z = 0
2x + y + 3z = 0
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blls gesa x = –z,  –z + y + 2z = 0 izkIr gksrk gS] vFkkZr~,  y = –z

iqu%] T, dh ifjHkk"kk ds vuqlkj] ge (x + z,  x + y + 2z, 2x + y + 3z) ds
vo;oksa dks ns[kus ij bUgsa jsat ;k lhek (Range) T esa izkIr djrs gSaA
vc (x + z, x + y + 2z, 2x + y + 3z) = (x + 0 + z, x + y + 2z, 2x + y
+ 3z)

= (x, x, 2x) + (0, y, y) + (z, 2z, 3z)
= x(1, 1, 2) + y(0, 1, 1) + z(1, 2, 3)

bl çdkj jsat ;k lhek T, {(1, 1, 2), (0, 1, 1), (1, 2, 3)} }kjk foLrkfjr ;k
foLr`rh gSA

D;ksafd (1, 1, 2) + (0, 1, 1) = (1, 2, 3) ge bu lfn'kksa dks LD }kjk izkIr djrs
gSaA

blfy, foek jsat ;k lhek T  2

iqu% ¼1] 1] 2½ vkSj ¼0] 1] 1½ LI gS rks ge izkIr djrs gSa] foek jsat ;k lhek T = 2

Js.kh T

 ;fn T1, T2  Hom (V, W) rc fn[kk,a dh
(i) r(T1) = r(T1) lHkh   F,   0) ds fy,A

(ii) | r(T1) – r(T2) |  r(T1 + T2)  r(T1) + r(T2)

tgka r(T) dk vFkZ gS fd ;g T dh lhek ;k jsad (Rank) gSA

 (i) T1 : V  W

bl izdkj T1(V) = jsat ;k lhek (Range) T1, W  dk lfn'k lef"V gSaA

bl izdkj (T1)v = (T1(v))  T1(V)  v  V lHkh ds fy,

 (T1)V  T1 (V) ...(i)

iqu% D;ksafd   0, –1 ekStwn gS vkSj bl izdkj,

(–1T1) V  T1(V)

(–1T1)V  T1(V)

 T1(V) T1(V)

 T1(V) = T1(V), lehdj.k (i) }kjkA

 foek T1(V) = foek T1(V)

;k r(T1) = r(T1) gSA

(ii) D;ksafd (T1 + T2)x = T1(x) + T2(x) lHkh x  V  ds fy,A

(T1 + T2)V  T1(V) + T2(V)

 foek [(T1 + T2)V]  foek [T1(V) + T2(V)]

 foek T1(V) + foek T2(V)

 r(T1 + T2)  r(T1) + r(T2)

iqu% T1 = (T1 + T2) – T2 = (T1 + T2) + (– T2)
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 r(T1) = r[(T1 + T2) + (–T2)]

 r(T1 + T2) + r(– T2) = r(T1 + T2) + r(T2)

(lehdj.k (i) dk iz;ksx djrs gq,  = – 1)

 r(T1) – r(T2)  r(T1 + T2)

blh izdkj r(T2) – r(T1)  r(T1 + T2)

 | r(T1) – r(T2) |  r(T1 + T2)  r(T1) + r(T2).

 (Invertible Linear Transformations)

ge vkidks crk nsa fd ,d ekufp= T : V  W çfrykseh; gksxk ;fn vkSj dsoy
;fn ;g ,dSdh ¼1&1½] vkPNknd (Onto)] vkSj T dk O;qRØe gS] rks ekufp=.k
T–1: W  V  bl rjg gksxk fd]

T–1(y) = x  T(x) = y

ge fn[kk,axs fd jSf[kd :ikarj.k ¼,dSdh 1&1] vkPNknd (Onto½ dk
çfrykseh; Hkh jSf[kd :ikarj.k gksrk gSA

eku yhft, fd % V  W  ,d jSf[kd :ikarj.k ¼,dSdh 1&1 ] vkPNknd
(Onto½ gS vkSj bldk çrhykseh; T–1: W  V gSA

gesa fl) djuk gS]
 T–1(w1 + w2) = T–1(w1) + T–1(w2) F, w1, w2  W

D;ksafd T vkPNknd gS] w1, w2  W,  v1, v2  V ds fy, T(v1) = w1,
T(v2) = w2

 v1 = T–1(w1), v2 = T–1(w2)

vc T–1(w1 + w2) = T–1(T(v1) + T(v2))

= T–1(T(v1) + T(v2))

= T–1(T(v1 + v2))

= v1 + v2

= T–1(w1) + T–1(w2).

,d jSf[kd :ikarj.k T : V  W xSj&foy{k.k (Non-Singular) gksxk ;fn
Ker T = {0} vFkkZr~] ;fn T 1-1 ,dSdh gSA

,d jSf[kd :ikarj.k T : V  W xSj&foy{k.k (Non-Singular) gksxk
;fn T esa V ds çR;sd ,d LI mileqPp; dks vkPNknd (Onto) W ds çR;sd LI

mileqPp; ls eku fp=.k djrs gSaA

eku yhft, T xSj&foy{k.k gS vkSj {v1, v2 ..., vn}, V ds LI leqPp; gS]
ge fn[kk,axs fd {T(v1), T(v2) ..., T(vn)} W ds mileqPp; gSA
vc 1T(v1) + 2T(v2) + ... + nT(vn) = 0 i  F

  T(1v1 +...+ nvn) = 0

1v1 +...nvn  Ker T = {0}

1v1 +... nvn = 0
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i = 0 lHkh i ds fy, D;ksafd v1, v2..., vn ;gk¡ LI gSaA

foykser%] eku yhft, fd v  Ker T dksbZ Hkh vo;o gSA

rc T(v) = 0

{T(v)}, W esa LI ugha gSA

v, V esa LI ugha gS (ifjdYiuk ;k vo/kkj.kk }kjk)A
v = 0  Ker T = {0}

T xSj&foy{k.k (Non-Singular) gSA

,d jSf[kd :ikarj.k T : V  W gS] tgka V vkSj W nks leku vk;ke
FDVS gSA rc fuEu dFku lerqY; (Equivalent) gksaxs %

(i) T dk izfrykseh; (Invertible) gSA

(ii) T xSj&foy{k.k (Non-Singular) gS (vFkkZr, T ,dSdh (1-1) gS)A

(iii) T vkPNknd (Onto) gS (vFkkZr~, jsat (Range) T = W)A

(iv) ;fn If {v1, v2,..., vn}, dk vk/kkj gS ;k lhek rc {T(v1), T(v2),..., T(vn)},

W dk vkèkkj gksxkA

% (i)  (ii) ifjHkk"kk ds vuqlkjA
(ii)  (iii) T xSj&foy{k.k (Non-Singular) gSA

 (Ker) T = {0}

 foek (Ker) T = 0

D;ksafd foek jsat ;k lhek (Range) T + foek vf"V (Ker) T = foek V rc ge
izkIr djrs gSa]

foek jsat ;k lhek (Range) T  = foek V

foek jsat ;k lhek (Range) T = foek W (fn;k gqvk gS)

fdUrq jsat ;k lhek (Range) T W, dk mileqPp; gSA

jsat ;k lhek (Range)  T = W

(iii)  (i) T vkPNknd (Onto) dk vFkZ jsat (Range) ;k lhek T = W gS

 foek jsat ;k lhek (Range) T = foek W = foek V

vkSj D;ksafd foek jsat ;k lhek (Range) T + foek vf"V ;k Ker T = foek
V, rc ge izkIr djrs gSa]

foek Ker T = 0

 Ker T = {0}

bl izdkj T ,dSdh (1-1) gS vkSj D;ksafd ;g vkPNknd gS blfy, T izfrykseh;
(Invertible) gksxkA

(i)  (iv) T izfrykseh; (Invertible) gS  T ,dSdh (1-1) vkPNknd (Onto)

gSA

vFkkZr~] T rqY;kdkfjrk (Isomorphism) gS, bl izdkj ifj.kke feyk]
(iv)  (i)
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eku yhft, fd {T(v1),..., T(vn)}, W dk vk/kkj gS tgka {v1,...vn}, V dk
vk/kkj gSA fdlh Hkh w  W dks

w = 1T(v1) +...+ nT(vn) ds :i esa j[kk tk ldrk gS]

= T(1v1 +...+ nvn) = T(v) fdlh Hkh v  V ds fy,A

 T vkPNknd (Onto) gSA bl izdkj (iii) fl) gksrk gSA

bl izdkj izdj.k (i) fl) gksrk gSA

  eku yhft, fd R3ij T ,d jSf[kd :ikarj.k gS tks
T(x1, x2, x3) = (3x1, x1 – x2,  2x1 + x2 + x3)

}kjk ifjHkkf"kr fd;k x;k gSA fn[kk, fd T çfrykseh; (Invertible) gS vkSj ml
fu;e dks Kkr djs ftlds }kjk T–1 ifjHkkf"kr gSA

 T : R3  R3

eku yhft, fd (x1, x2, x3)  Ker T dksbZ vo;o gSA

rc T(x1, x2, x3) = (0, 0, 0)

 (3x1,  x1 – x2,  2x1 + x2 + x3) = (0, 0, 0)

 3x1 = 0,  x1 – x2 = 0,  2x1 + x2 + x3 = 0

 x1 = x2 = x3 = 0 ;k Ker T = {(0, 0, 0)}

 T xSj&foy{k.k (Non-Singular) gS vkSj bl izdkj izfrykseh; (Invertible) gS
(izes; 2.7 ns[ksa)A

vc vxj R3 ij (z1, z2, z3) dksbZ vo;o gS rc T ds varxZr (x1, x2, x3) mldk
izfr:i (Image) gksxk vxj]

T(x1, x2, x3) = (z1, z2, z3)

 2x1 = z1

x1 – x2 = z2

2x1 + x2 + x3 = z3

gesa izkIr gksxk] x1 = 1

3

z ,  x2 = 1

3

z – z2,  z3 = z3 – z1 + z2

bl izdkj T–1 : R3  R3 dks fuEu rjhds ls ifjHkkf"kr fd;k tkrk gS]

K2 T
–1 (z1, z2, z3) = 1 1

2 3 1 2, ,
3 3

z z
z z z z

    
 

 ;fn ,d jSf[kd :ikarj.k T : V  V bl rjg gS fd T vkPNknd
(Onto) ugÈ gS, rks ;g fn[kk,a fd V esa dksbZ 0  v bl rjg ekStwn gksaxs fd T(v) =

0 gksxkA

 pwafd T vkPNknd ugÈ gS] ;g ,dSdh 1&1 ugÈ gSA

eku yhft,  esa dksbZ 0  v bl izdkj gS fd T(v) = 0 gksA

rc T(v) = 0 dsoy rc gksxk tc v = 0 gksA
 Ker T = {0}  T ,dSdh 1-1, ,d fojksèkkHkkl gSA
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eku yhft, T : V  W vkSj S : W  U nks jSf[kd :ikarj.k gSaA

rks
(i) ;fn S vkSj T ,dSdh (1-1), vkPNknd (Onto) gSa rks ST Hkh ,dSdh ¼1-1½]

vkPNknd (Onto) vkSj (ST)–1 = T–1 S–1.

(ii) ;fn ST ,dSdh ¼1&1½ gS rks T Hkh ,dSdh (1-1) gksxkA

(iii) ;fn ST vkPNknd (Onto) gSa rks S Hkh vkPNknd (Onto) gksxkA

(i) D;ksafd S vkSj T ,dSdh 1-1 vkPNknd gS, blfy, S–1 vkSj T–1 Hkh ekStwn
gksxkA

eku ysa ST(x) = ST(y)

rc S(T(x)) = S(T(y))

 T(x) = T(y) D;ksafd S ,dSdh (1 – 1) gSA

 x = y D;ksafd T ,dSdh (1 – 1) gSA

 ST ,dSdh (1 – 1) gSA

iqu% ST : V  U, eku yhft, fd u  U dksbZ vo;o gS D;ksafd rc S vkPNknd
gksxk,  w  W bl izdkj gS fd, S(w) = u vkSj D;ksafd T : V  W vkPNknd gS
 v  V bl izdkj gS fd, T(v) = w

vc T(v) = w  S(T(v)) = S(w)  ST(v) = u

blfy, ST vkPNknd gSA

blh izdkj (ST)(T–1S–1) = S(T(T–1S–1)) = S(TT–1)S–1 = S(IS–1) = SS–1 = I

  (T–1S–1)(ST) = T–1(S–1(ST)) = T–1(S–1S)T = T–1(IT) = T–1T = I

blfy, (ST)–1 = T–1S–1 gSA

(ii) eku yhft, fd v  Ker T dksbZ vo;o gSA

rc T(v) = 0

 S(T(v))= S(0)
 ST(v) = 0

 v Ker ST vkSj Ker ST = (0) D;ksafd ST ,dSdh (1-1) gSA

 v= 0  Ker T = (0)  T ,dSdh (1-1) gSA

(iii) eku yhft, fd u  U dksbZ vo;o gSA

D;ksafd ST : V  U vkPNknd gS, dqN v  V bl izdkj gS fd, ST(v) = u

vFkkZr, S(T(v)) = u

eku yhft, fd T(v) = w vkSj w  W bl izdkj gS fd,

S(w) = u

rc S vkPNknd gSA

 F ij V1 vkSj V2 lfn'k lef"V gSA ;g fn[kk,¡ fd V1 × V2,

FDVS gS ;fn vkSj dsoy ;fn V1 vkSj V2, FDVS gSaA

ekuk fd V1 = {(v1, 0) | v1  V1}
V2 = {(0, v2) | v2  V2}
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rc V1 vkSj V2, V1 × V2 ds lfn'k lef"V gksaxsA

1 : V1  V1 dks bl rjg ifjHkkf"kr djsa fd,

1(v1) = (v1, 0)

rc 1 rqY;kdkfjrk (Isomorphism) gksxkA

blh rjg 2 : V2  V2 dks Hkh ifjHkkf"kr djsaA

2(v2) = (0, v2)

rc ;g Hkh rqY;kdkfjrk gksxkA

blh rjg V1  V1,  V2  V2

eku yhft, fd V1 × V2 ;gk¡ FDVS gS] rc V1 vkSj V2 Hkh FDVS gksaxs
V1 × V2 ds milef"V gksus ds dkj.k)A

 V1 vkSj V2 ;gk¡ FDVS gSA

foykser% ;fn V1 vkSj V2 ;gk¡ FDVS gS rc V1 × V2 Hkh FDVS gksxk vkSj foek
(V1 × V2) = foek V1 + foek V2 gksxk (/;ku nsa: vxj {e1,  e2, ..., em} vkSj {f1,  f2,

..., fn} Øe'k% V1 vkSj V2 ds vk/kkj gSa] rc {(e1,  0), ..., (em, 0), (0,  f1), ...,

(0,  fn)} V1 × V2 ds Hkh vk/kkj gksaxs)A

igys ge ifjHkkf"kr dj pqds gSa fd Hom (V, W), lHkh jSf[kd :ikarj.k dk leqPp;
lfn'k lef"V V ls F ij lfn'k lef"V W] ls F ij rks bls F ij ,d lfn'k lef"V
dgrs gSaA ;fn foek V = m] foek W = n, rks foek Hom (V, W) = mn gksxkA
fo'ks"kdj] ;fn W = F, gksA

rc F ij V dk Hom (V, F) dks nksgjk ;k }Sr lef"V (Dual Space) dgrs gSaA bls
V

  ds :i esa çnÆ'kr djrs gSa vkSj V  f}d ;k nksgjk (Dual) i<+rs gSaA

gekjk igyk dk;Z fn, x, V ds vkèkkj ls V

 dk vkèkkj cukuk gSA

 eku yhft, fd {v1, ..., vn} V  dk vk/kkj gSA
v


i : V  F dks bl rjg ifjHkkf"kr djsa fd,

v


i (1v1 + ... + nvn) = i i = 1, 2, ..., n

rc v


i  lHkh i = 1, ..., n ds fy, jSf[kd :ikarj.k gS vkSj {v


1, ..., v


n}, V dk vkèkkj
gSA

bl dkj.k foek V = foek  V

 gksxkA

% eku yhft, fd v, v  V

eku yhft, fd v = 1v1 + ... + nvn

v = 1v1 + ... + nvn, i, i  F

;fn v = v, rc j = j lHkh j = 1, ..., n ds fy,A

 v


i(v) = i = v


i (v)
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 v


i iw.kZr% Li"V gS lHkh i = 1, ..., n ds fy,A

vkSj v


i(v + v)= ˆ ( ... )1 1 1       v v vn n ni

= i + i

= v


i(v) + v


i(v)

vkSj v


i(v)= v


i(1v1 + ... + nvn)

= i = v


i(v)

 v


i  jSf[kd :ikarj.k gS lHkh i = 1, ..., n ds fy,A

ifjHkk"kk ds vuqlkj,v


i(vj) = (0v1 + ... + 1vj + ... + 0vn) = 0 ;fn j  i

= 1 ;fn j = i

 v


i(vj) = ij lHkh i, j = 1, ..., n ds fy,A

eku yhft, fd 1v


1+ ... + n v


n = 0 i  F

rc (1v


1+  ... + nv


n) (vj) = 0(vj) = 0

 jv


j(vj) = 0

  j = 0 lHkh j = 1, ..., n ds fy,A

 F ij {v


1, ..., v


n}, LI gSA

eku yhft, fd f  V

. gS ekuk fd] f (vi) = i i = 1, ..., n

rc (1v


1 + ... + nv


n) (vi) = iv


i(vi)

= i i = 1, ..., n

 f vkSj 1v


1 + ... + nv


n nksuksa V ds lHkh vk/kkj vo;oksa ij lger gSaA

blfy,,   f = 1v


1 + ... + nv


n

 {v


1, ..., v


n} V  dh foLr`fr ;k foLrkj djrk gSA

blfy,, {v


1, ..., v


n} ;gk¡ V

 dk vk/kkj gS] vkSj bls {v1, ..., vn} dk nksgjk ;k

}Sr vkèkkj dgk tkrk gS tc v


i (vj) = ij gksrk gSA

 ekuk dh F ij V ,d lhfer ;k ifjfer vk;ke lfn'k lef"V (Finite

Dinensional Vector Space) gS ekuk fd 0  v  V gSA rc  f V

  bl çdkj

vo'; gksxk fd f (v)  0 ;gk¡

 D;ksafd v  0, {v}, LI dk leqPp; gSA vr% bls foLrkfjr djds V dk
vkèkkj cuk;k tk ldrk gSA

eku yhft, fd {v = v1, v2, ..., vn}, V dk vkèkkj gSA

eku yhft, fd {v


1, ..., v


n} laxr nksgjk vkèkkj gSA rc v


i(vj) = ij gksxkA
 v



1(v1) = 1

eku yhft, fd f = v


1 V


rc  f (v)= f (v1) = v


1(v1) = 1  0 gSA
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 ekuk dh F ij V lhfer ;k ifjfer vk;ke lfn'k lef"V gSA
 : V  V


dks bl rjg ifjHkkf"kr djsa fd,

(v) = Tv lHkh v  V ds fy,

tgkaTv : V

 F bl rjg gS fd,

Tv(f ) = f (v) lHkh f  V

  ds fy,A

rc  V lsV

 rd rqY;kdkfjrk gS (;gka V


= V


  dk nksgjk ;k }Sr gS] ftls V

dk nqxquk nksgjk ;k }Sr (Double Dual) dgrs gSa)A

eku yhft, fd f, g  V


rc Tv(f + g)= (f + g) (v)

= f (v) + g(v)

= Tv(f ) + Tv(g)

eku yhft, fd   F

rc Tv(f ) = (f ) (v)

= f(v)

= Tv( f )

 Tv  V


 iw.kZr% Li"V gS D;ksafd v = v’  Tv( f ) = f (v)

= f (v) = Tv ( f ) lHkh f  V

  Tv = Tvds fy,A

 jSf[kd :ikarj.k gS D;ksafd,

(v + v) = Tv + v = Tv + Tv = (v) + (v)

D;ksafd] Tv + v(f ) = f (v + v)

= f (v) + f (v’)

= Tv( f ) + Tv( f )

= (Tv + Tv) ( f ) lHkh f  V

  ds fy,A

Tv + v = Tv + Tv

rFkk (v) = Tv = Tv = (v)

D;ksafd] Tv( f ) = f (v)

=  f(v)

= Tv( f ) lHkh f  V

  ds fy,A

 Tv = Tv

eku yhft, fd 0  v  Ker   (v) = 0  Tv = 0

izes; 2-9 ds miizes; ls }kjk  f  V

  bl izdkj gS fd, f (v)  0

 Tv(f )  0

,d fojks/kkHkkl gS D;ksafd Tv = 0  Tv(f) = 0
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 Ker  = {0}   ,dSdh 1-1 gSA

 V  (V)  V


 foek (V) = foek V = foek V

  = foek V


 (izes; 2-9 ds }kjk)

 (V) = V


 ls (V) V


 rd vkPNknd (Onto) gSA

  V ls V

 rd vkPNknd (Onto) gSA

bl izdkj  rqY;kdkfjrk (Isomorphism) gSA

 ekuk dh F ij V lhfer ;k ifjfer vk;ke lfn'k lef"V gSA vxj

V

, ij L jSf[kd Qyu gS] rc izR;sd v  V ds fy, bl rjg gksxk fd, L( f ) = f (v)

lHkh f V

 ds fy, vf}rh; gSA

 L, V

  dk jSf[kd Qyu gSA

 L  V


  vf}rh; (Unique) v  V bl rjg gS fd,

 (v) = L D;ksafd  ,dSdh (1-1)] vkPNknd (Onto) gSA

 Tv = L

 L(f ) = Tv( f ) = f (v) lHkh f  V

  ds fy,A

 2 : ekuk dh F ij V ifjfer ;k lhfer vk;ke lfn'k lef"V gSA rks V


dk izR;sd vkèkkj V ds fdlh Hkh vk/kkj dk nksgjk ;k }Sr gksxkA

 eku yhft, fd {f1, ..., fn}, V

 dk vkèkkj gSA

çes; 2-9 }kjk]  dk vk/kkj {L1, ..., Ln} ;gk¡ V

 ij bl izdkj gksxk fd,

Li(fj) = ij gSA igys fl) fd, x, izes; 2-9 ds miizes; ¼1½ ls  vf}rh; gksxk
izR;sd i ds lkis{k vi  V ds fy,A

bl izdkj gksxk fd] Li = Tvi
 = (vi) gSA

D;ksafd {L1, L2, ..., Ln}, vk/kkj gS] V

 dk {–1 L1, ..., 

–1 Ln} = {v1, ..., vn}

tks fd V dk vk/kkj gS D;ksafd  rqY;kdkfjrk gSA

blds vykok ij = Li(fj) = Tvi
(fj) = fj(vi)

{f1, ..., fn}, V ds vk/kkj {v1, ..., vn} ds fy, nksgjk ;k }Sr vk/kkj gksxkA

 eku yhft, fd V, R ls R rd ds lHkh cgqin Qyuksa dk lfn'k
foLrkj gS] ftldh ?kkr 2 ;k mlls de gSA ekuk fd t1, t2, t3 vyx&vyx
okLrfod la[;k,a gSa vkSj eku yhft, fd Li : V  F ,sls gksa] fd, Li(p(x)) = p(ti),

i = 1, 2, 3 gSA fn[kk,a fd {L1, L2, L3}, V

. dk ,d vk/kkj gSA V ds fy, ,d vkèkkj

fu/kkZfjr djsa rkfd {L1, L2, L3} bldk nksgjk ;k }Sr gksA

 Li (p(x) + q(x))
= Li(r(x)),  r(x) = p(x) + q(x)

= r(ti) = p(ti) + q(ti)

= Li(p(x)) + Li(q(x))
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rFkk Li(p(x)),   F

= Li(q(x)), q(x) = p(x)

= q(ti)

= p(ti) = Li(p(x)) lHkh i = 1, 2, 3 ds fy,

Li  V

 lHkh i = 1, 2, 3 ds fy,A

eku yhft, fd] 1L1 + 2L2 + 3L3 = 0

bls cgqinksa 1, x, x2 ij iz;ksx dj ds gesa izkIr gksrk gSA
1 + 2 + 3 = 0

1t1 + 2t2+ 3t3 = 0

a1t2
1
 + 2t

2
2
 + 3t2

3
 = 0

1

1 2 3 2

2 2 2
31 2 3

1 1 1

t t t

t t t

   
      
     

 = 
0

0

0

 
 
 
  

1

2

3

A

 
  
  

= 0, A = 1 2 3

2 2 2
1 2 3

1 1 1

t t t

t t t

 
 
 
 
 

det A = (t1 – t2) (t2 – t3) (t3 – t1)

 0 blfy, t1, t2, t3 vyx (Distinet) gSA

bl izdkj A–1 
1

2

3

 
  
  

 = 0  1 = 2 = 3 = 0 ij ekStwn gSA

bl izdkj {L1, L2, L3} dk LI leqPp; gSA

D;ksafd foek V = 3  vkSj] {L1, L2, L3}, V

  dk vk/kkj gSA

eku yhft, fd] {p1(x), p2(x), p3(x)}, V dk vk/kkj gS bl izdkj fd] {L1, L2,

L3} bldk nksgjk ;k }Sr vk/kkj gksA

rc L1(p1) = 1, L2(p1) = 0, L3(p1) = 0

L2(p1) = 0  p1(t2) = 0

t2, p1(x) dk ,d ewy (Root) gSA

L3(p1) = 0  p1(t3) = 0

 t3, p1(x) dk ,d ewy (Root) gSA

D;ksafd] Deg p1(x)  2,

  p1(x) = (x – t2) (x – t3),  = vpj (Constant)

L1 (p1) = 1  p1(t1) = 1

 (t1 – t2) (t1 – t3) = 1

  = 
1 2 1 3

1

( ) ( )t t t t 
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 p1(x) = 2 3

1 2 1 3

( ) ( )

( ) ( )

x t x t

t t t t

 
 

blh izdkj, p2(x) = 1 3

2 1 2 3

( ) ( )

( ) ( )

x t x t

t t t t

 
 

, p3(x) = 1 2

3 1 3 2

( ) ( )

( ) ( )

x t x t

t t t t

 
 

.

 eku yhft, fd V] R ls R rd lHkh cgqin Qyuksa p dh lfn'k
lef"V gS] ftldh ?kkr 2 ls de ;k cjkcj gSA V ij rhu jSf[kd Qyuksa dks
ifjHkkf"kr djsaA

f1(p) = 
1

20
( ) , ( )p x dx f p  = 

1

0
( ) ,p x dx

f3(p) = 
1

0
( )p x dx




fn[kkb, fd {f1, f2, f3}, V


 dk vk/kkj gSA V ds fy, vk/kkj fu/kkZfjr djsa bl

izdkj fd, {f1, f2, f3} bldk nksgjk ;k }Sr vk/kkj gksA

 ;g vklkuh ls ns[kk tk ldrk gS fd  f1, f2, f3  V

 gSA

eku yhft, fd 1f1 + 2 f2 + 3 f3 = 0, i  R

bls 1, x, x2 ij iz;ksx djus ij gesa izkIr gksrk gS]
1 + 22 – 3 = 0

31
2

4

2 2 2


    = 0

31
2

8

3 3 3


    = 0

eku yhft, fd A = 
1 2 1

1 4 1

1 8 1

 
 
 
  

rc     
1

2

3

A

 
  
  

 = 0, (det) A  0


1

1
2

3

A A
 
  
  

 = 0  1 = 2 = 3 = 0

 {f1, f2, f3}, LI dk leqPp; gSA

pwafd foek V = 3, {f1, f2, f3}, V

 dk ,d vk/kkj gSA

eku yhft, fd {p1(x), p2(x), p3(x)}, V dk vk/kkj bl rjg gS fd, {f1, f2,

f3} bldk nksgjk ;k }Sr vk/kkj (Dual Basis) gksA

 f1(p1) = 1, f2(p1) = 0, f3(p1) = 0

eku yhft, fd p1(x) = co + c1x + c2x
2

f2(p1) = 0  

2
2 3

1 2

0

2 3o
x x

c x c c  = 0
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 2 31 2

2 3o
c c

c x x x   = 0 tc x = 2

f3(p1) = 0  

1
2 3

1 2

0

2 3o
x x

c x c c



  = 0

 2 31 2

2 3o
c c

c x x x   = 0 tc x = – 1

 2 31 2

2 3o
c c

c x x x   = x(x – 2) (x + 1)

f1(p1) = 1  2 31 2

2 3o
c c

c x x x   = 1 tc x = 1

 . 1 (– 1) (2) = 1   = 1

2


2 31 2

2 3o
c c

c x x x  = 1
( 2) ( 1)

2
x x x  

= 3 21 1

2 2
x x x  

 2

3

c
 = 11

,
2 2

c
 = 1

2
,  co = 1

 co = 1, c1 = 1, c2 = 3

2


 p1(x) = 23
1

2
x x 

blh rjg ge Kkr djrs gSa] p2(x), p3(x) dksA

: eku yhft, fd W V dk mileqPp; (Sub Set) gSA

ifjHkkf"kr djsa fd A(W) = { f  V

 1 f(w)= 0 lHkh w  W ds fy,A

rc A(W), V

  dk milef"V gS] D;ksafd ,   F,

f, g  A(W)  f (w) = 0  = g(w) lHkh w  W ds fy,A

  f (w) + g(w) = 0 lHkh w  W ds fy,A

 ( f + g) (w) = 0 lHkh w  W ds fy,A
  f + g  A(W)

A(W), W dks 'kwU;dkjh (Annihilator) dgk tkrk gSA

 eku yhft, fd U, W, V  dk mileqPp; gSA ;fn U  W, fn[kk,a
fd A(U)  A(W) gSA

eku yhft, fd f  A(W) rc,  f (w) = 0 lHkh w  W ds fy,A
 f (u) = 0 lHkh u  U ds fy, D;ksafd U  W

 f  A(U) gSA

 eku yhft, fd V ,d lhfer ;k ifjfer foe;h ;k vk;keh; lfn'k
lef"V (Finite Dimensional Vector Space) vkSj W, V dk ,d milef"V gSA rc
foek A(W) = foek V & foek W gSA
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eku yhft, fd {w1, ..., wm}, W dk ,d vkèkkj gSA
bls V dk vk/kkj cukus ds fy, c<+k;k tk ldrk gSA

eku yhft, fd {w1, ..., wm, vm + 1, ..., vn}, V dk ,d vk/kkj gSA

eku yhft, fd {f1, ..., fm, fm + 1, ..., fn} dk lacaf/kr ;k laxr nksgjk ;k }Sr
vk/kkj gSA

rc fi(wj) = 0 i = m + 1, ..., n

 j = 1, ..., m

 fi  A(W) lHkh i = m + 1, ..., n ds fy,A

ge fn[kk,axs fd {fm + 1, ..., fn}, A(W) dk ,d vk/kkj gSA

eku yhft, fd m + 1 fm + 1+ ... + n fn = 0

 (m + 1 fm + 1 + ... + n fn) (vk) = 0 lHkh k = m + 1, .., n ds fy,A

   k fk (vk) = 0

 k = 0 lHkh k = m + 1, ..., n ds fy,A

blfy,, {fm + 1, ..., fn}, LI dk leqPp; gSA

eku yhft, fd f  A(W) rc f (w) = 0 lHkh w  W, f  V

ds fy,A

f  V

 f = 1 f1 + ... + m fm + ... + n fn
 0 = f (wj) = j fj(wj) = j lHkh  j = 1, ..., m ds fy,A

 f = m + 1 fm + 1 ... + n fn
 { fm + 1, ..., fn}, A(W) dks foLr`fr ;k foLrkfjr djrk gSA

{ fm + 1, ..., fn}, A(W) dk ,d vk/kkj gSA

bl izdkj foek A(W) = n – m = foek V – foek W gSA

 1: 
^

ˆ
( )

V
W

A W


: D;ksafd foek
^

( )

V

A W
= foek V


 – foek A(W)

= foek V – foek V + foek W

= foek W = foek Ŵ

blfy,  
ˆ

( )

V

A W
 Ŵ  gSA

 2: ;fn V ,d ifjfer foe;h ;k vk;keh; lfn'k lekf"V gS vkSj W, V,

dk ,d milef"V gS] rc
A(A(W))  W.

:  : W  A(A(W)) dks ifjHkkf"kr bl rjg djsa fd]
(w) = Tw

tgka Tw : W

 F bl izdkj gS fd]
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Tw(f )  f (w)

Tw A(A(W)) D;ksafd Tw(f ) = f (w) = 0 lHkh f  A (W) ds fy,A

rc ekud fu;eksa ds vuqlkj,  iw.kZr% Li"V ,dSdh 1-1 jSf[kd :ikarj.k gSA
 W  (W)  A(A(W))

D;ksafd] foek A(A(W)) = foek V

  – foek A(W)

= foek V – foek A(W)

= foek W

(izes; 2-11 ds vuqlkj)A

vkSj foek (W) = foek W
A(A(W)) = (W)

  W ls A(A(W)) rd vkPNknd (Onto) gSA

bl izdkj W  A (A(W)) gSA

lqfo/kk ds fy,] ge A(A(W)) = W fy[ksaxsA

mnkgj.k ds fy,, V = R2, W = {(x, 0) | x  R}ij fopkj djsaA

rc A(W), f }kjk foLr`fr ;k foLrkj V

  dk ,d milef"V gSA

tgka] f (x1, x2) = x2

okLro esa, { f }, A(W) dk ,d vk/kkj gS D;ksafd foek  W = 1 gSA

rFkk A(A(W)), Tw dks foLr`fr ;k foLrkj djrk gS tgka w = (1, 0) gSA

pwafd foek A(A(W)) = 1, {Tw}, A(A(W)) dk ,d vk/kkj gSA

rc  : W  A(A(W)) bl rjg fd,

(w) = Tw

;g ,d rqY;kdkfjrk (Isomorphism) gS D;ksafd W ds vk/kkj dks A(A(W)) ds
vk/kkj ij ekufpf=r fd;k tkrk gSA

  eku yhft, fd W1, W2, V dk ,d milef"V ifjfer vk;k;h;
lfn'k lef"V gS] rks A(W1 + W2) dks Kkr dhft,A

 f  A (W1 + W2)

 f (x) = 0  lHkh x  W1 + W2 ds fy,A

 f (w1) = 0 = f (w2)  lHkh w1  W1, w2  W2 ds fy,A

 f  A(W1)  A(W2)

 A(W1 + W2) = A(W1)  A(W2).

 eku yhft, fd V ,d ifjfer vk;keh; lfn'k lef"V gSA eku
yhft, fd V = W1  W2, tgka W1, W2, V ,d milef"V gSA  n'kkZ,a fd V


= A(W1)

 A(W2) gSA
foek V = foek (W1  W2)

= foek W1 + foek W2

rFkk foek (A(W1)  A(W2))
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= foek A(W1) + foek A(W2)

= foek V – foek W1 + foek V – foek W2

= 2 foek V – (foek W1 + foek W2)

= 2 foek V – foek V = foek V = foek V


pw¡fd A(W1)  A(W2) V

  dk ,d milef"V gSA

vkSj foek V


= foek (A(W1)  A(W2)),

V


= A(W1)  A(W2) gSA

;fn le:i (Homogeneous) jSf[kd lehdj.kksa dh iz.kkyh (System of
Linear Equations)

a11x1 + ... + a1nxn = 0
...  .. ...
am1x1 + ... + amnxn = 0,

tgka aij  F jSad r dk gS] rks F(n) esa n – r jSf[kd :i ls Lora= gy gksaxsA

: eku yhft, fd S lehdj.kksa dh nh xÃ iz.kkyh ds gyksa dk leqPp; gSA
S = {(1, 2, ..., n)  F n  | ij ja  = 0, i = 1, 2, .., m}

rc S, F n = V dk milef"V gksxk

eku yhft, fd {v1, v2, ..., vn}, V dk ekud vk/kkj gSA

vkSj {f1, f2, ..., fn} bldk nksgjk vk/kkj gSA

eku yhft, fd U, V dk milef"V gS tSls fd Åij crk;k x;k gS

 : S  A(U), dks bl izdkj ifjHkkf"kr djsa fd]
          ((1, 2, ..., n)) = 1 f1 + 2 f2 + ... + n fn
eku yhft, fd]         f = 1 f1 + 2 f2 + ... + n fn
rc f (u1)= (1 f1 + ... + n fn) (a11v1 + ... + a1nvn)

= 1a11 + ... na1n

= 0  D;ksafd (1, ..., n)  S

blh izdkj f (u2) = ... = f (um) = 0

rks  f  A(U)

;g vklkuh ls n'kkZ;k tk ldrk gS fd  jSf[kd :ikarj.k gSA

;fn (1, 2, ..., n)  Ker  rc 
1

n

i if  = 0 gksxkA

 i = 0  i

 Ker  = {0} ;k ,dSdh 1–1 gSA

vc eku yhft, fd f  A(U)  V


vkSj eku yhft, fd f = 1 f1 + 2 f2 + ... + n fn
rc    0= f (u1) = 1a11 + ... + na1n

... ... ...
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0 = f (um) = 1am1 + ... + namn

 (1, 2, ..., n)  S

vkSj ((1, 2, ..., n)) = 1f1 + ... + n fn = f

;k  vkPNknd (Onto) gSA

bl izdkj S  A(U)

 foek S = foek A(U) = foek V – foek U
  = n – r

blfy, n – r lehdj.kksa dh nh xÃ iz.kkyh ds jSf[kd Lora= gy gSaA

;fn n > m, vFkkZr] ;fn vKkrksa dh la[;k lehdj.kksa dh la[;k ls vfèkd
gS] rks lehdj.kksa dh iz.kkyh esa ,d 'kwU;srj ¼xSj&'kwU;½ gy Hkh gksxkA

 pw¡fd U, m lfn'kks a }kjk mRiUu gksrk gS] r = foek U  m < n  n – r

> 0 

lehdj.kksa dh iz.kkyh esa ,d jSf[kd Lora= gy gksrk gS] tks 'kwU;srj
¼xSj&'kwU;½ gksrk gS ¼D;ksafd 'kwU; lfn'k jSf[kd :i ls Lora= ugÈ gksrk gS½A

ekuk fd m vkSj n /kukRed iw.kk±d gSA ekuk fd f1, ..., fm, F(n)

ij jSf[kd Qyu gSA F(n) esa  ds fy, T () = (f1 (), ..., fm()) dks ifjHkkf"kr djsaA

n'kkZ,¡ fd T, F(n) ls F(m) esa jSf[kd :ikarj.k gSA fQj n'kkZ,¡ fd F(n) ls F(m)

esa çR;sd jSf[kd :ikarj.k gS] fdlh Hkh f1, ..., fm ds fy, mijksä çk:i ds vuqlkjA

 pwafd f1, ..., fm jSf[kd :ikarj.k gSa] blfy, T Hkh gksxkA eku yhft, fd {e1,

..., en} F(n) dk ekud vk/kkj gSA
rc T(ei)  F(m)  i = 1, ..., n.

rks, T(ei) = (i1, ..., im)  i = 1, ..., n.

 T() = T(1e1 + ... + nen),  = 1e1 + ... + nen

= 1T(e1) + ... + nT (en)

= 1(11, ..., 1m) + ... + n(n1, ..., nm)

= (111 + ... + nn1, ..., 11m + ... + nnm)

izR;sd (i) (1  i  m) ds fy,,  ,d jSf[kd :ikarj.k gSA

fi : F
(n)  F bl izdkj gS fd,

fi(e1) = 1i, ..., fi(en) = ni

 f1() = f1(1e1 + ... + nen)

= 111 + ... + nn1

.....................
fm() = fm (1e1 + ... + nen)

= 11m + ... + nnm

blfy,, T() = ( f1(), ..., fm()) gSA
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 eku yhft, fd F lfEeJ la[;kvksa (Complex Numbers) dk ,d
mi{ks= (Subfield) gSA ge fuEu Qyu ls F(n) (n  2) ij n jSf[kd Qyu dks
ifjHkkf"kr djrs gSa]

fk (x1, ..., xn) = 
1

( ) ,
n

j
j

k j x


 1  k  m.

 f1, ..., fn }kjk 'kwU;dkjh (Annihilated) milef"V dk vk;ke D;k gksxk?

 vc f1(x1, ..., xn) = ox1 – x2 – 2x3 ... – (n – 1) xn

f2(x1, ..., xn)= x1 + ox2 – x3 ... – (n – 2) xn

f3(x1, ..., xn)= 2x1 + x2 + ox3 ... – (n – 3) xn

.....................................................................
fn(x1, ..., xn) = (n – 1) x1 + (n – 2) x2 + (n – 3) x3 + ... + 1 xn – 1 + oxn

eku yhft, fd W F(n) dk milef"V 'kwU;dkjh (Annihilated) gS] f1, ..., fn ds
}kjk rc (x1, ..., xn)  W

 fk(x1, ..., xn) = 0   k = 1, 2, ..., n.

1

2

3

0 1 2 ... ... ( 1)

1 0 1 ... ... ( 2)

2 1 0 ... ... ( 3)

... ... ... ... ... ...

1 2 3 ... ... 0 n

xn

xn

xn

xn n n

      
       
   
  
  
       


 = 0

vFkkZr~ AX = 0, tgka A ck,a rjQ dk vkO;wg gS vkSj X = 
1

n

x

x

 
 
 
  

  gSA

;g vklkuh ls ns[kk tk ldrk gS fd A = 2 gSA

 W esa jSf[kd Lora= gyksa (Linear Independent Solutions) dh la[;k n – 2 gSA

 foek W = n – 2.

1- ,d jSf[kd :ikarj.k T : V  V  dks V ij ,d jSf[kd ladkjd dc dgk
tkrk gS\

2- jSf[kd :ikarj.k xSj&foy{k.k dc gksxk\

3- Øfed vk/kkj dks egRoiw.kZ D;ksa ekuk tkrk gS\

4- ekufp= T : V  W izfrykseh; dc gksrk gS\

5- D;k gksrk gS tc vKkr dh la[;k lehdj.kksa dh la[;k ls vf/kd gksrh gS\
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bl [kaM esa ge ,d ifjfer vk;ke lfn'k lef"V V ij jSf[kd ladkjdksa (Linear

Operators) T dk vè;;u djsaxsA eq[; fopkj ;g gS fd V dk ,d Øfed vkèkkj
 dks bl izdkj Kkr djuk gS fd vkO;wg T]  ds lkis{k esa ,d fod.kZ vkO;wg
(Diagonal Matrix) gksA ge blds ekè;e ls T ds ckjs esa cgqr dqN Kkr dj ik,axsA
vc ç'u ;g mBrk gS fd D;k ge lHkh jSf[kd ladkjdksa dk Øfer vkèkkj Kkr dj
ldrs gSa\ *;fn ugÈ rks fdl ladkjd (Operator) ds fy, ,slk vkèkkj ekStwn gksxk
\ ge bldk mÙkj bl [kaM esa nsus dk ç;kl djsaxsA ;fn  = {v1, ......, vn} ,slk
gS fd [T] = fod.kZ (c1, ....., cn), rks T(vi) = civi, i = 1, ...., n gksxkA rc ;g gesa T
ds vkbxsu eku (Eigen Values) ci vkSj vkbxsu lfn'k (Eigen Vectors) vi dh
voèkkj.kk dh vksj ys tk,xkA

 V] F ij ,d lfn'k lef"V gSA eku yhft, fd T, V ij ,d jSf[kd
:ikarj.k gSaA ;fn  0  v  V bl izdkj gS fd] T(v) = cv fdlh Hkh c  F ds fy,
gksxk] rks V dks vkbxsu lfn'k ;k T dks vfHkyk{kf.kd lfn'k dgk tkrk gS vkSj c
dks T dk vkbxsu eku ;k vfHkyk{kf.kd eku ;k vfHkyk{kf.kd ewy (Eigen Value ;k
Characteristic Value ;k Characteristic Root)  Hkh dgk tkrk gSA

fuEufyf[kr mnkgj.kksa ij fopkj djsa%
(i) eku yhft, fd T : R2  R2 js[kh; ladkjdksa dks T(x, y) = (x, 0) }kjk ifjHkkf"kr
fd;k x;k gSA ;fn c  R, T dk vkbxsu eku gS] rks R2 esa  (x, y)  (0, 0) bl
izdkj gksxk fd T(x, y) = c(x, y)

 (x, 0) = c(x, y) = (cx, cy)

 cx = x, cy = 0

 x(c – 1) = 0, cy = 0

vc x(c – 1) = 0  x = 0 ;k c = 1

;fn x = 0, rc y  0.  cy = 0  c = 0

;fn c = 0, rc (0, 1), T dk vkbxsu eku (Eigen Value) gksxk D;ksafd]

T (0, 1) = (0, 0) = c(0, 1) gSA

 0, T dk vkbxsu eku (Eigen Value) gSA ;fn c  0, rc y = 0 vkSj c = 1 gSA

 T(1, 0) = (1, 0) = 1 (1, 0)  (1, 0), T dk vkbxsu lfn'k (Eigen Vector)

vkSj 1] T dk vkbxsu eku (Eigen Value) gksxkA

(ii) eku dhft, fd T : R2  R2 js[kh; ladkjdksa dks T(x, y) = (x + y, x + y) }kjk
ifjHkkf"kr fd;k x;k gS rks T(1, –1) = (0, 0) = 0(1, –1)  0, T dk vkbxsu eku
(Eigen Value) gksxk T vkSj (1, –1) dh vkbxsu eku (Eigen Value) gSA

blh izdkj T(1, 1) = (2, 2) = 2(1, 1)  2 dk vkbxsu eku (Eigen Value) gS
vkSj ,dSdh (1, 1), T dk vkbxsu lfn'k (Eigen Vector) gSA
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  eku yhft, fd v vkSj w, T ds nks vyx&vyx vkbxsu ekuks
(Eigan Values) ¼V ij ,d jSf[kd ladkjdksa½ ds vuq:i T ds vkbxsu lfn'k gSA
fn[kk,¡ fd v + w, T dk vkbxsu lfn'k (Eigen Vector) ugÈ gks ldrk gSA

 eku yhft, fd T(v) = v
T(w) = w, 

ge igys fn[kk,axs fd {v, w} ,d jSf[kd Lora= leqPp; gSA

eku yhft, fd av + bw = 0

rc T(av + bw) = 0

 aT(v) + bT(w) = 0
 a v + b w = 0
 – b w + b w = 0
 (b – b)w = 0

 b – b = 0, D;ksafd w  0

 b( – ) = 0

 b = 0, D;ksafd  –   0

 a = 0

bl rjg, {v, w} ,d jSf[kd Lora= leqPp; gSA

eku yhft, fd v + w, T dk vkbxsu lfn'k (Eigan Vector) gSA

eku yhft, fd T(v + w) = c(v + w)

rc T(v) + T(w) = cv + cw

 v + w = cv + cw
 ( – c)v + ( – c)w = 0

 – c = 0=  – c D;ksafd {v, w} ,d jSf[kd Lora= leqPp; gSA

=  ,d fojks/kkHkkl gSA

blfy, v + w, T dk vkbxsu lfn'k (Eigen Vector) ugha gks ldrk gSA

  eku yhft, fd V ij FDVS dk çR;sd xSj&'kwU; lfn'k jSf[kd
:ikarj.k T dk ,d vkbxsu lfn'k (Eigen Vector) gSA fn[kk,¡ fd T] I dk vfn'k
xq.ku gSA

 eku yhft, fd 0  v  V gSA
ifjdYiuk ;k vo/kkj.kk }kjk T(v) = cv gSA

eku yhft, fd w  < v >

rc w = av

T(w) = aT (v) = acv = c w

eku yhft, fd w  < v >

rc w 0

vkSj T(w) = dw. ekuk fd d  c

mnkgj.k 2-15 ds }kjk v + w, T dk vkbxsu lfn'k (Eigen Vector) ugÈ gks
ldrk gSA
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blfy,] ifjdYiuk ;k vo/kkj.kk }kjk v + w, T  dk vkbxsu lfn'k (Eigen

Vector) gSA ¼D;ksafd w  < v >  v + w  0½ gSA
 d = c
 T (w) = cw   w  V

 T = cI.

 ;fn T, V ij ,d js[kh; ladkjd gS vkSj ] T dk vkbxsu eku
(Eigen Value) gS] rks fn[kk,¡ fd f (), f (T) dk vkbxsu eku gksxk ;fn f (x)  F[x]

gSA

eku yhft, fd f (x) = an x
n + ... + a1x + a0

rc f (T) = an T
n + ... + a1T + a0I

 f (T) (v) = anT
n (v) + ... + a1T (v) + a0v

= an
nv + ... + a1v + a0v

= (an
n + ... + a1 + a0)v

= f()v

tgka T(v) = v, vkSj v, T ds vkbxsu eku ds lkis{k esa T dk vkbxsu lfn'k gSA

eku yhft, fd c T dk vkbxsu eku gSA

eku yhft, fd Wc = {v  VT(v) = cv}

rc 0  Wc blfy, T(0) = 0 = c, 0  Wc  

eku yhft, fd ,   F, v1, v2  V. rc
T(v1 + v2) = T(v1) + T(v2)

= cv1 + cv2

= c(v1 + v2)
 v1 + v2  Wc

 Wc, V dk milef"V gSA

Wc  dks T dk] vkbxsu foLrkj (Eigan Space) vkbxsu eku dgrs gSa] tks fd T

ds vkbxsu eku c ls lEc) gSA

: eku yhft, fd

T : R2  R2 dks T(x, y) = (x, 0) }kjk ifjHkkf"kr fd;k x;k gSA

tSlk fd igys ns[kk x;k gS] dh 1 T dk vkbxsu eku gSA vkbxsu eku 1 ds
lkis{k T ds vkbxsu lef"V (Eigen Space) dks fuEufyf[kr rjhds ls fy[kk tk
ldrk gS

W1 = {(x, y)T(x, y) = (x, y)}
= {(x, y)(x, 0) = (x, y)}

= {(x, 0)  R2x  R}

   vFkkZr, x-v{kA

: vkbxsu lef"V (Eigen Space)Wc = {v  VT(v) = cv}

= {v  V | (T – cI)v = 0}
= Ker (T – cI)
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vFkkZr, Wc, T – cI dk 'kwU;&lef"V (Null Space) gSA

 eku yhft, fd F ij ,d lhfer ;k ifjfer foeh; ;k vk;keh;
lfn'k lef"V (Finite Dimensional Vector Space ;k FDVS) gS] rks V ij jSf[kd
ladkjd T gSA rc c  F, T dk vkbxsu eku gksxk ;fn vkSj dsoy ;fn T – cI

foy{k.k gS ¼izfrykseh; ugÈ½ gksxkA

eku yhft, fd c, T dk vkbxsu eku gS
rc  0  v  V bl izdkj fd T(v) = cv

 (T – cI)v = 0
 0  v  Ker(T – cI)

 T – cI ,dSdh ¼1&1½ ugha gSA

 T – cI foy{k.k (Singular) gSA

foykser%, T – cI foy{k.k (Singular) gS  T – cI ,dSdh (One–One ;k 1–1) ugha
gS (D;ksafd foek V = lhfer (Finite)  T – cI ,dSdh ¼1&1½ gksxk ;fn vkSj dsoy
;fn T – cI vkPNknd (Onto) gS)A

  0  v  Ker (T – cI)
 (T – cI)v = 0, v  0  T(v) = cv, v  0

 c, T dk vkbxsu eku gSA

: eku yhft, fd V ,d FDVS gS vkSj T] V ij jSf[kd ladkjd (Linear

Operator) gS rc T çfrykseh; (Invertible) gksxk] ;fn vkSj dsoy ;fn 0] T dk
vkbxsu eku ugÈ gksxkA

 eku yhft, fd foek V = n gSA eku yhft, fd V ij T ,d
jSf[kd ladkjd gSA eku yhft, fd v1, ..., vk T ij vkbxsu lfn'k gS] T ij c1,

..., ck laxr vyx&vyx vkbxsu eku gS] rks fn[kk,a fd v1, ..., vk jSf[kd :i ls
Lora= gSaA

eku yhft, fd T(vi) = civi

rc T r(vi) = cr
i vi r 1

ysa eku 1v1 + ... + k v k = 0

;gk¡ T, T2, ..., Tk – 1 dk iz;ksx djus ijA

bl izdkj] 1c1v1 + ... + k ck vk = 0

.....................................

.....................................

1c1
k – 1v1 + ... + kck

k – 1vk = 0


1 1

1 2

–1 –1 –1
1 2

1 1 1

k

k kk k k
k

v
c c c

v
c c c
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1 1

k k

v

v

 
 
 
  

 = 0, pwafd c1, ..., ck vyx gSA

 ivi = 0 i

 i = 0 i

 v1, ..., vk jSf[kd :i ls Lora= gSaA

(Characteristic Polynomials)

eku yhft, fd ,d {ks= F ij A ,d n × n vkO;wg gSA c  F  dks A dk vkbxsu
eku dgk tkrk gS ;fn A – cI foy{k.k (Singular) ¼çfrykseh; ugÈ½ gS] vFkkZr det

(A – cI) = 0

rc] det (A – cI) = 0  det (cI – A) = 0.

eku yhft, fd f (x) = det (xI – A)

rc c, A dk vkbxsu eku gksxk ;fn vkSj dsoy ;fn f (c) = 0 gSA bl dkj.k
ls f (x) dks A dk vfHkyk{kf.kd cgqin (Characteristic Polynomial) dgk tkrk gSA
Li"V :i ls deg f (x) = n vkSj f (x) esa xn dh mPpre ?kkr xq.kkad 1 gksxk vFkkZr~
f (x) ,dxq.kkadh cgqin (Monic Polynomial) gSA

,d gh rjg ds vkO;wg esa leku vfHkyk{kf.kd cgqin gksaxsA

ekuk fd A, B ,d gh izdkj ds vkO;wg gSaA rc]  xSj&vfHkyk{kf.kd vkO;wg
P bl izdkj gS&

rks  xSj&foy{k.k vkO;wg bl izdkj gS]

B = P–1AP

 B dk vfHkyk{kf.kd cgqin = det (xI – B)

= det (xI – P–1AP)

= det (P–1 (xI – A)P)

= det (xI – A) = A dk vfHkyk{kf.kd cgqin gSA

gkykafd] mi;qZDr izes; dh foykser% O;k[;k lgh ugha gSA fuEufyf[kr mnkgj.k ij
fopkj djsa]

eku yhft, fd A = 
1 1

0 1

 
 
 

, B = 
1 0

0 1

 
 
 

rc A dk vfHkyk{kf.kd cgqin xI – A = (x – 1)2 gksxk gSA

vkSj B dk xI – B = (x – 1)2 gksxkA

ysfdu A vkSj B leku vkO;wg ugha gS D;ksafd A = P–1BP  A = I gSA

(Characteristic Polynomial
of a Linear Operator)
;fn V ds ,  nks Øec) vkèkkj bl çdkj gSa fd [T] = A, [T] = B,

rc B = P–1AP fdlh Hkh vkO;wg P ds fy,A
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c  F ifjfer vk;ke lfn'k foLrkj V ij jSf[kd ladkjd T dk vkbxsu eku
gSA

 T – cI foy{k.k gS ekud fu;eksa ds vuqlkjA
 det [T – cI] = 0

 det {[T] – cI} = 0

 det (A – cI) = 0

 c, A dk vkbxsu eku gS

çes; 2-14 ds }kjk] A vkSj B esa ,d gh cgqin gSA rks c] vkbxsu eku gS
A  c, B dk vkbxsu eku gSA

blfy, c  F, T dk ,d vkbxsu eku rHkh gksxk ;fn vkSj dsoy ;fn c, V

ds fdlh Hkh vkèkkj ds lkis{k esa T dh laxr vkO;wg dk ,d vkbxsu eku gksxkA

;fn [T] = A, ge dgrs gSa fd T dk vfHkyk{kf.kd cgqin det xI – A, gS]
tks fd çes; 2-14 ds }kjk V ds vkèkkj ij fuHkZj ugÈ gSA

1- ;fn T : V  V dk ,d jSf[kd :ikarj.k bl rjg gS fd foek V = n, rks
[T], n × n  vkO;wg gksxhA eku yhft, fd A = [T] rc det (A – xI) ?kkr
n dk cgqin gksxkA rks A ¼;k T½ ds n ls vfèkd vkbxsu eku (Eigen Values)

ugÈ gks ldrs gSaA

2- T dk dksÃ vkbxsu eku ugÈ gks ldrk gSA

3- eku yhft, fd A = (aij)- rc

det (xI – A) = xn – (a11 + a12 + ... + ann)x
n – 1 + ...

 A (;k T) ds vkbxsu eku dk ;ksx A dk vuqjs[k.k (Trace) gksrk gSA

4- x = 0 dks det (xI – A) = xn – (a11 + ... + ann) xn–1... + vpj in
(Constant Term) esa j[ksa rc det (–A) = vpj in (Constant Term) feysxkA

 (–1)n det A = A ;k T ds vkbxsu eku dk vpj in gksrk gSA

5- ;fn A, lfEeJ la[;kvksa ds {ks= C ij vkO;wg gS] rks chtxf.kr ds ewyHkwr
çes; }kjk] A ds vfHkyk{kf.kd cgqin esa C ds ewy gksus pkfg,A nwljs 'kCnksa
esa A ¼;k T½ dk C esa de ls de ,d vkbxsu eku gksrk gSA

6- eku yhft, fd F ij c  F, n × n  vkO;wg A dk vkbxsu eku gSA rc det

(cI – A) = 0

rks, cI – A dk LrEHk jSf[kd :i ls F ij fuHkZj gSaA
  1, 2, ..., n  F bl izdkj gS fd 1c1 + ... + ncn = 0, i  0

fdlh Hkh i, ds fy,] tgka c1, ..., cn, cI – A dk LrEHk gSaA

bl izdkj, [c1, c2, ..., cn] 

1

2

n

 
  
 
  


= 0
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 (cI – A) 
1

n

 
 
 
  

 = 0

blfy,, A
1

n

 
 
 
  

 = c
1

n

 
 
 
  

 .

bl izdkj] AX = cX, tgka X = 
1

n

 
 
 
  

   0

X dks A dk vkbxsu eku dgk tkrk gSA

foykser%] eku yhft, fd AX = cX, X  0, F ij n × 1 vkO;wg gSA
 (cI – A)X = 0

rks, (det) (cI – A) = 0 D;ksafd X  0 gSA

bl izdkj c, A dk vkbxsu eku gSA

7. T ds fn, x, vkbxsu lfn'k ls] vc ge vkbxsu lfn'k A = [T], dks vkSj
mlds foykse dks fu/kkZfjr djrs gSaA

eku yhft, fd {v1, v2, ..., vn} = , V. dk Øfed vk/kkj gSA

eku yhft, fd A = (aij) = [T] gSA

vc 0  v  V, T dk vkbxsu eku gS

 T(v) = cv, dqN c  F ds fy,A
 T(1v1 + ... + nvn) = c(1v1 + ... + nvn), i  F

 1T(v1) + ... + nT(vn) = c1v1 + ... + cnvn

 1(a11v1 + ... + an1vn) + ... + n(a1nv1 + ... + annvn)

= c1v1 + ... + cnvn

 1a11 + ... + na1n = c1

. . . . . . . . . . . . . . . . . . .
1an1 + ... + nann = cn

 A
1

n

 
 
 
  

 = c
1

n

 
 
 
  



 AX = cX, tgka X = 
1

n

 
 
 
  

   0 gSA

blfy, ;fn, v = 1v1 + ... + nvn, T dk vkbxsu eku gksxk]

rks X = 
1

n

 
 
 
  



;g A dk vkbxsu eku vkSj foykser% gksxkA
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8. eku yhft, fd F ij c, n × n vkO;wg A dk vkbxsu eku gSA

rc F ij Wc = {X  X = n × 1 vkO;wg,  AX = cX}, F ij n × 1 vkO;wg dk
milef"V gksxkA  W c dks A ds vkbxsu eku c ds lkis{k esa A dk vkbxsu lef"V
(Eigen Space) dgk tkrk gSA

eku yhft, fd A = [T], tgka T, V ij ,d js[kh; ladkjd gS] vkSj , V

dk Øfed vk/kkj gSA ge n'kkZrs gSa fd foek Wc = Wc, foek Wc tgka ds vkbxsu
eku c ds lkis{k esa T dk vkbxsu lef"V (Eigen Space) gSA

 : Wc  Wc, c dks bl rjg ifjHkkf"kr djsa fd]

(v) = 
1

n

 
 
 
  

  tgka v = 1v1 + ... + nvn

rc  rqY;kdkfjrk (Isomorphism) gS] fl) djsaA

blfy,] foek Wc = foek Wc

9- eku yhft, fd [T] = A = fod.kZ vkO;wg gSA

  = 1

n

Oc

cO

 
 
 


eku yhft, fd jSad ;k lhek (Rank) A = r rks] A ds fod.kZ esa r çfof"V;ka
xSj&'kwU; gSa vkSj vU; lHkh çfof"V;ka (Entries) 'kwU; gSaA eku yhft, fd
igyh r çfof"V;ka c1, ..., cr xSj&'kwU; gSa vkSj cr + 1 = ... = cn = 0 gSA

eku yhft, fd  = {v1, ..., vr, vr + 1, ..., vn} = V dk Øfed vk/kkj gSA

rc, T(vi) = civi, i = 1, 2, ..., r. vc {T(v1), ..., T(vr)}  jsat ;k lhek
(Range) T.

eku yhft, fd 1T(v1) + ... + rT(vr) = 0, i  F gSA

rc 1c1v1 + ... + rcrvr = 0

 ici = 0  i = 1, 2, ..., r

 i = 0  i = 1, 2, ..., r D;ksafd ci  0

      S = {T(v1), ..., T(vr)} ,d LI leqPp; gSA

eku yhft, fd T(v)  jsat ;k lhek (Range) T,

rc v  V  v = 1v1 + ... + rvr + r + 1vr + 1 + ... + nvn

 T(v) = 1T(v1) + ... + rT(vr)

 S jsat ;k lhek (Range) T dh foLr`fr ;k foLrkj djrh gSA

 S = jsat ;k lhek (Range) T dk vk/kkj gSA

 foek jsat ;k lhek (Range) T = r

 jSad ;k lhek (Rank) T = r

blfy,,  jSad ;k lhek (Rank) A = jSad ;k lhek (Rank) T, tgka [T] = A

= fod.kZ vkO;wg (Diagonal Matrix).
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jSad ;k lhek (Rank) A = jSad ;k lhek (Rank) T, A fod.kZ vkO;wg (Diagonal

Matrix)

 eku yhft, fd A = (aij)n × n gS] bl izdkj dh
(i) ij

j

a  = 1  lHkh i ds fy,A

(ii) ij
i

a  = 1  lHkh j ds fy,A

fl) dhft, fd A dk vfHkyk{kf.kd eku 1 gSA

(i) eku yhft, fd foek V = n.

;fn T, V ,d jSf[kd :ikarj.k bl rjg gS fd,

[T] = A, tgka  = {v1, v2, ..., vn}, V dk Øfed vk/kkj gSA rc]
T(v1) = a11v1 + ... + an1vn
. . . . . . . . . .
T(vn) = a1nv1 + ... + annvn

rc T(v1 + v2 + ... + vn) = v1 + v2 + ... + vn

D;ksafd ij
j

a  = 1 lHkh i ds fy,A

blfy, A dk vfHkyk{kf.kd eku (Characteristic Value) 1 gSA

(ii) eku yhft, fd A, A ds LFkkukarj.k (Transpose) dks fu:fir djrk gSA (i)
ds }kjk A' dk vfHkyk{kf.kd eku 1 gSA

bl izdkj det (I – A) = 0

 det (I – A) = 0
 det (I – A) = 0

 blfy, A dk vfHkyk{kf.kd eku 1 gSA

 fl) djsa fd F ij 2 × 2 vkO;wg C dks Kkr djuk vlaHko gS]
vxj

C 
1 1

0 1

 
 
 

 C–1 = 
0

0

 
  

, ,   F gSA

ekuk fd A = 
1 1

0 1

 
 
 

 , B = 
0

0

 
  

eku yhft, fd F ij 2 × 2 vkO;wg C ekStwn gS rc]
CAC –1 = B

pw¡fd 1] A dh ,dek= vkbxsu eku gS] 1 Hkh B dh ,dek= vkbxsu eku gS
D;ksafd A vkSj B ds vfHkyk{kf.kd cgqin (Characteristic Polynomial) leku gSaA rks]
 =  = 1.  B = I

 CAC –1 = I  A = I, ,d fojksèkkHkkl gSA
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rks, F ij dksbZ 2 × 2, vkO;wg (Matrix) C ekStwn ugha gS tc rd CAC –1 = B

gSA

 fn[kk,¡ fd n × n f=dks.kh; vkO;wg (Triangular Matrix) A ds
vkbxsu eku] A ds fod.kZ vo;o gksrs gSaA

 eku yhft, fd]

A = 

11

22

0 nn

a

a

a

 
 
 
 
 
 

 , aij = 0 lHkh i > j ds fy,A

A dk vfHkyk{kf.kd cgqin,

(x – a11) ... (x – ann)

 a11, ..., ann, A dk vkbxsu eku gSA

 eku yhft, fd A okLrfod n × n vkO;wg gSA eku yhft, fd 
A dk okLrfod vkbxsu eku gSA fn[kk,¡ fd ogk¡ A dk vkbxsu eku  ds lkis{k
A dk vkbxsu lfn'k bl rjg ekStwn gksxk fd X Hkh okLrfod gksxkA

 eku yhft, fd Ay = y, y  0 gSA rc y vkbxsu eku ds lkis{k A dk vkbxsu
lfn'k gksxkA ;fn y okLrfod gS] rks ifj.kke fey tk,xkA eku yhft, fd y

okLrfod ugÈ gSA eku yhft, fd  y = u + iv tgka u vkSj v okLrfod LrEHk vkO;wg
ls LrEHk vkO;wg (Column Matrices) gSaA

rc Ay = y

 A(u + iv) = (u + iv)

 Au + iAv = u + iv

 Au = u, Av = v

D;ksafd y  0, rks u  0 ;k v  0 gSA vxj u  0, rc u, A ds okLrfod vkbxsu
lfn'k gS vkSj v  0  v, A dk vkbxsu eku  ds lkis{k A dk vkbxsu lfn'k gSA

 eku yhft, fd A ,d n × n vkO;wg gS]

A = 

1 0 0

1 1 0

0 1 0

0 0 0

k

k

k

k

 
 
 
 
 
 
  

 
 
 

     
 

¼vFkkZr A ds fod.kZ çfof"V;k¡ k gSa vkSj fod.kZ ds Åij vkSj uhps dh
çfof"V;k¡ 1 vkSj ckdh txg 'kwU; gSa½A

n'kkZ;s fd Xi(i = 1, ..., n) tgka Xis LrEHk vkO;wg esa joka izfof"V 
1

ij
sin

n

 
 

 
 ds

vkbxsu lfn'k gSaA lacafèkr A ds vkbxsu eku dks Kkr dhft,A
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 vc

AXi = 

sin
1

1 0 0 2
sin

1 1 0 1

0 1 0 3
sin

1

0 0 0

sin
1

i

n

k i

k n

k i

n

k

ni

n

 
  

   
      
   
      
      

 
  

 
 
 

     
 

=

2
sin sin

1 1

2 3
sin sin sin

1 1 1

2 3 4
sin sin sin

1 1 1

( 1)
sin sin

1 1

i i
k

n n

i i i
k

n n n

i i i
k

n n n

n i ni
k

n n

     
   

     
   

     
 
 

      



=

sin 2sin cos
1 1 1

2 2
sin 2sin cos

1 1 1

3 3
sin 2sin cos

1 1 1

sin 2sin cos
1 1 1

i i i
k

n n n

i i i
k

n n n

i i i
k

n n n

ni ni i
k

n n n

       
   
    

   
    

 
 

       



= 

2 cos sin
1 1

2
2 cos sin

1 1

3
2 cos sin

1 1

2 cos sin
1 1

i i
k

n n

i i
k

n n

i
k

n n

i n
k

n n

        
        
        
 
 
         



= 

sin
1

2
sin

1

2 cos 3
sin1

1

sin
1

i

n

i

n
i

k i
n

n

ni

n

 
  

 
           
 
 

 
  



= 2 cos
1 i

i
k X

n

 
  

 Xi ;gk¡ A ds vkbxsu lfn'k (Eigen Vector) lHkh i = 1, ..., n ds fy, vkSj

k + 2 cos
1

i

n




 ;gk¡ A  ds laxr vkbxsu eku (Corresponding Eigen Value) gSA
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 eku yhft, fd V lHkh okLrfod ekuksa dk lrr ;k fujarj Qyuksa
dk lef"V gSA

T : V  V  (Tf ) (x) = 
0

( )
x

f t dt ds }kjk dks ifjHkkf"kr djsaA

n'kkZ;sa fd T dk dksbZ vkbxsu eku ugha gSA

eku yhft, fd c] T dk vkbxsu eku gSA
  0  f  V bl izdkj gS fd,

Tf = cf

 Tf (x) = cf (x)


0

( )
x

f t dt = cf (x)

f (x) = cf  (x)

y = dy
c

dx

c  0 (D;ksafd c = 0  y = 0  f (x) = 0  f = 0)

 dy dx

y c


 log y = x

c
 + log a  y = aex/c

 y (0) = a
 f (x) = y = f (0) ex/c

 /

0
(0)

x t cf e dt = /

0
( ) ( ) (0)

x x cf t dt cf x cf e 
f (0)  0 (blfy, f (0) = 0  a = 0  y = 0   f (x) = 0   f = 0)

 f (0) /

0

xt cce 
  = c f (0) ex /c

 c(ex /c– 1) = cex /c

 ex /c– 1 = ex /c

 1 = 0, ,d fojks/kkHkkl gSA

 T dk dksbZ vkbxsu eku ugha gSA

: mijksDr mnkgj.k esa V ij D dk vody ladkjd (Differential Operator)

gSA

eku yhft, fd c dksbZ Hkh okLrfod la[;k gSA

ifjHkkf"kr djsa f : R  R, dks bl rjg gS fd]
f (x) = ecx

rc f  V vkSj Df = cf gSA

rks] izR;sd okLrfod la[;k D dk vkbxsu eku gksxkA

mi;qZä mnkgj.k esa] jSf[kd :ikarj.k T dk V ij dksÃ vkbxsu eku ugÈ gS]
tcfd ;gk¡ ij çR;sd okLrfod la[;k jSf[kd ladkjd D dk vkbxsu eku gSA



jSf[kd :ikarj.k

Lo&vfèkxe 115

ikB~; lkexzh

 (Minimal Polynomials)

jSf[kd ladkjd (Linear Operator) T dks fuèkkZfjr djus ds fy,] cgqin ds oxZ dks
fuèkkZfjr djuk cgqr mi;ksxh gS tks T dks 'kwU;dkjh (Annihilate) djrk gSA ;fn T,

& vk;ke lef"V V ij ,d jSf[kd ladkjd gS] rks foek Hom (V, V) = n2 gksxkA
 Hom (V, V) esa dksbZ Hkh n2 + 1 lfn'k (Vectors) jSf[kd :i ls fuHkZj gksrs

gS aA

 I, T, T2, ..., Tn2
 jSf[kd :i ls fuHkZj gksrs gSaA

  co, c1, c2, ..., cn2  F bl izdkj gS fd]

coI + c1T + ... + 
2

2
n

n
c T  = 0 tgka ci  0

vFkkZr T ,d cgqin p(x)  F [x] dks larq"V djrk gS] tgka]

p(x) = co + c1x + ... + 
2

2
n

n
c T , p(x)  0 ,slk gksrs fd p(T) = 0

T }kjk larq"V ,sls lHkh cgqinksa esa ls] de ls de ;k U;wure ?kkr ds cgqin
dk p;u djuk pkfg,A

 eku yhft, fd F ij jSf[kd ladkjd T dk ,d FDVS (Finite

Dimensional Vector Space), V gSA U;wure cgqin dks T ds fy, ,d vf}rh;
cgqin p(x)  F [x] ds :i esa bl rjg ifjHkkf"kr fd;k x;k gS fd]

(i) p(x) ,dxq.kkadh cgqin (Monic Polynomial) gSA
(ii) p(T) = 0

(iii) F ij dksbZ Hkh cgqin p(x) dh rqyuk esa NksVh ?kkr dk ugha gksuk pkfg,]
tks T dks 'kwU;dkjh (Annihilates) djrk gSA

/;ku nsa fd p(x) dks fof'k"V :i ls izdj.k (i) ds }kjk fu/kkZfjr fd;k tkrk gSA

gekjs ikl U;wure cgqin dh oxZ vkO;wg A ds fy, leku ifjHkk"kk gSA

 eku yhft, fd ,d n&vk;ke lef"V V ij ,d jSf[kd :ikarj.k gSA

T ds fy, vfHky{kf.kd (Characteristic) vkSj U;wure cgqin dh ewy leku gksrs
gSaA

 eku yhft, fd p(x), T. ds fy, ,d U;wure cgqin gSA eku yhft, fd
c, p(x) dk ewy gS vFkkZr] p(c) = 0 gSA

rc p(x) = (x – c) q(x) dqN q(x)  F [x] ds fy,A

D;ksafd deg q(x) < deg p(x), q(T)  0

 v  V bl rjg fd q(T) v  0, v  0

eku yhft, fd x = q(T) v  0

rc 0 = p(T) v

= (T – cI) q(T) v
= T(x) – cx

 T(x) = cx, x  0

 c, T dk vkbxsu eku gSA
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foykser%] eku yhft, fd c, T dk vkbxsu eku gSA

rc  0  v  V bl rjg gS fd Tv = cv

 p(T) v = p(c) v

D;ksafd p(T) = 0, p(c) v = 0, v  0

p(c) = 0

 c, T ds U;wure cgqin dk ewy gSA

 ;|fi U;wure cgqin (Minimal

Polynomial) vkSj vfHkyk{kf.kd cgqin esa leku ewy gks] ysfdu t:jh ugÈ os leku
gh gksA mnkgj.k ds fy,] vfHkyk{kf.kd cgqin

A = 
5 – 6 – 6

–1 4 2

3 – 6 – 4

 
 
 
  

 gS] (x – 1) (x – 2)2 gS] tcfd (A – I) (A – 2I) = 0  U;wure

cgqin (x – 1) (x – 2) gSA

,d LokHkkfod ç'u mBrk gSA ;s nksuksa cgqin leku dc gksxs \ ;fn jSf[kd
:ikarj.k T ds lHkh vkbxsu eku vyx &vyx gSa] rks T dh fo'ks"krk cgqin
f (x) = (x – c1) ... (x – cn) gSA

pwafd T ds U;wure cgqin p(x) dh ewy f (x) vkSj deg p(x)  deg f (x) = n
ds leku gSaA

p(x) = (x – c1) ... (x – cn) = f (x)

;gk¡ vkO;wg dk og çfl) ifj.kke izkIr gks tkrk gS ftls dsyh&gSfeYVu
izes; (Cayley-Hamilton Theorem) ds uke ls tkuk tkrk gS] tks dgrk gS fd
^^izR;sd oxZ vkO;wg viuh fof'k"V cgqin dks larq"V djrk gS**A

pwafd jSf[kd ladkjd T dk vfHky{k.k cgqin V ds fdlh Hkh vkèkkj  ds
lkis{k esa vfHky{kf.kd cgqin [T]ds leku gSA rks dsyh&gsfeYVu çes; jSf[kd
ladkjdksa ds fy, Hkh lR; gS] ;kuh ;fn f (x), T dh fo'ks"krk cgqin gS] rks f (T) =

0 gksxkA

mijksä dk ,d ljy ifj.kke gSA

 jSf[kd ladkjd T dk U;wure cgqin viuh fof'k"V cgqin dks foHkkftr
djrk gSA

 %  p(x), f (x), T ds Øe'k% U;wure vkSj vfHkyk{kf.kd cgqin gSaA
rks f (x) = g(x) p(x) + q(x) tgka q(x) = 0 ;k deg q(x) < deg p(x)

eku yhft, fd q(x)  0 rc 0 = f (T) = g(T) p(T) + q(T)

 q(T) = 0 (f (T)) = 0 (dsyh&gsfeYVu çes; }kjk Cayley-Hamilton Theo-
rem)

 q(x),  p(x) vkSj q(T) = 0, ls de ?kkr ls de dk ,d xSj&'kwU; ,d xq.kkadh
cgqin (Non-Zero Monic Polynomial) gS] fojks/kkHkkl p(x) U;wure gSA
 q(x) = 0
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 p(x), f (x) dks foHkkftr djrk gSA

 eku yhft, A = [T]p(x) = T U;wure cgqin gS] rc p(x) Hkh A dk U;wure
cgqin gSA

 : vc [T r] = [T] ... [T] = Ar

 [p(T)] = p(A)

 p(A) = 0 blfy, p(T) = 0

eku yhft, fd] q(x) =  A dk U;wure cgqin gSA

eku yhft, fd] p(x) = q(x) r(x) + s(x), tgka]

s(x) = 0 ;k deg s(x) < deg q(x)

vc 0 = p(A) = q(A) r(A) + s(A)

 s(A) = 0

;fn s(x)  0, rks A ,d xSj&'kwU; cgqin ?kkr q(x), ls de dks larq"V djrk gS]
tks ,d fojks/kkHkkl gSA

 s(x) = 0. D;ksafd, q(x)p(x)

iqu% [q(T)] = q(A) = 0  q(T) = 0

eku yhft, fd q(x) = p(x) g(x) + h(x)

tgka h(x) = 0 ;k deg h(x) < deg p(x).

 q(T) = p(T) g(T) + h(T)
 0 = h(T)

;fn h(x)  0, rks T ,d xSj&'kwU; cgqin p(x), dks de ?kkr  ls larq"V djrk
gS] tks ,d fojks/kkHkkl gSA
 h(x) = 0  p(x)q(x)

blfy, p(x) = q(x) = A dk U;wure cgqin gSA

2- leku vkO;wg dk leku U;wure cgqin gksrk gSA

ekuk fd A, B leku vkO;wg gSA
fQj B = P–1AP

ekuk fd p(x) = A dk U;wure cgqin gSA

q(x) = B dk U;wure cgqin gSA

vc 0 = q(B) = q(P–1AP) = P–1q(A)P

 q(A) = 0

igys dh rjg   p(x)q(x)

blh rjg, 0 = p(A) = p(PBP–1) = Pp(B)P–1

 p(B) = 0

bl rjg, q(x)p(x)

bl izdkj, p(x) = q(x). gSA
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gkykafd] foykse (Converse) t:jh ugha lgh gksA fuEufyf[kr ij fopkj djsa%

  ekuk fd A = 
1 1 0

0 2 0

0 0 1

 
 
 
  

 vkSj B = 
2 0 0

0 2 2

0 0 1

 
 
 
  

rc A vkSj B dk U;wure cgqin (x –1) (x – 2) gSA

pwafd vuqjs[k.k (Trace) A = 4, vuqjs[k.k ¼Trace B = 5, A vkSj B ds leku ugha
gSaA

  nks vkO;wg A vkSj B ds fy,] fn[kk,a fd AB vkSj BA dk
vko';drk :i ls U;wure cgqin leku ugÈ gSA

 A = 
0 1

0 0

 
 
 

, B = 
1 0

0 0

 
 
 

rks AB = 
0 0

0 0

 
 
 

 vkSj BA = 
0 1

0 0

 
 
 

 gS]

 AB = 0 = (BA)2

 rc AB dk U;wure cgqin x gS tcfd BA dk U;wure cgqin x2 gSA

ekuk fd A = 
B O

O C

 
 
 

, tgka B vkSj C oxZ vkO;wg gSaA fn[kk,a fd

U;wure cgqin p(x), B vkSj C ds U;wure cgqin q(x), r(x) dk L.C.M. gSA

 vc p(A) = 
( )

( )

p B O

O p C

 
 
 

 gSA

D;ksafd p(A) = 0, p(B) = 0 = p(C)

ge izkIr djrs gSa q(x)p(x), r(x)p(x)

eku yhft, fd q(x)f (x), r(x) f (x)

rc f (A) = 
( )

( )

f B O

O f C

 
 
 

vc q(x)f (x)  f (B) = 0

r(x)f (x)  f (C) = 0

 f (A) = 0

 p(x)f (x).

bl izdkj, p(x), q(x) vkSj r(x) dk L.C.M gSA

 ekuk fd {ks= F esa a, b, c ;gk¡ a ds vo;o gS] vkSj

A = 
0 0

1 0

0 1

c

b

a

 
 
 
  

fl) djsa fd A dh vfHkyk{kf.kd cgqin blds U;wure cgqin ds leku gSA
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 A dh vfHkyk{kf.kd cgqin fuEu gksxh]
f (x) = | xI – A |  = x3 – ax2 – bx – c

ekuk fd p(x) bldh U;wure cgqin gSA

rc deg p(x)  deg f (x) = 3.

vxj deg p(x) = 1, rc p(x) = x – ,   F

 O = p(A) = A – I = 
– 0

1 –

0 1 –

c

b

a

 
  
  

tksfd lR; ugha gS D;ksafd 1  0 gSA

vxj deg p(x) = 2, rc p(x) = x2 + x + ,  ,   F gksxkA

 O = p(A) = A2 + A + I


– – – – – – – – –

– – – – – – – – –

1 – – 0 – – 0 – –

     
           
          

 = 0

 1 = 0 tks lgh ugha gSA

blfy, deg p(x) = 3 vkSj bl izdkj p(x) = f (x) gSA

 (Diagonizable Operators)

 ,d jSf[kd ladkjd T dks ifjfer vk;ke lfn'k lef"V V ij fod.kZuh;
(Diagonalizable) dgk tkrk gS vxj V  dk Øfed vkèkkj  = {v1, ..., vn} ,slk
gS fd T dk vkO;wg  ds lkis{k esa ,d fod.kZ vkO;wg (Diagonal Matrix) gksA

vFkkZr~ [T] = 

1

2

0

0 n

c

c

c

 
 
 
 
 
 



leku :i ls ,d jSf[kd ladkjd T ifjfer vk;ke lfn'k lef"V V ij
fod.kZuh; gS ;fn dsoy vkSj ;fn vxj V dk Øfed vkèkkj  ds vo;o T ds
vkbxsu lfn'k gksaA

 ekuk fd T fod.kZuh; (Diagonalizable) gSA
rc vk/kkj  = V ds {v1, ..., vn} ,slk gS fd]

[T] = 

1

2

0

0 n

c

c

c

 
 
 
 
 
 



vFkkZr~ T(vi) = civi lHkh i = 1, ..., n ds fy,A

    v1, ..., vn, T dk vkbxsu lfn'k gSA

foykser%] ekuk fd  = {v1, ..., vn}, V dk Øfed vk/kkj ,slk gS fd izR;sd
vi, T dk vkbxsu lfn'k (Eigen Vector) gSA
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rc [T] = 
1 0

0 n

c

c

 
 
 
  

   fod.kZuh; gSA

 T fod.kZuh; (Diagonalizable) gS

 eku yhft, fd ,d jSf[kd ladkjd T ifjfer vk;ke lfn'k lef"V
V ij gSA ekuk fd 1, c2, ..., ck  F vyx&vyx T ds vkbxsu eku gSa vkSj ekuk
fd Wi vkbxsu eku ci, i = 1, 2, ..., k ds lkis{k vkbxsu lef"V (Eigen Space) gS]
vkSj  = {1, ..., k} Øe'k%  W = W1 + ... + Wk  dk Øfed vkèkkj gS vkSj foek
W = foek W1 + ... + foek Wk- blfy, W = W1  ...  Wk gksxkA

ge igys ;g fn[kkrs gSa fd tc Hkh]
x1 + ... + xk = 0, xi  wi

...(1)

rc xi = 0  i.

T, T2, ..., T k – 1 dks lehdj.k (1) ij j[kus ij] gesa feysxk]
c1x1 + ... + ck xk = 0

...

1

–1k
c x1 + ... + 

1

–1k
c xk = 0

(è;ku nsa fd T(xi) = cixi  T r(xi) = i

i

r
icc x )


1

1

–1 –1
1

1 1

k

kk k
k

xc c

x
c c

 
   
   
   
      



   = 0

C 
1

k

x

x

 
 
 
  

  = 0, tgka C = 
1

–1 –1
1

1 1

k

k k
k

c c

c c

 
 
 
 
 
  



 

 det C  0, blfy, ci, ..., ck vyx&vyx gSA

 C–1 C 
1

k

x

x

 
 
 
  

  = 0


1

k

x

x

 
 
 
  

  = 0  xi = 0  i

blfy, gekjk dFku ;k izek.k lgh gSA
eku yhft, fd x  W gSA rc x = x1 + ... + xk, xi  Wi blfy, W = W1 + ...
+ Wk

vkSj 1 = {v1, ..., vd1
} foLr`fr W1 (ekuk gS fd foek Wk = dk) gSA
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blh rjg] D;ksafd k = {v1, ..., vdk
} Wk dks foLr`fr ;k foLrkj gSA

ge xk = 1v1 + ... + dk
 vdk 

dks izkIr djrs gSaA

blfy,, x = 1v1 + ... + d1
vd1

 + ... + 1v1 + ... + dk
vdk

   = v1, ..., vd1
, ..., vd1

, ... vdk 
dk jSf[kd lap; gSA

 {1, 2, ..., k} =  W dks foLr`fr ;k foLrkj djrk gSA

eku yhft, fd (1v1 + ... + d1
vd1

) + ... + (1v1 + ... + dk
v dk

) = 0

 x1 + ... + xk = 0

tgka] x1 = 1v1 + ... + d1
  vd1

  W1

. . . . . . . . . .
xk = 1v1 + ... + dk

vdk
  Wk

rc xi = 0 lHkh i ds fy, (tSlk Åij fn[kk;k x;k gS)A
 1 = ... = d1

 = ... = 1 = ... = dk
 = 0

D;ksafd izR;sd i, Wi dk vk/kkj gSA

  = {1, ..., k} jSf[kd Lora= gS vkSj W dk vk/kkj cukrh gSA

vc foek W = o(1) + ... + o(k)

vFkkZr~ foek W = foek W1 + ... + foek Wk

bl izdkj ls ;g izes; fl) gksrh gSA

vc ge ,slk fu;e nsrs gSa ftlds rgr ,d jSf[kd ladkjd T fod.kZ gSA

 eku yhft, fd ,d jSf[kd ladkjd T ifjfer vk;ke lfn'k lef"V
V ij gSA rc T fod.kZuh; gksxk ;fn dsoy vkSj ;fn foek V = foek W1 + ... + foek
Wk

eku yhft, fd T fod.kZuh; gSaA rc V dk vkèkkj  ,slk gS fd  dk
çR;sd lfn'k T dk vkbxsu lfn'k (Eigen Vector) gSA eku yhft, fd igyk r1

lfn'kksa x1, ..., xr1
  W1, nwljk r2  lfn'kksa W2 ls lacafèkr gS W2 vkSj blh rjg

vafre rk lfn'k (Vectors) y1, ..., yrk
, Wkls lacafèkr gSA

D;ksafd W1 + W2 + ... + Wk = W1  W2  ...  Wk

rc v = jSf[kd lap;  x1, ..., xr1
 + ... + jSf[kd lap; y1, ..., yrk

 gSA

 v  W1 + ... + Wk

 V = W1 + ... + Wk

 foek V = foek (W1 + ... + foek Wk)

= foek W1 + ... + foek Wk

foykser, ekuk fd foek V = foek W1 + ... + foek Wk = foek W

 foek W = foek V
 W = V

;fn i, Wi  i, dk vk/kkj gS] Åijh izes; }kjk  = {1, ..., k}, W= V dk vkèkkj
gSA
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D;ksafd izR;sd i esa dsoy vkbxsu lfn'k gksrs gSa]  dsoy vkbxsu lfn'k ls ;qDr
V dk vk/kkj gSA

 T  fod.kZuh; (Diagonalisable) gSA

 ekuk fd ,d jSf[kd ladkjd T ifjfer vk;ke lfn'k lef"V V tks
(f ) ij gSA rc T fod.kZuh; gksxk ;fn dsoy vkSj ;fn T dk f (x)]

f (x) = (x – c1)
d1 ... (x – ck)

dk,

tgka di = foek Wi

vkSj d1 + ... + dk = foek V = n

 D;ksafd T fod.kZuh; gS]  ,d Øfed vkèkkj  = {v1, ..., vn} ,slk gS fd

[T] = 1 0

0 n

c

c

 
 
 
  gSA

eku yhft, c1, d1 le; yxrk gS]..., ck, dk le; yxrk gSA

[T] = 

1

1

:

:
k

k

c O

c

c

O c

 
 
 
 
 
 
 
 
 
 
 



  T dk vfHky{kf.kd cgqin fn;k x;k gS]

f (x) = (x – c1)
d1 ... (x – ck)

dk, d1 + ... + dk = n

 [T – ciI] ij dsoy di 'kwU; gS] fod.kZ lHkh i = 1, ..., k ds fy,A

 jSad (Rank) [T – ciI] = n – di lHkh i = 1, ..., k ds fy,A

 'kwU;rk (T – ciI)= di lHkh i = 1, ..., k ds fy,A

 foek Wi= di lHkh i = 1, ..., k ds fy, (Wi = vf"V (Ker) (T – ciI))A

foykser% D;ksafd d1 + d2 + ... + dk = foek V

foek W1 + foek W2 + ... + foek Wk = foek V

izes; 2-18 ds }kjk rc T fod.kZuh; gSA

 ekuk fd T ,d jSf[kd ladkjd ifjfer vk;ke lfn'k lef"V V ij gS
T dks ,d FDVS, V ij ,d jSf[kd ladkjd ekuk tkrk gSA c  F, T dh vkbxsu
eku gSA lfn'k lef"V Wc ds foek dks c dh T;kferh; xq.kukRedrk (Geometric

Multiplicity) dgk tkrk gSA

lkFk gh C dks T ds vfHky{kf.kd cgqin ds ewy ds :i esa c dh xq.kukRedrk
dks c dh T;kferh; xq.kukRed (Geometric Multiplicity) dgk tkrk gSA

;fn ge c dh T;kferh; xq.kukRedrk dks G.M. vkSj c ds chth;
xq.kukRed ;k cgqyrk (Algebraic Multiplicity) dks A.M. dgrs gSaA ge fl) dj
ldrs gSa fd G.M. A.M gSA
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: G.M.  A.M gSA

ekuk fd foek Wc = g = G.M. vkSj A.M. = m

ekuk fd] {x1, x2, ..., xg}, Wc dk vkèkkj gS rc bls V ds ,d vkèkkj  = {x1,

x2, ..., xg, y1, ..., yn} rd c<+k;k tk ldrk gSA
vc  T(x1) = cx1 = cx1 + ox2 + ... + oxg + oy1 + ... + oyn

. . . . . . . . . . . . . .

. . . . . . . . . . . . . .
T(xg) = cxg = ox1 + ... + oxg – 1 + cxg + oy1 + ... + oyn

ekuk fd] A = [T], rks A = 
–gcI

O B

 
 
 

tgka Ig, g × g rRled vkO;wg (Identity Matrix) dks fu:fir djrk gS vkSj
B, n × n vkO;wg gSA

ekuk fd f (x), T (;k A), dk vfHkyk{kf.kd cgqin gS rc

f (x)= xI – A = 
( – ) –

–

g

n

x c I

O xI B

 
 
 

= (x – c)g x In – B

 c dh chtxf.krh; xq.kukRedrk (Algebraic Multiplicity) de ls de g gSA

bl izdkj G.M.  A.M.

ekuk fd A = 
0 1 0

1 0 0

0 0 1

 
 
 
  

rc A dh vfHkyk{kf.kd cgqin (x + 1) (x – 1)2 gksxhA

ekuk fd c = 1, rc vkbxsu lef"V Wc = <
1

1

0

 
 
 
  

, 
0

0

1

 
 
 
  

>

bl izdkj] c dh T;kferh; xq.kukRed 2 gksrh gS vkSj c dh chtxf.krh; xq.kukRed
2 gksrh gSA

 ekuk fd ,d jSf[kd ladkjd T ifjfer vk;ke lfn'k lef"V V(F)

ij gS A rc T fod.kZuh; gS ;fn dsoy vkSj ;fn ci dh chtxf.krh; xq.kukRedrk
T;kferh; xq.kuQy dh ci  i ds leku gksxhA

 ekuk fd T fod.kZuh; gSA

 T dh vfHky{kf.kd cgqin  f (x),
f (x) = (x – c1)

d1 ... (x – ck)
dk.

tgka di = foek Wi, d1 + ... + dk = n.

 ci dh chtxf.krh; xq.kukRedrk (Algebraic Multiplicity) ci = di = foek
Wi = T;kferh; xq.kukRedrk (Geometric Multiplicity) ci  i gSA
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foykser% ekuk fd f (x), T dk vfHky{kf.kd cgqin gSA ekuk fd di, ;gk¡ ci  i

dh chtxf.krh; xq.kukRedrk gS rc]
f (x) = (x – c1)

d1 ... (x – ck)
dk,

di = foek Wi  i ifjdYiuk ;k vo/kkj.kk }kjk]

T  fod.kZuh; (Diagonalisable) gSA

 ekuk fd ,d jSf[kd ladkjd T ifjfer foeh; ;k vk;keh; lfn'k
lef"V V(F) ij gSA ekuk fd p(x), T dh U;wure (Minimal) cgqin gSA rc T

fod.kZuh; gksxk ;fn dsoy vkSj ;fn p(x) = (x – c1) ... (x – ck), tgka c1, c2, ...,

ck  F vyx&vyx gSA
: ekuk fd p(x) = (x – c1) ... (x – ck)

ekuk fd fi (x) = 
( )

( – )i

p x

x c
, i = 1, 2, ..., k.

rc G.C.D. ( f1, f2, ..., fR) =1

  g1, g2, ..., gk  F [x] bl izdkj gS fd,

g1 f1 + ... + gk fk = 1

 g1(T) f1(T) + ... + gk fk(T) = I

ekuk fd] v  V

rc] v = g1(T) f1(T)v + ... + gk(T) fk(T) (v)

f1(T)v = (T – c2I) ... (T – ckI)(v)

 (T – c1I) f1(T)(v) = (T – c1I)(T – c2I) ... (T – ckI)(v)

= p(T)(v)
= 0

 f1 (T)(v)  Ker (T – c1I) = W1

 g1(T) f1(T)(v)  W1

(D;ksafd w1  W1 T(w1) = c1w1

 T r (w1) = cr
1w1  W1)

blh rjg gi (T) fi (T) (v)  Wi  i

 v  W1 + ... + Wk

 V = W1 + ... + Wk

 foek V = foek W1 + ... + foek Wk (ekud fu;eksa ds }kjk)

 T fod.kZuh; gSA

foykser] ekuk fd T fod.kZuh; gS rc  ,d vk/kkj V dk  = {v1, ..., vn} bl
rjg gksxk fd izR;sd vi, T dk vkbxsu lfn'k gksA

vc (T – c1I ) ... (T – ckI) (vi) = 0  i

D;ksafd izR;sd vi dqN lfn'k lef"V Wj esa gSA
Wj = Ker (T – cj I).

 p(x) = (x – c1) ... (x – ck), T dk U;wure cgqin gSA
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 ekuk fd ,d jSf[kd ladkjd T ifjfer vk;ke lfn'k lef"V V ij
gS vkSj eku ds fd T dh vyx&vyx vkbxsu eku gSA rc T fod.kZuh; gksxkA

 ekuk fd c1, ..., cn] T dh n vyx&vyx vkbxsu eku s gS vkSj v1, ..., vn

lacafèkr T ds vkbxsu lfn'k gSA
    T(vi) = ci vi lHkh i = 1, ..., n ds fy,A

 (T – cI)vi = 0 lHkh i, vi  0 ds fy,A

 0  vi  Ker (T – ciI)

 foek (Ker) (T – ciI)  1

 foek Wi  1, tgka Wi = Ker (T – ci I) = T dk vkbxsu lef"V gSA

 foek W1 + ... + foek Wn  n = foek V

 foek (W1 + ... + Wn)  foek V

 foek (W1 + ... + Wn) = foek V blfy, W1 + ... + Wn  V

 foek W1 + ... + foek Wn = foek V

 ekud fu;eksa ds }kjk T fod.kZuh; gSA

ysfdu Åijh izes; dk foykse ges'kk lgh ugha gksrk gSA fuEufyf[kr mnkgj.k
ij fopkj djsaA

ekuk fd R3 ij ,d jSf[kd ladkjd T bl rjg gS fd T dk vkO;wg R3 ds
ekud (Standard) vkèkkj ds lkis{k esa fuEu gksxkA

A = 
0 1 0

1 0 0

0 0 1

 
 
 
  

rks] A (;k T) dh vkbxsu eku 1, –1, –1 gSA

 foek W1 = 2, foek W–1 = 1

 foek W1 + foek W –1 = 3 = foek R3

 T fod.kZuh; gS ysfdu T dh vkbxsu eku vyx&vyx ugha gSA

 ekuk fd F ij ,d jSf[kd ladkjd T ifjfer vk;ke lfn'k lef"V
V ij gS vkSj V ds Åij F gSA ekuk fd c1, ..., ck ,T dh vyx&vyx vkbxsu eku
gSa] vkSj v1, ..., vk lacafèkr T ds vkbxsu lfn'k gS A rc v1, ..., vk jSf[kd :i ls
Lora= gksaxs A

: ekuk fd 1 v1 + ... + kvk
 = 0

rks w1 + ... + wk = 0

tgka wi = i vi  Wi = ci ls lacaf/kr T ds vkbxsu lef"V gSA

pwafd W1 + ... + Wk ij izR;{k ;k ljy ;ksx gS, wi = 0  i

ivi= 0  i, vi  0

  i = 0  i
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  v1, ..., vk jSf[kd :i ls Lora= gSA

 ;fn T fod.kZuh; gS] rks V dk vk/kkj ,slk gksxk fd fod.kZ vkO;wg
(Diagonal Matrix) ¾ A gSA ;fn  ,V dk dksÃ vU; vkèkkj gS] rks vkO;wg P

,slk gS fd [T] = P–1AP gSA

ge dgrs gSa fd [T] fod.kZ vkO;wg ds leku gSA rks vxj T fod.kZuh; gS]
rks fQj fdlh Hkh vkèkkj ds lacaèk esa T dk vkO;wg ,d fod.kZ vkO;wg ds leku
gksxkA ;s gesa fuEufyf[kr ifjHkk"kk dh vksj ys tkrk gS]

ekuk fd A ,d n × n vkO;wg gSA ge dgrs gSa fd ;fn A fod.kZuh; gS] ;g
fod.kZ vkO;wg ds leku gS] vFkkZr~] A = P–1BP, B = fod.kZ vkO;wg

;g /;ku fn;k tk ldrk gS fd gekjs ikl ,d xSj fod.kZ vkO;wg gks ldrh

gS tks ,d fod.kZ vkO;wg ds leku gSA mnkgj.k ds fy,] A = 
1 1

0 2

 
 
 

  dh vkbxsu

eku 1 vkSj vkbxsu eku 2 vyx&vyx gSa vkSj blfy, ;g ,d fod.kZ vkO;wg ds
leku gS] gkykafd [kqn ,d fod.kZ vkO;wg ugÈ gSA

 (1) ekuk fd A = [T] gSA eku yhft, fd vkSj A fod.kZuh; gSA rc T Hkh
fod.kZuh; gksxkA

D;ksafd A fod.kZuh; gS]  vkO;wg P ,slk gksuh pkfg, fd A = P–1 BP

gks] tgk¡ B =  (c1, ..., c1, ..., ck, ..., ck) dh fod.kZ vkO;wg gSA

 f(x) =  T dh fo'ks"krk cgqin gSA

= (x – c1)
d1 ... (x – ck)

dk, tgka ci's, vyx&vyx gS vkSj d1 + ... + dk

= n = foek V gSA

vc B 

1

0

0

 
 
 
 
 
 


 = c1 

1

0

0

 
 
 
 
 
 


.

 X1 = 

1

0

0

 
 
 
 
 
 


 = B ds vkbxsu eku c1 ds lkis{k esa B dk vkbxsu lfn'k

gSA

bl rjg, A(P–1X1) = (P–1BP) (P–1X1)

= P–1 BX1

= P–1 c1X1

= c1(P
–1X1)

 P–1X1 =  A ds vkbxsu eku c1 ds lkis{k esa A dk vkbxsu lfn'k gSA

blh rjg]
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X2 = 

0

1

0

0

 
 
 
 
 
 
 
 
  





 = B dk vkbxsu lfn'k

 P–1X2 =  dk vkbxsu lfn'k A

blh rjg, X1, X2, ..., Xd1
 B ds vkbxsu lfn'k gSA

   P–1X1, P
–1X2, ..., P

–1Xd1
 A ds vkbxsu eku c1 ds lkis{k esa A dk vkbxsu

lfn'k gSA

ekuk fd]
1

1

d

i 
iP

–1Xi  = 0, i  F

rks] P–1 
1

1

d

i 
i Xi = 0  

1

1

d

i 
iXi = 0  1

1

0

0

d

 
 
 
 
 
 
 
 
  





 = 0

i = 0  i = 1, ..., d1

D;ksafd, P–1X1, ..., P
–1Xd1

, LI lfn'k gSA

 foek Wc1
  d1, tgka W c1

 = A ds vkbxsu eku c1 ds lkis{k esa A dk vkbxsu

lef"V gSA

D;ksafd, foek Wc1
  d1, tgka Wc1

 = T ds vkbxsu eku c1 ds lkis{k esa T dk vkbtu

lef"V gSA

blh rjg, foek Wci
  di  i = 1, 2, ..., k.

eku yhft, fd fd foek Wci
 > di fdlh Hkh i ds fy,A

eku yhft, fd W = Wc1
 + ... + Wck.

rc foek W = 
1

k

i 
 foek Wci > d1 + ... + di + ... + dk = n.

 foek W > foek V, ,d fojks/kkHkkl gSA

blfy,, foek Wci
 = di  i.

bl izdkj T fod.kZuh; gS] izes; 2-19 ds }kjk

(2) eku yhft, fd F ij n × n vkO;wg A vkbxsu eku c1, c2, ..., ck ls lacafèkr
X1, ..., Xk vkbxsu lfn'k gSA rc {X1, ..., Xk} LI dk leqPp; gSA

eku yhft, fd X1 = 

11

1n

 
 
 
 
 
 




, ..., Xk = 

1k

nk
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rks AXi = ci Xi

ekuk fd  = {e1, e2, ..., en} fdlh lfn'k lef"V V dk vk/kkj gS, rc  ,d
jSf[kd :ikarj.k T : V  V bl izdkj gksxk fd]

T(e1) = a11e1 + ... + an1en

. . . . . . . . .
T (en) = a1ne1 + ... + annen

tgka] A = (aij) gSA

rc] A = [T]
ekuk fd v1 = 11e1 + ... + an1en

. . . . . . . . .
vk = 1ke1 + ... + anken

rc v1, ..., vk, T dk vkbxsu lfn'k ,slk gS fd]

T(vi) = civi, i = 1, 2, ..., k

 izes; ds vuqlkj {v1, v2 ..., vk} LI gS

eku yhft, fd 1X1 + ... + k Xk = 0, i  F

rc] 1 

11

1n

 
 
 
 
 
 




 + ... + k 

1k

nk

 
 
 
 
 
 




 = 0

bl izdkj] 111 + ... + k1k = 0

. . . . . . . . .
1n1 + ... + knk = 0

bl dkj.k 1(11e1 + ... + an1en) + ... + k(1ke1 + ... + ankek) = 0

 1v1 + 2v2 + ... + kvk = 0

 i = 0  i

 {X1, X2, ..., Xk}, LI dk leqPp; gSA

 eku yhft, fd A, n × n dk vkO;wg gSA rc A fod.kZuh; gksaxs ;fn vkSj
dsoy ;fn A esa] n jSf[kd :i ls Lora= vkbxsu lfn'k gksaxsA

: eku yhft, fd A fod.kZuh; gS, rks  ,d xSj&foy{k.k (Non-Singular)

vkO;wg P ,slk gS fd]

P–1AP = D = fod.kZuh; ;k diag (c1, c2, ..., cn)

;k AP = PD

eku yhft, fd] P = [X1, X2, ..., Xn]

rc AP= [AX1, AX2, ..., AXn]

PD = [c1X1, c2X2, ..., cnXn]

bl izdkj AXi = ciXi i = 1, 2, ..., n
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pwafd P izfrykseh; gSA Xis, LI vkbxsu lfn'k gSaA blfy, Xi  0  i gksxkA

blfy, X1, X2, ..., Xn, A ds vkbxsu lfn'k gSaA

foykser%, ekuk fd A dh c1, c2, ..., cn vkbxsu eku ls lacaf/kr A ds X1, X2, ...,

Xn, LI vkbxsu lfn'k gSaA

rc] AXi = ci Xi  i

ekuk fd]   P = [X1, X2, ..., Xn]

D;ksafd Xi  jSf[kd :i ls Lora= gSa, P izfrykseh; gSA

bl izdkj] AP = [AX1, AX2, ..., AXn]

= [c1X1, c2X2, ..., cnXn]

= PD, tgka D = fod.kZuh; ;k diag (c1, c2, ..., cn).

vFkkZr, A = PDP–1

blfy, A fod.kZuh; gSA

 n'kkZ,a fd A = 
0 1

0 0

 
 
 

 vkSj B = 
1 0

0 1

0 0

 
  
  

 fod.kZuh; ugha gSA

: D;ksafd A f=dks.kh; (Triangular) vkO;wg gS, fod.kZ (Diagonal izfof"V;ka A dh
vkbxsu eku gksxh vkSj blfy, A dk 0 gh ,dek= vkbxsu eku gksxkA

vxj A fod.kZuh; (Diagnolizable) gS, rc A fod.kZ (Diagonal) vkO;wg D ds leku
gksxkA

 A = P–1 1

2

0

0

c

c

 
 
 

 P

 c1 = c2 = 0

vFkkZr~, A = 0, ,d fojks/kkHkkl vkSj bl rjg A fod.kZuh; ugha gSA

fQj ls, , B dh ,d gh vkbxsu eku gS vkSj vxj B fod.kZuh; gS rc]

B = P–1 
1

2

3

0 0

0 0

0 0

c

c

c

 
 
 
  

 P

 c1 = c2 = c3 =  vkSj bl izdkj B = I, ,d fojks/kkHkkl gSA

 ,d fod.kZuh; 3 × 3 vkO;wg A dks rS;kj djsa ftldh vkbxsu eku–

–2, –2, 6 gS vkSj laxr vkbxsu lfn'k gS] 
1

–2

0

 
 
 
  

, 
0

3

1

 
 
 
  

, 
2

1

–1

 
 
 
  

.

: ekuk fd D = 
–2 0 0

0 –2 0

0 0 6

 
 
 
  

, P = 
1 0 2

–2 3 1

0 1 –1
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rc] A = P–1DP = 
–2 6 –6

0 3 –5

0 –3 1

 
 
 
  

.

 A100  dks Kkr dhft, tgka  A = 
1 2

3 4

 
 
 

  A dk vkbxsu eku 5 vkSj –2 gksxk vkSj ;g fod.kZuh; gSA

X1 = 
1

3

 
 
 

, X2 = 
–2

1

 
 
 

 laxr vkbxsu eku gSaA

ekuk fd P = 
1 –2

3 1

 
 
 

rc A = P–1 5 0

0 –2

 
 
 

P  A100 = P–1 
100

100

5 0

0 2

 
 
  

P

A100 = 
100

100

1 2 5 0 1 –21

–3 1 3 17 0 2

    
    

     

= 
100 100

100 100

1 2 5 –2.51

–3 17 3.2 2

  
  

    

= 
100 100 100 100

100 100 100 100

5 6.2 –2.5 2.21

7 –3.5 3.2 6.5 2

  
 
   

 ekuk fd A = 
6 –3 –2

4 –1 –2

10 –5 –3

 
 
 
  

 gSA

fl) djsa fd R ij A fod.kZ vkO;wg ds leku ugha gS tcfd C ij A fod.kZ
vkO;wg ds leku gSA

: A dk vfHkyk{kf.kd cgqin (x – 2) (x2 + 1) gS]

vxj R ij A fod.kZ vkO;wg ds leku gSa rc  vkO;wg P ,slk gksxk fd

P–1AP = fod.kZ (Diagonal) (a, b, c), a, b, c okLrfod gSaA P–1AP dh vkbxsu
eku A dh vkbxsu eku = 2, ±i gSA fdarq (a, b, c) dh vkbxsu eku a, b, c gS tgka
a, b, c lHkh okLrfod gSa] ,d fojks/kkHkkl gSA

  R ij A fod.kZ vkO;wg ds leku ugha gSA

D;ksafd A dh vkbxsu eku vyx&vyx gS izes; 2.23 ds }kjk, C ij A fod.kZ
vkO;wg ds leku gSA

  F ij V, n × n vkO;wg dk lfn'k lef"V gSA ekuk fd AF ij ,d
fuf'pr n × n vkO;wg gS A V ij T ,d jSf[kd ladkjd ls A ij ck;sa xq.ku* }kjk
fn[kk,a fd T vkSj A dh vkbxsu eku leku gSaA

: ekuk fd c, A gSA
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fQj  AX = cX dqN 0  X ds fy, (X = n × 1 vkO;wg)A

vc  T(XX t) = AXX t = cXX t (X t dk vFkZ gS X dk :ikarj.k gS½

;fn  XX t = 0 rc]

1

n

x

x

 
 
 
  

  [x1, ..., xn] = 0


1

2x  = 
2

2x  = ... = 2
n

x  = 0

 xi = 0 lHkh i ds fy,  X = 0, tks ,d fojks/kkHkkl gSA

 XX t  0

blfy,, c, T dk Hkh vkbxsu eku gSA

foykser%, ekuk fd c, T dk vkbxsu eku gSA

rc  0  B  V bl rjg fd T(B) = cB

 AB = cB

 ABX = cBX lHkh LraHk vkO;wg (Column Matrices) X ds fy,A

vxj BX = 0 lHkh X, ds fy, rc B 

1

0

0

 
 
 
 
 
 


= 0

 B dk izFke LraHk 0 ls 'kwU; gSA

blh rjg, B 

1

0

0

 
 
 
 
 
 


 = 0  f}rh; LrEHk 'kwU; gSA

bl rjg] B ds lHkh LraHk 'kwU; gSA

 BX  0 dqN X ds fy,

 c, A dh vkbxsu eku gSA

bl izdkj] T vkSj A dh vkbxsu eku leku gSA

  ekuk fd F ij A vkSj B,  n × n vkO;wg gSA fn[kk,a fd AB vkSj
BA dh leku cgqin gSA

: ekuk fd] C = 
0
n

n

I A

I

 
 
 

F ij 2n × 2n vkO;wg gSA

rc] C–1 = 
0
n

n

I A

I

 
 
 

ekuk fd] D = 
0

0

AB

B

 
 
 

F ij 2n × 2n vkO;wg gSA
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rc] C–1DC = 
0 0

B BA

 
 
 

 = E

D;ksafd D vkSj E leku vkO;wg gSA

D vkSj E dh vfHkyk{kf.kd cgqin leku gSA

0n

n

xI

B xI BA 
= 

0n

n

xI AB

B xI




 xn | xIn – BA | = xn | xIn – AB |

 | xIn – BA | = | xIn – AB |

 BA dk vfHkyk{kf.kd cgqin = A dk vfHkyk{kf.kd cgqin gSA

(Bilinear Forms)

ekuk fd U, V, W, K- {ks= esa lfn'k lef"V gSaA ,d f}js[kh; ekufp= ,d Qyu B

gS : U × V  W bl rjg gS fd,

1. U ls W rd dk ekufp= x   B (x, y) izR;sd y  V ds fy, jSf[kd gSA
2. V ls W rd dk ekufp= y   B (x, y) izR;sd x  U ds fy, jSf[kd gSA

,d f}js[kh; :i ,d f}js[kh; ekufp= B : V × V  KA tcfd W-lekgr eku
f}js[kh; :i ,d f}js[kh; ekufp=  B : V × V  W gSA ,d f}js[kh; :i ds izdkj
fuEu gSa %

 lefer (Symmetric) ;fn gSA B(x, y) = B(y, x)  x, y  V

 frjNk&lefer (Skew-Symmetric) ;fn, B(x, y) = – B(y, x) x, y  V gSA
 fodYi (Alternating) ;fn  B(x, x) = 0  x  V gSA

 (Quadratic Forms)

ekuk fd V, F {ks= esa lfn'k lef"V gSA ekufp= Q : V  F dks V ij f}?kkrh :i
(Quadratic Form) dgk tkrk gS vxj ,d lefer (Symmetric) f}js[kh; :i B : V

 F bl rjg ekStwn gks fd,

Q(u) = B(u,u) lHkh u   V ds fy,

;gka, B dks lacaf/kr f}js[kh; :i (Associated Bilinear Form) dgk tkrk
gSA fdlh Hkh lfn'k ds fy,]

u, v   V,

Q(u + v) = Q(u) + 2B(u,v) + Q(v)

 (Hermitian Forms)

lfEeJ lfn'k lef"V Cn esa] varfjd xq.ku dks lfn'kksa u = (u
1
 . . . u

n
) vkSj v = (v

1

. . . v
n
) ds fy, ifjHkkf"kr fd;k x;k gS D;ksafd  i iivuvu, ftldks fQj ls

22
, 

i ivvvv ] u = v. ds fy, ifjofrZr fd;k tk ldrk gSA
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gfeZfV;u :i h : V × V  C ds fuEufyf[kr pkj xq.k gksrs gS:

1. wvwuwvu ,,,  .

2. wuvuwvu ,,,  .

3. vauvuavau ,,,   foLrkfjr {ks= esa fdlh Hkh a ds fy,A

4. (u, v) = 
______

( , )v u

gfeZfV;u :i (Hermitian Form) (V,h) dks lfn'k lef"V ds lkFk gfeZfV;u lef"V
(Hermitian Space) dgrs gSaA

6- ekuk dh R2  ij T ,d jSf[kd ladkjd gS tks vkO;wg }kjk ekud Øfed
vk/kkj esa fuEufyf[kr çdkj ls n'kkZ;k x;k gS]

     

fl) dhft, fd T dk R esa dksbZ vkbxsu eku ugha gSA

7- ekuk dh c  0 ,d vkbxsu eku gS ,d izfrykseh; ladkjd dkA fn[kk,¡

fd c–1 ,d vkbxsu eku gS T–1 dkA

8- ekufp= Q : V  F dks dc V ij ,d f}?kkr :i dgk tkrk gS\

1- eku yhft, fd U(F), V(F) {ks= F ij Øe'k% n vkSj m vk;ke lfn'k
lef"V gSaA eku yhft, fd  = {u1, ..., un},  = {v1, ..., vm} Øe'k%
Øfed vkèkkj gSA eku yhft, fd T : U  V  jSf[kd :ikarj.k gSA D;ksafd
T(u1), ..., T(un)  V vkSj {v1, ..., vm}] foLr`fr ;k foLrkj ¼LiSu½ V gS] tgk¡
çR;sd T(ui) lfn'k v1, ..., vm dk ,d jSf[kd lap; gSA

2- ,d jSf[kd :ikarj.k T  V  W xSj&foy{k.k (Non-Singular) gksxk ;fn
Ker T = {vFkkZr~] ;fn T 1&1 ,dSdh gSA

,d jSf[kd :ikarj.k T : V  V  dks V ij ,d jSf[kd ladkjd dgk tkrk
gSA
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3- Øfed vk/kkj dks cgqr egRoiw.kZ ekuk tkrk gS] D;ksafd tc vk/kkj dk Øe
cny tkrk gS] çfof"V;ka vius inksa dks cny nsaxh vkSj blfy, lacaf/kr vkO;wg
O;qRiUu vyx&vyx gksaxsA

4- ,d ekufp= T : V  W izfrykseh; gS vxj ;g ,dSdh ¼1&1½ gS] vkSj T dk
R;qRiUu ekufp= T–1: W  V gS bl çdkj fd]

T–1(y) = x  T(x) = y

5- tc vKkrksa dh la[;k lehdj.kksa dh la[;k ls vf/kd gks tkrh gS] rks
lehdj.kksa dh ç.kkyh esa ,d xSj&'kwU; lek/kku gksrk gSA

6- A ¼;k T½ dk vfHkyk{kf.kd cgqin gS]

det (xI – A) =  = x2 + 1

ftldh dksbZ okLrfod ewy ugha gSA rks] T dk R esa dksbZ vkbxsu eku ugha
gSA

7- pw¡fd c ,d vkbxsu eku gS T,  0  v  V dk bl çdkj fd]

T(v) = cv

 v = T–1(cv) = c(T–1(v))

 c–1v = T–1(v)

 c–1 ,d T–1 dk vkbxsu eku gSA

8- ,d ekufp= Q : V   F dks V ij ,d f}?kkr :i dgk tkrk gS ;fn dksbZ
lefer f}js[kh; le?kkr B : V  F gS bl çdkj fd]

Q(u) = B(u,u) lHkh u   V ds fy,A

 eku yhft, fd U(F), V(F) {ks= F ij Øe'k% n vkSj m vk;ke lfn'k
lef"V gSaA eku yhft, fd  = {u1, ..., un},  = {v1, ..., vm} Øe'k%
Øfed vkèkkj gSA eku yhft, fd T : U  V  jSf[kd :ikarj.k gSA D;ksafd
T(u1), ..., T(un)  V vkSj {v1, ..., vm}] foLr`fr V, çR;sd T(ui) lfn'k v1,

..., vm dk ,d jSf[kd lap; gSA

 ,d jSf[kd :ikarj.k T : V  V  dks V ij ,d jSf[kd ladkjd dgk tkrk
gSA

 ,d jSf[kd :ikarj.k T : V  F  dks ,d jSf[kd Qyu dgk tkrk gSA ge
T.T ds fy, T2 vkSj Tn = T n–1T, vkfn ladsru dk mi;ksx djrs gSaA

 ;fn le:i jSf[kd lehdj.kksa dh iz.kkyh bl izdkj gS fd]
a11x1 + ... + a1nxn = 0
...  .. ...
am1x1 + ... + amnxn = 0,



jSf[kd :ikarj.k

Lo&vfèkxe 135

ikB~; lkexzh

tgka aij  F jSad ;k in r dk gS] rks F(n) esa n – r jSf[kd :i ls Lora= gy
gksaxsA

 ;fn n > m, vFkkZr] ;fn vKkrksa dh la[;k lehdj.kksa dh la[;k ls vfèkd
gS] rks lehdj.kksa dh iz.kkyh esa ,d 'kwU;srj ¼xSj&'kwU;½ gy Hkh gksxkA

 V] F ij ,d lfn'k lef"V gSA eku yhft, fd] T, V ij ,d jSf[kd
:ikarj.k gSaA ;fn  0  v  V ,slk gS fd] T(v) = cv  dqN c  F ds fy,
gksxk] rks V dks vkbxsu lfn'k ;k T dh vkbxsu lfn'k dgk tkrk gS vkSj
c dks T dk vkbxsu eku ;k fof'k"V eku ;k T dh vkbxsu ewy Hkh dgk tkrk
gSA

 eku yhft, fd V ,d FDVS gS vkSj T] V ij jSf[kd ladkjd (Linear

Operator) gS rc T çfrykseh; gksxk] ;fn vkSj dsoy ;fn 0] T dk vkbxsu
eku ugÈ gksxkA

 ,d jSf[kd ladkjd T dks ifjfer vk;ke lfn'k lef"V V ij fod.kZuh;
dgk tkrk gS vxj  dk Øfed vkèkkj  = {v1, ..., vn} ,slk gS fd T dk
vkO;wg  ds lkis{k esa ,d fod.kZ vkO;wg ;k esfVªDl gksA

 ekuk fd T ,d jSf[kd ladkjd ifjfer vk;ke lfn'k lef"V V ij gS T dks
,d FDVS, V ij ,d jSf[kd ladkjd ekuk tkrk gSA c  F, T dh vkbxsu
eku gSA lfn'k lef"V Wc ds foek dks c dh T;kferh; xq.kukRedrk dgk
tkrk gSA

 lfEeJ lfn'k lef"V Cn esa] varfjd xq.ku dks lfn'kksa u = (u
1
 . . . u

n
) vkSj

v = (v
1
 . . . v

n
) ds fy, ifjHkkf"kr fd;k x;k gS D;ksafd  i iivuvu, ftldks

fQj ls 
22

, 
i ivvvv , u = v. ds fy, ifjofrZr fd;k tk ldrk gSA

  ,d jSf[kd :ikarj.k T : V  V  dks V ij ,d jSf[kd

ladkjd dgk tkrk gS] tcfd ,d jSf[kd :ikarj.k T : V  F  dks ,d

jSf[kd Qyu dgk tkrk gSA ge  T.T ds fy, T2 vkSj Tn = Tn–1T vkfn ladsr

fpUg dk mi;ksx djrs gSaA

  ,d jSf[kd ladkjd T dks ifjfer vk;keh; lfn'k
lef"V V ij fod.kZuh; dgk tkrk gS vxj  dk Øfed vkèkkj  = {v1, ...,

vn} ,slk gS fd T dk vkO;wg  ds lkis{k esa ,d fod.kZ vkO;wg gksA

1- jSf[kd :ikarj.k ;k ifjorZu dks mnkgj.k nsdj ifjHkkf"kr djsaA
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2- jSf[kd Qyu dh ifjHkk"kk nhft,A

3- jSf[kd :ikarj.kksa ;k ifjorZuksa ds chtxf.krh; :i dh O;k[;k djsaA

4- izfrykseh; jSf[kd :ikarj.kksa ;k ifjorZuksa dh O;k[;k mnkgj.k nsdj djsaA

5- jSad&'kwU;rk çes; dks ifjHkkf"kr djsaA

6- vk/kkj ds ifjorZu ds fy, fu;e crk,aA

7- nksgjs ;k }Sr lef"V D;k gSa\ mnkgj.k nsdj ifjHkkf"kr djsaA

8- ekuk dh ;fn W1, W2 milef"V gSa ifjfer vk;keh lfn'k lef"V V ij] rks
A(W1-W2) fu/kkZfjr djsaA

9- ,d jSf[kd ladkjd dks fod.kZuh; djus ds fy, fu;e crk,aA

10- jSf[kd :ikarj.k ;k ifjorZu ds vkbxsu eku vkSj vkbxsu lfn'k dh O;k[;k
dhft,A

11- U;wure cgqin dks ifjHkkf"kr dhft,A

12- f}?kkr vkSj gfeZfV;u :iksa ds ckjs esa O;k[;k dhft,A

1- jSf[kd :ikarj.k ;k ifjorZu vkSj mu dk vkO;wg ds :i esa çfrfufèkRo fdl
çdkj ls fd;k tkrk gS mnkgj.k nsdj O;k[;k djsaA

2- jSf[kd :ikarj.kksa ;k ifjorZuksa ds chtxf.krh; :i dh O;k[;k mnkgj.k nsdj
djsaA

3- ekuk dh 1 = (1, 1, –2, 1), 2 = (3, 0, 4 –1) vkSj 3 = (–1, 2, 5, 2) gSA
fl) dhft, fd lfn'k (4, –5, 9, –7) dk foLrkj ;k QSyko 1, 2, 3 gSA

4- ekuk dh G ,d leqPp; gS lHkh izfrykseh; jSf[kd :ikUrj.kksa ;k ifjorZuksa
dk V  V rdA fl) dhft, fd G ,d lewg cukrk gS jSf[kd :ikarj.kksa
;k ifjorZuksa ds xq.ku dkA

5- eku yhft, fd u, v  V vkSj (u) = 0  (v) = 0 lHkh  V̂  ds fy,A
v = u fdlh vfn'k ;k Ldsyj  dks fl) dhft,A

6- n&vk;keh lef"V ds fy, vfHky{kf.kd ;k vfHky{kf.kd cgqin ij 'kwU;
ladkjd dks Kkr dhft,A

7- nksgjk ;k }Sr lef"V ds fofHkUu çes;ksa ij mnkgj.k nsdj ppkZ djsaA

8- jSad&'kwU;rk çes; vkSj vk/kkj ds ifjorZu dh O;k[;k mnkgj.k nsdj djsaA

9- jSf[kd :ikarj.k ;k ifjorZu ds vkbxsu eku vkSj vkbxsu lfn'k dh O;k[;k
mi;qä mnkgj.kksa ds lkFk djsaA

10- vfHky{kf.kd cgqin dh O;k[;k mi;qä mnkgj.k nsdj djsaA

11- ,d jSf[kd ladkjd ds fo'ks"krk cgqin ds ckjs esa foLrkj ls ppkZ djsaA

12- mi;qä mnkgj.kksa dh lgk;rk ls f}?kkr vkSj gfeZfV;u :iksa ds ckjs esa crk,aA
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3-0 ifjp;
3-1 mís';
3-2 vkarfjd xq.kuQy lef"V
3-3 ykfEcd lfn'k vkSj ykfEcd iwjd
3-4 ifjfer vk;keh lef"V ds fy, cslsy vlekurk
3-5 viuh izxfr tkafp, ç'uksa ds mÙkj
3-6 lkjka'k
3-7 eq[; 'kCnkoyh
3-8 Lo&ewY;kadu ç'u ,oa vH;kl
3-9 lgk;d ikB~; lkexzh

jSf[kd chtxf.kr (Linear Algebra) esa ,d vkarfjd xq.ku lef"V (Inner Product

Space)  ,d lfn'k lef"V (Vectors Space) gS ftlesa ,d vfrfjä lajpuk gksrh
gS ftls vkarfjd xq.ku (Inner Product)  dgk tkrk gSA ;g vfrfjä lajpuk lef"V
esa çR;sd lfn'k ds ;qXe (Pair) dks ,d vfn'k (Scalar) ek=k ds lkFk tksM+rh gS ftls
lfn'k ds vkarfjd xq.ku ds :i esa tkuk tkrk gSA vkarfjd xq.ku lgt T;kferh;
/kkj.kkvksa (Geometrical Notions) tSls fd ,d lfn'k dh yackbZ ;k nks lfn'kksa ds
chp ds dks.k (Angle) dk n<̀+ ifjp; nsrk gSaA os lfn'k ¼'kwU; vkarfjd xq.ku½ (Zero

Inner Product) ds chp ykfEcdrk (Orthonogonality) dks ifjHkkf"kr djus ds lk/ku
Hkh çnku djrs gSaA vkarfjd xq.ku lef"V fo'ks"k :i ls ;wfDyfM;u lef"V
(Euclidean Space) ¼ftlesa vkarfjd xq.ku ,d M‚V xq.ku gS] ftls vfn'k xq.ku
(Scalar Product) Hkh dgk tkrk gS½ dks fdlh Hkh ¼laHkor% vuar½ vk;ke ds lfn'k
lef"V ds fy, lkekU;h—r djrs gSa] vkSj ;g dk;kZRed fo'ys"k.k esa Hkh v/;;u
fd;k tkrk gSA ,d vkarfjd xq.ku ds lkFk ,d lfn'k lef"V dh vo/kkj.kk dk
igyk mi;ksx ƒ‹oha 'krkCnh ds bVyh ds xf.krK fxmlsIih fi;kuks (Giuseppe

Peano) ds dkj.k 1898 esa laHko gqvkA

,d vkarfjd xq.ku LokHkkfod :i ls ,d lac) ekud (Associated Norm)

;k ekunaM (Norm)] ¼|x| vkSj |y| ;gka x vkSj y ds ekud ;k ekunaM gSa½ dks çsfjr
djrk gS] bl çdkj ,d vkarfjd xq.ku lef"V Hkh ,d ekud lfn'k lef"V gSA ,d
vkarfjd xq.ku ds lkFk ,d iw.kZ lef"V dks fgYcVZ lef"V (Hilbert Space) dgk
tkrk gSA vkarfjd xq.ku ds lkFk ,d ¼viw.kZ½ lef"V dks ,d iwoZ&fgYcVZ lef"V
(Pre-Hilbert Space) dgk tkrk gS] D;ksafd vkarfjd xq.ku ls çsfjr ekud ;k ekunaM
(Norm) ds laca/k esa bldh iw.kZrk ,d fgYcVZ lef"V gSA tfVy ;k lfEeJ la[;kvksa
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(Complex Numbers) {ks= esa vkarfjd xq.ku lef"V dks dHkh&dHkh ,sfdd lef"V
(Unitary Spaces) dgk tkrk gSA

bl bdkbZ esa vki vkarfjd xq.ku lef"V (Inner Product Space)] ykfEcd
lfn'k (Orthogonal Vectors) vkSj ykfEcd iwjd (Orthogonal Complements)] vkSj
ifjfer vk;keh lef"V (Finite Dimensional Space) ds fy, cslsy dh vlekurk
(Bessel Inequality) ds ckjs esa vè;;u djsaxsA

bl bdkbZ dks i<+us ds ckn vki&

 vkarfjd xq.ku lef"V dks ifjHkkf"kr djus esa l{ke gksaxs(

 ykfEcd lfn'k vkSj ykfEcd iwjd dh O;k[;k dj ik,axs(

 ifjfer vk;keh lef"V ds fy, cslsy dh vlekurk dk o.kZu dj ik,axsA

lkekU; rkSj ij] ,d lfn'k lef"V (Vector Space) dks ,d foosdk/khu {ks=
(Arbitrary Field) F ij ifjHkkf"kr fd;k tkrk gSA ge F dks okLrfod ;k lfEeJ
la[;kvksa (Real or Complex Numbers) ds {ks= rd gh lhfer j[ksaxsA igys izdj.k
esa lfn'k lef"V dks okLrfod lfn'k lef"V dgk tkrk gS vkSj nwljs ekeys esa] bls
lfEeJ lfn'k lef"V (Complex Vector Space) dgk tkrk gSA ge okLrfod
lfn'k lef"V dk fo'ys"k.kkRed T;kfefr (Analytical Geometry) vkSj lfn'k
fo'ys"k.k (Vector Analysis) esa v/;;u djrs gSaA gekjs ikl nks lfn'kksa ds MkWV
(Dot) ;k vfn'k xq.ku (Scalar Product) gSa] tks vU; fo"k;ksa ds vykok fuEufyf[kr
lHkh lfn'kksa ds vfHkxf̀grksa dks larq"V djrs gSa %

(i) . 0v v 
 

 vkSj ( . )v v
 

 = 0 Û v


 = 0
(ii) .v w

 
 = .w v

 

(iii) . ( )u v w  
  

 = ( . )u v
 

 + ( . )u w
 

tgk¡ , ,u v w
    lfn'k (Vectors) gS vkSj ,  okLrfod la[;k,a (Real

Numbers) gSaA

ge MkWV xq.ku (Dot Product) dh vo/kkj.kk dks lfEeJ lfn'k lef"V ij Hkh
foLrkfjr djuk pkgrs gSaA

ge V × V ij ¼tgk¡ V, F ij lfn'k lef"V gSa½ ekufp= ls MkWV xq.ku ds
leku xq.k ls ifjHkkf"kr djsaxs] ftls vkarfjd xq.ku (Inner Product) dgk tkrk gS
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vkSj fQj ge yackbZ (Length) vkSj ykfEcdrk (Orthogonality) dh vo/kkj.kk dk
vè;;u djsaxsA

 eku yhft, fd {ks= (Field) F ij ¼tgk¡ F ¾ okLrfod ;k lfEeJ
la[;kvksa dk {ks= gS½ ,d lfn'k lef"V V gSA eku yhft, fd fdlh Hkh nks lfn'kksa
u, v  V  ds fy, ,d vo;o (u, v)  F ,slk gS fd] [(u, v) ;gk¡ flQZ F dk ,d
vo;o gS vkSj mls Øfed ;qXe (Ordered Pair) ds lkFk Hkzfer ugha djuk pkfg,A]

1- (u, v) = ( , )v u  v u (vFkkZr~ (v, u)) dk lfEeJ la;qXeh (Complex Conjugate)

2- (u, u)  0 vkSj (u, u) = 0  u = 0

3- (u + v, w) = (u, w) + (v, w)

fdlh Hkh u, v, w  V vkSj ,   F ds fy, gSA

rc V dks vkarfjd xq.ku lef"V Qyu dgk tkrk gS tks fu;eksa ;k xq.kksa (i), (ii)

vkSj (iii) dks larq"V djrh gS mUgsa vkarfjd xq.ku (Inner Product) dgrs gSaA

bl çdkj vkarfjd xq.ku lef"V] ,d vkarfjd xq.ku Qyu ds lkFk okLrfod ;k
lfEeJ la[;kvksa ds {ks= esa lfn'k lef"V gSA

1- xq.k ¼2½ vkarfjd xq.ku lef"V dh ifjHkk"kk esa (u, v) = ( )u,u  u u }kjk (i)

(u, u) = okLrfod (Real) ds leku ek;us j[krk gSA

2- xq.k ¼3½ dks ;g dgdj Hkh of.kZr fd;k tk ldrk gS fd vkarfjd xq.ku igys
pj (First Variable) esa ,d js[kh; ekufp= (Linear Map) gSA

3- D;k ge ;g dg ldrs gSa fd vkarfjd xq.ku nwljs pj esa Hkh jSf[kd (Linear)

gksrk gS\

ge ewY;kadu djrs gSa]

(u, v + w) = ( , )v w u   , (i) ls

= ( , ) ( , )v u w u  

=  (u, v) +   (u, w)

blfy,] ;g nwljs pj esa jSf[kd ugha gksrk gSA

4- ;fn F = okLrfod la[;kvksa dk {ks= (Field of Real Numbers) gS] rks
vkarfjd xq.ku igys x, MkWV xq.ku ds xq.kksa ds leku larq"V djrk gSA

5- okLrfod {ks= ij vkarfjd xq.ku dk ;wfDyfM;u lef"V (Euclidean Space)

dgk tkrk gS vkSj lfEeJ {ks= esa ,sfdd lef"V (Unitary Space) dgk tkrk
gSA

6- lHkh lfn'kksa ds lfn'k lef"V esa okLrfod ds 3&vk;keh lef"V (3-

Dimensional Space) esa] vkarfjd xq.ku] MkWV xq.ku (Dot Product) ds nks
lfn'k ds leku gksxk] vFkkZr~
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< ,u v
 

> = | | | |u v
 

 cos .

fuEufyf[kr mnkgj.k bl vo/kkj.kk dks Li"V djsaxs%

1- ;fn V = F(n), F = lfEeJ la[;kvksa (Complex Numbers) dk {ks= (Field)

gSA

;fn u = (1, 2,..., n) gS]

v = (1, 2,..., n), tks F(n) esa gS]

(u, v) = 1 1  + ... + n n  dks ifjHkkf"kr djsaA

;g vklkuh ls ns[kk tk ldrk gS fd (u, v) ,d vkarfjd xq.ku dks ifjHkkf"kr
djrk gS ftls ekud vkarfjd xq.ku (Standard Inner Product) dgk tkrk
gSA

2- ;fn V = R(2), u = (1, 2), v = (1, 2)

(u, v) = 11 – 21 – 12 + 4 22 dks ifjHkkf"kr djsaA

rc]
(i) (u, v) = (v, u) = ( , )v u

(ii) (u, u) = (1 – 2)
2 + 2

23   0

(u, u) = 0  1 = 2, 2 = 0
 1 = 0 = 2

 u = (1, 2) = (0, 0) = 0

(iii) (u + u, w) = (u, w) + (v, w) dks vklkuh ls fl) fd;k tk
ldrk gSA

bl çdkj (u, v) vkarfjd xq.ku dks ifjHkkf"kr djrk gSA

3- ge fn, x, ,d vkarfjd xq.ku ls ,d u, ,d vkarfjd xq.ku dk fuekZ.k
dj ldrs gSaA eku yhft, F ij V, W lfn'k lef"V gS vkSj T, V ls W rd
,dSdh (One–One) jSf[kd :ikarj.k (Linear Transformation) gSA

eku yhft, (,) W ij ,d vkarfjd xq.ku gSA rc]

< u, v > = (T(u), T(v))

V ij ,d vkarfjd xq.ku dks ifjHkkf"kr djrk gS]

(i) < ,v u > = ( ( ), ( ))T v T u

= (T(u), T(v))

= < u, v >

(ii) < u, v > = (T(u), T(u))  0

vkSj < u, u > = 0  (T(u), T(u)) = 0

 T(u) = 0  u = 0 blfy, T] 1–1 gSA
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(iii) < u + v, w > = (T(u + v), T(w))

= (T(u) + T(v), T(w))

= (T(u), T(w)) + (T(v), T(w))

=  < u, w > +  < v, w >

4- ekuk fd V = Mm×n (C) gS rks < A, B > = Trace (AB*) vuqjsf[kr (AB*)

gksxk tgk¡ B* = B , V ij vkarfjd xq.ku dks ifjHkkf"kr djrk gS D;ksafd]

(i) < ,B A > = Trace *BA

;fn A = (aij), B = (bij), AB* = C = (cij)

B* = (dij), rks dij = jib

 cik = ij jka d  = kjija b

 cii = ij kja b

  Trace AB* ;k vuqjsf[kr djs AB*, = iic  = ( )ijija b 

;fn A* = (eij), rks eij = jia

;fn BA* = F = (fij), rks

fik = ij kjb a

 Trace BA* = iif  = ( )ij ijb a 

 Trace *BA  = ijija b  = Trace AB*

 < ,B A >  = < A, B >

(ii) < A, B > = Trace AB* = ( )ijija b 

 < A, A > = ij ija a  = 2| | 0ija 
vkSj < A, A > = 0  | aij | = 0  i, j

 aij = 0  i, j
 A = 0

blh rjg Lo;afl) (Axiom) (iii) dks Hkh fl) fd;k tk ldrk gSA

 ;fn V ,d vkarfjd xq.ku lef"V (Inner Product Space) gS] rks
n'kkZ,a fd]

(i) (0, v) = 0 lHkh v  V ds fy,A

(ii) (u, v) = 0 lHkh v  V  u = 0 ds fy,A

(i) (0, v) = (0, 0, v)
           = 0 (0, v) = 0

(ii) (u, v) = 0 lHkh v  V ds fy,A

 (u, u) = 0  u = 0.
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 ;fn lfn'k lef"V V dh W1, W2 nks milef"V (Subspaces) gSaA
;fn W1, W2 vkarfjd xq.ku lef"V gSa] rks fn[kk,a fd W1 + W2 Hkh vkarfjd xq.ku
lef"V gksxkA

 ;fn x, y  W1 + W2

rc x = u1 + u2

y = v1 + v2 u1, v1  W1; u2, v2  W2

< x, y >= (u1, v1) + (u2, v2) dks ifjHkkf"kr djsaxsA

rc]

(i) ,y x  = 1 1 2 2( , ) ( , )v u v u

= 1 1 2 2( , ) ( , )v u v u

= (u1, v1) + (u2, v2)

= < x, y >
(ii) < x, x > = (u1, u1) + (u2, u2)  0

vkSj < x, x > = 0  (u1, u1) = 0 = (u2, u2)

 u1 = 0 = u2

 x = 0
(iii) < x + y, z > =  < x, z > +  < y, z >

bls vklkuh ls fl) fd;k tk ldrk gSA

 < x, y > W1 + W2 ij vkarfjd xq.ku dks ifjHkkf"kr djrk gSA

bl çdkj] W1 + W2 ,d vkarfjd xq.ku lef"V gSA

(Norm of a Vector)

;fn V ,d vkarfjd xq.ku lef"V gS] vkSj ;fn v  V] rc v dk ekud (Norm)

¼;k v dh yackbZ½ dks  ( )v,v  ds :i esa ifjHkkf"kr fd;k tkrk gS vkSj bls || v ||

}kjk n'kkZ;k tkrk gSA

3&vk;keh lef"V (3-Dimensional Space) esa lHkh lfn'kksa ds lfn'k lef"V
(Vector Space) esa]

|| ||u


 = ,u u 
   = | |u


 = u


 dh yackbZ gSA

bl dkj.k ls] lkekU; :i ls lfn'k ds ekud dks lfn'k dh yackbZ Hkh dgk
tkrk gSA

ekuk fd || v || = |  | || v || lHkh   F, v  V ds fy, gSA
 || v ||2= (v, v)

=  (v, v)
= |  |2 || v ||2

 || v ||= |  | || v ||
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vc ge dkmph&'DoktZ vlekurk (Cauchy–Schwarz Inequality) ds :i esa
Kkr ,d egRoiw.kZ vlekurk (Inequality) dks fl) djrs gSaA

 ;fn V ,d vkarfjd xq.ku lef"V gS rc]

| (u, v) |  || u || || v || lHkh u, v  V ds fy, gSA

 vxj u = 0, rc (u, v) = (0, v) = 0

vkSj || u || = ( , )u u  = (0,0)  = 0

 L.H.S. = R.H.S.

;fn u  0. rc || u ||  0

D;ksafd] (|| u || = 0  (0, 0) = 0  (u, u) =  0  u = 0)

;fn] w = v – 
2

( , )

|| ||

v u
u

u
 gS]

rc] (w, w) = 
2 2

( , ) ( , )
,

|| || || ||

v u v u
v u v u

u u

 
   

 

= (v, v) – 
2

( , )

|| ||

v u

u
 (u, v)

= || v||2 – 
2

( , ) ( , )

|| ||

u v u v

u
 = || v ||2 – 

2

2

| ( , ) |

|| ||

u v

u

=
2 2 2

2

|| || || || | ( , ) |

|| ||

u v u v

u



D;ksafd (w, w) > 0,

| (u, v) |2< || u ||2 || v ||2

(u, v) |< || u || || v ||.

1- mijksä vlekurk (Inequality) ,d lekurk (Equality) gksxh ;fn vkSj dsoy
;fn u, v jSf[kd (Linearly) :i ls fuHkZj gksaxsA

 eku yhft, | (u, v) | = || u || || v ||

;fn u = 0, rks u ¾ 0. v  u, v jSf[kd :i ls fuHkZj (Dependent) gSaA

;fn u  0 gS

mi;qDr izekf.kr lehdj.kksa ls]

(w, w) = 0  w = 0


2

( , )

|| ||

v u
v u

u
  = 0
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 v = 
2

( , )

|| ||

v u
v u

u
   u, v jSf[kd :i ls fuHkZj gSaA

blds foijhr ;fn u = v,  F.

rc | (u, v) | = |  (v, v) | = |  | || v ||2

|| u || || v ||  = |  | || v || || v || = |  | || v ||2

| (u, v) |  = || u || || v ||

2- 3&vk;keh ;k f=vk;keh lef"V (3-Dimensional Space) esa lHkh lfn'kksa ds
lfn'k lef"V esa gS]

| , |u v 
 

= | | | | | cos |u v 
 

 || || || ||u v
 

blfy, | cos  |  1 gS

ge ikrs gS fd d‚mph&'DoktZ vlekurk (Cauchy–Schwarz Inequality) fl)
gksrh gSA

 ;fn V vkarfjd xq.ku lef"V gSA

rc (i) || x + y ||  || x || + || y || ¼f=Hkqt vlekurk½ (Triangle Inequality)

(ii) || x + y ||2 + || x – y ||2 = 2 (|| x ||2 + || y ||2) lekarj prqHkqZt fu;e½
  (Parallelogram Law)

 (i) || x + y ||2 = (x + y, x + y)
= (x, x) + (y, x) + (x, y) + (y, y)

= || x ||2 + ( , )x y  + (x, y) + || y ||2

= || x ||2 + 2Re (x, y) + || y ||2

 || x ||2 + 2 | (x, y) | + || y ||2

 || x ||2 + 2 || x || || y || + || y ||2

= ( || x || + || y || )2

bl çdkj] || x + y ||  || x || + || y ||

bls f=Hkqt vlekurk (Triangle Inequality) dgk tkrk gSA

D;ksafd || x || + || y || = ,d f=Hkqt (Triangle) dh nks Hkqtkvksa dh yackbZ;ksa dk
;ksx gSA

rFkk || x + y || = f=dks.k dh rhljh Hkqtk dh yackbZ ;g n'kkZrh gS fd f=dks.k
ds nks rjQ dk ;ksx bldh rhljh Hkqtk (Side) ls de gSA

(ii) || x + y ||2 + || x – y ||2

= (x + y, x + y) + (x – y, x – y)

= || x ||2 + || y ||2 + (x, y) + (y, x) + || x ||2 + || y ||2 – (x, y) – (y, x)

= 2 (|| x ||2 + || y ||2)
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 || x + y ||2 + || x – y ||2 = prqHkqZt ds fod.kksaZ (Diagonals) dh yackbZ ds oxksaZ dk
;ksx gSA

2 (|| x ||2 + || y ||2) = lekarj prqHkqZt dh Hkqtkvksa ds oxks± (Squares) dk ;ksx
gSA

,d lekarj prqHkqZt ds fod.kksaZ (Diagonals) dh yackbZ ds oxksaZ dk ;ksx
bldh  Hkqtkvksa dh yackbZ ds oxksaZ ds ;ksx ds cjkcj gksrk gSA bl dkj.k fu;e (ii)
dks lekarj prqHkqZt fu;e dgk tkrk gSA

 dkmph&'DoktZ vlekurk dk mi;ksx djds] ;g fl) djsa fd
dkslkbu (Cosine) dks.k dk T;knk ls T;knk vf/kdre eku 1 gksrk gSA

 ;fn F = okLrfod la[;kvksa dk {ks= V = F(3) gSA

V ij ekud vkarfjd xq.ku (Standard Inner Product) ij fopkj djus ij]

ekuk fd] u = (x1, y1, z1), v = (x2, y2, z2)  V

ekuk fd] O = (0, 0, 0)

ekuk fd] , ,d dks.k gS OU vkSj OV ds chpA

rc  cos  = 1 2 1 2 1 2

2 2 2 2 2 2
1 1 1 2 2 2

x x y y z z

x y z x y z

 

   
 = 

( , )

|| || || ||

u v

u v

 | cos  | = | ( , ) | || || || ||

|| || || || || || || ||

u v u v

u v u v
  = 1

;fn V ,d vkarfjd xq.ku lef"V gSA nks lfn'kksa u, v  V dks ykfEcd (Orthogonal)

dgk tkrk gS vxj (u, v) = 0  (v, u) = 0 gSA rks] u, v ls ykfEcd gS] vxj v, u

ls ykfEcd gSA pw¡fd (0, v) = 0 lHkh v  V ds fy,] 0, V esa çR;sd lfn'kksa ds fy,
ykfEcd gSA

foykser%] ;fn u  V çR;sd lfn'kksa ds fy, ykfEcd gS] rks

(u, u) = 0  u = 0

;fn W, V dk ,d milef"V gSA

Wdks ifjHkkf"kr djsa = {v  V | (v, w) = 0 lHkh w  W ds fy,} ¼W dks
W  yac  (Perpendicular) ds :i esa i<+k tkrk gS½A

rks WV dk milef"V gS] D;ksafd 0  W  W  vkSj v1, v2  W, ,

  F

 (v1 + v2, w) = (v1, w) + (v2, w) = 0 lHkh w  W ds fy,A

 v1 + v2  W



vkarfjd xq.ku lef"V
vkSj ykfEcd lfn'k

148 Lo&vf/kxe
ikB~; lkexzh

W  dks W dk ykfEcd iwjd (Orthogonal Complement) dgk tkrk gSA bl
rjg ls dgus dk dkj.k V = W  W gSA

 ;fn V ,d vkarfjd xq.ku lef"V gSaA ;fn x, y  V ,slk gS fd
x  y gS]

fQj fn[kk,a fd || x + y ||2 = || x ||2 + || y ||2A (;g ikbFkkxksjl çes; (Pythagoras

Theorem) gS tc F = R f=Hkqt ABC esa AB  BC, AB2 = || x ||2, BC2 = || y ||2,

AC2 = || x + y ||2) gSA

 || x + y ||2 = (x + y, x + y)
= (x, x) + (y, y) + (x, y) + (y, x)

= || x ||2 + || y ||2  blfy, (x, y) = 0 = (y, x)

(Orthonormal Sets and Basis)

vkarfjd xq.ku lef"V V esa lfn'k ds leqPp; {ui}i dks ykfEcd (Orthogonal) dgk
tkrk gS fd vxj i  j ds fy, (ui, uj) = 0 gksxkA vkxs ;fn lHkh i ds fy,]
(ui, ui) = 1, rks leqPp; {ui} dks izlkekU; ykafcd leqPp; (Orthonormal Sets)

dgk tkrk gSA

;fn  V] n ds cjkcj ;k mlls de Js.kh ;k dksfV (Degree) ds okLrfod
cgqin dk okLrfod lfn'k lef"V gSA rks V ij ,d vkarfjd xq.ku dks fuEu rjhds
ls ifjHkkf"kr djsa]

0 1

,
n n

i j
i j

i j

a x b x
 

 
 
  
   = 

1

n

i ia b

rc {1, x,..., xn}, V dk izlkekU; ykafcd mileqPp; (Orthonormal Subset)

gksrk gSA

 ;fn S vkarfjd xq.ku lef"V V esa xSj&'kwU; lfn'k (Non-Zero Vector)

dk ,d ykfEcd leqPp; gS] rc S ,d jSf[kd Lora= leqPp; (Linearly Independent

Set) gksxkA

 S dks jSf[kd :i ls Lora= (Independent) fn[kkus ds fy,] gesa ;g fn[kkuk
gksxk fd S dk çR;sd lhfer ;k ifjfer (Finite) mileqPp; jSf[kd :i ls Lora=
gSA

;fn {v1,....., vn} S dk ifjfer mileqPp; gSA

;fn  1v1 + ..... + nvn = 0, i  F
(1v1 + ..... + nvn, 1v1 + ..... + nvn) = 0

 | 1 |2 || v1 ||2 + ..... + | n |2 || vn ||2 = 0

 | i |2 || vi ||2 = 0 lHkh i = 1, ....., n ds fy,A
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 | i |2 = 0 D;ksafd || vi ||2 = 0  || vi || = 0  vi = 0

tksfd lR; ugha gSA

 i = 0 lHkh i = 1, ..., n ds fy,A

 S jSf[kd :i ls Lora= gSA

 ,d vkarfjd xq.ku lef"V esa ,d ykfEcd leqPp; jSf[kd :i ls
Lora= gksrk gSA

 eku ys fd S ,d vkarfjd xq.ku lef"V V gSA ;fn v  S rc v  0 D;ksafd
v = 0  (v, v) = 0  1, tks ,d fojks/kkHkkl gSA blfy,] S xSj&'kwU; lfn'k dk ,d
ykfEcd leqPp; gS vkSj blfy, jSf[kd :i ls Lora= gSA

(Gram-Schmit Orthogonalization Process)

jSf[kd :i ls Lora= lfn'k ds fdlh Hkh leqPp; dks xzke&f'eV çfØ;k }kjk
ykfEcd lfn'k ds ,d leqPp; esa ifjofrZr fd;k tk ldrk gSA

 ;fn n
kku 1}{   ,d vkarfjd xq.ku lef"V V esa vkarfjd xq.ku ,  ds lkFk

,d vk/kkj (Basis) gSA rks 
1

1
1 u

u
v   dks iqujkof̀Ùk (Recursively) }kjk ifjHkkf"kr

djsa] 112211 ,.........,,  kkkkkkk vvuvvuvvuum  tgk¡ 
k

k
k m

m
v  2 

k  n ds fy,A rc   n

kkv 1  V dk izlkekU; ykafcd vk/kkj (Orthonormal Basis)

gksxkA

 ge bl çes; dks n ij izos'k.k (Induction) }kjk fl) djsaxsA tc n = 1

rks n
kku 1}{  = = 1

1}{ kku = u
1

,d vkarfjd xq.ku lef"V V dk ,d vk/kkj gSA

1

1
1 u

u
v   foLrf̀r ;k QSyko ¼foLrkj½ (Span) (u

1
) gks rks, blls gesa feysxk]

foLr`fr QSyko ¼foLrkj½ (Span)(v
1
) = QSyko ¼foLrkj½ (Span)(u

1
) = V gSA tks bl

çdkj v
1
] V dk izlkekU; ykafcd vk/kkj (Orthonormal Basis) gS vkSj ifj.kke

n = 1 ij iz;ksx gksrk gSA eku yhft, fd ifj.kke lHkh n ij iz;ksx gksrk gSA

;fn 1
1}{ 


n
kku  ,d vkarfjd xq.ku lef"V V dk ,d vk/kkj gSA foospukRed

voèkkj.kk ;k ifjdYiuk (Inductive Hypothesis) }kjk] ge n
kku 1}{   dk mi;ksx

djds izlkekU; ykafcd leqPp; ds lfn'kksa n
kkv 1}{   dk fuekZ.k bl rjg dj ldrs

gSa fd foLrf̀r ;k QSyko ¼foLrkj½ )}({Span 1
n
kkv  = foLr`fr ;k QSyko ¼foLrkj½ )}({Span 1

n
kku  A

;fn m
n+1

 dks bl çdkj ifjHkkf"kr fd;k tkrk gS fd]
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i

n

i
innnnnnnn vvuuvvuvvuvvuu 


 

1
1112211111 ,,.......,,

;g fn[kkus ds fy, fd lfn'k v
1
, v

2
,….,v

n, 
m

n+1
 ikjLifjd :i ls ykfEcd

(Orthogonal) gSa] vkarfjd xq.ku ds m
n+1

 dk v
j
 ds lkFk] tgk¡ lHkh 1  j  n ds fy,

gS] ij fopkj djsaA gy djus ij] gekjs ikl gksxk]

ji

n

i
injnii

n

i
innjn vvvuvuvvvuuvm ,,,,,,

1
11

1
111 





 

pwafd n
kkv 1}{   ,d vkarfjd xq.ku lef"V V dk ,d vk/kkj gS tgk¡ ijji vv ,

gS,

lehdj.k ds nkfgus rjQ dh vksj ds ;ksx ds çR;sd in (Term)] dsoy tgk¡
i = j] dks NksM+dj yqIr (Vanish) gks tk,xhA rks gekjs ikl gksxk]

1 1 1 1 1
1

, , , , , , ,
n

n j n j n i i j n j n j i j
i

m v u v u v v v u v u v v v    


    

1 1 1 1, , , , , 0.n j n j j j n j n ju v u v v v u v u v           

bldk eryc ;g gS fd m
n+1

,
 
v

j
 ds fy, ykfEcd (Orthogonal) gSA rks ge

ys ldrs gSa 
1

1
1




 

n

n
n m

m
v  ,d izlkekU; ykfEcd lfn'kksa dk leqPp; (Orthonormal

Set of Vectors) gSA

vc ge fn[kk,axs fd 1
1}{ 


n
kkv ] V ds fy, ,d vk/kkj gSA fuekZ.k ds }kjk]

çR;sd v
k
] lfn'kksa 1

1}{ 


n
kku  ds fy, jSf[kd la;kstu (Linear Combination) gS]

blfy, gekjs ikl n+1 ykfEcd gS vkSj blfy, n+1 vk;keh lef"V V esa jSf[kd

:i ls Lora= lfn'k gSA bldk eryc gS fd 1
1}{ 


n
kkv ] V ds fy, ,d vk/kkj gSA

bl çdkj ifj.kke n+1 ij ;Fkksfpr gS vkSj izos'ku ds fl)kar ds vuqlkj] lHkh n
ds fy, Hkh gSA blfy, çes; fl) gksrh gSA

 ekuk fd V ,d n vk;keh (Dimension n) xSj&'kwU; vkarfjd xq.ku
lef"V gSA rc V dk ,d izlkekU; ykfEcd (Orthonormal) vk/kkj gksxkA

 V dk ,d ykfEcd vk/kkj (Orthogonal Basis) cukuk gh i;kZIr gksxkA ;fn

S  V ,d ykfEcd leqPp; gSA rc T = |
|| ||

x
x S

x

 
 

 
 ,d izlkekU; ykfEcd

leqPp; (Orthonormal Set) gSA

eku ysa fd {v1,..., vn} V dk ,d vk/kkj gSA

;fn w1 = v1 rks w2 dks ifjHkkf"kr djus ij = v2 – 2 1

1 1

( , )

( , )

v w

w w
 w1 gksxkA
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= v2 – 2 1

1 1

( , )

( , )

v v

v v
 v1

rc  (w2, w1) = (w2, v1)

= (v2, v1) – 2 1

1 1

( , )

( , )

v v

v v
 (v1, v1) = 0

blds vykok  v2 = 1v1 + w2 = 1w1 + w2

tgk¡ 1 = 2 1

1 1

( , )

( , )

v v

v v
  F

¼/;ku nsa] v1 jSf[kd :i ls Lora= (Linearly Independent) gS  v1  0 
(v1, v1)  0½

w3 dks ifjHkkf"kr djus ij = v3 – 3 2 3 1
2 1

2 2 1 1

( , ) ( , )

( , ) ( , )

v w v w
w w

w w w w
  gksxkA

rc (w3, w2) = 0 = (w3, w1) gSA

blds vykok  v3 = 1w1 + 2w2 + w3, tgk¡ 1, 2  F gSA

bl rjg ge ,d ykfEcd leqPp; {w1,..., wn} dks cuk ldrs gSa tgk¡ çR;sd
i  F ds fy,

vi = 1w1 + ... + wi, gksxkA

 1

1
,...,

|| || || ||
n

n

ww

w w

 
 
 

 ,d izlkekU; ykafcd leqPp; gS tks miçes;

(Corollary) ls çes; 3-3 ds }kjk jSf[kd :i ls Lora= gS vkSj blfy, V dk ,d
vk/kkj cukrk gS D;ksafd foek (dim) V = n gSA

(Aliter)  ;fn foek V = n gSA ge n ij izos'ku dk mi;ksx
djrs gSaA

;fn n = 1 gSA ekuk fd] 0  x  V gS, rc v = 
|| ||

x

x
  V bl izdkj gS fd || v ||

= 1 gSA

rks] {v}, V dk izlkekU; ykafcd vk/kkj (Orthonormal Basis) gSA

vc eku yhft, fd ifj.kke n – 1 ds cjkcj ;k mlls de vk;ke ds fdlh
Hkh vkarfjd xq.ku lef"V ds fy, lgh gksxkA

eku ysa fd V ,d vkarfjd xq.ku lef"V gS n vk;ke dkA

;fn 0  v  V ,slk gS fd || v || = 1

rks Tv : V  C dks ,sls ifjHkkf"kr djs gS fd]
Tv(v) = < v, v > gSA
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rc Tv ,d jSf[kd :ikarj.k (Linear Transformation) gksxkA

;fn   C gS] rc  =  || v ||2 =  < v, v > = < v, v > = Tv(v) gksxkA

blfy, Tv vkPNknd (Onto) gS vFkkZr jSat ;k lhek (Range) Tv = C

flYosLVj fu;e (Sylvester's Law) ds }kjk]

foek V = foek Ker vf"V Tv + foek jSat ;k lhek (Range) Tv gS]

 n = foek Ker Tv + foek C = foek Ker Tv + 1

 foek W = n – 1, tgka W = Ker Tv gS]
=  {x  V | Tu(x) = 0}

= {x  V | < v, x > = 0}

izos'ku ifjdYiuk ;k vo/kkj.kk ds }kjk] W dk {w1, w2,..., wn–1} izlkekU;
ykafcd vk/kkj gS

vc wi  W  < v, wi > = 0 i = 1, 2,..., n – 1

blds vykok  < v, v > = || v ||2 = 1

rks {w1, w2,..., wn–1, v} izlkekU; ykafcd vk/kkj gSA

vFkkZr] {w1, w2,..., wn – 1, v} ,d LI leqPp; gS ekud fu;e }kjkA

pwafd foek V = n, {w1, w2,..., wn–1, v}, V dk ,d vk/kkj gS vkSj blfy, V
izlkekU; ykafcd vk/kkj (Orthonormal Basis) gSA bl çdkj] ifj.kke izos'ku ds
}kjk çkIr gksrk gSA

 ¼1] 0] 3½ vkSj ¼2] 1] 1½  }kjk mRiUu R3 ds milef"V ds fy, ekud
vkarfjd xq.ku (Standard Inner Product) ds lkis{k esa] ,d izlkekU; ykafcd
(Orthonormal) vkèkkj çkIr djsaA

 ;fn  v1 = (1, 0, 3), v2 = (2, 1, 1)

rks w1 = v1, w2 = v2 –
2 1

1 1

( , )

( , )

v w

w w
 w1

vc  (v2, w1) = (v2, v1) = 2 + 0 + 3 = 5
(w1, w1) = (v1, v1) = 1 + 0 + 9 = 10

 || w1 || = 10

blfy, w2 = (2, 1, 1) – 5

10
 (1, 0, 3) = 3 1

,1,
2 2

  
 

 || w2 || = 9 1
1

4 4
   = 7

2

 vko';d izlkekU; ykafcd vk/kkj (Orthonormal Basis) gSA
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 ;fn V, R ij ,d vkarfjd xq.ku gSA ;fn  {v1, v2,..., vn}, V dk
,d vk/kkj bl çdkj gS fd] tc Hkh v = ivi rc || v ||2 = i

2 gksxkA fn[kk,¡
fd {v1, v2,..., vn} ,d izlkekU; ykafcd vk/kkj gSA

 gekjs ikl vi  = 1.vi  || vi ||2 = 1 i ifjdYiuk ;k vo/kkj.kk (Hypothesis)

}kjkA

vi + vj ij fopkj djus ij] i  j gS,
rc || vi + vj ||2 = 2

 < vi, vi > + < vj, vj > + < vi, vj > + < vj, vi > = 2

 < vi, vj > + < vj, vi > = 0

 < vi, vj > + < vi, vj > = 0 D;ksafd R ij V vkarfjd xq.ku gSA

 < vi, vj > = 0 i  j

bl çdkj {v1, v2,..., vn} izlkekU; ykafcd vk/kkj gSA

 cslsy vlekurk (Bessel's Inequality)

;fn {w1,..., wm}, V esa ,d izlkekU; ykafcd leqPp; gS] rks

2

1

| ( , ) |
m

i
i

w v

  || v ||2 lHkh v  V ds fy,A

 ;fn x = v – 
1

( , )
m

i i
i

v w w



 (x, wj) = (v, wj) – (v, wj) = 0 gS lHkh j = 1,..., m ds fy,A

ekuk fd] w = 
1

( , )
m

i i
i

v w w

  = 

1

,
m

i i
i

w


  i = (v, wi) gS]

 v = x + w

blh çdkj] (w, x)= (1w1 + ..... + mwm, x)

= 1(w1, x) + ..... + m(wm, x) = 0

vc]  || v ||2 = (v, v)
= (w + x, w + x)
= (w, w) + (x, x)

= || w ||2 + || x ||2  || w ||2

fdUrq]  || w ||2 = (w, w)
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= (1w1 + ..... + mwm, 1w1 + ..... + mwm)

= 1 1  (w1, w1) + ..... + m m  (wm, wm)

= | 1 |2 + ..... + | m |2

D;ksafd {w1,....., wm} izlkekU; ykafcd leqPp; (Orthonormal Set) gSA

= 2

1

| |
m

i
i 

  = 2

1

| ( , ) |
m

i i
i

v w

  = 2

1

| ( , ) |
m

i
i

w v

  = 2

1

| ( , ) |
m

i
i

w v



 2

1

| ( , ) |
m

i
i

w v

  || v ||2 gksxk lHkh v  V ds fy,A

 lekurk gksxh ;fn vkSj dsoy ;fn v = w gksA

 eku yhft, fd v = w gSA

rc  || v ||2 = || w ||2 = 2

1

| ( , ) |
m

i
i

w v



blds foijhr (Conversely)] eku yhft, fd lekurk (Equality) gksxh]

rc || v ||2 = || w ||2

 || x ||2 = 0  (x, x) = 0  x = 0

 v = w + x = w

 ;fn V ,d lhfer ;k ifjfer vk;keh vkarfjd xq.ku lef"V gS vkSj W]

V ,d milef"V gS rks V = W  W gksxkA

 pw¡fd V ,d vkarfjd xq.ku lef"V gS] blfy, çes; 3-5 ls] W dk
{w1,..., wm} ,d izlkekU; ykafcd vk/kkj gSA

;fn v  V] w = 
1

( , )


m

i i
i

v w w , wi  W vkSj x = v – w

rc (x, wj) = 0 tSlk fd çes; 3-6 esa gS] lHkh j = 1,..., m ds fy,A
 (x, w) = (x, 1w1 + ..... + mwm)

= 1  (x, w1) + ..... + m  (x, wm)

= 0 lHkh w  W ds fy,A

 x  W

bl rjg] v = w + x  W + W

V  W + W

 V = W + W

;fn y  W  W

 (y, w) = 0 gS lHkh w  W, y  W ds fy,A
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 (y, y) = 0 D;ksafd y  W gSA
 y = 0

 W  W = {0}

bl çdkj V = W  WgSA

 ;fn W ,d ifjfer ;k lhfer vk;keh vkarfjd xq.ku lef"V V dk
,d milef"V gS] rks

(W) = W

V = W  W

;fn w  W, x  W

rc x  W  < x, y > = 0  y  W
 < x, w) = 0  x  W

 w  (W)

vFkkZr] W  (W)gS]

;fn v  (W) rc v = w + w, w  W, w  W

 0 = < w, v > = < w, w + w) = < w, w > + < w, w > = < w, w >

rks w = 0  v = w  W

vFkkZr] (W)  W ls W = (W) feysxkA

 vxj S = {x1, x2,..., x r}] W dk vk/kkj gS] vkSj T = {y1, y2,..., ys}]
W dk ,d vk/kkj gS] rks {x1, x2,..., xr, y1, y2,..., ys}, V dk izlkekU; ykafcd
vkèkkj gksxkA

iwoZorhZ çes; }kjk V = W  W

bl çdkj] S  T] V dk ,d vk/kkj gSA

blds vykok < xi, yj > = 0  i, j D;ksafd yj  W j

;g ifj.kke dks fl) djrk gSA

 çes; 3-7 vuUr vk;keh lfn'k lef"V (Infinite Dimensional Vector Space)

ds izdj.k esa lgh ugha gSA

eku yks V = {(an) | (an) lfEeJ la[;kvksa (Complex Number) dk ,d Øe
,slk gS fd]

2

1

| |na
  


  gSA

rc V ?kVd (Component) ds :i es ;ksx vkSj lfn'k xq.ku ds lkis{k esa ,d
lfn'k lef"V gSA
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a = (an), b = (bn)  V dks ysrs gSA

< a, b > = 
1

n na b


  dks ifjHkkf"kr djsaA

D;ksafd] ( | an | – | bn | )2  0

| an |2 + | bn |2  2 | an | | bn | gSA

vc] 2 | n na b |  2 | an | | nb |

 2 | an nb |  2 | an | | bn | D;ksafd | bn | = | nb |

 | an |2 + | bn |2 < 

bl çdkj V ij < a, b > ;Fkksfpr Li"V vkarfjd xq.ku gSA

eku ys fd Ak  V  bl rjg gS fd] k oha çfof"V 1 gS vkSj ckdh LFkku ij
0 gSA

;fn S = {| Ak | k = 1, 2,..., }  V gS]

rc  < Ai, Aj > = lj gksxkA

;fn W = L(S)] rc W  V D;ksafd v = 
2

1

n

 
 
 

  V vkSj v  L(S)- gSA

[okLro esa L(S)] mu vuqØeksa dk leqPp; gS ftudh dsoy lhfer la[;k dh
çfof"V;ka xSj&'kwU; (Non-Zero) gS]A

blds vykok  x  W  < x, w > = 0  w  W
 < x, Ak > = 0  k = 1, 2, ...

 xk= 0 k tgk¡ x = (xn)

 x = 0 ;k W = {0}

bl rjg V  W  W = W

ekud fu;e }kjk /;ku nsa dh V ;gk¡ F.D.V.S. ugha gSA

 ;fn W] V dk ,d milef"V gS] vkSj v  V gS vkSj (v, w) +

(w, v)  (w, w) dks larq"V djrk gS lHkh w  W ds fy,] rks fl) djsa fd (v, w)

= 0] lHkh w  W ds fy,] tgk¡ V] F ds Åij ,d vkarfjd xq.ku gSA

 eku ysa fd n ,d /kukRed (+ve) iw.kkaZd (Integer) gSA

w  W  
w

n
  W

 ,, ,v
w w w w

v
n n n n

           
     

 (v, w) + (w, v) 1

n
 (w, w)
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;fn  n  

rc  (v, w) + (w, v)  0 lHkh w  W ds fy,A

(v, –w) + (–w, v)  0 lHkh w  W ds fy,A

 – [(v, w) + (w, v)] 0 lHkh w  W ds fy,A

 (v, w) + (w, v)  0 lHkh w  W ds fy,A

 (v, w) + (w, v)  = 0 lHkh w  W ds fy,A

vxj F  R, rc (w, v) = (v, w)

 (v, w) + (v, w) = 0

 2(v, w) = 0 lHkh w  W ds fy,A

 (v, w)= 0 lHkh w  W ds fy,A

vxj F  C gS, rc (v, iw) + (iw, v) = 0 lHkh w  W ds fy,A

 – i (v, w) + i (w, z–) = 0 lHkh w  W ds fy,A
 –i [z – z–] = 0, z = (v, w) = x + iy

 – i (2iy) = 0
 y = 0

 z = (v, w) = okLrfod (Real) lHkh w  W ds fy,
 (v, w) + (v, w) = 0
 2 (v, w) = 0

 (v, w) = 0 lHkh w  W ds fy,A

 ;fn V ,d lhfer ;k ifjfer (Finite) vk;keh vkarfjd xq.ku
lef"V gS] vkSj f  V rks fl) djsa fd  u0  V ,slk gS fd] lHkh v  V ds fy,
f (v) = (v, u0) gSA blds vykok] ;g Hkh n'kkZb;s fd u0 dks fof'k"V :i ls fu/kkZfjr
fd;k tkrk gSA

 eku yhft, fd {v1,..., vn}V dk izlkekU; ykafcd vk/kkj gS vkSj ekuk fd]
v  V gSA

rc v  = 1v1 + ... + nvn, i  F

;fn f (vi) = i, i = 1, 2,..., n

u0  = 1 v1 + ... + n vn  V dks ifjHkkf"kr djus ij]

rc (v, u0) = (1v1 + ... + nvn, 1 v1 + ... + n vn)

= 11 + ... + nn  tSls (vi, vj) = ij

= f (v) lHkh v  V ds fy,

eku ys fd  u0  V ,slk gS fd f (v) = (v, u0)A
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rc (v, u0) = (v, u0) lHkh v  V ds fy,A

 (v, u0 – u0) = 0 lHkh v  V ds fy,A

 (u0 – u0, u0 – u0) = 0

 u0 = u0

bl çdkj] u0 dks fof'k"V :i ls fu/kkZfjr fd;k tkrk gSA

1- vkarfjd xq.ku lef"V D;k gS\

2- lfn'k ekunaM dks ifjHkkf"kr djsaA

3- ykfEcd leqPp; dh ifjHkk"kk nsaA

4- og dkSu lh çfØ;k gS tks jSf[kd :i ls Lora= lfn'k ds fdlh leqPp; dks
ykfEcd lfn'k ds ,d leqPp; esa ifjofrZr djrh gS\

5- cslsy dh vlekurk çes; dk o.kZu djsaA

1- eku yhft, fd {ks= F ij ¼tgk¡ F ¾ okLrfod ;k lfEeJ la[;kvksa dk {ks=
gS½ ,d lfn'k lef"V V gSA rFkk eku yhft, fd fdlh Hkh nks lfn'kksa u, v

 V  ds fy, ,d vo;o (u, v)  F bl izdkj gS fd] [(u, v) ;gk¡ flQZ
F dk ,d vo;o gS] rks]

(i) (u, v) = ( , )v u  v u (vFkkZr~ (v, u)) dk lfEeJ la;qXeh gS]

(ii) (u, u)  0 vkSj (u, u) = 0  u = 0 gS]

(iii) (u + v, w) = (u, w) + (v, w) gS]

fdlh Hkh u, v, w  V vkSj ,   F ds fy, gSA

rc V dks vkarfjd xq.ku lef"V dgk tkrk gS vkSj tks Qyu fu;eksa (i), (ii)
vkSj (iii) dks larq"V djrh gS mUgsa vkarfjd xq.ku dgrs gSaA

2- ;fn V ,d vkarfjd xq.ku lef"V gS vkSj ;fn v  V] rc v dk ekud ¼;k

v dh yackbZ½ dks  ( )v,v  ds :i esa ifjHkkf"kr vkSj bls || v || }kjk n'kkZ;k tkrk

gSA

3- vkarfjd xq.ku lef"V V esa lfn'k ds leqPp; {ui}i dks ykfEcd dgk tkrk
gS vxj i  j ds fy, (ui, uj) = 0 gksxkA vkxs ;fn lHkh i ds fy,] (ui, ui)

= 1 gS, rks leqPp; {ui} dks izlkekU; ykafcd leqPp; dgk tkrk gSA

4- jSf[kdh; Lora= lfn'k ds fdlh Hkh leqPp; dks xzke&f'eV çfØ;k }kjk
ykfEcd lfn'k ds ,d leqPp; esa ifjofrZr fd;k tk ldrk gSA
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5- cslsy vlekurk

;fn {w1,..., wm}, V esa ,d izlkekU; ykafcd leqPp; gS] rks

2

1

| ( , ) |
m

i
i

w v

  || v ||2 lHkh v  V ds fy, gSA

 lkekU; rkSj ij] ,d lfn'k lef"V dks ,d foosdk/khu {ks= F ij ifjHkkf"kr
fd;k tkrk gSA ge F dks okLrfod ;k lfEeJ la[;kvksa ds {ks= rd gh
lhfer j[krs gSA igys izdj.k esa lfn'k lef"V dks okLrfod lfn'k lef"V
dgk tkrk gS vkSj nwljs izdj.k esa] bls lfEeJ lfn'k lef"V dgk tkrk gSA

 eku yhft, fd {ks= F ij ¼tgk¡ F ¾ okLrfod ;k lfEeJ la[;kvksa dk {ks=
gS½ ,d lfn'k lef"V V gSA eku yhft, fd fdlh Hkh nks lfn'kksa u,

v  V  ds fy, ,d vo;o (u, v)  F ,slk gS fd] [(u, v) ;gk¡ flQZ F dk
,d vo;o gS vkSj mls Øfed ;qXe ds lkFk Hkzfer ugha djuk pkfg,A]

(i) (u, v) = ( , )v u  v u (vFkkZr~ (v, u)) dk lfEeJ la;qXeh

(ii) (u, u)  0 vkSj (u, u) = 0  u = 0 gS]

(iii) (u + v, w) = (u, w) + (v, w)

fdlh Hkh u, v, w  V vkSj ,   F ds fy, gSA

rc V dks vkarfjd xq.ku lef"V dgk tkrk gS vkSj tks Qyu fu;eksa (i), (ii)
vkSj (iii) dks larq"V djrh gS mUgsa vkarfjd xq.ku dgrs gSaA

 ;fn V ,d vkarfjd xq.ku lef"V gS vkSj ;fn v  V] rc v dk ekud ¼;k

v dh yackbZ½ dks  ( )v,v  ds :i esa ifjHkkf"kr vkSj bls || v || }kjk n'kkZ;k

tkrk gSA

 ,d lekarj prqHkqZt ds fod.kksaZ dh yackbZ ds oxksaZ dk ;ksx bldh  Hkqtkvksa dh
yackbZ ds oxksaZ ds ;ksx ds cjkcj gksrk gSA

 ;fn V ,d vkarfjd xq.ku lef"V gSA nks lfn'kksa u, v  V dks ykfEcd dgk
tkrk gS vxj (u, v) = 0  (v, u) = 0A rks] u, v ls ykfEcd gS vxj v, u  ls
ykfEcd  gSA pw¡fd (0, v) = 0 lHkh  v  V ds fy,] 0, V esa çR;sd lfn'kksa ds
fy, ykfEcd gSA

 W dks W dk ykfEcd iwjd dgk tkrk gSA bl rjg ls dgus dk dkj.k V
= W  W gSA
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 vkarfjd xq.ku lef"V V esa lfn'k ds leqPp; {ui}i dks ykfEcd dgk tkrk
gS fd vxj i  j ds fy, (ui, uj) = 0 gksxkA ;fn lHkh i ds fy,] (ui, ui) =

1, rks leqPp; {ui} dks izlkekU; ykafcd leqPp; dgk tkrk gSA

 ;fn S vkarfjd xq.ku V esa xSj&'kwU; lfn'k dk ,d ykfEcd leqPp; gSA
rc S ,d jSf[kdh; Lora= leqPp; gksxkA

 ,d vkarfjd xq.ku lef"V esa ,d ykfEcd leqPp; jSf[kd :i ls Lora= gksrk
gSA

 jSf[kdh; Lora= lfn'k ds fdlh Hkh leqPp; dks xzke&f'eV çfØ;k }kjk
ykfEcd lfn'k ds ,d leqPp; esa ifjofrZr fd;k tk ldrk gSA

 ;fn V ,d n vk;keh xSj&'kwU; vkarfjd xq.ku lef"V gSA rc V dk ,d
ykfEcd vk/kkj gksxkA

 ;fn V ,d ifjfer vk;keh vkarfjd xq.ku lef"V gS vkSj W] V ,d
milef"V gS rks V = W  W gksxkA

 vxj S = {x1, x2,..., x r}] W dk vk/kkj gS] vkSj T = {y1, y2,..., ys}] W
 dk

,d vk/kkj gS] rks {x1, x2,..., xr, y1, y2,..., ys} V dk izlkekU; ykafcd vkèkkj
gksxkA

  tc ,d lekarj prqHkqZt ds fod.kksaZ dh yackbZ ds

oxksaZ dk ;ksx bldh  Hkqtkvksa dh yackbZ ds oxksaZ ds ;ksx ds cjkcj gksrk gS rc

bl dks lekarj prqHkqZt fu;e dgk tkrk gSA

 vkarfjd xq.ku lef"V V esa
lfn'k ds leqPp; {ui}i dks ykfEcd dgk tkrk gS fd vxj i  j ds fy,

(ui, uj) = 0 gksxkA vkxs ;fn lHkh i ds fy,] (ui, ui) = 1, rks leqPp; {ui}

dks izlkekU; ykafcd leqPp; dgk tkrk gSA

  ;g ,d çes; gS ftlesa dgk x;k gS fd ;fn
{w1,..., wm} vkarfjd ykafcd leqPp; gS V esa, rc   || v ||2 lHkh v  V  ds

fy, gSA

1- vkarfjd xq.ku lef"V dks ifjHkkf"kr djsaA

2- nks lfn'k dk vfn'k xq.ku D;k gS\

3- ykafcd lfn'k vkSj ykafcd iwjd dh O;k[;k mnkgj.k nsdj djsaA
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4- ;wfDyfM;u lef"V vkSj ,sfdd lef"V dh O;k[;k djsaA

5- ykafcd leqPp; vkSj izlkekU; ykafcd leqPp; dks ifjHkkf"kr djsaA

6- dkmph&'DoktZ vlekurk dks ifjHkkf"kr djsaA

7- xzke&f'eV ykafcdrk çfØ;k dh O;k[;k mnkgj.k nsdj djsaA

1. fl) djsa fd (x, z) = (y, z) lHkh z  V  x = y ds fy, gSA

2. fl) djsa fd   R2 ds fy,]

 = (, 
1
) 

1
 + (, 

2
) 

2

tgk¡ 
1
 = (1, 0), 

2
 = (0,1) gSA

3. fl) djsa fd | || x || – || y || |  || x – y || lHkh x, y  V ds fy, gSA

4. ekuk fd W
1
 rFkk W

2
 milef"V gS] tks fd ifjfer vk;keh vkarfjd xq.ku

lef"V V gSA n'kkZ;sa fd

(i) (W
1
 + W

2
) = W

1
  W

2


(ii) (W
1
  W

2
) = W

1
 + W

2


5. ykfEcd vk/kkj Kkr djsa ekud vkarfjd xq.ku ds lUnHkZ esa milef"V R4 ds
fy, ftls (1, 0, 2, 0) rFkk (1, 2, 3, 1) }kjk fu/kkZfjr fd;k x;k gSA
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4-0 ifjp;
4-1 mís';
4-2 lehdj.kksa dk gy
4-3 ç{ksi.k ;k iz{ksi ;k varosZ'ku
4-4 la[;kRed {ks=dyu
4-5 xkWml {ks=dyu lw=
4-6 viuh izxfr tkafp, iz'uksa ds mÙkj
4-7 lkjka'k
4-8 eq[; 'kCnkoyh
4-9 Lo&ewY;kadu ç'u ,oa vH;kl

4-10 lgk;d ikB~; lkexzh

ç{ksi.k ;k iz{ksi (Interpolation) ,d Qyu (Function) dks ifjHkkf"kr djus dh
çfØ;k gS tks fufnZ"V fcanqvksa ij fufnZ"V eku (Specified Value) ysrk gSA cgqin
ç{ksi.k (Polynomial Interpolation) lcls Kkr ,d vk;keh ç{ksi.k (Dimension

Interpolation) fofèk gSA ç{ksi.k vKkr ekuksa dk vkdyu djus dh çfØ;k gS tks Kkr
ekuksa ds chp vkrs gSaA bl mnkgj.k esa] ,d lhèkh js[kk Kkr eku ds nks fcanqvksa ls
xqtjrh gSA vki vKkr eku ds fcanq dk vuqeku yxk ldrs gSa D;ksafd ;g vU; nks
fcanqvksa ds chp yxHkx eè; esa çrhr gksrk gSA

,d ewy izkfIr ,Yxksfjne (Root Finding Algorithm) ,d la[;kRed (Numerical)

fofèk ;k ,Yxksfjne gS] ftldks fdlh fn, x, Qyu f ds fy, eku x tSls fd
f(x) = 0 Kkr djus ds fy, mi;ksx djrs gSaA bl rjg ds x dks Qyu f dk ewy
(Root) dgk tkrk gSA lkekU;r;k] la[;kRed :i ls leL;kvksa dks gy djus ds
fy, ,Yxksfjne dks nks eq[; lewgksa esa foHkkftr fd;k tk ldrk gS] tks çR;{k
fofèk;k¡ (Direct Method) vkSj iqujkoÙ̀k fofèk;k¡ (Iterative Method)A çR;{k fofèk;k¡
os gSa ftUgsa iwoZ fuèkkZfjr la[;k esa pj.kksa esa iwjk fd;k tk ldrk gSA iqujkoÙ̀k fofèk;k¡
os fofèk;k¡ gSa tks le; ds lkFk lekèkku esa ifjofrZr gks tkrh gSaA ;s ,Yxksfjne rc
rd mi;ksx djrs gSa tc rd dqN vfHklj.k ekunaM iwjs ugha gks tkrsA ;g pquus
ds fy, fd dkSu lh fofèk dk mi;ksx djuk gS] ,d egRoiw.kZ fopkj ;g gS fd
,Yxksfjne (Algorithms) fdruh tYnh lekèkku esa ifjofrZr gks tkrk gS ;k fofèk dh
vfHklj.k nj D;k gSaA

bl bdkbZ esa vki lehdj.kksa ds lekèkku] ç{ksi.k (Interpolation)] la[;kRed
{ks=dyu (Numerical Quadrature) vkSj xkWml {ks=dyu lw=ksa (Gauss Quadrature

Formula) ds ckjs esa vè;;u djsaxsA
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bl bdkbZ dks i<+us ds ckn vki&

 lehdj.kksa ds lek/kku dks ifjHkkf"kr djus esa l{ke gksaxs(

 ç{ksi.k ;k iz{ksi dh O;k[;k dj ik,axs(

 la[;kRed {ks=dyu dks le> ik,axs(

 xkWml {ks=dyu lw=ksa dks ifjHkkf"kr dj ik,axsA

bl Hkkx esa] ge fuEu :i ds lehdj.kksa ds ewyksa (Roots of an Equation) dh x.kuk
ds fy, la[;kRed fofèk;ksa (Numerical Methods) ij fopkj djrs gSa]

f (x) = 0 (4.1)

tgk¡  f (x)  okLrfod pj (Real Variable) x dk ;Fkksfpr ;ksX; Qyu gSA
Qyu laHkor% chtxf.krh; ;k cgqin :i (Algebraic and Polynomial Form) esa
fuEu :i ls n'kkZ;k tkrk gS]

01
1

1 ...)( axaxaxaxf n
n

n
n  

 (4.2)

;g ,d vfHkO;fDr Hkh gks ldrh gS ftlesa [kkst ifj.kke vchth; Qyu
(Transcendental Function) tSls fd cos x, sin x, ex] vkfn] gks ldrs gSaA igys ge
,d lehdj.k ds iF̀kd okLrfod ewyksa (Isolated Real Roots) dks [kkstus dh fofèk;ksa
ij ppkZ djsaxsA ckn esa] ge lehdj.kksa ds fudk; ds iF̀kd ewyksa (Isolated Roots)

dks [kkstus ds rjhdksa ij ppkZ djsaxs] fo'ks"k :i ls nks okLrfod pjksa x vkSj y tks
;gk¡ n'kkZ;s x, gSa]

f (x, y) = 0 , g (x, y) = 0 (4.3)

,d lehdj.k ds ewyksa (Roots) dh vkerkSj ij nks pj.kksa esa x.kuk dh tkrh
gSA lcls igys] ge ewyksa dk fLFkrh irk djus ds fy, vifj"Ñr lfUudVu ewyksa
(Crude Approximation Roots) dks Kkr djsaxssA fQj ge ewy ds csgrj eku dh
x.kuk ds fy, iqujkof̀Ùk fof/k (Iterative Technique) dk mi;ksx djds Øfed
vuqekuksa ls okafNr lVhdrk (Desired Accuracy) rd ewyksa dks Kkr djsaxsA ;g
iqujkof̀Ùk Qyu (Iterative Function) dk mi;ksx djds fd;k tkrk gSA

(Method for Finding

Location of Real Roots)

okLrfod ewyksa dh fLFkfr ;k vifj"Ñr lfUudVu (Crude Approximation) dk
yxHkx lgh vuqeku yxkus ds fy, nh xbZ nks fof/k;ksa esa ls fdlh ,d dk mi;ksx
fd;k tkrk gSa] (a) vkys[kh; (Graphical) vkSj (b) lkj.khdj.k (Tabulation)A

(Graphical Method)% vkys[kh; fofèk esa] ge x dh fofHkUu ekuksa
dh ,d fuf'pr Js.kh ds fy, Qyu y = f (x) dk xzkQ ;k vkys[k cukrs gSaA og
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fcanqvksa tgk¡ xzkQ ;k vkys[k (Graph) x&v{k dks dkVrh gS] lehdj.k ¼4-1½ ds ewyksa
dk vifj"Ñr lfUudVu gksrk gSA mnkgj.k ds fy,] fuEu lehdj.k ij fopkj djsa]

f (x) = x2 + 2x – 1 = 0

fp= 4-1 esa fn[kk, x, Qyu y = f (x) ds xzkQ ;k vkys[k ls] ge ikrs gSa fd
;g x&v{k dks 0 vkSj 1 ds chp dkVrk gSA ,d ewy ds vifj"Ñr lfUudVu dks
fudkyus ds fy, ge [0, 1] ds chp fdlh Hkh fcanq dks ys ldrs gSaA bl çdkj] ge
0-5 dks ,d ewy dh fLFkfr ds :i esa ys ldrs gSaA nwljk ewy – 2 vkSj – 3 ds chp
fufgr gSA ge – 2.5 dks vifj"Ñr lfUudVu ds nwljs ewy ds :i esa ys ldrs gSaA

122  xxy  dk xzkQ ;k vkys[k

dqN izdj.kksa esa] tgk¡ y = f  (x) dk xzkQ cukuk dfBu gS] ge lehdj.k
f (x) = 0 dks f

1
(x) = f

2
(x) ds :i esa fQj ls fy[k ldrs gSa] tgk¡ y = f

1
 (x)  (x) vkSj

y = f
2
(x) (x) ds xzkQ ;k vkys[k ekud oØ (Standard Curves) gSaA rc ge y = f

1
(x)

vkSj y = f
2
(x) ds fcanq ds çfrPNsnu x&funsZ'kkad dks fudkyrs gSa] tks fd ewyksa dk

vifj"Ñr lfUudVu (Crude Approximation) gksrk gSA

mnkgj.k ds fy,] fuEu lehdj.k ij fopkj djsa]
3 15.2 13.2 0x x  

bls fQj ls fuEu :i esa fy[kk tk ldrk gS]
3 15.2 13.2x x 

tgk¡ y = x3 vkSj y = 15.2 x + 13.2 dk xzkQ ;k vkys[k cukuk vklku gSA fQj
Hkqt (Abscissa) ij fcanq ds çfrPNsnu (Point(s) of Intersection) dks vifj"Ñr
lfUudVu (Crude Approximation) ds :i esa fy;k tk,xkA

10

20

y x = 3

y x = 15.2  + 13.2

y = x3 vkSj y = 15.2x + 13.2 dk xzkQ ;k vkys[k
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 lehdj.k 10log 1.x x   ds ewy dh fLFkfr Kkr dhft,A

 lehdj.k dks fQj ls 10

1
log .x

x
  ds :i esa fy[kk tk ldrk gSA

vc oØ (Curves) 10log and ,y x y  vkSj oØ 1
log and ,y x y

x
   dk xzkQ ;k vkys[k vklkuh

ls cuk;k tk ldrk gS tSlk fd uhps fp= esa fn[kk;k x;k gSA

O 1 2 3

y = 

y x = log  10

1
x

 1
y and y x

x
  vkSj 10logy and y x   dk xzkQ ;k vkys[k

oØksa ds fcanq ds çfrPNsnu dk x&funsZ'kkad (Coordinates) eku yxHkx 2-5
gSA blhfy,] ewy dh fLFkfr (Location of Root) 2-5 gSA

(Tabulation Method)  lkj.khdj.k fofèk esa] ,d fo'ks"k Js.kh
esa x ds ekuksa ds fy, f (x) ds ekuksa dh ,d rkfydk cukbZ tkrh gSA fQj] ge x

ds yxkrkj nks ekuksa ds fy, f (x) ds eku esa fpUg ifjorZu (Change in Sign) ns[krs
gSaA ge ;g fu"d"kZ fudkyrs gSa fd x ds bu ekuksa (Values) ds chp ,d okLrfod
ewy fufgr gSA ;g lR; gksxk vxj ge fuEufyf[kr çes; dk mi;ksx lrr Qyuksa
(Continuous Function) ij djrs gSaA

 ;fn f (x) varjky (a, b) ds chp lrr gS] vkSj f (a) vkSj f (b) foijhr
fpUg (Opposite Sign) ds gSa] rks a vkSj b ds chp f (x) = 0 dk ,d okLrfod ewy
(Real Root) t:j mifLFkr gksxkA

mnkgj.k ds fy, lehdj.k f (x) = x3 – 8x + 5 = 0 ij fopkj djsaA

x vkSj f (x) ds fy, fuEu rkfydk dk fuekZ.k djrs gSa]

83251213227)(

32101234




xf

x

ge ns[krs gSa fd çR;sd mi varjky (Sub-Interval) (–3, –4), (0, 1) vkSj (2, 3)

esa ls çR;sd esa f (x) ds fpUg esa ifjorZu gksrk gSA bl çdkj ge rhu okLrfod ewyksa
ds fy, vifj"Ñr lfUudVu – 3.2, 0.2 vkSj 2.2 ys ldrs gSaA

(Methods for Finding the Roots)

1- foHkktu fofèk (Bisection Method)

2- ljy iqujkòfÙk fofèk (Simple Iteration Method)
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(Bisection Method)  foHkktu fofèk ,d ewy çkIr djus dh fofèk
gS tks ckj&ckj varjky dks dkVrh (Bisects) gS vkSj fQj ge mi varjky dk p;u
djrs gS ftlls vkxs dh çfØ;k ds fy, ,d ewy fuèkkZfjr gksrk gSA ;g ,d vR;ar
ljy vkSj etcwr fofèk gS] ysfdu ;g vis{kk—r èkheh (Relatively Slow) gSA blesa
vkerkSj ij ,d gy dks çkIr djus ds fy, yxHkx eku (Approximation) dk
mi;ksx fd;k tkrk gS ftldk vfèkd rsth ls ifjofrZr djus ds rjhdksa ds fy, ,d
çkjafHkd fcanq (Starting Point) ds :i esa mi;ksx fd;k tkrk gSA tc ,d varjky
esa ,d ls vfèkd ewy gksrs gSa] rks foHkktu fofèk muesa ls fdlh ,d dks çkIr dj
ldrh gSA tc ,d varjky esa ,d foy{k.krk (Singularity) gksrh gS] rks foHkktu fofèk
ml foy{k.krk (Singularity) esa cny tkrh gSA foHkktu fofèk dh èkkj.kk bl rF;
ij vkèkkfjr gS fd ,d Qyu (Function) 'kwU; ls xqtjus ij fpUg cnysxkA ge
varjky ds eè; esa Qyu dk ewY;kadu djrs gSa vkSj mls lhek (Limit) ds leku
fpUg esa cny nsrs gSaA foHkktu fofèk ewy dks Kkr djus ds fy, çR;sd iqujkof̀Ùk esa
varjky (Interval) ds vkdkj dks vkèkk (Half) djrh gSA

bl çdkj] ,d lehdj.k ds ewy dks çkIr djus ds fy, foHkktu fofèk lcls
ljy fofèk gSA blesa nks çkjafHkd vuqekuksa x

a
 vkSj x

b
 dh vko';drk gksrh gS tks ewy

dks dks"Bd (Bracket) djrs gSaA eku ys f
a
 = f(x

a
) vkSj f

b
 = f(x

b
) bl rjg gSa fd

f
a
 f

b
  0A Li"Vr% vxj f

a
 f

b
 = 0 gS rks x

a
 vkSj x

b
 esa ls ,d ;k nksuksa f(x) = 0 ds

ewy gks ldrs gSA fp= 4-3 esa nks çkjafHkd vuqekuksa x
a
 vkSj x

b
 dks ewy dksf"Bfdr

djrs gq, foHkktu fofèk (Bisection Method) dk o.kZu fd;k x;k gSA

 nks çkjafHkd vuqeku x
a
 vkSj x

b
 dks fn[kkrs gq, foHkktu fofèk dk xzkQ ;k vkys[k

;g fofèk rc iz;ksx gksrh gS tc ge okLrfod pj x ds lehdj.k f(x) = 0

dks gy djrs gSa] tgk¡ f ,d lrr Qyu gSa tks fd varjky [a, b] ij ifjHkkf"kr gksrk
gS vkSj f(a) vkSj f(b) ds foijhr fpUg gksrs gSaA

foHkktu fofèk (Bisection Method) esa varjky dh Øfed deh (Successive

Reduction) gksrh gS ftlesa ,d lehdj.k ds i`Fkd ewy fufgr gksrs gSaA ;g fofèk
uhps crk, x, lrr Qyuksa (Continuous Function) ds ,d egRoiw.kZ çes; ij
vkèkkfjr gSA
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;fn dksbZ Qyu f (x) can varjky [a, b] esa lrr (Continuous) gS] vkSj
f (a) vkSj f (b) foijhr fpUgksa ds gSa] vFkkZr] f (a) f (b) < 0 rc a vkSj b ds chp
f (x) = 0 dk de ls de ,d okLrfod ewy ekStwn gksrk gSA

foHkktu fofèk nks vuqekfur ekuksa (Guess Values) x
0
 vkSj x

1
 ls 'kq: gksrh gSA

fQj bl varjky [x
0
, x

1
]] dks ,d fcanq ),(

2

1
102 xxx   }kjk foHkkftr fd;k tkrk

gS] tgk¡ f(x
0
) . f(x

1
) < 0 gksrk gSA ge f(x

2
) dh x.kuk djrs gSaA ;fn f(x

2
) = 0 gS]

rks x
2
 ,d ewy gksrk gSA ge tkaprs gSa fd f(x

0
) . f(x

1
) < 0 ;k f(x

2
)- f(x

1
) < 0A ;fn

f (x
2
)/f (x

0
) < 0 gS] rks ewy varjky (x

2
, x

0
) esa gSA vU;Fkk] ;fn f(x

0
) . f(x

1
) < 0] rks

fQj ewy varjky (x
2
, x

1
) esa gSA

mivarjky ftlesa ewy gS mls fQj ls foHkkftr fd;k tkrk gS vkSj mijksDr
çfØ;k rc rd nksgjkbZ tkrh gS tc rd mivarjky dh yackbZ okafNr lVhdrk
(Desired Accuracy) ls de ugha gks tkrh gSA

foHkktu fofèk dks dks"Bd fofèk (Bracketing Method) Hkh dgk tkrk gS]
D;ksafd ;g fofèk Øfed :i ls okLrfod ewy ds vklikl ,d varjky ds nks fljksa
(Two Ends) ds chp ds varj dks de djrh gS] vFkkZr] okLrfod ewy (Real Root)
dks dks"Bd djrh gSA

uhps fn;k x;k ,Yxksfjne (Algorithm) Li"V :i ls lehdj.k ds okLrfod
ewy dk irk yxkus ds fy, okafNr lVhdrk rd foHkktu fofèk }kjk fd, tkus okys
vuqlj.k ds pj.kksa dks n'kkZrk gSA

 foHkktu fofèk dk mi;ksx dj ewy dk irk yxkuk gksrk gSA

lehdj.k f (x) = 0 dks ifjHkkf"kr djsaA

,fIly‚u (Epsilon)] okafNr lVhdrk dks i<+saA

nks çkjafHkd ekuksa x
0
 vkSj x

1
 dks i<+sa tks okafNr ewyksa dks dks"Bd

(Bracket) djrs gaSA

y
0
 = f (x

0
) dh x.kuk djsaA

y
1
 = f (x

1
) dh x.kuk djsaA

tk¡psa ;fn y
0
 y

1
 < 0 gS] rks pj.k (Step) 6 ij tk,¡ vU;Fkk pj.k 2 ij

tk,¡A

x
2
 = (x

0
 + x

1
)/2 dh x.kuk djsaA

y
2
 = f (x

2
) dh x.kuk djsaA

tkapsa fd D;k y
0
 y

2
 > 0] rks x

0
 = x

2
 j[ksa vU;Fkk x

1
 = x

2
  djsaA

tk¡p djsa ;fn |/)(| 101 xxx   > ,fIly‚u] rks pj.k 3 ij tk,¡A

x
2
, y

2
 fy[ksaA

% lekIrA

blds vkxs] ge fofèk dks csgrj fofèk ls le>kus ds fy, mijksDr ,Yxksfjne
ds ¶ykspkVZ (Flowchart) ds ckjs esa crk,xsaA ¶ykspkVZ dEI;wVj çksxzke fofèk ds
vklku dk;kZUo;u (Implementation) esa enn djrk gSA
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Begin

Define ( )f x

Read epsilon

Read , x x0 1

Compute  =  ( )y f x0 0

Compute  =  ( )y f x1 1

No

Yes

Compute  = (  + )/2x x x2 0 1

Compute  =  ( )y f x2 2

x x0 2 = 

x x1 2 = 

print ‘root’ = x2

End

No

Yes

YesNo

Is
 > 1y y0 2

Is
|(  – ) / |

> epsilon
x x x1 0 0

Is
 > 0y y0 1

 lehdj.k x3 – 9x + 1 = 0 ds lcls NksVs èkukRed ewy dh fLFkfr Kkr
dhft, vkSj bldh x.kuk foHkktu fofèk }kjk] n'keyo ds nks LFkkuksa rd djsaA

 lcls NksVs ?kukRed ewy (Positive Root) dh fLFkfr [kkstus ds fy, ge uhps
fn;s x, Qyu dks lkj.khc) (Tabulate) djrs gSa rc f (x) = x3 – 9x + 1 gSA

1921)(

3210

xf

x
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ge ikrs gSa fd lcls NksVk /kukRed ewy (Positive Root) varjky [0, 1] esa fufgr
gSA foHkktu fofèk ds Øfed pj.kksa ds fy, x.kuk fd, x, eku fuEu rkfydk esa fn,
x, gSaA

053.011718.0125.0109375.07

016933.0109375.0125.009375.06

155.009375.0125.00625.05

437.00625.0125.004

123.0125.025.003

23.125.05.002

37.35.0101

)( 2210







xfxxxn

mijksDr ifj.kkeksa ls ge ikrs gSa fd nks n'keyoksa rd lcls NksVk ewy 0-11 gSA

 (Simple Iteration Methods) ljy iqujkof̀Ùk fofèk dk
mi;ksx djds ,d lehdj.k f (x) = 0 ds ewy dks csgrj vkSj csgrj lfUudVu ewy
(Approximation of the Root) ds fy, Øfed :i ls x.kuk djds fuèkkZfjr fd;k
tkrk gS] lcls igys lehdj.k dks fuEufyf[kr :i esa fy[kk tkrk gS

x = g(x) (4.4)

fQj] ge vuqØe {x
n
} dks cukus ds fy, ewyksa ds vuqekfur eku (Guess

Value) x
0
 ls 'kq: djrs gSa vkSj Øfed :i ls x.kuk djrs gSa]

1 0 2 1 1( ), ( ),.., ( )n nx g x x g x x g x   

lkekU; rkSj ij] mijksDr vuqØe ewy    esa ifjofrZr gks ldrk gS tSls fd

 blfy, n  ;k ;g fopyu (Diverge) gks ldrk gSA ;fn vuqØe fopyu djrk gS] rks

ge bls R;kx nsaxs vkSj fQj ls f (x) = 0 dks ,d vU; :i x = h(x) esa fy[kdj
mlij fopkj djsaxsA ges'kk vfHklj.k vuqØe (Convergent Sequence) çkIr djuk
laHko gS D;ksafd f (x) = 0 dks x = g(x) ds :i esa iquysZ[ku djus dh vyx&vyx
fofèk;ka gSa ¼dbZ vU; fofèk;ka Hkh gS½A gkykafd] vuqØe dh x.kuk 'kq: djus ds
ctk;] ge igys ijh{k.k djsaxs fd g(x) dk :i vfHklj.k vuqØe ns ldrk gS ;k
ughaA ge uhps ,d çes; ns jgs gsa ftldk mi;ksx vfHklj.k dk ijh{k.k djus ds
fy, fd;k tk ldrk gSA

;fn Qyu g(x) varjky [a, b] esa lrr gS ftlesa lehdj.k f (x) = 0

dk ,d ewy gS] vkSj bls x = g(x) ds :i esa fQj ls fy[kk x;k gS] vkSj bl varjky
esa 1|)(|  lxg  gS] fQj ],[0 bax  ds fdlh Hkh fodYi ds fy,] iqujkof̀Ùk }kjk çkIr
vuqØe {x

n
}fuEu gksxk]

1 ( ), for 0, 1, 2,...k kx g x k  ftlesa ( ), for 0, 1, 2,...x g x k  (4.5)

;g f (x) = 0 ds ewy dks vfHklj.k (Converges) djrk gSA

pwafd x = ] lehdj.k x = g(x) dk ewy gS] gesa

( )g   (4.6)
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igyh iqujkof̀Ùk (First Iteration) x
1
 = g(x

0
) nsrh gSA

lehdj.k ¼4-6½ ls lehdj.k ¼4-7½ dks ?kVkus ij] ge çkIr djrs gSa]

1 0( ) ( )x g g x     (4.7)

ek/; eku çes; (Mean Value Theorem) dk iz;ksx djus ij] ge fy[k ldrs gSa]

1 0 0 0 0( ) ( ),x x g s x s        (4.8)

blh rjg ge çkIr dj ldrs gSa]

2 1 1 1 1( ) ( ),x x g s x s        (4.9)

1

....

( ) ( ),n n n n nx x g s x s        (4.10)

lehdj.kksa ¼4-8½] ¼4-9½ vkSj ¼4-10½ ls] ge çkIr djrs gSa]

1 0 0 1( ) ( ) ( )... ( )n nx x g s g s g s       (4.11)

pwafd lxg i  |)(|  çR;sd x
i
 ds fy,] mijksDr lehdj.k ¼4-11½ cu tkrk gS]

1
1 0| | | |n

nx l x
     (4.12)

Li"V gS] pwafd l < l, 1 0, as ,nl n  0, as ,l n   jkbV gSaM lkbM (R.H.S.) 'kwU; gks

tkrh gS vkSj bl çdkj vuqØe ¿{x
n
} ewy esa cny tkrk gS ;fn  ;fn if ( ) 1.   

;g gy iwjk gksrk gSA

(Order of Convergence) iqujkof̀Ùk (Iterations) çfØ;k ds
vfHklj.k dh dksfV dks Øfed iqujkòfÙk (Iterations) esa e

n 
vkSj e

n+1 
 =qfV;ksa (Errors)

ds inksa esa fuèkkZfjr fd;k tkrk gSA ,d iqujkof̀Ùk çfØ;k dks vfHklj.k dh ktoha

dksfV dgk tkrk gS vxj 1lim ,n
kn
n

e
M

e



  tgk¡ M ,d ifjfer la[;k (Finite

Number) gSA

vke rkSj ij] fdlh Hkh iqujkòfÙk esa =qfV fiNys iqujkòfÙk dh =qfV dh koha ?kkr
(Power) ds vkuqikfrd gksrh gSA

Li"V gS] bl [kaM esa ljy iqujkof̀Ùk ij dh xbZ ppkZ es vfHklj.k dk Øe 1
gSA

mijksDr iqujkof̀Ùk dks LFkk;h fcanq iqujkof̀Ùk (Fixed Point Iteration) Hkh dgk
tkrk gS D;ksafd ;g x = g(x) }kjk ifjHkkf"kr ewy dks ekufp=.k ds fuf'pr fcanq ds
:i esa fuèkkZfjr djrk gSA

 f (x) = 0 ds ewy dh ljy iqujkof̀Ùk }kjk x.kuk djrs gSaA

g(x) dks ifjHkkf"kr djsa] tgk¡ f (x) = 0 dks x = g(x) ds :i esa fQj ls
fy[ksA

x
0
 ,fIly‚u] eSfDlV (Maxit) es fufo"V (Input) nsa] tgk¡ x

0
 ewy dk

çkjafHkd vuqeku gS] ,fIly‚u okafNr lVhdrk gS] vfèkdre (Maxit)

iqujkof̀Ùk dh vuqefr gSA
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i = 0 j[ksaA

 x
1
 = g (x

0
) j[ksaA

 i = i + 1 j[ksaA

tk¡p djsa] fd |(x
1
 – x

0
)/ x

1
| <  ,fIly‚u] rks fçaV (Print)  dk ^ewy^ gS x

1

vU;Fkk] pj.k 6 ij tk,aA

tkapsa] vxj i < n] rks x
0
 = x

1
 j[ksa vkSj pj.k 3 ij tk,aA

‘n iqujko`fÙk ds ckn dksbZ vfHklj.k ugha gSa* fy[ksaA

lekIrA

 x = 1 ds ikl] lehdj.k x3 – x – 1 = 0 ds okLrfod ewy dh x.kuk
djus ds fy,] iqujkof̀Ùk (Iteration) }kjk] fuèkkZfjr djsa fd vfHklj.k Øe nsus ds fy,
fuEufyf[kr iqujkof̀Ùk (Iteration) esa ls fdldk mi;ksx fd;k tk ldrk gSA

(i) x = x3 – 1 (ii)
2

1x
x

x


 (iii)

1x
x

x




(i) lehdj.k :i (Equation Form) 3 1,x x   ds fy,] g(x) = x3 – 1 vkSj
2( ) 3g x x A blfy,] | ( ) | 1,g x  rks] ;g iqujkof̀Ùk esa vfHklj.k Øe

ugha nsxkA

(ii) lehdj.k :i (Equation Form) 
2 2

1 1
, ( ) .

x x
x g x

x x

 
   ds fy,]

| (1) | 3 1.g  

bl çdkj] ;g lehdj.k :i Hkh iqujkof̀Ùk (Iteration) esa vfHklj.k Øe
ugha nsxkA

 (iii) .
11

2

1
)(,

1
)(

2

2

1














 






xx

x
xg

x

x
xg  ds fy,]

.1
22

1
|)1(|  g

 - blfy,]  
x

x
x

1
  iqujkof̀Ùk (Iterations) esa vfHklj.k Øe nsxkA

 iqujkof̀Ùk (Iteration) fofèk ds }kjk ikap egRoiw.kZ vadksa rd lehdj.k
x3 + x2 – 1 = 0 ds okLrfod ewy dh x.kuk djsaA

lehdj.k dk okLrfod ewy 0 vkSj 1 ds chp esa gS D;ksafd f (x) = x3 + x2 – 1

esa 0 vkSj 1 ij foijhr fpUg çkIr gksrs gSaA iqujkof̀Ùk dk mi;ksx djus ds fy,] ge
igys lehdj.k dks fuEufyf[kr fofHkUu çdkj ls fy[ksaxsA

(i) 2

1
1x

x
  (ii)

1
1x

x
  (iii)

1

1
x

x
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(i), 32

2
)(,

1
1)(

x
xg

x
xg   vkSj x esa (0, 1), | ( ) | 1g x   ;g lehdj.k

:i mi;qDr ugha gSA (ii) 





 



 1
1

1
1

1
.

2

1
)(

2x

x

xg  lehdj.k :i (ii) ds fy,

1|)(|  xg  lHkh x (0, 1) esa ;g lehdj.k :i mi;qDr ugha gSA var esa] lehdj.k
:i

(iii) 3

2

1 1
( ) . and ( ) 1 for in (0,1).

2
( 1)

g x g x x

x

   


 vkSj ( ) . and ( ) 1 for in (0,1).g x g x x     ds fy,

 bl çdkj bl lehdj.k :i dk mi;ksx vfHklj.k Øe (Convergent

Sequence) dks cukus ds fy, fd;k tk ldrk gS ewy dks Kkr djus ds fy, ,d
vfHklj.k Øe cukrs gSaA

 ge x ds lkFk iqujkof̀Ùk x
0
 = 1 ls 'kq: djrs gSaA Øfed 

x
x




1

1  iqujkof̀Ùk

(Iteration) ds ifj.kke gS]

75488.075488.075490.075476.0

75541.075236.076537.070711.0

8765

4321




xxxx

xxxx

bl çdkj] ikap egRoiw.kZ vadksa rd ewy 0.75488 gSA

 ikap vadksa rd lehdj.k x2 – x – 0.1 = 0 ds ewy dh x.kuk djsa] tks
(1,2) esa fufgr gSA

iqujkof̀Ùk (Iteration) ds ekè;e ls ewy dh x.kuk ds fy, lehdj.k dks
fuEufyf[kr :i esa fQj ls fy[ksA

.1.0 xx  ;gk¡ 
1

( )
2 0.1

g x
x




vkSj ,1|)(|  xg   x (1, 2) esa gSA

x
0
 = 1 ij Øfed iqujkof̀Ùk (Successive Iterations) ds ifj.kke gksaxs]

x
1
 = 1.0488 x

2
 = 1.0718 x

3
 = 1.0825

x
4
 = 1.0874 x

5
 = 1.0897.

bl çdkj] rhu egRoiw.kZ vadksa (Three Significant Figures) rd ewy 1-09 gSA

 jSf[kd iqujkof̀Ùk (Linear Iteration) dh fofèk dk mi;ksx djds (2, 4)

esa fufgr ewy ds fy, fuEufyf[kr lehdj.k dks gy djsa% x3 – 9x + 1 = 0A fn[kk,¡
fd lehdj.k x = g (x) esa fQj ls fy[kus dh fofHkUu fofèk gSa vkSj mls pqusa] tks ewy
ds fy, ,d vfHklj.k vuqØe nsrk gSA
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 ge lehdj.k dks fuEufyf[kr fofHkUu :iksa esa fQj ls fy[k ldrs gSa]

(i) )1(
9

1 3  xx (ii) 2

1
/9

x
xx  (iii)

x
x

1
9 

lehdj.k :i (i) ds izdj.k esa] 2

3

1
)( xxg   vkSj x ds fy, [2, 4] esa]

| ( ) | 1.g x   gSA blfy, ,d vfHklj.k vuqØe dk fodkl (Rise) ;g ugha nsxkA

(ii) 2 3

9 2
( ) 2g x x

x x
    vkSj x ds fy, [2, 4] ds izdj.k esa] | ( ) | 1g x 

(iii) 
1

2

2

1 1
( ) 9 and| ( ) | 1

2
g x g x

x x


      

 ds izdj.k esa ( ) 9 and| ( ) | 1g x g x   

bl çdkj] lehdj.k :iksa (ii) vkSj (iii) [2, 3] esa ewy dks Kkr djus ds fy,

vfHklj.k Øe nsaxsA

ge iqujkòfÙk (Iteration) fofèk (iii) esa x
0
 = 2 dks iqujkof̀Ùk (Iteration) esa ysdj

'kq: djrs gSaA Øfed iqujkof̀Ùk (Successive Iteration) ds ifj.kke fuEu gksaxs%

x
0
 = 2.0 x

1
 = 2.91548x

4
 = 2.94282

x
2
 = 2.94228 x

3
 = 2.94281

bl çdkj] n'keyo ds pkj LFkkuksa rd ewy dks 2-94281 ds :i esa fy;k tk
ldrk gSA

(Newton-Raphson Method)

U;wVu&jSilu fofèk (Newton-Raphson Method) esa lehdj.k f (x) = 0 ds ewy dks
okafNr lVhdrk rd [kkstus ds fy, O;kid :i ls mi;ksx dh tkus okyh
la[;kRed fofèk (Numerical Method) gSA ;g ,d iqujkof̀Ùk (Iterative) fofèk gS
ftldh vfHklj.k (Convergence) dh nj rhoz gS vkSj ;g rc cgqr mi;ksxh gS tc
vfHkO;fDr dk voydu f (x) tfVy (Complicated) ugha gksrk gSA U;wVu&jSilu
fofèk (Newton-Raphson Method)] ftls U;wVu dh fofèk (Newton Method) Hkh
dgk tkrk gS] ,d ewy Kkr djus dk ,Yxksfjne (Algorithm) gS tks fdlh lafnXèk
ewy ds vkl ikl Qyu f (x) dh Vsyj Ük`a[kyk (Taylor Series) ds igys dqN inksa
dk mi;ksx djrk gSA U;wVu&jSilu fofèk esa] ewy dks [kkstus ds fy, çkjafHkd
vuqeku x

1
 dks ewy ekudj 'kq#vkr djsaA vxys vuqeku x

2
 dk fcanq  [x

1
, f(x

1
)] ls

Li'kZjs[kk dk x&v{k ij çfrPNsnu (Intersection) gksrk gS] vxys vuqeku x
3
 Hkh fcanq

[x
2
, f(x

2
)]] ls Li'kZjs[kk dk x& v{k ij çfrPNsnu (Intersection) gksrk gS] tSlk fd

fp= 4-4 esa fn[kk;k x;k gSA
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x1

f(x)
f(x )1

B

x2x3

U;wVu&jSilu fofèk dk xzkQ ;k vkys[k

U;wVu&jSilu fofèk dks <ky (Slope) dh ifjHkk"kk ls fuEukuqlkj O;Dr fd;k
tk ldrk gS]

f (x
1
) = 1

1 2

( ) 0f x

x x




  x
2
 = x

1 
– 1

1

( )

'( )

f x

f x

lkekU; fu;ekuqlkj] fcanq [x
n
, f(x

n
)] ls] vxys vuqeku dh x.kuk fuEukuqlkj

dh tkrh gS]

x
n+1

 = x
n 
– 

( )

'( )
n

n

f x

f x

voydt ;k <ky (Derivative or Slope) f(x
n
) dks vadh; :i ls vuqekfur

fd;k tk ldrk gS]

f (x
n
) = 

x

xfxxf nn


 )()(

bl i)fr ds lw= dks çkIr djus ds fy,] ge f (x) = 0 ds ewyksa ds çkjafHkd
vuqeku ds :i esa Vsyj dh f (x

0
 + h), x

0
 Ükà[kyk ij fopkj djsxsa vkSj h dks ewyksa

esa ,d NksVs ls lqèkkj ds :i es ysaxsA
2

0 0 0 0( ) ( ) ( ) ( ) ...
2 !

h
f x h f x h f x f" x    

h dks NksVk ekurs gq,] ge h ds oxZ vkSj mPp ?kkrksa (Higher Powers) dh
mis{kk djds f (x

0
 + h) dks 0 ds cjkcj ekurs gSaA


0 0( ) ( ) 0 2f x h f x 

bl çdkj] ge ewy dk ,d csgrj eku fy[k ldrs gSa] tSls fd X
1
= x

0
+ h

vFkkZr] 0

0

( )

( )

f x
h

f x
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1 0

0
1 0

0

( )

( )

x x h

f x
x x

f x

 

 


Øfed lfUudVu 2 3 1, ,..., nx x x   dks bl çdkj fy[kk tk ldrk gS]

)(

)(

.........

)(

)(

)(

)(

1

2

2
23

1

1
12

n

n
nn xf

xf
xx

xf

xf
xx

xf

xf
xx










 (4.13)

;fn vuqØe (Sequence) }{ nx  vfHklj.k (Converges) gksrk gS] rks gesa ewy
(Root) feyrk gSA

U;wVu&jSilu fofèk }kjk  f (x) = 0 ds ewy dh x.kukA

f (x), )(xf   dks ifjHkkf"kr djsaA

 x
0
] ,fIly‚u] vfèkdre (Maxit)

 
esa fufo"V (Input) nsA

[x
0
 ewy dk çkjafHkd vuqeku (Initial guess) gS] ,fIly‚u ewy dh okafNr

lVhdrk vkSj (Maxit) tks fd iqujkòfÙk ds vf/kdre vad (Maximum Number) gS]
dh vuqefr nsrk gSA

i = 0 j[ksaA

 f
0
 = f (x

0
) j[ksaA

 df
0
 = f  (x

0
) dh x.kuk djsA

 x
1
 = x

0
 – f

0
/df

0 
j[ksaA

i = i + 1 j[ksaA

tk¡p djsa vxj |(x
1
 – x

0
) |x

1
| <  ,fIly‚uA rks fçaV djsa ̂ ewy^ gS x

1
]

vkSj #d tk, vU;Fkk ;fn i < n] rks x
0
 = x

1
 j[ksa vkSj pj.k 3 ij tk,aA

^iqujkof̀Ùk vfHklj.k ugha gSa* fy[ksaA

 lekIrA

 U;wVu&jSilu fofèk dk mi;ksx djds lehdj.k x3 – 8x – 4 = 0 ds
?kukRed ewy dh x.kuk ikap egRoiw.kZ vadksa rd djsaA

U;wVu&jSilu iqujkof̀Ùk (Newton Raphson Iterative) fofèk dks fuEu :i esa
fy[kk tkrk gS]

1

( )
, 0, 1, 2, ...

( )
n

n n
n

f x
x x n

f x   
 ds fy,

fn, x, lehdj.k f (x) = x3 – 8x – 4 ds fy,]
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 igys ge lkj.khdj.k dh fofèk }kjk ewyksa dk LFkku Kkr djrs gSaA f (x) ds
fy, rkfydk gS]

28112134)(

43210

xf

x

Li"V gS] èkukRed ewy x ¾ 3 ds ikl gSA ge U;wVu&jSilu iqujkof̀Ùk fofèk
esa x

0
 = 3 ysrs gSaA

3

1 2

8 4

3 8
n n

n n
n

x x
x x

x

 
 



gesa 1

27 24 4
3 3.0526

27 8
x

 
  


 feyrk gSA

blh rjg] y, x
2
 = 3.05138 vkSj x

3
 = 3.05138A

bl çdkj ikap egRoiw.kZ vadksa rd èkukRed (Positive Root) ewy 3-0514 gSA

 ikap egRoiw.kZ vadksa rd lehdj.k 3 27 9 0,x x    dk okLrfod
ewy (Real Root) Kkr dhft,A

 igys ge lkj.khdj.k }kjk okLrfod ewy dh fLFkfr çkIr djrs gSaA ge ikrs
gSa fd okLrfod ewy _.kkRed gS vkSj pwafd f (–7) = 9 > 0 vkSj f (–8) = – 55 < 0

gS] rks ewy &7 vkSj & 8 ds chp esa feysxkA

okafNr lVhdrk rd ewy dh x.kuk ds fy,] ge x
0
 = –8 ysaxs vkSj U;wVu&

jSilu iqujkoÙ̀k lw= dk mi;ksx djsaxs]
3 2

1 2

7 9

3 14
n n

n n
n n

x x
x x n

x x

 
  

  , for 0, 1, 2, ...x x n    ds fy,

Øfed iqujkòfÙk (Successive Iterations) nsrk gS]
x

1
 = –7.3125

x
2
 = –7.17966

x
3
 = –7.17484

x
4
 = –7.17483

blfy,] ikap egRoiw.kZ vadksa rd okafNr ewy &7-1748 gSA

 ,a ds ewY;kadu ds fy,] U;wVu&jSilu iqujkof̀Ùk fofèk dk mi;ksx

djds] iqujkoÙ̀k lw= (Iterative Formula) dk ,
2

1
1 










n
nn x

a
xx ifj.kke fudkysaA

bldk mi;ksx djds 2  dk pkj egRoiw.kZ vadksa rd eku fudkysA

 ge ns[krs gSa fd] a  lehdj.k x2 – a = 0 dk gy gSA

vc] U;wVu&jSilu iqujkof̀Ùk fofèk f(x) = x2 – a a dk mi;ksx djrs gq, ge
ikrs gSa]

2

1 2
n

n n
n

x a
x x

x
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gekjs ikl gS]
2

1 2
n

n n
n

x a
x x

x


 

2

1 2
n

n n
n

x a
x x

x


 

vFkkZr] 1

1
, for 0, 1, 2,...

2n n
n

a
x x n

x

 
   

 
, for 0, 1, 2,...x x n    ds fy,

vc] ,2  dh x.kuk ds fy,] ge x
0
 = 1.4 ekusxsA Øfed iqujkòfÙk (Successive

Iteration) nsxk]

41421.1
414.1

2
414.1

2

1

414.1
8.2

96.3

4.1

2
4.1

2

1

2

1







 







 

x

x

vr%] pkj egRoiw.kZ vadksa rd 2  dk eku 1-414 gSA

 fl) djks fd k a  dh x.kuk iqujkof̀Ùk fofèk

.)1(
1

11













 k
n

nn
x

a
xk

k
x  }kjk dh tk ldrh gSA vr% ,23 dk ewY;kadu ik¡p

egRoiw.kZ vadksa rd djasA

 eku k a , xk – a = 0 dk èkukRed ewy (Positive Root) gSA bl çdkj k a  ds

ewY;kadu ds fy, iqujkof̀Ùk (Iterative) fofèk gS]

1 1

k
n

n n k
n

x a
x x

kx
 


 

;k] 1 1

1
or, ( 1) , for 0, 1, 2,...n n k

n

a
x k x n

k x
 

 
    

 
 n = 0, 1, 2, ... ds fy,A

vc] ewY;kadu ds fy, ,23  ge x
0
 = 1.25 ysrs gSa vkSj iqujkof̀Ùk (Iterative)

lw= dk mi;ksx djrs gSa]

1 2

1 2
2

3n n
n

x x
x

 
  

 
.

gekjs ikl gS]

1 2

2 3

1 2
We have, 1.25 2 1.26

3 (1.25)

1.259921, 1.259921

x

x x

 
    

 

 

blfy,] 3 2  = 1.2599] ikap egRoiw.kZ vadksa rd lgh gSA
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 U;wVu&jSilu fofèk }kjk 3x – cos x – 1 = 0 dk okLrfod ewy] rhu
egRoiw.kZ vadksa rd Kkr djsaA

f (x) = 3x – cos x – 1 = 0] dk okLrfod ewy [0, 1] esa gS D;ksafd f (0) = – 2 vkSj
f (1) > 0 gSA

ge x
0
 = 0 dks pqurs gSa vkSj iqujkof̀Ùk (Iteration) dh U;wVu&jSilu fofèk dk

mi;ksx djrs gSaA

1

3 cos 1
, 0, 1, 2,...

3 sin
n n

n n
n

x x
x x n

x

 
  



Øfed iqujkof̀Ùk (Successive Iteration) ds fy, ifj.kke gSa]
x

1
 = 0.667, x

2
 = 0.6075, x

3
 = 0.6071

bl çdkj] rhu egRoiw.kZ vadksa rd ewy 0-607 lgh gSA

 pkj egRoiw.kZ vadksa rd lehdj.k xx + 2x – 6 = 0 dk ,d okLrfod
ewy Kkr djsaA

 f (x) = xx + 2x – 6 ysA gekjs ikl f (1) = –3 < 0  vkSj f (2) = 2 > 0 gSA bl çdkj
gS fd ewy [1, 2] esa fufgr gSA x

0
 = 2] ge U;wVu&jSilu iqujkof̀Ùk fofèk dk mi;ksx

djrs gSa]

1

2 6
, for 0, 1, 2,...

(log 1) 2

n

n

x
n n

n n x
n e n

x x
x x n

x x


 
  

    , for 0, 1, 2,...x x n    ds fy,

Øfed iqujkof̀Ùk;ksa dh x.kuk ls izkIr fd, x, ifj.kke gSa]

1 2

2

3

4 4 6
2 1.72238

4 (log 2 1) 2

1.72321

1.72308

e

x
x

x

x

 
  

  



blfy,] pkj egRoiw.kZ vadksa ds fy, ewy 1-723 lgh gSA

(Order of Convergence) ge fn, x, lw= }kjk U;wVu&
jSilu fofèk ds vfHklj.k ds Øe ij fopkj djrs gSa]

1

( )

( )
n

n n
n

f x
x x

f x  


eku ysrs gSa fd iqujkof̀Ùk;ksa dk Øe {x
n
} ewy esa ifjofrZr gks x;k gS fQj]

Vsyj Js.kh ls x
n
 ds lacaèk esa foLrkj djrs gq,] lacaèk f () = 0 nsrk gSA

21
( ) ( ) ( ) ( ) ( ) ... 0

2n n n n nf x x f x x f x        

2

2
1

( ) ( )1
( ) . ...

( ) 2 '( )

( )1
( ) .

2 ( )

n n
n n

n n

n
n n

n

f x f x
x x

f x f x

f x
x x

f x
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=qfV (Error) 
n
 dks noha iqujkof̀Ùk esa =qfV ds :i esa ysdj vkSj 

n
 = 

n
 – ]

fy[kdj gekjs ikl gS]

2
1

1 ( )

2 ( )n n

f

f


  

 (4.14)

bl çdkj] 2
1 ,n k n    tgk¡ k ,d fu;r (Constant) gSA

blls irk pyrk gS fd U;wVu&jSilu fofèk ds vfHklj.k dh dksfV 2 gSA nwljs
'kCnksa esa] U;wVu&jSilu fofèk esa vfHklj.k dh ,d f}?kkr nj (Quadratic Rate) gSA

U;wVu&jSilu fofèk ds vfHklj.k dh fLFkfr vklkuh ls U;wVu&jSilu iqujkof̀Ùk

fofèk dks 1 ( )n nx x   ds :i esa iquysZ[ku djds çkIr dh tk ldrh gS tgk¡]

( )
( )

( )

f x
x x

f x
  

 .

blfy,] jSf[kd iqujkof̀Ùk fofèk (Linear Iteration Method) ds vfHklj.k
(Convergence) dh fLFkfr dk mi;ksx djrs gq,] ge fy[k ldrs gSa]

2

( ) ( )
( )

[ ( )]

f x f x
x

f x


 



bl çdkj] U;wVu&jSilu fofèk ds vfHklj.k ds fy, i;kZIr fLFkfr

gS]
2

( ) ( )
1,

[ ( )]

f x f x

f x





 varjky esa ewy ds iklA

vFkkZr] 2| ( ) ( ) | | ( ) |f x f x f x  (4.15)

(Secant Method)

Nsfnd fofèk (Secant Method) dks U;wVu&jSilu fofèk dk mUur :i ekuk tk
ldrk gSA bl fofèk ds fy, iqujkof̀Ùk lw= U;wVu&jSilu fofèk ds lw= ls çkIr gksrk
gS] ftlesa voydt (Derivative) )( 0xf   dks nks lehiorhZ fcanqvksa x

0
 vkSj x

1
 dks oØ

y = f (x) ls tksM+dj feys thok (Chord) ds ço.krk ;k <yko (Gradient) ls cnyk
tkrk gSA

bl çdkj] gekjs ikl gS]

1 0
0

1 0

( ) ( )
( )

f x f x
f x

x x






iqujkof̀Ùk (Interative) lw= }kjk fn;k x;k gS]

1
2 1 1 0

1 0

( )
( )

( ) ( )

f x
x x x x

f x f x
  



bls fQj ls fy[kk tk ldrk gS]

)()(

)()(

01

0110
2 xfxf

xfxxfx
x
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Nsfnd lw= (Secant Formula) lkekU; :i esa gS]

x
n
 = x

n–1 
– f(x

n–1
)

–1 –1

–1 –2( ) ( )
n n

n n

x x

f x f x




iqujkof̀Ùk lw= jsxqyk&Qkylh fofèk (Regula-Falsi Method) ds lw= ds leku
gSA Nsfnd (Secant) fofèk vkSj jsxqyk&Qkylh i)fr ds chp varj bl rF; esa
fufgr gS fd jsxqyk&QkYlh fofèk ds foijhr] Nsfnd fofèk esa nks çkjafHkd vuqekfur
eku ewy dks dks"Bd (Bracket) ugha djrs gSa vkSj Øfed iqujkof̀Ùk (Successive

Interation) ds nkSjku ewy ds dks"Bd dh tk¡p ugha djrs gSaA bl çdkj] Nsfnd fofèk
(Secant Method) ges'kk ewy dks [kkstus ds fy, ,d vfHklj.k Øe (Convergent

Sequence) ugha cukrh gSA Nsfnd fofèk dh T;kferh; O;k[;k fp= 4-5 esa fn[kkbZ
xbZ gSA

vfHklj.k (Convergence) fopyu (Divergence)

¼js[kk AB vdsys  x –v{k ls feyrh gSa½

 Nsfnd fofèk

 Nsfnd fof/kd (Secant Method) }kjk f (x) = 0 ds ewy dh [kkstA

f (x) dks ifjHkkf"kr djsaA

 x
0
, x

1
, =qfV] vfèkdre (Maxit) dks fufo"V (Input) ns vkSj [x

0
, x

1
]

çkjafHkd vuqeku gSa] =qfV fuèkkZfjr ;FkkZFkrk (Prescribed Precision) gS vkSj (Maxit)

iqujkof̀Ùk dh vfèkdre la[;k gSA

 i = 1 j[ksaA

f
0
 = f (x

0
) dh x.kuk djsaA

 f
1
 = f (x

1
) dh x.kuk djsaA

 x.kuk x
2
 = (x

0 
f
1
 – x

1 
f
0
)è(f

1
 – f

0
) dh x.kuk djsaA

 i = i + 1 j[ksaA

 Accy = |x
2
 – x

1
| / |x

1
| dh x.kuk djsaA

tk¡p djsa fd Accy < =qfV (Error) gS] rks pj.k 14 ij tk,¡A

tk¡p djsa fd i   vfèkdre (Maxit)] rks pj.k 16 ij tk,¡A

x
0
 = x

1 
j[ksaA

x
1
 = x

2
 j[ksaA
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pj.k 6 ij tk,aA

 fçaV djsa Þewy ¾ß]x
2
 gSaA

pj.k 17 ij tk,aA

fçaV djsa ^iqujkof̀Ùk vfHklj.k ugha djrh gŜ A

lekIrA

(Regula-Falsi Method)

jsxqyk&Qkylh fofèk Hkh ,d dks"Bhdj.k (Bracketing) fofèk gSA foHkktu fofèk
(Bisection Method) esa] ge igys ,d varjky (a, b) dh [kkst djds x.kuk 'kq:
djrs gSa] ftlds Hkhrj ,d okLrfod ewy fufgr gksrk gSA a = x

0 
vkSj b = x

1
 fy[kdj]

ge f (x
0
) vkSj f (x

1
) dh x.kuk djrs gSa] vkSj tkaprs gSa fd vxj f (x

0
) vkSj f (x

1
)

foijhr fpUgksa ds gSaA vuqekfur ewy x
2
 ds fuèkkZj.k ds fy,] ge (x

0
, f (x

0
)) vkSj (x

1
,

f (x
1
)) ls xqtjus okys thok (Chord) vkSj x&v{k ds çfrPNsnu fcanq (Intersection

Point) dks ns[ksaxs] vFkkZr] oØ y = f (x
0
) uhps fn;s x, lehdj.k ls vk, thok }kjk

çfrLFkkfir fd;k tk,xk]

)(
)()(

)( 0
01

01
0 xx

xx

xfxf
xfy 




 (4.16)

bl çdkj] lehdj.k ¼4-16½ esa y = 0 vkSj x = x
2
 j[kdj] ge çkIr djsaxs]

)(
)()(

)(
01

01

0
02 xx

xfxf

xf
xx 


 (4.17)

blds ckn] ge f (x
2
) dh x.kuk vkSj ml varjky dks fuèkkZfjr djrs gSa ftlesa

ewy fuEufyf[kr fofèk ls fufgr gSA

;fn (a) f (x
2
) vkSj f (x

1
) foijhr ladsr ds gSa] rks ewy (x

2
, x

1
) esa fufgr gSA

vU;Fkk ;fn (b) f (x
0
) vkSj f (x

2
) foijhr ladsr ds gSa] rks ewy (x

0
, x

2
) esa fufgr gSA

vxyk vuqekfur ewy igys izdj.k esa x
0 
}kjk x

2
 vkSj nwljs izdj.k esa x

1
 }kjk x

2
 ls

cnydj fuèkkZfjr fd;k tkrk gSA

iwoksZDr çfØ;k rc rd nksgjkbZ tkrh gS tc rd fd ewy dh okafNr lVhdrk
rd ds fy, x.kuk ugha dh tkrh gS] vFkkZr] fLFkfr 1( ) / ,k k kx x x    larq"V gksuh
pkfg,A

jsxqyk&QkYlh (Regula-Falsi) fofèk dks T;kferh; :i ls fuEu fp= 4-6 }kjk
O;k[;kf;r fd;k tk ldrk gSA

x f x1 1,  ( )

x f x2 2,  ( )

x f x0 2,  ( )

O

 jsxqyk&Qkylh fofèk
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 (Algorithm)  jsxqyk&QkYlh (Regula-Falsi) fofèk }kjk ,d lehdj.k
ds ewy dh x.kukA

 f (x) dks ifjHkkf"kr djsaA

,fIly‚u] okafNr lVhdrk (Desired Accuracy) dks i<+sA

 vfèkdre (Maxit) iqujkof̀Ùk (Iteration) dh vfèkdre la[;k i<+sA

ewy ds nks çkjafHkd vuqekuksa  f
0
 = f (x

0
) dks i<+sA

 f
0
 = f (x

0
) dh x.kuk djsA

 f
1
 = f (x

1
) dh x.kuk djsA

tkapsa fd vxj f
0 
f
1
 < 0 gS] rks vxys pj.k ij tk,a vU;Fkk pj.k

4 ij tk,aA

x
2
 = (x

0
 f

1
 – x

1
 f

0
) / (f

1
 – f

0
) dh x.kuk djsA

 f
2
 = f (x

2
) dh x.kuk djsA

tk¡p djsa ;fn |f
2
| < ,fIly‚u (Epsilon) gS] fQj pj.k 18 ij tk,aA

tkapsa fd D;k f
2
 f

0
 < 0 gS] rks vxys pj.k ij tk,a vU;Fkk pj.k

15 ij tk,aA

 x
1
 = x

2
 j[ksaA

f
1
 = f

2 
j[ksaA

pj.k 7 ij tk,a

x
0
 = x

2
 j[ksaA

f
0
 = f

2 
j[ksaA

pj.k 7 ij tk,aA

‘ewy ¾’] x
2
, f

3
 fy[ksaA

lekIrA

pkj egRoiw.kZ vadks rd ds fy, x3 – 3x – 5 = 0 ds èkukRed ewy
dh x.kuk ds fy, jsxqyk&Qkylh fofèk dk mi;ksx djsaA

igys ge ml varjky dks Kkr djsaxs ftlesa ewy fufgr gSA ge voyksdu
(Observe) djsaxs fd f (2) = –3 vkSj f (3) = 13A bl çdkj] ewy [2, 3] esa fufgr gSA
jsxqyk&Qkylh fofèk dk mi;ksx djus ds fy,] ge lw= dk mi;ksx djrs gSa]

)(
)()(

)(
01

01

0
02 xx

xfxf

xf
xx 




x
0
 = 2] vkSj x

1
 = 3 ds lkFk gekjs ikl]

1875.2)23(
313

3
22 


x
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fQj ls] pwafd f (x
2
) = f (2.1875) = –1.095] ge varjky [2.1875, 3] ij fopkj

djsaxsA vxyk lfUudVu x
3
 = 2.2461 gSA blh ds lkFk] f (x

3
) = – 0.4128 gSA blfy,]

;g ewy [2.2461, 3], esa fufgr gSA

iqujkof̀Ùk (Iteration) dks nksgjkrs gq, ge çkIr djrs gSa]
x

4
 = 2.2684, f (x

4
) = –  0.1328

x
5
 = 2.2748, f (x

5
) = –  0.0529

x
6
 = 2.2773, f (x

6
) = – 0.0316

x
7
 = 2.2788, f (x

7
) = – 0.0028

x
8
 = 2.2792, f (x

8
) = – 0.0022

pkj egRoiw.kZ vadksa ds fy, lgh ewy 2-279 gSA

(Roots of Polynomial Equations)

okLrfod xq.kkad (Real Coefficients) okys cgqin lehdj.kksa (Polynomial Equations)

esa muds ewy ds lacaèk esa dqN egRoiw.kZ fo'ks"krk,a gksrh gSaA vxj n ?kkr dk ,d
cgqin lehdj.k gS&

p
n
(x) =  a

n
xn + a

n–1
xn–1 + a

n–2
xn–2 + ... + a

2
x2 + a

1
x + a

0
 = 0 gS rks

 (i) ?kkr n ds cgqin lehdj.k esa dsoy n ewy gksrs gSaA

 (ii) lfEeJ ewy (Complex Root) ;qXeksa (Pairs) esa gksrs gSa] vFkkZr] ;fn i   ]

p
n
(x) = 0 dk ,d ewy gS i   rks nwljk ewy i    gksxkA

(iii) MsldkVZ (Descartest's) ds fpUgksa dk fu;e laHko okLrfod ewyksa ¼èkukRed
;k _.kkRed½ dh la[;k dks fuèkkZfjr djus ds fy, bLrseky fd;k tk
ldrk gSA

(iv) ;fn x
1
, x

2
,..., x

n
 cgqin lehdj.k ds lHkh okLrfod ewy gSa] rks ge p

n
(x) dks

fof'k"V :i ls O;Dr dj ldrs gSaA

1 2( ) ( )( )...( )n n np x a x x x x x x   

(v) p
n
(x) esa tfVy ;k lfEeJ la;qXe ewy (Complex Conjugate Roots) ds çR;sd

;qXe ds fy, ,d f}?kkr xq.kd (Quadratic Factor) gSA ekuk fd i  vkSj

i    ewy gS] rc 2 2 2{ 2 ( )}x x      f}?kkr xq.kd (Quadratic

Fector) gSA

 (vi) fdlh fn, x, x ds fy, ,d cgqin vkSj mlds vodyt (Derivatives) dk
eku Kkr djus ds fy, ,d fo'ks"k fofèk gS] ftls g‚uZj ds la'ysf"kr çfrLFkkiu
dh fofèk (Horner's Method of Synthetic Substitution) ds :i esa tkuk tkrk
gSA

(Descart's Rule)

,d cgqin lehdj.k p
n
(x) ds èkukRed okLrfod ewy (Positive Real Roots) dh

la[;k esa fpUg ds ifjorZu dh la[;k ds cjkcj gS] ftls x ds vojksgh ?kkrksa
(Descending Powers) ds lkFk fy[kk x;k gS] ;k tks ,d le la[;k ls de gSA
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fuEufyf[kr cgqin lehdj.k ij fopkj djsa]
5 4 3 23 2 2 2 0x x x x x     

 Li"V :i fpUg esa rhu ckj ifjorZu gq, gSa vkSj blfy, èkukRed okLrfod
ewy dh la[;k rhu ;k ,d gksxhA blfy, blesa ,d okLrfod ewy gksuk pkfg,A
okLro esa] fo"ke ?kkr (Odd Degree) ds çR;sd cgqin lehdj.k esa ,d okLrfod
ewy gksrk gSA

ge MsldkVZ (Descarte's) ds fu;e dk mi;ksx p
n
(–x) esa fpUgksa ds ifjorZu

dh la[;k Kkr djds _.kkRed ewy dh la[;k fuèkkZfjr djus ds fy, Hkh dj ldrs

gSaA mijksDr lehdj.k ds fy,] 5 4 3 2( ) 3 2 2 2 0np x x x x x x          vkSj

bles nks ckj fpUgksa es ifjorZu gqvk gSA blfy, blds nks _.kkRed ewy gksaxs ;k
,d Hkh ugha gksaxsA

la[;kRed fo'ys"k.k esa ç{ksi.k ;k varosZ'ku (Interpolation) dh leL;k (Fundamental

Problem) cgqr gh ekSfyd leL;k gSA ç{ksi ;k iz{ksi.k dk vFkZ gS nks js[kkvks ds eè;
v/;;u ls gksrk gS ysfdu la[;kRed es] ç{ksi ;k iz{ksi.k dk vFkZ gS ekuksa dh
rkfydk esa x ds ekuksa ds chp ,d Qyu f (x) dk eku fudkyukA bls Li"V :i
ls ,sls Hkh dg ldrs gSa fd (n + 1) ekuksa ds fy, y

0
, y

1
, y

2
,..., y

n
 Øe'k% x = x

0
,

x
1
, x

2
, ..., x

n
 dk ,d leqPp; fn;k gSA ç{ksi ;k iz{ksi.k dh leL;k x ds fdlh Hkh

xSj&lkj.khc) eku esa ls Qyu y = f (x) ds eku dh x.kuk djuk gksrk gSA

x.kuk vDlj ,d cgqin dk irk yxkdj dh tkrh gS ftls iz{ksi ;k iz{ksi.k
cgqin (Interpolating Polynomial) dgrs gSa] bldh ?kkr n ls de ;k blds cjkcj
,slk gksrh gS fd cgqin dk eku lkj.kh esa çR;sd fcanq ij Qyu ds eku ds cjkcj
gksrk gS gSA tks bl çdkj

;fn 2
0 1 2( ) n

nx a a x a x a x       (4.18)

iz{ksi ;k iz{ksi.k cgqin ftldh ?kkr n  gS] rc

( ) , for 0, 1, 2, ...,i ix y i n   ( ) , for 0, 1, 2, ...,x y i n    ds fy,A (4.19)

;g lp gS fd] lkekU; rkSj ij] vuqekfur f (x) çdkj ds Qyu dk vuqeku
yxkuk eqf'dy gSA vkofèkd Qyuksa (Periodic Functions) ds izdj.k esa] lfUudVu
dks f=dks.kferh; Qyu (Trigonometric Functions) dh ,d ifjfer Ük`a[kyk (Finite

Series) }kjk cuk;k tk ldrk gSA cgqin ç{ksi (Polynomial Interpolation)] Qyu
lfUudVu ds fy, ,d cgqr gh mi;ksxh fofèk gksrh gSA ç{ksi ;k iz{ksi.k cgqin vU;
leL;kvksa tSls la[;kRed foHksnu] la[;kRed vodyu vkSj vodyu lehdj.k ls
tqM+h çkjafHkd vkSj lhek eku leL;kvksa ds gy dh fofèk;ksa dks fodflr djus ds
vkèkkj esa cgqr mi;ksxh gksrh gSA



lehdj.kksa dk lekèkku
vkSj cgqin ç{ksi.k

186 Lo&vfèkxe
ikB~; lkexzh

oh;jLVSl (Weierstrass) }kjk fodflr fuEufyf[kr çes;] ,d cgqin }kjk
vKkr Qyu ds lfUudVu dh vkSfpR; ;k izkekf.kdrk nsrk gSA

 çR;sd Qyu tks ,d varjky (a, b) esa fujarj ;k lrr gS] ml varjky
esa ,d cgqin }kjk fdlh Hkh okafNr lVhdrk dk fu:i.k fd;k tk ldrk gSA nwljs

'kCnksa esa] ,d cgqin P(x) dks fuèkkZfjr djuk laHko gS tSls fd ( ) ( ) ,f x P x  

çR;sd x ds fy, varjky (a, b)  esa gS tgk¡  dksbZ fuèkkZfjr NksVh ek=k gSA
T;kferh; :i ls] ;g le>k tk ldrk gS fd cgqin dk xzkQ ;k vkys[k (a, b)

ds chp x ds lHkh ekuksa ds fy, oØ ( ) and ( )y f x y f x       vkSj ( ) and ( )y f x y f x       ls ifjc)
(Bounded) {ks= rd lhfer gksrk gSA

iz{ksi ;k iz{ksi.k

fuEufyf[kr çes; iz{ksi.k cgqin dh fof'k"Vrk ds ckjs esa gSA

 ,d okLrfod eku Qyu f (x) ds fy, (n + 1) vyx&vyx fcanqvksa x
0
,

x
1
, ..., x

n
 ij ifjHkkf"kr fd;k x;k gS] ftlesa ,d cgqin fcYdqy ekStwn gksrk gS

ftldh ?kkr n gksrh gS tks f (x) dks x
0
, x

1
, ..., x

n
 ij ç{ksfir (Interpolates) djrk

gSA

ge tkurs gSa fd ,d cgqin P(x) ds (n + 1) vyx&vyx ewyksa x
0
, x

1
, ...,

x
n 
dks fuEu :i esa fy[kk tk ldrk gS]

P(x) = (x – x
0
) (x – x

1
) .....(x – x

n
) q (x)

tgk¡ q(x) ,d cgqin gS ftldh ?kkr 0 ;k (n + 1) gS tks P(x) dh ?kkr ls
de gSA

eku yhft, fd nks cgqin ( ) and ( )x x  vkSj ( ) and ( )x x   ?kkr n  gS vkSj nksuksa f(x) dks

ç{ksfir djrs gSaA ;gk¡ ( ) ( ) ( ) at , ,..., .P x x x x x x x     ij .,...,, 10 nxxx  gS rc P(x), fcanqvksa

n +1 ij yqIr gks tkrk gSA bl çdkj P(x) = 0 vkSj ( ) ( ).x x    gSA

(Iterative Linear Interpolation)

bl i)fr esa] ge Øfed :i ls jSf[kd ç{ksfir (Linear Interpolates) Qyuksa dk
mi;ksx djds] fdlh Hkh ?kkr ds] ç{ksfir cgqinksa dks çkIr djrs gSaA
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eku yhft, fd p
01

(x), x
0
 vkSj x

1
 ij lkj.khc) ekuksa ds fy, jSf[kd ç{ksfir

cgqin dks fu:fir djrk gSaA bl çdkj] ge fy[k ldrs gSa]

01

1001
01

)()(
)(

xx

fxxfxx
xp






;g fuèkkZjd ladsru (Determinant Notation) ds lkFk fy[kk tk ldrk gS]

0 0

1 1
01

1 0

( )

f x x

f x x
p x

x x







(4.20)

p
01

(x) ds bl :i dks ns[kuk vklku gS vkSj x.kuk ds fy, Hkh lqfoèkktud
gSA bl çdkj] jSf[kd ç{ksi ;k iz{ksi.k cgqin (Linear Iterative Polynomial) dks

fcanqvksa dk ;qXe (x
0
, f

0
) vkSj ),( jj fx  ds ekè;e ls vklkuh ls fy[kk tk ldrk gS]

0 0

0
0

1
( ) , for 1, 2, ...,j

j jj

f x x
p x j n

f x xx x


 


( ) , for 1, 2, ...,p x j n   ds fy, (4.21)

vc] p
01j
 }kjk fu:fir cgqin ij fopkj djsa vkSj]

01 1

01
01

( )1
( ) , for 2, 3, ...,

( )j
j jj

p x x x
p x j n

p x x xx x


 

  tgk¡ ( ) , for 2, 3, ...,p x j n   gSA (4.22)

cgqin p
01j

(x), f(x) dks fcanqvksa x
0
, x

1
, x

j
 (j > 1) ij ç{ksfir djrk gS vkSj ?kkr

2 dk cgqin gS] ftls vklkuh ls lR;kfir fd;k tk ldrk gS fd]

0 0 0 0 0 01 0 0 0 0( ) , ( ) and ( ) because ( ) ( ), etc.ij ij i i ij j j ijp x f p x f p x f p x f p x     vk S j  0 0 0 0 0 01 0 0 0 0( ) , ( ) and ( ) because ( ) ( ), etc.ij ij i i ij j j ijp x f p x f p x f p x f p x     D;k s a fd  0 0 0 0 0 01 0 0 0 0( ) , ( ) and ( ) because ( ) ( ), etc.ij ij i i ij j j ijp x f p x f p x f p x f p x    

bR;kfnA

blh çdkj] cgqin )(012 xp j  dk fuekZ.k p
01

(x) dks p
012

 (x) vkSj p
0j
 (x) dks

p
01j

 (x) esa cnydj fd;k tk ldrk gSA tks bl çdkj gS]

012 2

012
012

( )1
( ) , for 3, 4, ...,

( )j
j jj

p x x x
p x j n

p x x xx x


 

  tgk¡ j = 3, 4, ..., n gSA (4.23)

Li"V gS]  p
012j

 (x) ?kkr 3 dk ,d cgqin gS vkSj ;g Qyu dks x
0
, x

1
, x

2 
vkSj

x
j
 ij ç{ksfir djrk gS

vFkkZr~] 012 0 0 012 1 012 2 2 012( ) ; ( ) ; ( ) and ( )j j i j j j jp x f p x f p x f p x f    vkSj 012 0 0 012 1 012 2 2 012( ) ; ( ) ; ( ) and ( )j j i j j j jp x f p x f p x f p x f   

bl çfØ;k dks mPp vkSj mPprj ?kkr ds ç{ksfir cgqin dks çkIr djus ds
fy, tkjh j[kk tk ldrk gSA

iqujkoÙ̀k js[kh; ç{ksi ds ifj.kkeksa dks fuEu rkfydk ds vuqlkj vklkuh ls
n'kkZ;k tk ldrk gSA
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xxppfx

xxppfx

xxppfx

xxppfx

xxpfx

xxfx

xxppfx

nnnnn

jjjjj

jjjkk











010

010

30130333

20120222

10111

000

010

..................

..................

...

iwoZ LraHkksa dk mi;ksx djds fy[ks x, fuèkkZjdksa ds ekuksa vkSj vafre LraHkksa
x

j
 – x esa lacafèkr çfof"V;ksa dk mi;ksx djds ç{ksi ;k iz{ksi.k ifj.kkeksa ds Øfed

LraHkksa dks vklkuh ls Hkjk tk ldrk gSA bl çdkj] j = 2, 3, ..., n,ds fy, p
01j
 dh

x.kuk djus ds fy,] ge ml fuèkkZjd dk ewY;kadu djrs gSa ftlds vo;o
cksYMQsl ekuksa (Bold Face Quantities) ds :i esa mnkgj.k 4-14 esa n'kkZ;s x;s gSa vkSj
fuèkkZjd ds eku dks varj )()( 1 xxxx j   }kjk foHkkftr fd;k tkrk gSA

 fuEufyf[kr rkfydk dk mi;ksx djds iqujkoÙ̀k jSf[kd ç{ksi ;k
iz{ksi.k }kjk S ¼2-12½ dks Kkr djsa %

7673.07796.07875.07909.0)(

3.22.21.20.2

xs

x

;gk¡] x = 2.12A fuEu rkfydk Øfed iqujkof̀Ùk jSf[kd ç{ksi ;k iz{ksi.k ds
ifj.kke nsrh gSA x.kuk ds fooj.k uhps rkfydk esa fn[kk, x, gSaA

18.078628.078146.07673.03.2

08.078412.07796.02.2

02.07875.01.2

12.07909.00.2

)( 012010

0.78628

0.78628

0.78682 


 xxpppxsx jjjjjj

01

02

03

012

013

0.7909 0.121
0.78682

0.7875 0.022.1 2.0

0.7909 0.121
0.78412

0.7796 0.082.2 2.0

0.7909 0.121
0.78146

0.7673 0.182.3 2.0

0.78682 0.021
0.78628

0.78412 0.082.2 2.1

0.78682 0.021

0.78142.3 2.1

p

p

p

p

p


 




 




 




 








012

0.78628
6 0.18

0.78628 0.081
0.78628

0.78628 0.182.3 2.2
p
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rkfydk esa cksYMQsl fn, x, ifj.kke x ¾ 2-12 ij ç{ksi ;k iz{ksi.k
(Interpolation) dk eku nsrs gSaA ifj.kke 0-78682 jSf[kd ç{ksi ;k iz{ksi.k }kjk çkIr
eku gSA ifj.kke 0-78628 dks f}?kkr (Quadratic) ds lkFk&lkFk ?ku (Cubic) ç{ksi
;k iz{ksi.k }kjk Hkh çkIr fd;k tkrk gSA ge bl fu"d"kZ ij igq¡ps gSa fd nwljh ?kkr
ds eqdkcys rhljh ?kkr cgqin esa dksbZ lqèkkj ugha gqvk gSA

1- ySxzkat dh fof/k dks NksM+dj] ;g t:jh ugha gS fd mi;ksx fd, tkus okys
ç{ksfir cgqin dh ?kkr dks Kkr djuk vko';d ugha gSA

2- mPp ?kkr ç{ksfir cgqin (Higher Degree Interpoloting Polynomial) }kjk
lfUudVu (Approximation) ges'kk csgrj ifj.kke ugha nsrs gSA okLro esa ;g
dqN izdj.kksa esa vkSj fuÑ"Vrj gks tkrs gSaA

Qyu f(x) = 4 ij fopkj djsaA

ge x = 0 ls 4 ds ekuksa ds lkFk ifjfer varj rkfydk cukrs gSaA

2564

192

144643

10848

8136162

2712

941

3

10

)()()()()( 432 xfxfxfxfxfx 

U;wVu vxzorhZ varj iz{ksi.k ;k iz{ksi (Newton's Forward Difference Inter-

polating Polynomial) esa ,00 x  dk eku ysdj uhps fn;k x;k gS

0 9 27 81
, ( ) 1 3 ( 1) ( 1)( 2) ( 1)( 2)( 3)

2 6 24

x x
u x x x x x x x x x x x x

h


             

vc] Øfed :i ls mPp vkSj mPprj ?kkr cgqin dks ysdj x = 0.5 ij ( )x

ds eku ij fopkj djsaA

tks bl çdkj gS]

1(0.5) 1 0.5 3 2.5,      jSf[kd ç{ksi ;k iz{ksi.k }kjk

2

0.5 ( 0.5)
(0.5) 2.5 9 1.375,

2

 
     f}?kkr ç{ksi ;k iz{ksi.k (Quadratic

Interpolation) }kjk

3

0.5 ( 0.5) ( 1.5)
(0.5) 1.375 27 3.0625,

6

   
      ?ku (Cubic Interpolation)

ç{ksi }kjk
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4

(0.5)( 0.5)( 1.5)( 2.5)
(0.5) 3.0625 81 0.10156,

24

  
       f}?kkr ç{ksi ;k

iz{ksi.k }kjk

ge ikrs gSa fd okLrfod eku 40.5 = 2 dks ç{ksi ;k iz{ksi.k ds }kjk çkIr ugha
fd;k tk ldrk gSA mPp ?kkr cgqin ç{ksi ;k iz{ksi.k ds ifj.kke fuÑ"Vrj vkrs gSaA

ySxzkat (Lagrange's) ds ç{ksi ;k iz{ksi.k lw= vkSj iqujkoÙ̀k jSf[kd ç{ksi dks
vklkuh ls ,d lax.kd daI;wVj }kjk lax.kuk ds fy, vklkuh ls dk;kZfUor fd;k
tk ldrk gSA

fuEufyf[kr vkadM+ksa dh rkfydk ls ç{ksi ;k iz{ksi.k cgqin
fuèkkZfjr djsaA

5111

4321

y

x

vkadM+ksa dks leku nwjh ij j[kk x;k gSA bl çdkj ge ifjfer varj (Finite

Difference) rkfydk dks cuk ldrs gSaA

54

4

213

2

212

0

11

2




 yyyx

pwafd nwljs Øe ;k dksfV dk varj vpj ¼fu;r½ gSa] blfy, ç{ksi ;k iz{ksi.k
?kkr nks cgqin dk gSA U;wVu vxzorhZ varj ç{ksi (Newton's Forward Difference

Interpolation) dk mi;ksx djds ge ikrs gSa]
2

0 0 0

( 1)
,

2!

u u
y y u y y


    

 ;gk¡] 0 1, 1.x u x  

bl çdkj] 2( 1)( 2)
1 ( 1) 0 2 3 1

2

x x
y x x x

 
         

vkadM+ksa dh fuEu rkfydk ij mi;qDr ç{ksi ;k iz{ksi.k dk mi;ksx
djds f(7.5) ds eku dh x.kuk djsaA

5133442171266528)(

876543

xf

x

vkadM+ksa dks leku nwjh ij j[kk x;k gSA bl çdkj f(7.5) dh x.kuk ds fy,]
ge U;wVu i'porhZ varj ç{ksi (Newton's Backward Difference Interpolation) dk
mi;ksx dj ldrs gSaA blds fy,] ge igys fuEu ifjfer varj rkfydk cukrs gSaA



lehdj.kksa dk lekèkku vkSj
cgqin ç{ksi.k

Lo&vfèkxe 191

ikB~; lkexzh

tSlk dh uhps fn[kk;k x;k gSA

5138

169

423447

6127

362176

691

301265

661

24654

37

283

)()()()( 32 xfxfxfxfx 

Øe ;k dksfV rhu esa varj vpj ¼fu;r½ gSa vkSj blfy, ge U;wVu cgqin
i'porhZ varj iz{ksi ;k iz{ksi.k (Newton's Backward Difference Interpolating

Polynomial) esa Øe ;k dksfV 3 dk mi;ksx djsaxsA

2 3( 1) ( 1)( 2)
( ) ,

2 ! 3 !n n n n

v v v v v
f x y v y y y

  
      

        nx x
v

h


 , for  7.5, 8nx x 

        
7.5 8

0.5
1

v


  

( 0.5) ( 0.5 1) 0.5 0.5 1.5
(7.5) 513 0.5 169 42 6

2 6
513 84.5 5.25 0.375

422.875

f
     

      

   


 fuEufyf[kr vkadM+ksa ds fy, ç{ksi ;k iz{ksi.k cgqin (Interpolating

Polynomial) fuèkkZfjr djsa%

502917105)(

108642

xf

x

vkadM+ksa dks leku nwjh ij j[kk x;k gSA ge U;wVu i'porhZ varj ç{ksi ;k
iz{ksi.k cgqin (Newton's Backward Difference Interpolating Polynomial) dks cukrs
gSaA ifjfer varj (Finite Difference) rkfydk gS]

5010

21

9298

412

15176

37

2104

5

52

)()()()()( 432 xfxfxfxfxfx 
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;gk¡] x
0
 = 2, u = (x–x

0
)/h = (x–2)è2.

ç{ksi ;k iz{ksi.k cgqin gksxk]

)1040524(
384

1

!4

1
3

2

2
2

2

2
1

2

2

2

2

!3

3
2

2

2
1

2

2

2

2

!2

2
1

2

2

2

2
5

2

2
5

...)(
!2

)1(
)()()(
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fuEufyf[kr eku esa ls ç{ksi ;k iz{ksi.k cgqin (Interpolating

Polynomial) dks Kkr djs%

y(0) = 1, y(0.1) = 0.9975,  y(0.2) = 0.9900, y(0.3) = 0.9980  gS vkSj rc
y (0.05) dh x.kuk djsaA

x ds eku ds vkadM+s leku nwjh ij gSaA ge ifjfer varj rkfydk (Finite

Difference Table) cukrs gSa]

9800.03.0

100

259900.02.0

2575

509975.01.0

25

0000.10.0

32









 yyyyx

;gk¡]  h = 0  1] x
0
 = 0.0 dks p;u djds] gekjs ikl .10

1.0
x

x
s   gSA U;wVu

vxzorhZ varj ç{ksi ;k iz{ksi.k lw= (Newton's Forward Difference Interpolation

Formula) gS]

0002.1)05.0(

421.0375.0004.00.1

6

025.0
0025.0

4

300

6

5.2
25.025.025.00.1

0025.0
6

)210)(110(10
)0050.0(

!2

)110(10
)0025.0(101

!3

)2)(1(

!2

)1(

32

232

0
3

0
2

00
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 uhps fn, x, vkadM+ksa dh rkfydk dk mi;qDr ç{ksi ;k iz{ksi.k lw=
dk mi;ksx djds ls f(0.23) vkSj f(0.29) dh x.kuk djsA

7139.17024.16912.16804.16698.16596.1)(

30.028.026.024.022.020.0

xf

x

vkadM+s leku nwjh ij gS] blfy, ge U;wVu vxzorhZ varj ç{ksi ;k iz{ksi.k
(Newton's Forward Difference Interpolation) dk mi;ksx djds f(0.23) dh x.kuk
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djsaxs] vkSj ge U;wVu i'porhZ varj ç{ksi ;k iz{ksi.k (Newton's Backward
Difference Interpolation) dk mi;ksx f(0.29) dh x.kuk ds fy, djsaxsA ge igys
fuEu ifjfer varj rkfydk cukrs gSa]

7139.130.0

115

37024.128.0

112

46912.126.0

108

26804.124.0

106

46698.122.0

102

6596.120.0

)()()( 2 xfxfxfx 

ge ikrs gSa fd nks ls vfèkd dksfV ds varj vfu;fer (Irregular) gSa blfy,
ge f}rh; ?kkr (Second degree) ds ç{ksi ;k iz{ksi.k cgqin (Interpolating

Polynomial) dk mi;ksx djsaxsA f(0.23) dh x.kuk .5.0
02.0

22.023.00 






h

xx
u ds

fy,] ge x
0
 = 0.22 ysaxsA

U;wVu vxzorhZ varj ç{ksi lw= (Newton's Forward Difference Interpolation)

dk mi;ksx djrs gq, ge x.kuk djrs gSa]

(0.5)(0.5 1.0)
(0.23) 1.6698 0.5 0.0106 0.0002

2
1.6698 0.0053 0.000025

1.675075

1.6751

f


    

  



iqu%] f (0.29) dh x.kuk ds fy, ge x
n
 = 0.30 ysrs gSa]

rkfd 
0.29 0.30

0.5
0.02

nx x
v

n

 
   

U;wVu i'porhZ varj ç{ksi ;k iz{ksi.k (Newton's Backward Difference

Interpolation) dk mi;ksx djrs gq, ge ikrs gSa]

( 0.5)( 0.5 1.0)
(0.29) 1.7139 0.5 .0115 0.0003

2
1.7139 0.00575 0.00004

1.70811

1.7081

f
  

    

  



uhps fn, x, vkadM+ksa dh rkfydk ls mi;qDr ç{ksi ;k iz{ksi.k lw=
(Interpolation Formula) dk mi;ksx djds ex dh x ¾ 0-02 vkSj x ¾ 0-38 ij
x.kuk djsaA

4918.13499.12214.11052.10000.1

4.03.02.01.00.0
xe

x
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vkadM+s leku nwjh ij gSA blfy, ge U;wVu vxzorhZ varj ç{ksi ;k iz{ksi.k
lw= (Newton's Forward Difference Interpolation Formula) dk mi;ksx x ¾ 0-02
dh x.kuk ex ds fy, djsaxs] vkSj ge U;wVu i'porhZ varj ç{ksi ;k iz{ksi.k lw=
(Newton's Backward Difference Interpolation) dk mi;ksx x ¾ 0-38 dh x.kuk ds
fy, djsaxsA ge igys fuEu ifjfer varj rkfydk cukrs gSaA

4918.14.0

1419

1343499.13.0

111285

21232214.12.0

131162

1101052.11.0

1052

0000.10.0

432



 yyyyeyx x

rFkk 0.02e x dh x.kuk ds fy,] ge 0, we take 0e x   ysrs gSa]

2.0
1.0

0.002.00 






h

xx
u

U;wVu ds vxzorhZ varj ç{ksi ;k iz{ksi.k lw= (Newton's Forward Difference

Interpolation Formula) ls gekjs ikl gS]

0.02 0.2(0.2 1) 0.2(0.2 1)(0.2 2)
1.0 0.2 0.1052 0.0110 0.0013

2 6
0.2 (0.2 1)(0.2 2)(0.2 3)

0.0002
24

1.0 .02104 0.00088 0.00006 0.00001

1.02023 1.0202

e
  

      

  
 

    
 

 e0.38 dh x.kuk ds fy, ge x
n
 = 0.4. blh izdkj, 0.38 0.4

0.2
0.1

v


    gSA

U;wVu ds i'porhZ varj ç{ksi lw= (Newton's Backward Difference Inter-

polation Formula) ls gekjs ikl gS]

0.38 ( 0.2)( 0.2 1)
1.4918 ( 0.2) 0.1419 0.0134

2
( 0.2)( 0.2 1)( 0.2 2) 0.2( 0.2 1)( 0.2 2)( 0.2 3)

0.0011 ( 0.0002)
6 24

1.4918 0.02838 0.00107 0.00005 0.00001

1.49287 0.02844

1.46443 1.4644

e
  

     

           
    

    
 
 

(Lagrange's Interpolation)

ySxzkat ç{ksi ;k iz{ksi.k vleku lkj.khc) ekuksa ds fy, mi;ksxh gSA eku yhft,
fd y = f (x) ,d varjky (a, b) esa ifjHkkf"kr okLrfod ewY;oku Qyu gS vkSj
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y
0
, y

1
,..., y

n 
 (n + 1), y  ds Kkr eku gS Øe'k% x

0
, x

1
,...,x

n
 ijA cgqin ( ),x  gS] tks

f (x) dks ç{ksi ;k iz{ksi.k djrk gS rks n ls de ;k mlds cjkcj ?kkr dk gksrk gSA
bl çdkj]

( ) , for 0,1, 2, ...,i ix y i n   ( ) , for 0,1, 2, ...,x y i n    ds fy, (4.24)

cgqin ( )x  dks fuEu :i esa ekuk tkrk gS]

0

( ) ( )
n

i i
i

x l x y


  (4.25)

tgk¡ çR;sd l
i
(x) ?kkr n  dk cgqin gS vkSj bls ySxzkaft;u Qyu

(Lagrangian Function) dgk tkrk gSA vc] ( )x  lehdj.k ¼5-7½ dks larq"V djrk
gS ;fn çR;sd l

i
(x) larq"V djrk gS]

( ) 0

1

i jl x i j

i j

 

 

;fn

;fn
 (4.26)

lehdj.k ¼4-26½ ls irk pyrk gS fd l
i
(x) (n+1) fcUnqvksa x

0
, x

1
, ... x

i–1
,

x
i+1

,..., x
n
] ij yqIr gks tkrk gS bl çdkj] ge fy[k ldrs gSa]

l
i
(x) = c

i
 (x – x

0
) (x – x

1
) ... (x – x

i–1
) (x – x

i+1
)...(x – x

n
)

  tgk¡ c
i
 l

i
 (x

i
) =1 }kjk fn;k vpj gSA

vFkkZr] 0 1 1 1i.e., ( ) ( )...( ) ( )... ( ) 1i i i i i i i i nc x x x x x x x x x x      

bl izdkj, 0 1 1 1

0 1 1 1

( )( )...( )( )...( )
( ) for 0, 1, 2, ...,

( )( )...( )( )...( )
i i n

i
i i i i i i i n

x x x x x x x x x x
l x i n

x x x x x x x x x x
 

 

    
 

    
( ) for 0, 1, 2, ...,l x i n   ds fy,

(4.27)

lehdj.kksa ¼4-25½ vkSj ¼4-27½ feydj ySxzkat cgqin ç{ksi ;k iz{ksi.k (Lagrange's

Interpolating Polynomial) nsrs gSaA

 f (x) dh ySxzkat ç{ksi ;k iz{ksi.k }kjk x.kuk djukA

 n dks i<+sa [n ekuksa dh la[;k gSA

 x
i
] f

i
 dks i<+sa i = 1, 2,..., n ds fy,A

;ksx = 0, i = 1 j[ksaA

 x dks i<+sa [x ç{ksi'khy fcanq (Interpolating Point) gS]A

 j = 1] xq.ku ¾1 j[ksaA

 tkapsa djsa fd j  i] xq.ku ¾ xq.ku × (x – x
j
)/(x

i
 – x

j
) vU;Fkk pj.k

7 ij tk,aA

 j = j + 1 j[ksaA

j > n dh tk¡p djsa] rks pj.k 9 ij tk,¡ vU;Fkk pj.k 6 ij tk,¡A

;ksx ¾ ;ksx + ¼xq.ku × f
i
 ½ dh x.kuk djsaA
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i = i + 1 j[ksaA

 tkapsa djsa fd i > n gS] rks pj.k 12 ij tk,a vU;Fkk pj.k 5 ij
tk,aA

x] ;ksx dks fy[ksaA

 ySxzkat ç{ksi ;k iz{ksi.k }kjk fuEu rkfydk ls f (0.4) dh x.kuk
djsaA

72.069.061.0)(

6.05.03.0

xf

x

ySxzkat ç{ksi ;k iz{ksi.k lw= nsrk gS]

65.0~653.024.069.0203.0

72.0
)5.06.0)(3.06.0(

)5.04.0)(3.04.0(
69.0

)6.05.0)(3.05.0(

)6.04.0)(3.04.0(
61.0

)6.03.0)(5.03.0(

)6.04.0)(5.04.0(
)4.0(















f

bl çdkj] f (0.4) = 0.65A

 ySxzkat ç{ksi ;k iz{ksi.k ds lw= dk mi;ksx djrs gq,] fuEu rkfydk
ls f (0) dk eku Kkr dhft,A

691191)(

4221




xf

x

ySxzkat ç{ksi ;k iz{ksi.k lw= dk mi;ksx djrs gq, ge ikrs gSa

1
3

17

3

20
15

85

3

20

15

69

3

11

3

9

15

16

69
)24)(24)(14(

)20)(20)(10(
11

)42)(22)(12(

)40)(20()10(

)9(
)42)(22)(12(

)40)(20)(10(
)1(

)41)(21()21(

)40)(20)(20(
)0(



























































f

 uhps fn, x, rkfydk ls ?kkr rhu ds ç{ksi ;k iz{ksi.k cgqin dk
fuèkkZj.k djsaA

3111)(

2101




xf

x

 gekjs ikl ySxzkat ç{ksi ;k iz{ksi.k dh rhljh ?kkr cgqin gS]





3

0

)()()(
i

ii xfxlxf

tgk¡,
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)2()1(
6

1

)12)(02)(12(

)1)(0)(1(
)(
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1

)21)(01)(11(

)2)(0)(1(
)(

)2)(1)(1(
2

1

)20)(10)(10(

)2)(1)(1(
)(
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6

1

)21)(11)(01(
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uhps fn, x, ekuksa dh rkfydk ls ySxzkat ç{ksi ;k iz{ksi.k lw= dk
mi;ksx djds f (2) vkSj f (6.2) ds ekuksa dk ewY;kadu djsaA

25.585121.392725.1484.6)(

5.661.545.22.1

xf

x

cgqin ç{ksi ;k iz{ksi.k esa ,d mPp ?kkr dk mi;ksx djuk mfpr ugha gSA
blds fy;s f (2) ds ewY;kadu ds fy, ge nwljh ?kkr cgqin esa x

0
 = 1.2, x

1
 = 2.5  vkSj

x
2
 = 4 ds ekuksa dk mi;ksx djsxsA

bl çdkj]
f (2) = l

0
(2) × 6.84 + l

1
(2) × 14.25 + l

2
(2) × 27

tgk¡]

095.0
)5.24)(2.14(

)5.22)(2.12(
)2(

821.0
)45.2)(2.15.2(

)42)(2.12(
)2(

275.0
)42.1)(5.22.1(

)42)(5.22(
)2(

2

1

0



















l

l

l

f (2) = 0.275 × 6.84 + 0.821 × 14.25 – 0 .095 × 27 = 11.015 ~ 11.02

f (6.3) ds ewY;kadu ds fy,] ge x
0
 = 5.1] x

1
 = 6.0] x

2
 = 6.5 ij f (x) ds ekuksa

ij fopkj djsxsA

bl çdkj] f (6.3) = l
0
(6.3) × 39.21 + l

1
(6.3) × 51 + l

2
(6.3) × 58.25

tgk¡    

514.0
)0.65.6)(1.55.6(

)0.63.6)(1.53.6(
)3.6(

533.0
)5.60.6)(1.56(

)5.63.6)(1.53.6(
)3.6(

048.0
)5.61.5)(0.61.5(

)5.63.6)(0.63.6(
)3.6(

2

1

0



















l

l

l
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24.55241.55

25.58514.051533.021.39048.0)3.6(


 f

pwafd] x.kuk ds ifj.kke vkadM+ksa ls vfèkd lVhd ugha gksrs gS] blfy, vafre
ifj.kke dks vkadM+ksa ds leku n'keyo la[;k (Decimals Number) esa lekIr
(Rounded-Off) fd;k tkrk gSA dqN izdj.kksa esa] mPp ?kkr ds cgqinksa ls csgrj
ifj.kke çkIr ugha gksrs gSA

(Interpolation

for Equally Spaced Tabular Values)

fdlh vKkr Qyu ç{ksi ;k iz{ksi.k ds fy, tc rdZ x dk lkj.khc) eku leku
nwjh ij gksrk gS] rks gekjs ikl nks egRoiw.kZ ç{ksi ;k iz{ksi.k lw= gksrs gSa] vFkkZrA

(i) U;wVu vxzorhZ varj ç{ksi ;k iz{ksi.k lw=

(i) U;wVu i'porhZ varj ç{ksi ;k iz{ksi.k lw=A

ge igys ifjfer varjksa (Finite Differences) ij ppkZ djsaxs ftldk mi;ksx
Åijh nksuksa lw=ksa ds ewY;kadu esa fd;k tkrk gSA

(Finite Differences)

eku ysrs gSa fd dksbZ Qyu y = f (x), x ds leku nwjh ij fn, x, ekuksa {x
0
, x

1
,...,

x
n
} ds fy, bl rjg Kkr gSa fd fdlh Hkh nks yxkrkj ekuksa ds chp dk varj cjkcj

gksA bl çdkj] x
1
 = x

0
 + h,   x

2
 = x

1
 + h,..., x

n
 = x

n–1
 + h, rFkk i = 1, 2, ...,n ds

fy, x
i
 = x

0
 + ih gSA

ge fofHkUu Øe ds fy, nks çdkj ds Kkr varjksa] vxzorhZ varj (Forward

Differences) vkSj i'porhZ varj (Backward Differences) ij fopkj djsxsA bu
varjksa dks ,d ifjfer varj rkfydk esa lkj.khc) fd;k tk ldrk gSA

(Forwad Difference)

eku ysrs gSa fd y
0
, y

1
,..., y

n
  Qyu y = f (x) ds leku nwjh okys x = x

0
, x

1
, ..., x

n
 ds

eku gSA nks yxkrkj y ds chp ds varj y
1
 – y

0
, y

2
 – y

1
,..., y

n
 – y

n–1
 dks fcUnqvks x

0
,

x
1
,..., x

n–1
 ij Qyu y = f (x) ds fy, izFke dksfV ;k Øe vxzorhZ varj (First Order

Forward Differences) dgk tkrk gSA bu varjksa dks fuEu :i ls fu:fir fd;k
tkrk gS

0 1 0 1 2 1 1 1, , ..., n n ny y y y y y y y y          (4.28)

tgk¡   dks vxzorhZ varj lapkyd (Forward Difference Operator) ds :i
esa ifjHkkf"kr fd;k x;k gS]

)()()( xfhxfxf  (4.29)

bl çdkj]  y
i
 = y

i+1
 – y

i
 tgk¡ i = 0, 1, 2, ..., n – 1 x

i
 ij izFke dksfV ;k Øe

vxzorhZ varj (First Order Forward Difference) gSa]
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bu izFke dksfV ;k Øe vxzorhZ varj (First Order Forward Difference) ds
varjksa dks f}rh; Øe ;k dksfV vxzorhZ varj (Second Order Forward Difference)

dgk tkrk gSA

bl çdkj] 2 ( )i iy y   
     

1 , for 0, 1, 2, ..., 2i iy y i n      , for 0, 1, 2, ..., 2y y i n       ds fy, (4.30)

Li"V gS] 0120112010
2 2)( yyyyyyyyyy 

vkSj,                  )( 112
2

iiiii yyyyy  

vFkkZr~,     2
2 12 , for 0, 1, 2, ..., 2i i i iy y y y i n       , for 0, 1, 2, ..., 2y y i n       ds fy, (4.31)

blh çdkj] r`rh; dksfV ;k Øe vxzorhZ varj (Third Order Forward

Difference) dks fuEu bl fofèk ls fy[kk tk ldrk gS]

       3 2 2
1 , 0, 1, 2, ..., 3i i iy y y i n       d s fy,

vFkkZr~, 3
3 2 13 3i i i i iy y y y y       (4.32)

var esa] ge noha dksfV vxzorhZ varj dks fuEu :i ls ifjHkkf"kr dj ldrs gSa]

0210 )1(...
!2

)1(
yy

nn
nyyy n

nnn
n 


  (4.33)

mijksDr lehdj.kksa dk xq.kkad f}in foLrkj (Binomial Expansion) (1 – x)n

ds xq.kkad gSaA

fdlh Qyu y = f (x) ds ekuksa dh rkfydk ds fy, fofHkUu dksfV ds vxzorhZ
varj (Forward differences) dh vkerkSj ij x.kuk dh tkrh gSa vkSj fod.kZ varj
(Diagonal Difference) rkfydk esa fu:fir fd;k tkrk gSA y = f (x) ds ekuksa dh
rkfydk ds fy, Ng vadksa x

0
, x

1
, x

2
, x

3
, x

4
, x

5
 ds fy, fod.kZ varj rkfydk uhps

fn[kkbZ xbZ gSA

fod.kZ varj y = f(x) ds fy, rkfydk gS]

55

4

32
44

2
3

3

1
4

2
2

33

0
5

1
3

2

0
4

1
2

22

0
3

1

0
2

11

0

00

5432

5

4

3

2

1

0

yx

y

yyx

yy

yyyx

yyy

yyyx

yy

yyx

y

yx

yyyyyyxi iiiiiii



















lehdj.kksa dk lekèkku
vkSj cgqin ç{ksi.k

200 Lo&vfèkxe
ikB~; lkexzh

fdlh Hkh LraHk esa varj ds çfof"V;ksa (Entries) dh x.kuk iwoZ LraHk dh
çfof"V;ksa dk varj gksrk gS vkSj mudks muds chp esa j[kk tkrk gSA vxzorhZ varj
(Forward Differences) dh x.kuk djus ds fy, ,d LraHk esa Åijh vkadM+ksa dks
fupys vkadM+ksa ls ?kVk;k tkrk gSA ge ikrs gSa fd y

i
 ds lkis{k fofHkUu dksfV ds

vxzorhZ varj buds ekè;e ls vkxs fod.kZ cukrs gSaA bl çdkj y
0
, 2y

0
, 3y

0
, 4y

0

vkSj 5y
0
, y

0
 ds ek/;e ls 'kh"kZ vxzorhZ fod.kZ cuk jgs gSaA fuEufyf[kr mnkgj.k

ij è;ku nsaA

 y = f (x) ds ekuksa dh rkfydk nh xbZ gS]

623621128

97531

y

x

fod.kZ varj rkfydk cuk,a vkSj )1(),3(),5( 32 fff   ds ekuksa dks Kkr djsaA

fod.kZ varj rkfydk bl izdkj gS]

6294

26

113673

515

462152

19

51231

4

810

432
iiiiii yyyyyxi 

rkfydk ls ge ikrs gSa fd ,15)5( f  fod.kZ esa çfof"V (Entry) 21 ds ekè;e
ls f (5) gSA

blh rjg] ,6)3(2  f ] fod.kZ esa çfof"V f (3) ds ekè;e ls gSA varr%]

1)1(3  f  gSA

(Backward Differences)

fdlh Qyu y = f (x) ds ekuksa dh rkfydk ds fy, fofHkUu dksfV ds i'porhZ varj
(Backward Differences)  dks vxzorhZ varj (Forward Differences) ds leku
fofèk;ksa ls ifjHkkf"kr fd;k x;k gSA i'porhZ varj lapkyu (Operator)   ¼mYVs
f=dks.k½ dks ).()()( hxfxfxf   }kjk ifjHkkf"kr fd;k x;k gSA

bl çdkj] 1, for 1, 2, ...,k k ky y y k n   

vFkkZr, 1122011 ,...,,  nnn yyyyyyyyy (4.34)

nwljs dksfV ds i'porhZ varj dks lkeku :i ls ifjHkkf"kr fd;k x;k gS]
2

1 1 22k k k k k ky y y y y y       
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 blfy;s] 0122
2 ,2  yyyy  rFkk 21

2 2   nnnn yyyy  (4.35)

mPp dksfV ds i'porhZ varjksa dks ,d leku fofèk ls ifjHkkf"kr fd;k tk
ldrk gSA

bl çdkj]

,33 321
3

  nnnnn yyyyy bR;kfn (4.36)

varr%] 1 2 0

( 1)
– ... ( 1)

2
n n

n n n n

n n
y y ny y y

i 


      (4.37)

fofHkUu dksfV;ksa ds i'porhZ varj (Backward Differences) dh x.kuk dh tk
ldrh gS vkSj fod.kZ varj rkfydk esa j[kk tk ldrk gSA ,d fcanq ij i'porhZ varj
(Backward Differences) dks fcanq ds ekè;e ls ihNs dh rjQ fod.kZ esa j[kk tkrk
gSA fuEu rkfydk i'porhZ varj (Backward Differences) dks n'kkZrh gSA

fod.kZ varj i'porhZ varjksa dh rkfydk fuEu izdkj gS]

55

5

5
2

44

5
3

4

5
4

4
2

33

4
3

3

4
4

3
2

22

3
3

2

2
2

11

1

00

5432

5

4

3

2

1

0

yx

y

yyx

yy

yyyx

yy

yyyx

yy

yyx

y

yx

yyyyyyxi iiiiiii

















iwoZ LraHk esa çfof"V;ksa ds varj ds :i esa rkfydk esa ,d LraHk dh çfof"V;ksa
dh x.kuk dh tkrh gSa ¼tSlk fd fiNys mnkgj.k esa ppkZ dh Fkh½ vkSj mUgsa muds
chp es j[kk tkrk gSA ge ns[krs gSa y

i
 ds lanHkZ esa fofHkUu dksfV;ksa ds i'porhZ varj

i'porhZ fod.kZ cukrs gSaA bl çdkj] 5
4

5
3

5
2

5 ,,, yyyy   vkSj 
5

5 y  lcls fupys

i'porhZ fod.kZ y
5
 ds ekè;e ls gSaA

ge ns[krs gSa fd fdlh Hkh LraHk es i'porhZ varj dh çfof"V;ksa ds vkadM+ksa dh
rkfydk vxys varj rkfydk ds leku gSa] ysfdu varj fofHkUu lanHkZ fcanqvksa esa gSaA

fo'ks"k :i ls] ;fn ge igys Øe ;k dksfV ds varj ds LraHkksa dh rqyuk djrs
gSa rks ge n'kkZ ldrs gSa]

ml nn yyyyyy  12110 ...,,,
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bl çdkj] 1 , for 0, 1, 2, ..., 1i iy y i n     tgk¡ , for 0, 1, 2, ..., 1y y i n    

blh rjg]
nn yyyyyy 2

2
2

3
2

1
2

2
2

0
2 ,...,,  

2 2
2 ,i iy y     tgk¡ 1, 2, ..., 2i n 

ki
k

i
k yy  .

foykser% ;k blds foijhr ki
k

i
k yy 

 y = f (x) ds ekuksa dh fuEufyf[kr rkfydk dks fn;k x;k gS]

623621128

97531

y

x

)9(
3

)9(
2

)7( ,, yyy   ds ekuksa dk irk yxk,aA

ge fuEu fod.kZ  (Diagonal) varj rkfydk cukrs gSa]

629

26

11367

515

46215

19

5123

4

81

432
iiiiii yyyyyx 

rkfydk ls] ge vklkuh ls 2 3
(7) (9) (9)15, 11, 5.y y y       çkIr dj ldrs

gSaA

(Symbolic Operators)

ge la[;kRed fofèk ds fodkl ds fy, leku nwjh ds lkj.khc) vkadM+ksa ds ifjfer
varj ij fopkj djrs gSaA ,d Qyu y = f (x) esa x

0
, x

1
, x

2
,..., ls lacafèkr ekuksa dk

leqPp; y
0
, y

1
, y

2
,..., gS tgk¡ x

1
 = x

0
 + h, x

2
 = x

0
 + 2h,...., lHkh h ds lkFk leku nwjh

ij gSaA ge fofHkUu çdkj ds ifjfer varjksa dks ifjHkkf"kr djrs gSa tSls fd vxzorhZ
varj] i'porhZ varj vkSj dsaæh; varj] vkSj lapkydksa ds fu;eksa ds fglkc ls mUgsa
O;Dr djsaxsA

Qyu f (x) dk vxzorhZ varj dks  lapkyd }kjk ifjHkkf"kr fd;k x;k gS]
ftls vxzorhZ varj lapkyd (Forward Difference Operator) dgk tkrk gS

( ) ( ) ( )f x f x h f x    (4.38)

,d lkj.khc) fcanq x
i
 ij] gekjs ikl gS

( ) ( ) ( )i i if x f x h f x    (4.39)
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ge ( )if x  dks iy  }kjk Hkh n'kkZrs gSa]

1 , for 0, 1, 2, ...i i iy y y i     , for 0, 1, 2, ...y y y i     ds fy, (4.40)

ge ,d lapkyd E dks Hkh ifjHkkf"kr djrs gSa] ftls foLFkkiu lapkyd (Shift

Operator) dgk tkrk gS]
E f(x) = f(x + h) (4.41)

( ) ( ) ( )f x Ef x f x  

bl çdkj] 1 E  ,d lapkyd lacaèk gSA ¼4-42½

tcfd lehdj.k ¼4-38½ igys Øe vxzorhZ varj dks ifjHkkf"kr djrk gS] ge
f}rh; dksfV ds vxzorhZ varj dks fuEu fofèk ls ifjHkkf"kr dj ldrs gSaA

2
1( ) ( )i i i iy y y y      

 2
1i i iy y y     (4.43)

(Shift Operator)

foLFkkiu lapkyd dks E ls n'kkZ;k tkrk gS vkSj E f (x) = f (x + h) }kjk ifjHkkf"kr
fd;k tkrk gSA tks bl çdkj gS]

Ey
k
 = y

k+1

mPp dksfV foLFkkiu lapkyd (Higher Order Shift Operators) dks E2f (x) =

Ef (x + h) = f (x + 2h) }kjk ifjHkkf"kr fd;k tk ldrk gSA
E2y

k
 = E(Ey

k
) = E(y

k + 1
) = y

k + 2

lkekU; rkSj ij] Emf (x) = f (x + mh)

Emyk = y
k+m

(Relation

Between Forward Difference Operator and Shift Operator)

vxzorhZ varj lapkyd dh ifjHkk"kk ls gekjs ikl gS]

( ) ( ) ( )

( ) ( )

( 1) ( )

y x y x h y x

Ey x y x

E y x

   
 
 

;g lapkyd lacaèk dh vksj tkrk gS]
1E  

vFkok 1E    (4.44)

blh rjg] nwljs dksfV ds vxzorhZ varj ds fy, gekjs ikl gS]
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2

2

2

( ) ( ) ( )

( 2 ) 2 ( ) ( )

( ) 2 ( ) ( )

( 2 1) ( )

y x y x h y x

y x h y x h y x

E y x Ey x y x

E E y x

     
    

  

  

;g lapkyd lacaèk] 22 )1(  E nsrk gSA

var esa] gekjs ikl ( 1) , for 1, 2, ...m mE m    ( 1) , for 1, 2, ...E m    ds fy, gSA (4.45)

(Relation

Between the Backward Difference Operator and Shift Operator)

i'porhZ varj lapkyd dh ifjHkk"kk ls gekjs ikl gS]

)()1()()(

)()()(
11 xfExfExf

hxfxfxf
 



;g lapkyd lacaèk (Operator Relation) dh vksj tkrk gS]

11  E (4.46)

blh rjg] nwljs dksfV ds i'porhZ varj dks ifjHkkf"kr fd;k x;k gS]

)()1(

)()1(

)()()(

)2()(2)(

)2()()()(

)()()(

21

21

21

2

xfE

xfEE

xfExfExf

hxfhxfxf

hxfhxfhxfxf

hxfxfxf


















blls lapkyd lacaèk] 212 )1(  E  nsrk gS vkSj lkekU; rkSj ij]
mm E )1( 1   (4.47)

E, D  (Relation Between the Operators

E, D and )

Vsyj çes; (Taylor's Theorem) ls gekjs ikl gS]
2

( ) ( ) ( ) ( ) ...
2!

h
f x h f x hf x f x     

bl izdkj, 
2 2

( ) ( ) ( ) ( ) ..., where
2!

h D d
Ef x f x hDf x f x D     tgk¡ ( ) ( ) ( ) ( ) ..., where

h D d
Ef x f x hDf x f x D

dx
    

;k,
2 2

(1 ) ( ) 1 ... ( )
2!

( )hD

h D
f x hD f x

e f x
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bl izdkj, 1hDe E    (4.48)

vkSj, log (1 )hD   

;k,
2 3 4

...
2 3 4

hD
  

     

 
2 3 41

...
2 3 4

D
h

   
      

 

(Central Difference Operator)

dsaæh; varj lapkyd dks  }kjk fu:fir fd;k tkrk gS vkSj fueu }kjk ifjHkkf"kr
fd;k tkrk gS]

( )
2 2

h h
y x y x y x

             

bl izdkj,

1/ 2 1/ 2( ) ( ) ( )y x E E y x  

lapkyd laca/k dks nsus ij, 1/ 2 1/ 2E E    vFkok 1/ 2 1E E  

rFkk,
1/ 2 1/ 2 1/ 2 1/ 2( ) ( )n n n ny E E y x E y E y     

vFkkZr~,  1/ 2 1/ 2n n ny y y   

blds vkxs,

                      2
1/ 2 1/ 2( )n n n ny y y y        

       
   

1/ 2 1/ 2 1/ 2 1/ 2
1/ 2 1/ 2

1/ 2 1/ 2
1/ 2 1/ 2 1/ 2 1/ 2

1 1

1/ 2 1/ 2 2 2 2
1 1 1 1

1

2 ( )

( 2)

n n

n n n n

n n n n

n n n n n n

n

E E y E E y

E y y E y y

y y y y

y y y E E y y y

E E y

 
 


   

 


   



   

   

   

          
  

                 2 1 2E E     (4.49)

Hkys gh dsaæh; varj lapkyd fHkUu rdZ (Fractional Arguments) dk mi;ksx
djrk gS] fQj Hkh ;g O;kid :i ls bLrseky fd;k tkrk gSA ;g vkSlr lapkyd
ls lacafèkr gS vkSj bls fuEu izdkj ls ifjHkkf"kr fd;k tkrk gS]

1/ 2 1/ 21
( )

2
E E   (4.50)

oxZ djus ij 2 1 2 21 1 1
( 2 ) ( 2 2) 1

4 4 4
E E          
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 2 21
1

4
    (4.51)

;g è;ku fn;k tkuk pkfg, fd] 1/ 2 1 0 1y y y y    
rFkk 1/ 2

1 1 2 1 1
1

2

E y y y y y


      

 1/ 2 1E E     (4.52)

blds vkxs]

3 2
1 1

2 2

2 2
1 1 1 1

2 2

( )

( 2 )

n n
n n

n n n
n n

y y y y

y y y y y

 

 
 

 
          

       

 fuEufyf[kr lapkydksa ds lacaèkksa dks fl) djsa]
(i) E

(ii) 1)1()1( 

(i) pw¡fd Since, ( ) ( ) ( ) ( ) ( )f x f x h f x Ef x f x      , 1 E (i)

vkSj pw¡fd )()1()()()( 1 xfEhxfxfxf  ,  11  E     (ii)

bl çdkj] 
E

E 1
  ;k 1E E    

bl çdkj fl) gksrk gSA

(ii) lehdj.k ¼i½ ls gekjs ikl gS 1E  (iii)

vkSj lehdj.k ¼ii½ ls gesa feysxk  11E  (iv)

lehdj.kksa ¼iii½ vkSj ¼iv½ dks feykus ij gesa feysxk (1 )(1 ) 1.   

 i = 1,2,..., ds fy,] x
i
 ij] ;fn f (x) dk eku f

i
 gS tgk¡ x

i
 = x

0
 +

ih rks fl) djsa fd]

0
0

i
i i

i o
j

i
f E f f

j

 
   

 


ge Ef (x) = f (x + h) fy[k ldrs gSaA

Vsyj Ük`a[kyk foLrkj ds mi;ksx ls] gekjs ikl gS]



2

2
2

2 2

( ) ( ) ( ) ( ) ...
2!

( ) ( ) ( ) ...,
2!

(1 ) ( ) 1 ... ( ), 1
2!

    

    

 
          

h
Ef x f x hf x f x

h d
f x hDf x D f x D

dx

h D
f x hD f x E

tgka

pfwa d
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        . ( )hDe f x

 1 hDe  

blfy;s]   (1 )ihD ie   

vc]     0 0( ) ( ) ( )i
i if f x f x ih E f x   

     
0(1 ) ( ), 1     i

if f x Epfaw d

0
0

, using binomial expansion.
i

i
i

j

i
f f

j

 
    f}in foLrkj dk mi;ksx djrs gq,A

blfy, fl) gksrk gSA

fuEufyf[kr varjksa dh x.kuk djsa]

(i) xne (ii) nnx

(i) gekjs ikl gS] )1(   hxxhxx eeeee

fQj ls] xhxhxx eeeeee 22 )1()1()( 

bl çdkj izos'k.k }kjk (By Indusction)] xnhxn eee )1( 

(ii) gekjs ikl gS]

nnn

nnn

hxh
nn

xhn

xhxx








 ....
!2

)1(

)()(

221

bl çdkj] )( nx  (n – 1) ?kkr dk cgqin gSA

blds vykok] .0)(  nh A blfy,] ge dg ldrs gSa fd 2 (xn) ,d vxz.kh

in .)1( 22  nxhnn  ds lkFk (n – 2) ?kkr dk cgqin gSA

n ckj vkxs c<+us ds ckn] ge çkIr djrs gSa]

( ) ( 1)...1 !n n n nx n n h n h   

fl) djsa fd]

(i)
)()(

)()()()(

)(

)(

hxgxg

xgxfxfxg

xg

xf















(ii)






 


)(

)(
1log)}({log

xf

xf
xf
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(i) gekjs ikl]

)()(

)()()()(

)(

)(

)(

)(

)(

)(

xghxg

hxgxfxghxf

xg

xf

hxg

hxf

xg

xf





















)()(

)()()()(

)()(

)}()(){()}()(){(

)()(

)()()()()()()()(

hxgxg

xgxfxfxg

hxgxg

xghxgxfxfhxfxg

xghxg

hxgxfxgxfxgxfxghxf
















(ii) gekjs ikl gS]




















 








1
)(

)(
log

)(

)()()(
log

)(

)(
log

)}(log{)}(log{)}({log

xf

xf

xf

xfxfhxf

xf

hxf

xfhxfxf

(Differences of a Polynomial)

vc ge n ?kkr cgqinksa ds fofHkUu dksfV;ksa ds varj dks ns[krs gSa] tks fuEu ds }kjk
fn;k x;k gS]

1 2
1 2 1 0( ) ...n n n

n n ny f x a x a x a x a x a 
       

izFke dksfV vxzorhZ varj dks fuEu :i ls ifjHkkf"kr fd;k x;k gS]
)()()( xfhxfxf   vkSj fuEu :i ls fn;k x;k gS]

1 1
1 1

1 2 2 2
1

1 2
1 2 1 0

{( ) } {( ) } ... ( )

( 1)
{ ...} {( 1) ...}

2 !

...

n n n n
n n

n n n
n n

n n
n n

y a x h x a x h x a x h x

n n
a n h x h x a n h x

b x b x b x b

 


  


 
 

          


     

    

tgk¡ x ds fofHkUu ?kkrksa (Powers) ds xq.kkadksa dks vyx&vyx ,d= fd;k
tkrk gSA

bl çdkj] izFke dksfV ;k Øe varj dk ,d n dksfV cgqin] 1 .n nb a nh   ds
lkFk (n – 1) dksfV dk cgqin gksrk gSA

Åij dh rjg vkxs c<+rs gq,] ge crk ldrs gSa fd n ?kkr okys cgqin dk

f}rh; dksfV vxzorhZ varj] (n – 2) ?kkr dk ,d cgqin gS] tks fd .)1( 0
2ahnn  , ds

:i esa xn – 2 dk xq.kkad gSA
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Øfed :i ls tkjh j[krs gq,] gesa var esa 0 ! , a constant.n ny a n h   ,d vpj ;k fu;r

çkIr gksxkA

ge ;g fu"d"kZ fudky ldrs gSa fd ?kkr n ds cgqin ds fy,] n ls vfèkd
dksfV okys lHkh varj 'kwU; gksaxs gSaA

bl ckr ij è;ku fn;k tk ldrk gS fd mijksDr ifj.kke dk foykser%
vkaf'kd :i ls lR; gksrk gS vkSj ;g crkrk gS fd ;fn fdlh Qyu ds lkj.khc)
eku ,sls ik, tkrs gSa fd koka dksfV ds varj yxHkx vpj ¼fu;r½ gSa] rks iz;ksx fd;s
tk jgs ç{ksi ;k iz{ksi.k cgqin dh mPpre dksfV k gksuh pkfg,A pwafd lkj.khc)
vkadM+ksa esa lekIr (Round-Off) =qfV;ka gks ldrh gSa] blfy, ,d lVhd Qyu
cgqin ugha gks ldrk gSA

fuEufyf[kr vkadM+ksa ds fy, {kSfrt varj rkfydk dh x.kuk djsa

vkSj blfy,] )3(),4( 2 ff   vkSj ).5(3 f  ds ekuksa dks fy[ksaA

62725883183)(

54321

xf

x

fn, x, vkadM+ksa ds fy, {kSfrt varj rkfydk (Horizontal Difference Table)

fuEukuqlkj gS]

24841943696275

601101752584

5065833

15182

31

)()()()()( 432






 xfxfxfxfxfx

rkfydk ls geus vko';d eku i<+s vkSj fuEufyf[kr ifj.kke çkIr fd,]

84)5(,50)3(,175)4( 32  fff

fuEu lkj.kh ds vkèkkj ij f (x) ds fy, varj rkfydk dk xBu
djsa vkSj fn[kk,a fd r`rh; varj vpj ¼fu;r½ gksrk gSA blfy,] ç{ksi ;k iz{ksi.k
cgqin dh ?kkr ds ckjs esa fu"d"kZ fudkysaA

69321365)(

43210

xf

x

varj rkfydk uhps nh xbZ gS]
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694

37

18323

619

12132

67

661

1

50

)()()()( 32 xfxfxfxfx 

mijksDr rkfydk ls ;g Li"V gS fd r`rh; varj fu;r (Constant) gS vkSj
blfy,] ç{ksfir cgqin dh ?kkr rhu gSA

(Newton's Forward Difference

Interpolation Formula)

U;wVu dk vxzorhZ varj iz{ksi ;k iz{ksi.k lw=] n ds cjkcj ;k mlls de ?kkr dk
cgqin gSA bldk mi;ksx ,d xSj&lkj.khc) (Non-Tabular) fcanq ij lkj.khc)
Qyu ds eku dks [kkstus ds fy, fd;k tkrk gSA ,d Qyu y = f (x) ij fopkj djsa
ftldk eku y

0
, y

1
,..., y

n
 lenwjLFk fcanqvks ds leqPp; 0 1, ,..., nx x x   ij Kkr gSaA

eku yhft, fd ( )x  ç{ksfir cgqin gS] tks bl izdkj gS]

0

( ) ( )

, 0, 1, 2, ...,
i i i

i

x f x y

x x ih i n

  

    ds fy,

(4.53)

ge ekurs gSa fd cgqin ( )x  fuEu :i dk gS]

0 1 0 2 0 1 3 0 1 2

0 1 1

( ) ( ) ( )( ) ( )( )( )

... ( )( )...( )n n

x a a x x a x x x x a x x x x x x

a x x x x x x 

           
   

(4.54)

lehdj.k ¼4-54½ esa xq.kkadksa a
i
 dks lehdj.k ¼4-53½ ds fu;eksa dks iwjk djds

fuèkkZfjr fd;k tkrk gS] Øfed :i ls i = 0, 1, 2,...,n ds fy,A

bl çdkj] ge çkIr djrs gSa]

0 0 0 0 0

1 0
1 1 0 1 1 0 1

0
1

2 2 0 1 2 0 2 2 0 2 1

( ) ,

( ) ( ),

( ) ( ) ( )( )

   


     


 

       

y x a a y

y y
y x a a x x a

h
y

a
h

y x a a x x a x x x x

nrs k gS

nrs k gS

;k,
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0
2 0 2

2
2 1 0 0

2 2 2

(2 )

2

2 2 !

y
y y a h h

h

y y y y
a

h h


  

  
 

vkxs c<+rs gq,] ge Øfed :i ls ikrs gS fd]
3

0 0
3 3 ,...,

3 ! !

n

n n

y y
a a

h n h

 
 

xq.kkadksa ds bu ekuksa dk mi;ksx djrs gq,] gesa U;wVu vxzorhZ varj iz{ksi ;k
iz{ksi.k fuEu :i esa feyrk gS]

3
20 0 1 0 01 2

0 0 02

0 1 01

( )( ) ( ) ( ) ( )
( ) ...

2 ! 3!

( ) ( )( )
... ...

!

n
n

x x x x x x x x yx x x x
x y y y

h h h h h

x x x x yx x

h h h n


     
       

  
 

h

xx
u 0
  dks ysdj bl lw= dks vkSj vfèkd lqfoèkktud :i esa O;Dr fd;k

tk ldrk gS tSlk ;gk¡ fn[kk;k x;k gSA

gekjs ikl gS]

1)1(
})1({

22
)2(

11
)(

001

002

001




























 nun
h

xx

h

hnxx

h

xx

u
h

xx

h

hxx

h

xx

u
h

xx

h

hxx

h

xx

n

bl çdkj] ç{ksi ;k iz{ksi.k cgqin fuEu :i esa feysxk]

               
2 3

0 0 0 0

( 1) ( 1)( 2)
( )

2 ! 3 !

u u u u u
u y u y y y

  
       

                                              0

( 1)( 2)...( 1)
...

!
nu u u u n
y

n

   
   (4.55)

;g lw= vke rkSj ij rkfydk dh 'kq#vkr esa ç{ksi ;k iz{ksi.k ds fy, mi;ksx
fd;k tkrk gSA

fdlh fn, x, x ds fy,] ge x
0
 ds :i esa ,d lkj.khc) fcanq pqurs gSa ftlds

fy, fuEufyf[kr fu;e larq"V gksrs gSaA

csgrj ifj.kke ds fy,] gekjs ikl gksuk pkfg,]

5.0|| 0 



h

xx
u
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mi;ksx gksus okys ç{ksfir cgqin dh ?kkr n ls de ;k mlds cjkcj gksuh
pkfg, vkSj varjksa dh dksfV ls fuèkkZfjr gksrk gS tc os yxHkx ,d lkeku gksrs gSa
rks lekIr =qfV (Rond-off Error) ds dkj.k mPprj dksfV;ksa dk varj vfu;fer gks
tkrk gSA

(Newton's Backward Difference

Interpolation Formula)

U;wVu vxzorhZ varj iz{ksi ;k iz{ksi.k lw= dk mi;ksx rkfydk ds var ds ikl ,d
fcanq ij ç{ksi ds fy, ugha fd;k tk ldrk gS] D;ksafd gekjs ikl vko';drkuqlkj
,sls fcanqvksa ij ç{ksi djus ds fy, varj (Differences) ugha gksrk gSA gkyk¡fd] ge
,d vyx lw= dk mi;ksx dj ldrs gSa ftls U;wVu i'porhZ varj iz{ksi ;k iz{ksi.k
lw= ds :i esa tkuk tkrk gSA ekuk fd ,d rkfydk esa i = 0, 1, 2, ..., n ds fy, leku
nwjh ds x

i
 ds fy, {x

i
, y

i
}] eku fn, x, gSaA bl çdkj] x

i
 = x

0
 + ih] y

i
 = f(x

i
)] i =

0, 1, 2, ..., n  ds fy, Kkr gSA

ge n ?kkr dk ,d ç{ksi ;k iz{ksi.k cgqin dks fuEufyf[kr #i esa cukrs gSa]

0 1 2 1 1 1( ) ( ) ( )( ) ... ( )( )...( )n n n n n ny x b b x x b x x x x b x x x x x x             

(4.56)

gesa xq.kkadksa b
0
, b

1
, ..., b

n
 dks fuèkkZfjr djus ds fy, lacaèkksa dks larq"V djuk

gksxk
( ) , for , 1, 2, ..., 1, 0i ix y i n n n     ( ) , for , 1, 2, ..., 1, 0x y i n n n      ds fy,  (4.57)

bl izdkj, ( ) , givesn n nx y b y   0( ) , givesn n nx y b y   nsrk gSA                               (4.58)

blfy,] 1 1 1 0 1 1( ) , gives ( )n n n n nx y y b b x x        gesa 1 1 1 0 1 1( ) , gives ( )n n n n nx y y b b x x        nsrk gSA

;k

       1
1

n n ny y y
b

h h
 

  (4.59)

iqu% 2 2 2 0 1 2 2 2 1( ) , ( ) ( )( )            n n n n n n n n nx y y b b x x b x x x x nsrk gSA

;k, 1
2 2( 2 ) ( 2 )( )n n

n n

y y
y y h b h h

h





     


2

1 2
2 2 2

2

2 2!
n n n ny y y y

b
h h
   

  (4.60)

izos'k.k }kjk ;k igys crkbZ xbZ çfØ;k dk vuqlj.k djrs gq, gesa feysxk]
3 4

3 43 4
, , ...,

3 ! 4 ! !

n
n n n

n n

y y y
b b b

h h n h

  
   (4.61)

lehdj.k ¼4-56½ esa b
i
 ds ekuksa dks çfrLFkkfir djus ij] ge çkIr djrs gSa]

2

1 1 12( ) ( ) ( ) ( ) ... ( )( )...( )
2 ! !

n
n n n

n n n n n nn

y y y
x y x x x x x x x x x x x x

h h n h 

  
           

(4.62)
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bl lw= dks U;wVu i'porhZ varj iz{ksi ;k iz{ksi.k lw= ds :i esa tkuk tkrk
gSA ;g varj rkfydk esa i'porhZ fod.kZ ds lkFk i'porhZ varj dk mi;ksx djrk
gSA

u;k pj ykus ij 
h

xx
v n
 ,

gekjs ikl gS] 1
)(1 




  v
h

hxx

h

xx nn

blh rjg] 2 1Similarly, 2,..., 1nx x x x
v v n

h h
 
    

bl çdkj] lehdj.k ¼4-62½ esa ç{ksi ;k iz{ksi.k cgqin dks fQj ls bl rjg
fy[kk tk ldrk gS fd]

2 3( 1) ( 1)( 2) ( 1)( 2)...( 1)
( ) ...

2 ! 3 ! !
n

n n n n n

v v v v v v v v v n
x y v y y y y

n

      
          

(4.63)

;g lw= vke rkSj ij ,d rkfydk ds var ds ikl ,d fcanq ij ç{ksi ;k
iz{ksi.k ds fy, mi;ksx fd;k tkrk gSA fn, x, ç{ksi ;k iz{ksi.k lw= esa =qfV dks
fuEu :i ls fy[kk tk ldrk gS]

( 1)
1 1 0

0

( 1)
1

( ) ( ) ( )

( )( )...( )( ) ( )
,

( 1) !

( )
( 1)( 2)...( )

( 1) !







 

    
   




   



n
n n

n

n
n

E x f x x

x x x x x x x x f
x x

n

y
v v v v n h

n

tgka

(Newton-Cotes General Quadrature)

ge U;wVu ds vxzorhZ varj iz{ksi ;k iz{ksi.k lw= (Newton's Forward Difference

Interpolation Formula) ds lkFk 'kq#vkr djrs gSa tks varjky [a, b] esa leku nwjh ij
fLFkr fcUnqvksa ij] f (x) ds ekuksa dh ,d rkfydk dk mi;ksx djrk gSA eku ys fd
varjky [a, b] dks n cjkcj mi&varjkyksa esa bl rjg foHkkftr fd;k x;k fd

a = x
0
, x

i
 = x

o
+ ih, i = 1, 2, ..., n – 1,   x

n
 = b ds fy, (4.64)

rkfd] nh = b–a gksxk

U;wVu varj iz{ksi ;k iz{ksi.k lw= gS]
2 3

0 0 0 0 0

( 1) ( 1)( 2) ( 1)( 2)...( 1)
( ) ...

2! 3! !
ns s s s s s s s s n

s f s f f f f
n

      
          

(4.65)

tgka gk¡
h

xx
s 0
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 f (x) dks lehdj.k esa (s) ls cnyus ij gesa izkIr gksrk gS]

 



 




nx

x

dsf
ss

fsfhdxxf
n

0

0
2

00 ...
!2

)1(
)(

0

pwafd tc x = x
0
, s = 0 vkSj x = x

n
, s = n vkSj dx = h du gSA

tksfd RHS dk fØ;kfUor ledyu gS,















































...3
3

11

2

3

524

1

2
2

3
3

46

1

232

1

2
)(

0
42

345

0
3

234

0
2

23

0

2

0

0

fn
nnn

f
nnn

f
nn

f
n

nfhdxxf
nx

x

(4.66)

ge n = 1, 2, 3, ... dk fo'ks"k eku ysdj fofHkUu lekdyu lw= (Integration

Formula) çkIr dj ldrs gSa iqu% varj dks cnyus ij] U;wVu&dksV~l lw= dks x
0
,

x
1
, ...., x

n
] ij Qyu ds ekuksa ds :i esa O;Dr fd;k tk ldrk gS] tSls fd





n

k
kk

x

x

xfchdxxf
n

0

)()(

0

(4.67)

U;wVu&dksV~l lw= esa izkIr =qfV gS,
2

1

0

( ) ( 1) ( )
( 1)!

nn
n nh

E f s s s n ds
n


     

  (4.68)

(Gaussian Quadrature)

geus ns[kk gS fd la[;kRed lekdyu (Numerical Integration) U;wVu&dksV~l
(Newton-Cotes) dk lw= fuEu :i esa gksrk gS]





n

i
ii

b

a

xfcdxxf
0

)()( (4.69)

tgk¡ x
i
 = a+ih, i = 0, 1, 2, ..., n; b a

h
n


  gSA

;g lw= leku nwjh ij fLFkr fcUnqvksa ij Qyuksa ds ekuksa dk mi;ksx djrk
gS vkSj f (x) ds fy, n ds cjkcj ;k mlls de ?kkr ds cgqin gksus dk lVhd
ifj.kke nsrk gSA xkWmfl;u (Gaussian) {ks=dyu lw= lehdj.k ¼4-69½ ds leku gS]
tks fn;k x;k gS]

)()(
1

1

1

i

n

i
i uFwduuF 



 (4.70)
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tgk¡ w
i
’s vkSj u

i
’s dks Øe'k% Hkkj (Weights) vkSj Hkqt (Abscissae) dgk

tkrk gS] ;g bl rjg fudkyk tkrk gS fd mijksDr lehdj.k ¼4-70½ F(u) ds fy,
2n–1 ds cjkcj ;k mlls de ?kkr ds cgqin gksus dk lVhd ifj.kke nsrk gSA

U;wVu&dksV~l lehdj.k ¼4-71½ esa] xq.kkad c
i 
vkSj Hkqt (Abscissae) x

i
 ifjes;

la[;k,¡ (Rational Number) gksrh gSa] ysfdu Hkkj (Weights) w
i
  vkSj ,sfCll (Abscissae)

u
i
 vkerkSj ij vifjes; la[;k,¡ (Irrational Number) gksrh gSaA Hkys gh xkWmfl;u

{ks=dyu lw= F(u) dk lekdy lhek –1 ls +1 ds chp nsrk gS] ysfdu ,d lkèkkj.k
ifjorZu }kjk ge bldk mi;ksx f (x) ds lekdy dks a ls b ds chp fudkyus ds
fy, dj ldrs gSa]

b a a b
x u

2 2

 
  (4.71)

Li"V gS] rc u dh lhek x = a ls b ds laxr] –1 ls 1 rd gks tkrh gS vkSj
ge fy[k ldrs gSa]

)(
22

)( uF
ba

u
ab

fxf 



 






gekjs ikl gS] 





1

1

)(
2

)( duuF
ab

dxxf
b

a

(4.72)

;g fn[kk;k tk ldrk gS fd u
i
, n ?kkr ds yhtsaMªs cgqin (Legendre

Polynomials) P
n
(u) ds 'kwU; gSaA ;s ewy okLrfod gSa ysfdu vifjes; la[;k,¡ gSa vkSj

Hkkj (Weights) Hkh vifjes; la[;k,¡ gSaA

u
i
 vkSj w

i 
dks fuèkkZfjr djus ds fy, çklafxd lehdj.kksa dk ,d ljy

lw=hdj.k fuEu lehdj.k }kjk fn;k x;k gS vkSj eku yhft, fd F(u) ,d cgqin
fuEu :i esa gS]







12

0

)(
n

k

k
kuauF (4.73)

fQj] ge fy[k ldrs gSa

 




 












1

1

12

0

1

1

)( duuaduuF
n

k

k
k (4.74)

;k, 22420

1

1
22

2
...

5

2

3

2
2)( 




 na
n

aaaduuF (4.75)

lehdj.k ¼4-74½ nsrk gS]
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 12
12

2
210

1

12

01

1

1

...

)(




























n

inii

n

i
i

n

k

k
ik

n

i
i

uauauaaw

uawduuF

(4.76)

lehdj.k ¼4-75½ vkSj ¼4-76½ 2n–1 ls de ;k blds cjkcj dh ?kkr okys lHkh
cgqinksa ds fy, ds leku ekuk tkrk gSa vkSj blfy, a

k
 ds xq.kkadksa dks nksuksa rjQ

leku djds] gesa fuEufyf[kr 2n lehdj.k 2n vKkr w
1
, w

2
,...,w

n
  vkSj u

1
, u

2
,...,u

n

ds fy, çkIr gksrs gSaA

 




 


n

i

n
ii

n

i

n

i
iiii

n

i
i uwuwuww

1

12

1 1

2

1

0,...
3

2
,0,2 (4.77)

lehdj.k ¼4-77½ dk gy dkQh tfVy gSA gkyk¡fd] yhtsaMªs cgqin dk mi;ksx
djds de esgur dh tk ldrh gSA ;g fn[kk;k tk ldrk gS fd n ?kkr okys
yhtsaMªs cgqin (Legendre Polynominals) P

n
(x) ds Hkqt (Abscissae) 'kwU; gSaA rc

lehdj.kksa ¼4-77½ ds igys n lehdj.kksa dks gy djds vklkuh ls Hkkj (Weights)

w
i
 fuèkkZfjr fd;k tk ldrk gSA mnkgj.k ds :i esa] ge n = 2 ysrs gSaA u

1
, u

2
, w

1

vkSj w
2
 ds pkj lehdj.k gksaxs %

w
1
+w

2
= 2

w
1
u

1
+w

2
u

2
= 0

3

22
22

2
11  uwuw

03
22

3
11  uwuw

w
1
, w

2
, dks gVkdj ge çkIr djrs gSa]

3
1

3
2

1

2

2

1

u

u

u

u

w

w


;k] 3 3 2 2
1 2 1 2 1 2 1 2u u u u 0 u u (u u ) 0   ;k  gSA

pwafd] 021  uu  gekjs ikl u
1
 = – u

2
 gSA

blds vykok] w
1
 = w

2
 = 1- rhljk lehdj.k nsrk gS]

2
1 1 2

2 1 1
2 ,

3 3 3
u u u    

 blfy,] nks fcanq x‚ml&yhtsaMªs {ks=dyu lw= gS]

1

1

1 1
( )

3 3
F u du F F
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rkfydk 4-1] 2 ls 6 rd n ds ekuksa ds fy, x‚ml&yhtsaMªs {ks=dyu ds Hkqt
(Abscissae) vkSj Hkkj (Weights) nsrk gSA

 xkSml&fytsaMªs {ks=dyu ds fy, Hkkj ,oa Hkqt ds eku

93246951.017132449.0

66120939.036076157.0

23861919.046791393.06

90617985.00.23692689

0.538469310.47862867

0.00.568888895

0.861136310.34785485

0.339981040.652145154

0.774596670.55555556

0.00.888888893

0.577350271.02

AbscissaeWeights












n

;g ns[kk tkrk gS fd Hkqt (Abscissae) ewy (Origin) ds lanHkZ esa lefer
(Symmetrical) gksrs gSa vkSj lenwjLFk fcanqvksa (Equidistant Points) ds fy, Hkkj
(Weights) ds cjkcj gksrs gSaA

  
2

0

,)1( dxx  dh x‚ml nks fcanq {ks=dyu lw= }kjk x.kuk djsaA

x = u + 1 dks çfrLFkkfir djus ij] fn, x, lekdy  
2

0

)1( dxx , 



1

1

)2( duuI

eas ifjofrZr gks tk,xkA nks fcanq x‚ml {ks=dyu lw= (Gauss Two-Point Quadra-

ture) dk mi;ksx djrs gq,] gekjs ikl I = (0.57735027+2) + (– 0.57735027+2) =

4.0 gksxkA

tSlk fd visf{kr Fkk] ifj.kke lekdy ds lVhd eku (Exact Value) ds
cjkcj gSA

fn[kk,¡ fd 
b

a

dxxf )( ds ewY;kadu ds fy, x‚ml nks fcanq {ks=dyu

lw= dks lexz :i esa fy[kk tk ldrk gS





N

i
ii

b

a

sfrfhdxxf
0

)]()([)(

tgk¡ r
i
 = x

i 
+ hp, s

i
 = x

i 
+ (1 – p)h, ).33(

6

1
p  gSA

ge varjky]  [a, b] dks N mi varjky esa foHkkftr djrs gSa] çR;sd dh yackbZ

.
b a

h
N


  gSA
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varjky (x
i
, x

i+1
) ij lekdy I

i
 ij fopkj djsa] vFkkZr~ 




1

)(
i

i

i

x

x

x dxxfI

ge 
22






 

h
xu

h
x i  j[k dj lekdy I

i
 dks ifjofrZr djrs gSa]

rkfd x = x
i
 u = –1 vkSj x = x

i+1
] u = 1 nsA tks bl çdkj]










 

1

1
222

du
h

xu
h

f
h

I ii

 x‚ml nks fcanq {ks=dyu nsrk gS]
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2

23223

1
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tgk¡ r
i
 = x

i 
+ ph, s

i
 = x

i 
+ (1 – p)h, )33(

6

1
p

bl çdkj ])()([
2

)(
1

0

1

0










N

i
ii

N

i
i

b

a

sfrf
h

Idxxf

csgrj lVhdrk ds fy, vfèkd ls vfèkd la[;k ds fy, x‚ml lekdy lw=
(Gauss Integration Formula) ij fopkj djus ds ctk; ,d cM+s mivarjky ij nks
fcanq lexz lw= dk mi;ksx djuk pkfg,A

x‚ml rhu fcanq {ks=dyu lw= (Gauss Three Point Quadration

Formule) }kjk fuEufyf[kr lekdy dk ewY;kadu djsa]

 
1

0 1

dx
I

x




 ge lcls igys varjky [0, 1] dks varjky (–1, 1) esa ifjofrZr djrs gSa
t = 2x – 1 çfrLFkkfir djrs gq,

rkfd  
1 1

0 1

.
1 3

dx dt

x t


  

vc xkWml rhu fcanq {ks=dyu }kjk gekjs ikl]

1 1
[8 (0) 5 (3 0.77459667) 5 (3.77459667)] ( )

9 3
0.693122

    


 

I F F F F t
t

I

vkSj

I = 

1

0 1

dx

x dk lgh eku = In 2 = 0.693147 gSA

rFkk =qfV ¾ 0-000025 gSA



lehdj.kksa dk lekèkku vkSj
cgqin ç{ksi.k

Lo&vfèkxe 219

ikB~; lkexzh

1- lehdj.k ds ewyksa dh x.kuk dhft,A

2- okLrfod ewyksa dh fLFkfr Kkr djus dh fof/k;ksa dks ifjHkkf"kr dhft,A

3- dks"Bd fof/k ls vki D;k le>rs gSa\

4- U;wVu&jSilu dh fof/k dh O;k[;k djsaA

5- jsxqyk&QkYlh fof/k dks ifjHkkf"kr dhft,A

6- MsldkVZ ds fu;e ls vki D;k le>rs gSa\

7- iz{ksi ;k iz{ksi.k dh O;k[;k dhft,A

8- jSf[kd iz{ksi.k dh lw= lfgr O;k[;k djsaA

9- ySxzkat iz{ksi.k dks ifjHkkf"kr dhft,A

10- leku nwjh okys lkj.khc) ekuks ds fy, iz{ksi ;k iz{ksi.k lw= dh O;k[;k
dhft,A

11- izrhdkRed lapkyd dks ifjHkkf"kr dhft,A

12- U;wVu vxzorhZ varj iz{ksi ;k iz{ksi.k lw= dh O;k[;k djsa vkSj bldk mi;ksx
fdl izdkj fd;k tkrk gS\

13- flEilu ,d&frgkbZ lw= dks ifjHkkf"kr dhft,A

14- osMyh lw= vkSj osMyh lw= dh =qfV dh O;k[;k dhft,A

15- jksecxZ izfØ;k dh O;k[;k dhft,A

16- xkWmfl;u {ks=dyu lw= dks ifjHkkf"kr dhft,A

1- ,d lehdj.k ds ewyksa dh vkerkSj ij nks pj.kksa esa x.kuk dh tkrh gSA lcls
igys] ge ewyksa dh fLFkfr dk irk djus ds fy, lfUudVu ewyksa dks
fudkysxsA fQj ge ewy ds csgrj eku dh x.kuk ds fy, iqujkof̀Ùk rduhd
dk mi;ksx djds Øfed vuqekuksa ls okafNr lVhdrk rd ewyksa dks fudkysaxsA
;g iqujkof̀Ùk rduhd dk mi;ksx djds fd;k tkrk gSA

2- vkys[kh; fofèk % vkys[kh; fofèk esa] ge x dh fofHkUu ekuksa dh ,d fuf'pr
Js.kh ;k dksfV ds fy, Qyu y = f (x) dk xzkQ ;k vkys[k cukrs gSaA og
fcanqvksa tgk¡ xzkQ ;k vkys[k x&v{k dks dkVrh gS]

lkj.khdj.k fofèk esa] ,d fo'ks"k Js.kh ;k dksfV esa x ds ekuksa ds fy, f (x) ds
ekuksa dh ,d rkfydk cukbZ tkrh gSA fQj] ge x ds yxkrkj nks ekuksa ds fy,
f (x) ds eku esa fpUg ifjorZu ns[krs gSaA ge ;g fu"d"kZ fudkyrs gSa fd x

ds bu ekuksa ds chp ,d okLrfod ewy fufgr gSA
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3- foHkktu fofèk dks dks"Bd fofèk Hkh dgk tkrk gS] D;ksafd ;g fofèk Øfed :i
ls okLrfod ewy ds vklikl ,d varjky ds nks fljksa ds chp ds varj dks
de djrh gS] vFkkZr] okLrfod ewy dks dks"Bd djrh gSA

4- U;wVu&jSilu fofèk esa lehdj.k f (x) = 0 ds ewy dks okafNr lVhdrk rd
[kkstus ds fy, O;kid :i ls mi;ksx dh tkus okyh la[;kRed fofèk gSA ;g
,d iqujkof̀Ùk fofèk gS ftldh vfHklj.k dh nj rhoz gS vkSj ;g rc cgqr
mi;ksxh gS tc vfHkO;fDr dk voydu f (x) tfVy ugha gksrk gSA

5- jsxqyk&QkYlh fofèk Hkh ,d dks"Bd fofèk gSA foHkktu fofèk esa] ge igys ,d
varjky (a, b) dh [kkst djds x.kuk 'kq: djrs gSa] ftlds Hkhrj ,d
okLrfod ewy fufgr gksrk gSA a = x

0 
vkSj b = x

1
 fy[kdj] ge f (x

0
) vkSj f

(x
1
) dh x.kuk djrs gSa] vkSj tkaprs gSa fd vxj f (x

0
) vkSj f (x

1
) foijhr

fpUgksa ds gSaA

6- ,d cgqin lehdj.k p
n
(x) dh /kukRed okLrfod ewy dh la[;k esa fpUg ds

ifjorZu dh la[;k ds cjkcj gS] ftls x dh vojksgh ?kkrksa ds lkFk fy[kk x;k
gS] ;k ,d leku la[;k ls de gSA

7- la[;kRed fo'ys"k.k esa ç{ksi ;k iz{ksi.k dh leL;k cgqr gh ekSfyd leL;k
gSA ç{ksi dk vFkZ gS nks js[kkvks ds chp i<+uk gksrk gS ysfdu la[;kRed esa]
ç{ksi ;k iz{ksi.k dk vFkZ gS ekuksa dh rkfydk esa x ds ekuksa ds chp ,d Qyu
f (x) dk eku fudkyuk gSA

8- bl i)fr esa] ge Øfed :i ls jSf[kd ç{ksfir Qyuksa dk mi;ksx djds]
fdlh Hkh ?kkr ds] ç{ksfir cgqinksa dks çkIr djrs gSaA

eku yhft, fd p
01

(x) x
0
 vkSj x

1
 ij lkj.khc) ekuksa ds fy, jSf[kd ç{ksfir

cgqin dks fu:fir djrk gSaA bl çdkj] ge fy[k ldrs gSa]

01

1001
01

)()(
)(

xx

fxxfxx
xp






9- ySxzkat ç{ksi ;k iz{ksi.k vleku lkj.khc) ekuksa ds fy, mi;ksxh gSA eku
yhft, fd y = f (x) ,d varjky (a, b) esa ifjHkkf"kr okLrfod eku Qyu gS
vkSj y

0
, y

1
,..., y

n 
ij (n + 1) y  ds Øe'k% x

0
, x

1
,...,x

n
 Kkr eku gSA cgqin

( ),x  tks f (x) dks ç{ksi ;k iz{ksi.k djrk gS n ls de ;k mlds cjkcj ?kkr
dk gksrk gSA

10- ç{ksi ;k iz{ksi.k ds vKkr Qyu ds fy, tc rdZ x dk lkj.khc) eku leku
nwjh ij gksrs gS] rks gekjs ikl nks egRoiw.kZ ç{ksi ;k iz{ksi.k lw= gksrs gSa]
vFkkZr]

(i) U;wVu vxzorhZ varj ç{ksi ;k iz{ksi.k lw=

(i) U;wVu i'porhZ varj ç{ksi ;k iz{ksi.k lw=
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y
0
, y

1
,..., y

n
  Qyu y = f (x) ds leku varj okys x = x

0
, x

1
, ..., x

n
 ds eku gSA

nks yxkrkj y ds chp ds varj y
1
 – y

0
, y

2
 – y

1
,..., y

n
 – y

n–1
 dks fcUnqvksa x

0
,

x
1
,..., x

n–1
 ij Qyu y = f (x) ds fy, izFke dksfV ;k Øe vxzorhZ varj dgk

tkrk gSA

i'porhZ varj vkSj vxzorhZ varj y = f (x) dks leku fofèk;ksa ls ifjHkkf"kr
fd;k x;k gSA i'porh Z varj lapkyd   ¼mYVs f=dks.k½ dk s

).()()( hxfxfxf   }kjk ifjHkkf"kr fd;k x;k gSA

11- ge la[;kRed fofèk ds fodkl ds fy, leku nwjh ds lkj.khc) vkadM+ksa ds
ifjfer varj ij fopkj djrs gSaA ,d Qyu y = f (x) esa x

0
, x

1
, x

2
,..., ls

lacafèkr ekuksa dk leqPp; y
0
, y

1
, y

2
,..., gS tgk¡ x

1
 = x

0
 + h, x

2
 = x

0
 + 2h,....,

lHkh h ds lkFk leku nwjh esa gSaA ge fofHkUu çdkj ds ifjfer varjksa dks
ifjHkkf"kr djrs gSa tSls fd vxzorhZ varj] i'porhZ varj vkSj dsaæh; varj]
vkSj lapkyd ds fu;eksa ds fglkc ls mUgsa O;Dr djsaxsA

12- U;wVu dk vxzorhZ varj iz{ksi ;k iz{ksi.k lw=] n ds cjkcj ;k mlls de ?kkr
dk cgqin gSA bldk mi;ksx ,d lery fcanq ij lkj.khc) Qyu ds eku
dks [kkstus ds fy, fd;k tkrk gSA

13- U;wVu&dksV~l lw= ds lehdj.k esa n = 2 dks ysus ij] gesa la[;kRed lekdy
dk flEilu ,d&frgkbZ lw= çkIr gksrk gS]bls la[;kRed lekdy esa
flEilu ,d&frgkbZ lw= ds :i esa tkuk tkrk gSA

14- U;wVu&dksV~l lw= esa n = 6 ds lkFk dqN ekewyh la'kksèkuksa ds ckn osMyh lw=
feyrk gSaA U;wVu&dksV~l lw= n = 6 ds lkFk] nsrk gSA

osMyh dk fu;e ,d lfEeJ osMyh dk lw= gS tc mivarjky dh la[;k 6
dk ,d xq.kd gksrh gSA la[;kRed lekdy esa osMyh ds fu;e dk mi;ksx
varjky (b – a) esa 6m mivarjky dh la[;k ls mifoHkkftr djds fd;k
tkrk gS]

osMyh lw= esa =qfV ¾ 7 ( )1
( )

140
vih y  

15- bl çfØ;k dk mi;ksx ,d lekdy ds mivarjky dh pkSM+kbZ ds nks ekuksa
ewY;kadu dk mi;ksx djds csgrj vuqekuksa ds lekdy dks [kkstus ds fy,
fd;k tkrk gSA

2 1
2 3

I I
I I

    
 

bls leyEc prqHkqZth; lekdyu esa jksecxZ lw= ds :i esa tkuk tkrk gSA

16- U;wVu&dksV~l dk la[;kRed lekdy dk lw= fuEu :i esa gksrk gS]





n

i
ii

b

a

xfcdxxf
0

)()(
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tgk¡ x
i
 = a+ih, i = 0, 1, 2, ..., n; b a

h
n


  gSA

 ewy ds csgrj eku dh x.kuk ds fy, iqujkof̀Ùk rduhd dk mi;ksx djds
Øfed vuqekuksa ls okafNr lVhdrk rd ewyksa dks fudkysxsA ;g iqujkof̀Ùk
Qyu dk mi;ksx djds fd;k tkrk gSA

 ;fn f (x) varjky (a, b) ds chp lrr gS] vkSj f (a) vkSj f (b) foijhr fpUg
ds gSa] rks a vkSj b ds chp f (x) = 0 dk ,d okLrfod ewy t:j mifLFkr gksxkA

 foHkktu fofèk ,d ewy çkIr djus dh fofèk gS tks ckj&ckj varjky dks dkVrh
gS vkSj fQj ge mi varjky dk p;u djrs gS ftlls vkxs dh çfØ;k ds
fy, ,d ewy fuèkkZfjr gksrk gSA ;g ,d vR;ar ljy vkSj etcwr fofèk gS]
ysfdu ;g vis{kk—r èkheh gSA

 foHkktu fofèk esa varjky dh Øfed deh gksrh gS ftlesa ,d lehdj.k ds
okLrfod ewy fufgr gksrs gSA

 foHkktu fofèk dks dks"Bd fofèk Hkh dgk tkrk gS] D;ksafd ;g fofèk Øfed :i
ls okLrfod ewy ds vklikl ,d varjky ds nks fljksa ds chp ds varj dks
de djrh gS] vFkkZr] okLrfod ewy dks dks"Bd djrh gSA

 ljy iqujkof̀Ùk fofèk dk mi;ksx djds ,d lehdj.k f (x) = 0 ds ewy dks
csgrj vkSj csgrj lfUudVu ewy ds fy, Øfed :i ls x.kuk djds
fuèkkZfjr fd;k tkrk gSA

 iqujkof̀Ùk çfØ;k dk vfHklj.k Øe Øfed iqujkof̀Ùk esa e
n 
vkSj e

n+1 
 =qfV;ksa

ds lanHkZ esa fuèkkZfjr fd;k tkrk gSA ,d iqujkof̀Ùk çfØ;k dks vfHklj.k dk

kok¡ Øe dgk tkrk gS fd vxj 1lim ,n
kn
n

e
M

e



  tgk¡ M ,d ifjfer la[;k

gSA

 U;wVu&jSilu fofèk esa lehdj.k f (x) = 0 ds ewy dks okafNr lVhdrk rd
Kkr djus ds fy, O;kid :i ls mi;ksx dh tkus okyh la[;kRed fofèk gSA
;g ,d iqujkof̀Ùk fofèk gS ftldh vfHklj.k dh nj rhoz gS vkSj ;g rc cgqr
mi;ksxh gS tc vfHkO;fDr dk voydu f (x) tfVy ugha gksrk gSA

 Nsfnd fofèk dks U;wVu&jSilu fofèk dk mUur :i ekuk tk ldrk gSA bl
fofèk ds fy, iqujkof̀Ùk lw= U;wVu&jSilu fofèk ds lw= ls çkIr gksrk gS]
ftlesa voydt )( 0xf   dks nks lehiorhZ fcanqvksa x

0
 vkSj x

1
 dks oØ y = f

(x) ls tksM+dj feys thok ds ço.krk ;k >qdko ls cnyk tkrk gSaA
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 Nsfnd fofèk vkSj jsxqyk&QkYlh i)fr ds chp varj bl rF; esa fufgr gS fd
jsxqyk&QkYlh fofèk ds foijhr] Nsfnd fofèk esa nks çkjafHkd vuqekfur eku ewy
dks dks"Vd ugha djrs gSa vkSj Øfed iqujkof̀Ùk ds nkSjku ewy ds dks"Bd dh
tk¡p ugha djrs gSaA

 okLrfod xq.kkad okys cgqin lehdj.kksa esa muds ewy ds lacaèk esa dqN
egRoiw.kZ fo'ks"krk,a gksrh gSaA vxj n ?kkr dk ,d cgqin lehdj.k gS rks]

 (i) ?kkr n ds cgqin lehdj.k esa dsoy n ewy gksrs gSaA

 (ii) lfEeJ ewy ;qXe esa gksrs gSa] vFkkZr] ;fn i   ] p
n
(x) = 0 dk ,d ewy gS

rks nwljk ewy i    gksxkA

 ,d cgqin lehdj.k p
n
(x) dh /kukRed okLrfod ewy dh la[;k esa fpUg ds

ifjorZu dh la[;k ds cjkcj gS] ftls x ds vojksgh ?kkrksa ds lkFk fy[kk x;k
gS] rFkk ;g ,d leku la[;k ls de gSA

 x.kuk vDlj ,d cgqin dk irk yxkdj dh tkrh gS ftls iz{ksi ;k iz{ksi.k
cgqin dgrs gSa] bldh ?kkr n ls de ;k blds cjkcj ,slk gksrh gS fd cgqin
dk eku lkj.kh esa çR;sd fcanq ij Qyu ds eku ds cjkcj gksrk gSA

 vkofèkd Qyuksa ds izdj.k esa] lfUudVu dks f=dks.kferh; Qyu dh ,d
ifjfer Ük`a[kyk }kjk cuk;k tk ldrk gSA cgqin ç{ksi ;k iz{ksi.k] Qyu
lfUudVu ds fy, ,d cgqr gh mi;ksxh fofèk gksrh gSA ç{ksi ;k iz{ksi.k
cgqin vU; leL;kvksa tSls la[;kRed vodyu] la[;kRed lekdyu vkSj
vodyu lehdj.k ls tqM+h çkjafHkd vkSj lhek ewY; leL;kvksa ds gy dh
fofèk;ksa dks fodflr djus ds vkèkkj esa cgqr mi;ksxh gksrh gSA

 ySxzkat ds ç{ksi ;k iz{ksi.k lw= vkSj iqujkoÙ̀k jSf[kd ç{ksi ;k iz{ksi.k dks
vklkuh ls ,d lax.kd ¼daI;wVj½ }kjk lax.kuk ds fy, vklkuh ls dk;kZfUor
fd;k tk ldrk gSA

 çR;sd l
i
(x) ?kkr n  dk cgqin gS vkSj bls ySxzkaft;u Qyu dgk tkrk gSA

 dksbZ Qyu y = f (x) x ds leku :i ls fn, x, ekuksa {x
0
, x

1
,..., x

n
} ds fy,

Kkr bl rjg gSa fd fdlh Hkh nks yxkrkj ekuksa ds chp dk varj cjkcj gSA

Qyu y = f (x) ds ekuksa dh rkfydk ds fy, fofHkUu Øeksa ds fiNyk varj vkSj
vxzorhZ varj y = f (x) dks leku fofèk;ksa ls ifjHkkf"kr fd;k x;k gSA i'porhZ
varj lapkyd   ¼mYVs f=dks.k½ dks ).()()( hxfxfxf   }kjk ifjHkkf"kr
fd;k x;k gSA

 i'porhZ LraHk esa çfof"V;ksa ds varj ds :i esa rkfydk esa ,d LraHk dh
çfof"V;ksa dh x.kuk dh tkrh gSa vkSj mUgsa muds chp esa j[kk tkrk gSA

 ge la[;kRed fofèk ds fodkl ds fy, leku nwjh ds lkj.khc) vkadM+ksa ds
ifjfer varj ij fopkj djrs gSaA ,d Qyu y = f (x) esa x

0
, x

1
, x

2
,..., ls

lacafèkr ekuksa dk leqPp; y
0
, y

1
, y

2
,..., gS tgk¡ x

1
 = x

0
 + h, x

2
 = x

0
 + 2h,....,
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lHkh h ds lkFk leku nwjh esa gSaA ge fofHkUu çdkj ds ifjfer varjksa dks
ifjHkkf"kr djrs gSa tSls fd vxzorhZ varj] i'porhZ varj vkSj dsaæh; varj]
vkSj lapkydksa ds fu;eksa ds fglkc ls mUgsa O;Dr djsaxsA

 foLFkkiu lapkyd dks E ls n'kkZ;k tkrk gS vkSj E f (x) = f (x + h) }kjk
ifjHkkf"kr fd;k tkrk gSA

 U;wVu vxzorhZ varj iz{ksi ;k iz{ksi.k lw= dk mi;ksx rkfydk ds var ds ikl
,d fcanq ij ç{ksi ;k iz{ksi.k ds fy, ugha fd;k tk ldrk gS] D;ksafd gekjs
ikl vko';drkuqlkj ,sls fcanqvksa ij ç{ksi ;k iz{ksi.k djus ds fy, varj ugha
gksrk gSA

 U;wVu&dksV~l lw= ds lehdj.k esa n = 2 dks ysus ij] gesa la[;kRed lekdy
dk flEilu ,d&frgkbZ lw= çkIr gksrk gS] bls la[;kRed lekdy esa
flEilu ,d&frgkbZ lw= ds :i esa tkuk tkrk gSA

 mi&varjky dh yackbZ h dk lw= esa mi;ksx djus ds fy,] h ds eku dk ,d
mi;qDr fodYi cukuk gksxkA h dks fuèkkZfjr djus ds nks fofèk gSa] lw= esa
la[;kRed lekdy ds fy, [kaMu =qfV ij fopkj djds ;k varjky dks vkèkk
vkSj ifj.kkeksa dh rqyuk dh rduhd }kjk Øfed fodkl lekdy dk
ewY;kadu djds fd;k tk ldrk gSA

 [kaMu =qfV vuqeku fofèk esa] mi;ksx fd, tkus okys h ds eku dks la[;kRed
lekdy ds lw= esa [kaMu =qfV ij fopkj djds fuèkkZfjr fd;k tkrk gSA

 tc [kaMu =qfV dk vuqeku fudkyuk eqf'dy gks tkrk gS rks okafNr lVhdrk
rd lekdy dh x.kuk ds fy, varjky vèkhZdj.k rduhd dk mi;ksx fd;k
tkrk gSA

 jksecxZ çfØ;k fcuk fdlh vfèkd Qyu ewY;kadu ds lekdy dk csgrj
vuqeku nsrk gS] I

1
 ds lkFk I

2
 ds ewY;kadu esa h/2 ds ewY;kadu esa vko';d

Qyu ds ekuksa dk Hkh mi;ksx gksrk gSA

 la[;kRed fo'ys"k.k esa iz{ksi ;k iz{ksi.k dh leL;k cgqr
gh ekSfyd leL;k gS bls iz{ksi ;k iz{ksi.k dk vFkZ nks js[kkvksa ds chp i<+uk
gksrk gS ysfdu la[;kRed fo'ys"k.k esa iz{ksi ;k iz{ksi.k dk vFkZ gS ekuksa dh
rkfydk esa x ds ekuksa ds chp ,d Qyu f (x) dk eku fudkyukA

 Øfed :i ls jSf[kd iz{ksfir Qyuksa dk mi;ksx
djds fdruh Hkh ?kkr ds iz{ksfir cgqinksa dks izkIr djrs gSaA

 ySxzkat iz{ksi ;k iz{ksi.k vleku lkj.khc) ds ekuksa ds fy,
mi;ksxh gSA
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 foLFkkiu lapkyd dks E ls n'kkZ;k tkrk gS vkSj Ef

(x) = f (x + h) }kjk ifjHkkf"kr fd;k tkrk gSA

 bl izfØ;k dk mi;ksx ,d lekdy ds mivarjky dh
pkSM+kbZ ds nks ekuksa ds ewY;kadu dk mi;ksx djds csgrj vuqekuksa ds lekdy
dks [kkstus ds fy, fd;k tkrk gSA

 Nsfnd fof/k dks U;wVu&jSilu fof/k dk mUur :i ekuk tk
ldrk gS bl fof/k ds fy, iqujkof̀Ùk lw=] U;wVu&jSilu fof/k ds lw= ls izkIr
gSA

1- lehdj.kksa dk gy D;k gS\

2- iz{ksi ;k iz{ksi.k dks ifjHkkf"kr dhft,A

3- la[;kRed {ks=dyu D;k gS\

4- osMyh lw= dks ifjHkkf"kr djsA

5- xkWmfl;u {ks=dyu lw= dh O;k[;k djsaA

1- okLrfod ewyksa dh fLFkfr Kkr djus dh fof/k;ksa dh mnkgj.k lfgr O;k[;k
djsaA

2- jSf[kd iz{ksi.k ls vki D;k le>rs gSa] mnkgj.k lfgr bldh O;k[;k
dhft,A

3- foLFkkiu lapkyd vkSj dsanzh; lapkyd dk mnkgj.k lfgr o.kZu dhft,A

4- U;wVu vxzorhZ varj iz{ksi ;k iz{ksi.k lw= dk leckgq fcanqvksa ij leqPp; dks
Kkr djus dh fof/k dk o.kZu mnkgj.k lfgr djsaA

5- {ks=dyu lw= ls vki D;k le>rs gSa\ mnkgj.k lfgr bldh O;k[;k
dhft,A
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5-0 ifjp;
5-1 mís';
5-2 jSf[kd lehdj.k
5-3 lkèkkj.k voydu lehdj.k
5-4 la[;kRed vodyu ij vk/kkfjr fofèk;ka
5-5 la[;kRed lekdyu ij vk/kkfjr fofèk;ka
5-6 viuh izxfr tkafp, iz'uksa ds mÙkj
5-7 lkjka'k
5-8 eq[; 'kCnkoyh
5-9 Lo&ewY;kadu ç'u vkSj vH;kl

5-10 lgk;d ikB~; lkexzh

dbZ bathfu;fjax vkSj oSKkfud leL;kvksa dks jSf[kd lehdj.kksa ds fudk;ksa ds vkèkkj
ij lekèkku dh vko';drk gksrh gSA lehdj.kksa ds iz.kkfy;ksa dks le:i
(Homogeneous) dgk tkrk gS ;fn LrEHk (Column) esa lfn'k (Vector) b ds lHkh
vo;o 'kwU; gks vU;Fkk] iz.kkfy;ksa dks xSj&le:i (Non-Homogeneous) dgk
tkrk gSA vki n vKkrksa ds n jSf[kd lehdj.kksa dh iz.kkfy;ksa esa lekèkku Kkr djus
ds fy, x.kuk dh fofèk dks lh[ksaxsA lehdj.kksa ds iz.kkyh dh x.kuk ds lekèkku ds
fy, nks çdkj ds dq'ky la[;kRed fof/kvksa dk mi;ksx fd;k tkrk gS] ftuesa ls dqN
çR;{k fof/k gksrs gSa vkSj vU; ç—fr esa iqujkoÙ̀k gksrs gSaA çR;{k fofèk esa] xkWmfl;u
fu"dklu fofèk (Gaussian Elimination Method) dk mi;ksx fd;k tkrk gS] tcfd
iqujkòfÙk fofèk (Iterative Method) esa] x‚ml&lhMsy iqujkòfÙk fofèk (Gauss-Seidel

Iteration Method) dk vkerkSj ij mi;ksx fd;k tkrk gSA

lkèkkj.k voydu lehdj.k (Ordinary Differential Equation ;k ODE)  ,d
lehdj.k gS ftlesa ,d Qyu esa Lora= pj vkSj mldk voydt (Derivatives)

gksrk gSA ,d ODE dbZ lkekU; :i ys ldrk gSaA voydt lkèkkj.k gksrs gSa D;ksafd
vkaf'kd voydt (Partial Derivatives) dsoy dbZ Lora= pjks ds Qyuksa ij gh iz;ksx
gksrs gSaA Hkys gh lkèkkj.k voydu lehdj.kksa ds fo'ys"k.kkRed lekèkku [kkstus ds
fy, dbZ fofèk;ka gSa] ysfdu lao`r (Close) :i ds dbZ voydu lehdj.kksa ds
lekèkku çkIr ugha fd, tk ldrs gSaA voydu lehdj.kksa ds fy, la[;kRed
lekèkku [kkstus ds fy, dbZ fofèk;k¡ miyCèk gSaA

la[;kRed voydu ,d Qyu f(x) ds voydt dh x.kuk djus dh çfØ;k
gS tc Qyu Li"V :i ls Kkr ugha gksrk gS] ysfdu Qyuksa ds ekuksa dks rdZ ds ,d
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leqPp; ds fy, tkuk tkrk gSA voydt dks mi;qä iz{ksi ;k varosZ'ku cgqin
(Interpolating Polynomial) dk mi;ksx djds ik;k tk ldrk gSA bu voydtksa dk
lw= ds :i esa Qyu ds voydt ds fy, mi;ksx fd;k tkrk gSaA U;wVu vxzorhZ
varj varosZ'ku lw= (Newton’s Forward Difference Interpolation Formula) dk
mi;ksx leku nwjh ds fcanqvks dh rkfydk esa 'kq#vkr esa ,d fcanq ij voydt dh
x.kuk ds fy, fd;k tkrk gS] tcfd U;wVu i'porhZ varj iz{ksi ;k varosZ'ku lw=
(Newton’s Backward Difference Interpolation Formula) dk mi;ksx rkfydk ds
var esa fcanq ij voydt dh x.kuk ds fy, fd;k tkrk gSA blds vykok] vki
dsaæh; varj iz{ksi ;k varosZ'ku lw= (Central Difference Interpolation Formula) ds
voydt dk mi;ksx djds rkfydk ds eè; esa fcanq ij voydt dh x.kuk djuk
lh[ksaxsA

rkfydk esa fn, x, rdZ vleku nwjh ds gksus ij] Qyu ds voydt dh
x.kuk ds fy, ySxzkat iz{ksi ;k varosZ'ku ;k iz{ksi.k cgqin (Lagrange’s Interpolating

Polynomial) dk mi;ksx fd;k tkrk gSA blds vykok vki ,d fuf'pr lekdyu
(Definite Integral) ds ewY;kadu ds ckjs esa Hkh tkusaxsA

bl bdkbZ esa vki jSf[kd lehdj.k (Linear Equation)] lkèkkj.k voydu
lehdj.kksa (Ordinary Differential Equations)] la[;kRed voyduksa (Numerical

Differentiation) ij vkèkkfjr fofèk;ksa vkSj la[;kRed lekdyu (Numerical Integration)

ij vkèkkfjr fofèk;ksa ds ckjs esa vè;;u djsaxsA

bl bdkbZ dks i<+us ds ckn vki&

 jSf[kd lehdj.k dks ifjHkkf"kr dj ik,axs(

 lkèkkj.k jSf[kd voydu lehdj.kksa ds fo'ys"k.k dks le> ik,axs(

 la[;kRed voydu ij vkèkkfjr fofèk;ksa dk o.kZu dj ik,axs(

 la[;kRed lekdyu ij vkèkkfjr fofèk;ksa dks le> ik,axsA

dbZ bathfu;fjax vkSj oSKkfud leL;kvksa dks jSf[kd lehdj.kksa ds iz.kkfy;ksa ds
lekèkkuksa dh vko';drk gksrh gSA ge n vKkrksa ds m jSf[kd lehdj.kksa (Linear

Equations) dh iz.kkfy;ksa ij fopkj djrs gS ftls fuEu :i esa fy[kk x;k gS]

11 1 12 2 13 3 1 1

21 1 22 2 23 3 2 2

31 1 32 2 33 3 3 3

1 1 2 2 3 3

...

...

...
... ... ...

...

n n

n n

n n

m m m m n m

a x a x a x a x b

a x a x a x a x b

a x a x a x a x b

a x a x a x a x b

    
    

    

    

(5.1)

vkO;wg (Matrix) ds ladsr (Notation) fpUg dk mi;ksx djrs gq,] ge mijksä
lehdj.kksa dh iz.kkfy;ksa dks fuEu :i esa fy[k ldrs gSa]
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Ax = b (5.2)

tgka A ,d m × n dk vkO;wg gS] vkSj x, b Øe'k% n-LrEHk (Column), m-iafä lfn'k
(Row Vectors) gSa ftUgsa fuEu :i esa fy[kk tkrk gS]

11 12 13 1 1 1

21 22 23 2 2 2

31 32 33 3 3 3

1 2 3

...

...

, ,...

... ... ... ... ... ... ...

...

n

n

n

m m m mn n m

a a a a x b

a a a a x b

A x ba a a a x b

a a a a x b

     
     
     
       
     
     
          

(5.3)

lehdj.kksa ds iz.kkfy;ksa dks le:i (Homogeneous) dgk tkrk gS ;fn LrEHk
(Column) esa lfn'k (Vector) b ds lHkh vo;o 'kwU; gks vU;Fkk] iz.kkfy;ksa dks
xSj&le:i (Non-Homogeneous) dgk tkrk gSA le:i iz.kkfy;ksa dk ,d
xSj&rqPN (Non-Trivial) lekèkku gksrk gS ;fn A ,d oxZ vkO;wg gks] vFkkZr] m = n

gks] vkSj xq.kkad vkO;wg dk lkjf.kd (Determinant)] vFkkZr | A | 'kwU; ds cjkcj gSA
xSj&le:i iz.kkfy;ksa dk lekèkku rHkh ekStwn gksrk gS ;fn xq.kkad vkO;wg A

dh jSad (Rank) laofèkZr vkO;wg [A: b] ds jSad ds cjkcj gksrh gS ftls fuEu :i esa
fy[kk tkrk gSA

























nnnnn

n

n

n

baanaa

baaaa

baaaa

baaaa

bA

...

..................

...

...

...

]:[

321

33333231

22232221

11131211

blds vykok] lehdj.k iz.kkyh ¼5-1½ dk ,d fof'k"V xSj&rqPN lekèkku ekStwn gksrk
gS tc m = n vkSj lkjf.kd (Determinant) 0|| A  gks] vFkkZr~ xq.kkad vkO;wg oxZ
xSj&foy{k.k (Non-Singular) vkO;wg gksA n vKkrksa dh n jSf[kd lehdj.kksa ds
iz.kkfy;ksa ds lekèkku dh x.kuk fdlh nks fpjlEer ;k Dykfldy fof/kvksa (Classicial

Methods) esa ls fdlh ,d ls dh tkrh gS ftUgsa Øsej fu;e (Cramer's Rule) vkSj
vkO;wg O;qRØe fofèk ds :i esa tkuk tkrk gSA ysfdu ;s nksuksa fofèk;ka la[;kRed
x.kuk ds fy, mi;qä ugha gSa] D;ksafd nksuksa fofèk;ksa esa lkjf.kd (Determinant) ds
ewY;kadu dh vko';drk gksrh gSA blfy, lehdj.kksa ds iz.kkfy;ksa ds lekèkku dh
x.kuk djus ds fy, nks çdkj ds mi;qDr la[;kRed fofèkvksa dk mi;ksx fd;k tkrk
gSaA dqN ljy fofèk gSa vkSj vU; ç—fr esa iqujkoÙ̀k gSaA çR;{k fof/kvksa esa xkWmfl;u
fu"dklu (Gaussian Elimination) fofèk dk lcls vfèkd mi;ksx fd;k tkrk gSA
iqujkoÙ̀k fof/kvksa esa ls] x‚ml&lhMsy (Gauss-Seidel) iqujkòÙk fofèk dk lcls
vfèkd mi;ksx fd;k tkrk gSA

(Classical Methods)

fpjlEer fof/k;ksa ;k Dykfldy fof/k;ksa ds varxZr ge fuEufyf[kr fof/k;ksa ,oa
fu;eksa dk v/;;u djsaxsA
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(Cramer’s Rule) : eku yhft, D = |A| xq.kkad vkO;wg A dk lkjf.kd
(Determinant) gS vkSj D

i
 lfn'k LrEHk (Vector Column) b }kjk D ds i oha iafä dks

çfrLFkkfir djds çkIr fd;k lkjf.kd (Determinant) gSA gesa Øsej fu;e ls
lehdj.kksa ds lekèkku esa lfn'k x fuEu :i ls çkIr gksrk gS]

, 1, 2,...,i
i

D
x i n

D
  d s fy, (5.4)

bl çdkj gesa n dksfV ds (n + 1) lkjf.kd dh x.kuk djuh gksrh gSA
 (Matrix Inversion Method) : eku yhft, fd vkO;wg A

ds O;qRØe (Inverse) A–1 dks fuEu :i ls ifjHkkf"kr fd;k tkrk gS]

||
1

A

AAdj
A 

 (5.5)

tgka Adj A xq.kkad vkO;wg ds lkjf.kd ds rRoksa a
ij
 ds xq.kkadksa ds layXu vkO;wg

(Adjoint Matrix) ifjorZu djds izkIr djrs gSaA

bl çdkj,























nnnn

n

n

AAA

AAA

AAA

AAdj

.....

...............

.....

.....

21

22212

12111

(5.6)

A
ij
 ;gk¡ a

ij
. dk lg&xq.ku[k.M (Cofactor) gSA

rc iz.kkfy;ksa ds gy dks fuEu :i ls fy[kk tk,xk ,
1x A b (5.7)

: ;fn jSf[kd lehdj.kksa ds iz.kkfy;ksa ds xq.kkad vkO;wg (Coefficient Matrix) esa
n vKkrksa (Unknowns) dh jSad n ls de gS] rks vKkrksa dh la[;k Lora= lehdj.kksa
(Independent Equations) dh la[;k ls vfèkd gksxhA ,sls izdj.k esa] iz.kkfy;ksa ds
lekèkkuksa dk ,d vuar leqPp; (Infinite Set) gksrk gSA fuEufyf[kr mnkgj.k Øsej
fu;e (Cramer's Rule) vkSj vkO;wg O;qRØe fofèk (Matrix Inversion Method) ds
mi;ksx dh O;k[;k djsaxsA

: fuEufyf[kr iz.kkyh dks gy djus ds fy, Øsej fu;e dk mi;ksx
djsaA

 

1

2

3

2 3 1 1

3 1 1 2

1 1 1 1

x

x

x

     
           
           

;fn xq.kkad vkO;wg dk lkjf.kd (Determinant) D gS rks,

14)13()31(3)11(2

111

113

132






















D
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lkjf.kd (Determinant) D
1
 , D

2
 vkSj D

3
 gksaxs,

5)13()32(3)21(2

111

213

132

1)23()31()12(2

111

123

112

8)12()21(3)11(

111

112

131

3

2

1


















D

D

D

bl rjg] Øsej fu;e ls gesa feyrk gS]

31 2
1 2 3

8 4 1 5
, ,

14 7 14 14

DD D
x x x

D D D

 
       



: lehdj.kksa ds fn, x, iz.kkyh dks vkO;wg O;qRØe fofèk ls gy djsaA

1

2

3

1 1 1 4

2 1 3 1

3 2 1 1

x

x

x

     
           
          

vkO;wg O;qRØe fofèk }kjk lehdj.kksa ds fn, x, iz.kkyh dks gy djus ds fy,]
ges igys xq.kkad vkO;wg ds lkjf.kd (Determinant) dh x.kuk djuh gksxh]

13

123

312

111

|| 


A

pwafd 0|| A , blfy, vkO;wg A xSj&foy{k.k (Non-Singular) gS vkSj A–1 Hkh
ekStwn gksxkA vc ge layXu vkO;wg (Adjoint Matrix) dh x.kuk djsaxs]

5 3 4 5 3 4

11 4 1 ; Thus, 11 4 1

7 1 3 7 1 3

Adj A A

    
            
       

 bl izdkj 
1

5 3 4 5 3 4
1

11 4 1 ; Thus, 11 4 1
| | 13

7 1 3 7 1 3

Adj A
Adj A A

A


    
            
       

blfy,] vkO;wg O;qrØe fofèk (Matrix Inversion Method) }kjk gesa gy
¼lekèkku½ feysaxs,

1
1

2

3

5 3 4 4 13 1
1 1

11 4 1 1 39 3
13 13

7 1 3 1 26 2

x

x x A b

x



           
                        
                  

(Elimination Methods)

(Gaussian Elimination Method) : bl fofèk esa
vKkrksa dk O;ofLFkr fof/k ls fu"dklu fd;k tkrk gS rkfd xq.kkad vkO;wg
(Coefficient Matrix) dks Åijh f=dks.kh; iz.kkyh (Upper Triangular System) esa
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cnyk tk lds] ftls ckn esa i'p çfrLFkkiu (Back Substitution) dh çfØ;k }kjk
gy fd;k tkrk gSA rhu vKkrksa ds rhu lehdj.kksa iz.kkfy;ksa dh çfØ;k dks le>us
ds fy,] ge fuEu lehdj.kksa ds iz.kkfy;ksa ij fopkj djrs gS]

1313212111 bxaxaxa  (5.8(a))

2323222121 bxaxaxa  (5.8(b))

3333232131 bxaxaxa  (5.8(c))

igys gesa vafre nks lehdj.kksa esa ls x
1
 dks gVkuk (Eliminate) gksxk vkSj fQj

vafre lehdj.k ls x
2
 dks gVkuk gksxkA

nwljs lehdj.k ls x
1
 dks gVkus fy, ge lehdj.k (5.8(a)) dks 1121 / aa  =

m
2
, ls xq.kk djsaxs vkSj fQj mls nwljs lehdj.k esa tksM+saxs A blh rjg] rhljs

lehdj.k (5.8(c)) ls x
1
 dks gVkus ds fy, ge igys lehdj.k (5.8(a)) dks

31131 / maa  , ls xq.kk djsaxsA vkSj vafre lehdj.k (5.8(c)) esa tksM+saxsA rc muls
gesa fuEu nks lehdj.k feysaxs,

)1(
23

)1(
232

)1(
22 bxaxa  (5.9(a))

)1(
33

)1(
332

)1(
32 bxaxa  (5.9(b))

tgka (1) (1) (1)
22 22 2 12 23 23 2 13 2 2 2 1

(1) (1) (1)
32 32 2 12 33 33 2 13 3 3 3 1

Where , ,

, ,

a a m a a a m a b b m b

a a m a a a m a b b m b

     

     

mijksä nks lehdj.kksa esa ls vafre ls x
2
 dks gVkus ds fy,] ge igys lehdj.k

55.9(a)) dks ,/ )1(
22

)1(
324 aam   ls xq.kk djrs gSa] vkSj nwljs lehdj.k (5.9(b)) esa tksM+rs

gSa] tks ges fuEu lehdj.k nsxk]

)2(
3

)2(
33 ba  (5.10)

tgk¡ )1(
24

)1(
3

)2(
3

)1(
234

)1(
33

)2(
33 , bmbbamaa 

bl çdkj O;ofLFkr fu"dklu (Systematic Elimination) ls gesa uhps nh xbZ
f=dks.kh; iz.kkyh (Triangular System) feyrh gS]

1313212111 bxaxaxa  (5.11(a))

)1(
23

)1(
232

)1(
22 bxaxa  (5.11(b))

)2(
23

)2(
33 bxa  (5.11(c))

uhps crk, vuqlkj i'p çfrLFkkiu (Back Substitution) }kjk vKkr dks gy
djuk vc vklku gks tkrk gSA

ge ¼5.11(c)) ls x
3
 ds fy, gy djrs gSa] fQj (5.11(b)) ls x

2
 ds fy, gy

djrs gSa vkSj var esa (5.11(a)) ls x
1
 ds fy, gy djrs gSaA bl O;ofLFkr xkWmfl;u

fu"dklu (Systematic Gaussian Elimination) çfØ;k dks laf{kIr :i (Compact

Form) esa vkO;wg ladsr fpUg (Matrix Notation) esa fy[kk tk ldrk gS] tSlk fd
uhps fn[kk;k x;k gSA
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(i) ge xq.kd dks ckbZa vksj vkSj laofèkZr vkO;wg (Augmented Matrix) [A: b] dks
fy[krs gSa]

1331223333231

2232221

1131211

11313

11212

&

.

/

/

RmRRmRbaaa

baaa

baaa

aam

aam


 


















 iafDr ladkjd iznf”kZr

(ii) fQj ge iafä lafØ;k (Raw Operation) }kjk x
1
 ds fu"dklu ds ckn ifjofrZr

2 vkSj 3 iafä;ksa dks fy[krs gSa lehdj.k ¼m
2
 × igyh iafä + nwljh iafä½ vkSj ¼m

3

× igyh iafä + rhljh iafä½] ds :i esa ubZ 2 & 3 iafä;ksa dks ckbZa vksj xq.kd ds
lkFk fy[krs gSaA

)1(
3

)1(
33

)1(
32

)1(
2

)1(
23

)1(
22

1131211
)1(

22
)1(

314 ./

baa

baa

baaa

aam
















  
3 4 2R m R
inz f'kZr

(iii) var esa] ge uhps fn, x, vuqlkj :ikarfjr Åijh f=dks.kh; laofèkZr vkO;wg
(Upper Triangular Transformed Augmented Matrix) çkIr djrs]

















3
)2(

33

)1(
2

)1(
23

)1(
22

1131211

ba

baa

baaa

                  (5.12)

:

1- mijksä çfØ;k dks vklkuh ls n vKkrksa ds iz.kkfy;ksa rd c<+k;k tk ldrk
gS] ml fLFkfr esa] gesa vafre Åijh f=dks.kh; vkO;wg (Final Upper Triangular

Matrix) dks çkIr djus ds fy, O;ofLFkr fu"dklu ds fy, dqy (n–1) pj.kksa
dk mi;ksx djuk gksxkA

2- bl fu"dklu dk mi;ksx djus ds fy, larq"V gksus dk fu;e ;g gS fd çR;sd
pj.k esa igyk fod.kZ (Diagonal) vo;o 'kwU; ugha gksuk pkfg, A bu fod.kZ

vo;oksa (Diagonal Elements) [ ,,, )2(
33

)1(
2211 aaa bR;kfn], vkfn] dks èkqjh (Pivot)

dgk tkrk gSA ;fn fdlh pj.k esa èkqjh (Pivot) 'kwU; gks] rks fofèk foQy jgrh
gSA gkyk¡fd] ge iafä;ksa dks fQj ls O;ofLFkr dj ldrs gSa rkfd fdlh Hkh
Lrj ij dksbZ Hkh èkqjh ;k dsanz fcanq (Pivot) 'kwU; u gksA

: fuEufyf[kr iz.kkfy;ksa dks x‚ml fu"dklu fofèk }kjk gy djsa]

1 2 3

1 2 3

1 2

2 0

2 2 3 3

3 2

x x x

x x x

x x

  

  

  

x.kuk dks laofèkZr vkO;wg fu:i.k }kjk fn[kk,aA
 iz.kkyh dk laofèkZr vkO;wg gS]

















 2:031

3:322

0:121
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: 2 vkSj 3 lehdj.kksa ls x
1
 ds fu"dklu ds fy, ge igys lehdj.k dks

–2 vkSj 1 dks Øfed (Successively) :i ls xq.kk djrs gSa vkSj fQj mUgsa 2 vkSj 3
ds lehdj.k esa tksM+rs gSaA ifj.kke uhps laofèkZr vkO;wg (Augmented Matrix) esa
fn[kk;k x;k gSA




















2:110

3:120

0:121

1

2

: rhljs lehdj.k ls x
2
 ds fu"dklu ds fy, ge nwljs lehdj.k dks

2

1


ls xq.kk djrs gSa vkSj fQj bls rhljs lehdj.k esa tksM+rs gSA ifj.kke uhps laofèkZr
vkO;wg esa fn[kk;k x;k gSA


















2/1:2/100

3:120

0:121

2/1

: vc Åijh f=dks.kh; iz.kkyh dks i'p çfrLFkkiu }kjk gy fd;k tkrk gS]
ftlls gesa x

1
 = 1, x

2
 = –1, x

3
 = 1 feyrk gSA

(Gauss-Jordan Elimination Method)

x‚ml&t‚MZu fu"dklu fofèk xkWmfl;u fu"dklu fofèk dk ,d :ikarj gSA bl
fofèk esa] laofèkZr xq.kkad vkO;wg dks iafä lafØ;k }kjk bl rjg :ikarfjr (Transformed)

fd;k tkrk gS rkfd xq.kkad vkO;wg (Coefficient Matrix) rRled vkO;wg (Identity

Matrix) es ifjofrZr gks tk,A fQj iz.kkyh dk lekèkku lhèks :ikarfjr laof/kZr
vkO;wg (Transformed Augmented Matrix) ds ifjofrZr laofèkZr LrEHk ds :i esa çkIr
gksrk gSA ge rhu lehdj.kksa ds iz.kkfy;ksa ds lkFk fofèk dh O;k[;k djrs gSa]


















































3

2

1

3

2

1

333231

232221

131211

b

b

b

x

x

x

aaa

aaa

aaa

(5.13)

laofèkZr vkO;wg fuEu gksxk]

















3333231

2232221

1131211

:

:

:

baaa

baaa

baaa

 (5.14)

ge ekurs gSa fd aa
11

 xSj&'kwU; (Non-Zero) gSA gkykafd] ;fn aa
11

 'kwU; gS] rks
ge iafä;ksa dks vkil esa bl rjg cnyrs gSa fd ifj.kkeh ç.kkyh (Resulting System)

esa a
11

 'kwU;srj gksA igyk pj.k igyh iafDr dks a
11

 ls foHkkftr djuk gS vkSj fQj
iafä lafØ;k (Row Operations) }kjk ifjofrZr gqbZ igyh iafä dks aa

21
 ls xq.kk djuk

gS fQj mls nwljh iafä ls ?kVkuk gS blh rjg ifjofrZr gqbZ igyh iafä dks a
31
 ls

xq.kk djuk gS fQj mls rhljh iafä ls ?kVkuk gS bl rjg ge iafä lafØ;k ls x
1
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dks 2 vkSj 3 lehdj.kksa ls gVk nsaxsA bls uhps fn, x, vkO;wg :ikarj.k (Matrix

Transformations) esa Hkh fn[kk;k x;k gS]

11 12 13 1 12 13 1 12 13 1

21 22 23 2 21 22 23 2 22 23 2
1 11

31 32 33 3 31 32 33 3 32 33 3

: 1 : 1 :

: : 0 :/
: : 0 :

a a a b a a b a a b

a a a b a a a b a a bR a
a a a b a a a b a a b

          
              

             

2
11 12 13 1 12 13 1 12 13 1

1 21

21 22 23 2 21 22 23 2 22 23 2
3 1 31

31 32 33 3 31 32 33 3 32 33 3

: 1 : 1 :

: : 0 :

: : 0 :

a a a b a a b a a b

a a a b a a a b a a b
R R a

a a a b a a a b a a b

R R a          
              
             



tgka,   

131331331333312313232

121221321232312212222

1111111313111212

,,

,,

/,/,/

babbaaaaaaaa

babbaaaaaaaa

abbaaaaaa







vc 22a  dks xSj&'kwU; èkqjh (Non-Zero Pivot) ds :i esa ns[ksa] igys ge nwljh
iafä dks 22a  ls foHkkftr djrs gSa vkSj fQj ifjofrZr gqbZ (Reduced) nwljh iafä
dks 12a  ls xq.kk djrs gSa vkSj bls igyh iafä ls ?kVkrs gS vkSj blh rjg ifjofrZr gqbZ
(Reduced) nwljh iafä dks Hkh 32a ls xq.kk djuk gS vkSj fQj rhljh iafä ls ?kVkuk
gS vkSj iwjh çfØ;k dks vkO;wg ladsr (Matrix Notation) fpUg esa uhps fn[kk;k x;k
gSA

vkSj1 2 3 22

12 13 1 12 13 1 13 1

22 23 2 23 2 23 2

32 33 3 32 33 3 33 3

12 3222
1 : 1 : 1 0 :

0 : 0 1 : 0 1 :

0 : 0 : 0 0 :

/a
a a b a a b a b

a a b a b a b

a a b a a b a b

R R a R R aR
            

                  
                 

   

tgka,   

2323332233333

2222222323

21211123121313

,

/,/

,

babbaaaa

abbaaa

babbaaaa







var esa] rhljh iafä ds vo;oksa dks 33a   ls foHkkftr (Divided) djuk gS vkSj
fQj ifjofrZr gqbZ rhljh iafä dks 13a   ls xq.kk fd;k tkrk gS vkSj igyh iafä ls
?kVk;k tkrk gS vkSj lkFk gh ifjofrZr gqbZ rhljh iafä dks 23a   ls xq.kk djuk gS vkSj
nwljh iafä ls ?kVkuk gS A bls Hkh uhps vkO;wg ladsr esa fn[kk;k x;k gSA

13 1 13 1 1

23 2 23 2 2

2 23 333 3 3 3

1 325

3 33

1 0 : 1 0 : 1 0 0 :

0 1 : 0 1 : 0 1 0 :
/

0 0 : 0 0 1 : 0 0 1 :

a b a b bR a R
a b a b b

R a
R a Ra b b b

         
              

             

tgka, 33333232231311 /,, abbbabbbabb 

var esa] iz.kkyh dk ifjofrZr gq, laofèkZr LrEHk }kjk fn;k tkrk gSA
vFkkZr~, 1 1 2 2 3 3, and .x b x b x b     vkSj 1 1 2 2 3 3, and .x b x b x b    

ge ,d laofèkZr vkO;wg ds mnkgj.k ls fu"dklu çfØ;k dk mi;ksx djds
o.kZu djsaxs,
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2 2 4 : 18

1 3 2 : 13

3 1 3 : 14

 
 
 
  

lcls igys] ge igyh iafä dks 2 ls foHkkftr djrs gSa vkSj fQj ifjofrZr gqbZ
(Reduced) igyh iafä dks nwljh iafä ls ?kVkrs gSa vkSj igyh iafä dks 2 ls Hkh xq.kk
djrs gSa vkSj fQj rhljh ls ?kVkrs gSaA ifj.kke uhps n'kkZ, x, gS:


















 


















 

















13:320

4:020

9:211

214:313

13:231

9:211
2/

14313

13231

18421

23

121

RR

RRR

vkxs nwljh iafä ij fopkj djrs gq,] ge iafä lapkyu }kjk nwljs LrEHk
(Column) dks [0, 1, 0] esa ifjofrZr djrs gSa ftls uhps fn[kk;k x;k gS :


















 




















 

















 9:300

2:010

7:201

213:320

2:010

9:211
2/

13:320

4:020

9:211

23

212

RR

RR
R

var esa] rhljh iafä dks –3 ls foHkkftr djrs gS vkSj fQj rhljh iafä ds vo;oksa
dks 2 ls xq.kk djus ds ckn igyh iafä ls ?kVkrs gS] ifj.kke uhps fn[kk, x, gS:
















 


















 


















 3:100

2:010

1:001
2

3:100

2:010

7:201
)3/(

9:300

2:010

7:201
313 RRR

blfy, iz.kkyh dk gy x
1
 = 1, x

2
 = 2, x

3
 = 3 gSA

: x‚ml&t‚MZu fu"dklu fofèk }kjk fuEufyf[kr iz.kkyh dks gy djsa]


















































283

117

18

214

332

9183

3

2

1

x

x

x

 ge laofèkZr vkO;wg (Augmented Matrix) ij fopkj djrs gSa vkSj x‚ml&t‚MZu
fu"dklu fofèk (Gauss-Jordan Elimination Method) }kjk iz.kkyh dks gy djrs gSaA
x.kuk dks uhps laf{kIr vkO;wg ladsr esa fn[kk;k x;k gSaA laofèkZr vkO;wg bl çdkj
gksxk :

















283:214

117:332

18:9183

: igys LrEHk esa èkqjh 3 gSA igyk LrEHk dks iafä lafØ;k (Row Operation)

}kjk [1, 0, 0]T esa cny fn;k x;k gS ftls uhps fn[kk;k x;k gS:
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259:10230

105:390

6:361

4

2

283214

117332

6361
3/

283:214

117:332

18:9183

13

121

RR

RRR

: nwljk LrEHk dks iafä lafØ;k }kjk [0, 1, 0] esa cnyk gS ftls uhps fn[kk;k
x;k gS]


















 






















259:10230

3/35:3/110

6:361
9/

259:10230

105:390

6:361
2R





















 



3/28:3/700

3/35:3/110

76:101

23

6

23

21

RR

RR

: rhljs LrEHk dks iafä lafØ;k }kjk [0 0 1]T esa cnyk gS ftls uhps fn[kk;k
x;k gS:
















 






















4:100

3/35:3/110

76:101
)3/7/(

3/28:3/700

3/35:3/110

76:101
3R



















 



4:100

13:010

72:001

3/32

31

RR

RR

blfy, iz.kkyh dk gy x
1
 = 72, x

2
 = –13, x

3
 = 4 gksxkA

(Iterative Methods)

ge jSf[kd lehdj.kksa dh ç.kkyh dks gy djus ds fy, iqujkof̀Ùk fofèk;ksa dk mi;ksx
dj ldrs gSa tc xq.kkad vkO;wg (Coefficient Matrix) esa fod.kZ çeq[k (Diagonally

Dominant) gksA ;g uhps nh xbZ vko';d fu;eksa ¼ifjfLFkfr;ksa½ ds leqPp; }kjk
lqfuf'pr fd;k tkrk gS]

aa
n

ijj
iiij ,||||

,1




 i = 1, 2,...,n ds fy, (5.15)

i;kZIr fu;eksa ;k ifjfLFkfr;ksa (Condition) dk ,d oSdfYid leqPp; (Alternative

Set) gksxk]

aa
n

jii
jjij ,||||

,1




  j = 1, 2,...,n ds fy, (5.16)

iqujkof̀Ùk (Iteration) fofèk;ksa ds nks :i gSa ftUgsa tSdksch iqujkof̀Ùk fofèk (Jacobi

Iteration Method) vkSj x‚ml&lhMsy iqujkòfÙk fofèk (Gauss-Seidel Iteration Method)

ds :i esa tkuk tkrk gSA
(Jacobi Iteration Method): n jSf[kd lehdj.kksa ds

iz.kkfy;ksa ij fopkj djsa]



jSf[kd lehdj.k]
la[;kRed lekdyu rFkk
la[;kRed vodyu

238 Lo&vfèkxe
ikB~; lkexzh

nnnnnnn

nn

nn

nn

bxaxaxaxa

bxaxaxaxa

bxaxaxaxa

bxaxaxaxa









........

..................................................................

........

........

........

332211

33333232131

22323222121

11313212111

fod.kZ vo;o (Diagonal Elements) a
ii
, i = 1, 2, ..., n xSj&'kwU; (Non-Zero)

gSa vkSj igys crkbZ xbZ i;kZIr fLFkfr;ksa ds leqPp; dks larq"V djrh gSaA tc
lehdj.kksa ds iz.kkyh bu fu;eksa dks iwjk ugha djrs gS] rks ge iz.kkfy;ksa dks bl rjg
ls iquO;ZofLFkr djrs gSa fd fu;eksa ;k ifjfLFkfr;k¡ larq"V gksA iqujkof̀Ùk dk iz;ksx
djus ds fy, ge lehdj.kksa dks fuEufyf[kr :i esa fQj ls fy[krs gSaA

nnnnnnnnn

nn

nn

nn

axaxaxabx

axaxaxabx

axaxaxabx

axaxaxabx

/)...(

............................................................

/)...(

/)...(

/)...(

112211

33323213133

22232312122

11131321211









iqujkòfÙk dk iz;ksx djus ls igys ge vKkrksa (Unknowns) dks )0()0(
3

)0(
2

)0(
1 ,...,,, nxxxx

ds çkjafHkd vuqekuksa ds :i esa ysrs gSa ¼çkjafHkd vuqeku dks 'kwU; fy;k tk ldrk gS½A
lehdj.kksa dk mi;ksx djds Øfed vuqekuksa (Successive Approximations) dh
x.kuk dh tkrh gSA

nn
k

nnn
k

n
k

nn
k

n

k
nn

kkk

k
nn

kkk

k
nn

kkk

axaxaxabx

axaxaxabx

axaxaxabx

axaxaxabx

/)...(

.................................................................................

/)...(

/)...(

/)...(

)(
11

)(
22

)(
11

)1(

33
)(

3
)(

232
)(

1313
)1(

3

22
)(

2
)(

323
)(

1212
)1(

2

11
)(

1
)(

313
)(

2121
)1(

1


















(5.17)

tgka k = 0] 1] 2] gS
okafNr lVhdrk (Desired Accuracy) çkIr gksus rd iqujkof̀Ùk;ksa dks tkjh j[kk

tkrk gSA bls fuEufyf[kr lacaèkksa }kjk tkapk tkrk gS]
( 1) ( ) , for 1, 2, ...,k k
i ix x i n    , for 1, 2, ...,x x i n    ds fy, (5.18)

(Gauss-Seidel Iteration Method): ;g tSdksch
iqujkof̀Ùk dk ,d ljy la'kksèku gSA bl i)fr esa] iz.kkyh dh iqujkof̀Ùk ds fdlh Hkh
Lrj ij] vKkr lfn'kksa (Unknown Vectors) ds ?kVdksa (Components) dh x.kuk ds
fy, vKkrksa ds csgrj ekuksa dk mi;ksx fd;k tkrk gS A uhps fn, x, iqujko`fÙk
lehdj.kksa dks bl fofèk esa mi;ksx fd;k tkrk gS]
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nn
k

nnn
k

n
k

nn
k

n

k
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kkk

k
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kkk

k
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kkk

axakxaxabx

axaxaxabx

axaxaxabx

axaxaxabx
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.................................................................................
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11
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3
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2
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323
)1(

1212
)1(

2

11
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1
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)(

2121
)1(

1




















(5.19)

Åij ls ;g Li"V gS fd ,)1(
2
kx  dh x.kuk ds fy, ;)(

1
kx  ds ctk; )1(

1
kx  ds csgrj

(Improved) ekuksa dk mi;ksx fd;k tkrk gS vkSj ,)1(
3
kx  dh x.kuk ds fy, )1(

1
kx a

vkSj )1(
2
kx  ds csgrj ekuksa dk mi;ksx fd;k tkrk gSA var esa] ( )k

nx  dh x.kuk ds fy,]

lHkh ?kVdksa (Components) )1(
1

)1(
2

)1(
1 ,...,, 


 k

n
kk xxx  ds csgrj ekuksa dk mi;ksx fd;k

tkrk gSA blds vykok] tSdksch iqujkof̀Ùk (Jacobi Iteration) dh rjg] iqujkof̀Ùk;ksa dks
rc rd tkjh j[kk tkrk gS tc rd fd okafNr lVhdrk çkIr ugha gks tkrh gSA

: fuEufyf[kr iz.kkfy;ksa dk x‚ml&lhMsy iqujko`fÙk fofèk }kjk pkj
egRoiw.kZ vadksa (Significant Figure) rd gy djsaA

9102

27210

15102

3210

4321

4321

4321

4321









xxxx

xxxx

xxxx

xxxx

 Li"V :i ls nh xbZ iz.kkfy;ka fod.kZ çeq[k xq.kkad vkO;wg gSa]

vFkkZr~,
1

| | | |, 1, 2, ...,
n

ii ij
j
j i

a a i n



 

bl izdkj] ge x‚ml&lhMsy iqujkof̀Ùk fofèk dks fu;ksftr dj ldrs gSa]
ftlds fy, fQj ls ge iz.kkfy;ksa dks fuEu :i esa fy[krs gSa]

)1(
3

)1(
2

)1(
1

)1(
4

)(
4

)1(
2

)1(
1

)1(
3

)(
4

)(
3

)1(
1

)1(
2

)(
4

)(
3

)(
2

)1(
1

2.01.01.09.0

2.01.01.07.2

1.01.02.05.1

1.01.02.03.0

















kkkk

kkkk

kkkk

kkkk

xxxx

xxxx

xxxx

xxxx

ge iqujkof̀Ùk dks 9.0,7.2,5.1,3.0 )0(
4

)0(
3

)0(
2

)0(
1  xxxx ls 'kq: djrs gSa]

Øfed iqujkof̀Ùk;ksa ds ifj.kke uhps nh xbZ rkfydk esa fn, x, gSaA

k x1 x2 x3 x4

1 0.72 1.824 2.774 –0.0196
2 0.9403 1.9635 2.9864 –0.0125
3 0.09901 1.9954 2.9960 –0.0023
4 0.9984 1.9990 2.9993 –0.0004
5 0.9997 1.9998 2.9998 –0.0003
6 0.9998 1.9998 2.9998 –0.0003
7 1.0000 2.0000 3.0000   0.0000
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blfy, pkj egRoiw.kZ vadksa (Four Significant Figures) rd dk lgh gy
x

1
 = 1.0000, x

2
 = 2.000, x

3
 = 3.000, x

4
 = 0.000 gSA

: x‚ml&lhMsy iqujkòfÙk fofèk }kjk fuEufyf[kr iz.kkfy;ksa dks gy djsaA

30102

75340

30220

221

321

321







xxx

xxx

xxx

rhu egRoiw.kZ vadksa rd gy nsaA

 ;g Li"V gS fd xq.kkad vkO;wg (Coefficient Matrix) fod.kZ (Diagonally) :i ls
çHkkoh (Dominant) gS vkSj x‚ml&lhMsy (Gauss-Seidel) iqujko`fÙk;ksa ds vfHklj.k
ds fy, i;kZIr ifjfLFkfr;ka Li"V gSaA

D;ksafd]

3||||10||

4||||40||

3||||20||

323133

232122

131211







aaa

aaa

aaa

iqujkof̀Ùk;ksa dks 'kq: djus ds fy,] ge lehdj.kksa dks iqu% fy[krs gSa]

)230(
10

1

)375(
40

1

)230(
20

1

213

312

321

xxx

xxx

xxx







çkjafHkd vuqekfur gy gksaxk]

0.3,0.2,5.1 )0(
3

)0(
2

)0(
1  xxx

igyh iqujkof̀Ùk nsrk gS]

98.2)14.215.1230(
10

1

14.2)0.3315.175(
40

1

15.1)0.30.2230(
20

1

)1(
3

)1(
2

)1(
1







x

x

x

nwljh iqujkof̀Ùk nsrk gS]

986.2)127.2137.1230(
10

1

127.2)98.23137.175(
40

1

137.1)98.214.2230(
20

1

)2(
3

)2(
2

)2(

1







x

x

x
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rhljh iqujko`fÙk nsrk gS]

985.2)127.2138.1230(
10

1

127.2)986.23138.175(
40

1

138.1)986.2127.2230(
20

1

)3(
3

)3(
2

)3(
1







x

x

x

bl çdkj rhu egRoiw.kZ vadksa rd gy dks x
1
 = 1.14, x

2
 = 2.13, x

3
 = 2.98.

ds :i esa fy[kk tk ldrk gSA
: tSdksch iqujkof̀Ùk fofèk dk mi;ksx djds fuEufyf[kr iz.kkfy;ksa dk

rhu egRoiw.kZ vadksa rd gy fudkysA

101043

163810

4321

4321





xxxx

xxxx

1110322

94102

4321

4321





xxxx

xxxx

 iz.kkfy;ksa dks igys iquO;ZofLFkr fd;k tkrk gS rkfd xq.kkad vkO;wg fod.kZ :i
ls çHkkoh gks ldsA tSdksch iqujkof̀Ùk dks 'kq: djus ds fy, ge lehdj.kksa dks fQj
ls fy[krs gSa]

( 1) ( ) ( ) ( )
1 2 3 4

( 1) ( ) ( ) ( )
2 1 3 4

( 1) ( ) ( ) ( )
3 1 2 4

( 1) ( ) ( ) ( )
4 1 2 3

1.6 0.8 0.3 0.1

0.9 0.2 0.1 0.4

1.0 0.3 0.4 0.1

1.1 0.2 0.2 0.3 , where 0, 1, 2,...

k k k k

k k k k

k k k k

k k k k

x x x x

x x x x

x x x x

x x x x k









   

   

   

    

tgka k=0, 1, 2,...

lekèkku ds çkjafHkd vuqekuksa dks fuEu :i esa fy;k tkrk gS]
(0) (0) (0) (0)
1 2 3 41.6, 0.9, 1.0, 1.1x x x x   

tSdksch iqujkof̀Ùk;ksa }kjk x.kuk dh xbZ Øfed iqujkof̀Ùk;ksa ds ifj.kke fuEu rkfydk
esa fn, x, gSa :

k x1 x2 x3 x4

1 1.07 0.92 0.77 0.90
2 1.050 0.969 0.957 0.933
3 1.0186 0.9765 0.9928 0.9923
4 1.0174 0.9939 0.9858 0.9989
5 0.9997 0.9975 0.9925 0.9974
6 1.0001 0.9997 0.9994 0.9984
7 1.0002 0.9998 1.0001 0.9999

bl çdkj rhu egRoiw.kZ vadksa dk lgh gy x
1
 = 1.000, x

2
 = 1.000, x

4
 = 1.000

gSA

(Algorithm) : x‚ml&lhMsy iqujkof̀Ùk fofèk }kjk lehdj.kksa ds iz.kkfy;ksa
dk gy Kkr djukA
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: laofèkZr vkO;wg ds vo;oksa a
ij
 dks i = 1 ls n, vxyk j = 1 ls n + 1 rd

fufo"V (Input) nsA

: ,fIly‚u (Eplison)] eSfDlV (Maxit) dks fufo"V ns (,fIly‚u dk
(Epsilon) okafNr lVhdrk ;k vf/kdre (Maximum) gS] eSfDlV iqujkof̀Ùk;ksa dh
vfèkdre la[;k gS½A

: x
i
 = 0, i = 1 ls n rd ds fy, j[ksaA

: cg̀n (Big) = 0, ;ksx (Sum) = 0, j = 1, k = 1, iqujkof̀Ùk (Iteration) = 0

j[ksaA
: tkapsa fd D;k ,jk   ;ksx (Sum) = ;ksx (Sum) + a

jk
 x

k
 gSaA

: tk¡p djsa fd D;k k < n gS] rks k = k + 1 j[ksa] pj.k 5 ij tk,¡ vU;Fkk
vxys pj.k ij tk,¡A

 : rki (Temperature) Temp = (a
jn + 1

 – Sum) / a
jj
 dh x.kuk djsaA

 : (Relerr) = Abs (x
j
 – Temp) / Temp dh x.kuk djsaA

 : tk¡p djsa ;fn Big < Relerr rks Big = Relerr

: x
j
 = Temp j[ksaA

: j = j + 1, k = 1 j[ksaA
: tk¡p djsa fd D;k nj   rks pj.k 5 ij tk,a vU;Fkk vxys pj.k ij tk,aA
: tk¡p djsa fd D;k relerr < Epsilon gS rks ,fIlykWu rks iqujkof̀Ùk vfHklj.k

¿Iterations Converge),  fy[ksa] vkSj x
j
 dks j = 1 ls n ds fy, fy[ksa] pj.k 15 ij tk,aÀ]

;fn Iter < maxit Iter = Iter + 1 rks pj.k 5 ij tk,aA
 : ^iqujko`fÙk;ksa esa vfHklj.k ugha gS] eSfDlV maxit ^iqujko`fÙk* fy[ksaA
 : x

j
 dks j = 1 ls n ds fy, fy[ksaA

 : lekIr

fdlh fn, x, oxZ vkO;wg A dk O;qRØe vkO;wg B fuEu lacaèk dks larq"V djrk gS]
A . B = I

tgk¡ I , A ds leku Øe dh bdkbZ vkO;wg gSA vkO;wg B ds vo;dksa b
ij
 dks fuèkkZfjr

djus ds fy, ge iafä lafØ;k dks xkWmfl;u fu"dklu (Gaussian Elimination) dh
rjg fu;ksftr dj ldrs gSaA ge uhps 2 × 3 vkO;wg ls fofèk dh O;k[;k dj jgs gSaA
ge mijksä lacaèk dks foLrkj ls fuEu :i ls fy[k ldrs gSa


















































100

010

001

333231

232221

131211

333231

232221

131211

bbb

bbb

bbb

aaa

aaa

aaa

vkO;wg xq.ku dh ifjHkk"kk dk mi;ksx djds ge fy[k ldrs gSa fd Åijh vkO;wg
fuEufyf[kr js[kh; lehdj.kksa dh rhuksa iz.kkfy;ksa ds lerqY; (Equivalent) gSA
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1

0

0

,

0

1

0

,

0

0

1

33

23

13

333231

232221

131211

32

22

12

333231

232221

131211

31

21

11

333231

232221

131211

b

b

b

aaa

aaa

aaa

b

b

b

aaa

aaa

aaa

b

b

b

aaa

aaa

aaa

bl çdkj mijksä çR;sd iz.kkfy;ksa dks gy djds ge O;qRØe vkO;wg B = A–1 ds
rhu LrEHkksa (Columns) dks çkIr djsaxsA pwafd çR;sd rhuksa iz.kkfy;ksa dh xq.kkad vkO;wg
rqY; gS] blfy, ge ,d lkFk lHkh rhuksa iz.kkfy;ksa ds fy, x‚mfl;u fu"dklu fofèk
dk iz;ksx dj ldrs gSaA
ge blds fy, fuEufyf[kr laofèkZr vkO;wg ij fopkj djrs gSaA

















100:

010:

001:

333231

232221

131211

aaa

aaa

aaa

ge bl laofèkZr vkO;wg ds fy, x‚ml fu"dklu dks fu;ksftr (Employ) djrs gSaA
igys pj.k ds var esa gesa feyrk gS ,

 
 

11 12 1321 112 1
(1) (1)
22 23 21 11

(1) (1)
3 31 11 1

32 33 31 11

/ : 1 0 0

0 : / 1 0
/ 0 : / 0 1

R a a R a a a

a a a a
R a a R a a a a

  
   

   

tgka,

13113133
)1(

3312113132
)1(

32

13112123
)1(

2312112122
)1(

22

)/(,)(

)/(,)/(

aaaaaaaaaa

aaaaaaaaaa





blh rjg] nwljs pj.k ds var esa gekjs ikl gS]

 
11 12 13

(1) (1) (1) (1) (1)
3 23 22 32 22 23 21

(2)
33 31 32

: 1 0 0

/ 0 : 1 0

0 0 : 1

a a a

R a a a a a c

a c c

 
   
  

tgka,

  (2) (1) (1) (1) (1)
33 33 32 22 23 21 21 12/ , ( / )a a a a a c a a   

=    (1) (1) (1) (1)
21 32 11 22 31 11 32 32 22/ ( / ), /a a a a a a c a a  

i'p çfrLFkkiu çfØ;k ds }kjk] ge O;qRØe vkO;wg ds vo;oksa dks ] rhu LrEHkksa ds
ifjofrZr gq, laofèkZr Hkkx ds vuq:i rhu iz.kkfy;ksa dks gy djds çkIr djsaxs] vFkkZr]

















1

01

001

3231

11

cc

c

ge uhps fn, x, mnkgj.k }kjk bl fofèk dk o.kZu djsaxsA
 : xkWmfl;u fu"dklu fofèk }kjk fuEufyf[kr vkO;wg A dk O;qRØe

Kkr djsaA
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132

344

132

A

 ge fuEufyf[kr laofèkZr vkO;wg ij fopkj djrs gSa]






















100:132

010:344

001:132

].[ IA

bl laofèkZr vkO;wg ij xkWmfl;u fu"dklu dk mi;ksx djds] igys pj.k ds var
esa ge çkIr djsaxs]

13

12
2

RR

RR


 



 





















101:260

012:120

001:132

blh rjg] nwljs pj.k ds var esa ge çkIr djrs gSa]





















 


135:500

012:120

001:132

3 23 RR

bl çdkj ge rhu iz.kkfy;ksa dks gy djds rhu LrEHkksa ds O;qRØe vkO;wg dks çkIr
djrs gSa]


























































1:500

0:120

0:132

3:500

1:120

0:132

5:500

2:120

1:132

rhuksa dk gy vklkuh ls i'p çfrLFkkiu (Back-Substitution) }kjk çkIr fd;k tkrk
gS] tks uhps fn, x, O;qRØe vkO;wg ds rhu LrEHkksa dks nsrs gSa]




















5/15/31

10/15/12/1

4/104/1

ge O;qRØe vkO;wg (Inverse Matrix) dh x.kuk djus ds fy, x‚ml&t‚MZu
fu"dklu fof/k (Gauss-Jorden Elimination Method) dk Hkh mi;ksx dj ldrs gSaA
bls fuEufyf[kr mnkgj.k }kjk Li"V fd;k x;k gSA

: x‚ml&t‚MZu fu"dklu fof/k }kjk fuEufyf[kr vkO;wg ds O;qRØe
dh x.kuk djsaA






















132

344

132

A

 ge laofèkZr vkO;wg [A : I], ij fopkj djrs gS]
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1

3 1

22 1

2 3 1 : 1 0 0 1 3/ 2 1/ 2 : 1/ 2 0 0

[ : ] 4 4 3 : 0 1 0 4 4 3 : 0 1 0
/ 2

2 3 1 : 0 0 1 2 3 1 : 0 0 1

1 3 / 2 1/ 2 : 1/ 2 0 0 1 3/ 2 1/ 2 : 1/ 2 0 02
0 2 1 : 2 1 0 0 1 1/ 2 : 1 1/ 2 0

/ 24 0 6 2 : 1 0 1 0 6 2 : 1 0 1

A I
R

R R

RR R

    
         
       

                    






1

1 2

33 2

3

2 3

1 0 5 / 4 : 1 3/ 4 0 1 0 5 / 4 : 1 3/ 4 03 /2
0 1 1/ 2 : 1 1/ 2 0 0 1 1/ 2 : 1 1/ 2 0

/ 56 0 0 5 : 5 3 1 0 0 1 : 1 3/ 5 1/ 5

1 0 0 : 1/ 4 0 1/ 45 /4
0 1 0 : 1/ 2 1/ 5 1/10

1 / 2 0 0 1 : 1 3/ 5 1/ 5

R R

RR R

R R

R R

                      

       

tks 



















5/15/31

10/15/12/1

4/104/1
1A  nsrk gSA

1- lehdj.k dh iz.kkyh dc le:i vkSj dc xSj&le:i gksrh gS\

2- x‚ml fu"dklu fofèk dks le>k,aA

3- x‚ml&t‚MZu fu"dklu fofèk D;k gS\

4- iqujkof̀Ùk fofèk;ksa dk mi;ksx D;ksa fd;k tkrk gS\

5- x‚ml&lhMsy iqujkof̀Ùk fofèk dks le>k,aA

Hkys gh lkèkkj.k voydu lehdj.k (Ordinary Differential Equations) ds fo'ys"k.kkRed
lekèkku (Analytical Solution) [kkstus ds fy, dbZ fofèk;ka gSa] ysfdu laòr (Closed)

:i esa dbZ lkèkkj.k voydu lehdj.k (Ordinary Differential Equations) ds
lekèkku çkIr ugha fd, tk ldrs gSaA voydu lehdj.kksa (Differential Equations)

ds la[;kRed lekèkku Kkr djus ds fy, dbZ fofèk;k¡ miyCèk gSaA ge izFke dksfV
ds voydu lehdj.k ls lacafèkr ,d çkjafHkd eku leL;k ds lekèkku ij fopkj
djrs gSa ]ftls fuEu :i ls fy[kk tkrk gS,

),( yxf
dx

dy
     (5.20.1)

vkSj y (x
0
) = y

0  
(5.20.2)

lkekU; rkSj ij] voydu lehdj.k dk lekèkku ges'kk ekStwn ugha gksrk gSA
voydu lehdj.k ¼5-20½ ds ,d vf}rh; lekèkku (Unique Solution) ds vfLrRo
ds fy,] fuEufyf[kr fLFkfr;ksa dks larq"V gksuk t:jh gS] ftls fyfI'kV~t fLFkfr
(Lipschitz Condition) ds :i esa tkuk tkrk gS]
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(i) Qyu f (x, y) fuEufyf[kr lhek esa ifjHkkf"kr vkSj lrr ;k fujarj (Continuous)

gks
 ybxxR ,: 0

(ii) ,d vpj L bl rjg ekStwn gks fd fdlh Hkh (x
0
, b) esa x vkSj dksbZ Hkh nks

la[;k y vkSj y
1
 ds fy,

|f(x, y) – f(x, y
1
)|  L|y – y

1
| (5.21)

çkjafHkd eku leL;kvksa (Initial Value Problems) ds la[;kRed lekèkku ds
fy, Øfed (Successive) pj.k y ds fy, x ds x

1
, x

2
,...x

n
 ij vuqekfur

la[;kRed lekèkku izkIr djuk gksrk gSaA voydu lehdj.kksa ds la[;kRed
lekèkku dh x.kuk ds fy, dbZ lek/kku miyCèk gSaA

(Picard’s Method of Successive Approximations)

çkjafHkd eku leL;k ds lekèkku ij fopkj djsa]

),,( yxf
dx

dy
  vkSj y(x

0
) = y

0

y = y (x), dks x, ds Qyu :i esa ysrs gq,] ge fuEu :i esa voydu lehdj.k dks
x, ds lkis{k esa x = x

0
 ls x, ds chp] lekdyu dj ldrs gSaA


x

x

dxxyxfyy

0

))(,(0    (5.22)

lekdyu esa vKkr Qyu y (x) gksrk gS vkSj bls lhèks lekdyu djuk laHko ugha

gksrk gSA fidkMZ fofèk (Picard's Method) esa igyk lfUudVu lekèkku )()1( xy  dks

izkIr djus ds fy, y (x) dks y
0
 }kjk çfrLFkkfir fd;k tkrk gSA

bl çdkj],  
0

(1)
0 0( ) ( , )

x

x

y x y f x y dx   (5.23)

nwljk lfUudVu lekèkku dks fudkyus ds fy, y dh txg y(1) (x) dks fy;k tkrk
gSA bl çdkj,


x

x

dxxyxfyxy

0

))(,()( )1(
0

)2(

(5.24)

çfØ;k tkjh j[kh tk ldrh gS] tc rd gekjs ikl lkekU; lfUudVu (Approximation)

lekèkku ugha vk tk,, ftls fuEu :i esa fy[kk tkrk gS ,

,))(,()(

0

)1(
0

)(  
x

x

nn dxxyxfyxy  ] ds fy, n = 2, 3... (5.25)

çkjafHkd fLFkfr fn, tkus ij] izFke dksfV vodyu lehdj.k (First Order Differential

Equation) dk gy [kkstus ds fy, bl iqujkòfÙk lw= (Iteration Formula) dks fidkMZ
iqujkof̀Ùk (Picard's Iteration) ds :i esa tkuk tkrk gSA iqujkof̀Ùk;ksa dks rc rd
tkjh j[kk tkrk gS tc rd fd nks Øfed lfUudV lekèkku y(k) vkSj y(k+1) ,d
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okafNr lVhdrk (Desired Accuracy) rd x ds okafNr ekuksa ds fy, yxHkx ,d gh
gy ugha nsrs gSaA

: vko';d lekdyu (Necessary Integration) dh x.kuk esa O;kogkfjd
dfBukb;ksa ds dkj.k] bl i)fr dk mi;ksx ges'kk ugha fd;k tk ldrk gSA
gkyk¡fd] ;fn f (x, y) ] x vkSj y dk ,d cgqin gS] rks Øfed lfUudV lekèkku x

ds ?kkrkad Js.kh (Power Series) ds :i çkIr gksxk A
: fuEufyf[kr çkjafHkd eku leL;k ds fy, fidkMZ fofèk }kjk pkj

Øfed lfUudVu lekèkkuksa dk irk yxk,a :
,yxy   blesa y (0) = 1, gS

mlds ckn] y (0.1) vkSj y (0.2) dh ik¡p egRoiw.kZ vadksa rd x.kuk djsaA
gekjs ikl ,yxy   blesa y (0) = 1 gS]

fidkMZ fofèk }kjk igyk lfUudVu gksxk]



(1)

0

2
(1)

0

( ) (0) [ (0)]

( ) 1 ( 1) 1
2

x

x

y x y x y dx

x
y x x dx x

  

     





nwljk lfUudVu lek/kku gksxk,

6
1)

2
1(1)(

3
2

2

0

)2( x
xxdx

x
xxxy

x

 

blh rjg] rhljk lfUudVu lek/kku gksxk,



3
(3) 2

0

3 4
(3) 2

( ) 1 (1 2 ) .
6

( ) 1
3 24

x x
y x x x dx

x x
y x x x

    

    



pkSFkk lfUudVu lek/kku gksxk ,



3 4
(4) 2

0

3 4 5
(4) 2

1 (1 2 ) .
3 24

( ) 1
3 12 120

x x x
y x x x dx

x x x
y x x x

     

     



;g Li"V gksrk gS fd Øfed lfUudVu dks vklkuh ls x ds ?kkrkad Js.kh ds :i esa
fuèkkZfjr fd;k tk ldrk gS D;ksafd çR;sd in fiNys in ls ,d ?kkr vfèkd gksrk
gSA y (0.1) ½ dk eku gksxk]

3 4
2 (0.1) (0.1)

(0.1) 1 0.1 (0.1) ... 1.1103,
3 4

y         ikap egRoiw.kZ vadksa rdA

blh rjg, 
3 4 5

2 (0.2) (0.2) (0.2)
(0.2) 1 0.2 (0.2) 1.2431

3 4 120
y       
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: fidkMZ fofèk }kjk çkjafHkd eku leL;k ds Øfed lfUudVu
lekèkku dk irk yxk,a]

,1 xyy  blesa y (0) = 1,

 igyk lfUudVu lekèkku gksxk]

 
x

x
xdxxxy

0

2
)1(

2
1)1(1)(

nwljk vkSj rhljk lfUudVu lek/kku gksxk,

832
1]1)

2
1([1)(

43

0

22
)2( xxx

xdx
x

xxxy
x

 

]1)
432

1([1)(
0

432
)3( dx

xxx
xxxy

x

 

     

4815832
1

65432 xxxxx
x 

 : fidkMZ fofèk }kjk fuEufyf[kr çkjafHkd eku leL;k dks gy djds
y (0.25) vkSj y (0.5) dh x.kuk rhu n'keyo LFkkuksa rd djsaA

0)0(,
1 2

2




 y
y

x

dx

dy

 gekjs ikl 0)0(,
1 2

2




 y
y

x

dx

dy
 gS]

fidkMZ fofèk }kjk igyk lfUudVu gksxk,

 



x

x
dx

x
xy

0

32
)1(

301
0)(

nwljk lfUudVu lek/kku gksxk,

3
tan

9
1

)]([1
)(

3
1

0
6

2

0
2)1(

2
)2(

x
dx

x

x

dx
xy

x
xy

x

x














x ¾ 0-25 ds fy,] 
2

(1) (0.25)
0.25, (0.25) 0.0052

3
x y    gksxkA

0052.0
3

)25.0(
tan)25.0(

2
1)2(  y

bl çdkj] rhu n'keyo LFkkuksa rd lgh gS, y (0.5) = 0.042.
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fQj ls x ¾ 0-5 ds fy,]
2

(1) (0.5)
(0.5) 0.083333

3
y  

0416.0
3

)5.0(
tan)5.0(

3
1)2(  y

: bl ç'u esa ge ekurs gSa fd lekdy (Integral) dk rhljk vkSj mPp
lfUudVu lekèkku çkIr djuk eqf'dy ;k vlaHko gS] D;ksafd]

2
(3)

23
0 1

( )

1 tan
3

x x
y x

x


 

  
 

  dk lekdyu ugha fd;k tk ldrk gSA

: çkjafHkd eku leL;k ds nks Øfed lfUudVu lekèkku [kkstus ds
fy, fidkMZ fofèk dk mi;ksx djsa]

1)0(, 



 y
xy

xy

dx

dy

 fidkMZ fofèk }kjk igyk lfUudVu lekèkku gksxk]



(1)
0 0

0

(1)

0 0

(1)

( ) ( , )

1 2 (1 )
( ) 1 1

1 1

( ) 1 2log |1 |

x

x x

e

y x y f x y dx

x x
y x dx dx

x x

y x x x

 

  
   

 

   



 


nwljk lfUudVu lekèkku gksxk]

]















x

e

x

e

e

x

dx
x

x
xdx

x

xxx

dxxyxfyxy

00

0

)1(
0

)2(

|1|log21
21

|1|log21

|1|log22
1

))(,()(

ge ekurs gSa fd y(2)(x) dks çkIr djus ds fy, lekdyu djuk laHko ugha gSA blfy,
fidkMZ fofèk dks Øfed lfUudVu lekèkku çkIr djus ds fy, iz;ksx ugha fd;k
tkrk gSA

(Euler’s Method)

;g izFke dksfV çkjafHkd eku leL;k (First Order Initial Value Problem) dks gy
djus dk ,d vifj"Ñr (Crude) ysfdu ljy rjhdk gS,

00 )(),,( yxyyxf
dx

dy


bls NksVs varjky ds fy, f (x, y) ds ctk; f (x
0
, y

0
) esa lekdyu djds çkIr fd;k

tkrk gS,


0 0

0 0

0 0( , ) .
x h x h

x x

dy f x y dx
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 0 0 0 0( ) ( ) ( , )y x h y x hf x y  

 y
1
 = y (x

0
+ h) fy[kdj gekjs ikl gS]

y
1
 = y

0
+h f (x

0
, y

0
) (5.26)

blh rjg] ge fy[k ldrs gSa]
y

2
 = y (x

1
+ h) = y

1
+ h f (x

1
, y

1
)  (5.27)

tgka] x
1
 = x

0
+ h.

Øfed :i ls vkxs c<+rs gq,] ge fdlh Hkh x
n
 = x

0
+ nh, ds fy, lekèkku çkIr dj

ldrs gSa] tSlk fd]

y
n
 = y

n–1
+ h f (x

n–1
, y

n–1
) (5.28)

;g fofèk] ftls ;wyj fofèk ds :i esa tkuk tkrk gS] bldh T;kferh; :i ls O;k[;k
dh tk ldrh gS] tSlk fd fp= 5-1 esa fn[kk;k x;k gSA

Y

0
X

x1x0 x2

fp= 5-1 ;wyj fofèk

NksVs pj.k vkdkj h ds fy,] lekèkku oØ y = y (x), dks Li'kZjs[kk dh js[kk
(Tangential Line) ds :i esa vuqekfur fd;k tkrk gSA
LFkkuh; =qfV (Local Error) fdlh Hkh x

k
 ij vFkkZr ;wyj fofèk (Euler Method) dh

[kaMu =qfV (Truncation Error) dks fuEu :i ls fy[kk tkrk gS]
e

k
 = y(x

k+1
) – y

k+1

tgka y
k+1

 ;wyj fofèk dk lekèkku gksrk gSA

2

2

( ) { ( , )}

( ) ( ) ( ), 0 1
2

( ), 0 1
2

k k k k k

k k k k k

k k

e y x h y hf x y

h
y hy x y x h y hy x

h
e y x h

   

           

     

: ;wyj fofèk] pj.k&nj &pj.k] x ds pj.k ds ekuksa {x
k
} ds vuqØe ij y

ds ekuksa {y
k
} dk vuqØe [kkstrh gSA ysfdu okafNr lVhdrk rd lekèkku çkIr djus

ds fy,] gesa pj.k vkdkj h dks cgqr NksVk ysuk gksxkA fQj ls x
0
 ds ikl x dh ,d

cM+h lhek ;k jsat (Range) ds fy, fofèk dk mi;ksx ugha fd;k tkuk pkfg,] D;ksafd
çlkfjr (Propagated) =qfV lekdyu ds lkFk c<+rh gSA

 : fuEufyf[kr voydu lehdj.k esa h = 0.1 ls ysdj] x = 0.1, 0.2,

0.3 rd ds fy, ;wyj fofèk }kjk gy fudkysaA
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.1)0(,2  yyx
dx

dy

lgh lekèkku ds lkFk ifj.kkeksa dh rqyuk djsaA

 y (0) = 1 ds lkFk ,2 yx
dx

dy
  fn;k x;k gS A

;wyj fofèk esa lw= dk mi;ksx djds] Øfed pj.kksa esa y
1
, y

2
, y

3
, ds ekuksa dh

x
1
 = x

0
+h, x

2
 = x

0
+2h, x

3
 = x

0
+ 3h, ij x.kuk dh tkrh gS]


1

2
1

( , ), for 0, 1, 2,...

( )

n n n n

nn n n

y y hf x y    n

y y h x y





  

  

h = 0.1 ysdj] vkSj x
0
 = 0, y

0
 = 1 ls 'kq: djds] ge uhps nh xbZ rkfydk esa Øfed

x.kuk dks çLrqr dj jgs gSaA

6695.06439.07339.03.03

7339.07710.08110.02.02

8110.08900.0900.01.01

9000.0000.1000.10.00

),(),( 1
2






  nnnnnnnnnn yxhfyyyxyxfyxn

 2xy
dx

dy
  ds :i esa fy[kh xbZ voydu lehdj.k dk fo'ys"k.kkRed lekèkku

gksxk]

2x xye x e dx c 

;k , 2 2 2 .x x x xye x e xe e c   

D;ksafd, 1 for 0, 1.y   x c      1 for 0, 1.y   x c      ds fy,

 2 2 2 .xy x x e   

fuEu rkfydk ;wyj fofèk }kjk lfUudVu lekèkku ds lkFk lVhd (Exact) lekèkku
dh rqyuk djrh gSA

04.27492.07339.03.03

25.18213.08110.02.02

57.09052.09000.01.01

error%sol.exact.solapprox.nxn

 : ;wyj fofèk }kjk fuEufyf[kr çkjafHkd eku leL;k ds lekèkku ds
fy, x = 0.1, h = 0.02 ysdj] pkj n'keyo LFkkuksa rd x.kuk djsaA

1)0(, 



 y
xy

xy

dx

dy
.
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 çkjafHkd eku leL;k dks gy djus ds fy, ;wyj fofèk }kjk]

0 0 1( , ), ( ) , ( , ), for 0, 1, 2,...
dy

f x y y x y is y y h f x y  n
dx

     0 0 1( , ), ( ) , ( , ), for 0, 1, 2,...n n n nf x y y x y is y y h f x y  n      ( , ), ( ) , ( , ), for 0, 1, 2,...f x y y x y is y y h f x y  n    

h = 0.02 ds fy,] gekjs ikl ,  x
1
 = 0.02, x

2
 = 0.04, x

3
 = 0.06, x

4
 = 0.08, x

5
 = 0.1

gksxkA D;ksfd y¼0½ ¾ 1 gS] blfy, ;wyj fofèk dk mi;ksx djrs gq,] gekjs ikl
gksxk]

0392.1
02.00200.1

02.00200.1
02.00200.1),()04.0(

0200.1
01

01
02.01),()02.0(

1112

0001













yxfhyyy

yxfhyyy

0928.1
08.00756.1

08.00756.1
02.00756.1),()1.0(

0756.1
06.00577.1

06.00577.1
02.00577.1),()08.0(

0577.1
04.00392.1

04.00392.1
02.00392.1),()06.0(

4445

3334

2223



















yxfhyyy

yxfhyyy

yxfhyyy

bl rjg , y (0.1) = 1.0928

(Modified Euler’s Method)

dqN eè;e lVhdrk çkIr djus ds fy,] ;wyj fofèk dks fcanq x
n
 ij vodyt ),,( yxfy 

dh x.kuk djds la'kksfèkr (Modified) fd;k tkrk gS] tksfd f (x
n
, y

n
) vkSj f (x

n+1
,

y(0)
n+1

), ds ek/; (Mean) ds :i esa gksrk gSA tgk¡]

)].,(),([
2

),,(

1
)0(

11
)1(

1
)0(









nnnnnn

nnnn

yxfyxf
h

yy

yxfhyy

(5.29)

bl la'kksfèkr fofèk dks ;wyj&dkmph (Euler-Cauchy) fofèk ds :i esa tkuk tkrk gSA
la'kksfèkr ;wyj fofèk dh LFkkuh; [kaMu =qfV (Truncation Error) 0(h3) dksfV dh gksrh
gSA

: la'kksfèkr ;wyj fofèk dk mi;ksx uhps crk, x, iqujko`fÙk;ksa ;kstuk esa iz;ksx
djds okafNr lVhdrk rd lekèkku dh x.kuk djus ds fy, fd;k tk ldrk gSA

x.kuk djsa 
( )

1 ( , )k
n n n nCompute y y h f x y

h

  

   x.kuk djsa ( 1) ( )
1 1 1( , ) ( , , for 0, 1, 2,...

2
k k

n n n n n n

h
Compute y y f x y f x y   k

         ( , ) ( , , for 0, 1, 2,...Compute y y f x y f x y   k     ds fy,

(5.30)

iqujko`fÙk;ksa dks rc rd tkjh j[kk tkrk gS tc rd fd nks Øfed lfUudV )(
1

k
ny  vkSj

)1(
1


k

ny  okafNr lVhdrk ds vuq:i ugha gksrs gSA ,d fu;e ds :i esa] iqujkof̀Ùk;ka

i;kZIr :i ls NksVs h ds fy, rsth ls vfHklj.k gksrh gSaA ;fn] rhu ;k pkj
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iqujkof̀Ùk;ksa ds ckn Hkh iqujko`fÙk lekèkku esa vko';d lVhdrk ugha nsrh gSa] rks h
dks de fd;k tkrk gS vkSj iqujkof̀Ùk;ksa dks fQj ls fd;k tkrk gSA

: la'kksfèkr ;wyj dh fofèk dk mi;ksx djds çkjafHkd eku leL;k

,2 yx
dx

dy
  y (0) = 1, h = 0.01 ysdj y (0.02) dh x.kuk djsa aA ifj.kke dh rqyuk

lVhd lekèkku ls djsa A
 la'kksfèkr ;wyj fofèk esa Øfed fcanqvksa x

1
 = x

0
+h, x

2
 = x

0
+2h,... x

n
 = x

0
+nh, ij

nks pj.kh; x.kuk }kjk lekèkku çkIr fd;k tkrk gSA

),()0(
1 nnnn yxhfyy 

 .),(),(
2

)0(
11

)1(
1   nnnnnn yxfyxf

h
yy

nh xbZ leL;k ds fy, , f (x, y) = x2 + y vkSj h = 0.01

vFkkZr~]

(0) 2
1 0 0 0

(1) 2
1

1

[ ] 1 0.01 1 1.01

0.01
1 [1.0 1.01 (0.01) ] 1.01005

2
(0.01) 1.01005

y y h x y

y

y y

      

    

 

vkxs]

02015.1010102.001005.1

]01005.1)1.0[(01.001005.1

][
2

1
2
11

)0(
2




 yxhyy

(1) 2 2
2

2

0.01
1.01005 [(0.01) 1.01005 (0.01) 1.02015]

2
0.01

1.01005 (2.02140)
2

1.01005 0.10107

1.11112

(0.02) 1.11112

y

y y

    

  

 


  

(Taylor Series Method)

izFke dksfV voydu lehdj.k ds gy ij fopkj djsa]

),( yxf
dx

dy
  vkSj 00 )( yxy  (5.31)

tgk¡ x vkSj y ds lanHkZ esa f (x, y) i;kZIr :i ls vodyuh; gSA leL;k ds lekèkku
y (x) dks fcanq x

0
 ds ikl Vsyj Js.kh (Taylor Series) }kjk foLrkfjr fd;k tk ldrk

gSA
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)(
)!1(!

)(
...)(

!2
)()()(

1
0

0

2

000 





k

h
h

k

xy
xy

h
xyhxyhxy

k
k

k

(5.32)

mijksä foLrkj esa vodyt (Derivatives) dks fuEukuqlkj fuèkkZfjr fd;k tk ldrk
gS]

)(),()}({),()(),(2),()(

)(),(),()(

),()(

0
2

000000000

000000

000

xyyxfxyyxfxyyxfyxfxy

xyyxfyxfxy

yxfxy

yyyxyxx

yx







tgk¡ çR;; (Suffix) x ;k y ] x ;k y ds lkis{k esa vkaf'kd vodyt (Partial

Derivative) dks n'kkZrk gSA

bl çdkj y
1
 = y (x

0
+h) dk eku fudkyus ds fy,] Åij fn[kk, xbZ Vsyj Js.kh ls

foLrkj djds x.kuk dh tk ldrh gSA vkerkSj ij] mPp Øe vodyt dks çkIr
djus esa dfBukb;ksa ;k leL;kvksa ds dkj.k] bl fofèk dk mi;ksx dsoy pkSFks Øe
rd fd;k tkrk gSA x

2
 = x

1
+h dk gy (x

1
, y

1
) ij vodyt dk ewY;kadu djds

vkSj foLrkj dk mi;ksx djds fudyk tkrk gS vU;Fkk] x
2
 = x

0
+2h fy[kdj ge

blh foLrkj dk mi;ksx dj ldrs gSaA bl çfØ;k dks x
n
, y

n
 ds Kkr ekuksa ij y

n+1

dk fuèkkZj.k djds tkjh j[kk tk ldrk gSA

: ;fn ge k = 1 ysrs gSa] rks gesa ;wyj fofèk y
1
 = y

0
+h f (x

0
, y

0
) feyrh gS]

bl çdkj ;wyj fofèk dks Vsyj Js.kh fofèk dk ,d fo'ks"k izdj.k dgk tkrk gSA

 : çkjafHkd eku leL;k 1)0(,1  yxy
dx

dy dh Vsyj Js.kh lekèkku

ikap inksa rd rS;kj djsa] vkSj blfy, pkj n'keyo LFkkuksa rd y ¼0-1½ vkSj y ¼0-2½
dh x.kuk djsaA

 gekjs ikl 1)0(,1  yxyy  gSA

Øfed :i ls vodfyr djds gesa feysxk]

6)0(,3)(

3)0(,3)(

2)0(,2)(

1)0(,)(

)()()(

)()(








vivv

iviv

yyxyxy

yyyxxy

yyyxxy

yyyxxy

blfy, Vsyj lhjht lekèkku y (x) gksxk]

1053.1
20

00001.0

8

0001.0

3

001.0

2

01.0
1.01)1.0(

20832
16

120
3

24
2

62
1

)0(
!5

)0(
!4

)0(
!3

)0(
2

)0()0()(

54325432

)(
5

)(
432
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x

y
x
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blh rjg , 
0.04 0.008 0.0016 0.00032

(0.2) 1 0.2 1.04274
2 3 8 20

y       

 : çkjafHkd eku leL;k .0)0(,22  yyxy  ds fy, Vsyj Js.kh

lekèkku esa igys nks xSj&yqIr (Non-Vanishing) gksus okys in Kkr djsA fQj y

(0.1), y (0.2), y (0.3) dh x.kuk djsa vkSj lekèkku dh lVhdrk ij fVIi.kh djsaA

 gekjs ikl .0)0(,22  yyxy  gSA

Øfed :i ls vodfyr djds gesa feysxk]

80)0(])(10156[2

0],105[2

0],)(34[2

0)0(),3(2

2)0(,)([22

0)0(,22

)(2)()()()(

)()()()(

)(2)()(

)()(

2













viivvvivii

viivvvi

vivv

iviv

yyyyyyyyy

yyyyyyyy

yyyyyyy

yyyyyy

yyyyy

yyyxy

Vsyj Js.kh nks inksa rd gksxh]
3 7 7

380 1
( ) 2

6 7 7! 3 63

x x x
y x x     

: x y  = x – y2, y (2) = 1 vFkkZr~ fn;k x;k gqvk gS ] Vsyj Js.kh fofèk
dk mi;ksx djds pkj n'keyo LFkkuksa rd y (2.1), y (2.2) vkSj y (2.3) dh x.kuk

djsaA ,2 yxy  vFkkZr~ ,/1 2 xyy

 ,2 yxy  vFkkZr~ ,/1 2 xyy  vkSj 1y , .2x  ds fy, fn;k gqvk gSA

Vsyj Js.kh fofèk }kjk y (2.1) dh x.kuk djus ds fy,] ge igys x = 2 ij y ds
vodyt dk irk yxkrs gSaA

2

2

2

1
1 / (2) 1 0.5

2
1 2

1 1 1 2 1
2 (2) 1 2. (2) 0.25

2 2 4 2 2

2 2 2

y y x y

xy y yy

y y

xy y y yy

      

    

         

      


2

1 1 1
2 (2) 2 2 2

4 2 4
y

                
     

;k] 
( )

1 1
2 (2) (2) 0.25

2 4

3 4 2 2iv

y y

xy y y y y y y

    

          y 

1 1 1 1
2 (2) 3 6 2

4 2 4 4
y
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2 3 4

3 3 1 1
(2) 0.25

4 4 2 2

(0.1) (0.1) (0.1)
(2.1) (2) 0.1 (2) (2) (2) (2)

2 3! 4!
0.01 0.001 0.0001

1 0.1 0.5 ( 0.25) 0.25 ( 0.25)
2 6 24

1 0.05 0.00125

y

y y y y y y

       
 

       

          

    0.00004 0.000001

1.0488

0.04 0.008 0.0016
(2.2) 1 0.2 0.5 ( 0.25) 0.25 ( 0.5)

2 6 24
1 0.1 0.005 0.00032 0.00003

1.0954

0.09 0.009 0.0081
(2.3) 1 0.3 0.5 ( 0.25) 0.25 (0.5)

2 2 24
1 0.15 0.01125 0.001125 0.0

y

y




          

    


        

     00168

1.005043

(Runge-Kutta Methods)

:Uxsa&dqV~Vk fofèk fofHkUu dksfV;ksa dh gks ldrh gSA ;g cgqr mi;ksxh gksrh gSa] tc
Vsyj Js.kh (Taylor Series) dh fofèk mPp dksfV ds vodyu dks [kkstus dh tfVyrk
ds dkj.k ykxw djuk vklku ugha gksrh gSA :Uxsa&dqV~Vk (Runge-Kutta) fofèk csgrj
lVhdrk çkIr djus dk ç;kl djrh gSa vkSj lkFk gh mPprj dksfV vodyu dh
vko';drk dks iwjk djrh gSaA gkyk¡fd] bl fofèk esa dbZ v‚Q&LVsi (Off-Step)

fcanqvksa ij izFke dksfV vodyt ds ewY;kadu dh vko';drk gksrh gSA
;gk¡ ge :Uxsa&dqV~Vk fofèk (Runge-Kutta Method) ds dksfV 2 ds vodyu ij
fopkj djrs gSaA
(n + 1) osa pj.k dk gy fuEu :i esa ekuk tkrk gS]

y
n+1

 = y
n
+ ak

1
+ bk

2
(5.33)

tgka  k
1
 = h f (x

n
, y

n
), vkSj

k
2
 = h f(x

n
+ h, y

n
+  k

1
), n = 0, 1, 2,... ds fy, (5.34)

vKkr ekinaMks a, b,  , vkSj   dks Vsyj Js.kh esa foLrkj djds vkSj h ds lkeku ?kkrksa
ds xq.kkadksa ds lehdj.kksa dk fuekZ.k djds fuèkkZfjr fd;k tkrk gSaA gekjs ikl gS]

)(0]2[
6

][
2

),(

)(0)(
6

)(
2

)()(

422
32

4
32

1

hfffffffff
h

fff
h

yxfhy

hxy
h

xy
h

xyhyhxyy

nyyxyyyyxxnyxnnn

nnnnnn





(5.35)

vèkksfyf[kr (Subscript) n bafxr djrk gS fd dks"Bd (Brackets) ds Hkhrj Qyuksa
dk ewY;kadu (x

n
, y

n
) ij fd;k x;k gSA

fQj] nks pjks ds lkFk Vsyj Js.kh }kjk k
2
 dk foLrkj djds gekjs ikl gksxk]
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)](0)(
2

)()(
2

)()([ 3
2
1

2

1

22

12 hf
k

fhkffkfahfhk nyynxynxxnynxn 




(5.36)

bl çdkj] k
2
 ds foLrkj dks çfrLFkkfir djus ij] ge lehdj.k ¼5-34½ ls çkIr djrs

gSa]

)(0
22

)()( 42
22

32
1 hfffffbhfffbhfhbayy yyxxxxnyxnnn 













y
n+1

 ds foLrkj vkSj h vkSj h2 ds xq.kkad ds lehdj.k ds lkFk rqyuk djus ij gesa
fuEufyf[kr lacaèk feyrs gSa]

2

1
,1   bbba

pkj vKkr ekinaMksa ds fuèkkZj.k ds fy, rhu lehdj.k gSaA bl çdkj] dbZ lekèkku

gSaA gkykafd] vkerkSj ij 
1

, 1
2

     a b  rks , 1     rks  dks ysdj ,d lefer lekèkku dks

fy;k tkrk gS bl çdkj ge :Uxas&dqV~Vk fofèk ds dksfV 2 dks fuEu :i esa fy[k
ldrs gSa]

1 [ ( , ) ( , ( , ))], for 0, 1, 2,...
2n n n n n n n n

h
y y f x y f x h y h f x y   n       n = 0, 1, 2,... ds fy,

(5.37)

f}rh; dksfV (Second Order) fofèk dh rjg vkxs c<+rs gq,] :Uxas&dqV~Vk fofèk ds
dksfV 4 ds lw= dks Hkh rS;kj fd;k tk ldrk gSA O;qRifÙk dks gVkdj] ge lkekU;
:i ls mi;ksx fd, tkus okyh :Uxas&dqV~Vk fofèk ds dksfV 4 dks uhps ns jgs gSa]

),(

2
,

2

2
,

2

),(

)(0)22(
6

1

34

2
3

1
2

1

5
43211

kyhxfhk

k
y

h
xfhk

k
y

h
xfhk

yxfhk

hkkkkyy

nn

nn

nn

nn

nn



























(5.38)

:Uxsa&dqV~Vk fofèk ds dksfV 4 (Order 4) dks pkj fcanqvksa ij izFke dksfV vodyt
(First Order Derivative) f (x, y), ds ewY;kadu dh vko';drk gksrh gSA fofèk
Lo&izkjaHk gksrh gSA bl fofèk esa =qfV dk vuqeku yxHkx (Roughly) fuEu :i ls
fn;k tk ldrk gS]

|y (x
n
) – y

n
|

15

*
nn yy 

 (5.39)

tgk¡ *
ny  vkSj y

n
 Øe'k%

2

h
 vkSj h, ij x.kuk fd, x, vuqekfur eku gSa] D;ksafd pj.k

vkdkj vkSj y (x
n
) lgh lekèkku gSA
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: fo'ks"k :i ls] voydu lehdj.k ),(xFy   ds fo'ks"k :i ds fy,] dsoy x ds
Qyu ds fy,] :Uxsa&dqV~Vk fofèk x

n
 ls x

n+1
 rd flEilu la[;kRed lekdyu

(Simpson's One Third Formula for Numerical Integration) ,d&frgkbZ lw= esa
ifjofrZr gks tkrh gSA fQj]

y
n+1

 = y
n
+ 

1

)(
n

n

x

x

dxxF

;k,  y
n+1

 = y
n
+

6

h
[F(x

n
) + 4F(x

n
+

2

h
) + F(x

n
+h)]

:Uxsa&dqV~Vk fofèk;ksa dk O;kid :i ls mi;ksx fo'ks"k :i ls pj.k x
1
, x

2
, x

3
,..., ij

'kq#vkrh eku [kkstus ds fy, fd;k tkrk gS] D;ksafd blesa mPp dksfV vodyt ds
ewY;kadu dh vko';drk ugha gksrh gSA daI;wVj çksxzke (Computer Program) esa Hkh
bl fofèk dks ykxw djuk vklku gksrk gSA

 : :Uxsa&dqV~Vk fofèk ds dksfV 4 ls y (0.1) vkSj y (0.2) ds ekuksa dh]
fuEufyf[kr çkjafHkd eku leL;k ds fy, ikap egRoiw.kZ vadksa rd x.kuk djsaA

1)0(,  yyx
dx

dy

 gekjs ikl 1)0(,  yyx
dx

dy
 gSA

0 0( , ) , 0.1, 0, 1f x y x y h x y     

:Uxsa&dqV~Vk fofèk }kjk]

)22(
6

1
)0()1.0( 4321 kkkkyy 

tgk¡]

1 0 0

2
2 0 0

2
3 0 0

4 0 0 3

( , ) 0.1 (0 1) 0.1

, 0.1 (0.05 1.05) 0.11
2 2

, 0.1 (0.05 1.055) 0.1105
2 2

( , ) 0.1 (0.1 1.1105) 0.12105

1
(0.1) 1 [0.1 2 (0.11 0.1105 0.12105]

6

k h f x y

kh
k h f x y

kh
k h f x y

k h f x h y k

y

    

        
 
        
 

      

       1.130516

bl çdkj] 1 10.1, 1.130516x y 

tgk¡]

1 2 3 4

1 1 1

1
2 1 1

1
(0.2) (0.1) ( 2 2 )

6
( , ) 0.1 (0.1 1.11034) 0.121034

, 0.1 (0.15 1.17086) 0.132086
2 2

y y k k k k

k h f x y

kh
k h f x y
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2
3 1 1

4 1 1 3

, 0.1 (0.15 1.17638) 0.132638
2 2

( , ) 0.1 (0.2 1.24

kh
k h f x y

k h f x h y k

       
 

    

2

298) 0.144298

1
(0.2) 1.11034 [0.121034 2 (0.132086 0.132638) 0.144298] 1.2428

6
y y



      

 : :Uxsa&dqV~Vk fofèk ds dksfV 4 dk mi;ksx djds fuEufyf[kr
çkjafHkd eku leL;k ds fy, pj.k yackbZ h = 0.1 ysdj ] y (1.1) vkSj y (1.2) dk
ewY;kadu djsa :

0)1(,22  yyx
dx

dy

 çkjafHkd eku leL;k ds fy,]

;)(),,( 00 yxyyxf
dx

dy
  :Uxsa&dqV~Vk fofèk dksfV 4 dh bl çdkj gksxh,

)22(
6

1
43211 kkkkyy nn 

tgka,

1

1
2

2

3

( , )

,
2 2

,
2 2

n n

n n

n n

k h f x y

kh
k h f x y

h k
k h f x y



    
 
 

   
 

4 3( , ); for 0, 1, 2,...n nk h f x h y k   n    n = 0, 1, 2,... ds fy,

nh xbZ leL;k ds fy,,  f (x, y) = x2 + y2, x
0
 = 1, y

0
 = 0, h = 0.1.

bl çdkj,
2 2

1 0 0

2 21
2 0 0

2 22
3 0 0

2 2
4 0 0 3

1 0 1

( , ) 0.1 (1 0 ) 0.1

, 0.1 [(1.05) (0.5) ] 0.13525
2 2

, 0.1 [(1.05) (0.05525) ] 0.13555
2 2

( , ) 0.1 [(1.1) (0.13555) ] 0.12283

1
( 2

6

k h f x y

kh
k h f x y

kh
k h f x y

k h f x h y k

y y k k

    

        
 
        
 

      

    2 3 42 )

1 1
(0.1 0.2705 0.2711 0.12283) 0.76443

6 6
0.127405

k k 

     



 y (1.2) ds fy,,
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2 2
1

2 2
2

2 2
3

2 2
4

2

0.1 [(1.1) (0.11072) ] 0.12226

0.1 [(1.15) (0.17183) ] 0.135203

0.1 [(1.15) (0.17832) ] 0.135430

0.1 [(1.2) (0.24615) ] 0.150059

1
(1.2) 0.11072 (0.12226 0.270406 0.270860 0.150069)

6
0.246

  

  

  

  

      



k

k

k

k

y y

31

: :Uxsa&dqV~Vk fofèk Øe 2 ds }kjk izFke dksfV vodyu lehdj.k dk
gy % y (x

0
) ds lkFk )(xfy  A

 1: f (x, y) dks ifjHkkf"kr djsaA

 2: x
0
, y

0
, h, x

f
 dks i<+s [h pj.k vkdkj gS, x

f
 vafre x gSA]

 3: pj.k 4 ls pj.k 11 rd nksgjk,¡ tcrd x
1 
> x

f 
gSA

 4: k
1
 = f (x

0
, y

0
) dh x.kuk djsaA

 5: y
1
 = y

0
+ hk

1 
dh x.kuk djsaA

 6: x
1
 = x

0
+ h dh x.kuk djsaA

 7: k
2
 = f (x

1
, y

1
)  dh x.kuk djsaA

 8: 2/)( 2101 kkhyy   dh x.kuk djsaA

 9: x
1
, y

1 
dks fy[ksaA

 10: x
0
 = x

1 
j[ksaA

 11:  y
0
 = y

1 
j[ksaA

 12: lekIrA

: :Uxsa&dqV~Vk fofèk dksfV 4 ds }kjk 1 0 0( , ), ( )y f x y y x y  dk
lekèkkuA

 1:  f (x, y) dks ifjHkkf"kr djsaA

 2: x
0
, y

0
, h, x

f 
dks i<+saA

 3: -pj.k 4 ls pj.k 16 rd nksgjk,¡ tcrd x
1 
> x

f 
gSA

 4: k
1
 = h f (x

0
, y

0
) dh x.kuk djsaA

 5:
20
h

xx   dh x.kuk djsaA

 6:
2
1

0
k

yy  dh x.kuk djsaA

 7:   k
2
 = h f (x, y) dh x.kuk djsaA
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 8:
2
2

0
k

yy   dh x.kuk djsaA

 9: k
3
 = h f(x, y) dh x.kuk djsaA

 10:  x
1
 = x

0
+ h dh x.kuk djsaA

 11:  y = y
0
+ k

3 
dh x.kuk djsaA

 12:  k
4
 = h f (x

1
, y) dh x.kuk djsaA

 13: y
1
 = y

0
+ (k

1
+ 2 (k

2 
+ k

3
) + k

4
)/6 dh x.kuk djsaA

 14: x
1
, y

1 
dks fy[ksaA

15:  x
0
 = x

1 
j[ksaA

 16: y
0
 = y

1 
j[ksaA

 17: lekIrA

(Multistep Methods)

geus ns[kk gS fd çR;sd pj.k esa lekèkku [kkstus ds fy,] Vsyj Js.kh fofèk vkSj
:Uxsa&dqV~Vk fofèk;ksa ds fy, dbZ vodytksa ds ewY;kadu dh vko';drk gksrh gSA
vc ge cgq&pj.kh; (Multistep) fofèk fodflr djsaxs] ftlesa çR;sd pj.k esa dsoy
,d vodyt ds ewY;kadu dh vko';drk gksrh gS ysfdu :Uxsa&dqV~Vk fofèk ij
Vsyj Js.kh dh Lo&izkjaHk ds foijhr] cgq&pj.kh; fofèk fiNys ,d ls vfèkd dbZ
fcanqvksa ds lekèkkuksa dk mi;ksx djrh gSaA
eku yhft, fd y vkSj y1 ds ekuksa dk igys ls gh leku nwjh dh fcanqvksa x

0
, x

1
,...x

n

esa Lo&izkjaHk fofèk;ksa }kjk ewY;kadu fd;k x;k gSA vc ge fofHkUu lehdj.kksa dk
lekdyu djrs gSa]

vFkkZr]
1 1

1

1

1

( , ),

( , )

( , ( ))

 











 

 



n n

n n

n

n

n n

x x

x x

x

n n

x

dy
f x y x to x

dx

dy f x y dx

y y f x y x dx

ls rd]

nkfgus gkFk dh vksj lehdj.k dk lekdyu }kjk ewY;kadu djus ds fy,] ge f (x,

y) dks x dk Qyu ds :i esa ekurs gSa vkSj bls ,d iz{ksi ;k varosZ'ku cgqin
(Interpolating Polynomial) }kjk çfrLFkkfir (Replace) djrs gSa] vFkkZr] (m+1) vadksa
x

n
, x

n+1
, x

n–2
,...x

n–m
, dk U;wVu i'porhZ varj varosZ'ku (Newton's Backward

Difference Interpolation) }kjk mi;ksx djrs gSaA
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0

( ) ( 1) ( ) ,

1
( 1)( 2)...( 1)

!









   

         


m

k s k n
m k n k

k

s
k

x x
p x f s

h

s s s s k
k

tgka

f (x, y) ds LFkku ij p
m
(x) dks çfrLFkkfir djrs gS] ges çkIr gksxk]

 

 

1

1
00

2
1 1 2 2

1

0

( 1)

[ ... ]

, ( 1)

m
k s k

n n k n k
k

n n n n m n m

k s
k k

y y h  f ds

y h f f f f

ds


 



  



   

            

  



tgka

xq.kkad k  dh vklkuh ls x.kuk dh tk ldrh gS] ftlls ges feysaxs,

720

251
,

8

3
,

12

5
,

2

1
,1 43210   , bR;kfnA

m = 3 ysus ij] mijksä lw= nsrk gS]





   3

3
2

2
11 8

3

12

5

2

1
nnnnnn ffffhyy

Qyuksa ds ekuksa ds lanHkZ esa varjksa dh vfHkO;fä dks çfrLFkkfir djds] ges feysaxs

3213
3

212
2

11

33

2,









nnnnn

nnnnnnn

fffff

fffffff

ge O;ofLFkr djrs gSa]

]9375955[
24 3211   nnnnnn ffff
h

yy (5.40)

bls ,MEl&cS'kQksFkZ (Adams-Bashforth) ds dksfV 4 ds lw= ds :i esa tkuk tkrk
gSA bl lw= dh LFkkuh; =qfV gksxh]

ds
s

fhE iv  






 


1

0

5

4

3
)( (5.41)

lekdyu dyu ds eè; eku çes; dk mi;ksx djds]

;k,

1
5

0

5

3
( )

4

251
( ).

720

iv

iv

s
E h f  ds

E h f

 
   

 

 


(5.42)

,MEl&cS'kQksFkZ ds dksfV 4 ds lw= esa pkj 'kq#vkrh ekuksa dh vko';drk gksrh gS]
vFkkZr] vodyuksa f

3
, f

2
, f

1
 vkSj f

0
 A ;g ,d cgq&pj.kh; (Multistep) fofèk gSA
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(Predictor-Correction Methods)

;s fofèk;k¡ cgq&pj.kh; (Multistep) la[;kRed lekdyu dh tksM+h dk mi;ksx
djrh gSaA igyk iwoZlwpd lw= (Predictor Formula) gS] tks ,d [kqys izdkj dk Li"V
lw= gS] ftldks lekdyu esa varosZ'ku (Interpolation) lw= dk mi;ksx djds çkIr
fd;k tkrk gS] tks fcUnqvksa x

n
, x

n–1
,...,x

n–m
 ij varosZ'k gksrh gSA nwljk gS] lqèkkjd

lw= (Corrector Formula) ftldks varosZ'ku (Interpolation) lw= ls çkIr fd;k tkrk
gS] tks lekdyu esa fcUnqvksa x

n+1
, x

n
, ..., x

n–p
 ij varosZ'k gksrh gSA

(Euler’s Predictor-Corrector Formula)

bl çdkj dk ljyre (Simple) lw= ,d lw= dh tksM+h gksrh gS

),()(
1 nnn

p
n yxfhyy  (5.43)

)],(),([
2

)(
11

)(
1

p
nnnnn

c
n yxfyxf

h
yy               (5.44)

okafNr lVhdrk (Desired Accuracy) rd leL;k ds lekèkku dks fuèkkZfjr djus ds
fy, lqèkkjd lw= (Corrector Formula) dks iqujkoÙ̀k fof/k ls fu;ksftr fd;k tk
ldrk gS tSlk fd uhps fn[kk;k x;k gSA

 lehdj.k ¼5-39½ dk mi;ksx djds )0(
1ny  dh x.kuk djsa]

vFkkZr~ )0(
1ny  = y

n
+ h f (x

n
, y

n
)

lehdj.k (5.40) dk mi;ksx djds )(
1

k
ny   dh x.kuk djsa]

vFkkZr~, ( ) ( 1)
1 1 1[ ( , ) ( , )], for 1, 2, 3,...,

2
k k

n n n n n n

h
y y f x y f x y   K

      [ ( , ) ( , )], for 1, 2, 3,...,y y f x y f x y   K     ds fy,

x.kuk rc rd tkjh j[krs gS tc rd fd uhps fn;k x;k fu;e iwjk ugha gks tkrk
gS,









)(
1

)1(
1

)(
1

k
n

k
n

k
n

y

yy
(5.45)

tgka  fuèkkZfjr lVhdrk (Prescribed Accuracy) gSA

;g è;ku fn;k tkuk pkfg, fd gkfly dh xbZ lVhdrk pj.k vkdkj h vkSj LFkkuh;
=qfV ij fuHkZj djrh gS A iwoZlwpd vkSj lqèkkjd lw= esa LFkkuh; =qfV (Local Error)

gksxh]
2 3

1 2( ) ( ),
2 12

h h
y y   vkSj  Øe'k%A

(Milne’s Predictor-Corrector Formula)

vkerkSj ij bLrseky fd;k tkus okyk iwoZlwpd lqèkkjd lw= pkSFks dksfV dk
feYus dk iwoZlwpd lqèkkjd lw= gksrk gSA ;g fuEu dk mi;ksx iwoZlwpd&lqèkkjd
lw= ds :i esa djrk gSA
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)],(4[
3

)22(
3

4

)(
11111

)(
1

*
213

)(
1

p
nnnnnn

c
n

nnnn
p

n

yxfff
h

yy

fff
h

yy









(5.46)

bu lw=ksa esa LFkkuh; =qfV;ka Øe'k% gksrh gSa],

)(
45

14
1

)(5 vyh  vkSj  )
90

1
2

)(5  vyh  (5.47)

: Vsyj Js.kh fofèk lekèkku }kjk leL;k ,1)0(,1  yxy
dx

dy
 dh x5

inksa rd x.kuk djsa vkSj fQj y (0.1), y (0.2) vkSj y (0.3) ds ekuksa dh x.kuk djsa A
y (0.4) vkSj y (0.5) dh x.kuk djus ds fy, feYus iwoZlwpd&lqèkkjd fofèk dk
mi;ksx djsaA

: gekjs ikl ,1 xyy y (0) = 1, 1)0(  y  gS]

Øfed :i ls vodyuksa ds ckn] gesa feyrk gS]

8)0(4)(

3)0(3)(

2)0()(

1)0()(

)()()(

)()(






ivivv

iviv

yyxyxy

yyyxxy

yyyxxy

yyyxxy

bl çdkj Vsyj Js.kh fofèk lekèkku gksxk]
2 3 4 5

( )

2 3 4 5

( ) (0) (0) (0) (0) (0) (0)
2 3! 4! 5!

1 2 3 8
2 3! 4! 5!

iv vx x x x
y x y xy y y y y

x x x x
x

       

        

(5.48)

2 3 4 5

2 3! 4! 5!

( ) 1
2 3 8 15
0.01 0.001 0.0001 0.00001

(0.1) 1 0.1
2 3 8 15

1.1053

0.04 0.008 0.0016
(0.2) 1 0.2

2 3 8

x x x x
y x x

y

y

      

      



    
0.00032

15
1.22288

0.09 0.027 0.0081 0.00243
(0.3) 1 0.3

2 3 8 15
1.35526

y





     



(5.49)

feYus iwoZlwpd&lqèkkjd lw= }kjk] ge y (0.1), y (0.2) vkSj y (0.3) dh x.kuk
djsaxs

(0.1) 0.1 1.1053 1 1.11053

(0.2) 0.2 1.22288 1 1.244576

(0.3) 0.3 1.35526 1 1.40658

y

y

y
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 iwoZlwpd lw= nsrk gS y
4
 = y(0.4) = y

0
+

3

4h
)22( 321 yyy  (5.50)

(0)
4

4

4 0.1
1 (2 1.11053 1.24458 2 1.40658)

3
1.50528 1 0.4 1.50528 1.602112

y

y


      

     

lqèkkjd lw= nsrk gS, )4(
3 4322

)1(
4 yyy

h
yy  (5.51)

0.1
(0.4) 1.22288 (1.24458 4 1.40658 1.60211)

3
1.22288 0.28243

1.50531

y      

 


6- Øfed lfUudVuksa ds fy, fidkMZ fofèk dks le>kb,A

7- ;wyj fofèk dks ifjHkkf"kr djsaA

8- la'kksfèkr ;wyj fofèk D;k gS\

9- vodyu [kkstus dh :Uxsa&dqV~Vk fofèk ij foLr`r çdk'k Mkysa A

10- iwoZlwpd &lqèkkjd fofèk ls D;k vfHkçk; gS\

la[;kRed vodyu ,d Qyu f(x) ds vodytksa dh x.kuk djus dh çfØ;k gS tc
Qyu Li"V :i ls Kkr ugha gksrk gS] ysfdu Qyu dk eku dsoy fn, x, rdksaZ ds
,d leqPp; x = x

0
, x

1
, x

2
,...,x

n
 ij Kkr gksrk gSA vodytksa dks [kkstus ds fy,] ge

,d mi;qä varosZ'ku (Interpolation) cgqin dk mi;ksx djrs gSa vkSj fQj blds
vodytksa dks Qyu ds vodytksa ds fy, lw= ds :i esa mi;ksx djrs gSaA bl
çdkj leku nwjh ds fcanqvksa dh rkfydk dh 'kq#vkr ds ikl ,d fcanq ij vodytksa
dh x.kuk ds fy,] U;wVu vxzorhZ varj varosZ'ku lw= (Newton's Forward Difference

Interpolation Formula) dk mi;ksx fd;k tkrk gS] tcfd rkfydk ds var ds ikl
fcanq ij vodytksa dh x.kuk ds fy, U;wVu i'porhZ varj varosZ'ku lw= (Newton's

Backward Difference Interpolation Formula) dk mi;ksx fd;k tkrk gSA blh
çdkj] rkfydk ds eè; esa fcanq ij vodytksa dh x.kuk ds fy,] dsaæh; varj varosZ'ku
lw= (Central Difference Interpolation Formula) ds vodytksa dk mi;ksx fd;k
tkrk gSA gkyk¡fd] ;fn rkfydk ds rdZ vleku nqjh ij gSa] rks ySxzkat iz{ksi ;k
varosZ'ku cgqin (Interpolating Polynomial) ds vodytksa dk mi;ksx Qyu ds
vodytksa dh x.kuk ds fy, fd;k tkrk gSA

 ekuk fd]
,d vKkr Qyu y = f(x) dk eku] x ds leku nwjh ds ekuksa x

0
, x

1
, …, x

n
 okys ,d

leqPp; ds fy, Kkr gS] tgk¡] x
r
 = x

0 
 + r

n
A

 
 U;wVu vxzorhZ varj varosZ'ku lw= gS]
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2 3
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( 1) ( 1)( 2) ( 1)( 2)...( 1)
( ) ...

2 ! 3 ! !
nu u u u u u u u u n

u y u y y y y
n

       
         

tgk¡] 0x x
u

h


 (5.52)

vodyt 
dx

dy
 dk ewY;kadu bl izdkj fd;k tk ldrk gS,

du

d

hdx

du

du

d
u

dx

d

dx

dy  1
.)}({ 

2 3 2
2 3 4

0 0

1 2 1 3 6 2 2 9 11 3
( )

2 6 12o o

u u u u u u
, y x y y y y ...

h

      
          

 
blfy,

          (5.53)

2

1
( ) ( ),  y x u

h
  bl idz kj ls

vFkok 
2

2 3 4
0 0 02

1 6 18 11
Or, ( ) ( 1) ...

12

u u
y x y u y y

h

           
 

(5.54)

rkfydk izkjaHk ds ikl x ds eku ds fy,] loZizFke u = (x – x
o
)/h dh x.kuk dh

tkrh gS vkSj rc lehdj.kksa (5.52) rFkk (5.53) dk mi;ksx )(xf   rFkk ).(xf   dh
x.kuk ds fy, fd;k tk ldrk gSA lkj.khc) fcanq x

0 
ij] u dk eku 'kwU; gS vkSj

vodytksa ds lw= bl izdkj fn;s x, gSa&





  ...

5
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2
00 yyyyy

h
xy (5.55)





  ...

6

5

12

111
)( 0

5
0

4
0

3
0

2
20 yyyy

h
xy (5.56)

fdlh Qyu ds leku nwjh ds ekuksa dh rkfydk ds fy, U;wVu i'porhZ varj
varosZ'ku lw= gksxk,

2 3 4( 1) ( 1)( 2) ( 1)( 2)( 3)
( ) ...

2 ! 3 ! 4 !

( 1)...( 1)

!

     
          

  
 




n n n n n

n
n

n

v v v v v v v v v
v y v y y y y

v v v n
y

n

x x
  v

h
tgka

 (5.57)

mijksä lw= dk vodyu djds vodytksa 
dx

dy
 vkSj ,

2

2

dx

yd
dks fuEu :i esa fy[kk

tkrk gSa,
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(5.58)
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12

11186
)1(

1 4
2

32
22

2

nnn y
vv

yvy
hdx

yd
 (5.59)

rkfydk ds var esa fn, x, x ds fy,]
dx

dy
 vkSj 2

2

dx

yd
 ds ekuksa dh x.kuk igys v =

(x – x
n
)/h dh x.kuk vkSj mijksä lw=ksa dk mi;ksx djds dh tkrh gSA lkj.khc)

fcanq x
n
, ij vodytksa dks fuEu :i ls fy[kk tkrk gS]





  ...

4

1

3

1

2

11
)( 432

nnnnn yyyy
h

xy (5.60)





  ...

6

5

12

111
)( 5432

2 nnnnn yyyy
h

xy (5.61)

 : (2.1), (2.1), (2.0) (2.0)   f f f fvkSj  ds ekuksa dh x.kuk djsa
tc f (x) Li"V :i ls irk ugha gks] ysfdu ekuksa dh fuEu rkfydk nh xbZ gksA

x f(x)
2.0 0.69315
2.2 0.78846
2.4 0.87547

 pwafd fcanq leku nwjh ij gSa] blfy, ge ifjfer ;k lhfer varj rkfydk cukrs
gSaA

87547.04.2

8701

8378846.02.2

9531

69315.00.2

)()()( 2



 xfxfxfx

 x = 2.1, ij vodytksa dh x.kuk ds fy, gekjs ikl gksxk]



2 2
0 0 02

0

2
0

2

1 2 1 1
( ) [ ] ( )

2
2.1 2.0

0.5
0.2

1 2 0.5 1
(2.1) 0.09531 0.4765

0.2 2

1
(2.1) ( 0.00083) 0.21

(0.2)


      

 
  

        

    

u
f x f f f x f

h h
x x

u
h

f f

f

 vkSj

)0.2(f   dk eku gksxk]



jSf[kd lehdj.k]
la[;kRed lekdyu rFkk
la[;kRed vodyu

268 Lo&vfèkxe
ikB~; lkexzh

2
0 0

2

1 1
(2.0)

0.2 2

1 1
0.09531 0.00083

0.2 2

0.09572
0.4786

0.2
1

(2.0) ( 0.0083)
(0.2)

0.21

f f f

f

       
     

 

   

 

: Qyu f(x) ds fy, ftldk eku uhps rkfydk esa fn;k x;k gSA
).0.5(),0.5(),1(),1( ffff   ds ekuksa dh x.kuk djsaA

0309.97506.84510.81291.87815.74036.7)(

654321

xf

x

 pw¡fd f(x) esa fcanqvksa leku nwjh ij nh xbZ gS] ge U;wVu varosZ'ku cgqin ij
vkèkkfjr voydu lw= esa mi;ksx dh tkus okyh ifjfer varj rkfydk cukrs gSaA

0309.96

2803.0

1937506.85

302996.0

42234510.84

8343219.0

122571291.83

463476.0

3037815.72

3779.0

4036.71

)()()()()()( 5432









 xfxfxfxfxfxfx

(1) (1), f fvkSj  dh x.kuk djus ds fy,] ge U;wVu vxzorhZ varj varosZ'ku ij
vkèkkfjr vodytksa lw=ksa dk mi;ksx fn, x, lkj.khc) fcanq ij djrs gSa,

2 3 4 5
0 0 0 0 0 0

2 3 4 5
0 0 0 0 02

1 1 1 1 1
( )

2 3 4 5

1 11 5
( )

12 6

1 1 1 1 1
(1) 0.3779 ( 0.0303) 0.0046 ( 0.0012) 0.0008

1 2 3 4 5

0.39507

11 5
(1) 0.0303 0.0046 ( 0.0012)

12

f x f f f f f
h

f x f f f f
h

f

f

             
           

              


       0.0008
6

0.0367
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blh rjg (5.0) (5.0),f f vkSj dk ewY;kadu djus ds fy, ge fuEufyf[kr lw=ksa dk
mi;ksx djrs gSa]
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]0012.0
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11
0034.00223.0[)5(
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 : fuEu lkj.khc) ekuksa }kjk fn, x, Qyu y = f(x) ds fy,
)02.0(),0.0(),0( yyy   vkSj )02.0(y   ds ekuksa dh x.kuk djsaA

52110.041075.030452.020134.010017.000000.0

25.020.015.010.005.00.0

y

x

 pw¡fd x ds eku leku nwjh ds fcanqvksa dh rkfydk esa vkjaHk ds ikl gS] ftlds
fy, vodytksa dh x.kuk djuh gS] ge U;wVu vxzorhZ varj varosZ'ku lw= ij
vkèkkfjr vodyu lw= dk mi;ksx djrs gSaA ge igys ifjfer varj rkfydk cukrs
gSA

52110.025.0

11035.0

41241075.020.0

10710623.0

330530452.015.0

10410318.0

320120134.010.0

10110117.0

10010017.005.0

10017.0

00000.00.0

432 yyyyyx 

),0,0(y  ds ewY;kadu ds fy, ge fuEu lw= dk mi;ksx djrs gSa]

2 3 4
0 0 0 0 0

1 1 1 1
( )

2 3 4

1 1 1 1
(0.0) 0.10017 0.00100 0.00101 0.00003

0.05 2 3 4

2.00000

y x y y y y
h

y

           
         
 



),0,0(y   ds ewY;kadu ds fy,] ge fuEu lw= dk mi;ksx djrs gSa]
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1 11
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12

1 11
0.00100 0.00101 0.00003

(0.05) 12

0.007

y x y y y
h
        
 

     
 



(0.02) (0.02),y y vkSj ds ewY;kadu ds fy,] ge fuEu lw=ksa dk mi;ksx djrs

gSa] ftlesa 4.0
05.0

00.002.0



u  gSaA

2 3 2
2 3 4

0 0 0 0

2
2 3 4

0 0 02

2

3 2

1 2 1 3 6 2 2 9 11 3
(0.02)

2 6 12

1 6( 1) 6 18 11
(0.02)

6 12

1 2 0.4 1 3 (0.4) 6 0.4 2
(0.02) 0.10017 0.00100 0.00101

0.05 2 6

2 0.4 9 0.4

u u u u u u
y y y y y

h

u u u
y y y y

h

y

               
 
           
 

           


   


11 0.4 3
0.00003

12

4.00028

 
 




2

4.00028

1 6 0.16 18 0.4 11
(0.02) 0.00100 0.00101 ( 0.6) 0.00003

(0.05) 12

0.800

y



            


 : fuEu rkfydk esa fn, x, Qyu f(x) ds fy, la[;kRed vodyu
lw=ksa }kjk (6.0) (6.3) f fvkjS dh x.kuk djsaA

2596.02422.02223.01998.01750.0)(

4.63.62.61.60.6

xf

x

% ge igys ifjfer varj rkfydk cukrs gSa]

2596.04.6

174

252422.03.6

1199

262223.02.6

3225

231998.01.6

248

1750.00.6

)()()()( 32














 xfxfxfxfx

)0.6(f   ds ewY;kadu ds fy,] ge U;wVu vxzorhZ varj varosZ'ku lw= dks vodyu
djds çkIr lw= dk mi;ksx djrs gSa]
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2 3
0 0 0 0

1 1 1
( )

2 3

1 1 1
(6.0) 0.0248 0.0023 0.0003

0.1 2 3

10[ 0.0248 0.00115 0.0001]

0.2585

f x f f f
h

f

         
         

   
 

),3.6(f   dk ewY;kadu djus ds fy,] ge U;wVu i'porhZ varj varosZ'ku lw= dks
vodyu djds çkIr lw= dk mi;ksx djrs gSaA bls fuEu :i esa fy[kk tkrk gS]



2 3
2

2

1
( ) [ ]

1
(6.3) [0.0026 0.0003] 0.29

(0.1)

n n nf x f f
h

f

   

   

 : x vkSj y ds ekuksa ds fuEu lkj.kh ij mi;qä la[;kRed voydu
lw= dk mi;ksx djds (1.00) (1.00) y yvkjS  ds ekuksa dh x.kuk djsaA

09544.107238.104881.102470.10000.1

20.115.110.105.100.1

y

x

% vodytksa dh x.kuk ds fy,] ge U;wVu vxzorhZ varj varosZ'ku lw= dk
vodyu djds çkIr lw= dk mi;ksx djrs gSa] ftls fuEu :i esa fy[kk tkrk gS,
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vc] ge ifjfer varj rkfydk cukrs gSa]

09544.120.1

2306

5107238.115.1

32357

25404881.110.1
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5902470.105.1
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 yyyyyx

bl çdkj x
0
 = 1.00 ls gekjs ikl gS]
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 : fuEu rkfydk ds ekuksa dk mi;ksx djds] )(xf   dk cgqin
(Polynomial) fu:i.k Kkr dhft, vkSj fQj ).5.0(f   dh x.kuk dhft,A

401531)(

3210

xf

x

% pwafd x ds eku leku :i ls nwjh ij gSa] blfy, ge ( ) (0.5)f x f vkSj  dh

x.kuk djus ds fy, U;wVu vxzorhZ varj cgqin dk mi;ksx djsaxsA lcls igys ge
ifjfer varj rkfydk cukrs gSa tks uhps nh xbZ gS :

403

25

13152

312

1031

2

10

)()()()( 32 xfxfxfxfx 

,00 x ysus ij] gekjs ikl 0 x
h

xx
u 


  gksxkA bl çdkj U;wVu vxzorhZ varj

varosZ'ku gesa nsrk gS]

0
3

0
2

00 !3

)2()1(

!2

)1(
f

uuu
f

uu
fuff 







vFkkZr~,
( 1) ( 1) ( 2)

( ) 1 2 10 3
2 6

x x x x x
f x x

  
     

2 3

2

2

13 1
( ) 1 3

2 2
3

( ) 3 13
2

3
(0.5) 3 13 0.5 (0.5) 3.12

2

f x x x x

f x x x

f

   

   

      

;k

vkjS

 : ,d 'kgj dh tula[;k fuEufyf[kr rkfydk esa nh xbZ gSA o"kZ
2001 vkSj 1995 esa tula[;k esa of̀) dh nj Kkr dhft,A

(Year) 1961 1971 1981 1991 2001

(Population) 40.62 60.80 79.95 103.56 132.65

x

y

o"kZ

tul[a ;k

 pwafd tula[;k dh o`f) nj ,
dx

dy
 gSA gesa x ¾ 2001 vkSj x ¾ 1995 ij ,

dx

dy
 dh

x.kuk djuh gSA blds fy, ge U;wVu i'porhZ varj varosZ'ku }kjk vuqekfur y ij
vodyt ds fy, lw= ij fopkj djrs gSa]
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hdx
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tgka nx x
u

h




blds fy, ge uhps nh xbZ ifjfer varj rkfydk dk fuekZ.k djrs gSa :

65.1322001

09.29

48.556.1031991

02.161.23

47.446.495.791981

49.515.19

03.180.601971

18.20

62.401961

432





 yyyyyx

 x = 2001 ds fy,, 0nx x
u

h


 

 2001

1 1 1 1
29.09 5.48 1.02 ( 4.47)

10 2 3 4

3.105

dy

dx
                



x = 1995 ds fy,, 4.0
10

19911995



u

1995

1 1.8 3 0.16 6 0.4 2
23.61 4.46 5.49

10 2 6

3.21

dy

dx

                



11- la[;kRed voydu çfØ;k dks ifjHkkf"kr djsaA

12- U;wVu vxzorhZ varj varosZ'ku lw= dks fy[ksaA

13- U;wVu i'porhZ varj varosZ'ku lw= dks fy[ksaA

,d fuf'pr lekdyu dk ewY;kadu rc ugha fd;k tk ldrk gS tc rd lekdY;
(Integrand) f (x) lekdyuh; (Integrable) ugha gksrk gS] lkFk gh tc rd Qyu
Li"V :i ls Kkr ugha gksrk gS] ysfdu dsoy Qyu ds eku x dh ,d lhfer la[;k
ds eku ij Kkr gksrs gSA gkykafd] la[;kRed fofèk;ksa dks ykxw djds lekdyu ds
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eku dks la[;kRed :i ls fuèkkZfjr fd;k tk ldrk gSA ;gk¡ fuEufyf[kr lw= ds
vkèkkj ij ,d fuf'pr lekdyu ds ewY;kadu dks çkIr djus ds fy,
nks çdkj ds la[;kRed fof/k gSaA


b

a

dxxf )( (5.62)

(Newton-Cotes Quadrature) 

(Gaussian Quadrature) dgk tkrk gSA ge lcls igys viuk è;ku
U;wVu&dksV~l prqHkqZt ij dsafær djrs gSa] tks cgqin varosZ'ku lw=ksa (Polynomial

Interpolation Formula) dks lekdyuh; djus ij vkèkkfjr gSA bl prqHkqZt dks
Lora= pj x ds leku nwjh :i ds lekdY; (Integrand) ds ekuksa dh ,d rkfydk
dh vko';drk gksrh gSA

(Trapezoidal Formula of Numerical Integration)
lehdj.k esa n = 1 ysus ij] gesa leyEc prqHkqZth; lw= (Trapezoidal Formula)

feyrk gSa]





  00 2

1
)(

1

0

ffhdxxf

x

x

pwafd mPprj dksfV ds vU; lHkh varj vuqifLFkr gksrs gSaA

0f  dks f
1 
– f

0
, ls cnydj gekjs ikl gksxk]

][
2

)( 10

1

0

ff
h

dxxf

x

x

 (5.63)

bls la[;kRed lekdyu dk leyEc prqHkqZth; lw= dgk tkrk gSA
bl lw= dh T;kferh; O;k[;k bl izdkj dh tk ldrh gS fd] Qyu f (x) lhek x

0

ls x
1
 ds chp ,d fuf'pr lekdyu] tks fd fcanq (x

0
, f

0
) vkSj (x

1
, f

1
), dks tksM+us okyh

thok] x-v{k vkSj funsZ'kkad x = x
0
 vkSj x = x

1
 esa 'kkfey gksus okys {ks= ls f?kjk leyEc

prqHkqZth; {ks= dk vuqekfur eku ds cjkcj gksrk gS A bls fp= 5-2 esa fn[kk;k x;k gSA
Y 

O X x0 x1

f(x)

(x f1  , 1)

(x f0  0, )

fp= 5-2 leyEc prqHkqZth; {ks=

bl çdkj] oØ y = f (x) ds rgr {ks= dks thok (Chord) ds fcanqvksa dks tksM+ dj
'kkfey gksus okys {ks= esa cny fn;k tkrk gSA
leyEc prqHkqZth (Trapezoidal) lw= esa =qfV dks fuEu :i esa fy[kk tkrk gS]
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31

0

3

),(
12

)1()(
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f
h

dsssf
h

ET
    tgka 10 xx   (5.64)

(Trapezoidal Rule)

lekdyu 
nx

x

dxxf

0

,)(  ds ewY;kadu ds fy, gesa çR;sd mi&varjky (x
0
, x

1
), (x

1
, 

2
),

... (x
n–1

, x
n
) ds fy, lekdyu dk ;ksx djuk gksxkA bl çdkj]

;k

0

0

0 1 1 2 1

0 1 2 1

( ) [( ) ( ) ... ( )]
2

( ) [ 2( ... ) ]
2

n

n

x

n n

x

x

n n

x

h
f x dx f f f f f f

h
f x dx f f f f f





      

     



 (5.65)

;g la[;kRed lekdyu ds leyEc prqHkZqt fu;e ds :i esa tkuk tkrk gSA
leyEc prqHkqZt fu;e esa =qfV gS]

)](...)()([
12

])...(2[
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fffff
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dxxfE
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tgk¡  nnn xxxxxx    1221110 ,...,,

bl çdkj] ge fy[k ldrs gSa

3

1 2

2

[ ( )], ( ) ( ), ( )... ( )
12

( )
12

n
T n

h
E nf f   f f f

h
nh f

          

  

dk eryc gaS

tgka] 
2

( ) ( ),
12

n
T

h
E b a f nh b a      D;ksafd

;k] 0    nx x , (5.66)

leyEc prqHkqZth; fu;e }kjk 
b

a

dxxf )(  dk ewY;kaduA

% Qyu f (x) dks ifjHkkf"kr djsaA

% a, b, n dks çkjaHk djsaA
% h = (b–a)/n dh x.kuk djsaA
% x = a, S = 0 j[ksaA
% x = x + h dh x.kuk djsaA
% S = S + f (x)½ dh x.kuk djsaA
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% ;fn x < b gS] rks pj.k 4 ij tk,¡ vU;Fkk vxys pj.k ij tk,aA
% I = h (S + (f (a) + f (b))/2) dh x.kuk djsaA
% fuxZr (Output) I, n

(Simpson's One-Third Formula)

U;wVu&dksV~l (Newton Cotes) lehdj.k esa n = 2 dks ysdj ] ge la[;kRed
lekdyu (Numerical Integration) dk flEilu (Simpson) dk ,d&frgkbZ lw=
çkIr djrs gSa,

2

0

2

0

2
3 2 2

0 0 0

0 1 0 2 1 0

0 1 2

2 1
( ) 2 (2 2 3 2 )

2 12

1
2 2 ( ) ( 2 )

3

( ) [ 4 ]
3

x

x

x

x

f x dx h f f f

h f f f f f f

h
f x dx f f f

 
        

 

        

   




(5.67)

;g la[;kRed lekdyu dk flEilu dk ,d&frgkbZ lw= ds :i esa tkuk tkrk
gS,
flEilu dk ,d&frgkbZ lw= esa =qfV dks fuEu :i esa ifjHkkf"kr fd;k tkrk gS ,

)4(
3

)( 210

2

0

fff
h

dxxfE

x

x

S  
),()( xfxF  ekudj] ge çkIr djrs gSa

 )4(
3

)()( 21002 fff
h

xFxFES 

 F(x
2
) = F(x

0
+2h), f

1
 = f (x

0
+h), vkSj f

2
 = f (x

0
+2h), dks h dh ?kkrks (Powers) esa

foLrkj djds] gekjs ikl gksxk]
2 3

0 0 0

2 2

0 0 0 0 0

2 3 4 5
0 0 0

2 3
0 0

(2 ) (2 )
2 ( ) ( ) ( ) ( ) ...

2! 3!

(2 )
4 (0) ... 2 (0) ...

3 2! 2!

4 2 4
2 2 (0) (0) ( )

3 3 15

[6 6 4 (0) 2 (0).
3

S

iv

h h
E hF x F x x F x

h h h
f f hf f f hf f

hf h f h f h f h y

h
f hf h f h f



     

  
             

  

      

      ..]

5

0 2( ),
90

iv
S

h
E f x x    dk s ljyhdj.k djus ij]tgka (5.68)

flEilu dk ,d&frgkbZ lw= dh T;kferh; O;k[;k ;g gS fd n'kkZ, x, oØ ds uhps
ds {ks= dk lekdy ijoy; (Parabola) }kjk fcUnqvks x

0
, f

0
), (x

1
, f

1
) vkSj (x

2
, f

2
)

dks tksM+us ij feyus okyk {ks= gksrk gS] fp= 5-3 esa fn[kk;k x;k gSA
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Y

0
X

(Parabola) y f ( )x = 

x0 x1 x2

ijoy;

fp= 5-3 flEilu dk ,d&frgkbZ lekdyu (Simpson's One-Third Integration)

 (Simpson’s One-Third Rule)

flEilu dk ,d&frgkbZ fu;e esa varjky [a, b] dks 2m mi&varjky esa fcUnqvks
x0 = a, x1 = a + h, x

2
 = a + 2h, ... x

2m
 = a+2mh ls foHkkftr djus ij tgk¡

b = x
2m

 vkSj h = (b–a)/(2m), vkSj çR;sd tksM+h ds mi&varjky ij flEilu
,d&frgkbZ lw= dk mi;ksx djus ij] gekjs ikl gksxk]

 

 .)...(2)...(4
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222642125310
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h

dxxf
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(5.69)

bls la[;kRed lekdy ds flEilu dk ,d&frgkbZ fu;e ds :i esa tkuk tkrk gSA
bl lw= esa =qfV dks varjky ds çR;sd tksM+s dh =qfV;ksa ds ;ksx }kjk nh tkrh gS]

)](...)()([
90 21

5
2

m
ivivivm

S fff
h

E  

ftls fQj ls fy[kk tk ldrk gS]

)(),(
90

5
2 ffm

h
E ivivm

S    dk eryc gS )(),...(),( 21 fff m
iviviv 

D;ksafd ,2 abmh   gekjs ikl]
4

2 ( ) ( ), .
180

    m iv
S

h
E b a f a btgka  (5.70)

(Algorithm) : 
b

a

dxxf )( dk flEilu ,d&frgkbZ fu;e }kjk ewY;kaduA

f (x) dks ifjHkkf"kr djsa

% a, b, n le (even) dks fufo"V (Input) nsaA

% h = (b–a)/n dh x.kuk djsaA

% S
1
 = f (a) + f (b) dh x.kuk djsaA

% S
2
 = 0, x = a j[ksaA
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% x = x + 2h dh x.kuk djsaA

% S
2
 = S

2
+ f (x) dh x.kuk djsaA

% tk¡p djsa fd D;k x < b gS ] rks pj.k 5 ij tk,a vU;Fkk vxys pj.k ij
tk,aA

% x = a + h dh x.kuk djsaA

% S
4
 = S

4
+ f (x) dh x.kuk djsaA

% x = x + 2h dh x.kuk djsaA

% tk¡p djsa fd D;k x > b gS] vxys pj.k ij tk,a vU;Fkk pj.k 9 ij
tk,aA

% I = (S
1
+ 4S

4
+ 2S

2
)h/3 dh x.kuk djsaA

% I, n fy[ksaA

(Simpson’s Three-Eighth Formula)

 n = 3, dks ysus ij] U;wVu&dksV~l lw= dks fuEu :i ls fy[kk tk ldrk gS]
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(5.71)

bl lw= esa [kaMu =qfV (Truncation Error)  30

5

),(
80

3
xxf

h iv   gSA

bl lw= dks la[;kRed lekdy dk flEilu rhu&vkBosa (3/8) lw= ds :i esa tkuk
tkrk gSA
flEilu ,d&frgkbZ fu;e dh rjg] ge la[;kRed lekdy ds flEilu dk
rhu&vkBosa lw= dks Hkh fy[k ldrs gSa]

]332...233233[
8

3
)( 31323336543210 mmmm

b

a

yyyyyyyyyyy
h

dxxf  
(5.72)

tgk¡ h = (b–a)/(3m);  m = 1, 2,...ds fy,
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vFkkZr~] varjky (b–a) dks mi&varjky 3m la[;k esa foHkkftr (Divided) fd;k x;k
gSA
lehdj.k ¼5-72½ esa fu;e dks fQj ls ,slk fy[kk tk ldrk gS]

)]...(2)...(3[
8

3
)( 33631323542130   mmmm

b

a

yyyyyyyyyyy
h

dxxf

(5.73)

flEilu ds rhu&vkBosa fu;e esa [kaMu =qfV 
43

240

h
 gSA

0( ) ( ),iv
gb a f x x m    

(Weddle’s Formula)

U;wVu&dksV~l lw= esa n = 6 ysdj dqN lw{e la'kksèkuksa ds ckn osMyh lw= feyrk gSaA
U;wVu&dksV~l lw= n = 6 ds lkFk nsrk gS]





  0

6
0

5
0

3
0

2
00 140

41

10

123
2427186

6

0

yyyyyyyhydx

x

x

;fn vafre in 0
6

140

41
y  dks 6 6

0 0

42 3

140 10
y y    }kjk çfrLFkkfir fd;k tkrk gS rks

;g lw= cgqr ljy :i ys ysrk gS rc lw= esa =qfV dk ,d vfrfjä in (Additional

Term) 0
6

140

1
y gksxkA mijksä lw= rc bl rjg dk cu tkrk gS]

6

0

2 3 5 6
0 0 0 0 0 0

123 3
6 18 27 24

10 10

x

x

ydx h y y y y y y
             

(5.74)


6

0

0 1 2 3 4 5 6

3
[ 5 6 5 ]

10

x

x

h
ydx y y y y y y y      

varjksa dks y
i
 ds lanHkZ esa cnyus ij] bl lw= dks osMyh lw= ds :i esa tkuk tkrk

gS

osMyh lw= esa =qfV )(
140

1 )(7 viyh   gksxhA   (5.75)

osMyh dk fu;e ,d la;kstu osMyh dk lw= gS] tc mi&varjky dh la[;k 6 dk
xq.kd gksrh gSA la[;kRed lekdyu esa osMyh ds fu;e dk mi;ksx varjky (b–a)

dks 6m mi&varjky dh la[;k ls mi&foHkkftr djds fd;k tkrk gS] ;gk¡ m

?kukRed iw.kkaZd gSA osMyh dk fu;e gS]

10

3
)(

h
dxxf

b

a

 [y
0
+5y

1
+y

2
+6y

3
+y

4
+5y

5
+2y

6
+5y

7
+y

8
+6y

9
+y

10
+5y

11
+...

     +2y
6m–6

+5y
6m–5

+y
6m–4

+6y
6m–3

+y
6m–2

+5y
6m–1

+y
6m

] (5.76)

tgka b–a = 6mh
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vFkkZr~]

)]...(2)...(6

...)...(5[
10

3
)(

612636932646

1084216561175160








yyyyyyyy

yyyyyyyyyyyy
h

dxxf

mmm

mmm

b

a

osMyh ds fu;e esa =qfV )()(
840

1 )(6 viyabh   gSA   (5.77)

 : 
2

0

4dxx  ds vuqekfur eku dh x.kuk pkj mi varjky dks ysdj djsa

vkSj fQj bldh rqyuk lVhd eku ds lkFk djsaA

 [0, 2] esa pkj mi&varjkyksa ds fy,] gekjs ikl h =
4

2
 =

2

1
 = 0.5 gSA ge )( 4xxf 

dks lkj.khc) djrs gSa]

0.16062.50.10625.00)(

0.25.10.15.00

xf

x

leyEc prqHkqZth; fu;e ls ge çkIr djrs gSa]

0672.7
4

2690.28
]0.162690.12[

4

1

]0.16)062.50.10625.0(20[
2

5.0
2

0

4



 dxx

flEilu ds ,d&frgkbZ fu;e ls gesa feyrk gS]

4230.6
6

5380.38
]0.18135.54[

6

1

]0.160.12)062.50625.0(40[
3

50
2

0

4






 dxx

lVhd eku 4.6
5

32

5

25



leyEc prqHkqZth; fu;e ds ifj.kke esa =qfV = 6.4 – 7.0672 = – 0.6672 gSA
flEilu ds ,d&frgkbZ fu;e ds ifj.kke esa =qfV = 6.4 – 6.4230 = – 0.0230 gSA

: fuEufyf[kr lekdy dk ewY;kadu djsa]

 
1

0

2 )34( dxxx , n = 10 ysdj vkSj fuEufyf[kr fu;eksa dk mi;ksx djs :

¼i) leyEc prqHkqZth; fu;eA
¼ii½ flEilu dk ,d&frgkbZ fu;eA
fQj bldh rqyuk lVhd eku ds lkFk djsa vkSj çR;sd izdj.k esa =qfV dk irk
yxk,aA

 ge x = 0, 0.1, 0.2, ...1.0. ds fy, f (x) = 4x–3x2 dks lkj.khc) djrs gSa]



jSf[kd lehdj.k]
la[;kRed lekdyu rFkk

la[;kRed vodyu

Lo&vfèkxe 281

ikB~; lkexzh

0.117.128.133.132.125.112.193.068.037.00.0)(

0.19.08.07.06.05.04.03.02.01.00.0

xf

x

(i) leyEc prqHkqZth; fu;e dk mi;ksx djds gekjs ikl gS]

 

995.0)0.190.18(
2

1.0

0.1)17.128.133.132.125.112.193.068.037.0(20
2

1.0
)34(

1

0

2



 dxxx

(ii) flEilu ds ,d&frgkbZ fu;e dk mi;ksx djds] gekjs ikl gS]

00.1]0.30[
3

1.0

]0.140.4205.54[
3

1.0

]0.1)28.132.112.168.0(2)17.133.125.193.037.0(40[
3

1.0
)34(

1

0

2





 dxxx

(iii) lVhd eku ¾1-0 gSA

leyEc prqHkqZth; }kjk ifj.kke esa =qfV 0- 005 gS vkSj flEilu ds ,d&frgkbZ fu;e
ds ifj.kke esa dksbZ =qfV ugha gSA

  : 
1

0

2

  dxe x  dk ewY;kadu djsa]

(i) flEilu ds ,d&frgkbZ fu;e esa 10 mi&varjkyksa ds lkFkA
(ii) leyEc prqHkqZth; fu;e ds }kjkA

 ge x = 0, 0.1, 0.2, 0.3, ...., 1.0 ds 11 vadksa ds fy, fuEu #i ls 2xe  ds ekuksa
dks lkj.khc) djrs gSaA

 

2

0.0 1.00000

0.1 0.990050

0.2 0.960789

0.3 0.913931

0.4 0.852144

0.5 0.778801

0.6 0.697676

0.7 0.612626

0.8 0.527292

0.9 0.444854

1.0 0.367879

1.367879 3.740262 3.037901

xx e

 flEilu ds ,d&frgkbZ fu;e ds vuqlkj gekjs ikl gS]
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2
1

0 10 1 3 5 7 9 2 4 6 8

0

[ 4 ( ) 2 ( )]
3

0.1
[1.367879 4 3.740262 2 3.037901]

3
0.1

[1.367879 14.961048 6.075802]
3

2.2404729
0.7468243 0.746824

3

x h
e  dx f f f f f f f f f f f           

    

  

  



leyEc prqHkqZth; fu;e dk mi;ksx djds ge çkIr djrs gSa]

2
1

0 10 1 2 9

0

[ 2 ( ... )]
2

0.1
[1.367879 6.778163]

2
0.4073021

x h
e dx f f f f f      

 





: flEilu ds ,d&frgkbZ fu;e dk mi;k sx djds

lekdyu ,)12(
4

0

23  dxxxI  dks h = 1 ysdj x.kuk djsa vkSj fl) djsa fd x.kuk

fd;k gqvk eku lVhd eku ds leku gS] blds dkj.k crkb,A
 x = 0, 1, 2, 3, 4 ij f (x) = x3–2x2+1 ds ekuksa dks lkj.khc) djrs gSaA

3310101)(

43210

xf

x

flEilu ds ,d&frgkbZ fu;e }kjk lekdy dk eku gksrk gS]

3

1
25]3310412041[

3

1
I

lVhd eku ¾ 
3

1
2541

3

4
2

4

4

3
34



bl çdkj] flEilu ds ,d&frgkbZ fu;e }kjk feyk eku lVhd eku ds lkeku gSA
,slk blfy, gS D;ksafd flEilu ds ,d&frgkbZ fu;e esa =qfV pkSFks dksfV dh
vodyt gksrh gS vkSj blfy, ;g fu;e lVhd ifj.kke nsrk gS tc lekdY;
(Integrand) ,d cgqin gksdj ?kkr rhu ls de ;k rqY; ¼cjkcj½ gksrk gSA

 : 
5.0

1.0

dxex
  dh x.kuk ¼i½ leyEc prqHkqZth; fu;e vkSj ¼ii½ flEilu

,d&frgkbZ fu;e ls h = 0.1 ysdj djsa vkSj fQj ifj.kkeksa dh rqyuk lVhd eku ls
djsaA

 ge x = 0.1 ls 0.5 rd] varj h = 0.1 ds lkFk f (x) = ex ds ekuksa dks lkj.khc)
djrs gSaA
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6847.14918.13498.12214.11052.1)(

5.04.03.02.01.0
xexf

x



leyEc prqHkqZth; fu;e }kjk lekdyu dk eku gS]

 
5439.0]0630.427539.2[

2

1.0

]6487.1)4918.13498.12214.1(21052.1[
2

1.0



TI

flEilu ds ,d&frgkbZ fu;e }kjk eku dh x.kuk gS]

5435.0]3063.16[
3

1.0
]6996.27132.247539.2[

3

1.0

]6487.13498.12)4918.12214.1(41052.1[
3

1.0



SI

lVhd eku = e0.5– e0.1 = 1.6487–1.1052 = 0.5435

leyEc prqHkqZth; fu;e lekdyu esa =qfV dk eku – 0.0004 nsrk gS ysfdu flEilu
dk ,d&frgkbZ fu;e lVhd eku nsrk gSA

 : 10 mi&varjky dks ysdj  

1

0
1 x

dx
  dh

¼i) leyEc prqHkqZth; fu;e vkSj ¼ii½ flEilu ds ,d&frgkbZ fu;e dk mi;ksx

djds x.kuk djsa A bl izdkj 2log
e  [kkstsa vkSj Ng n'keyo LFkku rd lVhd eku

ds lkFk rqyuk djsaA

 x = 0, 0.1, 0.2,...1.0 ij f(x) =
x1

1
 ds eku dks fuEu :i ls lkj.khc) djrs

gSaA

0

1

2

3

4

5

6

7

8

9

10

1
( )

1
0.0 1.000000

0.1 0.9090909

0.2 0.8333333

0.3 0.1692307

0.4 0.7142857

0.5 0.6666667

0.6 0.6250000

0.7 0.5882352

0.8 0.5555556

0.9 0.5263157

1.0 0.500000

1.500000 3.4595391 2.7281746

x y f x
x

y

y

y

y

y

y

y

y

y

y

y




(i) leyEc prqHkqZth; fu;e dk mi;ksx djds gekjs ikl gS]
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.6437714.0]3754272.12500000.1[
2

1.0

)]7281745.24595391.3(2500000.1[
2

1.0

)]...(2[
21 04321100

1

0






 fffffff

h

x

dx

(ii) flEilu ,d&frgkbZ fu;e dk mi;ksx djrs gq, gesa feyrk gS]

6931501.0794505.20
3

1.0
]456349.5838156.135.1[

3

1.0

]7281745.224595391.34500000.1[
3

1.0

)]...(2)...(4[
31 842931100

1

0






 ffffffff

h

x

dx

(iii)lVhd eku]

2

1

0

0.1
log [1.500000 4 3.4595391 2 2.7281745]

1 3

0.6931472

e

dx

x
     







leyEc prqHkqZth; fu;e lekdy ds eku esa =qfV 0-693147& 0-6437714 ¾
0-0493758 gS tcfd flEilu ds ,d&frgkbZ fu;e ds eku esa =qfV ¼& 0- 000029½
gSA

 : cos
2

0





d   dh N% mi&varjky ysdj (i)leyEc prqHkqZth; fu;e

vkSj (ii) osMyh lw= }kjk x.kuk djsa A

 [0, 
2


] dk mi&foHkktu N% mi&varjky esa .26179015

6

1
.

2
 

h  gksaxkA

lekdy fu;eksa dks iz;ksx djus ds fy, ge cos  dks lkj.khc) djrs gSaA

050874.070711.084089.093061.098281.01cos

9075604530150


 

(i) flEilu ,d&frgkbZ fu;e }kjk lekdyu dk eku gksxk,

18723.16052.13
3

26179.0

]63772.1233244.241[
3

26179.0

)]0)070711.0093061.0(2)50874.084089.098281.0(41[
3

26179.0





SI

(ii) osMyh lw= }kjk lekdyu dk eku gksxk,
3

0.26179 [1.05 7.45775 5.04534 0.93061 0.070711]
10
3 0.026179 [14.554411] 1.143059 1.14306

WI      

   



jSf[kd lehdj.k]
la[;kRed lekdyu rFkk

la[;kRed vodyu

Lo&vfèkxe 285

ikB~; lkexzh

: osMyh lw= }kjk lekdyu
2

2

0

1-0.162sin



  d  dk ewY;kadu djsaA

 varjky dks N% mivarjkyksa esa foHkkftr djus ij] çR;sd mivarjky dh yackbZ

15261790
26

1 


h  gksaxh A osMyh lw= }kjk lekdy dh x.kuk ds fy,] ge

2f ( ) 1 0 162sin .     dks lkj.khc) djrs gSa A

0 15 30 45 60 75 90

f ( ) 1.0 0.99455 0.97954 0.95864 0.93728 0.92133 0.91542

       


osMyh lw= }kjk lekdy dk eku gksxk ]

3 0.26179
[1.0 5 (0.99455 0.92133) 0.97954 6 0.95864 0.93728 0.91542]

10
0.078537 19.16348 1.50504

WI


       

  

(Computing an Integral to a Desired Accuracy)
okafNr lVhdrk rd fuf'pr lekdy dk lgh ewY;kadu djus ds fy,] mi&varjky
dh yackbZ h dk lw= esa mi;ksx djus ds fy,] h dk mi;qä eku cukuk gksrk gSA h
dks fuèkkZfjr djus ds nks fof/k gSa] la[;kRed lekdy ds fy, bLrseky gksus okys lw=
esa [kaMu =qfV (Truncation Error) ij fopkj djds ;k varjky dks vkèkk vkSj ifj.kkeksa
dh rqyuk dh rduhd }kjk lekdy dk Øfed (Successive) ewY;kadu djds fd;k
tk ldrk gSA

(Truncation Error Estimation Method)

[kaMu =qfV vuqeku fofèk esa] mi;ksx fd, tkus okys h ds eku dks la[;kRed lekdy
ds lw= esa [kaMu =qfV ij fopkj djds fuèkkZfjr fd;k tkrk gSA eku yhft, fd E
ewY;kadu fd, tkus okys lekdy ds fy, =qfV lfg".kqrk (Error Tolerance) gSA rc

fuEu fLFkfr dk mi;ksx djds h dks pquk tkrk gS] 2/R

mnkgj.k ds :i esa] flEilu ds ,d&frgkbZ fu;e dk mi;ksx djds 
2

1
x

dx
 dk rhljs

n'keyo LFkku rd lVhd ewY;kadu djus ds fy, fopkj djsaA

ge 10 3  ys ldrs gSaA
;fn ge flEilu ds ,d&frgkbZ fu;e dk mi;ksx djuk pkgrs gSa] rks [kaMu =qfV
R, gksxk

 21);()12(
180

4

 ivf
h

R

rc h dks fuEu fLFkfr dks larq"V djds fuèkkZfjr fd;k tkrk gS]

 3
4

1050|)(|
180

ivf
h
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fn, x, mnkgj.k esa f (x)
x

1
  gS ] bl çdkj

432
)(

5x
xf iv 
  blfy, 24)(max

]2,1[
xf iv

bl çdkj] 34 1050
180

241 


h  ;k h < 0.102

ysfdu h dks ,slk pquk tkuk pkfg, rkfd varjky [1, 2] dks mi&varjky dh le
la[;k esa foHkkftr fd;k tk ldsA blfy, ge h = 0.1 < 0.102 ys ldrs gSa] ftlds
fy, n = 10, vFkkZr ;gk¡ 10 mi&varjky gksaxsA
lekdy dk eku gksxk]

2

2

1

0.1 1 1 1 1 1 1 1 1 1 1
1.0 4 2

3 1.1 1.3 1.5 1.7 1.9 1.2 1.4 1.6 1.8 2

0.1
[1.5 4 3.4595 2 2.7282]

3
0.1

2.0749 0.06931 log
3 e

dx

x

                      

    

  



tks d s lVhd eku l s lger gAS

(Interval Halving Technique)

tc [kaMu =qfV dk vuqeku fudkyuk eqf'dy gks tkrk gS rks okafNr lVhdrk rd
lekdy dh x.kuk ds fy, varjky v/khZdj.k rduhd dk mi;ksx fd;k tkrk gSA
varjky v/khZdj.k fofèk esa] igys lekdy dh x.kuk h ds dqN eè;e eku ds fy,

dh tkrh gSA fQj bldk ewY;kadu 
2

h  ds fy, fd;k tkrk gS] vFkkZr~] nksxquk mi

foHkktuksa dh la[;k ds lkFk fd;k tkrk gSA blds fy, lekdY; (Integrand) ds
ewY;kadu ds fy, dsoy mi&foHkktu ds u, fcanqvksa dh vko';drk gksrh gS vkSj
varj h ds lkFk fiNys Qyu ds ekuksa dk Hkh mi;ksx fd;k tkrk gSA vc lekdyu

I
h
 vkSj 

2
hI
 ds chp ds varj dks x.kuk fd, x, lekdy dh lVhdrk ls tkapus ds

fy, mi;ksx fd;k tkrk gSA ;fn ,2/  hh II  tgk¡ ε Lohdk;Z =qfV (Permissible

Error) gS rks I
h/2

 dks okafNr lVhdrk rd dh xbZ x.kuk ds lekdy ds eku ds :i
esa fy;k tkuk pkfg,A ;fn Åijh lVhdrk çkIr ugha gksrh gS] vFkkZr] ,2/  hh II

rks fQj ls varj
4

h  ds lkFk lekdy dh x.kuk djuh pkfg, vkSj fQj ls lVhdrk

dk ijh{k.k djuk pkfg, A 4/hI  ds lehdj.k ds fy, lekdyrk ds ewY;kadu ds fy,
dsoy mi&foHkktu ds u, fcanqvksa dh vko';drk gksrh gSA

1- dHkh&dHkh çkjafHkd fodYi h dks m   ds :i esa fy;k tkrk gS tgka leyEc

prqHkqZth; fu;e ds fy, m = 2 gksrk gS vkSj flEilu ds ,d&frgkbZ fu;e
ds fy, m = 4 gksrk gS A

2- varjky v/khZdj.k fofèk dk O;kid :i ls mi;ksx daI;wVj ewY;kadu ds fy,
fd;k tkrk gS D;ksafd ;g lax.kukvksa dh tk¡p ds lkFk&lkFk h ds okafNr eku
dks ysus nsrk gSA
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3- [kaMu =qfV R dk vuqeku :Uxsa&dqV~Vk fofèk dk mi;ksx djds fudkyk tk
ldrk gSA

leyEc prqHkqZth; fu;e ds fy, 2/3

1
hh IIR  vkSj flEilu ,d&frgkbZ

fu;e ds fy, 2/15

1
hh IIR   gSA

 1: a, b ,fIlykWu (Epsilon) ls çkjaHk djsa [a, b lekdyu dh lhek gS] ,fIlykWu
=qfV lfg".kqrk gS]

2: 
2

ab
h


  j[ksaA

 3: S
1
 = f (a) + f (b) dh x.kuk djsaA

 4: S
4
 = f (a + h) dh x.kuk djsaA

 5: S
2
 = 0, I

1
 = 0 j[ksaA

 6:
3

)4( 241
2

hSSS
I


  dh x.kuk djsaA

 7: ;fn ,)( 12  II rks pj.k 17 ij tk,a vU;Fkk vxys pj.k ij tk,aA

 8: I
1
 = I

2
 j[ksaA

 9: S
2
 = S

2
+ S

4 
dh x.kuk djsaA

 10: S
4
 = 0  j[ksaA

 11: x = a + h j[ksaA

 12: S
4
 = S

4
+ f (x) dh x.kuk djsaA

 13: x = x + h j[ksaA

 14: ;fn x < b, rks pj.k 12 ij tk,a vU;Fkk vxys pj.k ij tk,aA

 15:
3

)42( 421
2

hSSS
I


  dh x.kuk djsaA

  pj.k 7 ij tk,aA

 I
2
 , h,  dks fy[ksaA

  lekIrA
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(Algorithm)

 1: a, b, ,fIlykWu (epsilon) ls çkjaHk djsa [a, b lekdyu dh lhek gS] ε =qfV
lfg .kqrk gS]

 2: h = b–a j[ksaA

 3:
2

)()(
1

bfaf
S


  dh x.kuk djsaA

 4: I
1
 = S

1
×h dh x.kuk djsaA

 5:  x = a +
2

h
 dh x.kuk djsaA

 6: hxfSI  ))(( 12  dh x.kuk djsaA

 7: ;fn ,)( 12  II rks pj.k 13 ij tk,a vU;Fkk vxys pj.k ij tk,aA

 8:
2

h
h   j[ksaA

 9: x = a + h j[ksaA

10: I
2
 = I

2
+ h × f (x) j[ksaA

 11: ;fn x < b, rks pj.k 9 ij tk,a vU;Fkk vxys pj.k ij tk,aA

 12: pj.k 7 ij tk,aA

 13: ,,2 hI  dks fy[ksaA

 14: lekIrA

(Numerical Evaluation of Double Integrals)

ge nksgjs lekdyu ls ewY;kadu ij fopkj djrs gSa]


R

dydxyxfI ),( (5.78)

tgk¡ R vk;rkdkj {ks= a xb, c yd. gSA nksgjs lekdyu dks fQj ls lekdyu
ds fy, fuEufyf[kr :i esa cnyk tkrk gS ]













d

c

b

a

dyyxfdx ),( (5.79)


d

c

dyyxfxF ),()(  dks fy[ksa vkSj x ds Qyu ds :i esa ekus] gekjs ikl

gksxk] (5.80)


b

a

dxxFI )( (5.81)
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vc la[;kRed lekdyu ds fy,] ge varjky [a, b] dks n mi varjky LiSflax
(Spacing) h esa foHkkftr djsaxs vkSj fQj la[;kRed lekdyu ds mi;qä fu;e dk
mi;ksx dj ldrs gSaA

Trapezoidal Rule for

Double Integral)

leyEc prqHkqZth; fu;e }kjk] ge lekdyu lehdj.k ¼5-81½ dks bl rjg fy[k
ldrs gSa]

)]...(2[
2

)( 13210  nn

b

a

FFFFFF
h

dxxF (5.82)

tgka x
0
 = a, x

n
 = b,

n

ab
h


  vkSj

ihaxdyyxfxFF iiii  
1

0

,),()( (5.83)

i = 0, 1, 2,...n ds fy,]

çR;sd F
i
 dk leyEc prqHkqZth; fu;e }kjk ewY;kadu fd;k tk ldrk gSA blds

fy, çR;sd varjky [c, d] dks m mi&varjkyksa esa çR;sd dh yackbZ .
m

dc
k


  esa

foHkkftr dj ldrs gSaA ge bl rjg fy[k ldrs gSaSa]

)}],(...,(),({2),(),([
2 1210  miiimiii yxfyxfyxfyxfyxf
k

F (5.84)

 y
0
 = c, y

m
 = d, y

i
 = c+ik; i = 0, 1,..., m.

bl lehdj.k ¼5-84½ dks ,d laf{kIr :i esa fy[kk tk ldrk gS]

)]....(2[
2 1210  imiiimii fffff
k

F (5.85)

lacafèkr lehdj.kksa ¼5-82½ vkSj ¼5-85½ feydj nksgjs lekdyu ds ewY;kadu ds fy,
leyEc prqHkqZth; fu;e cukrs gSaA

n
(Simpson’s One-Third Rule for Double Integrals)
nksgjs lekdyu ds ewY;kadu ds fy, ge flEilu ds ,d&frgkbZ fu;e fy[k ldrs
gSaA bl çdkj gekjs ikl gS]

)]...(4)...(2[
3

)( 1312420    nnn

b

a

FFFFFFFF
h

dxxFI (5.86)

tgk¡] 
n

ab
h


  n le gS] vkSj

F
i
 = F(x

i
) ,),(

d

c

i dyyxf  x
i 
= a + ih, i = 0, 1, 2,...n ds fy,           (5.87)

vkSj, x
0
 = a vkSj x

n
 = b
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I ds ewY;kadu ds fy,] lehdj.k ¼5-87½ esa fn, x, çR;sd (n + 1) lekdyu dk
ewY;kadu djuk gksxkA F

i
 ds ewY;kadu ds fy,] ge flEilu ds ,d&frgkbZ fu;e

dk mi;ksx djds varjky [c, d] dks m mi&varjky esa foHkkftr dj ldrs gSaA F
i

dks bl çdkj fy[kk tk ldrk gS]

)}],(...

),(),({4),(...),(),(2),(),([
3

1

312420









mi

iimiiimiii

yxf

yxfyxfyxfyxfyxfyxfyxf
k

F

(5.88)

lehdj.k ¼5-88½ dks laf{kIr ladsru esa fuEu :i ls fy[kk tk ldrk gS,

)]...,(4)...(2[
3 1312420   imiiiniiimii ffffffff
k

F

tgk¡ f
ij
 = f (x

i
, y

j
), j = 0, 1, 2,...,m gSA

: flEilu ds ,d&frgkbZ fu;e }kjk h = k = 0.5 ysdj nksgjs

lekdyu  
R

dydxyx )( 22  dk ewY;kadu djsa] tgk¡ R vk;rkdkj {ks= 1  x3,

1 y2, 1 x3, 1 y2, gS A
 ge lekdyu dks iqujkòÙk (Repeated) lekdyu ds :i esa fy[krs gSa]












 

2

1

22
3

1

)( dyyxdxI

x ds lkFk n = 4 mi&varjky yhft,] rkfd 
4

2
h = 0.5 gks tk,A

x = 3x = 1

y = 2

y = 1

3

5.0
)(

3

1

  dxxFI [F
0 
+ F

4 
+ 2F

2 
+ 4(F

1 
+ F

3
)]

tgk¡] F(x) 
2

2 2

1

( )x y dy 


2

2 2

1

( ) ( ) ;i i iF F x x y dy   x
i
 = 1+ 0.5i tgka i = 0, 1, 2, 3, 4 gSA

F
i
’s, ds ewY;kadu ds fy,] ge 5.0

2

1
k ysxsa vkSj ge çkIr djrs gSa]

50.27
3

5.0
]2)5.1(})5.1()5.1{41)5.1[(

3

5.0
)5.1(

20
3

5.0
]21})5.1(1{411[

3

5.0
)1(

222222
2

1

22
1

222
2

1

2
0









dyyF

dyyF
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2
2 2 2 2 2 2 2 2

2

1

2
2 2 2 2 2 2 2 2

3

1

2
2 2 2 2 2 2 2 2

4

1

0.5 0.5
(2 ) [2 1 4 (2 1.5) } 2 2 ] 38

3 3

0.5 0.5
((2.5) ) [(2.5) 1 4 {(2.5) (1.5) } (2.5) 2 ] 51.50

3 3

0.5 0.5
(3 ) [3 1 4{3 (1.5) } 3 2 ] 68

3 3

0.25
[20 68 2 38

9

F y dy

F y dy

F y dy

I

         

         

         

     







4 (27.50 51.50)]

0.25
480 13.333

9

 

  

 : leyEc prqHkqZth; fu;e }kjk h = 0.5 ysdj  
R

dydxyx )( 22  dh

x.kuk djsaA

x = 3x = 1

y = 2

y = 1

: 2

5.0
)(

3

1

  dxxFIT [F
0
+F

4
+2 (F

1
+F

2
+F

3
)]

tgk¡ F
i
 = F(x

i
)  

2

1

22 ,)( dyyxi  x
i
 = 1 + 0.5i, i = 0, 1, 2, 3, 4.

bl çdkj] 
2

2 2 2 2 2 2 2
0

1

0.5
, (1 ) [1 1 2{1 (1.5) } 1 2 ]

2

0.5
13.50 3.375

2

Thus F y dy       

  



2
2 2 2 2 2 2 2 2

1

1

2
2 2 2 2 2 2 2 2

2

1

0.5
[(1.5) ] [(1.5) 1 2 {(1.5) (1.5) } (1.5) 2 ]

2

0.5
18.50 4.625

2

0.5
[2 ] [2 1 2{2 (1.5) } 2 2 ]

2

F y dy

F y dy

       

  

       





2
2 2 2 2 2 2 2 2

3

1

2
2 2 2 2 2 2 2 2

4

1

0.5
25.50 6.375

2

0.5
[(2.5) ] [(2.5) 1 2{(2.5) (1.5) } (2.5) 2 ]

2

0.5
34.50 8.625

2

0.5
[3 ] [3 1 2{3 (1.5) } 3 2 ]

2

0.5
45.50 11.375

2

F y dy

F y dy
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0.5
[3.375 11.375 2(4.625 6.375 8.6

2TI      

 

25)]

1
[14.750 2 19.625]

4
1 1

14.750 39.250 54 13.5
4 4

  

    

 : leyEc prqHkqZth; fu;e }kjk mi&varjky dh yackbZ h = k = 0.5,

 

2

1

2

1
yx

dydx
 ysdj fuEufyf[kr nksgjs lekdyu dk ewY;kadu djsaA

 ekuk fd yx
yxf




1
),(

y

x

2

1.5

1

1 1.5 2

h = 0.5, ds lkFk leyEc prqHkqZth; fu;e }kjk lekdyu]

2

1 1

( , )

0.5 0.5
[ (1, 1) (2, 1) (1, 2) (2, 2) 2{ (1.5, 1) (1, 1.5)

4
(2, 1.5) (1.5, 2)} 4 (1.5, 1.5)]

2

I dx  dy  f x y  

I f f f f f f

f f f




     

  

  d s :i e sa x.kuk dh tkrh g]S

1 1 1 1 1 2 2 2 2 1
2 4

16 2 3 3 4 5 5 7 7 3

1 4 12 4
0.666667 0.75 2

16 35 3

               
       

 1
5.492857

16
0.343304.

 





 : flEilu ds ,d&frgkbZ fu;e }kjk   

2

1

2

1
yx

dxdy
 dk ewY;kadu djsa A

mi&varjky dh yackbZ h = k = 0.5 ysus ijA
 mi&varjky dh yackbZ h = k = 0.5 ysdj flEilu ,d&frgkbZ fu;e ls

lekdyu 
2

1

2

1

),( dydxyxfI  dk eku gksxk]
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0.5 0.5
[ (1, 1) (2, 1) (1, 2) (2, 2) 4{ (1, 1.5) (1.5, 1)

3 3
(2, 1.5) (1.5, 2)} 16 (1.5, 1.5)]

1 1 1 1 1 2 2 2 2 1
4 16

36 2 3 3 4 5 5 7 7 3

1 4 12 16
0.666667 0.75 4

36 35 3

1
[12.235714] 0.339880

36

I f f f f f f

f f f


     


  

               
       

 

(Romberg’s Procedure)

jksecxZ çfØ;k dk mi;ksx mi&varjky dh pkSM+kbZ ds nks ekuksa ds lekdyu ds
ewY;kadu dk mi;ksx djds lekdyu ds csgrj vuqekuksa dks [kkstus ds fy, fd;k
tkrk gSA

ekuk fd leyEc prqHkqZth; fu;e dk mi;ksx djrs gq, I
1
 vkSj I

2

lekdyu 
b

a

dxxfI ,)(   ds eku nks vyx&vyx mi&varjkyksa dh pkSM+kbZ Øe'k% h
1

vkSj h
2 
ds fy, gSA ekuk fd E

1
 vkSj E

2 
lacafèkr [kaMu =qfV;k¡ gSaA pwafd leyEc

prqHkqZth; fu;e esa =qfV;ka h
2
 ds Øe esa gksrh gSaA ge fy[k ldrs gSa]

2 2
1 1 2 2 ,I I Kh   I I Kh   K     vkjS tgka yxHkx rYq ; gAS

2 2
1 1 2 2

1 2
2 2
2 1

I Kh I Kh

I I
K

h h

  





bl çdkj , 2
1

2
2

2
12

2
212

12
1

2
2

21
1 .

hh

hIhI
h

hh

II
II











jksecxZ çfØ;k esa] ge h
2 
= h

1
 /2 ysrs gSa vkSj mlds ckn gesa feysxk]

2
21

1 2 1
2 1

2
21

42
3

2

h
I I h

I I
I

h
h

      
   
 

;k  2 1
2 3

I I
I I

    
 

bls leyEc prqHkqZth; lekdyu ds fy, jksecxZ lw= (Romberg Formula) ds :i
esa tkuk tkrk gSA

jksecxZ çfØ;k fcuk fdlh vfèkd Qyu ewY;kadu ds lekdyu dk csgrj vuqeku
nsrk gS ] h/2 ds lkFk I

2
 ds ewY;kadu esa I

1
 ds ewY;kadu esa vko';d Qyu ds ekuksa

dk Hkh mi;ksx gksrk gSA
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 : leyEc prqHkq Zth; fu;e ds ekè;e ls h
1
 = 0.5 vkSj

h
2
 = 0.25 ds lkFk,  


1

0
21 x

dx
I   dk ewY;kadu djsa vkSj fQj I ds csgrj vuqeku ds

fy, jksecxZ çfØ;k dk mi;ksx djsaA lVhd eku ds lkFk ifj.kke dh rqyuk djsaA

% ge h ¾0-25 ds lkFk x vkSj 21

1

x
y


   ds ekuksa dks lkj.khc) djrs gSa A

5.064.080.09412.01

0.175.05.025.00

y

x

bl çdkj] h
1
 = 0.5, ds lkFk leyEc prqHkqZth; fu;e dk mi;ksx djds gekjs ikl

gksxk]

1

0.5
(1 0.5 2 0.8) 0.516

3
I      

blh rjg h
2
 = 0.25 ds lkFk]

2

0.25
[1 0.5 2 (0.8 0.9412 0.64)]

3
0.5218

I     



I
2
 ds ewY;kadu esa I

1
 ds ewY;kadu ds Qyu ds ekuksa dk mi;ksx gksrk gS]

jksecxZ lw= }kjk,  2 2 1

1
( )

3
1

0.5218 (0.5218 0.516)
3

0.5218 0.0019

0.5237

I I I I  

   

 


lVhd lekdy ¾ 
11

0
The exact integral tan 0.5237.

4
x 

    gSA

bl çdkj ge ifj.kke dks n'keyo ds pkj LFkkuksa rd çkIr dj ldrs gSaA

:  leyEc prqHkqZth; fu;e }kjk 
2

1
x

dx
I  ds fy, nks vkSj pkj

mi&varjkyksa ysdj ewY;kadu djsa vkSj fQj jksecxZ çfØ;k dk mi;ksx djds I dk
csgrj vuqeku çkIr djsaA

 ge h ¾
1

4
¾ 0-25 ds lkFk

x
y

1
  ds eku ds fy, ,d rkfydk cukrs gSaA

5.05714.06667.08.01

0.275.15.125.11

y

x
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1

2

0.5
[1 0.5 2 0.6667] 0.7084

2
0.25

[1 0.5 2 (0.8 0.6667 0.5714)] 0.6970
2

I

I

    

     

jksecxZ çfØ;k }kjk] 

6932.00038.06970.0

)0114.0(
3

1
6970.0

3
12

2







II

II

 : ,
1

1

0
  x

dx
  ds eku dh x.kuk]

(i) x‚ml ds nks fcanq vkSj (ii) x‚ml ds rhu fcUnq lw= }kjk djsaA

 ge igys lekdy  )(
2

1

2
abt

ab
x 


 dks çfrLFkkiu }kjk cnysaxs]

 
 









1

1

1

1

1

0
3

2

2

1

2

1

2

1
1

1

2

1

1
dt

ttx

dx

(i) x‚ml ds nks fcanq lw= }kjk]

 
3

1

3

1
)(

1

1





















FFdttF  gesa izkIr gS]

6923.0

3

1
3

1

3

1
3

1

3

1
1

1





























dt
t

(ii) x‚ml dh rhu fcUnq lw= }kjk]
1

1

1 0.55555556
0.888888

3 3 3 0.77459667

0.443478

dt
dt

t

      




 : dxe x
2

1

 dh x‚ml ds rhu fcanq {ks=dyu (Quadrature) }kjk x.kuk

djsaA

 ge igys lekdyu dks çfrLFkkiu 
2

3

2

1
)(

2

1

2

6



 tabt

a
x  }kjk cnysaxs]

67077.4

77459667.077459667.055555556.088888889.0
2

1

2

1

2

1

2

1

2

1
02

3

1

1

1

1

22

3

2

3

2

2

1































  
 



eeee

dteedtedxe
tt

x



jSf[kd lehdj.k]
la[;kRed lekdyu rFkk
la[;kRed vodyu

296 Lo&vfèkxe
ikB~; lkexzh

14- vki ,d fuf'pr lekdyu dk ewY;kadu dSls djsaxs\

15- la[;kRed lekdyu ds fy, leyEc prqHkqZth; lw= dks fy[ksaA

16- la[;kRed lekdyu ds fy, flEilu dk ,d&frgkbZ lw= D;k gS\

17- flEilu ds ,d&frgkbZ lw= esa =qfV dks dSls ifjHkkf"kr fd;k tkrk gS\

18- la[;kRed lekdyu ds fy, flEilu ds rhu&vkBosa fu;e dks ifjHkkf"kr
djsaA

19- osMyh fu;e dh O;k[;k dhft,A

20- jksecxZ dh çfØ;k dk mi;ksx D;ksa fd;k tkrk gS\

-  

1- lehdj.kksa iz.kkfy;ksa dks le:ih dgk tkrk gS ;fn LrEHk (Column) esa
lfn'k b ds lHkh vo;o 'kwU; gks vU;Fkk] iz.kkfy;ksa dks xSj&le:i dgk
tkrk gSA

2- bl fofèk esa vKkrksa dks O;ofLFkr fof/k ls fu"dklu fd;k tkrk gS rkfd
xq.kkad vkO;wg dks ,d mPp f=dks.kh; ç.kkyh esa ifjofrZr fd;k tk lds]
ftls fQj ls i'p çfrLFkkiu dh çfØ;k }kjk gy fd;k tkrk gSA

3- x‚ml&t‚MZu fu"dklu fofèk xkWmfl;u fu"dklu  fofèk dk ,d :ikarj gSA
bl fofèk esa] laofèkZr xq.kkad vkO;wg dks iafä lafØ;k }kjk :ikarfjr fd;k
tkrk gS] bl rjg fd xq.kkad vkO;wg ,d rRled vkO;wg esa ifjofrZr gks
tk,aA lekèkku iz.kkyh fQj lhèks :ikarfjr laofèkZr vkO;wg ds ifjofrZr
laofèkZr LrEHk ds :i esa çkIr gksrk gSA

4- tc xq.kkad vkO;wg esa fod.kZ çeq[k gks rc jSf[kd lehdj.kksa ds iz.kkfy;ksa dks
gy djus ds fy, ge iqujkof̀Ùk fofèk;ksa dk mi;ksx dj ldrs gSaA

5- ;g tSdksch iqujko`fÙk dk ,d ljy la'kksèku gSA bl i)fr esa] iz.kkfy;ksa dh
iqujkof̀Ùk ds fdlh Hkh Lrj ij] vKkrksa ds csgrj ekuksa dk mi;ksx vKkr
lfn'k ds ?kVdksa dh x.kuk ds fy, fd;k tkrk gSA

6- fidkMZ fofèk esa igyk vuqekfur lekèkku )()1( xy dks fudkyus ds fy, y (x) dks

y
0
 }kjk çfrLFkkfir djds çkIr fd;k tkrk gSA

bl çdkj]
0

(1)
0 0( ) ( , )

x

x

y x y f x y dx  

nwljk vuqekfur lekèkku y dks y(1) (x) dh txg ij çfrLFkkfir djds çkIr
fd;k tkrk gS A
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bl çdkj] 
x

x

dxxyxfyxy

0

))(,()( )1(
0

)2(

çkjafHkd fLFkfr fn, tkus ij] igys Øe vodyu lehdj.k dk gy [kkstus
okys bl iqujkof̀Ùk lw= dks fidkMZ iqujkof̀Ùk ds :i esa tkuk tkrk gSA
iqujkof̀Ùk;ksa dks rc rd tkjh j[kk tkrk gS tc rd fd nks vuqekfur lekèkku
y(k) vkSj y(k+1) ,d okafNr lVhdrk rd x ds okafNr ekuksa ds fy, yxHkx ,d
gh ifj.kke ugha nsrs gSA

7- ;wyj fofèk ] pj.k&nj &pj.k ] x ds pj.k ds ekuksa {x
k
} ds vuqØe ij y ds

ekuksa {y
k
} dk vuqØe [kkstrh gS A

8- la'kksfèkr ;wyj fofèk dk mi;ksx uhps crk, vuqlkj iqujkof̀Ùk fof/k esa bls
iz;ksx djds okafNr lVhdrk rd lekèkku dh x.kuk djus ds fy, fd;k tk
ldrk gSA

( )
1

( 1) ( )
1 1 1

( , )

( , ) ( , , 0, 1, 2,...
2

k
n n n n

k k
n n n n n n

Compute y y h f x y

h
Compute y y f x y f x y  k




  

 

      d s fy,

dh x.kuk djsa A

iqujkof̀Ùk;ksa dks rc rd tkjh j[kk tkrk gS tc rd fd nks vyx&vyx

Øfed vuqeku 1
1 1

( k ) ( k )
n ny y 
 vkSj  okafNr lVhdrk rd yxHkx ,d gh ifj.kke

ugha nsrs gS A

9- :Uxsa&dqV~Vk fofèk fofHkUu dksfV dh gks ldrh gSA ;g cgqr mi;ksxh gksrh gSa]
tc Vsyj Js.kh fofèk mPp dksfV ds vodyu dks [kkstus dh tfVyrk ds
dkj.k iz;ksx djuk vklku ugha gksrh gSA :Uxsa&dqV~Vk fofèk csgrj lVhdrk
çkIr djus dk ç;kl djrh gSa vkSj lkFk gh mPprj dksfV vodyu dh
vko';drk dks iwjk djrh gSaA gkyk¡fd] bl fofèk esa dbZ v‚Q&LVsi fcanqvksa ij
izFke dksfV vodyu ds ewY;kadu dh vko';drk gksrh gSA

10- ;s fofèk;k¡ cgq&pj.kh; la[;kRed lekdyu dh tksM+h dk mi;ksx djrh gSaA
igyk iwoZlwpd lw= gS] tks ,d [kqys :i dk Li"V lw= gS] ftldks lekdyu
esa varosZ'ku lw= dk mi;ksx djds çkIr fd;k tkrk gS] tks fcUnqvksa x

n
, x

n–

1
,...,x

n–m
 ij varosZ'k gksrh gSA nwljk gS lqèkkjd lw= ftldks iz{ksi ;k varosZ'ku

lw= ls çkIr fd;k tkrk gS] tks lekdyu esa fcUnqvksa x
n+1

, x
n
, ..., x

n–p
 ij

varosZ'k gksrh gSA

11- la[;kRed vodyu ,d Qyu f(x) ds vodytksa dh x.kuk djus dh çfØ;k
gS tc Qyu Li"V :i ls Kkr ugha gksrk gS] ysfdu Qyu dk eku dsoy fn,
x, rdksaZ ds ,d leqPp; x = x

0
, x

1
, x

2
,...,x

n
 ij Kkr gksrk gSA vodytksa dks

[kkstus ds fy,] ge ,d mi;qä iz{ksi ;k varosZ'ku cgqin dk mi;ksx djrs
gSa vkSj fQj blds vodytksa dks Qyu ds vodytksa ds fy, lw= ds :i esa
mi;ksx djrs gSaA
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12- U;wVu vxzorhZ varj varosZ'ku lw= gS]

2 3
0 0 0 0 0

( 1) ( 1)( 2) ( 1)( 2)...( 1)
( ) ...

2 ! 3 ! !
nu u u u u u u u u n

u y u y y y y
n

       
         

tgk¡ 0x x
u

h




13- U;wVu i'porhZ varj varosZ'ku lw= gSA

2 3 4( 1) ( 1)( 2) ( 1)( 2)( 3)
( ) ...

2 ! 3 ! 4 !

( 1)...( 1)

!

n n n n n

n
n

n

v v v v v v v v v
v y v y y y y

v v v n
y

n

x x
  v

h

     
          

  
 


tgka

14- ,d fuf'pr lekdyu dk ewY;kadu rc ugha fd;k tk ldrk gS tc rd
lekdY; f (x) lekdyuh; ugha gksrk gS] lkFk gh tc rd Qyu Li"V :i
ls Kkr ugha gksrk gS] ysfdu dsoy Qyu ds eku  x dh ,d lhfer la[;k ds
eku ij Kkr gksrs gSA ;gk¡ lw= ds vkèkkj ij ,d fuf'pr lekdyu ds
ewY;kadu dks çkIr djus ds fy, nks çdkj ds la[;kRed fof/k gksrs gSaA

15- lw= ][
2

)( 10

1

0

ff
h

dxxf

x

x

  gSA

16- lw=  
2

0

0 1 2( ) [ 4 ]
3

x

x

h
f x dx f f f    gSA

17- flEilu ,d&frgkbZ lw= esa =qfV dks fuEu :i esa ifjHkkf"kr fd;k tkrk gS]

)4(
3

)( 210

2

0

fff
h

dxxfE

x

x

S  

18- la[;kRed lekdy ds fy, flEilu dk rhu&vkBok¡ lw= gS]

]332...233233[
8

3
)( 31323336543210 mmmm

b

a

yyyyyyyyyyy
h

dxxf  

tgk¡] h = (b–a)/(3m);  m = 1, 2,...ds fy,

;kuh] varjky (b–a) dks 3m la[;k ds mi&varjky esa foHkkftr fd;k tkrk gSA

19- osMyh fu;e ,d la;kstu osMyh lw= gS tc mi&varjky dh la[;k 6 dk
xq.kd gksrh gS A la[;kRed lekdy esa osMyh fu;e dk mi;ksx varjky
(b–a) dks 6m mi&varjky dh la[;k ls mi&foHkkftr djds çkIr fd;k tkrk
gS] ;gk¡ m ?kukRed iw.kkaZd gSA osMyh fu;e fuEu gS]
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10

3
)(

h
dxxf

b

a

 [y
0
+5y

1
+y

2
+6y

3
+y

4
+5y

5
+2y

6
+5y

7
+y

8
+6y

9
+y

10
+5y

11
+...

 +2y
6m–6

+5y
6m–5

+y
6m–4

+6y
6m–3

+y
6m–2

+5y
6m–1

+y
6m

]

tgk¡] b–a = 6mh

20- jksecxZ çfØ;k dk mi;ksx ,d lekdy ds csgrj vuqekuksa dks [kkstus ds fy,
,d mi&varjky dh pkSM+kbZ ds nks ekuksa ds chp lekdy djds ewY;kadu
fd;k tkrk gSA

 Øsej fu;e esa fuEufyf[kr lehdj.k lekèkku lfn'k x nsrk gS]

, for 1, 2,...,i
i

D
x i n

D
 , for 1, 2,...,x i n   ds fy,A

 vkO;wg A ds O;qRØe A–1 dks fuEu :i ls ifjHkkf"kr fd;k tkrk gS]

||
1

A

AAdj
A 

A

 x‚ml&t‚MZu fu"dklu fofèk xkWmfl;u fu"dklu fofèk dk ,d :ikarj gSA
bl fofèk esa] laofèkZr xq.kkad vkO;wg dks iafä lafØ;k }kjk bl rjg :ikarfjr
fd;k tkrk gS rkfd xq.kkad vkO;wg rRled vkO;wg es ifjofrZr gks tk,A
lekèkku iz.kkyh fQj lhèks :ikarfjr vkO;wg ds ifjofrZr laofèkZr LrEHk ds :i
esa çkIr gksrk gSA

 ge jSf[kd lehdj.kksa ds iz.kkfy;ksa dks gy djus ds fy, iqujkof̀Ùk fofèk;ksa dk
mi;ksx dj ldrs gSa tc xq.kkad vkO;wg esa fod.kZ çHkkoh gksrk gSA

 x‚ml&lhMsy iqujkof̀Ùk fofèk esa iz.kkfy;ksa ds iqujko`fÙk ds fdlh Hkh pj.k esa
vKkr lfn'k ds ?kVdksa dh x.kuk ds fy, vKkrksa ds lqèkkjs x, ekuksa dk
mi;ksx fd;k tkrk gSA

 fdlh fn, x, oxZ vkO;wg A dk O;qRØe vkO;wg B fuEufyf[kr lacaèk dks
larq"V djrk gS]

A . B = I

 ge izFke dksfV vodyu lehdj.k ls tqM+h çkjafHkd eku leL;k ds fy,
fuEu lekèkku ij fopkj djrs gSa]

),( yxf
dx

dy


 ;wyj fofèk izFke dksfV çkjafHkd eku dh leL;k dks gy djus dh ,d
vifj"Ñr ysfdu ljy fofèk gS%

00 )(),,( yxyyxf
dx

dy
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 :Uxsa&dqV~Vk fofèk csgrj lVhdrk çkIr djus dk ç;kl djrh gSa vkSj lkFk
gh mPprj Øe vodyu dh vko';drk dks iwjk djrh gSaA gkyk¡fd] bl fofèk
esa dbZ v‚Q&LVsi fcanqvksa ij izFke dksfV vodyu ds ewY;kadu dh  vko';drk
gksrh gSA

 :Uxsa&dqV~Vk fofèk ds dksfV 4 esa pkj fcanqvksa ij izFke dksfV vodytksa
f (x, y), ds ewY;kadu dh vko';drk gksrh gSA fofèk Lo&izkjaHk gksrh gSA bl
i)fr esa vuqekfur =qfV dks ewY;kadu rkSj ij fuEu :i esa fn;k tkrk gS]

|y (x
n
) – y

n
|

15

*
nn yy 



 çR;sd pj.k esa lekèkku [kkstus ds fy,] Vsyj Js.kh fofèk vkSj :Uxsa&dqV~Vk
fofèk;ksa esa dbZ vodytksa ds ewY;kadu dh vko';drk gksrh gSA vc ge
cgq&pj.k fofèk fodflr djsaxs] ftlesa çR;sd pj.k esa dsoy ,d vodyt ds
ewY;kadu dh vko';drk gksrh gS ysfdu dqV~Vk fofèk ij Vsyj Js.kh dh
Lo&izkjaHk ds foijhr] cgq&pj.k fofèk fiNys ,d ls vfèkd dbZ fcanqvksa ds
lekèkkuksa dk mi;ksx djrh gSaA

 la[;kRed vodyu ,d Qyu f(x) ds vodytksa dh x.kuk djus dh çfØ;k
gS tc Qyu Li"V :i ls Kkr ugha gksrk gS] ysfdu Qyu ds eku fn, x,
rdksaZ ds ,d leqPp; x = x

0
, x

1
, x

2
,...,x

n
 ij Kkr gksrs gSA

 ,d fuf'pr lekdyu dk ewY;kadu rc ugha fd;k tk ldrk gS tc rd
lekdY; f (x) lekdyuh; ugha gksrk gS] lkFk gh tc rd Qyu Li"V :i
ls Kkr ugha gksrk gS] ysfdu dsoy Qyu ds eku] x ds ,d lhfer la[;k ds
eku ij Kkr gksA

 fuEufyf[kr lw= ds vkèkkj ij ,d fuf'pr lekdyu dks ewY;kadu djus ds
fy, nks çdkj ds la[;kRed fof/k gksrh gSaA


b

a

dxxf )(

 h dks fuèkkZfjr djus dh nks fof/k;ka gSa ;k rks la[;kRed lekdyu ds fy,
mi;ksx fd, tkus okys lw= esa [kaMu =qfV ij fopkj djds ;k varjky
vèkhZdj.k rduhd }kjk Øfed :i ls lekdyu dk ewY;kadu djds vkSj
fQj ifj.kkeksa dh rqyuk dh tk,aA

 [kaMu =qfV vuqeku fofèk esa] mi;ksx fd, tkus okys h ds eku dks la[;kRed
lekdy ds lw= esa [kaMu =qfV ij fopkj djds fuèkkZfjr fd;k tkrk gSA eku
yhft, fd E ewY;kadu fd, tkus okys lekdy ds fy, =qfV lfg".kqrk gSA rc
fu;e dk mi;ksx djrs gq, h dk p;u fd;k tkrk gS] |R|<|2

 jksecxZ çfØ;k dk mi;ksx mi&varjky dh pkSM+kbZ ds nks ekuksa ds lekdyu
ds ewY;kadu dk mi;ksx djds lekdyu ds csgrj vuqekuksa dks [kkstus ds
fy, fd;k tkrk gSA
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ekuk fd leyEc prqHkq Zth; fu;e dk mi;ksx djrs gq, I
1
 vkSj I

2

lekdyu 
b

a

dxxfI ,)(   ds eku nks vyx&vyx mi&varjkyksa dh pkSM+kbZ

Øe'k% h
1
 vkSj h

2 
ds fy, gSA ekuk fd E

1
 vkSj E

2 
lacafèkr [kaMu =qfV;k¡ gSaA

pwafd leyEc prqHkqZth; fu;e esa =qfV;ka h
2
 ds Øe esa gksrh gSaA

 : ;g ,d Qyu f(x) ds vodytksa dh x.kuk djus
dh çfØ;k gS tc Qyu Li"V :i ls Kkr ugha gksrk gS] ysfdu Qyu dk eku
fn, x, rdksaZ ds ,d leqPp; x = x

0
, x

1
, x

2
,...,x

n
 ij Kkr gksrk gSA

  : jksecxZ çfØ;k esa lekdy ds csgrj vuqekuksa dks [kkstus
ds fy, ,d mi&varjky dh pkSM+kbZ ds nks ekuksa ds lekdy ds ewY;kadu dk
mi;ksx fd;k tkrk gSA

 : ;g ,d lexz osMyh fu;e gS tc mi&varjky dh la[;k
6 dk xq.kd gksrh gSA

 : bldk mi;ksx izFke dksfV vodyu lehdj.k dk gy
[kkstus ds fy, fd;k tkrk gS tc çkjafHkd fLFkfr nh tkrh gSA

 : bl fofèk dk mi;ksx lhek eku leL;k dks gy djus
ds fy, fd;k tkrk gSA vodyu lehdj.k vkSj lhek fLFkfr;ksa esa çnf'kZr
gksus okys vodyt dks mfpr varj izo.krk ;k xzsfM,aV }kjk çfrLFkkfir fd;k
tkrk gSA

1- Øsej fu;e dh ifjHkk"kk nhft,A
2- jSf[kd lehdj.kksa dks gy djus ds fy, xkWmfl;u fu"dklu fofèk dh O;k[;k

djsaA
3- jSf[kd lehdj.kksa dks gy djus ds fy, tSdksch iqujkof̀Ùk fofèk dk mi;ksx

dSls fd;k tkrk gS\
4- Øfed lfUudVu dh fidkMZ fofèk D;k gS\
5- Vsyj Js.kh fofèk dks ifjHkkf"kr djsaA
6- iwoZlwpd&lqèkkjd fofèk dks crk,aA

7- fuEu rkfydk ds ekuksa dk mi;ksx djds
3

0

( ) ;f x dx  dh x.kuk djsa A

0 1 2 3

( ) 1.6 3.8 8.2 15.4

x

f x
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8- flEilu ds ,d&frgkbZ fu;e }kjk 
20

0

( )f x dx dh x.kuk djsaa tgka]

0 5 10 15 20

( ) 1.0 1.6 3.8 8.2 15.4

x

f x

9- flEilu ds ,d&frgkbZ lw=  }kjk  
4

3

0

x dx   dh x.kuk djsa vkSj ifj.kke ij

fVIi.kh djsaA

3

0 2 4

0 8 64

x

x

10- flEilu ds ,d&frgkbZ lw=  }kjk 
2

3

0

x dx  dh x.kuk djsa vkSj ifj.kke ij

fVIi.kh djsaA

11- flEilu ds ,d&frgkbZ lw= }kjk  
2

0

xe dx  dh x.kuk djsa vkSj lVhd eku

ds lkFk rqyuk djsa] tgka e0 = 2, e1 = 2.72, e2 = 7.39 gS A

12- flEilu ds ,d&frgkbZ lw= }kjk 
1

2
0

,
1

dx

x  dk  lekdyu djds π ds

vuqekfur eku dh x.kuk djsaA

1- fuEufyf[kr lkj.khc) ekuksa ls  fn, x, Qyu y = f (x) ds fy, mi;qä lw=ksa

dk mi;ksx djrs gq,  y(1.4) vkSj y(1.4)  dh  x.kuk  djsaA

1.4 1.8 2.2 2.6 3.0

0.9854 0.9738 0.8085 0.5155 0.1411

x

y

2- x = 1  ds fy, 
dy

dx
 vkSj 

2

2

d y

dx
   dh  x.kuk  djsa  tgka Qyu y = f (x) dks

fuEufyf[kr rkfydk }kjk fn;k x;k gS :

1 2 3 4 5 6

1 8 27 64 125 216

x

y

3- ,d NM+ lery esa vius ,d Nksj ij ?kwe jgh gSA fuEu rkfydk dks.k ¼jsfM;u
esa½ nsrh gS ftlds ekè;e ls NM+ le; t lsdaMksa esa fofHkUu ekuksa esa cnyrh gSA

blds dks.kh; osx 
d

dt


vkSj dks.kh; Roj.k 

2

2

d

dt


 dks t = 1.0 ij Kkr dhft,A



jSf[kd lehdj.k]
la[;kRed lekdyu rFkk

la[;kRed vodyu

Lo&vfèkxe 303

ikB~; lkexzh

Secs 0.0 0.2 0.4 0.6 0.8 1.0

θ Radius 0.0 0.12 0.48 1.10 2.00 3.20

t

4- Qyu y = f (x), ds fy, x = 1 vkSj x = 3 ij
dy

dx
 vkSj

2

2

d y

dx
 dks <wa<sa] ftldk eku

fuEu rkfydk esa fn;k x;k gS :

1 2 3 4 5 6

2.7183 3.3210 4.0552 4.9530 6.0496 7.3891

x

y

5- Qyu y = f (x) ds fy, x = 0.96 vkSj x = 1.04 ij
dy

dx
 vkSj 

2

2

d y

dx
dks <wa<sa] ftldk

eku fuEufyf[kr rkfydk esa fn;k x;k gS A

0.96 0.98 1.0 1.02 1.04

0.7825 0.7739 0.7651 0.7563 0.7473

x

y

6- leyEc prqHkqZth; fu;e }kjk
2

0

( 1) ,x dx  dh x.kuk pkj mi&varjkyksa rd

djsa vkSj lVhd eku ds lkFk rqyuk djds ifj.kke ij fVIi.kh djsa A

7- flEilu ds ,d&frgkbZ fu;e }kjk pkj mi&varjkyksa rd
1.4

3

1

( 2) ,x dx  dh

x.kuk djsa] vkSj fQj ifj.kke esa =qfV dk irk yxk,aA

8- ik¡p rqY; mi&varjkyksa dks ysdj 
1

0

cos , x dx  dh rhu egRoiw.kZ vadksa rd

ewY;kadu djsaA

9- flEilu ,d&frgkbZ fu;e }kjk N% mivarjkyksa dks ysdj rhu egRoiw.kZ vadksa

rd lekdyu
1

0 1

xdx

x  dh x.kuk djsaA

10- flEilu ds ,d&frgkbZ fu;e }kjk pkj mi&varjkyksa dks ysdj lekdy
1

0

,
1

dx

x

dh x.kuk djsa vkSj bldk mi;ksx djds π ds vuqekfur eku dh x.kuk djsaA

11- flEilu ds ,d&frgkbZ fu;e }kjk pkj mi&varjkyksa dks ysdj pkj egRoiw.kZ

vadksa rd lekdyu
4

0

xe dx  dh x.kuk djsa vkSj fQj bldh lVhd eku ds

lkFk rqyuk djsaA

12- flEilu ds ,d&frgkbZ fu;e }kjk pkj mi&varjkyksa dks ysdj lekdyu
2

1

dx

x

dh x.kuk djsa A
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13- fuEu rkfydk ¼0] 2½ esa ,d Qyu dk eku nsrh gSA
2

0

( )f x dx  dh x.kuk djsaA

x 0.0 0.5 1.0 1.5 2.0

f(x) 0.3089 0.3521 0.2420 0.1295 0.0540

14- leyEc prqHkqZth; fu;e }kjk pkj mi&varjkyksa dks ysrs gq, 
1

3

0

1 x dx dk

ewY;kadu djds ifj.kke dks pkj n'keyo vadksa rd fy[ksaA

15- fuEufyf[kr lekdyuksa dk ewY;kadu djsaA

(i)
1

2

0

sin , x  dx (ii)
1

2

0

cos  x  dx

16- flEilu ds ,d&frgkbZ fu;e }kjk lekdyu
1.3

1

.x  dx   dh h = 0.05 ls ysdj

ik¡p egRoiw.kZ vadksa rd x.kuk djsaA

17- (i) leyEc prqHkqZth; fu;e vkSj (ii) flEilu ds ,d&frgkbZ fu;e }kjk

lekdyu
2

0

sin  x dx



  dh N% mi&varjkyksa dks ysdj x.kuk djsa vkSj lVhd

eku ls ifj.kkeksa dh rqyuk djsaA

18- osMyh fu;e }kjk fuEufyf[kr lekdyuksa dk ewY;kadu djsa A

(i)
1

2
0

,
1

dx

x  n = 12 dks ysdj (ii)
1 2

2
0

1

1

x

x


  dx, n = 12 dks ysdj

19- x‚ml&ysxsaMªs nks fcanq vkSj rhu fcanq lw= }kjk 
1

0

xxe dx dh x.kuk djsa vkSj

lVhd eku ds lkFk rqyuk djsaA

20- fuEufyf[kr lekdyksa dk x‚ml&ysxsaMªs rhu fcanq lw= }kjk ewY;kadu djsaA

(i) 
2

0

sin  x dx



 (ii)
2

1

0

cos x xe dx (iii)
1

2
0 1

dx

x

21- fuEufyf[kr çkjafHkd ewY; leL;k ds fy, fidkMZ fofèk }kjk rhu Øfed
lfUudVu lekèkkuksa dk irk yxk,a :

(i) y = x + y2, y(0) = 1

(ii)  y = x2 – y2, y(0) = 1

22- fidkMZ fofèk dk mi;ksx djds y(0.1), y(0.2) vkSj y(0.3) ds ekuksa dh x.kuk
pkj n'keyo vadksa rd leL;k y = x + y, y(0) = 1 ds fy, djsaA
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23- fuEufyf[kr çR;sd çkjafHkd ewY; leL;k ds fy, y(0.1) ds eku dh x.kuk
ikap n'keyo vadksa rd fidkMZ fofèk dk mi;ksx djds fudkysaA

(i) y = x – y, y(0) = 1

   (ii) y = x  + xy, y(0) = 0.0

(iii) y = 1 + x2 + y, y(0) = 0.5

(iv) y = x2 + y, + y, y(0) = 1

(v) y = x – y2, + y, y(0) = 1

24- y ds eku dh x = 0.02 ij ;wyj fofèk }kjk h = 0.01 ysdj x.kuk djsa ] fn;k
x;k y fuEufyf[kr çkjafHkd ewY; leL;k dk lekèkku gSA

dy

dx
 = x3 + y, y(0) = 1

25-
dy

dx
 = y – x, y(0) = 2 fn;k x;k gSA ;wyj fofèk }kjk y(0.1) vkSj y(0.2) dh

x.kuk nks n'keyo vadksa rd djsaA

26- la'kksfèkr ;wyj fofèk }kjk y(0.02) dk ewY;kadu pkj n'keyo vadksa rd djsaA
y' = x2 + y, y(0) = 1 fn;k x;k gSA

27- y' = 2

1
,

x y
 y(4) = 4, fn;k x;k gSA Vsyj Js.kh fofèk }kjk y(4.2) dh x.kuk

h = 0.1 ysdj djsaA

28- Vsyj Js.kh fofèk dk mi;ksx djds rhu n'keyo vadksa rd y(1.1) vkSj  y(1.2)

dk eku Kkr djsa A
1

3 ,
dy

xy
dx

  y(1) = 1 fn;k x;k gSA

29- :Uxsa&dqV~Vk fofèk ds dksfV 4 dk mi;ksx djds] fuEu leL;kvksa esa ls çR;sd
ds fy, y(0.1) dh x.kuk djsaA

(i) , (0) 1
dy

x y y
dx

  

(ii) 2 , (0) 1
dy

x y y
dx

  

30- :Uxsa&dqV~Vk fofèk ds dksfV 4 }kjk fuEufyf[kr çkjafHkd ewY; leL;k esa h =

0.2 ls x = 1 rd ysdj x.kuk djsaA

  y = x – y, y(0) = 1.5 gSA

31- 2 21
(1 ) ,

2

dy
x y

dx
   vkSj y(0) = 1, y(0.1) = 1.06, y(0.2) = 1.12, y(0.3) = 1.21

fn;k x;k gSA feYus iwoZlwpd&lqèkkjd fofèk }kjk y(0.4) dh x.kuk djsaA
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