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ifjp;

Lo&vf/kxe 1

ikB~; lkexzh

chtxf.kr ¼Algebra½ xf.kr ds O;kid foHkkxksa esa ls ,d gSA la[;k fl)kar]
T;kfefr vkSj fo'ys"k.k] vkfn xf.kr ds vU; cM+s foHkkx gSaA chtxf.kr pj rFkk
vpj jkf'k;ksa ds lehdj.k dks gy djus rFkk pj jkf'k;ksa ds eku fudkyus ij
vkèkkfjr gSA chtxf.kr ds fodkl ds QyLo:i funsZ'kkad T;kfefr o dyu ;k
dSydqyl dk fodkl gqvk ftlls xf.kr dh mi;ksfxrk cgqr c<+ x;hA blls
foKku vkSj rduhdh ds fodkl dks xfr feyhA vius lcls lkekU; :i esa]
chtxf.kr xf.krh; çrhdksa vkSj bu çrhdksa esa lekfo"V djus ds fu;eksa dk vè;;u
gSA chtxf.kr yxHkx lEiw.kZ xf.kr dks ,d lw= esa O;ofLFkr djus okyk fo"k; gSA
vkjfEHkd lehdj.k gy djus ls ysdj lewg ¼Groups½] oy; vkSj {ks= dk vè;;u
tSls vewrZ ladYiukvksa dk vè;;u] vkfn] vusdkusd fo"k; chtxf.kr ds vUrxZr
vkrh gSaA chtxf.kr ds çxr vewrZ Hkkx dks vewrZ chtxf.kr ¼Abstract Algebra½
dgrs gSaA

vewrZ chtxf.kr] chtxf.kr ds mUur fo"k;ksa dk ,d leqPp; (Set) gS tks
lkekU; la[;k ç.kkfy;ksa ds ctk; vewrZ chtxf.krh; lajpukvksa dh O;k[;k djrk
gSA chtxf.krh; lajpukvksa esa lewg] oy;] {ks=] ekikad] lfn'k fjä LFkku] vkSj
chtxf.kr 'kkfey gSaA ^vewrZ chtxf.kr* 'kCn dks chtxf.kr ds vU; Hkkxksa ls
vè;;u ds bl {ks= dks vyx djus ds fy, 20 oÈ 'krkCnh dh 'kq#vkr esa lekfo"V
fd;k x;k FkkA eq[; :i ls] vewrZ chtxf.kr xf.kr dk ,d {ks= gS ftlesa oy;
(Ring) vkSj lfn'k (Vector) fjä LFkku tSls chth; lajpukvksa dk vè;;u 'kkfey
gSA gkyk¡fd] vè;;u dk ;g {ks= *chtxf.kr* 'kCn ls fcydqy vyx gS] tks
chtxf.krh; vfHkO;fä;ksa dks gy djus ds fy, lw=ksa dk mi;ksx djus ds fu;eksa
dk vè;;u djrk gSA ledkyhu xf.kr vkSj HkkSfrdh esa vewrZ chtxf.kr dk O;kid
:i ls mi;ksx fd;k tkrk gSA ewy :i ls] chtxf.kr] çrhdksa dk iz;ksx dj ds
xf.kr vkSj mu çrhdksa dh O;k[;k djus ds fu;eksa dh ,d 'kk[kk gSA çkFkfed
chtxf.kr esa] os çrhd fuf'pr ekuksa ds fcuk ek=kvksa dk çfrfufèkRo djrs gSa] ftUgsa
pj ds :i esa tkuk tkrk gSA tSls okD; fof'k"V 'kCnksa ds chp lacaèkksa dk o.kZu djrs
gSa] chtxf.kr esa] lehdj.k pj ds chp lacaèkksa dk o.kZu djrs gSaA chtxf.kr dh ,d
Bksl oSpkfjd voèkkj.kk dk fuekZ.k fcYdqy ekSfyd gSA

chtxf.krh; lajpuk,a] mudh lac) le:irk ds lkFk] xf.krh; Jsf.k;ka
cukrh gSaA Js.kh fl)kar ,d vkSipkfjdrk gS tks fofHkUu lajpukvksa ds fy, leku
xq.kksa vkSj fuekZ.kksa dks O;ä djus ds fy, ,d ,dh—r rjhds dh vuqefr nsrk gSA
fy;ksugkMZ ;wyj ¼Leonhard Euler½ us la[;kvksa ij chth; lapkyuksa ij fopkj
fd;k] ̂Q+esZVl fyfVy çes;* ¼Fermat's Little Theorem½ ds vius lkekU;hdj.k esa
,d iw.kk±d & ekikad vadxf.kr & ij vadq'k yxk;kA dkyZ ÝsMfjd x‚l ¼Carl

Friedrich Gauss½ }kjk bu tkapksa dks cgqr vkxs ys tk;k x;k] ftUgksaus vo'ks"kksa ,u
¼n½ ds xq.kd lewgksa dh lajpuk ij fopkj fd;k vkSj pØh; vkSj lkekU; ,csfy;u



ifjp;

2 Lo&vf/kxe
ikB~; lkexzh

lewgksa ds dÃ xq.kksa dks LFkkfir fd;kA f}vk/kkjh prqFkZ?kkrh izdkjksa dh lajpuk dh
viuh tkap esa] x‚l us Li"V :i ls bu dh lajpuk ds fy, lkgp;Z fu;e
¼Associative Law½ cuk;k] ysfdu ;wyj dh rjg og lkekU; fl)kar dh rqyuk esa
Bksl ifj.kkeksa esa vfèkd #fp j[krs FksA dÃ ,d inksa ds ;ksxQy dks chth; O;atd
¼Algebraic Expression½ dgrs gSaA vdsys ;k ,dy in dks ,din O;atd ¼Monomial½]
nks inksaokys O;atd dks f}in ¼Binomial½] rhu inokys dks f=in ¼Trinomial½ dgrs
gSaA ,d ls vfèkd inokys O;atd dks cgqin ¼Polynomial½ dgrs gSaA nks ;k vfèkd
inksa ds xq.kuQy ls ,d in gh çkIr gksrk gSA xq.kk fd;k tkusokyk çR;sd in
xq.kuQy okys in dk xq.ku[k.M ¼Factor½ dgykrk gSA

,d lewg dh vewrZ èkkj.kk 1854 esa vkFkZj dsyh (Arthur Cayley) ds ys[; esa
igyh ckj fn[kkÃ nhA ØeifjorZu ds ,d lewg ds fy, rqY;kdkfjd gSA vewrZ
chtxf.kr HkkSfrdh esa O;kid :i ls mu lewgksa dk vè;;u djus ds fy, mi;ksx
fd;k tkrk gS tks le:irk lapkyu dk çfrfufèkRo djrs gSa vkSj chtxf.krh; lewg
fl)kar dk mi;ksx varj lehdj.kksa dks ljy cukus ds fy, fd;k tkrk gSA

bl iqLrd ̂vewrZ chtxf.kr * esa chtxf.kr dh ewy vo/kkj.kkvksa dks laxzfgr
fd;k x;k gSA ;g lewg] milewg] mileqPp; ls tfur milewg] pØh; lewg]
leqPp; fo;kstu] ySxzkat izes; ,oa bldh miizes;] QsesZV izes;] lkekU; milewg]
HkkxQy lewg] lewgksa dh lekdkfjrk ,oa rqY;kdkfjrk] lekdkfjrk dk ewyHkwr izes;]
:ikUrj.k ,oa Øep;] lewg S

n
 (S

n
 ds fofHkUu milewg ladfYir gS fd n<5), dsyh

izes;] lewg Lodkfjrk] var% Lodkfjrk] Lodkfjrkvksa dk lewg] la;qfXerk lacaèk vkSj
dsUnzh;dj.k] lkekU;hdj.k] x.kuk fl)kar ,oa ifjfer lewg dk oxZ lehdj.k]
ifjfer ,csfy;u ,oa vu&,csfy;u lewg ds fy, dkWmph dk izes;] oy; dh
ifjHkk"kk ,oa lkekU; xq.k] oy; lekdkfjrk] mioy;] HkkxQy oy; ,oa cgqin
oy; dh ewy ckrsa le>us esa Nk=ksa dh enn djsxkA bl iqLrd dks ikap bdkb;ksa
esa foHkkftr fd;k x;k gS tks ,d Lo&vf/kxe ikB~; lkexzh (Self-Instruction

Mode) gSA

bl iqLrd esa ikap bdkb;k¡ gSa & çR;sd bdkbZ ,d ifjp; ds lkFk 'kq: gksrh
gS ftlds ckn mís'; dh :ijs[kk gksrh gSA rc fo"k; dh foLr`r lkexzh dks ,d
ljy ysfdu lajfpr rjhds ls çLrqr fd;k x;k gS rkfd Nk= vklkuh ls fo"k; dks
le> ldsA Nk= dh le> dks ij[kus ds fy,] chp&chp esa ^viuh çxfr tkafp,*
ç'u gksrs gSa] vkSj fo"k; dks vklkuh ls le>us gsrq lkjka'k] eq[; 'kCnkoyh]
Lo&ewY;kadu ç'u ,oa vH;kl Hkh çR;sd bdkbZ ds var esa fn;k gqvk gSA
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ikB~; lkexzh

1-0 ifjp;
1-1 mÌs';
1-2 lewg % ifjHkk"kk ,oa ewy fo'ks"krk,a

1-2-1 lewgksa ds Lo;afl)
1-2-2 lewgksa ds dqN mnkgj.k

1-3 milewg
1-4 mi&leqPp; }kjk mRiUu milewg
1-5 pØh; lewg ,oa ljy fo'ks"krk,a
1-6 viuh izxfr tkafp, ç'uksa ds mÙkj
1-7 lkjka'k
1-8 eq[; 'kCnkoyh
1-9 Lo&ewY;kadu ç'u ,oa vH;kl

1-10 lgk;d ikB~; lkexzh

xf.kr o vewrZ chtxf.kr (Abstract Algebra) esa lewg fl)kar (Group Theory) esa
lewg uked chtxf.krh; ekufp=ksa dk vè;;u fd;k tkrk gSA vewrZ chtxf.kr esa
lewg dh voèkkj.kk ,d egRRoiw.kZ dsUnz gS rFkk vU; tkus&ekus chtxf.krh;
ekufp=ksa] rFkk oy;] {ks= o lfn'k {ks= (Vector Spaces) dks lewgksa ds :i esa ns[kk
tk ldrk gS ftuds vfrfjDr (Additional) lafØ;k (Operation) o vfHkx`ghr
(Axioms) gksaA lewgksa dk fl)kar iw.kZrk xf.kr esa ik;s tkrs gSa o lewg fl)kar dh
fofèk;ksa dk çHkko chtxf.kr ds dbZ Hkkxksa ij iM+rk gSA lewg dh voèkkj.kk cgqin
lehdj.kksa ds vè;;u ls vkjEHk gksrh gS] 1830 ds n'kd esa bokfjLV xSykst (Evariste

Galois) ls ftUgksaus fd lehdj.k ds ?kkrksa ds lefer lewg (Symmetry Group) ds
fy;s lewg (Group) 'kCn dk ç;ksx fd;k ftls fd vc xSykst lewg (Galois Group)

dgk tkrk gSA lewgksa dk vè;;u djus ds fy;s xf.krKksa }kjk fofHkUu èkkj.kk,¡
fodflr dh x;ha ,oa lewgksa dks NksVs [kaM (Fragments) esa foHkDr fd;k x;k] tSls
fd milewg] HkkxQy lewgksa ,oa ljy lewgksa esaA HkkxQy ,oa milewgksa ls la;qDr
:i ls og rjhdk fuèkkZfjr gqvk fd gj lewg dks blds fu:i.k (Presentation) }kjk
dSls n'kkZ;k tkrk gS( tks lewg ds mRiUudrkZ (Generator) ij eqDr lewg (Free

Group) dk HkkxQy gksrk gS] mls laca/k ds milewg }kjk HkkxQfyr (Quotiented)

fd;k tkrk gSA

lewg G dk mi&leqPp; (Sub Set) H, G dk milewg gS] ;fn H Lo;a esa
G ds lafØ;k esa ,d lewg gSA lewg G esa de ls de nks milewg gSa% G Lo;a ,oa
ux.; (Trivial) lewg {e} gSA bUgsa Øe'k% G dk vuqfpr (Improper) o G ds
ux.; (Trivial) milewg dgk tkrk gSA Li"V gh gS] fd bl fofèk }kjk ;g fuèkkZfjr
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4 Lo&vfèkxe
ikB~; lkexzh

fd;k tkrk gS fd lewg dk çnf'kZr mi&leqPp; milewg gS vFkok ughaA pØh;
lewg ,slk lewg gksrk gS ftls ,d vo;o X lewg mRiUudrkZ (Group Generator)

}kjk mRiUu fd;k tk ldrk gSA çR;sd pØh; lewg ,d ,csfy;u lewg gksrk gS]
vFkkZr~ bldk lewg lafØ;k (Group Operation) Øefofues; (Commutative) gS] ,oa
çR;sd ifjfer mRiUudrkZ ,csfy;u lewg pØh; lewgksa dk çR;{k xq.ku gSA

bl bdkbZ esa vki lewg] ifjHkk"kk o lewgksa dh ewy fo'ks"krk,a] milewgksa]
mi&leqPp; }kjk mRiUu milewgksa] pØh; lewgksa ,oa buds ljy fo'ks"krkvksa dk
vè;;u djsaxsA

bl bdkbZ dks i<+us ds ckn vki&

 lewg ds egRRoiw.kZ vfHky{k.k dk o.kZu dj ik,axs(

 lewgksa dh ifjHkk"kk ,oa ewy fo'ks"krkvksa dks le> ik,axs(

 milewgksa dk o.kZu dj ik,axs(

 mi&leqPp; }kjk mRiUu milewgksa ds fo'ys"k.k dks le> ik,axs(

 pØh; lewgksa dh ifjHkk"kk o buds ljy fo'ks"krkvksa dk o.kZu dj ik,axsA

vewrZ chtxf.kr esa lewg fl)kar lewgksa ds :i esa Kkr chth; lajpukvksa dk vè;;u
djrk gSA ,d lewg dh voèkkj.kk cgqin lehdj.kksa ds vè;;u ls mRiUu gqbZ gS]
1830 esa bokfjLV xSykst (Evariste Galois) ds lkFk 'kq:] ftUgksaus lewg ds fy, 'kCn
is'k fd;k ,d lehdj.k dh ?kkrksa ds lefer lewg (Symmetry Group)] ftls vc
xSykst lewg dgk tkrk gSA xf.krKksa us fofHkUu èkkj.kkvksa dk fodflr fd;k gS vkSj
NksVs [kaM ds lewg esa foHkkftr fd;k tkrk gS] tSls milewg] HkkxQy lewg vkSj
ljy lewg gSA fopkjkèkhu lewgksa dh iafDr esa ifjfer Øep; lewg o ,oa vkO;wg
(Matrix) lewgksa ds fo'ks"k mnkgj.kksa ls ysdj ,sls vewrZ lewg lfEefyr gSa] ftUgsa
mRiUudrkZ o lacaèk (Relation) }kjk izLrqrhdj.k ds ekè;e ls çnf'kZr fd;k tk
ldrk gS ftls lewg dk izLrqrhdj.k Hkh dgrs gSaA

xSj&fjDr leqPp; G ds lkFk f}vk/kkjh lajpuk (Binary Composition)

-* ¼LVkj½ (Star) }kjk lewg dk fuekZ.k gksuk dgk tkrk gS] ;fn blesa fuEukafdr
vfHkèkkj.kk,¡ iw.kZ gksrh gksa%

(i) lac)rk (Associativity): leLr a, b, c  G  gsrq  a * (b * c)  =

(a * b) * c

(ii) vfLrRo ds rRled (Existence of Identity)  vo;o e  G, ,slk gS fd

a * e = e * a = a leLr gsrq a  G

¼rks e dks rRled dgrs gSa½
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ikB~; lkexzh

(iii) vfLrRo dk O;qRØe (Existence of Inverse)% çR;sd gsrq a  G,  a  G ¼a
ij fuHkZj½

a * a = a * a = e

a dks a dk O;qRØe dgrs gSaA

 (i) pw¡fd  *  G ij ,d f}vk/kkjh lajpuk gS] vr% ;g le>k tkrk gS fd
;g lHkh a, b  G, a * b ds fy;s G dk vf}rh; lnL; gSA bl fo'ks"krk dks laòr
xq.k (Closure Property) dgk tkrk gSA

(ii) ;fn mijksDr vfHkèkkj.kkvksa ds ;ksx (Addition) G }kjk Øefofues; fu;e
(Commutative Law) dh Hkh iwfrZ dh tkrh gks leLr a, b  G gsrq  a * b = b * a

rc G dks ,csfy;u lewg vFkok Øefofues; lewg dgk tkrk gSA

(iii) lkèkkj.kr;k lewg ds fy;s f}vk/kkjh lajpuk dks  ‘.’ (Dot) ls bafxr fd;k
tkrk gS ftls fy[kuk vR;Ur lqfoèkkiw.kZ gS ¼,oa vfHkx̀ghr izkÑfrd Hkh fn[krs gSa½A

;fn leqPp; G ifjfer gks ¼vFkkZr~ blesa vo;oksa dh ifjfer la[;k gks½ rks
bls ifjfer lewg dgk tkrk gS] vU;Fkk vifjfer lewg dgk tkrk gSA

ge lnk gh ¼;fn dqN vkSj u dgk x;k gks½ lewg dh rRled ds fy;s çrhd
e dk ,oa lewg ds vo;o a ds O;qRØe ds fy;s çrhd a–1 dk ç;ksx djsaxsA

lewg dh dksfV ls gekjk rkRi;Z lewg esa vo;oksa dh la[;k gksxk ,oa bls
o(G) ;k | G | ls bafxr djsaxsA

vkSipkfjd :i ls lewg (Group) ,d leqPp; (Set) dh Øec) tksM+h (Ordered

Pair) gS vkSj bl leqPp; ij ,d f}vkèkkjh lafØ;k (Binary Operation) gS tks 
(Group Axioms) dks larq"V djrk gSA

leqPp; dks lewg dk varfuZfgr leqPp; (Underlying Set) dgk tkrk gS vkSj
bl lafØ;k (Operation) dks lewg lafØ;k (Group Operation) ;k lewg fu;e
(Group Law) dgrs gSA leqPp; fl)kar (Set Theory) ds vuqlkj] ;fn fdlh
leqPp; ds nks rRoksa (Elements) dks ,d lafØ;k ds }kjk la;qDr (Combine) djds
,d rhljs rRo dks la;ksftr fd;k tkrk gS tks mlh leqPp; ls lacaf/kr gS vkSj pkj
ifjdYiukvksa (Four Hypothesis) dks larq"V djrk gSA ;s pkj ifjdYiuk;sa gS] laojd]
lac)rk] O;qRØe.kh; rFkk rRled vkSj bUgsa lewg ds Lo;afl) Hkh dgrs gSaA

1- (Closure): ;fn 'x' vkSj 'y' lewg 'G' esa nks rRo gS] rks x, y Hkh G
esa lfEefyr gksxkA

2- (Associativity): ;fn 'x', 'y' vkSj 'z' lewg 'G' esa gS rks x.(y.z) =

(x.y).z gksxkA

3- (Invertibility): lewg 'G' esa izR;sd 'x' ds fy, lewg 'G' esa dqN
'y' gS bl izdkj fd x.y = y.x.
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4- (Identity): lewg 'G' esa fdlh Hkh rRo 'x' ds fy,] lewg 'G' esa ,d
rRo 'I' bl izdkj ls gS fd x.I = I.x, tgka 'I' dks lewg 'G' dk rRled dgk
tkrk gSA

,d lkekU; mnkgj.k tks mi;qDr lHkh pkj Lo;afl)ksa (Axioms) dks larq"V
djrk gS og gS nks iw.kk±dksa dk ;ksx (Addition of Two Integers), ftlds ifj.kkeLo:i
iw.kk±dksa dk ;ksx Lo;a ,d iw.kk±d cukrk gSA blfy, ;g laojd xq.k (Closure

Property) dks larq"V djrk gSA iw.kk±dksa dk ;ksx lac)rk xq.k (Associative

Property) dks Hkh larq"V djrk gSA lewg esa ,d rRled rRo (Identity Element)

^'kqU;* (Zero) gksrk gS tks fdlh Hkh la[;k ds lkFk tksM+us ij ewy la[;k (Original

Number) nsrk gSA izR;sd iw.kk±d (Integer) ds fy, ,d O;qRØe (Inverse) gksrk gS
bl izdkj fd tc mUgsa tksM+k tkrk gS rks ifj.kke (Result) esa 'kqU; (Zero) feyrk
gSA

bl izdkj ls lHkh lewg Lo;afl) (Group Axioms) larq"V gksrs gS tc nks
iw.kk±dksa dh ;ksx lafØ;k (Addition Operation) gksrh gSA

(Group Theory Axioms and Proof)

fuEufyf[kr mnkgj.kksa dh lgk;rk ls ge lewg fl)kar ds Lo;afl)ksa ,oa izek.k dks
fl) dj ldrs gSA

1- ;fn 'G' ,d lewg gS ftlds rRo 'a' vkSj 'b' bl izdkj gS fd a, b   G,, rc

  1 1 1a b a b
      gksxkA

 % ge izekf.kr djrs gS fd   1 1a b b a I      tgka 'I' ,d

rRled rRo (Identity Element) gS lewg 'G' dkA ge mi;qdr lehdj.k esa
L.H.S. dks ysrs gSA

L.H.S. =   1 1a b b a   

  1 1a b b a   

 1a I a   (lac)rk Lo;afl) (Associative Axiom) ds vuqlkj)

   1a I a   (rRled Lo;afl) (Identity Axiom) ds vuqlkj)

= 1a a  (rRled Lo;afl) ds vuqlkj)

= I (rRled Lo;afl) ds vuqlkj)

= R.H.S.

vr% izekf.kr gqvkA

2- ;fn fdlh lewg 'G' esa 'x', 'y', vkSj 'z' rhu rRo bl izdkj ls gS fd
x × y = z × y rc x = z gksxkA
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 % ge eku ysrs gS fd x × y = z × y …(i)

pwafd 'y' ;gka lewg 'G' dk ,d rRo gS vr% bldk rkRi;Z gS fd lewg 'G'

esa ,d 'a' gS ftlesa rRled rRo 'I' gS] bl izdkj fd]

y × a = I …(ii)

lehdj.k (i) ds nksuksa vksj 'a' ls xq.kk djus ij ge izkIr djrs gS]

x × y × a = z × y × a

x × (y × a) = z × (y × a) (lac)rk (Associativity) ds vuqlkj)

lehdj.k (ii) ls]

a × I = c × I (lehdj.k (ii) ls)

a = c (rRled Lo;afl) (Identity Axiom) ds vuqlkj)

bl fu;e dks fu"dkflr fu;e (Cancellation Law) Hkh dgrs gSA

vr% izekf.kr gqvkA

 iw.kkZadksa (Integers) ds leqPp; Z }kjk iw.kkZadksa (Integers) ds lkekU;
;ksx (Usual Addition) ds lUnHkZ esa ,csfy;u lewg dk fuekZ.k fd;k tkrk gSA

lewg dh ifjHkk"kk esa vfHkèkkj.kkvksa dks ljyrk ls lR;kfir djus ds fy;s nks
iw.kkZadksa (Integers) ds ;ksx dks ,d vf}rh; iw.kkZad (Unique Integers) }kjk iznf'kZr
fd;k tkrk gSA ;ksx (Addition) dh lac)rk gesa Kkr gSA 0 ¼'kwU;½ rRled gksxk
o _.kkRed (Negative) lEcfUèkr O;qRØe vo;o gks ax sA Øefofues;rk
(Commutativity) iqu% Li"V gSA

 iwoZorhZ mnkgj.k esa çnf'kZr tSls dksbZ Hkh ij[k ldrk gS fd ifjes;ksa
(Rational) ds leqPp; Q] okLrfod la[;kvksa ds R }kjk Hkh ;ksx (Addition) ds
lUnHkZ esa ,csfy;u lewgksa dk fuekZ.k fd;k tk;sxkA

lkekU; xq.ku (Usual Multiplication) ds lUnHkZ esa iw.kkZadksa (Integers)

dk leqPp; lewg dks ugha cukrk] fQj Hkh laor̀] lac)rk] rRled fLFkfr;k¡ gksaxhA

 xq.ku (Multiplication) ds lUnHkZ esa 2 esa O;qRØe ugha gksrs gS D;ksafd ogk¡
dksbZ iw.kkZad (Integers) a mifLFkr ugha gS] tSls fd 2.a = a.2 = 1.

 G leLr èkukRed vifjes; la[;kvksa dk leqPp; xq.ku ds vèkhu
1 ds lkFk feydj lewg dks ugha cukrk D;ksafd laor̀ fu;af=r ugha cu jgkA oLrqr%

3 . 3  = 3  G, Hkys gh ;g ns[kk tk ldrk gks fd lewg dh ifjHkk"kk ds vU; in
(Terms) ;gk¡ iw.kZ gks jgs gSaA

 ekuk {1, – 1} leqPp; G gSA rc blls xq.ku vèkhu ,csfy;u lewg
dk fuekZ.k gksrk gSA fo'ks"krkvksaa dks ij[kuk iqu% ljy gSA

1 rRled gksxk ,oa çR;sd vo;o dk viuk O;qRØe gksxkA
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 vkO;wg ;ksx ds vèkhu iw.kkZadksa (Integers) esa leLr 2 × 2 vkO;wg
(Matrix) dk leqPp; ,csfy;u lewg dk ,d vkSj mnkgj.k gksxkA

 leLr xSj 'kwU; lfEeJ.k dh la[;k ds leqPp; ls xq.ku vèkhu
lewg bl vuq:i fufeZr gksrk gS]

(a + ib) (c + id) = (ac – bd) + i (ad + bc)

1 = 1 + i.0 rRled gksxk]

2 2 2 2

a b
i

a b a b


 
 a + ib. dk O;qRØe gksxkA

 a + ib 'kwU; ugha gS] vFkkZr~ a o b nksuksa 'kwU; ugha gksaxsA

bl çdkj a2 + b2  0

 ekuk G = {± 1, ± i, ± j, ± k}A ijLij lkekU; xq.ku djrs gq, G
ij xq.ku dks ifjHkkf"kr djsa]

i2 = j2 = k2 = – 1, ij = – ji = k

jk = – kj = i

ki = – ik = j

rnqijkUr G lewg dk :i gSA G, ij  ji ds leku ,csfy;u ugha gSA

bls prq"d lewg (Quaternion Group) dgk tkrk gSA

 ekuk G = {(a, b) | a, b ifjes; a  0}A (a, b) * (c, d) = (ac, ad + b)

}kjk * ij G dks ifjHkkf"kr djsaA

laor̀ bl çdkj gS a, c  0  ac  0

[(a, b) * (c, d)] * (e, f) = (ac, ad + b) * (e, f)

= (ace, acf + ad + b)

(a, b) * [(c, d) * (e, f)] = (a, b) * (ce, cf + d)

= (ace, acf + ad + b)

blls lac)rk fl) gksrh gSA

(1, 0) rRled gksxk ,oa (1/a, – b/a,) ;g fdlh vo;o (a, b) dk O;qRØe
gksxkA

G ,csfy;u ugha gS

(1, 2) * (3, 4) = (3, 4 + 2) = (3, 6)

(3, 4) * (1, 2) = (3, 6 + 4) = (3, 10).

 ¼v½ okLrfodrk esa :i 
a b

c d

 
 
 

 ds lHkh 2 × 2 vkO;wgksa dk leqPp;

G curk gS tgk¡ ad – bc  0] vFkkZr~ xSj 'kwU; fl) ls vkO;wg xq.ku ds vèkhu xSj
,csfy;u lewg curk gSA

blds okLrfodrk ij 2 × 2 vkO;wgksa dk (General

Linear Group) dgk tkrk gS ,oa GL(2, R) ds :i esa n'kkZ;k tkrk gSA



lewg ,oa milewg

Lo&vfèkxe 9

ikB~; lkexzh

vkO;wg  
1 0

0 1

 
 
 

 }kjk rRled ds :i esa dk;Z fd;k tk;sxk rFkk

vkO;wg 

d b

ad bc ad bc

c a

ad bc ad bc

 
   

 
   

 
a b

c d

 
 
 

 dk O;qRØe gksxkA

vkO;wgksa dks lkèkkj.khd̀r (Generalise) o fl) djus dh vo/kkj.kk fuEukuqlkj
gSA

¼c½ ;fn G okLrfodrk ij lHkh n × n O;qRØe.kh; vkO;wg dk leqPp; gks rks G

ls vkO;wg xq.ku ds vèkhu lewg dk fuekZ.k gksrk gSA

¼l½ fl) eku 1 ;qDr R ij 2 × 2 vkO;wg ds leqPp; ls vkO;wg xq.ku ds vèkhu
,csfy;u lewg curk gS ,oa (Special Linear Group) dgykrk
gS o bls SL(2, R) ls bafxr djrs gSaA

mijksDr mnkgj.kksa esa R ds LFkku ij dksbZ {ks= ¼mnkgj.k ds fy;s Q, C vFkok
Zp½ dks izkIr fd;k tk ldrk gSA

  ekuk G = {0, 1, 2, 3, 4}A a 5 b = c ds }kjk
G ij jpuk 5 dks ifjHkkf"kr djsa tgk¡ c de rFkk _.kkRed iw.kk±dksa esa ugha gS tks
'ks"kQy (Remainder) ds :Ik esa çkIr gksrk gks tc a + b dks 5 ls Hkkx fn;k tkrk
gSA mnkgj.kkFkZ 35 4 = 2, 35 1 = 4 bR;kfnA rnqijkUr 5, G ij ,d f}vk/kkjh
lajpuk gS ¼ftls ;ksx (Addition) ekikadks 5 dgk tkrk gS½A ;g lR;kfir djuk
ljy gS fd G ls blds vèkhu lewg fufeZr gksrk gSA

bl ifj.kke dks lkèkkj.khd`r :i G = {0, 1, 2, ..., n – 1} çnku fd;k tk
ldrk gSA

ekikadksa ds ;ksx n ds vèkhu tgk¡ n dksbZ èkukRed iw.kkZad gSA

bl çdkj ge ns[krs gSa]

a n b = 
   


   

a b a b n

a b n a b n

;fn

;fn

vleatl dh lEHkkouk u gksus ds çdj.k esa ge mi&çR;; (Sub-Suffix) n dks
NksM+ nsrs gSa ,oa lkekU; rkSj ij  fy[krs gSaA bl lewg dks lkèkkj.kr% Zn }kjk bafxr
djrs gSaA

 G = {x  Z | 1  x < n, lgvHkkT; gS tgk¡ Z iw.kkZadksa (Integers)

dk leqPp; ,oa x, n lgvHkkT; gSa] vFkkZr~ H.C.F ds -x rFkk n, 1 gSA

ge G ij f}vk/kkjh lajpuk  dks a  b = c }kjk ifjHkkf"kr djrs gSa tgk¡
c çkIr de èkukRed 'ks"kQy (Remainder) gS] tc a . b dks n ls Hkkx fn;k tkrk
gSA bl lajpuk  dks xq.ku ekikad n dgk tkrk gSA
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ge n'kkZrs gSa] fd G ls  ds vèkhu lewg curk gSA

laor̀% a, b  G gsrq ekuk a b = cA vc  c  0 vU;Fkk n | ab tks fd lEHko
ugha D;ksafd a, n o b, n lgvHkkT; gSaA

bl çdkj c  0 o ,sls rks  c < n HkhA

vc ;fn c, n lgvHkkT; u gksa rks dksbZ vHkkT; la[;k gS] rks p bl izdkj
gS]  p|c vkSj p|n.

iqu% ab = nq + c fdlh q gsrq

ge izkIr djrs gSA |ab [p|n  p|nq, p|c  p|nq + c]

 p|a ;k p|b ¼pw¡fd  p vHkkT; gS½

;fn p|a rks p|n ds :i esa bldk rkRi;Z gqvk fd a, n lgvHkkT; ugha gSa
ijUrq a, n lgvHkkT; gSaA

blh çdkj p|b ls fojksèkkHkkl vkrk gSA

blh dkj.k c, n lgvHkkT; gSa ,oa bl çdkj c  G-] iznf'kZr dj jgk gS]
fd laòr :i esa fLFkr gSA

lac)rk% ekuk] a, b, c  G vo;o gSaA

ekuk] a  b = r1, (a  b)  c = r1  c = r2 rks r2 ls r1c = nq2 + r2

çnf'kZr gSA

a b = r1  dk Hkh rkRi;Z gqvk ab = q1n + r1

bl çdkj ab – q1n = r1

 (ab – q1n)c = r1c = nq2 + r2

 (ab)c = r2 + nq2 + nq1c = n(q1c + q2) + r2

vFkok og r2,  n ls (ab)c dks Hkkx nsus ij de xSj&_.kkRed 'ks"kQy
(Remainder) izkIr gksrk gSA

blh çdkj] ;fn a  (b c) = r3 rks ge n'kkZ ldrs gSa fd r3, n }kjk a(bc)

dks Hkkx nsus ls de xSj&_.kkRed 'ks"kQy (Remainder) izkIr gksrk gSA

ijUrq pw¡fd a(bc) = (ab)c, r2 = r3

blh dkj.k a  (b  c) = (a b)  c

vfLrRo ds rRled% ;g ns[kuk ljy gS fd a  1 = 1 a = a  lHkh a  G

ds fy,

vFkok 1 }kjk rRled dk dk;Z fd;k tk;sxkA

vfLrRo dk O;qRØe% a  G dksbZ vo;o gks rks a o n lgvHkkT; gSa ,oa bl çdkj
ge iw.kkZad (Integer) x o y bl çdkj izkIr dj ldrs gSa fd ax + ny = 1

foHkktu ,Yxksfjn~e (Division Algorithm) ls ge fy[k ldrs gSa]

x = qn + r, tgk¡ 0  r < n
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 ax = aqn + ar

 ax + ny = aqn + ar + ny

 1 = aqn + ar + ny

vFkok ar = 1 + (–aq – y)n

vFkkZr~ a  r = 1A blh çdkj  r  a = 1A ;fn r, n lgvHkkT; gksa rks r, a

dk O;qRØe gksxkA

;fn r, n lgvHkkT; u gksa rks ge vHkkT; la[;k p bl çdkj izkIr dj ldrs
gSa fd p | r, p | n,

 p | qn vkSj p | r

 p | qn + r

 p | x

 p | ax vkSj p | ny

 p | ax + ny = 1

Tkks fd lEHko ughaA bl çdkj r, n lgvHkkT; gSa ,oa bl vuqlkj r  G ,oa
;g a dk vko';d O;qRØe gSA

;g ns[kuk ljy gS] fd G ,csfy;u gksxkA ge bl lewg dks Un ;k U(n)

ls bafxr djrs gSa ,oa bls xq.ku ekikadksa n ds vèkhu iw.kkZadksa (Integers) dk lewg
dgrs gSaA

 eku ysa fd n = p, ,d vHkkT; (Prime) gks rks lHkh iw.kkZadksa (Integers)

1, 2, 3, ..., p – 1, p gsrq lgvHkkT; gSa] rks ;s lHkh G ds lnL; gksaxsA iqu% n'kkZ;k
tk ldrk gS] fd G = {2, 4, 6, ..., 2(p – 1)}

tgk¡ p > 2 ,d vHkkT; (Prime) :i gS] tks xq.ku ekikad 2p ds vèkhu ,d
,csfy;u lewg dk fuekZ.k djrk gSA

(Lemmas)

lewg G esa]

¼1½ rRled vo;o vf}rh; gSA

¼2½ çR;sd a  G dk O;qRØe vf}rh; gSA

¼3½ leLr a  G gsrq (a–1)–1 = a tgk¡ a–1 ds O;qRØe gsrq a gSA

¼4½ leLr a, b  G gsrq (ab)–1 = b–1 a–1

¼5½ leLr a, b, c  G gsrq b = ac  b = c

ba = ca  b = c ¼;g fu"dkflr fu;e dgykrs gSa½

(Proof)

¼1½ eku ysrs gSa fd e o e, G ds nks vo;o gSa tks rRled ds :i esa dk;Z djrs
gksa rks pw¡fd e  G o e rRled gS vr% ee = ee = e

rFkk pw¡fd e  G o e rRled gS vr% ee = ee = e
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nks  e = e

ftlls lewg esa rRled dh vf}rh;rk (Uniqueness) Li"V gksrh gSA

¼2½ ekuk a  G dksbZ vo;o gS] ,oa a o a, a ds nks O;qRØe vo;o gksa

rc] aa = aa = e

aa = aa = e

vc a = ae = a(aa) = (aa)a = ea = a.

blds }kjk ;g iznf'kZr gks jgk gS fd vo;o dk O;qRØe vf}rh; Qy gSA ge
a ds O;qRØe dks a–1 ls bafxr djsaxsA

¼3½ pw¡fd a–1, a dk O;qRØe gSA aa–1 = a–1a = e

ftldk ;g Hkh vk'k; gS fd a dk O;qRØe a–1 gSA bl çdkj (a–1)–1 = a.

¼4½ gesa ;g fl) djuk gksxk fd] ab, b–1a–1 dk O;qRØe gS ftlds fy;s ge
n'kkZrs gSa]

(ab) (b–1a–1) = (b–1a–1) (ab) = e

vc (ab) (b–1a–1) = [(ab) b–1] a–1

= [(a(bb–1)] a–1

= (ae) a–1 = aa–1 = e

blh çdkj (b–1a–1) (ab) = e

rFkk bl çdkj ifj.kke vk;kA

¼5½ ekuk ab = ac, rks b = eb = (a–1a)b

= a–1(ab) = a–1 (ac)

= (a–1 a)c = ec = c

bl çdkj ab = ac  b = c

ftls (Left Cancellation Law) dgk tkrk gSA

blh çdkj (Right Cancellation Law) fl) gks
ldrk gSA

 lewg G esa vo;oksa a, b ds fy;s lehdj.kksa ax = b o ya = b esa G esa
x o y ds fy;s vf}rh; gy gSaA

 vc ax = b,

 a–1(ax) = a–1b

 ex = a–1b

vFkok x = a–1b

tks fd lehdj.k ax = b ds fy, vko';d gy gSA

ekuk fd x = x1 ,oa x = x2 bl lehdj.kksa ds nks gy gSa]

rks ax1 =   b o ax2 = b
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 ax1 = ax2

 x1 = x2 nk,¡ fu"dkflr lsA

iznf'kZr gks jgk gS fd vf}rh; gy gSA

blh çdkj y = ba–1 lehdj.k ya = b dk vf}rh; gy gksxkA

xSj fjDr leqPp; G ds lkFk f}vk/kkjh lajpuk ‘.’ dk ,d lewg gS] ;fn

¼1½ leLr a, b, c  G ds fy;s a(bc) = (ab)c

¼2½ fdlh a, b  G ds fy;s lehdj.kksa ax = b o ya = b esa G esa gy gSaA

 ;fn G ,d lewg gS] rks ¼1½ o ¼2½ ifjHkk"kk o iwoZorhZ çes; vuq:i gSaA blds
foijhr ¼1½ o ¼2½ dks ns[ksaA G dks ,d lewg n'kkZus ds fy;s gesa vfLrRo ds rRled
,oa O;qRØe ¼çR;sd vo;o ds fy;s½ fl) djus dh vko';drk gksrh gSA

a  G dksbZ vo;o gSA

¼2½ ls lehdj.kksa ax = a,

ya = a]

G dk gy gSaaA

ekuk x = e o y = f gy gSaA

bl çdkj  e, f  G gSa fd ae = a

rFkk  fa = a

ekuk bG  vc dksbZ vo;o gS] rks iqu% lehdj.k ¼2½ vuq:i G esa dqN x, y

bl çdkj gS fd]ax = b

ya = b.

vc ax = b  f. (a . x) = f . b

 (f . a) . x = f . b

 a . x = f . b

 b = f . b

iqu% y.a = b  (y . a) . e = b . e

 y . (a . e) = b . e

 y . a = be

 b = be

bl çdkj gesa izkIr gS] b = fb ...(i)

b = be ...(ii)

fdlh b  G gsrq

lehdj.k (i) esa b = e dks ,oa lehdj.k (ii)  esa b = f dks j[kus ij ge
ikrs gSa]

e = fe



lewg ,oa milewg

14 Lo&vfèkxe
ikB~; lkexzh

f = fe

 e = f.

blh dkj.k ae = a = fa = ea

vFkkZr~  e  G, bl çdkj fd] ae = ea = a

 e rRled gSA

iqu% ;fn dksbZ a  G rFkk e  G rRled ds fy, lehdj.kksa ax = e o
ya = e esa gy gksaA

ekuk fd] x = a1 o y = a2 gksa]

rc aa1 = e, a2a = e

vc a1 = ea1 = (a2a)a1 = a2(aa1) = a2e = a2.

blh dkj.k aa1 = e = a1a fdlh a  G ds fy,

vFkkZr~ fdlh a  G,  ds fy;s fdlh a1  G }kjk mijksDr laca/k dh iwfrZ dh
tk jgh gS] a esa ,d O;qRØe fLFkr gSA bl çdkj gj vo;o esa O;qRØe fLFkr gS ,oa
ifjHkk"kkuq:i G ls lewg dk fuekZ.k gksrk gSA

 mijksDr çes; fl) djrs le; geus eku fy;k Fkk fd ax = b o ya =

b ds lehdj.kksa esa G esa gy (Solution) gSaA rFkk ifj.kke foQy gks ldrk gS] ;fn
mijksDr lehdj.kksa esa ls ,d gh çdkj ds gy (Solution) gksA

 xSj&fjDr leqPp; G ds lkFk f}vk/kkjh lajpuk ‘.’ dks v)Z lewg dgk
tkrk gS] ;fn leLr a . (b . c) = (a . b) . c gsrq a, b, c  G gks rc

Li"V gS fd çR;sd lewg ,d v)Z lewg gSA bldk foijhr okLrfod ugha gS
D;ksafd ;ksx (Addition) ds vèkhu izkÑfrd la[;kvksa (Natural Numbers) dks
leqPp; N ds fopkjkèkhu j[kk tk jgk gSA

 gks ldrk gS] fd v)Z lewg esa fu"dkflr fu;e u gksaA

 vkO;wg xq.ku ds vèkhu iw.kkZadksa (Integer) ij leLr 2 × 2 vkO;wg ds leqPp;
M dk fopkj djsa] ftlls v)Z lewg curk gSA

;fn ge A = 
1 0

0 0

 
 
 

, B = 
0 0

0 2

 
 
 

, C = 
0 0

3 0

 
 
 

 ysrs gSa

rks Li"V gS] fd AB= AC = 
0 0

0 0

 
 
 

fdUrq B  CA

;ksx (Addition) ds vèkhu izkÑfrd la[;kvksa (Natural Numbers) dk leqPp;
v)Z lewg dk ,d mnkgj.k gS] ftlesa fu"dkflr fu;e (Cancellation Law) ykxw
gksrk gSaA
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 ftl ifjfer v)Z lewg esa fu"dkflr fu;e (Cancellation Laws) fLFkr
gSa og ,d lewg gSA

 ekuk G = {a1, a2, ..., an} ,slk ifjfer v)Z lewg gS] ftlesa fu"dkflr
fu;e (Cancellation Law) fLFkr gSaA

ekuk a  G dksbZ vo;o gS] rks lao`r fo'ks"krk }kjk aa1, aa2, ..., aan

;s lHkh G esa fLFkr gSaaA

Ekkuk fd bu vo;oksa esa ls dksbZ nks vo;o lerqY; gSa aai = aaj dqN ds fy,
i  j

rks ai = aj fu"dklu ls]

fdUrq ai  aj tSls i  j

blh dkj.k aa1, aa2, ..., aan esa ls dksbZ nks lerqY; ugha gks ldrsA

;s la[;k n  esa gksaxs tks fd G ds lqfuf'pr lnL; gksaxs ¼/;ku nsa% o(G) = n½

blh çdkj ;fn b  G dksbZ vo;o gks rc i ds fdlh eku ds fy;s b = aai

vFkkZr~ a, b  G gsrq lehdj.k ax = b, G esa (x = ai) dk gy gSA

blh çdkj lehdj.k ya = b esa G dk gy gksxkA

G ,d v)Z lewg gS] vr% G esa laca)rk fLFkr (Hold) gSA

blh dkj.k ls G ,d lewg gS ¼çes; 1-2 ls½A

 mijksDr çes; ifjfer v)Z lewg esa gh fLFkr gSA ;ksx (Addition) ds vèkhu
izkÑfrd la[;kvksa (Natural Numbers) dk v)Z lewg ,slk mnkgj.k gS] tgk¡
fu"dkflr fu;e fLFkr gSa ijUrq ;g ,d lewg ugha gSA

 ifjfer v)Z lewg rHkh] v)Z lewg gksrk gS] ;fn mlesa fu"dkflr fu;e
dh iwfrZ gksrh gksA

 iwoZorhZ çes; vuq:iA

xSj fjDr leqPp; G ds lkFk f}vk/kkjh lajpuk ‘.’ ls ,dkHk (Monoid)

dk fuekZ.k gksuk dgk tkrk gS] ;fn

(i) a(bc) = (ab)c  a, b, c  G

(ii)  ,d vo;o (Element) e  G bl izdkj gS] ae = ea, a  a  G

rks G dks e dh rRled dgrs gSaA ;g ljyrk ls izLrqr fd;k tk ldrk gS]
fd e vf}rh; gSA

vr% lHkh lewg ,dkHk gSa ,oa lHkh ,dkHk v)Z lewg (Semi Group) gSaA

tc ge lewg dks ifjHkkf"kr djrs gSa rks ge /;ku nsrs gSa fd  ,d vo;o
e gS tks nk,¡ o ck,¡ rRled ds :i esa dk;Z djrk gS ,oa çR;sd vo;o esa nksuksa vksj
O;qRØe gksrk gSA vc ge n'kkZrs gSa fd ;g okLro esa vko';d ugha gS ,oa çR;sd
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vo;o ds fy;s ek= ,d&vksj igpku o leku vksj (Same Side) O;qRØe }kjk Hkh
lewg dk iz.kkyh (System) cuk;k tk ldrk gSA

 iz.kkyh (System) < G, . > }kjk lewg dk fuekZ.k fd;k tkrk gS ;fn]

(i) a(bc) = (ab)c lHkh ds fy, a, b, c  G

(ii)  e  G, bl izdkj, ae = a lHkh ds fy, a  G

(iii) lHkh ds fy, a  G,  a  G, s.t., aa = e.

 ;fn G ,d lewg gS rc gesa dqN Hkh fl) djus dh vko';drk ugha gS]
D;ksafd ifj.kke ifjHkk"kkuqlkj gksxkA blds foijhr çnf'kZr fu;eksa@inksa dks ns[ksaA

ge lcdks ;g n'kkZus dh vko';drk gS fd lHkh a  G ds fy, ea = a ;g
n'kkZus dh vko';drk gksrh gSA

o a  G ds fy, aa = a

ekuk a  G dksbZ vo;o gSA

in (iii) ds vuqlkj   a  G, bl izdkj, aa = e

 a  G, ds fy,  a  G, bl izdkj, aa = e ((iii) in ds vuqlkj)

vc aa = a(ae) = (aa)e = (aa)(aa)

= a(aa)a = a(e)a = (ae)a = aa= e.

fdlh Hkh a  G ds fy, bl izdkj,  a  G, aa = aa = e

iqu% ea = (aa)a = a(aa) = ae = a

 ae = ea = a lHkh a  G ds fy,

vFkkZr~, e, G ds rRled gSA

 G ,slk lewg gS ftldh f}vk/kkjh lajpuk ‘.’ gSA ;fn a  G  dksbZ vo;o
gks rks laor̀ fo'ks"krkvksa ls a . a  G gksA rc blh çdkj (a . a) . a  G, bR;kfnA

;g vR;Ur lqfoèkktud o LokHkkfod gksxk fd a . a dks a2 ls a . (a . a) ;k
(a . a). a  dks a3 ls bR;kfn bafxr fd;k tk;sA iqu'p a–1. a–1 dks a–2 ls bafxr
fd;k tk;sxk ,oa pw¡fd a . a–1 = e rks bls e = a0 }kjk bafxr djuk mfpr gh jgsxkA
vc gekjs ladsru dh fo"k;oLrq dks le>uk ljy gS]

am . an = am+n

(am)n = amn

tgk¡ m,n iw.kkZad (Integers) gSaA

;fn lewg ds f}vk/kkjh lajpuk dks $ ls bafxr fd;k tkrk gS] rks ge
xq.kuQy o ?kkrksa ¼Powers½ ds LFkku ij xq.ktksa o ;ksx dh ckr djsaxsA bl çdkj
;gk¡ 2a = a + a,  o na = a + a + ... + a ¼n ckj½ ;fn n èkukRed iw.kkZad ¼Positive

Integer½ gSA ;fn n _.kkRed iw.kkZad gks] rks n = – m tgk¡ m èkukRed gS] o ge m

dks na = – ma = (– a) + (– a) + ... + (– a) ifjHkkf"kr djrs gSaA
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 ;fn G dksfV n dk ifjfer lewg gS] rks n'kkZ;sa fd fdlh
a  G,  ds fy;s dksbZ èkukRed iw.kkZad r, 1  r  n bl çdkj gS fd ar = eA

 pw¡fd o(G) = n vr% G esa n vo;o gSaA

ekuk a  G dksbZ vo;o ekuus ij laòr xq.kèkeZ vuq:i a2, a3, ...  gks rc
;s lHkh G ls lEc) gSaA

e, a, a2, ..., an dk fopkj djsaA

;s  n + 1 vo;o gSa ¼G esa lHkh½ ijUrq G esa ek= n vo;o gSaA

buesa ls de ls de nks vo;o lerqY; gSaA ;fn a, a2, ..., an  esa ls dksbZ e
ds lerqY; gks rks gekjk ifj.kke fl) gqvkA ;fn ugha rks dqN ai = aj ds fy;s
i, j, 1  i, j  nA O;kidrk dh fdlh gkfu ds fcuk ge i  j izkIr dj ldrs gSaA

rks ai = aj

 ai . a–j = aj . a–j

 ai–j = e tgk¡ 1  i – j  n.

i – j = r dks j[kus ls gesa vko';d ifj.kke Kkr gksrk gSA

 eku ysrs gSa fd (ab)n = anbn leLr a, b  G gsrq n > 1, tgk¡
fuf'pr iw.kk±d gSA

n'kkZ;sa fd (i) (ab)n–1 = bn–1an–1

(ii) an bn–1 = bn–1an

(iii) (aba–1b–1)n(n – 1) = e lHkh a, b  G

(i) gekjs ikl]

[b–1(ba)b]n = b–1(ba)nb

vkSj [b–1(ba)b]n = (ab)n

(ab)n = b–1(ba)nb

 (ab)n–1ab = b–1(bnan)b

 (ab)n–1 = bn–1an–1 lHkh a, b  G

(ii) vc (a–1b–1ab)n = a–nb–nanbn

(a–1b–1ab)n = a–n(b–1ab)n

= a–nb–1anb

 a–nb–nanbn = a–nb–1anb

 anbn–1 = bn–1an lHkh a, b  G

(iii) eku yks (aba–1b–1)n(n–1)

= [(aba–1b–1)n–1]n

= [(ba–1b–1)n–1an–1]n in (i) ds vuqlkj

= [ba–(n–1)b–1an–1]n = [b(a–(n–1)b–1an–1)]n

= bn(a–(n–1)b–1an–1)n = bna–(n–1)b–nan–1
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= a–(n–1)bnb–nan–1 in (ii) ds vuqlkj

= e lHkh a, b  G.

geus ns[kk gS fd okLrfod la[;kvksa ds leqPp; R ls ;ksx (Addition) ds vèkhu
lewg dk fuekZ.k gksrk gS] rFkk iw.kkZadksa ds leqPp; }kjk Hkh ;ksx ds vèkhu lewg
fufeZr gksrk gSA Z, R dk mi&leqPp; gSA ;g mu dbZ ifjfLFkfr;ksa esa ls ,d gS
ftuls ge fuEukafdr dks i<+us ds fy, çsfjr gq,A

 lewg G dk xSj fjDr mi&leqPp; H, G dk ,d milewg dgk tk;sxk
;fn H ls G ds f}vk/kkjh lajpuk ds vèkhu lewg dk fuekZ.k gksrk gSA

Li"V gS fd ;fn H, G dk milewg gS ,oa K, H dk milewg gS rks K, G dk
milewg gSA

;fn G rRled vo;o e ;qDr lewg gS] rks mi&leqPp;ksa {e} o G, G ds
ux.; milewg gSa ,oa ge bUgsa ux.; milewg dgrs gSaA leLr vU; milewgksa dks
xSj ux.; vFkok mfpr milewg (Proper Sub-Groups) dgk tk;sxkA

bl çdkj ljyrk ls ;g ns[kk tk ldrk gS fd le iw.kkZadksa (Even Integers)

ls (Z, +) ds milewg dk fuekZ.k gksrk gS] tks fd (Q, +) dk ,d milewg gS tks fd
(R, +) dk ,d milewg gSA

iqu% mi&leqPp; {1, 1} xq.ku (Multiplication) ds vèkhu
G = {1, 1, i, i} dk milewg gksxkA

 Z5 = {0, 1, 2, 3, 4} fof/k 5 ;ksx ds vèkhu Z dk milewg ugha gS D;ksafd
ekikadksa ds ;ksx 5] Z dh lajpuk ugha gSA blh çdkj Z5 Z6 dk milewg ugha gS]
bR;kfnA

ge dHkh&dHkh ;g n'kkZus ds fy;s ladsru H  G dk ç;ksx djrs gSa fd H,

G dk milewg gS] ,oa H < G dk rkRi;Z ;g gS fd H,  G dk mfpr milewg gSA

fdlh le; ;g ij[kuk dfBu gks ldrk gS fd lewg G dk çnf'kZr
mi&leqPp; H ,d milewg gS fd ugha] blesa lewg dh ifjHkk"kk esa leLr vfHkxg̀hr
dks ij[kuk gksxkA fuEukafdr nks çes;ksa ¼fo'ks"kr;k f}rh;½ ls bl dk;Z ds ljyhdj.k
esa le; yxsxkA

 lewg G dk xSj fjDr mi&leqPp; H, G dk milewg gS] ;fn

(i) a, b  H  ab  H

(ii) a  H  a–1  H.

H, G dk milewg gS] rks ifjHkk"kkuq:i blesa (i) o (ii) ds inksa dh iwfrZ gksrh
gSaA

blds foijhr çnf'kZr in H esa gSaA
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in (i) }kjk H esa laor̀ gSA

iqu% a, b, c  H  a, b, c  G  a(bc) = (ab)c

blh dkj.k lac)rk H esa gSA

fdlh Hkh a  H, a–1  H ds fy;s ,oa blfy;s in (i) ds vuqlkj

aa–1  H  e  H

bl çdkj H esa rRled gSA

H ds çR;sd vo;o dk O;qRØe in (ii) ds vuqlkj H esa gSA

blh dkj.k H ls lewg dh ifjHkk"kk esa leLr inksa dh iwfrZ gksrh gSa] ,oa bl
çdkj blls lewg curk gS o blhfy;s G dk milewg HkhA

lewg G dk xSj 'kwU; mi&leqPp; H, G dk milewg ;fn]
a, b  H  ab–1  H

 ;fn H, G dk milewg gS] rks a, b  H  ab–1  H ¼ifjHkk"kk dk ç;ksx
djrs gq, ljyrk vuqdj.k½A

blds foijhr çnf'kZr in H esa gSA

H esa laca)rk dks iwoZorhZ çes; vuqLkkj vuqdj.k fd;k tkrk gSA

ekuk a  H dksbZ vo;o (H  ) gS

rks a, a  H  aa–1  H  e  H

vr% H esa rRled gSA

iqu% fdlh a  H, tSls e  H ds fy;s ea–1  H  a–1  H

vFkkZr~ H esa çR;sd vo;o dk O;qRØe gSA

vr% fdlh a, b  H, a, b–1  H ds fy;s  a(b–1)–1  H  ab  H

vFkkZr~ H xq.ku ¼Multiplication½ ds vèkhu laor̀ (Closed) gSA

blh dkj.k H ls lewg dk fuekZ.k gksrk gS ,oa blhfy;s G ds milewg dk HkhA

 ;fn lewg dk f}vk/kkjh lajpuk + }kjk bafxr fd;k tkrk gS rks mijksDr
inksa dks bl çdkj i<+k tk;sxk a, b  H  a – b  HA ;g Hkh /;ku ns] fd e lnk
gh H esa gSA

gks ldrk gS fd fuEukafdr çes; vR;fèkd mi;ksxh fl) u gks D;ksafd ;g
ifjfer mi&leqPp;ksa esa gh lhfer gS] ijUrq fQj Hkh bldk egRRo gSA

 okLrfodrk ij leLr 2×2 xSj ,dkdh vkO;wg (Non-Singular

Matrix) dk lewg G gSA G dk dsUnz Kkr djsaA

 ;fn 
a b

c d

 
 
 

 Z(G) ds dsUnz G dk dksbZ vo;o gks] rks bls G ds leLr lnL;ksa

ds lkFk Øefofue; (Commute) ,d fo'ks"k :i ls gksuk pkfg,A
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0 1 0 1

1 0 1 0

a b a b

c d c d

       
       

       

 b = c, a = d

vr%
1 0 1 0

1 1 1 1

a b a b

c d c d

       
       

       
 izkIr gksrk gS]

a b b

c d d

 
  

 = 
a b

a c b d

 
   

 a + b = a, b = c = 0

blh dkj.k 
a b

c d

 
 
 

 dk dksbZ lnL; 
0

0

a

a

 
 
 

 çdkj  Z(G) dk gks tk;sxkA

vU; 'kCnksa esa dsUnz Z(G) ds lnL;ksa G ds 2×2 vfn'k vkO;wg (Scalar

Matrices) gSaA

 G ,slk lewg gS ftlesa

(ab)3 = a3b3

(ab)5 = a5b5, leLr a, b  G

n'kkZ;sa fd G ,csfy;u (Abelian) gSA

 ge loZçFke n'kkZrs gSa] fd leLr b  G gsrq b2  Z(G)

gesa fofnr gS fd (a–1ba)3 = a–1 b3a

fn;s x, in ds vuqlkj

(a–1ba)3 = a–3 (ba)3 = a–3 b3a3

 a–1 b3a = a–3 b3a3

 a2b3 = b3a2 leLr a, b  G

blh çdkj (a–1 ba)5 = a–1 b5 a

(a–1 ba)5 = a–5 b5a5

 a–1 b5a = a–5 b5a5

 a4b5 = b5a4  a4b3b2 = b5a4

 (a2)2 b3b2 = b5a4  b3a4b2 = b5a4

 a4b2 = b2a4  aa3b2 = b2a4

 ab2a3 = b2a4

 ab2 = b2a leLr a, b  G

 b2  Z(G) leLr b  G

vc (ab)4 = (ab)5 (ab)–1 = a5b5b–1 a–1
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= a5b4a–1 = a5a–1b4, tSls b2  Z(G) = a4b4

rhu Øfed iw.kkZadksa i = 3, 4, 5 ds fy;s (ab)i = aibi

vr% leLr a, b  G gsrq ab = ba

blh dkj.k G ,csfy;u (Abelian) gSA

n'kkZ;sa fd leLr a, x  G gsrq N(x–1 ax) = x–1 N(a)x

ekuk y  N(x–1 ax)

rks (x–1 ax) y = y (x–1 ax)

 y–1 x–1 axy = x–1 ax

 xy–1 x–1 a = axy–1 x–1

 xy–1 x–1  N(a)

 xy–1 x–1 = b  N(a)

y–1 = x–1 bx

 y = x–1 b–1 x, b–1  N(a) tSls bN(a)

 y  x–1 N(a)x

 N(x–1 ax)  x–1 N(a) x

ekuk z x–1 N(a)x  z = x–1 cx, c  N(a)

 z(x–1 ax) = (x–1 cx) (x–1 ax)

= x–1 cax

= x–1 acx as c  N(a)

= (x–1 ax) (x–1 cx)

= (x–1 ax)z

 z  N(x–1 ax)

 x–1 N(a)x  N(x–1 ax)

 x–1 N(a)x = N(x–1 ax) leLr a, x  G.

;g n'kkZuk ,d ljy dk;Z gksxk fd nks milewgksa dk loZfu"B (Inter-Section)

,d milewg gksxkA oLrqr% fl) fd;k tk ldrk gS fd ;fn {Hi | i  I} lewg G

ds milewgksa dk dksbZ leqPp; gks] rks i
i I

H

  G dk milewg gksxkA

 nks milewgksa dk la?k ,d milewg gS] ;fn buesa ls ,d nwljs esa vUrfoZ"V
gksA

 H, K lewg G ds nks milewg gSa] ,oa eku ysrs gSa fd H  K rks
H  K = K tks fd G dk milewg gSA

blds foijhr H, K, G ds nks milewg bl çdkj gSa] fd H  K Hkh G dk
milewg gSA ge n'kkZrs gSa fd muesa ls ,d esa nwljk vUrfoZ"V gksuk pkfg,A eku ysa

fd ;g okLrfodrk u gks] vFkkZr~ H   K, K   H
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rks  x  H bl izdkj, x  K

 y  K bl izdkj, y  H

rks Hkh x, y  H   K vkSj pwafd H  K milewg gS, xy  H  K

 xy  H ;k xy  K

;fn xy  H rks x  H, x–1 (xy)  H  y  H tks fd okLrfodrk ugha gSA

iqu% ;fn xy  K rks y  K, (xy)y–1  K  x  K tks fd okLrfodrk ugha
gS] vFkkZr~ gj çdkj ls ge fojksèkkHkkl dh vksj c<+rs gSaA

blh dkj.k gekjh ekU;rk gS] fd H   K o K   H lR; ugha gSA

bl çdkj nks esa ls ,d vU; esa vUrfoZ"V gSA

 G lewg H dk milewg gSA a, b  G gsrq a,  b mod H ds vuqdwy
(Congruent) gS ;fn ab–1  H

lkadsru :i esa ge a  b mod H fy[krs gSaA

ljyrk ls ;g fl) fd;k tk ldrk gS] fd ;g lEcUèk ,d lerqY;rk
lEcUèk gSA bl lerqY;rk lEcUèk ds laxr (Corresponding) ge lerqY;rk oxksZa
dks çkIr dj ldrs gSaA fdlh a G ds fy;s gesa fofnr gS fd a dk lerqY;rk oxZ
bl çdkj Li"V gksxk]

cl(a) = {x  G | x  a mod H}

 H, G dk milewg gS ,oa a  G dksbZ vo;o rks Ha = {ha | h  H} dks
G esa H dk nk,¡ lgleqPp; (Coset) dgrs gSaA

fuEukafdr çes; esa ge n'kkZrs gSa] fd G esa H dk dksbZ nk,¡ lgleqPp; ,d
lerqY;rk oxZ gSA lVhd gksus ds fy;s gesa fuEu izes; dks fl) djuk gksxkA

 Ha = {x  G | x  a mod H} = cl(a) leLr a  G.

ekuk x  Ha

rks x = ha dqN  h  H

 xa–1 = h

 xa–1  H

 x  a mod H

 x  cl(a)

bl çdkj Ha  cl(a).

iqu% ekuk x  cl(a) dksbZ vo;o gS

rks x  a mod H

 xa–1  H

 xa–1 = h leLr h  H

 x = ha  Ha
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bl çdkj cl(a)  Ha

,oa blh dkj.k Ha = cl(a).

igys ls Li"V gS fd nk,¡ lgleqPp; lerqY;rk oxZ gSa] ge mu ifj.kkeksa dk
ç;ksx djus ds fy;s LorU= gSa tks ge lerqY;rk oxksZa ds ckjs esa tkurs gSaA blhfy;s
ge vc dg ldrs gSa] fd dksbZ Hkh nks nk,¡ lgleqPp; ;k rks lerqY; gksrs gSa vFkok
buesa lkekU; esa dksbZ vo;o ugha gksrk rFkk H esa G ds leLr nk,¡ lgleqPp; dk
la?k G ds lerqY; gksxkA

 /;ku ns] fd ;g vko';d ugha fd lgleqPp; ,d milewg gks ghA ;fn
G prq"d (Quaternion) lewg gS] rks H = {1, – 1}, G dk milewg gSA a = i izkIr
djsa rks Ha = {i, – i} tks fd G dk milewg ugha gS ¼bldh rRled ugha gS½A

G esa H ds fdUgha Hkh nks nk,¡ lgleqPp; ds eè; ekufp=.k esa lnk gh 1 –

1 gksrk gSA

ekuk Ha, Hb esa G esa H ds nks nk,¡ lgleqPp; gSaA

ekufp=.k dks ifjHkkf"kr djrs gSa f : Ha  Hb, bl izdkj,

f (ha) = hb

rks h1a = h2a  h1 = h2  h1b = h2b

 f (h1a) = f (h2a)

vFkkZr~ f lqLi"V gSA

f (h1a) = f (h2a)  h1b = h2b  h1 = h2   h1a = h2a

fn[k jgk gS fd f, (1–1) gSA

vFkkZr~ chp esa f dks ljyrk ls ns[kk tk ldrk gS& tSls fd fdlh hb  Hb

ds fy;s ha bldh iwoZ izfrfcac gksxhA

bl ySek dh rkRdkfyd mi;ksfxrk fn[k pqdh gS ;fn lewg G ifjfer gks
D;ksafd ml çdj.k esa ySek bl ckr dks n`<+ dj nsrk gS fd G esa H ds fdUgha nks
nk,¡ lgleqPp; esa leku la[;k esa vo;o gSaA pw¡fd H = He Hkh G esa H dk nk,¡
lgleqPp; gS rks blls ge bl fu"d"kZ ij vkrs gSa] fd G esa H ds lHkh nk,¡
lgleqPp; esa mruh gh la[;k ds vo;o gSa ftruh la[;k ds vo;o H esa gSa ¼G gksus
ls ;g ifjfer gS½A vc ge ;g fl) dj ldrs gSaA

(Lagrange)  ;fn G ifjfer lewg gks o H, G dk
milewg gks rks o(H) ls o(G) dks Hkkx nsrs gSaA

 ekuk o(G) = n

pw¡fd G esa çR;sd vo;o ds laxr (Corresponding) ge G esa H dk nk,¡
lgleqPp; (Right Coset) ifjHkkf"kr dj ldrs gSa vr% G esa H ds lqfuf'pr
(Distinct) nk,¡ lgleqPp; dh la[;k n ls de vFkok blds lerqY; gSA

lerqY;rk&oxksZa dh fo'ks"krkvksa dk ç;ksx djrs gq, gesa fofnr gS]
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G = Ha1  Ha2  ...  Hat

tgk¡ t = la[;k G esa H ds lqfuf'pr nk,¡ lgleqPp; dh la[;k]

 o(G) = o(Ha1) + o(Ha2) + ... + o(Hat)

Lej.k j[kuk gksxk fd nks nk,¡ lgleqPp; ;k rks leku gksrs gSa vFkok dksbZ
lkekU; vo;o ugha gksrkA

 o(G) = o(H) + o(Ha) ...
t
 

ckj
 o(H)  mijksDr ySek ds ç;ksx ls]

 o(G) = t. o(H)

vFkok o(H) | o(G)

,oa geus vfr egRRoiw.kZ çes; fl) fd;k fdUrq lkoèkkuh vko';d gSA
ySxzkat&çes; dk foykse ugha gksrkA

(i) ;fn G vHkkT; dksfV dk lewg gS rks blesa nks gh milewg gksaxs% G
o {e}A

(ii) H G ds vkèks vo;o ls vfèkd okyk mi&leqPp; G, G dk
milewg ugha gks ldrkA

ge G esa H ds nk,¡ lgleqPp; dh gh ckr djrs jgs gSaA D;k ck,¡
lgleqPp; Hkh gksrs gSa\ ge lekurk dh ppkZ dj ldrs gSa]

aH = {ah | h  H}, fdlh a  G

ftls fd ck,¡ lgleqPp; dgk tk;sxkA blh çdkj lerqY;rk&lEcUèk
(a  b mod H  a–1 b  H)  ifjHkkf"kr djrs gq, ck,¡ lgleqPp;
ds fy;s leLr leku ifj.kkeksa dks fl) fd;k tk ldrk gSA ;g
ikBd ds fy;s oLrqr% ,d jkspd rS;kjh gksxh ;fn bu ifj.kkeksa dks
LorU= :i ls fl) fd;k tk;s rksA

vc ge ljy fdUrq vR;Ur egRRoiw.kZ rF; dh vksj c<+rs gSaA

 H, G dk milewg gks rks

(i) Ha = H  a  H; aH = H  a  H

(ii) Ha = Hb  ab–1  H; aH = bH  a–1 b  H

(iii) Ha ¼vFkok aH½ G dk milewg gS ;fn a  H

 (i) Ha = H

pw¡fd e  H, ea  Ha  ea  H  a  H.

ekuk aH, ge n'kkZrs gSa Ha = H.

ekuk x  Ha  x = ha ds fy, h  H

vc h  H, a H  ha H  x H  Ha  H

iqu% y  H, pwafd a  H

ya–1  H
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 ya–1 = h dqN  h  H ds fy,

 y = ha  Ha

 H  Ha

blh dkj.k Ha = H.

(ii)             Ha = Hb

 (Ha)b–1 = (Hb)b–1

Hab–1 = He

Hab–1 = H

 ab–1  H in (i) ds ç;ksx lsA

(iii) ;fn a  H rks Ha = H tks fd ,d milewg gSA blds foijhr ;fn Ha G-
dk milewg gks rks e  Ha rFkk bl çdkj Ha o He ds nk,¡ lgleqPp; esa
lkekU; esa e ,d vo;o gS] ,oa blh dkj.k in (i) ls Ha = He = H  a 
HA

ck,¡ lgleqPp; ds fy;s laxr ifj.kkeksa dks Hkh blh çdkj ik;k tk ldrk gSA

 ekuk H, G dk lewg gS ,oa G dk milewgA vc G esa H dk funsZf'kdk
G esa H ds lqfuf'pr nk,¡] ck,¡ lgleqPp; (Coset) dh la[;k gSA bls iG(H) vFkok
[G:H] }kjk bafxr fd;k tkrk gSA

ySxzkat&çes; ds çek.k dh vksj ns[kus ij lkeus vkrk gS] fd ;fn G ,d

ifjfer lewg gS rks iG(H) = ( )

( )

o G

o H
A

vifjfer lewg G esa lhfer funsZf'kdk ;qDr milewg H  G gksuk lEHko gSA

 ekuk  < Z, + > ;ksx (Addition) vèkhu xq.kkadksa (Integers) dk lewg
gSA

ekuk  H = {3n | n  Z} rks Z dk milewg H gSA ge n'kkZrs gSa] fd H esa Z
esa rhu gh nk,¡ lgleqPp; gSa% H, H + 1, H + 2 gSA

;fn a  Z ( 0, 1, 2) dksbZ vo;o gks rks ge a = 3n + r, 0  r < 3  ;g fy[k
ldrs gSa ¼foHkktu ,Yxksfjn~e (Division Algorithm) }kjk½A

ftlls H + a = H + (3n + r) = (H + 3n) + r = H + r

tgk¡ 0  r < 3

blh dkj.k Z ds H esa 3 gh nk,¡ lgleqPp; gSa rFkk bl çdkj blesa funsZ'kkad
3 gSA

 H – 1 = (H + 3) – 1 = H + (3 – 1) = H + 2,  bR;kfnA

 G lewg H dk milewg gS] ge ifjHkkf"kr djrs gSa C(H)={x  G | xh = hx
lHkh h  H ds fy,} rks C(H) dks G esa H dk dsUnzh;dj.k (Centralization) dgk
tkrk gSA
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N(H) = {x  G | xH = Hx}

= {x  G | xHx–1 = H} bls G es a H dk lkekU;hdj.k
(Normalization) dgrs gSaA

;g ljyrk ls ns[kk tk ldrk gS fd C(H) o N(H) G ds milewg gSaA

iqujfi x  C(H) xh = hx lHkh   h  H ds fy,

 xH = Hx

 x  N(H)

C(H)  N(H)

oSls C(H) dks N(H) ds lerqY; djus dh vko';drk ugha gS] D;ksafd prq"d
lewg gS ekuk fd H = {±1, ±i} rc fopkj djsa]

G = {±1, ±i, ±j, ±k} rks N(H) = G vkSj C(H) = {±1, ±i}

iznf'kZr gS] fd C(H)  N(H)

 n'kkZ;sa fd C(H) = G  H  Z(G)

ekuk C(H) = G dksbZ vo;o gS rks x  G  x  C(H)  xh = hx  esa
h  H vo;o h, H ds leLr vo;oksa lfgr Øe fofues; gSA

blds foijhr G  h  Z(G)  H  Z(G)A pw¡fd H Z(G) vr%  ekuk
H Z(G). ekuk x  G dk gj vo;o H vkSj G ds çR;sd vo;o ls Øe fofues;
gSA

 xh = hx lHkh h  H ds fy,

 x  C(H)  G  C(H)  G = C(H).

 ;fn G = S3 o H = {I, (13)}] G esa H ds leLr ck,¡ lgleqPp;
fy[ksaA

(12)H = {(12)I, (12)(13)} = {(12), (132)}

= (123)H n'kkZ;k x;k gSA

(23)H = {(23)I, (23)(13)} = {(23), (132)} = (132)H

(13)H = H D;ksafd (13)  H

IH = H

;s G esa H ds lHkh ck,¡ lgleqPp; gSaA

1- ,csfy;u lewg D;k gS\

2- Lkkèkkj.k jSf[kd lewg dk mnkgj.k çLrqr djsaA

3- D;k lewg esa rRled vo;o vf}rh; gksrk gS\

4- milewgksa dks ifjHkkf"kr djsaA
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 H o K lewg G ds nks milewg gSaA ge HK = {hk | h  H, k  K}

ifjHkkf"kr djrs gSa] rks HK dk xSj&fjDr mi&leqPp; gksxk ¼ftls dHkh&dHkh H o
K dk lfEeJ.k (Complex) dgk tkrk gS½A bldh O;qRifÙk fuEufyf[kr izes; }kjk
dh tk ldrh gSA

 HK, G dk milewg gS ;fn HK = KH

 HK G dk milewg gSA ge HK = KH n'kkZrs gSaA

ekuk x  HK dk vo;o gS

rks x–1  HK ¼tks fd HK ,d milewg gS½

 x–1 = hk dqN h  H ds fy,, k  K

 x = (hk)–1 = k–1 h–1  KH

bl çdkj HK  KH

iqu% y  KH dksbZ vo;o gks

rks y = kh dqN k  K ds fy,, h  H

 y–1 = h–1 k–1  HK

 y  HK (tSls HK milewg gS)

 KH  HK

blh dkj.k HK = KH

blds foijhr ekuk fd HK = KH

a, b  HK nks vo;o gSa] rks ge n'kkZrs gSa ab–1  HK

a, b  HK  a = h1k1 dqN ds fy, h1, h2  H

         b = h2k2 k1, k2  K

Rkks ab–1 = (h1k1) (h2k2)–1 = (h1k1) 1 1
2 2( ) k h

  = 1 1
1 1 2 2( ) h k k h

vc 1 1
1 2 2( ) k k h   KH = HK

bl izdkj 1 1
1 2 2( ) k k h  = hk dqN h  H ds fy,, k  K

Rkks ab–1 = h1(hk) = (h1h)k  HK

blh dkj.k HK ,d milewg gSA

 ¼d½ HK = KH dk rkRi;Z ;g ugha gS] fd H dk çR;sd vo;o K ds gj
vo;o ls Øe fofue; djrk gSA bldk rkRi;Z cl ;g gS] fd çR;sd h  H, k 
K, hk = k1h1  gsrq ds fy;s k1  K vkSj h1  HA
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¼[k½ ;fn G esa f}vk/kkjh lajpuk $ fLFkr gS rks ge ifjHkkf"kr dj ldrs gS
fd]

H + K = {h + k | h  H, k  K}

 ;fn H o K lewg G ds ifjfer milewg gksa rks]

o(HK) = 
( ) . ( )

( )
o H o K

o H K

 D = H  K rks D, K dk ,d milewg gS] ,oa ySxzkat&çes; ds çek.k esa
çnf'kZr vuq:i K esa D ds vlac) nk,¡ lgleqPp; esa K dk  esa fo;ksftr gSA
K = Dk1  Dk2  ...  Dkt

,oa t = 
( )

( )

o K

o D  Hkh

iqu'p HK = 
1

( )


t

i
i

H Dk  ,oa pw¡fd D  H, HD = H

bl çdkj HK = 
1

t

i
i

Hk

  = Hk1  Hk2  ...  Hkt

vc Hk1, Hk2, ..., Hkt  ds i, j lerqY; gks ldrs gSa D;ksafd ;fn dqN

Hki = Hkj gsrq 
1

i jk k   H  1
i jk k   H  K  1

i jk k   D  Dki = Dkj

tks fd okLrfod ugha gSA

blh dkj.k (HK) = o(Hk1) + (Hk2) + ... + o(Hkt)

= o(H) + o(H) + ... + o(H)

= t . o(H)

= 
( ) . ( )

( )
o H o K

o H K

ftlls ifj.kke fl) gksrk gSA

 vo;o dk dksfV% G ,d lewg gS ,oa a  G dksbZ vo;oA ge dg ldrs
gSa fd a dksfV ¼vFkok vof/k½ n dh gS ;fn n de èkukRed iw.kkZad (Positive Integer)
bl çdkj gS fd an = eA ;fn G ds f}vk/kkjh lajpuk dks + }kjk bafxr djrs gSa]
rks bls na = 0 i<+k tk;sxk tgk¡ 0] G dh rRled gSA

;fn ;g n [kkstuk lEHko u gks rks ge dgrs gSa fd a esa vifjfer dksfV
(Infinite Order) gSA a dh dksfV dks o(a) }kjk bafxr fd;k tk;sxkA ;g Li"V gS
fd o(a) = 1 ;fn a = eA
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(Cyclic Group)  lewg G dks pØh; lewg dgk tkrk gS ;fn 
vo;o a  G bl çdkj gks fd G ds çR;sd vo;o dks a dh ?kkr ¼Power½ ds :i
esa O;Dr fd;k tk ldsA bl çdj.k esa a dks G dk mRiUudkjd dgrs gSaA ge bl
rF; dks O;Dr djus ds fy;s G = < a > ;k G = (a) fy[krs gSaA

bl çdkj G dks pØh; dgk tkrk gS ;fn  vo;o a  G bl çdkj gks
fd G = {an | n  Z}A iqu% ;fn G ds f}vk/kkjh lajpuk dks $ ls bafxr fd;k tkrk
gS rks 'a dh ?kkr* 'kCnksa dk rkRi;Z a dk xq.kt ¼Mean Multiple½ gksxkA

 ge ;g ugha dg jgs fd mRiUu dkjd vf}rh; gksrk gSA oLrqr% ;fn a
mRiUudkjd gS rks a–1 gksxkA ge dqN ckn esa bl ç'u ij vkrs gSa fd pØh; lewg
esa mRiUudkjd dh la[;k fdruh gSA pØh; lewg dk ,d ljy mnkgj.k ;ksx
(Addition) ds vèkhu iw.kkZadksa (Integer's) dk lewg gS] 1 bldk mRiUudrkZ gSA

iqu% xq.ku ds vèkhu lewg G = {1, –1, i, –i} pØh; gS D;ksafd ge blds
lnL;ksa dks i, i2, i3, i4 ds :i esa O;Dr dj ldrs gSaA bl çdkj i ¼vFkok –i½ bl
lewg dk mRiUudrkZ gSA

pØh; lewg dh dksfV blds mRiUudrkZ dh dksfV ds lerqY; gSA

 ekuk G = < a > vFkkZr~ G ,slk pØh; lewg gS tks a }kjk mRiUudrkZ gSA

(i)% o(a)  (Finite)  n rks n de èkukRed iw.kkZad bl çdkj gS
fd an = e

vo;oksa a0 = e, a, a2, ..., an–1 dk fopkj djsaA

;s lHkh G ds vo;o gSa ,oa la[;k esa n gSaA

Ekku ysrs gSa fd mijksDr esa ls nks vo;o lerqY; gSa] vFkkZr~

ai = aj ds lkFk i > j

rks ai . a–j = e  ai–j = e

ijUrq  0 < i – j  n – 1 < n] bl çdkj  ,d i – j èkukRed iw.kkZad bl çdkj
gS fd ai–j = e o i – j < n tks fd o(a) = n bl rF; dk fojksèkkHkkl gSA

bl çdkj mijksDr n vo;o esa ls nks lerqY; ugha gks ldrs gSa] vFkkZr~ G esa
de ls de n vo;o gksaxsA ge n'kkZrs gSa fd blesa dksbZ vU; vo;o ugha gksrkA ekuk
x  G dksbZ vo;o gSA pw¡fd G pØh; gS] tks fd x }kjk mRiUu (Generator) gS rks
x, a dh dksbZ ?kkr gksxhA

ekuk x = am foHkktu ,Yxksfjn~e }kjk ge m =  nq + r fy[k ldrs gSa] tgk¡
0  r < n.

vc am = anq+r = (an)q . ar = eq. ar = ar  x = ar tgk¡ 0  r < n

vFkkZr~ x a0 = e, a, a2, ..., an–1 esa ls ,d gS vFkok G esa ifj'kq)r;k n

vo;o gSaA

 o(G) = n = o(a)
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(ii) o(a)

ftl çdj.k esa a dh nks ?kkrsa (Powers) an = am (n > m) lerqY; u gks
ldrh gksa] rks an–m = e] vFkkZr~ a + ve iw.kkZad n – m dks bl çdkj ikuk lEHko gS
fd an–m = e, vFkkZr~ blds }kjk a esa ;g ifjfer dksfV (Finite Order) dk gksxkA

blh dkj.k a dh nks ?kkrsa lerqY; ugha gks ldrhaA vU; 'kCnksa esa G esa
vifjfer la[;k ds vo;o gksaxsA

 pØh; lewg dk ,d milewg pØh; gSA

 ekuk G = < a > o H, G dk milewg gS] ogk¡ dqN Hkh fl) ugha djuk gSA
;fn H = {e} vikj ;g dqN fl) ugha gqvk rks ekuk H  {e} gSA H  ds lnL;ksa
esa a dh ?kkrsa (Powers) gksaxhA m de èkukRed iw.kkZad bl çdkj gS] fd am  HA
ge nkok djrs gSa fd H = < am > dksbZ vo;o gS rks fdlh x  H ds fy;s x = ak

gksrk gS k ds fy,A foHkktu ,Yxksfjn~e (Division Algorithm) }kjk k = mq + r tgk¡
0  r < m,

 r = k – mq

 a r = ak . a–mq = x . (am)–q  H

ijUrq m de èkukRed iw.kkZad bl çdkj gS fd am  H] vFkkZr~ blls r = 0A

bl çdkj k = mq

vFkok  x = ak = (am)q

vFkkZr~  H dk dksbZ lnL; am dh ?kkr gSA

vFkok  H pØh; gS] am }kjk mRiUuA

blhfy;s < Z, + > dk dksbZ milewg nZ = ds xq.ktksa (Multiples) ds çdkj
n leqPp; dk gksxk tgk¡ n ,d iw.kkZad ( 0) gSA ge nZ = < n > fy[krs gSaA

mijksDr ds vfrfjDr mZ  nZ rHkh gksxk ;fn n | mA vr% mZ = nZ rHkh
gksxk ;fn m = ±nA

,d pØh; lewg ,csfy;u gSA

 ekuk G = < a >A ;fn x, y  G dqN vo;o gksa rks dqN iw.kkZadksa x = an,

y = am  ds fy;s m, nA

vc xy = an . am = an+m = am+n = am . an = y . x

blh dkj.k G ,csfy;u gSA

mijksDr ifj.kke ds vkyksd esa leLr xSj&,csfy;u lewg ,csfy;u gSaA
< Q, + > ;ksx ds vèkhu ifjes;ksa (Rational) dk lewg ,d ,sls ,csfy;u lewg dk

mnkgj.k gS tks fd pØh; ugha gSA mnkgj.k gsrq eku ysaosa fd m

n
  Q, Q dk

mRiUudrkZ gS rks Q dk dksbZ vo;o m

n
 dk xq.kt (Multiple) gksxkA vc 1

3n
  Q
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o ;fn m

n
 mRiUudrkZ gks rks ge fdlh k ds fy;s 1

3n
 = k m

n
 fy[k ldsaxs  1

3

= km tks fd lEHko ugha gS D;ksafd k, m iw.kkZad gSa tcfd 1

3
 ughaA blh dkj.k dksbZ

vo;o Q ds mRiUudrkZ dk dk;Z ugha dj ldrkA

DyWbUl ds pkj lewg (Klein's Four Groups) ifjfer ,csfy;u lewg dk ,d

mnkgj.k gksxk tks fd pØh; ugha gSA ;g xq.ku vkO;wg ds vèkhu vkO;wg 
1 0

0 1

 
 
 

,

1 0

0 1

 
  

, 
1 0

0 1

 
 
 

 o 
1 0

0 1

 
  

 dk lewg gSA

 ;fn G ,d ifjfer lewg gks rks G ds fdlh vo;o dk lewg G ds
dksfV dks foHkkftr (Divide) djrk gSA

 ekuk a  G dksbZ vo;o gSA

ekuk H = {an | n ,d iw.kkZad} gS rks H G dk pØh; milewg gqvk] a }kjk
mRiUudkjd]

x, y  H  x = an, y = am

 xy–1 = an . a–m = an–m  H

ySxzkat&çes; }kjk o(H) | o(G) ijUrq o(H) = o(a)

 o(a) | o(G).

;fn G ,d ifjfer lewg gS] rks fdlh a  G ds fy;s ao(G) = e

-o(a) | o(G)  o(G) = o(a)k fdlh k ds fy;s

vc  ao(G) = a o(a)k = (a o(a))k = ek = e

bl çdkj ifjfer lewg ds fdlh vo;o esa ifjfer dksfV gS ¼tks fd lewg ds
dksfV ds lerqY; vFkok blls de gS½A oSls bldk foykse okLrfod ugha gSA

 ;fn G dksfV n dh ,d ifjfer pØh; lewg gS rks G ds lqfuf'pr
milewgksa dh la[;k n ds lqfuf'pr Hkktdksa (Divisor) dh la[;k gS ,oa fdlh Hkh
çnf'kZr dksfV ds G ds ,d milewg esa vfèkdka'kr% ;g gksrk gSA

vr% G ds milewg < ak > çdkj ds gSa tgk¡ k, n dk Hkktd (Divisor) gS ,oa
< an/m > dksfV m dk vf}rh; milewg gSA ,d çdj.kfo'ks"k ds :Ik esa eku ysa fd
G = < a > esa dksfV 30 gSA pw¡fd 30 ds Hkktd (Divisor) gSa& 1, 2, 3, 5, 6, 10, 15,

30,  vkB milewg gS] G ds tks fd fuEu gSa&

< a > = {e, a, a2, ..., a29} = G

< a2 > = {e, a2, a4, ..., a28}

< a3 > = {e, a3, a6, ..., a27}

< a5 >, < a6 >, < a10 >, < a15 > o < a30 > = {e} esa dksfV 30, 15, 10, 6,

5, 3, 2, 1 gSA
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iqu% ;ksx ekikad (Addition Modulo) 30 ds vèkhu pØh; lewg Z30 = {0, 1,

2, ..., 29} dk fopkj djsaA 30 o o(Z30) = 30 rFkk pw¡fd 30 esa 8 Hkktd (Divisor)

1, 2, 3, 5, 6, 10, 15, 30, Z30 gSa]

< 1 > = {0, 1, 2, ..., 29} = Z30

< 2 > = {0, 2, 4, ..., 28}

< 3 > = {0, 3, 6, ..., 27}

< 5 >, < 6 >, < 10 >, < 15 >, < 30 > = {0} esa vkB milewg gksaxsA

dksfV 30, 15, 10, 6, 5, 3, 2, 1.

bl çes; dh nf̀"V ls ;s Z30 ds milewg gh gksaxsA

 vHkkT; dksfV dk lewg G pØh; gksxk ,oa G ds çR;sd vo;o dks
¼rRled NksM+dj½ dks blds mRiUudrkZ ds :i esa izkIr fd;k tk ldrk gSA

 ekuk o(G) = p vHkkT; (Prime) gSA

fdlh a  G, a  e dks izkIr djsaA

rFkk H = {an |  ,d iw.kkZad n rks H G dk pØh; milewg gSA

 o(H) | o(G)  o(H) = 1 ;k p fdUrq o(H)  1 D;ksafd a  H, a  e,

bl çdkj o(H) = p  H = G vFkkZr~ G, a }kjk mRiUudrkZ pØh; lewg
gSA pw¡fd a dks fdlh vo;o ¼e dks NksM+dj½ izkIr fd;k x;k Fkk rks G dk dksbZ
vo;o blds mRiUudkjh ds :i esa dk;Z dj ldrk gSA

vHkkT; dksfV dk ,d lewg ,csfy;u gSA

vHkkT; dksfV ds lewg G esa dksbZ xSj&ux.; milewg ugha gks ldrkA

;fn G esa H dk dksbZ milewg gks rks o(H) | o(G) = p ds vuq:Ik vHkkT;
(Prime) gSA

ge ikrs gSa o(H) = 1 ;k p

vFkkZr~ H = {e} ;k H = G

 ifjfer la;ksftr dksfV ds lewg esa de ls de ,d xSj&ux.; milewg
gSA

 ekuk o(G) = n = rs tgk¡ 1 < r, s < n

pw¡fd n > 1,  e  a  GA a r dk fopkj djsaA

(i)  a r = e rks o(a)  r, ekuk o(a) = k

rks 1 < k  r < n (k > 1, D;ksafd a  e)
ekuk H = {a, a2, a3, ..., ak = e}

rks H, G dk xSj&fjDr ifjfer mi&leqPp; gS ,oa ;g xq.ku ds vèkhu laor̀
gS] bl çdkj H, G dk ,d milewg gSA pw¡fd o(H) = k < n vr% geus ifj.kke fl)
fd;kA
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(ii)  a r  e rks pw¡fd (a r)s = ars = an = ao(G) = e

o(a r)  s. ekuk o(a r) = t rks 1 < t  s < n

;fn ge K = {ar, a2r,..., atr = e} izkIr djsa rks K, G dk ,d xSj&fjDr
ifjfer mi&leqPp; gS] xq.ku ds vèkhu laor̀ gS ,oa blhfy;s G dk milewg gSA
bldk dksfV n ls de gS] ;g vko';d milewg gSA

 ;fn G ,slk lewg gS] ftlesa xSj&ux.; milewg ugha gS rks G vHkkT;
dksfV ;qDr ifjfer gksxkA

 eku ysrs gSa fd G esa ifjfer dksfV gS rks ge izkIr dj ldrs gSa a  G] tSls
a  e

ekuk H = < a > rks H G dk ,d pØh; milewg gS ,oa H  {e} fdUrq G
esa xSj&ux.; milewg ugha gSaA

bl çdkj H = G
 G = < a >

vc K = < a2 > milewg dk fopkj djsaA

vc a  < a2 > D;ksafd ;fn a  < a2 > rks a = a2t fdlh iw.kkZad t ds fy;s

a2t–1 = e  o(a)  2t – 1

rkRi;Z ;g gS fd o(a) ;fn ifjfer gks tks fd okLrfod ugha gSA bl çdkj
a  < a2 >

iqu% < a2 >  {e} D;ksafd rks a2 = e dk iqu% vFkZ gksxk fd o(a) ifjfer
( 2) gSA

bl çdkj < a2 > G dk xSj&ux.; milewg gS tks fd lEHko ughaA blh
dkj.k o(G) vifjfer ugha gks ldrkA

vr% o(G) ifjfer gS ,oa pw¡fd bls iwoZorhZ çes; }kjk la;ksftr ugha fd;k tk
ldrk blfy;s ;g vHkkT; (Prime) gksxkA

 os gh lewg ftuesa xSj&ux.; milewg ugha gSa os vHkkT; dksfV ds
pØh; lewg gSa o lewg {e} gSA

vc rd ge bl fo"k; esa vk'oLr gq, fcuk gh pØh; lewg o buds mRiUu
dkjd dh ckr djrs jgs gSa fd pØh; lewg esa fdrus mRiUu dkjd gks ldrs gSaA
blds lekèkku ds fy;s ge fuEukafdr çes; ij fopkj djrs gSaA

,d vuar pØh; lewg esa ifj'kq)r% nks mRiUu dkjd gksrs gSaA

ekuk G = < a > ,d vifjfer pØh; lewg gS

tSlk fd igys n'kkZ;k tk pqdk gS& ;fn a, G dk mRiUu gks rks a–1 gksxkA

vc b, G dk dksbZ mRiUu gS rks bG vuq:i G ls b = an mRiUu gksrk gS]
ge fdlh iw.kkZad n ds fy;s ikrs gSa]

iqu% aG ds vuq:i G ls a = bm mRiUu gksrk gS] fdlh iw.kkZad m ds fy;s
ge a = bm = (an)m = anm çkIr djrs gSaA
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 anm–1 = e  o(a) ifjfer gS ,oa  nm – 1

pw¡fd o(G) = o(a) vifjfer gS] rks mijksDr rHkh gks ldrk gS ;fn

nm – 1 = 0  nm = 1

D;ksafd m = 1

n
 ;k n = ± 1 tSls m, n iw.kkZad gSa] vFkkZr~ b = a ;k a–1

vU; 'kCnksa esa% a o a–1 ifj'kq)r% G ds mRiUu dkjd gSaA

vc bl ç'u dk mRrj çLrqr fd;k tkuk gS fd ifjfer pØh; lewg ds
fdrus mRiUudkjd gksaxsA mRrj ls igys ge loZçFke og ifjHkkf"kr djrs gSa ftls
;wyj (Euler)  Qyu ¼vFkok ;wyj VksfV;aV Qyu (Euler Totient Function½ dgk
tkrk gSA

fdlh iw.kkZad n ds fy;s ge (1) = 1 ifjHkkf"kr djrs gSa ,oa n > 1, ds fy;s
(n) dks èkukRed iw.kkZadksa dh la[;k n ls de gksuh gksxh ,oa n ls vis{kkÑr vHkkT;
(Prime) gSA mnkgj.k (6) = 2, (10) = 4, bR;kfn ds :Ikksa esaA

1] 5] 6 ls de gSa ,oa 6 ls vis{kkÑr vHkkT; (Prime) gSa rFkk 1] 3] 7] 9
¼la[;k esa pkj½ 10 ls de gSa ,oa 10 ls vis{kkÑr vHkkT; (Prime) gSa] bR;kfnA Li"V
gS fd (p) = p – 1 ;fn p ,d vHkkT; (Prime) gksA fuEukafdr nks ifj.kke dbZ ckj
lgk;d gks ldrs gSa]

(i) ;fn p1, p2, ..., pn n (>1) ds lqfuf'pr vHkkT; xq.kd gksa rks]

(n) = 
1

1
1n

p

 
 

 
 

2

1
1

p

 
 

 
 ... 1

1
kp

 
 

 

(ii) ;fn m, n  lgvHkkT; gksa rks]
(mn) = (m) (n), (m, n  1)

;fn G dksfV n dk ifjfer lewg gks ,oa d vf}rh; milewg dh dksfV
n  ds çR;sd Hkktd (Divisor) ds fy;s% rks G pØh; gSA

 ekuk d | n gks rks ifjHkkf"kr djsa  A(d) = {x  G | o(x) = d}

eku ysrs gSa fd A(d)  rks  x  G bl çdkj fd o(x) = dA

ekuk H = < x > rks o(x) = o(H) = dA blls (d) ds G mRiUudrkZ vFkok
(d) esa dksfV d ds H vo;o irk pyrs gSaA ;fn  y  G, y  H bl çdkj gks fd
o(y) = d rks K = < y > dksfV d dk ,d milewg gSA ;g çnf'kZr gS fd d esa dksfV
G dk vf}rh; milewg gSA vr% K = < y > ,d fojksèkkHkkl gSA bl çdkj dksfV
d ds G esa vo;oksa dh la[;k (d) gSA

vr% o[A(d)] = (d) ;fn A(d)  

,oa o[A(d)] = 0 ;fn A(d) =  lHkh d | n ds fy,A

Li"Vr% G = 
|d n
  A(d)

ekuk d1, ..., ds  ;s lHkh n ds Hkktd (Divisor) gSaA
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Ekku ysa fd A(d1) = , ..., A(di) = 

,oa A(di + 1)  , ..., A(ds)  

;fn leLr d | n ds fy;s A(d) =  rks o(G) = 0 ,d fojksèkkHkkl gSA vr%
fdlh [d | n] ds fy;s A(d) A

 o[A(d1)] = ... = o[A(di)] = 0

,oa o[A(di+1)] = (di + 1) ..., o[A(ds)] = (ds)

vc G = 
|d n
 A(d)  o(G) = 

|d n
 o[A(d)]

 n = (di + 1) + ... + (ds)

gesa fofnr gS fd n =
|

( )
d n

d

 (d1) + ... + (di) + (di + 1) + ... + (ds) = (di + 1) + ... + (ds)

 (d1) + ... + (di) = 0, tks fd ,d fojksèkkHkkl gSA

vr% leLr d | n ds fy;s A(d) 

fo'ks"kr;k A(n)    x  A(n)   x  G bl çdkj gS fd

o(x) = n = o(G)  G ,d pØh; lewg gSA

5- nks milewgksa dk ladqy D;k gksrk gS\

6- pØh; lewg D;k gSa\

7- ;wyj&Qyu D;k gS\

1- ;fn leLr a, b  G ds fy;s a * b = b * a rks G dks ,csfy;u lewg vFkok
Øefofues; lewg dgk tkrk gSA

2-
2 3

2 5

 
 
 

3- gk¡] rRled vo;o lewg esa vf}rh; gSA

4- lewg H dk xSj&fjDr mi&leqPp; G, G- dk milewg gS ;fn]

(i) a, b  H  ab  H    (ii) a  H  a–1  H.

5- H o K dks lewg G ds nks milewg] ekusaA ge ifjHkkf"kr djrs gSa fd
HK = {hk | h  H, k  K}- rks HK G dk xSj&fjDr mi&leqPp; gksxk
¼ftls H o K dk lfEefJr dg fn;k tkrk gS½A
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6- Xkzqi G dks pØh; lewg dgk tkrk gS ;fn vo;o a  G bl çdkj gks fd
G ds çR;sd vo;o dks a  dh ?kkr (Power) ds :i esa O;Dr fd;k tk ldsA
bl çdj.k esa a  dks G dk mRiUudrkZ dgk tkrk gSA ge bl rF; dks O;Dr
djus ds fy;s G = < a > ;k G = (a) fy[krs gSaA

7- fdlh iw.kkZad n ds fy;s ge ifjHkkf"kr djrs gSa (1) = 1 o n > 1, ds fy;s
(n) èkukRed iw.kkZadksa dh ,slh la[;k gksxh tks n ls de gks ,oa n ls
vis{kkÑr vHkkT; gksA

 HK = KH dk rkRi;Z ;g ugha gS fd H dk çR;sd vo;o K ds çR;sd vo;o
ls Øe fofues;rk gksrk gSA bldk rkRi;Z ek= ;g gS] fd çR;sd h  H, k

 K, hk = k1h1] dqN k1  K o h1  H ds fy;sA

 G dksbZ lewg o a  G dksbZ vo;o gksA ge dgrs gSa fd a dksfV ¼vFkok
vofèk½ n dk gS ;fn n de èkukRed iw.kkZad bl çdkj gS fd an = eA ;fn
G ds f}vk/kkjh lajpuk dks $ }kjk bafxr fd;k tkrk gS] rks bls na = 0 i<+k
tk;sxk tgk¡ 0] G dh rRled gSA

 pØh; lewg dh dksfV blds mRiUudrkZ dh dksfV ds lerqY; gksrk gSA

 ;fn G dh dksfV n dk ,d ifjfer pØh; lewg gS rks G ds lqfuf'pr
milewgksa dh la[;k n ds lqfuf'pr Hkktdksa dh la[;k gS ,oa fdlh Hkh çnf'kZr
dksfV ds ,d milewg esa ;g lkèkkj.kr;k gksrk gSA

 vHkkT; dksfV dk lewg G pØh; gksxk ,oa G ds çR;sd vo;o ¼vU;
rRledksa NksM+dj½ dks blds mRiUudrkZ ds :i esa izkIr fd;k tk ldrk gSA

 vHkkT; dksfV ds lewg G esa dksbZ xSj&ux.; milewg ugha gks ldrkA

 ifjfer la;ksftr dksfV ds lewg esa de ls de ,d xSj&ux.; milewg gksrk
gSA

 ;fn G ,slk lewg gks ftlesa xSj&ux.; milewg ugha gks rks G vHkkT; dksfV
;qDr ifjfer gksxkA

 flQZ bUgha lewgksa esa xSj&ux.; milewg ugha gksrs tSls fd vHkkT; dksfV ds
pØh; lewg ,oa lewg {e}A

 vifjfer pØh; lewg esa ifj'kq)r% nks mRiUudrkZ gksrs gSaA

 ;fn G, n dksfV dk ,d ifjfer lewg gks ,oa d ds çR;sd Hkktd n,  ds fy;s
dksfV d vf}rh; milewg gks rks G pØh; gSA

  lac)rk xq.kèkeZ esa vki bl ckr ls ijs tksM+ vFkok xq.kk dj ldrs
gSa fd fdruh la[;kvksa dks lewgc) fd;k tk jgk gSA
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 leqPp; dk ,slk vo;o ftls ;fn fof'k"V f}vk/kkjh lajpuk }kjk
vU; vo;o ds lkFk la;qDr fd;k tk;s rks og vo;o vifjofrZr jgrk gSA

  ,slk vo;o ftls fdlh lafØ;k esa çnf'kZr vo;o ds lkFk la;qDr
fd;s tkus ij ml lafØ;k ds fy;s rRled vo;o mitrk gSA

  Qyu ls ifjorZu jkf'k rd Øfer vuqiz;ksx ls çFke
Qyu dk eku nwljs Qyu dk fo"k; cu tkrk gS] ,slk gh vkxs pyrk jgrk
gSA

 milewg ;qDr lewg ds ,d vo;o fo'ks"k :i ls milewg ds
çR;sd vo;o ds xq.ku esa çkIr leLr xq.kuQyksa ls cuk leqPp; gSA

1- lewg ds laòr fo'ks"krkvksa dk o.kZu djsaA

2- lewg ds dqN mnkgj.k nhft,A

3- lewg G esa n'kkZ;sa fd çR;sd a G dk O;qRØe vf}rh; gSA

4- lewg dk dsUnz ifjHkkf"kr djsaA

5- fl) djsa fd HK, G dk milewg gS ;fn HK=KH.

6- pØh; lewg ls D;k vfHkçk; gS\

7- pØh; lewg D;k ,csfy;u gksrk gS\

8- ;wyj&Qyu ls vkidk D;k vk'k; gS\

1- ekuk G ,slk leqPp; {± e, ± a, ± b, ± c} gS tgk¡

e = 
1 0

0 1

 
 
 

, a = 
1 0

0 1

 
  

, b = 
0 1

1 0

 
 
 

, c = 
0 1

1 0

 
 
 

n'kkZ;sa fd G ls xq.ku vkO;wg ds vèkhu lewg dk fuekZ.k gksrk gSA

 2- fl) djsa fd lewg G ,csfy;u gS ;fn (ab)2 = a2b2.

3- n'kkZ;sa fd ,dkHk ,d lewg gS ;fn mlesa fu"dkflr fu;e gksaA

4- ;fn G = {  | r = 0, ±1, ±2, ...} rks n'kkZ;sa fd G ls lkekU; xq.ku ds vèkhu
lewg dk fuekZ.k gksrk gSA

5- n'kkZ;sa fd ftl ifjfer v)Z&lewg esa fu"dkflr fu;e gSa og ,d lewg gSA

6- n'kkZ;sa fd lewg G dk dsUnz G dk ,d milewg gSA

7- fl) djsa fd ;fn G ,d ifjfer lewg gS o H, G dk milewg gS rks o(H)
o(G) dks foHkkftr djrk gSA
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8- mi&leqPp; }kjk milewg dSls mRiUu gksrs gSa\ O;qRifÙk o mnkgj.k çLrqr
djrs gq, O;k[;k djsaA

9- fl) djsa fd pØh; lewg dh dksfV blds mRiUudrkZ dh dksfV ds lerqY;
dSls gksrh gSA

10- mnkgj.klfgr ;wyj&Qyu dh ppkZ djsaA

11- ekuk G dksbZ ifjfer lewg gSA ekuk a  G bl çdkj gS fd o(a) = o(G)A
n'kkZ;sa fd G pØh; gS] a }kjk mRiUuA fl) djsa fd dksfV n dk lewg pØh;
gS ;fn blesa dksfV n dk vo;o gksA

12- n'kkZ;sa fd U8 esa çR;sd vo;o dk viuk O;qRØe gksrk gS ¼tks fd dksfV 2 dk
gS½ ,oa blh dkj.k U8 pØh; ugha gSA
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2-0 ifjp;
2-1 mÌs';
2-2 lgleqPp; fo;kstu
2-3 ySxzkat çes; ,oa blds miçes;
2-4 Q+sesZV çes;
2-5 lkekU; milewg
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2-8 lkjka'k
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2-10 Lo&ewY;kadu ç'u ,oa vH;kl
2-11 lgk;d ikB~; lkexzh

vkèkqfud chtxf.kr esa lewg fl)kar 'kCn dk rkRi;Z ,sls lewgksa ds vè;;u ls gS tks
fd ,slh iz.kkyh gksrh gSa ftuesa vo;oksa ds leqPp; rFkk f}vk/kkjh lajpuk (Binary

Composition) gksrh gS ftls fd leqPp;ksa ds nks vo;oksa ij ykxw fd;k tk ldrk
gSA ;s nksuksa feydj dqN vfHkx̀ghr (Axioms) dh iwfrZ djrs gSaA buesa ;g vko';d
gS fd lewg lafØ;k (Group Operation) esa laòr gks] blesa lkgp;Z fu;e (Associative

Law) dk ikyu fd;k tk;s] rRled (Identity) vo;o gks ,oa çR;sd vo;o esa ,d
O;qRØe (Inverse) gksA ;fn lewg }kjk Øefofues; fu;e (Commutative Law) dh
Hkh iwfrZ gks jgh gks rks bls Øefofues; vFkok ,csfy;u (Abelian) lewg dgk tkrk
gSA

ewyr% lewg fl)kar esa ^lewg* uked chtxf.krh; lajpukvksa dk vè;;u
fd;k tkrk gSA lewgksa ds vè;;u esa lgleqPp; (Coset) ewyHkwr lkèku gksrs gSa]
D;ksafd ;s ySxzkat çes; (Lagrange's Theorem) esa dsUnzh; Hkwfedk fuHkkrs gSa ftlds
vuqlkj fdlh ifjfer lewg (Finite Group) G ds fy;s G ds çR;sd mi&lewg
(Subgroup) H ds vo;oksa dh la[;k G ds vo;oksa dh la[;k dks Hkkfxr djrh gSA
lewg G dk mi&lewg N, G dk lkekU; mi&lewg rHkh gS ;fn g ds leLr vo;oksa
G ds fy;s laxr (Corresponding) ck;sa o nk;sa lgleqPp; lerqY; gksa] vFkkZr~ gN

= NgA blds vfrfjDr N esa G ds lgleqPp; ls HkkxQy lewg (Quotient Group)

vFkok [kaM lewg (Factor Group) uked lewg dk fuekZ.k gksrk gSA

vewrZ chtxf.kr (Abstract Algebra) esa lkekU; mi&lewg ,slk mi&lewg
gksrk gS tks fd lewg ds lnL;ksa }kjk la;qXeu (Conjugation) ds vèkhu vØefofues;
(Invarient) gksrk gS ftldk fd og Hkkx gSA lkekU; mi&lewg egRRoiw.kZ gSa D;ksafd
;s çnf'kZr lewg ds HkkxQy lewg (Quotient Group) ds fuekZ.k esa fof'k"Vrk ls
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ç;ksx fd;s tk ldrs gSaA buds vfrfjDr G ds lkekU; mi&lewg ifj'kq)r% MkseSu
G ;qDr lewg le:irk (Group Homomorphism) ds vkèkkjHkwr gSa ftldk rkRi;Z
;g gqvk fd ;s mu le:irk (Homomorphism) dks vkUrfjd:is.k oxhZÑr djus
esa ç;ksx fd;s tk ldrs gSaA

bl bdkbZ esa vki lewg fl)kar (Group Theory)] lg&leqPp;ksa dk fo;kstu
(Coset Decomposition) ySxzkat çes; (Lagrange's Theorem) o blds miçes;ksa
(Corollaries), Q+sesZV çes; (Fermat's Theorem)] lkekU; mi&lewg o HkkxQy
lewg dk vè;;u djsaxsA

bl bdkbZ dks i<+us ds ckn vki&

 lewg fl)kar (Group Theory) ds egRRoiw.kZ vfHky{k.k dks le> ik,axs(

 lgleqPp; fo;kstu dk o.kZu dj ik,axs(

 ySxzkat çes; ,oa blds miçes; (Corollaries) dk o.kZu dj ik,axs(

 Q+sesZV çes; dh O;k[;k dj ik,axs(

 lkekU; mi&lewg dks le> ik,axs(

 HkkxQy lewg ds fo'ys"k.k dh O;k[;k dj ik,axsA

chtxf.kr esa lgleqPp; chtxf.krh; lewgksa ds vè;;u esa ewyHkwr lkèku ekus tkrs
gSaA ewyHkwr :i ls ySxzkat çes; esa lgleqPp; dh egRRoiw.kZ dsUnzh; Hkwfedk jgrh
gS ftlds vuqlkj fdlh ifjfer lewg (Finite Group) G ds fy;s G ds çR;sd
milewg H ds vo;oksa dh la[;k G ds vo;oksa dh la[;k dks Hkkfxr djrh gSA

lewg fl)kar esa lewg G dk vo;o g o ,oa G dk milewg H gS]

gH = {gh : h, H dk ,d vO;o} ds lUnHkZ esa G esa H dk 
gSA

Hg = {hg : h, H dk ,d vO;o} ds lUnHkZ esa G esa H dk 
gSA

;fn lewg lafØ;k (Group Operation) dks ;ksx'khy (Additively) :i esa
fy[kk tkrk gS] rks g + H ;k H + g esa ifjofrZr djus ds fy;s ladsr (Notation)

ç;ksx fd;k tkrk gSA

vo;o g dk lEcUèk lgleqPp; gH ls gksrk gSA ;fn x dk lEcUèk gH ls
gks rks xH = gHA bl çdkj G dk çR;sd vo;o milewg H ds fcYdqy ,d ck;sa
lgleqPp; (Left Coset) ls lEcfUèkr gSA vo;oksa g o x, H ds leku ck;sa
lgleqPp; ls lEcfUèkr rHkh gksaxs ;fn g–1x dk lEcUèk H ls gksA nk;sa lgleqPp;ksa
(Right Cosets) ds çdj.k esa Hkh ;g lc ykxw gksxk ¼bdkbZ 1 ns[ksa½A
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;fn G ,d ,csfy;u lewg (Abelian Group) gks rks gH = Hg ds çR;sd
milewg H dk G ds fy;s ,oa G ds çR;sd vo;o g ds fy;sA lkèkkj.kr;k lewg
G dk milewg H ,oa vo;o çnf'kZr jgrk gS( g ds lUnHkZ esa H dk nk;k¡ lgleqPp;
rFkk g ds lUnHkZ esa la;qfXer milewg (Conjugate Subgroup) g–1Hg dk ck;k¡
lgleqPp; Hkh fLFkr gS] vFkkZr~ Hg = g (g–1Hg)A G esa H ds ck;sa lgleqPp; dh
la[;k G esa H ds nk;sa lgleqPp; dh la[;k ds lerqY; gksrh gSA lkekU; eku
(Common Value) dks G esa H dk funsZ'kkad (Index) dgk tkrk gSA

lewg G dk milewg N, G dk lkekU; milewg rHkh gS] ;fn G ds leLr
vo;oksa g ds fy;s laxr nk;sa o ck;sa lgleqPp; lerqY; gksa] vFkkZr~ gN = NgA
blds vfrfjDr G esa N ds lgleqPp; ls ftl lewg dk fuekZ.k gksrk gS mls
HkkxQy lewg (Quotient Group) vFkok [kaM lewg (Factor Group) dgrs gSaA

(Coset Decomposition)  lewg G dk milewg H
gSA ifjHkk"kkuq:i G esa H dk nk;k¡ lgleqPp; fjDr gS ,oa G esa H ds nks nk;sa
lgleqPp; ;k rks vlacafèkr (Disjoint) gksrs gSa vFkok ,d leku (Identical) gksrs gSaA
G esa H ds leLr nk;sa lgleqPp;ksa dk la?k G ds lerqY; gksrk gSA blh dkj.k
G esa H ds leLr nk;sa lgleqPp;ksa ds leqPp; ls G dk foHkktu (Partition) gksrk
gSA bl foHkktu dks G dk nk;k¡ lgleqPp; fo;kstu dgk tkrk gSA bl foHkktu
ls iF̀kd~&ìFkd~ lnL;ksa dks çkIr djus dh fofèk fuEukuqlkj gSA

;gk¡ H vius vki esa nk;k¡ lgleqPp; gSA vc eku yas fd ;fn a  G o a
 H rks Ha vU; lqfuf'pr nk;k¡ lgleqPp; gksxkA iqu% b dks ,slk vU; vo;o
ekusa fd ;fn b  G o b  H ,oa b  Ha Hkh rks Hb vU; lqfuf'pr (Distinct) nk;k¡
lgleqPp; gksxkA blh çdkj G esa H ds lHkh lqfuf'pr nk;sa lgleqPp; çkIr
gksaxsA

ifj.kkeLo:i G = H  Ha  Hb  Hc …… tgk¡ a, b, c, G ds vo;o gSa]
blhfy;s p;fur leLr nk;sa lgleqPp; lqfuf'pr gSaA blh çdkj G ds ck;sa
lgleqPp; fo;kstu (Coset Decomposition) dks çkIr fd;k tk ldrk gSA

(Double Cosets)

çnf'kZr nks mi&lewgksa ds fy;s H o K lewg G ds gS] rks G esa H o K ds 
 (Double Coset) ds leqPp; dk :i ,d HgK = {hgk : h, H dk

vo;o gS rFkk k, ,d vo;o K}| dk gS  ;s K ds ck;sa lgleqPp; gSa o H ds nk;sa
lgleqPp; gSa] ;fn Øe'k% H = 1 o K = 1A

ekuk fd H, K  G. ekuk fd a, b  GA G ij lEcUèk (Relation) ‘~’ dks
fuEu:i ls ifjHkkf"kr dj ldrs gSa]

a ~ b  h  H, k  K bl çdkj fd a = hbk

;g ljyrk ls ns[kk tk ldrk gS fd ‘~’ G ij lerqY;rk lEcUèk
(Equivalence Relation) gSA vr% ;g G dks lerqY;rk oxksZa (Equivalence Classes)

ds vlacaf/kr la?k (Disjoint Union) esa Hkkfxr djrk gSA a  G dk lerqY;rk oxZ
bl çdkj çnf'kZr fd;k tk ldrk gS]

cl(a) = {x  G | a ~ x}
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               = {hak | h  H, k  K}

= HaK dks G esa H o K dk ;qfXer lgleqPp; ;k f}lgleqPp; dgk
tkrk gSA

G = 
a
 cl(a) = 

a
 Hak

f : HaK  HaKa–1 dks bl çdkj ifjHkkf"kr djsa fd]

f (hak) = haka–1 lHkh h  H ds fy,, k  K

Li"Vr% f bl çdkj Li"Vr;k ifjHkkf"kr gS]

 haka–1 = haka–1

f, 1–1 gS] tSls f (hak) = f (hak)

 haka–1 = haka–1

 hak = hak

ekuk haka–1  HaKa–1  hak  Hak vkSj,

f (hak) = haka–1

 f, 1 vkSj –1 nksuksa vkPNknd (Onto) gSaA

bl izdkj, o(Hak) = o(HaKa–1), (;fn H vkSj K ifjfer gSa)

=
1

1

( ) ( )

( )

o H o aKa

o H aKa




 = 

1

( ) ( )

( )

o H o K

o H aKa

;fn G ,d ifjfer lewg gS rks

o(G) = ( )
a

o HaK  = 
1

( ) ( )

( )a

o H o K

o H aKa


vc ge lbyks dk f}rh; izes; fl) dj ldrs gSaA

(Sylow's Second Theorem)  ifjfer lewg
G ds nks lbyks p-milewg G esa la;qfXer gksrs gSaA

 ekuk P rFkk Q, G ds lkbyks p-milewg gSaA ekuk o(P) = pn = o(Q) tgk¡
pn+1 = o(G)A eku ysa fd P o QG esa la;qfXer ugha gSaA

vFkkZr~ P  gQg–1 fdlh g  G

mijksDr ppkZuqlkj

o(PxQ) = 
1

( ) ( )

( )

o P o Q

o P xQx

pw¡fd] P  xQx–1  P

o(P  xQx–1) = pm, m  n

;fn m = n rks P  xQx–1 = P

 P  xQx–1
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 P = xQx–1 as o(xQx–1) = o(Q) = o(P)

tks fd ,d fojksèkkHkkl gSA

 m < n vkSj bl izdkj o(PxQ) = p2n–m,  m < n lHkh x  G ds fy,

 o(PxQ) = pn+1 (pn–m+1) = pn+1 ds xq.kkad gSaA

bl izdkj] o(G) = ( )
x

o PxQ  = pn+1 ds xq.kkad gSaA

pn+1 | R.H.S.  pn+1 | o(G), ;g ,d fojksèkkHkkl gSA

 P = gQg–1 dqN g  G ds fy,A

lkbyks ds rhljs çes; dks fl) djus ls iwoZ ge fuEukafdr ySek fl) djsaxsA

 ekuk P, G dk lkbyks p-milewg gS] rks G ds lkbyks p-milewg dh la[;k

( )

( ( ))

o G

o N P
 ds lerqY; gksxhA

 vkidks fofnr gS fd]

o(cl(P)) =
( )

( ( ))

o G

o N P

pw¡fd] cl(P) = {Q | Q  G, Q = gPg–1, g  G}

 = G ds lHkh lkbyksa p-milewgksa ds leqPp;

G ds lkbyks p-milewgksa dh la[;k ( )

( ( ))

o G

o N P
 gSA

(Sylow's Third Theorem)  G ds lkbyks
p-milewgksa dh la[;k dk :i 1 + kp gS] tgk¡ (1 + kp) | o(G), k x+Sj&_.kkRed
iw.kkZad gSaA

ekuk P dk lkbyks p-milewg gSA

ekuk o(P) = pn

vc G =   
x
 PxP

= 
( ) ( )x N P x N P

PxP PxP
 
 

x  N(P)  Px = xP  PPx = PxP

 Px = PxP


( )x N P

PxP

  = 

( )x N P
Px


  = N(P)

tSls P  N(P) vkSj vlac) nk,¡ lgleqPp; (Disjoint Right Coset) ds la?k
(Union) leqPp; ds cjkcj gSA

x  N(P)  Px  xP  xPx–1  P
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 o(P  xPx–1) = pm, m < n

(tSlk fd lkbyks dh f}rh; izes; esa gS)

 o(PxP) = P2n–m, m < n

 o(G) = 
( )

( ( )) ( )
x N P

o N P o PxP


 

            = 2

( )

( ( )) n m

x N P

o N P p 



 

 ( )

( ( ))

o G

o N P
 = 

2

1
( ( ))

n mp

o N P


 =

1

1
( ( ))

np t

o N P


 , t = iw.kk±d

pw¡fd L.H.S. = iw.kk±d, pn+1 
( ( ))

t

o N P
 = r = iw.kk±d

 pn+1t = r.o(N(P))
iqu% P  N(P)

o(P) | o(N(P))

 pn | o(N(P))

 o(N(P)) = pnu

Pn+1t = r o(N(P))
 pt = r .u
 p | ru

;fn p | u rks pn+1 | o(N(P)) | o(G)  pn+1 | o(G), ,d fojksèkkHkkl gSA

 p | r  r

p
 = iw.kk±d  t

u
 = iw.kk±d k = 

r

p
.

 ( )

( ( ))

o G

o N P
 = 

1

1
( ( ))

np t

o N P


  = 1

t
p

u
  = 1 + kp

mijksDr ySek ls ( )

( ( ))

o G

o N P
 = G ds lkbyks p-milewgksa dh la[;kA

vr% lkbyks p-milewgks a dh la[;k dk :i 1 + kp = 
( )

( ( ))

o G

o N P


(1 + kp) | o(G) gSA
blls çes; fl) gqvkA

 ;fn o(G) = pnq, (p, q) = 1 rks lkbyks p-milewgksa dh la[;k gksxh]

1 + kp, tgka (1 + kp) | pnq

 (1 + kp) | q as (1 + kp, pn) = 1

 ;fn P, G dk ,dek= lkbyks p-milewg gS] rks G esa P lkekU; gS] ,oa
blds foijhrA

lkbyks ds rr̀h; çes; ds vuqlkjA
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( )

( ( ))

o G

o N P
 = 1  o(G) = o(N(P))

Pkw¡fd N(P)  G

N(P) = G

 G esa P lkekU; gSA

blds foijhr ;fn G esa lkbyks p-milewg P lkekU; gks rks]

N(P) = G  o(N(P)) = o(G)

 ( )

( ( ))

o G

o N P
 = 1

G ds lkbyks p-milewgksa dh la[;k 1 gSA

G P dk ,dek= lkbyks p-milewg gSA

 ekuk P, G dk lkbyks p-milewg gSA ekuk fd x  N(P) bl çdkj gS fd
o(x) = p i rks x  P

 ekuk o(P) = pn, pn + 1 = o(G)

vc (Px)pi = 
ipPx  = Pe = P

[N(P) vkSj x  N(P) esa P lkekU; gS]

 o(Px) | pi

 o(Px) = p j, j  o

ekuk j > 0. K  = < Px >  
( )N P

P
 bl izdkj, ( )o K  = p j

pwafd ( )
( )

N P
K

P
 , K  = K

P
 tgka K  N(P)

p j = ( )o K  = 
( )

( )

o K

o P
 = ( )

n

o K

p

 o(K) = pn+j,  j > 0

ysfdu o(K) | o(N(P)) | o(G)

 pn+j | o(G),  j > 0, tks ,d fojksèkkHkkl gSA

 j = 0 o(Px) = p j = 1

 Px = P  x  P

lewg fl)kar esa ySxzkat çes; (Lagrange's Theorem) ds vuqlkj fdlh ifjfer lewg
G ds fy;s G ds çR;sd mi&lewg H dksfV ¼vo;oksa dh la[;k½ G dh dksfV dks
Hkkfxr djrk gSA çes; dk ;g ukedj.k tkslsQ+ yqbZl ySxzkat (Joseph Louis

Lagrange) ds uke ij fd;k x;kA
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çes; dk ifj.kke ifjfer lewg ds fdlh vo;o dh dksfV gksrh gS] vFkkZr~
lcls NksVh èkukRed (Smallest Positive Integer) iw.kkZad la[;k ak = e ds lkFk k
tgk¡ e lewg ds rRled vo;o (Identity Elements) gSA ;g ml lewg dh dksfV
dks Hkkfxr djrk gS] blfy;s a dk dksfV a }kjk mRiUu pØh; milewg (Cyclic

Subgroup) dksfV ds lerqY; gSA ;fn lewg esa n vo;o gksa rks bldk vuqdj.k gks
tkrk gS]

an = e

bl ladsru dk ç;ksx Q+sesZV ds fyVy izes; (Fermat's Little Theorem) o
blds lkekU;hdj.k (Generalization) dks fl) djus esa fd;k tk ldrk gSA çes;
esa ;g Hkh n'kkZ;k x;k fd vHkkT; dksfV dk dksbZ Hkh lewg pØh; o ljy gSA ySxzkat
çes; dk ç;ksx djrs gq, ;g Hkh n'kkZ;k tk ldrk gS fd vifjfer :i ls dbZ
vHkkT; gksrs gSaA

ySxzkat çes; ls ,d foijhr ç'u mRiUu gksrk gS fd lewg dh dksfV çR;sd
Hkktd (Divisor) ds fdlh milewg dh dksfV gS vFkok ughaA ,slk lkèkkj.kr;k ugha
gksrkA çnf'kZr gS fd ifjfer lewg G o d dk Hkktd |G| gS] dksfV d ;qDr G dk
milewg ik;k tkuk vko';d ughaA lcls NksVk mnkgj.k A

4
 ¼fMxzh 4 dk ,dkUrj.k

lewg (Alternating Group) gS ftlesa 12 vo;o gSa fdUrq dksfV 6 dk milewg ugha
gSA

ySxzkat çes; dk foykse (Converse of Langrang's Theorem, CLT½ lewg bl
xq.kèkeZ ls ;qDr ,d ifjfer lewg gS fd lewg ds dksfV ds çR;sd Hkktd (Divisor)

ds fy;s ml dksfV dk milewg gSA ,slk tkuk tkrk gS] fd CLT lewg gy&;ksX;
(Solvable) gksuk pkfg, ,oa çR;sd mÙke gy&;ksX; lewg ,d CLT lewg gksrk gSA
oSls ,sls gy&;ksX; lewg gksrs gSa tks CLT ugha gksrs ¼mnkgj.kkFkZ] A

4
½ ,oa ,sls CLT

lewg gksrs gSa tks mÙke gy&;ksX; ugha gksrs ¼mnkgj.kkFkZ] S
4
, tks fd fMxzh 4 dk

lefer lewg gS½A

(Corollaries)

 ekuk H G dk milewg gSA ekuk r,s–GA vc Hr=Hs ;fn ,oa ek= ;fn
rs–1HA vU;Fkk Hr, Hs esa dksbZ vo;o lkekU; ugha gksxkA blh çdkj rH=sH,

;fn s–1rH] vU;Fkk rH, sH esa lkekU; esa dksbZ vo;o ugha gksrkA

 ;fn rs–1=hH rks H=Hh=(Hr)s–1A s ls nksuksa vksj nk;sa Hkkx esa xq.ku
djrs gq, Hr=Hs feyrk gSA blds foijhr ;fn Hr=Hs rks pw¡fd rHr ¼D;ksafd
1H½ gekjs ikl dqN r=hs ds fy;s hHA s–1 }kjk nk;ha vksj xq.ku djrs gq,
çnf'kZr gksrk gS fd rs–1HA

vc eku ysa fd Hr, Hs esa lkekU; (Common) dksbZ vo;o gS] vFkkZr~ dqN h
1
,

h
2
H ds fy;s h

1
r=h

2
sA bldk vFkZ ;g gqvk fd rs–1=h

1
–1h

2
H] bl çdkj

mijksDrkuqlkj Hr= HsA

 ;fn H, G dk mi&lewg gS rks fdlh èkukRed
iw.kkZad n ds fy;s |G|=n|H|A bls G esa H dk funsZf'kdk dgk tkrk gSA blds
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vfrfjDr g1,...,gn bl çdkj gS] fd G=Hr
1
...Hr

n
 o blh çdkj H ls lEcUèk

ck;ha vksj lgleqPp; lfgrA

 dksbZ r
1
G ysaA /;ku ns fd |Hr

1
|=|H|A ;fn Hr

1
G rks dksbZ r

2
GHr

1

ysaA ySek vuq:i Hr
1
,Hr

2
 vlacaf/kr gSa] vr% gekjs ikl |Hr

1
Hr

2
|=2|H|A bl fn'kk

esa vkxs c<+rs gq, fdlh èkukRed iw.kkZad n ds fy;s n pj.kksa ds mijkUr gekjs ikl
G ds lHkh vo;oksa dk fglkc gksxkA gekjs ikl |G|=n|H| o G=Hr

1
...Hr

n

gksaxsA

 G ,d lewg gks ,oa gG rks g dk dksfV |G| dks foHkkftr djrk gSA

 G vHkkT; dksfV dk ,d lewg gks rks G dk milewg ugha gS ,oa blh
dkj.k ;g pØh; gSA

la[;k fl)kar esa Q+sesZV çes; (Fermat's Theorem) dks ^ *
(Fermat's Little Theorem) ,oa ̂Q+sesZV dk çkbesfyVh ijh{k.k* (Fermat's Primality

Test) Hkh dgk tkrk gS( bls fi;js fM Q+sesZV (Pierre de Fermat) uked ,d Ý+kUlhlh
xf.krK }kjk 1640 esa yk;k x;kA bl çes; ds vuqlkj fdlh vHkkT; la[;k p o
fdlh iw.kkZad a dh fLFkfr esa  p }kjk  a dks Hkkfxr ugha fd;k tkrk ¼;qXe@(Pair)

vis{kkÑr vHkkT; gS½]  p ap – a esa lVhdrk ls foHkDr gksrk gSA Hkys gh la[;k n

fdlh a ds fy;s an – a esa lVhdrk ls foHkkftr ugha gksrh rks a dks la;ksftr la[;k
gksuk pkfg, fQj Hkh bldk foykse okLrfod gksxk ,slk vko';d ughaA mnkgj.kkFkZ
a = 2 o n = 341 gks rks a o n vis{kkÑr ;k vHkkT; gSa] ,oa 341 lVhdrk ls 2341

– 2 esa foHkDr gksrk gSA

oSls 341 = 11 × 31, vr% ;g ,d la;ksftr la[;k gS] vFkkZr~ la;ksftr la[;k
dk ,d fo'ks"k çdkj ftls Nn~e vHkkT; (Pseudoprime) dgk tkrk gSA bl çdkj
Q+sesZV çes; esa og ijh{k.k (Test) lkeus vkrk gS] tks vko';d rks gS ijUrq izeq[krk
ds fy;s i;kZIr ughaA

dbZ Q+sesZV çes;ksa dh Hkk¡fr Q+sesZV xf.krK }kjk çLrqr dksbZ çek.k ugha ik;k
x;kA bl çes; dk çFke Kkr çdkf'kr çek.k 1736 esa fy;ksUgkMZ ;wyj (Leonhard

Euler) uked ,d fLol xf.krK }kjk yk;k x;k FkkA Q+sesZV çes; dk fo'ks"k çdj.k
ftls ^pkbZuht+ ladYiuk (Chinese Hypothesis)* dgk tkrk gS] yxHkx 2]000 o"kZ
iqjkuk gksuk lEHko gSA

 fdlh iw.kkZad a o vHkkT; p ds fy;s]

a p  a (mod p).

 ;fn (a, p) = 1 rks ;wyj çes; (By Euler Theorem) }kjk

a(p)  1 (mod p)

 a p–1  1 (mod p)

tSls (p) = p – 1
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 a p  a (mod p)

;fn (a, p) = p, rks p | a  p | ap

 p | ap – a

 ap  a (mod p).

 (a, p) = 1 ;k p tSls 1 vkSj p lHkh p ds Hkktd gSaA)

 fl) djsa fd 3] 5 o 7 rhu gh fujarj (Consecutive) fo"ke iw.kkZad
(Odd Integer) gSa] tks fd vHkkT; gSaA

 eku ysa fd p o p + 2 fujarj vHkkT; p > 3 gSaA ge n'kkZrs gSa fd 12 muds
;ksxQy (Sum) dks Hkkfxr djrk gSA

p > 3 (p, 3) egÙke lkekU; Hkktd = 1

p2  1 (mod 3) QesZV izes; ds }kjkA

3|p2  1

3|(p  1)(p + 1)

;fn 3 | p  1 rks p  1 = 3k p = 3k + 1 p + 2 = 3k + 3 = 3 dk xq.kt
(Multiple)A

fdUrq p + 2 ,d vHkkT; > 3 gSA

vr% gesa fojksèkkHkkl feyrk gSA

blhfy;s 3|p + 1 p + 1 = 3 dk xq.ktA

pw¡fd p fo"ke gS] p + 1 Hkh 2 dk xq.kt gSA

vr% p + 1, 6 dk xq.kt gSA

blhfy;s p + (p + 2) = 2p + 2 = 2(p + 1) = 12 dk xq.kt

12 | p + (p + 2)

eku ysrs gSa fd p, p + 2, p + 4 rhu fujarj fo"ke iw.kkZad gSa tks fd vHkkT;
p > 3 gSaA

mijksDrkuqlkj 12 | 2p + 2, 12 | (p + 2) + (p + 4) = 2p + 6,

vr% 12 | 2p + 6  (2p + 2) = 4, ,d fojksèkkHkkl gSA

blh dkj.k 3] 5 o 7 gh rhu fujarj fo"ke vHkkT; gSaA

 n'kkZ;sa fd ;fn G dh dksfV 10 dk lewg gS rks blesa dksfV 5 dk
milewg gksuk pkfg,A

 ySxzkat çes; vuq:i ,slk milewg vfLrRo esa gks ldrk gSA

ge loZçFke nkok djrs gSa] fd G ds leLr vo;o dksfV 2 ds ugha gks ldrsA
eku ysrs gSa fd ;fn ,slk gks rks ge fuEukuqlkj vkxs c<+rs gSa&

ekuk a, b  G ;fn dksfV 2 ds nks fHkUu&fHkUu vo;o gksa

ekuk H = < a >, K = < b >, pØh; mi&lewg gksa a o b }kjk mRiUu] rks
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o(H) = 2, o(K) = 2

pw¡fd G ds lHkh vo;o dh dksfV 2 ds gSa blfy;s ;g ,d ,csfy;u gksxk ghA

vr% HK = KH  HK, G dk milewg gSA

,oa pw¡fd o(HK) = 
( ) . ( )

( )

o H o K

o H K
 =  2 2

1

  = 4

 H  K = {e} D;ksafd a  b

ySxzkat çes; ds vuqlkj o(HK), o(G) dks Hkkfxr djsxkA

blhfy;s] 4 | 10 tks fd okLrfod ugha gS] blh dkj.k gekjh èkkj.kk feF;k gS]
,oa bl çdkj G ds leLr vo;o dksfV 2 ds ugha gks ldrsA

iqu% pw¡fd G ifjfer gS] vr% leLr a  G gsrq o(a) | o(G)A

  de ls de ,d vo;o a  G bl çdkj gS fd o(a) = 5 ;k 10

;fn o(a) = 5 rks H = < a > dksfV 5 dk ,d milewg gSA

;fn o(a) = 10 rks H = < a2 > dksfV 5 dk ,d milewg gSA

fdlh Hkh çdj.k esa gekjk ifj.kke fl) gksrk gSA

ekuk fd G dksbZ lewg bl çdkj gks fd blds leLr milewgksa ¼tks
{e} ls fHkUu gSa½ dk loZfu"B {e} ls fHkUu ,d milewg gSA fl) djsa fd G ds
çR;sd vo;o esa ifjfer dksfV ds gSA

 ekuk a  G dksbZ vo;o gks rks]

;fn a = e, o(a) = 1

a  e gks ,oa eku ysrs gSa fd o(a) ifjfer ugha gSA

pØh; milewgksa < a >, < a2 >, < a3 >, ... dk fopkj djsaA

pw¡fd < ai >  {e} ds tSls çR;sd o(a) ifjfer ugha gSA

fn;s x, fu;ekuqlkj < a >  < a2 >  < a3 >  ...  {e}

pw¡fd pØh; mi&lewgksa dk loZfu"B pØh; milewg gS rks fdlh iw.kkZad m ds

fy;s 
i
  < ai > = < am > gksxkA

iqu'p leLr i ds fy;s < am >  < ai >

fo'ks"kr;k < am >  < a2m >

fdUrq <a2m >  < am >

¼m ds xq.kt 2m ds xq.kt gSa½

< am > = < a2m >

bl çdkj am  < am >  am  < a2m >

 am = (a2m)k

 am(2k – 1) = e
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o(a) ifjfer gSA tks ,d fojksèkkHkkl gSA

blh dkj.k ifj.kke fl) gqvkA

 ;fn G dksfV n dk ,d ifjfer lewg gS ,oa dksfV d ds n  vf}rh;
milewg ds çR;sd Hkktd (Divisor) d ds fy;s( rks G pØh; gSA

 ekuk d | n gks rks ifjHkkf"kr djsa fd A(d) = {x  G | o(x) = d}

eku ysrs gSa fd A(d)  rks  x  G bl çdkj gS] fd o(x) = d

ekuk H = < x > gks rks o(x) = o(H) = dA blls H esa dksfV d ds H ;k (d)

vo;o vFkok (d) ds mRiUudrkZ (Generator) lkeus vkrs gSaA ;fn  y  G, y 
H bl çdkj gks fd o(y) = d rks K = < y > dksfV d dk ,d milewg gSA ;g çnf'kZr
gS fd G esa dksfV d dk vf}rh; milewg gSA

vr% K = H  y  H, ,d fojksèkkHkkl gSA bl çdkj dh dksfV d ds G esa
vo;oksa dh la[;k (d) gSA

vr% o(A(d)) = (d) ;fn A(d)  

,oa o(A(d)) = 0 ;fn lHkh d | n ds fy, A(d) = 

Li"Vr% G = 
|d n
  A(d)

ekuk fd d1, ..., ds lHkh n ds Hkktd (Divisor) gSaA

eku ysa fd A(d1) = , ..., A(di) = 

,oa A(di + 1)  , ..., A(ds)  

 leLr d | n ds fy;s A(d) =  rks o(G) = 0 ,d fojksèkkHkkl gSA vr% fdlh
d | n gsrq A(d) A

vr% o(A(d1)) = ... = o(A(di)) = 0

vkSj o(A(di+1)) = (di + 1) ..., o(A(ds)) = (ds)

vc G = 
|d n
 A(d)  o(G) = 

|d n
 o(A(d))

 n = (di + 1) + ... + (ds)

n =
|

( )
d n

d

 (d1) + ... + (di) + (di + 1) + ... + (ds) = (di + 1) + ... + (ds)

 (d1) + ... + (di) = 0, ,d fojksèkkHkkl (Contradiction) gSA

vr% leLr d | n gsrq A(d)  gSA

fo'ks"kr;k A(n)    x  A(n)   x  G, o(x) = n = o(G)  G

,d pØh; lewg gSA
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1- lgleqPp; fo;kstu ls vkidk D;k vfHkçk; gS\

2- ySxzkat çes; dk fooj.k crk;saA

3- ySxzkat çes; ds mifuxeu@miçes; D;k&D;k gSa\

4- Q+sesZV çes; esa D;k ifjHkkf"kr gksrk gS\

 lewg G ds milewg H dks G dk lkekU; milewg (Normal Subgroup)

dgk tkrk gS ;fn leLr a  G ds fy;s Ha = aHA

lkekU; milewg dks vifjorZuh; (Invariant) vFkok Lor% la;ksftr (Self

Conjugate) milewg Hkh dgk tkrk gSA

Li"V gS] fd G o {e}, G ds lkekU; milewg gSa] ,oa ux.; lkekU; milewg
dgs tkrs gSaA lewg G  {e} dks (Simple Group) rHkh dgk tkrk gS
;fn G ds lkekU; milewg {e} o G gh gSaA vHkkT; dksfV ds lHkh lewg ljy gksrs
gSaA

ljyrk ls ;g ns[kk tk ldrk gS fd ;fn H, G dk lkekU; milewg gks ,oa
K, G dk milewg bl çdkj gks fd H  K  G rks K esa H lkekU; gSA iqu% ;fn
G ,csfy;u gks rks blds lHkh milewg lkekU; gksaxsA ge ;g le>kus ds fy;s
ladsru dk ç;ksx djrs gSa fd H  G, G esa H lkekU; gSA

H = {1
b
–1} ,d lkekU; milewg gS] G prq"d (Quaternion) lewg dkA

 H = {1, –1} ,d lkekU; milewg gS] G prq"d (Quaternion)

lewgA oLrqr% fdlh a  G ds fy;s Ha = {a, –a} = aHA

fuEukafdr nks çes;ksa ls gesa lerqY;rk inksa ls Kkr gksrk gS] ftuesa fd lewg
dk dksbZ lewg lkekU; gS vFkok ugha ;g ns[kk tkrk gSA vr% buesa ls Hkh fdlh Hkh
,d dks lkekU; milewg dh ifjHkk"kk ds :i esa ns[kk tk ldrk gSA

 lewg G dk milewg H, G esa lkekU; gS] ;fn leLr g  G gsrq
g–1Hg = HA

 ekuk H, G esa lkekU; ekusa rks leLr g  G gsrq]

g–1Hg = g–1 (gH) = (g–1g) H = H

blds foijhr leLr g  G ekuus ij

g–1Hg = H lHkh g  G ds fy,

rks] g(g–1Hg) = gH

 (gg–1)Hg = gH
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 Hg = gH.

blh dkj.k H lkekU; gSA

 lewg G dk milewg H, G esa lkekU; gS] ;fn leLr h  H, g  G gsrq
g–1hg  HA

  H, G esa lkekU; gS rks lHkh a  G ds fy, Ha = aH

ekuk h  H, g  G dqN vo;o gksa rks]

hg  Hg = gH

hg = gh1 dqN h1  H ds fy,

 g–1hg = h1  H

ftlls ifj.kke fl) gqvkA

blds foijhr ekuk a  G dksbZ vo;o gks rks]

a – 1ha  H lHkh h  H ds fy,

a(a–1ha)  aH lHkh h  H ds fy,

ha  aH lHkh h  H ds fy,

Ha  aH

b = a–1 ysus ij] tgk¡ b  G

b–1 hb  H h  H

   aha–1  H  lHkh h  H ds fy,

(aha–1)a  Ha lHkh h  H ds fy,

  ah  Ha  lHkh h  H ds fy,

   aH  Ha.

blh dkj.k Ha = aH] n'kkZ jgk gS fd H lkekU; gSA

(Remark)  Li"V gS fd rdZ esa dksbZ vUrj ugha iM+rk ;fn mijksDr inksa
dks leLr h  H, g  G gsrq ghg–1  H ds :i esa i<+k tk;sA

vkxkeh çes; esa Hkh fdlh milewg ds lkekU; gksus ds fy;s lerqY;rk in
çLrqr gS] ijUrq bl çes; dk egRo vR;fèkd gS] D;ksafd ;g gesa 
(Quotient Group) ds fuekZ.k esa lgk;rk djrk gSA çes; dk ewy fooj.k f}vk/kkjh
lajpuk (Binary Comparition) dh mifLFkfr n'kkZrk gSA

 lewg G dk milewg H, G dk lkekU; milewg gS] ;fn G esa H ds nks
nk;sa lgleqPp; dk xq.ku iqu% G esa H dk nk;k¡ lgleqPp; gks rksA

 H dks G dk lkekU; milewg eku ysrs gSaA ekuk Ha vkSj Hb o G esa H

ds nks nk;sa lgleqPp; gksa rks]

(Ha)(Hb) = H(aH)b

= H(Ha)b
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= HHab

= Hab ab  G

blds foijhr gesa Li"V gS] fd G esa H ds fdUgha nks nk;sa lgleqPp; dk xq.ku
iqu% ,d nk;k¡ lgleqPp; gSA

H dks lkekU; n'kkZus ds fy;s g  G dk dksbZ vo;o eku ysrs gSaA

vc G esa H ds nks nk;sa lgleqPp; Hg o Hg–1 gSaA bl çdkj HgHg–1 Hkh
G esa H dk nk;k¡ lgleqPp; gSA

ge nkok djrs gSa fd HgHg–1 = He

vc egeg–1  HgHg–1

 e  HgHg–1

e  H Hkh

bl çdkj H o HgHg–1 ,d vo;o lkekU; okys nks nk;sa lgleqPp; gSaA
lerqY;rk oxksZa ds xq.kèkeksZa dk iquLeZj.k djus ij gesa fofnr gS fd nks nk;sa
lgleqPp; ;k rks lerqY; gksrs gSa] vFkok lkekU; esa buesa dksbZ vo;o ugha gksrkA
bl çdkj ¼pw¡fd e lkekU; vo;o gS½

H = HgHg–1

vc hgh1g
–1 HgHg–1 lHkh h, h1  H, g  G ds fy,

 hgh1g
–1  H lHkh h, h1  H, g  G ds fy,

 h–1(hgh1g
–1)  h–1H

 gh1g
–1  H lHkh h1  H, g  G ds fy,

H, G esa lkekU; gSA

blh dkj.k ;g ifj.kke gqvkA

lewg G dk milewg H dks ekusa rks g–1Hg = {g–1hg | h  H} dks ifjHkkf"kr
djsaA

vc tSlk fd iwoZ esa ns[k pqds gSa fd g–1Hg ;s G ds milewg dk fuekZ.k
gksrk gSA

iqu'p ;fn ge f (h) = g–1hg }kjk ekufp=.k f : H  g–1Hg dks ifjHkkf"kr
dj jgs gksa rks f, 1–1 vkPNknd (Onto) izfrfp=.k gSA

G ifjfer gksus dh fLFkfr esa bldk rkRi;Z gksxk fd nksuksa H o g–1Hg ¼fdlh
g  G gsrq½ esa leku la[;k esa vo;o gksaxsA

bl ifj.kke dk ç;ksx djrs gq, bl çdkj geus fl) fd;k fd ;fn G

ifjfer lewg H dk milewg bl çdkj gks fd G dk dksbZ ,slk vU; milewg ugha
gS ftlesa H ds ikl ftruh la[;k esa vo;o gksa rks H, G esa lkekU; gSA vUrr% H
o g–1Hg ¼fdlh g  G ds fy;s½ esa leku la[;k esa vo;o gksus dk rkRi;Z ¼çnf'kZr
fu;e ds vuqlkj½ ;g gksrk gS] fd ;s lerqY; gSa] ,oa H = g–1Hg dk rkRi;Z ;g fd
H lkekU; gSA
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 fl) djsa fd lewg G dk xSj fjDr mileqPp; H leLr x, y  H,

g  G, (gx)(gy)–1  H ds fy;s lkekU; milewg G gSA

ekuk fd  H, G dk lkekU; milewg gks ,oa ekuk fd x, y  H, g  G dksbZ
Hkh vo;o gSa

rks] (gx)(gy)–1 = (gx)(y–1g–1) = g(xy–1)g–1  H

pw¡fd xy–1  H, g  G, vr% G esa H lkekU; gSA

blds foijhr ge n'kkZrs gSa] fd H, G dk lkekU; milewg gSA

ekuk x, y  H dksbZ Hkh vo;o gSaA

rks xy–1 = exy–1 e = (ex) (ey)–1  H  tSls e  G

vFkkZr~ H, G dk ,d milewg gSA

iqu'p h  H, g  G dksbZ Hkh vo;o gksa rks

pw¡fd (gh)(ge)–1  H

ge ikrs gSa fd (gh)(eg–1)  H

 ghg–1  H

 H lkekU; gSA

 n'kkZ;sa fd lewg G esa N(a) dk lkekU;hdj.k gks ldrk gS] fd G

dk lkekU; milewg u gksA

 ekuk G = S3 o a = (23) rks

N(a) = N((23)) = {  S3 |  (23) = (23)} = {I, (23)}

pw¡fd  N(a)(12) = {(12), (132)}

,oa   (12)N(a) = {(12), (123)}

gesa izkIr gksrk gS N(a)(12)  (12)N(a) vFkok ;g fd N(a) lkekU; ugha gSA

 ;fn N dksfV 2 dk lkekU; milewg ¼lewg G ds½ gks rks n'kkZ;sa fd
N  Z(G), G dk dsUnz gSA

 ekuk N = {a, e} gSa

pw¡fd e  Z(G) ¼e dsUnz milewg gksus ij e dks vUrfoZ"V djrk gS½ ge ;g n'kkZuk
pkgrs gSa fd a  Z(G) gSA

vFkkZr~ lHkh g  G ds fy, ag = ga

vFkok lHkh g  G ds fy, g–1ag = a

ekuk g  G dksbZ vo;o gks rks a  N o N lkekU; gS

vr% g–1ag  N = {a, e}

 g–1ag = a ;k g–1ag = e

pw¡fd g–1ag = e  ag = ge  ag = eg  a = e, tks fd okLrfod ugha gSA

ge ikrs gSa g–1 ag = a  a  Z(G)
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vFkok N  Z(G)

 n'kkZ;sa fd G dk milewg N lkekU; gS] ;fn xy  N  yx  N

 N dks G esa lkekU; ,oa xy  N ekuus ijA

pw¡fd yx = y(xy)y–1 ,oa xy  N, y  G, esa N lkekU; gS] rks gesa izkIr gksrk
gS

y(xy)y–1  N  yx  N

blds foijhr ekuk n  N, g  G dksbZ Hkh vo;o gksa rks n  N  (ng) g–1 
N

 g–1(ng)  N ¼fn;s x, fu;ekuqlkj½

 G esa N lkekU; gSA

 fl) djsa fd G dk milewg H lkekU; gS ;fn]
Ha  Hb  aH  bH

 G esa H esa lkekU; gks ,oa Ha  Hb eku ysus lsA

rks aH  bH

pw¡fd Ha = aH, Hb = bH D;ksafd G esa H lkekU; gSA

blds foijhr ekuk fd Ha  Hb  aH  bH gSaA

rks aH = bH  Ha = Hb

vFkkZr~ a–1b  H ab–1  H

vc g  G, h  H dksbZ Hkh vo;o gksa rks]

h–1  H h–1gg–1  H

 (h–1g) (g–1)  H  (h–1g)–1 g  H

 g–1hg  H

H, G esa lkekU; gSA

 ekuk fd H lewg G dk mileqPp; gks ,oa ekuk N(H) = {x  G

| Hx = xH}, G esa H dk lkekU;hdj.k gks rFkk N(H), G dk ,d mi&lewg gksA

(i) ;fn H, G dk milewg gks rks N(H), G dk lcls cM+k milewg gS] ftlesa H
lkekU; gSA

(ii) ;fn H, G dk milewg gks rks H, G esa lkekU; gS ;fn N(H) = GA

(iii) mnkgj.k ls n'kkZ;sa fd ¼i½ dk foijhr foQy gks tkrk gS ;fn H, G dk
,dek= mi&leqPp; gksA

(iv) ;fn H, G dk ,d milewg gks ,oa K, N(H) dk ,d milewg gS rks H, HK

dk lkekU; milewg gSA

(i) ge n'kkZrs gSa fd H, N(H) esa lkekU; gSA

pw¡fd] lHkh h  H ds fy, Hh = hH

ge ikrs gSa] lHkh h  H ds fy, h  N(H)



lewg fl)kar

56 Lo&vfèkxe
ikB~; lkexzh

bl çdkj H  N(H)

lHkh x  N(H) ds fy, N(H),  Hx = xH dh ifjHkk"kkuq:iA

H, N(H) esa lkekU; gSA

N(H), G dk lcls cM+k milewg gS ftlesa H lkekU; gS ;g n'kkZus ds fy;s
eku ysa fd G dk dksbZ milewg K bl çdkj gS fd H, K esa lkekU; gSA

rks lHkh k  K ds fy, k–1 Hk = H

 Hk = kH  lHkh k  K ds fy,

 k  N(H) lHkh k  K ds fy,

 K  N(H)

(ii) H dks G dk lkekU; milewg ekusa rks N(H)  G ¼ifjHkk"kkuq:i½

ekuk x  G dksbZ vo;o gks rks xH = Hx D;ksafd G esa H lkekU; gSA

 x  N(H)  G  N(H)

blh dkj.k G = N(H)

ekuk G = N(H) blds foijhr H dks G dk milewg ekusa ¼tSlk fd fn;k x;k
gS½ ,oa ekuk h  H, g  G dksbZ Hkh vo;o gksa rks]

g  N(H) tSls N(H) = G

 gH = Hg

 H, G esa lkekU; gSA

(iii) G = < a > = {e, a, a2, a3} dk fopkj djsa rks pØh; gksus ls G ,csfy;u
lewg gSA

;fn H = {a} eku ysa rks G (e  H) ,d mileqPp; gS ,oa N(H) = G dk
milewg ugha gS D;ksafd G ,csfy;u gSA

(iv) ;fn] K, N(H) dks ,d milewg ekusa rks]

k  K  k  N(H)  Hk = kH

vFkkZr~ Hk = kH lHkh k  K ds fy,

 HK = KH

HK, N(H) dk milewg gSA

 h  H  Hh = hH (=H)

 H  N(H) vkSj K  N(H)

iqu% H  HK  N(H)

blh dkj.k HK, H dk ,d milewg gSA

HK, H dk lkekU; milewg gSA

 [a  HK  a  N(H)  Ha = aH]
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G dksbZ lewg ,oa N, G dk lkekU; lewg gksA G esa N ds leLr nk;sa lgleqPp;

,d= djsa ,oa og leqPp; fufeZr djsa ftls 
G

N
 vFkok G/N ls bafxr fd;k tkrk

gSA pw¡fd G esa N lkekU; gS vr% N ds fdUgha nks nk;sa lgleqPp; dk xq.ku iqu%

G esa N dk nk;k¡ lgleqPp; gksxk] vFkkZr~ G

N
 ij gekjs ikl lqifjHkkf"kr f}vk/kkjh

lajpuk gSA vc ge vkSipkfjd :i ls n'kkZrs gSa fd bl leqPp; G

N
 ls bl xq.ku

ds vèkhu lewg dk fuekZ.k blds f}vk/kkjh lajpuk ds :i esa gksrk gSA

Na, Nb  G

N
, NaNb = Nab  

G

N
 gsrq

;fn Na, Nb, Nc 
G

N
 dqN lnL; gksa rks

Na(NbNc) = Na(Nbc) = Na(bc) = N(ab)c = NabNc = (NaNb) Nc

iqu% Ne  
G

N
 }kjk 

G

N
 dh rRled ds :i esa dk;Z fd;k tk;sxk ,oa fdlh

Na ds fy;s Na  
G

N
, Na–1 dk O;qRØe gksxkA bl çdkj 

G

N
 ls lewg dk fuekZ.k

gksrk gS ftls G }kjk N dk (Factor Group) vFkok 
(Quotient Group) dgk tkrk gSA

;g ljyrk ls ns[kk tk ldrk gS fd ;fn G ,csfy;u gks rks bldk dksbZ
HkkxQy lewg bl çdkj gksxk]

NaNb = Nab = Nba = Nbnb

gks ldrk gS fd bl ifj.kke dk foykse u gksA

(Remarks)  (i) 
G

N
 esa pw¡fd N lkekU; gS vr% ;g egRoghu gS] fd ge

'kCn ^nk;sa lgleqPp;ksa* dk ç;ksx djsa vFkok ^ck;sa lgleqPp;ksa* dk D;ksafd leLr
a gsrq Na = aNA

(ii) ;g ns[kuk oLrqr% jkspd gksxk fd { }

G

e  o 
G

G
 fdlds lerqY; gSaA

D;k ;s Øe'k% G o {e} gSa\ okLro esa rks ugha] ijUrq ̂yxHkx*A ge bl fo"k;
ij rc foLrkj ls ppkZ djsaxs] tc rqY;kdkfjrk (Isomorphisms) dh ckr djsaxsA

 ;fn G ,d ifjlhfer lewg gS ,oa N, G dk lkekU; milewg gks rks]

( )

( )
    

G o G
o

N o N

 pw¡fd G ifjlhfer gS rks çes; dk ç;ksx djrs gq,A
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( )

( )

o G

o N
, G esa N ds lqfuf'pr nk;sa lgleqPp;ksa dh la[;k =  

  
G

o
N

 pØh; lewg dk çR;sd HkkxQy (Quotient) lewg pØh; gksrk gSA

 ekuk G = < a > ,d pØh; lewg gks rks G ,csfy;u gS] vr% G dk çR;sd
milewg lkekU; gSA

H dks G dk dksbZ milewg ekusaA

ge n'kkZrs gSa fd G

H
 pØh; gSA oLrqr% ge nkok djrs gSa fd G

H
, Ha }kjk

mRiUu gSA

ekuk Hx  
G

H
 dksbZ Hkh vo;o gks rks x  G = < a >,

vFkkZr x dh dksbZ ?kkr a ekusa

rks x = am

vFkkZr~ Hx = Ham = Ha a ...... a (m ckj)

= Ha Ha ...... Ha (m ckj)

= (Ha)m

vFkkZr G

H
 dk dksbZ vo;o Hx gSa ftldh ?kkr Ha Ha gSa] tks mRiUu

djrk gS G

H
, vr% G

H
 ,d pØh; gSA

 (i) mijksDr ifj.kke m > 0 ds fy;s fl) gqvkA blh izdkj m  0 dks Hkh
gy djsa rks leku çek.k vk;sxkA

 am = a–n = (a–1)n tgk¡ n > 0 rFkk Lej.k djsa fd Ha–1 =

(Ha)–1 rFkk blfy, (Ha–1)n = (Ha)–n = (Ha)m

(ii) ;fn G = < a > pØh; gks ,oa H  G rks o(G/H) de èkukRed iw.kkZad
m bl çdkj gS fd am  H

gesa fofnr gS fd ;fn H  G rks H = <am>, tgk¡ m de èkukRed iw.kkZad
bl çdkj gks fd am  H

(iii) bl ifj.kke dk foykse okLrfod ugha gSA

G ds izdkj 
0

 
 
 

a b

d
 ds okLrfodrk ij 2 × 2 vkO;wg dk leqPp;

ekusa] tgk¡ ad  0, rks ;g ljyrk ls ns[kk tk ldrk gS fd G ls vkO;wg xq.ku ds

vèkhu lewg cusxkA 
1 0

0 1

 
 
 

 ,d rRled gksxk] 

1

1
0

b

a ad

d

  
 
 
  

 fdlh vo;o 0

 
 
 

a b

d

dk O;qRØe gksxkA blds vfrfjDr G ,csfy;u ugha gSA
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N ds izdkj 
1

0 1

 
 
 

b
 dks lnL;;qDr mileqPp; ekusa ,oa N, G dk milewg

gks rks fl) djsa fd ;g izdkj 

1
1 1

0 0 1 1
0 10

b
b

a b k akd bda ad Nd
d

d

                           

ds xq.ku ds :i esa Hkh lkekU; gSA

vr% gesa HkkxQy lewg 
G

N
 feyrk gSA ge 

G

N
 esa ,csfy;u n'kkZrs gSaA

ekuk Nx, Ny  
G

N
 dksbZ Hkh vo;o gksa rks x, y  G

x = 0

 
 
 

a b

d , y = 0

 
 
 

c e

f  ekusaA

G

N
 ,csfy;u gksxk ;fn NxNy = NyNx-

  Nxy = Nyx

  xy (yx)–1  N

  xyx–1 y–1  N

ge lcdks vc ;g ij[kus dh vko';drk gS fd ;g ogh xq.ku gSA

11

0 0 1 1 1
0 0

eb
a b c e c cfa ad

d

d f

                     
     

, 
1

0 1

 
 
 

t
 vkO;wgksa ds izdkj (Types of Matrix) gSA

bl çdkj gekjs ikl ,csfy;u HkkxQy lewg gks ldrk gS] ^ewy* (Parent)

lewg ,csfy;u gq, fcukA

 ekuk < Z, + > iw.kkZadksa dk lewg gks ,oa N = {3n | n  Z} eku ysa
rks N, Z dk lkekU; mi&lewg gSA

N

Z  esa izdkj N + a, a  Z ds lnL; gksaxsA

ge n'kkZrs gSa fd 
N

Z  esa rhu gh vo;o gSaA ;fn a  Z dks dksbZ vo;o ekusa

tgk¡ a  0, 1, 2 rks ge foHkktu ,yxksfjn~e (Division Algorithm) ls fy[k ldrs gSa]

a = 3q + r tgka 0  r  2

 N + a = N + (3q + r) = (N + 3q) + r = N + r  tSls 3q  N

fdUrq r ds eku 0] 1] 2 j[k ldrs gSaA

blh dkj.k N + a, N, N + 1, N + 2 esa ls ,d gksxkA
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vFkok 
N

Z  esa ;s rhu gh lnL; gSaA

(i) bl mnkgj.k ls ;g Hkh Kkr gksrk gS] fd lgleqPp; ds çdj.k esa gks ldrk
gS fd Ha = Hb dk rkRi;Z a = b u gksA mnkgj.kkFkZ] mijksDr mnkgj.k esa
N + 4 = N + 1 ijUrq 4  1, [N + 4 = (N + 3) + 1 = N + 1]

(ii) ;g vifjfer lewg dk ,d mnkgj.k gS ftlesa G esa ifjfer funsZf'kdk ;qDr
N milewg gSA

(iii) ;g lhfer HkkxQy lewg G/N dk ,d mnkgj.k Hkh gS tgk¡ ewy lewg G

ifjfer ugha gSA oSls ;g ljyrk ls ns[k ldrs gSa fd ifjfer lewg dk
HkkxQy lewg ifjfer gSA

(iv) ;fn 1G

N
 = 2G

N
 rks G1 = G2

ekuk g1  G1 dksbZ vo;o gks rks Ng1  1G

N
 = 2G

N

 Ng1 = Ng2 fdlh Hkh g2  G2

 g1g2
–1  N  G2  g1g2

–1 = g fdlh Hkh g G2 ds fy,

 g1 = gg2
–1  G2  G1  G2. blh izdkj G2  G1

bl dkj.k ls G1 = G2

 lewg 8

6 
Z  esa vo;o < 6 > + 5 dh dksfV Kkr djsaA

 gekjs ikl Z8 = {0, 1, 2, ..., 7} mod 8 gSaA

,oa < 6 > = {0, 6, 12} = H (ekurs gSa)

vc 8 8

6 H


 
Z Z

 = {H, H+1, H+2, H+3, H+4, H+5}

= {< 6 >, < 6 >+1, < 6 >+2, < 6 >+3, < 6 >+4, < 6 >+5}

vc       < 6 > + 5  < 6 > ,d rRled gSaA

iqu% 2(< 6 > + 5) = < 6 > +10 = < 6 > + 4  < 6 >

blh çdkj 3(< 6 >+5), 4(< 6 >+5), 5(< 6 >+5) ugha gSa < 6 >

tgk¡ 6(< 6 >+5) = < 6 >+30 =< 6 > = rRled ,oa blh dkj.k < 6 >+5

dh dksfV 6 gksxhA

 G lewg N dk lkekU; milewg gks rks n'kkZ;sa fd fdlh
o(Na)|o(a) ds fy;s a  G

 ekuk o(a) = n

rks n de èkukRed iw.kkZad bl çdkj gS] fd an = e

blls izkIr gksrk gS Nan = Ne
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
( )
. ........ 
n

Na a a N
ckj


( )

. ........ 
n

Na Na Na N
ckj

 (Na)n = N, Na  
G

N
 vkSj N, 

G

N
 dh rRled gSA

 o(Na) | n ;k o(Na) |o(a)

 ;fn G ,slk lewg gks fd 
( )

G

Z G
 pØh; gks tgk¡ Z(G), G dk dsUnz

gks rks n'kkZ;sa fd G ,csfy;u gSA

 Z(G) = N fy[ksa rks 
G

N
 pØh; gSA eku ysrs gSa fd ;g Ng }kjk mRiUu gSA

ekuk a, b  G nks vo;o gksa rks Na, Nb  
G

N

 Na = (Ng)n, Nb = (Ng)m fdlh Hkh e n, m ds fy,A

 Na = Ng . Ng ........ Ng = Ngn

Nb = Ngm

 ag–n  N, bg–m  N

 ag–n = x, bg–m = y  fdlh Hkh x, y  N ds fy,A

 a = xgn, b = ygm

 ab = (xgn) (ygm) = x(gny) gm

= x(ygn) gm  tSls y  N = Z(G)

= xygn gm

= xygn + m

blh çdkj ba  = (ygm) (xgn) = y (gmx) gn = y (xgm) gn

= (yx)gm + n

 ab = ba  D;ksafd xy = yx tcfd x, y  Z(G)

;g n'kkZrk gS fd G ,csfy;u gSA

(i) ge ( )

G

Z G  ekuus dh ckr dj jgs gSa] blhfy;s Z(G), G dk lkekU; milewg

gS] bl ifj.kke dks ljyrk ls okLrfod gksrk ns[kk tk ldrk gSA

(ii) mijksDr gy esa çnf'kZr vuqlkj fn'kk esa vkxs c<+rs gq, fl) gksrk gS fd
G/H pØh; gS tgk¡ H, Z(G) dk milewg gS rks G ,csfy;u gSA

(iii) ;fn G xSj&,csfy;u lewg gks rks G/Z(G) pØh; ugha gSA
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(iv) ;fn H esa G ds fdlh lkekU; milewg G

H
 ds fy;s pØh; gks rks gks ldrk

gS fd G ,csfy;u u gksA

G prq"d (Quaternion) lewg ,oa H = {±1, ± i} ysrs gSa rks o(G/H) = 
8

4
 =

2 vHkkT; (Prime) gSA vr% G/H pØh; gS ijUrq G ,csfy;u ugha gSA

 G dh dksfV pq dk ,d xSj&,csfy;u (Non-Abelian) lewg ekusa
tgk¡ p, q vHkkT; (Primes) gksa rks o(Z(G)) = 1

 pw¡fd G xSj&,csfy;u gS] rks mnkgj.k 2-15 ds vuqlkj ( )

G

Z G  pØh; ugha gSA

vc o(Z(G)) | o(G) = pq

 o(Z(G)) = 1, p, q ;k pq

   o(Z(G)) =  pq  Z(G) = G

   G  ,csfy;u gS tcfd ,slk ugha gSA

o(Z(G)) = p o(G/Z(G)) = 
pq

p   q. vHkkT; gS, vkSj G(Z(G)) pØh; gSaA

;g Hkh okLrfod ugha gSA

blh çdkj ;g o(Z(G)) = q ugha gks ldrk gS] ,oa gekjs ikl ,d gh lEHkkouk
'ks"k jgrh gS fd o(Z(G)) = 1A

 ,sls vifjfer (Infinite) lewg dk mnkgj.k çLrqr djsa ftlesa çR;sd
vo;o ifjfer dksfV dk gSA

 (i) ekuk < Q, + > vkSj < Z, + > dks ;ksx ds vèkhu iw.kkZadksa (Integers) ,oa
ifjes;ksa (Rational) ds lewg ekusa rks HkkxQy lewg gksxk]

m m

n n

 
   
 

Q
Z Q

Z

;g ,d vifjfer lewg gSA Q

Z
 ds fdlh lnL; m

n
Z  dk fopkj djsaA

pw¡fd m m
n n m

n n
       
 

Z Z Z Z  =  Q

Z
 dk 'kwU; gSA

ge ikrs gSa fd m

n
Z  esa ifjfer dksfV  n gSA blh dkj.k gekjs ikl

mnkgj.k gSA

(ii) iqu% fopkj djsa 
0

,,



 

  
 

Z iw.kkd± gS fuf'pr le
n n

n p
m

G m
p

Rkks G, Q

Z
 dk ,d milewg gSA
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vc      
n n

n n

m m
p p

p p
Z Z  = Z + m = Z = G  dk 'kwU; gSaA

 Z + n

m

p
 dk Øe pn ls foHkkftr gSA

 Z + n

m

p
 dk Øe  pr,  r  n gSA

 G esa çR;sd vo;o dk ifjfer dksfV gS ,oa izdkj pr dk gSA

pw¡fd G vuar ;k vifjfer gS] vr% ge ikrs gSa fd ;g vuar ;k vifjfer p-

lewg dk ,d mnkgj.k gksxkA
iqu% ge n'kkZ ldrs gSa] fd G dk çR;sd milewg H(G) ifjfer dksfV dk

gSA blh dkj.k ;g ,sls vuar ;k vifjfer lewg dk Hkh mnkgj.k gS ftlesa çR;sd
leqfpr milewg dksfV dk gSA

 n'kkZ;sa fd <Q, +> esa ifjfer funsZf'kdk dk leqfpr milewg ugha
gSA

 eku ysa fd H, <Q, +> dk dksbZ leqfpr milewg gS] ftlesa ifjfer funsZf'kdk
n gS rks] o(Q/H) = n

pw¡fd H,   a

b
Q , Q dk leqfpr milewg bl çdkj gS] fd] a

H
b


vc ;fn  
Q

x H
H

 dksbZ vo;o gks rks]

n(x + H) = H nx + H = H

nx H x   Q

,
a

x
nb

  dks ysrs gSa rks a
n H

nb
 ] vFkkZr~ a

H
b
  tks fd okLrfod ugha gSA

blh dkj.k ,slk milewg ugha gksrkA

5- lkekU; milewg D;k gS\

6- nks milewg dk lfEefJr D;k gksrk gS\

7- D;k pØh; lewg dk çR;sd HkkxQy lewg pØh; gksrk gS\

1- H dks lewg G dk milewg ekusaA ifjHkk"kkuq:i G esa H dk dksbZ nk;k¡
lgleqPp; fjDr ugha gS o G esa H ds nks nk;sa lgleqPp;ksa ;k rks vlacafèkr
gSa vFkok lekuA G esa H ds leLr nk;sa lgleqPp;ksa dk lfEeyu G ds
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lerqY; gSA blh dkj.k G esa H ds leLr nk;sa lgleqPp;ksa ls G dk foHkktu
gksrk gSA bl foHkktu dks G dk nk,¡ lgleqPp; fo;kstu dgk tkrk gSA

2- ;fn H, G dk milewg gks rks fdlh èkukRed iw.kkZad n gsrq |G|=n|H|A bls
G esa H dk funsZf'kdk dgrs gSaA blds vfrfjDr g1,...,gn bl çdkj ik;s
tkrs gSa fd G=Hr

1
...Hr

n
 ,oa blh çdkj H ds lEc) ck,¡ lgleqPp;

gksrs gSaA

3- (i) miçes; G ,d lewg o gG gks rks g dh dksfV |G| dks Hkkfxr djrk gSA

(ii) miçes; G vHkkT; dksfV dk lewg gS rks G esa dksbZ milewg ugha
gS ,oa blh dkj.k ;g pØh; gSA

4- fdlh iw.kkZad p o vHkkT; (Prime) a ds fy;s]

a p  a (mod p)

5- lewg G ds milewg H dks G dk lkekU; milewg dgk tkrk gS] ;fn
Ha = aH leLr a  G ds fy;sA

6- ;fn H o K lewg G ds nks milewg gksa ,oa HK = {hk | h  H, k  K} rks
HK ¼G dk xSj fjDr milewg½A

7- gk¡] pØh; lewg dk izR;sd HkkxQy lewg pØh; gksrk gSA

 lewg fl)kar esa lewg G dk vo;o g ,oa H dk milewg G çnf'kZr gS] g
ds lUnHkZ esa G esa H dk ck;k¡ lgleqPp; gH = {gh : H dk h ,d vo;o gS}
g ds lUnHkZ esa G esa H dk nk;k¡ lgleqPp; Hg = {hg : H dk h ,d vo;o
gS}A

 lewg G dk milewg N, G dk lkekU; milewg gS] ;fn ,oa ek= ;fn G ds
leLr vo;oksa g ds fy;s laxr ck;sa o nk;sa lgleqPp; lerqY; gksa] vFkkZr~
gN = NgA blds vfrfjDr G esa N ds lgleqPp; ls tks lewg cuk;k tkrk
gS mls HkkxQy lewg vFkok [kaM lewg dgk tkrk gSA

 H dks lewg G dk milewg ekusaA ifjHkk"kkuqlkj G esa H dk dksbZ nk;k¡
lgleqPp; fjDr ugha gS ,oa G esa H ds nks nk;sa lgleqPp; vlacaf/kr vFkok
leku gSaA G esa H ds leLr nk;sa lgleqPp;ksa dk la?k G ds lerqY; gSA blh
dkj.k G esa H ds leLr nk;sa lgleqPp; ds leqPp; ls G dk foHkktu gksrk
gSA bl foHkktu dks G dk nk,a lgleqPp; fo;kstu dgk tkrk gSA

 lewg G ds çnf'kZr nks milewg H o K ds fy;s G esa K o H ds ;qfXer
lgleqPp; :i HgK = {hgk : H  dk h ,d vo;o gS, k, dk ,d vo;o gS}
ds leqPp; gSaaA

 G ds lkbyks p-milewgksa dh la[;k :i 1 + kp dh gS tgk¡ (1+kp) | o(G), k
_.kkRed iw.kk±d ugha gSA

 çes; dk ifj.kke ;g gS fd vo;o a ifjfer dksfV lewg dk gS] vFkkZr~ lcls
NksVh èkukRed iw.kkZad la[;k k, ak = e] gSa] tgk¡ e lewg dk rRled vo;o
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gS] ;g ml lewg dh dksfV dks foHkkftr djrk gS] D;ksafd a dk dksfV a }kjk
mRiUu pØh; milewg dh dksfV ds lerqY; gSA

 ;fn H, G milewg gS rks fdlh èkukRed iw.kkZad |G|=n|H| gsrq bls G esa H dh
funsZf'kdk dgk tkrk gSA blds vfrfjDr g1,...,gn dk vfLrRo bl çdkj gS fd
G=Hr

1
...Hr

n
 rFkk blh çdkj H ls lEc) ck;k¡ lgleqPp; gksrs gSaA

 ;fn G dksfV n dk ifjfer dksfV gS ,oa dksfV d ds n  vf}rh; milewg
ds çR;sd Hkktd d gS] rks G pØh; gSA

 lewg G dk milewg H leLr g  G gsrq g–1Hg = H ds fy;s G esa lkekU;
gSA

 lewg G dk milewg H leLr h  H, g  G, g–1hg  H gsrq esa lkekU; gSA

 lewg G dk milewg H, G dk lkekU; milewg gS ;fn G esa H ds nks nk;sa
lgleqPp;ksa dk xq.ku iqu% G esa H dk nk;k¡ lgleqPp; gksA

 ;fn G ifjfer lewg gS ,oa G esa N dk lkekU; milewg gS rks 
( )

( )
    

G o G
o

N o N

 pØh; lewg dk çR;sd HkkxQy lewg pØh; gSA

 lewg G ds milewg H dks G dk lkekU; milewg dgk tkrk gS] ;fn leLr
a  G gsrq Ha = aHA

 lkekU; milewg dks vØefofue; vFkok Lor% la;ksftr milewg Hkh dgk
tkrk gSA

 G ifjfer lewg H dk milewg gS] G dk ,slk vU; milewg ugha gS ftlesa
H ds ikl ftruh la[;k ds vo;o gksa rks H, G esa lkekU; gSA

 HkkxQy lewg vFkok [kaM lewg ,slk xf.krh; lewg gS ftls çkIr djus ds
fy;s lerqY;rk lEcUèk dk ç;ksx djrs gq, cM+s lewg ds leku vo;o dks
la;qDr fd;k tkrk gS ftlls lewg lajpuk ifjjf{kr jgrh gSA

 ekuk H, G dk lkekU; milewg gks rks ;g lR;kfir fd;k tk ldrk gS fd
H ls lEc) G ds lgleqPp; ls lewg dk fuekZ.k gksrk gSA bl lewg dks
H ls lEc) G dk [kaM lewg vFkok HkkxQy lewg dgk tkrk gS] ,oa G/H

bafxr fd;k tkrk gSA

 G ds Lor% la;qfXer vo;oksa ds leqPp; ls ,csfy;u lewg Z dk fuekZ.k gksrk
gS ftls G dk dsanz dgk tkrk gSA

  lgleqPp; dks chtxf.krh; lewgksa dk vè;;u djus ds ,d
ewyHkwr lkèku ds :i esa le>k tkrk gSA ewyr% ySxzkat çes; esa lgleqPp;
dh egRRoiw.kZ dsUnzh; Hkwfedk gksrh gS ftlds vuqlkj fdlh ifjfer lewg G
ds fy;s G ds çR;sd milewg H ds vo;oksa dh la[;k G ds vo;oksa dh
la[;k dks foHkkftr djrh gSA
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 lewg G dk milewg N, G dk lkekU; milewg gS] ;fn
vkSj dsoy ;fn G ds leLr vo;oksa g ds fy;s laxr ck;k¡ o nk;k¡
lgleqPp; lerqY; gS] vFkkZr~ gN = NgA

  G esa H ds leLr nk;sa lgleqPp;ksa dk la?k
G ds lerqY; gSA blh dkj.k G esa H ds leLr nk;sa lgleqPp;ksa ds
leqPp; ls G dk foHkktu lkeus vkrk gS ftls fd G dk nk,a lgleqPp;
fo;kstu dgk tkrk gSA

  lewg G ds H o K ¼fn, x, nks milewgksa½ ds fy;s G
esa H o K ds ;qfXer lgleqPp; :i HgK = {hgk : H dk h ,d vo;o gS, K
dk k ,d vo;o gS} ds leqPp; gSaA ;s K ds ck;sa lgleqPp; o H ds nk;sa
lgleqPp; gSa] tc Øe'k% H = 1 o K = 1 gksaA

  bl çes; ds vuqlkj fdlh ifjfer lewg G ds fy;s H ds
çR;sd milewg G dh dksfV ¼vo;oksa dh la[;k½ }kjk G dh dksfV Hkkfxr
fd;k tkrk gSA tkslsQ+ yqbZl ySxzkat ds dkj.k bl çes; dk ,slk ukedj.k
fd;k x;kA

  milewg og lewg gS ftlesa lewg ds lnL; vU; lewg ds leLr
lnL; gksa] vkSj lHkh leku lafØ;k dk fo"k; gksaA

1- lgleqPp; fo;kstu ls vkidk D;k vfHkçk; gS\

2- fl) djsa fd ifjfer lewg G ds nks lkbyks p-milewgksa G esa la;qfXer gSaA

3- ySxzkat çes; ds foykse dh O;k[;k djsaA

4- fl) djsa fd ;fn G dksfV n dk ,d ifjfer lewg gS ,oa d ds çR;sd Hkktd
n  gsrq dksfV d dk vf}rh; milewg gks rks G pØh; gSA

5- Lor% la;qfXer milewg dks ifjHkkf"kr djsaA

6- ljy lewg D;k gksrk gS\

7- Kkr djsa fd G dk milewg N lkekU; gS ;fn xy  N  yx  NA

8- fl) djsa fd lewg G esa a dk lkekU;hdj.k N (a) gks ldrk gS ;fn G dk
lkekU; milewg u gksA

1- lkbyks ds r`rh; çes; dh O;k[;k djrs gq, bldk fooj.k o çek.k Kkr
dhft,A

2- lkekU; milewgksa dh ifjppkZ mi;qDr mnkgj.kksa lfgr djsaA

3- ySxzkat çes; ,oa blds mifuxeuksa@miçes;ksa dk o.kZu mnkgj.k lfgr djsaA
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4- Q+WesZV çes; ,oa blds çek.k dk fooj.k mnkgj.k lfgr çLrqr djsaA

5- fl) djsa fd lewg G dk milewg H, G esa lkekU; gS ;fn leLr gG gsrq
Hg = HA

6- n'kkZ;sa fd ek= ,csfy;u ljy lewg vHkkT; dksfV ds lewg gksrs gSaA

7- HkkxQy lewgksa dk fooj.k foLrkjiwoZd djsaA
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3-0 ifjp;
3-1 mís';
3-2 lewgksa dk le:irk ,oa rqY;kdkfjrk lewg
3-3 :ikarj.k ,oa Øep; lewg
3-4 dsyh çes;
3-5 viuh izxfr tkafp, ç'uksa ds mÙkj
3-6 lkjka'k
3-7 eq[; 'kCnkoyh
3-8 Lo&ewY;kadu ç'u ,oa vH;kl
3-9 lgk;d ikB~; lkexzh

Ckhtxf.kr esa (Homomorphism) leku çdkj dh nks chtxf.krh;
lajpukvksa (Algebraic Structures) ¼tSls nks lewg] nks oy; vFkok nks lfn'k LFkku
(Vector Spaces)½ ds eè; lajpuk&ifjj{kd dk ekufp= gSA  ;kfu
gkseksekWfQZT+e 'kCn çkphu ;wukuh 'kCn (Homos) ¼vFkkZr~ leku½ o Z*
(Morphe) ¼vFkkZr~ :i vFkok vkd̀fr½ ls cuk;k x;k gSA gkseksekWfQ+ZT+e 'kCn 1892
esa yk;k x;k o bldk Js; teZu xf.krK Q+sfyDl DyWbZu (Felix Klein) ¼1849&1925½
dks tkrk gSA lfn'k LFkku ds le:irk dks jSf[k; ekufp=ksa (Linear Maps) Hkh dgk
tkrk gS ,oa budk vè;;u jSf[kd chtxf.kr (Linear Algebra) dk fo"k; gSA
le:irk dh voèkkj.kk dks ̂vkdkfjrk* (Morphism) ds uke ls O;kid ekU;rk çnku
dh tk pqdh gSA ̂vkdkfjrk* (Morphism) dbZ vU; lajpukvksa dks Hkh dgk tkrk gS]
ftuesa ;k rks vkèkkj leqPp; ugha gksrk vFkok tks chtxf.krh; ugha gksrhaA ;g
O;kidhdj.k Js.kh fl)kar (Category Theory) dk vkjfEHkd fcUnq (Starting Point)

gSA

le:irk dks rqY;kdkfjrk] varjdkfjrk] Lokdkfjrk bR;kfn Hkh dgk tk ldrk
gSA buesa ls çR;sd dks bl çdkj ifjHkkf"kr fd;k tk ldrk gS ftls vkdkfjrk ds
fdlh Hkh oxZ esa O;kidhdr̀ fd;k tk ldrk gSA vewrZ chtxf.kr esa le:irk ds
ewyHkwr çes; dks ewyHkwr le:irk çes; ds uke ls Hkh tkuk tkrk gS] bldk lEcUèk
nks fo"k;ksa ds ekufp= (Map) ls gSA ftuds eè; le:irk çnRr gS ,oa ;g vk/kkjHkwr
(Kernel) o le:irk dk izfrfcac Hkh gSA le:irk çes; dk ç;ksx djrs gq,
rqY;kdkfjrk çes;ksa dks fl) djrs gSaA

xf.kr esa Øep; (Permutation) ,slh fØ;k gS ftlesa leqPp; ds lnL;ksa dks
vuqØe (Sequence) vFkok dksfV esa foU;Lr (Rearrange) fd;k tkrk gS] vFkok ;fn
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leqPp; igys ls dksfV ;qDr gS rks blds vo;oksa dks iqufoZU;Lr (Reorder) djus
dks Øep; dgrs gSaA chtxf.kr esa ,oa fo'ks"k :i ls lewg fl)kar (Group Theory)

esa leqPp; S ds Øep; dks S ls blds Lo;a esa ,dSd vkPNknu (Bijection) ds :i
esa ifjHkkf"kr fd;k tkrk gS] vFkkZr~ ;g S ls S dk ,d Qyu gS] ftlds fy;s çR;sd
vo;o izfrfcac ds :i esa lVhd ,d ckj ik;k tkrk gSA

lewg fl)kar esa dsyh çes; (Cayley's Theorem) dk ukedj.k vkFkZj dsyh
(Arthur Cayley) ds lEeku esa fd;k x;k gS ftlds vuq:i çR;sd lewg G, G ij
ik'oZ lefer lewg (Symmetric Group Acting) ds milewg ls rqY;dkfjd gSA bls
G ds vo;oksa ij G ds lewg fØ;kvksa (Group Action) ds mnkgj.k ds :i esa le>k
tk ldrk gSA leqPp; G dk Øep; G vkPNknd G ysus ij dksbZ ,dSd vkPNknu
Qyu gSA

bl bdkbZ esa vki lewgksa ds le:irk (Homomorphism) o rqY;dkfjd
(Isomorphism) ,oa budh fo'ks"krk,a] le:irk ds ewyHkwr çes;] :ikarj.k o Øep;
lewg] S

n
 ¼S

n
, n < 5 ds fofHkUu milewg½ ,oa dsyh çes; dk vè;;u djsaxsA

bl bdkbZ dks i<+us ds ckn vki&

 lewgksa dh le:irk ,oa rqY;kdkfjrk dk o.kZu dj ik,axs(

 lewgksa dh le:irk o rqY;kdkfjrk fo'ks"krkvksa dk o.kZu dj ik,axs(

 le:irk ds ewyHkwr çes; dks le> ik,axs(

 lewg dk :ikarj.k ,oa Øep; dh O;k[;k dj ik,axs(

 S
n
 dh O;k[;k ¼S

n
, n < 5 ds fofHkUu milewg½ dj ik,axs(

 dsyh çes; dks le> ik,axsA

Ckhtxf.kr esa] le:irk (Homomorphism) ,d lajpuk gS tks nks chtxf.krh;
lajpukvksa (Algebraic Structures) ds chp ekufp= dks lajf{kr djrh gS ftlesa ,d
gh izdkj dh lajpuk,a] tSls nks lewg] nks oy;] ;k nks lfn'k LFkku gksaA

'kCn  izkphu xzhd Hkk"kk ^gkseksl* (Homos) ls vk;k gS ftldk
vFkZ gS leku vkSj (Morphe) 'kCn dk vFkZ :i o vkdkj gksrk gSA
^le:irk*  'kCn dh mRifÙk 1892 esa gqbZ vkSj bldk Js; teZu ds xf.krK Q+sfyDl
DyWbZu (Felix Klein) ¼1849&1925½ dks fn;k x;kA

le:irk dh voèkkj.kk dks lkekU; :i ls vkdkfjrk (Morphism) ds uke
ij] dbZ vU; lajpukvksa ds fy, iz;ksx fd;k x;k gS] ftlesa ;k rks varfuZfgr
leqPp; (Set) ugha gSa] ;k ;g chtxf.krh; ugha gSA ;g lkekU;hdj.k Js.kh ds
fl)kar dk izkjafHkd fcanq gSaA le:irk ,d rqY;kdkfjrk Hkh gks ldrk gS] ,d
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varjdkfjrk] ;k ,d Lokdkfjrk (Automorphism)] vkfnA muesa ls izR;sd dks bl
rjg ls ifjHkkf"kr fd;k tk ldrk gS ftls fdlh Hkh oxZ ds fy, lkekU;hÑr }kjk
vkdkfjr (Morphism) fd;k tk ldrk gSA

lewg le:irk (Group Homomorphism) lewgksa ds eè; dk ekufp= gS tks
lewg lafØ;k (Group Operation) dks ifjjf{kr djrk gSA bldk rkRi;Z ;g gS fd
lewg le:irk esa nwljs lewg ds rRled vo;o ls çFke lewg ds rRled vo;o
dks ekufpf=r fd;k tkrk gS rFkk çFke lewg ds vo;o ds O;qRØe (Inverse) dks
bl vo;o dh izfrfcac ds O;qRØe ij ekufpf=r fd;k tkrk gSA bl çdkj lewgksa
ds eè; v)Z lewg le:irk vko';d:is.k lewg le:irk gksrk gSA

le:irk ds çdkj fuEukafdr gSa] ftUgsa lkèkkj.k vkdkfjrk (Morphism) ds
fy;s Hkh ifjHkkf"kr fd;k tkrk gSA

leku çdkj dh chtxf.krh; lajpukvksa (Algebraic Structures)

ds eè; rqY;kdkfjrk (Isomorphism) dks lkekU;r;k f}Hkkftr le:irk ds :i esa
ifjHkkf"kr fd;k tkrk gSA

;g ,slh le:irk gS ftldk MkseSu] dksMkseSu (Codomain)

ds lerqY; gksrk gS vFkok vfèkd lkèkkj.k :i esa ;g ,d vkdkfjrk gS ftldk lzksr
y{; ¼Target½ ds lerqY; gSA chtxf.krh; lajpuk ds vFkok oxZ dk iz;kstu ds
varjkdkfjrk ls lajpuk ds vèkhu ,dkHk (Monoid) dk fuekZ.k gksrk gSA

;g ,d ,slh varjkdkfjrk (Endomorphism) gS] tks fd ,d
rqY;kdkfjrk Hkh gSA chtxf.krh; lajpuk vFkok oxZ dh lajpuk (Composition)

Lokdkfjrk ds vèkhu lewg dk fuekZ.k gksrk gS ftls fd lajpuk dk Lokdkfjrk lewg
dgk tkrk gSA

chtxf.krh; lajpukvksa ds fy;s ,dkÑfrdrk (Monomorphism)

dks lkekU;r% var% {ks=.k le:irk ds :i esa ifjHkkf"kr fd;k tkrk gSA Js.kh fl)kar
ds vfèkd O;kid ifjn'̀; esa ,dkÑfrdrk dks ,sls vkdkfjrk ds :i esa ifjHkkf"kr
fd;k tkrk gS tks fd jí djus ls NwV x;k FkkA

lewgksa ds le:irk dh lkoZf=d chtxf.krh; (Universal Algebraic) ifjHkk"kk
ds vuqlkj& ßlewgksa ds eè; ekufp= ds le:irk gksus ds fy;s ;g tk¡p i;kZIr gS
fd blesa f}vk/kkjh lajpuk (Binary Composition) dks ifjjf{kr fd;k tk jgk gSÞA

rqY;kdkfjrk dks chtxf.krh; ç.kkfy;ksa esa ̂ ijks{k* lerk (Indirect Equality)

Hkh dgk tk ldrk gSA oLrqr% ;fn nks ç.kkfy;ksa esa leku la[;k ds vo;oksa gksa ,oa
budk O;ogkj fcYdqy leku çdkj dk gks rks mUgsa lerqY; dgus esa D;k vkifRr
gks! Hkys gh lerk dk fopkj dHkh&dHkh dqN vlgt yx ldrk gS] fo'ks"kr;k
vifjfer leqPp;ksa ds çdj.k esaA

ekuk < G, * > o < G', o > ls nks lewg gSaA

ekufp=.k f : G  G'  dks le:irk dgk tkrk gS ;fn]
f (a * b) = f (a) o f (b) a, b  G
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tc vleatl dh lEHkkouk u gks rks ge nksuksa f}vk/kkjh lajpuk (Binary

Composition) ds fy;s  blh ,d çrhd dk ç;ksx djsaxsA

mls ladsru ds :i esa viukdj ge ekufp= çkIr djsaxs

f : G  G'  ,d le:irk gSA

;fn f (ab) = f (a) f (b)

;fn ;ksx esa f ,d&,d (One-One) vkPNknd (Onto) gks rks ge dgrs gSa
fd f ,d rqY;kdkfjrk (Isomorphism) gS ,oa bl çdj.k esa G  G' fy[krs gSaA

vc ;g Hkh Li"V gS fd]
f (a1a2 ...... an) = f (a1) f (a2) ...... f (an)

;g rqY;kdkfjrk ¼le:irk½ ds vèkhu gSA

gkseksekWfQ+ZT+e ds vkPNknd (Onto) gksus dks vkPNknd ledkfjrk (Epimorphism)

dgk tkrk gSA

,d&,d (One-One) le:irk dks ,dkÑfrdrk (Monomorphism) dgrs
gSaA

lewg G ls le:irk Lo;a G dk varjkdkfjrk (Endomorphism) dgykrk
gSA

lewg G ls rqY;kdkfjrk dks Lo;a G dk Lokdkfjrk (Automorphism) dgk
tkrk gSA

;fn f : G  G' vkPNknd le:irk gks rks G' dks le:irk izfrfcac dgk
tkrk gSA

 ekuk < Z, + > o < E, + > dks iw.kkZadksa o le iw.kkZadksa ds lewg ekusa
rks ekufp= (Map) f : Z  E, dks bl çdkj ifjHkkf"kr djsa fd]

leh x  Z ds fy, f (x) = 2x

vc f bl çdkj lqifjHkkf"kr gS- x = y  2x = 2y  f (x) = f (y)

inksa dks ihNs ysrs gq, f , 1–1 Li"V gSA

f le:irk bl :i esa gSA
f (x + y) = 2(x + y) = 2x + 2y = f (x) + f (y)

f Hkh vkPNknd gS] D;ksafd fdlh le iw.kkZad 2x esa x bldh iwoZ&izfrfcac ds
:i esa gksxkA

blh dkj.k f ,d rqY;kdkfjd gSA

oLrqr% bl mnkgj.k esa çnf'kZr gksrk gS fd milewg vius ewy lewg ls
rqY;kdkfjd gks ldrk gSA

 xq.ku ds vèkhu lewg < Z, + > esa iw.kkZadksa ds lewg G = {1, –1} ls
ekufp=.k (Mapping) f  dks ekusa ftls bl çdkj ifjHkkf"kr fd;k x;k gS f : Z 
G, bl çdkj fd] f (x) = 1 ;fn x le gksA
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= –1 ;fn x fo"ke gksA

vc f Li"Vr% lqifjHkkf"kr gSA ge ij[krs gSa fd ;g le:i gS fd ughaA

x, y  Z dks dksbZ vo;o ekusaA

(i): x, y ;s nksuksa le gSa rks x + y le gS ,oa bl çdkj]
f (x + y) = 1, f (x) = 1, f (y) = 1

ge ns[krs gSa fd f (x + y) = 1 = 1.1 = f (x) . f (y)

(ii): x, y ;s nksuksa fo"ke gSa rks x + y le gS rFkk
f (x + y) = +1 = (–1)(–1) = f (x) f (y)

(iii): x fo"ke gS] y le gS rks x + y fo"ke gS ,oa
f (x + y) = –1 = (–1) (1) = f (x) f (y)

bl çdkj leLr çdj.kksa esa  f (x + y) = f (x) f (y).

;g n'kkZ gks jgk gS fd bl çdkj  f le:i gSA D;k ;g rqY;kdkfjrk gS\

vkPNknd ls Li"V gS ijUrq  f, 1&1 ¼,d&,d½ ugha gS D;ksafd ;g vko';d
ugha fd x = y dk rkRi;Z f (x) = f (y) gksA oLrqr% f (2) = f (4) fdUrq 2  4A

 R+ dks xq.ku ds vèkhu èkukRed okLrfod la[;kvksa dk lewg ekusa
,oa R dks ;ksx ds vèkhu leLr okLrfod la[;kvksa dk lewg gks rks ekufp=

 : R+  R bl çdkj gksxk,

(x) = log x

;g ,d rqY;kdkfjrk gSA

  Li"Vr;k lqifjHkkf"kr gSA
(x) = (y)

 log x = log y

 elog x = elog y

 x = y

;g n'kkZ jgk gksrk gS fd   ,d&,d (One-One) gSA

pw¡fd (xy) = log xy = log x + log y = (x) + (y)

ge ikrs gSa fd  le:i gSA

vUrr% ;fn y  R dksbZ lnL; gks rks pw¡fd ey  R+  o (ey) = y, ge bl
fu"d"kZ ij igq¡prs gSa fd  vkPNknd gS rFkk blh dkj.k rqY;kdkfjrk ij gSA

¼ekufp= f : R  R+, bl çdkj gS fd f (a) = ea dk Hkh fopkj fd;k tk ldrk
gS½

 G dksbZ lewg gks o G dk ,d lkekU; milewg N gks rks ekufp=

: 
G

f G
N

 bl çdkj ifjHkkf"kr djsa fd,

f (x) = Nx,  x  G
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vc  f Li"Vr;k lqifjHkkf"kr gSA

iqu% f (xy) = Nxy = NxNy = f (x) f (y)

blls çnf'kZr gksrk gS fd f ,d le:i gSA

bls dHkh&dHkh izkÑfrd ¼vFkok izkekf.kd (Canonical)½ le:irk dgk tkrk
gSA og f vkPNknd gS] fdlh fVIi.kh dh vko';drk de gSA

lewgksa esa rqY;kdkfjrk dk lEcUèk lerqY;rk lEcUèk gksrk gSA bl çdkj tc
Hkh lewg G vU; lewg G' ls rqY;kdkfjd (Isomorphic) gks rks G, G' ls
rqY;kdkfjd gksxkA vr% ge ;gh dgsaxs fd G o G' rqY;kdkfjd gSa ,oa bls
G  G' ls bafxr djsaxsA

ftu çes;ksa o ifjHkk"kkvksa dk ge vuqlj.k djrs gSa muesa ls vfèkdka'k esa ge
lewgksa ds fy;s G, G', bR;kfn] dk ç;ksx djsaxsA

 ;fn f : G  G' ,d le:i gks rks]

(i) f (e) = e'

(ii) f (x–1) = ( f (x))–1

(iii) f (xn) = [ f (x)]n, n ,d iw.kkZad gSA

tgk¡ e, e' Øe'k% G o G' ds rRled vo;o (Identity Element) gSaA

  (i) % fn;k gS]
e . e = e

 f (e . e) = f (e)

 f (e) . f (e) = f (e)

 f (e) . f (e) = f (e) . e'

 f (e) = e'  ¼fu"dklu½

(ii) iqu% xx–1 = e = x–1x

 f (xx–1) = f (e) = f (x–1x)

 f (x) f (x–1) = e' = f (x–1) f (x)

 ( f (x))–1 = f (x–1).

(iii) ;fn n èkukRed iw.kkZad gks]

f (xn) = 
( )

( . ........ )
n

f x x x
ckj

= f (x) . f (x) ...... f (x)   (n ckj)

= ( f (x))n.

;fn n = 0, gekjs ikl in (i) vuq:Ik ifj.kke gSA ftl çdj.k esa
n _.kkRed iw.kkZad gks rks ifj.kke ds fy;s in (ii) dk ç;ksx djrs gSaA

 n'kkZ;sa fd < Q, + > < Q*, . >, ls rqY;kdkfjrk ugha gks ldrk tgk¡
Q* = Q –{0} o Q ifjes; ¼Rationals½ gSA

eku ysrs gSa fd Q ls Q* rd f rqY;kdkfjd gS rks pw¡fd 2  Q*, f  vkPNknd
gS] vkSj < Q, + >, bl çdkj gksxk fd f () = 2.
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 2
2 2

     f

vFkok 2
2 2

           f f

 x2 = 2  tgka x = 
2

f
     Q*

fdUrq ;g ,d fojksèkkHkkl gS D;ksafd ;gk¡ ifjes; la[;k x bl çdkj ugha gS
fd x2 = 2  blh dkj.k ;g ifj.kke lkeus vkrk gSA

 
4

Z

Z
 ls 

6

Z

Z
 rd leLr le:id Kkr djsaA

 :
4 6

f 
Z Z

Z Z
 dks le:id ekusa rks f (4Z + n) = n f (4Z + 1)

vr% f iw.kZr;k Kkr gksxk ;fn f (4Z + 1) Kkr gksA

vc (4Z + 1) dh dksfV (Order) 4 gS ,oa blfy;s ;g o( f (4Z + 1))4 dks
Hkkfxr djrk gSA ¼mnkgj.k 3-7 ns[ksa½

o( f (4Z + 1)) ls 6 foHkkftr gksrk gS ,oa bl çdkj o( f (4Z + 1)) = 1 ;k 2

;fn o( f (4Z + 1)) = 1, rks f (4Z + 1) = 6Z = dk 'kwU;
6

Z

Z

blh dkj.k f (4Z + n) =  'kwU;

;fn o( f (4Z + 1)) = 2, rks f (4Z + 1) = 6Z + 3

 f (4Z + n) = 6Z + 3n
tSls f (4Z + n + 4Z + m) = f (4Z + n + m)

= 6Z + 3(n + m)

= (6Z + 3n) + (6Z + 3m)

= f (4Z + n) + f (4Z + m)

bl çdkj f ds fy;s nks fodYi gSa ,oa bls bl çdkj ifjHkkf"kr fd;k tk

ldrk gS fd :
4 6

f 
Z Z

Z Z
 bl çdkj gks f (4Z + n)  = 6Z + 3n

: 4Z + n = 4Z + m

 n – m  4Z

 3(n – m)  12Z  6Z

 3(n – m)  6Z

 6Z + 3n  6Z + 3m

vFkkZr~ f lqifjHkkf"kr gSA

vr% nks le:id 
4 6


Z Z

Z Z
 gSaA oLrqr% d ls 

m n


Z Z

Z Z
lkèkkj.kr;k le:id

gSa tgk¡ d lcls cM+k lkekU; Hkktd (m, n) gSaA
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 ekuk f : G  G'  le:id gSA f dk (Kernel) ¼ftls Ker f

}kjk bafxr fd;k tkrk gS½ bl çdkj ifjHkkf"kr fd;k tkrk gS]

Ker f = {x  G | f (x) = e'}

tgk¡ erRled G' dh gSA

 ;fn f : G  G' le:id gks rks Ker f, G dk ,d lkekU; milewg gSA

 pw¡fd f (e) = e', e  Ker f, bl çdkj f  A

iqu% x, y  Ker f  f (x) = e
f (y) = e

vc f (xy–1) = f (x) f (y–1) = f (x)( f (y))–1 = e' . e–1 = e'

 xy–1 Ker f

blh dkj.k ;g G dk milewg gSA

iqu%] fdlh  G, x  Ker f ds fy;s
f (g–1xg)= f (g–1) f (x) f (g)

= ( f (g))–1f (x) f(g) = (f (g))–1 e' f(g)
  = ( f (g))–1f (g) = e'

 g–1xg  Ker f----

vFkok ;g G dk lkekU; milewg gSA

 le:id f : G  G'  ,d&,d (One-One ;k 1–1) gSA ;fn Ker f =

{e}

 ekuk f : G  G' dks ,d&,d ekusaA ekuk x Ker f dksbZ vo;o gks rks]

f (x) = e' vkSj tSls f (e) = e'

f (x) = f (e)  x = e tSls f, 1-1 gSA

blh dkj.k Ker f = {e}.

blds foijhr ekuk Ker f esa ,dek= rRled vo;o varfoZ"V gSA
ekusa f (x) = f (y)

rks f (x) ( f (y))–1 = e'

 f (xy–1) = e'

 xy–1  Ker f = {e}

 xy–1 = e

 x = y

vFkok f ¼1&1½ gSA

;fn f : G  G' dks le:id ekusa rks a  G  bl çdkj gks fd
o(a) = n vkSj o( f (a)) = mA n'kkZ;sa fd o( f (a)) | o(a) o f, 1-1 gS] ;fn m = nA

 pw¡fd o(a) = n,

ge ikrs gSa   an = e  f (an) = f (e)
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 f (a . a ..... a) = f (e)

 ( f (a))n = e'

 o( f (a)) | n = o(a)

iqu%,  f dks 1–1 ekusa.

pwafd o( f (a)) = m

ge ikrs gSa ( f (a))m = e'

 f (a) . f (a) ..... f (a) = e'

 f (a . a ..... a) = e'

 f (am) = e' = f (e)

 am = e ( f, 1–1)

vFkkZr] o(a) | m  ;k  n | m, ysfdu ;g irk gS fd m | n gSA

blh dkj.k ls m = n.

blds foijhr ekusa fd o(a) = o( f (a)).

rks f (x) = f (y)

 f (x) ( f (y))–1 = e'

 f (xy–1) = e'

 o( f (xy–1)) = 1

 o (xy–1) = 1  xy–1 = e  x = y

 f, 1-1 gSA

: le:irk ds vèkhu fdlh vo;o dh dksfV ifjjf{kr (Preserved) jgrh
gSA

 n'kkZ;sa fd okLrfod la[;kvksa dk lewg <R, +> xq.ku ds vèkhu
v'kwU; (Nonzero) okLrfod la[;kvksa ds lewg R* ls rqY;dkfjd ugha gks ldrkA

–1  R* ,oa &1 dh dksfV 2 gS] (–1)2 = 1 vuq:i ijUrq R esa dksfV 2 dk
vo;o ugha gSA pw¡fd ;fn x  R dksfV 2 dk gks rks 2x = x + x = 0, fdUrq ;g fdlh
x ds fy;s <R, +> esa ugha gS] x = 0 ds vfrfjDrA

mijksDr fVIi.kh esa rqY;kdkfjrk ds vèkhu vo;o dh dksfV ifjjf{kr jgrh gS]
bl çdkj <R,  o R* ds eè; dksbZ rqY;kdkfjrk ugha gks ldrh gSaA

 n'kkZ;sa fd <Q, +> dk çR;sd v'kwU; le:irk Lo;a esa ,d
Lokdkfjrk (Automorphism) gSA

 ekuk  : Q Q dks dksbZ v'kwU; le:irk ekusaA ge loZçFke n'kkZrs gSa fd

(1)
m m

n n
    q q  fdlh m

n
Q  ds fy,A

eku ysrs gSa fd  (1) = p/q

rks
p n 1 1 1 1

q(1) q nq
q n n n n n

    
                
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bl çdkj  1 1
(1)

n n
    q q

vr% 1 1 1 1
(1)

m m
m

n n n n n n
                     q q q

vc ge n'kkZrs gSa fd ] 1&1 vkPNknd gSA

ekuk m

n
 Ker  dksbZ vo;o gks rks]

m m m
0 (1) 0 0 (1) 0

n n n
              
   

;k

;fn  (1) = 0, rks 1
0

    n
 ,oa  (m) = m (1) = 0,  , , 0m n n 

q 0 , , 0 
     m

m n n
n

vFkok  'kwU; le:id gS tc fd okLro esa ugha gSA

blh dkj.k  0 Ker {0}
m

n
  q

  , 1–1 gSA

iqu% ;fn m

n
Q dksbZ vo;o vc bl çdkj gks]

(1)
m q mq m

n p np n
     

q q

ge bl fu"d"kZ ij vkrs gSa fd  vkPNknd (Onto) gS ,oa blh dkj.k ,d
Lokdkfjrk gSA

 ekuk G ,d lewg gks ,oa f : G  G bl çdkj gks fd
f (x) = x–1 le:id gksA çnf'kZr djsa fd G ,csfy;u (Abelian) gSA

 ekuk x, y  G dksbZ Hkh vo;o gksaA
xy = (y–1x–1)–1 = f (y–1x–1)

= f (y–1) f (x–1)

= yx,

blh dkj.k G ,csfy;u gSA

 ¼lewg le:irk dk vkèkkjHkwr çes; Fundamental Theorem of Group

Homomorphism½A ;fn f : G  G' K = Ker f, ;qDr vkPNknd le:id gks rks

G
G

K
 A

vU; 'kCnksa esa lewg G dh çR;sd le:id izfrfcac G ds HkkxQy lewg
(Quotient Group) ls rqY;kdkfjd gSA
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 ekufp= :
G

G
K

  , bl çdkj ifjHkkf"kr djsa fd]

(Ka) = f (a),  a  G

ge n'kkZrs gSa fd  rqY;kdkfjd gSA

 fuEukuqlkj lqifjHkkf"kr gS]
Ka = Kb

 ab–1 K = Ker f

 f (ab–1) = e'

 f (a)( f (b))–1 = e'

 f (a) = f (b)

 (Ka) = (Kb)

inksa dks fQj ls nksgjkrs gq, ge fl) djsaxss fd , 1–1 gSA

iqu% (KaKb) = (Kab) = f (ab) = f (a) f (b)

  = (Ka) (Kb)

 ds :i esa ge ikrs gSa fd  le:id (Homomorphism) gSA

 vkPNknd gS vFkok ugha] bls ij[kus ds fy;s ge eku ysrs gSa fd g'  G'  dk
dksbZ vo;o gSaA pw¡fd f : G  G'  vkPNknd bl çdkj gS fd  g  G,

vc]
f (g) = g'

(Kg) = f (g) = g'

blds }kjk n'kkZ;k tk jgk gS fd Kg', g' ds vèkhu  dh vko';d iwoZ izfrfcac gSA

blh dkj.k  rqY;kdkfjd gSA

% mijksDr çes; dks rqY;kdkfjrk dk çFke çes; (First Theorem of

Isomorphism) Hkh dgk tkrk gSA bls bl çdkj Hkh dgk tk ldrk gS fd ;fn f :

G  G' K = Ker f, ;qDr le:id gks] ( ).
Ker

G
f G

f
 A

 ¼rqY;kdkfjrk dk f}rh; çes; Second Theorem of Isomorphism½A H
o K dks lewg G ds nks milewg ekusa tgk¡ G esa H lkekU; gS rks]




HK K

H H K

 ;g ljyrk ls ns[k ldrs gSa fd H  K, K dk lkekU; milewg gksxk ,oa
pwafd H  HK G gS vkSj H Hkh HK esa lkekU; gksxkA

ekufp=  : 
HK

f K
H

, dks bl çdkj ifjHkkf"kr djsa fd]

f (k) = Hk

rks pw¡fd k1 = k2  Hk1 = Hk2  f (k1) = f (k2)
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vr% ge ikrs gSa fd f lqifjHkkf"kr gSA

iqu% f (k1k2) = Hk1k2 = Hk1Hk2 = f (k1) f (k2)

;g n'kkZrk gS fd f le:id gSA

;gk¡ f vkPNknd gS tks Li"V gS ,oa bl çdkj vkèkkjHkwr çes; (Fundamental

Theorem) dk ç;ksx djrs gq, ge ikrs gSa]

Ker

HK K

H f


pw¡fd k  Ker f  f (k) = H

 Hk = H
 k  H

 k  H  K (k  K D;ksafd Ker f  K)

ge ikrs gSa] Ker f = H  K

vr% gekjk çes; fl) gqvkA

 ;fn H o K lewg G ds nks lkekU; milewg bl çdkj gSa fd H  K, rks

K

H
 

G

H
 dk lkekU; milewg gS ,oa blds foijhrA

 
K

H
 

G

H
 dk xSj&fjDr mi&leqPp; gS ¼ifjHkk"kkuq:i½A

fdlh Hk1, Hk2  
K

H
 ds fy;s

1 1 1( )( ) ( )( )1 2 1 2 1 2
    K

Hk Hk Hk Hk Hk k
H

vFkkZr~ 
K

H
 ,d milewg gSA

iqu% fdlh 
K

Hk
H

 o 
G

Hg
H

, ds fy;s gesa Kkr gSa]

(Hg)–1(Hk)(Hg) = Hg–1HkHg

= 1 
K

Hg kg
H

pw¡fd g  G, k  K, vr% K esa G lkekU; gS vkSj blls g–1 kg  K feyrk
gSA

 ¼rqY;kdkfjrk dk rr̀h; çes; (Third Theorem of Isomorphism)½A ;fn
H o K, G ds nks milewg bl çdkj gksa fd H  K, rks]

/

/


G G H

K K H

 mijksDr ySek ls lqfuf'pr gksrk gS fd 
K

H
 

G

H
 dk lkekU; milewg gS ,oa

blhfy;s] ge 
/

/

G H

K H
 dh ckr dj ldrs gSaA
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ekufp=  : 
G G

f
H K

 dks bl çdkj ifjHkkf"kr djsa fd,

f (Ha) = Ka, a  G

f mfpr :i ls lqifjHkkf"kr gSA
Ha = Hb

 ab–1  H  K

 Ka = Kb

 f (Ha) = f (Hb)

f le:id gS] D;ksafd
f (HaHb) = f (Hab) = Kab = KaKb = f (Ha) f (Hb)

f dh vkPNkfndrk (Ontoness) Li"V gSA

lewg le:irk ds vkèkkjHkwr çes; dk ç;ksx djrs gq, ge dg ldrs gSa]
/

Ker


G G H

K f

ge Ker f = 
K

H
 dk nkok dj ldrs gSaaA

Ker f dk lnL; 
G

H
 dk dksbZ lnL; gksxkA

vc Ha  Ker f  f (Ha) = K  (G/K dk rRled)
Ka = K
a  K

Ha  
K

H

blh dkj.k ge ikrs gSa]
/

/


G G H

K K H

ftlls gekjk ifj.kke fl) gksrk gSA bls (Freshman's Theorem)

Hkh dgk tkrk gSA

% pw¡fd 
K

H
 = Ker f, ge ns[krs gSa fd 

K

H
 

G

H
 dk lkekU; milewg gS] ,oa

blh dkj.k ge 
/

/

G H

K H
 dh ckr dj ldrs gSaA bl çdkj gesa iF̀kd~ ;k vyx ls ;g

fl) djus dh vko';drk ugha gS fd 
K

H
, 

G

H
 dk lkekU; milewg gSA

 ekuk fd f : G  G' ,d vkPNknd le:id gSA Ker f = K G ds
milewg H  ds fy;s fuEu dks ifjHkkf"kr djsa %

H = {x  G | f (x)  H'}

rc]
(i) G, H dk milewg gS ,oa K  H
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(ii) G' dk H' dk lkekU; milewg gS ;fn G esa H lkekU; gks

(iii) ;fn G' esa H'  lkekU; gks rks G G

H H





(iv) ;g lac) (Association) G ds lHkh milewgksa dh Js.kh (Family) S ds G

ds lHkh milewgksa dh Js.kh (Family) S ls ekufp=.k ij ,d&,d vkPNknd
(One-One Onto) gS] ftlesa K gksrk gSA

  (i) H   pwafd f (e) = e'  H' tks n'kkZrk gS fd e  H

iqu%, x, y  H  f (x), f (y)  H'

 f (x)( f (y))–1  H'.

 f (xy–1)  H'  xy–1  H

bl çdkj H ,d milewg gSA

pw¡fd  x  Ker f = K  f (x) = e'  H'

ge ikrs gSa x  H  K  H.

(ii) H dks G esa lkekU; ekusaA

ekuk fd g'  G', h'  H'  dksbZ Hkh vo;o gSA pw¡fd f vkPNknd  g  G,

h  G gS] bl çdkj gS fd f (g) = g', f (h) = h'A D;ksafd h'  H, h  H

vc]

g'–1 h'g' = ( f (g))–1 f (h) f (g)

= f (g–1) f (h) f (g) = f (g–1hg)  H'

pw¡fd g  G, h  H, tgk¡ H, G esa lkekU; gS] ftldk rkRi;Z gS fd
 g–1hg  H

bl çdkj G' esa H' lkekU; gSA

blds foijhr H' dks G' esa lkekU; ekusaA

fdUgha vo;oksa h  H rFkk g  G ds fy;s]

f (g–1 hg) = ( f (g))–1 f (h) f (g)  H 

D;ksafd  f (h)  H , f (g)  G, rFkk H' G' esa lkekU; gS

 g–1hg  H vFkok G esa H lkekU; gSA

(iii) ekufp=.k :
G

G
H


 


 dks bl çdkj ifjHkkf"kr djsa fd]

(g) = H' f (g)

rks  g1 = g2 ds :i esa lqifjHkkf"kr gS]

 f (g1) = f (g2)

 H' f (g1) = H' f (g2)

 (g1) = (g2)
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 bl çdkj le:id gksxk]
(g1g2) = H' f (g1g2) = H' f (g1) f (g2) = H' f (g1) H' f (g2)

= (g1)(g2)

iqu% fdlh H'g'  G

H



 ds fy;s pw¡fd g'  G' o f vkPNknd  g  G gS, bl

çdkj fd f (g) = g'.

vFkok (g) = H' f (g) = H'g'  tks n'kkZrk gS fd  vkPNknd gSA

vkèkkjHkwr çes; ds ç;ksx ls vc]

Ker

G G

H




 

vc x  Ker   (x) = H'
 H' f (x) = H'
 f (x)  H'  x  H

blh dkj.k  Ker  = H

(iv)  : S'  S, dks bl çdkj ifjHkkf"kr djsa fd]

(H') = H

tgk¡ in (i) vuqlkj S' esa H' fdlh H' ds fy;s {x  G | f (x)  H'} gSA

gesa fofnr gS fd ;g G dk milewg gS] ftlesa K fLFkr gS rFkk bl çdkj
S dk lnL; (Member)  gSA blhfy;s ekufp=.k lqifjHkkf"kr gqbZA

vc (H') = (T') tgk¡ H', T'  S' tgk¡
vc] H = T eku ysa]

tgka H = {x  G | f (x)  H'}

T = {x  G | f (x)  T'}

vc fdlh h'  H'  G', ds fy;s pw¡fd f : G  G' vkPNknd gS] ge Kkr dj
ldrs gSa fd h  G, bl çdkj fd f (h) = h'  H' gSA

ijUrq ;g n'kkZrk gS fd     h  H = T
 f (h)  T'

 h'  T'  H'  T'

blh çdkj T'  H'

vFkkZr~ H' = T' vFkok  ,d&,d gSA

ge n'kkZ ldrs gSa fd vc  vkPNknd gSA

ekuk fd H  S dksbZ lnL; gSa rks H, G dk milewg gS ,oa K  H

ge ekurs gSa fd  f (H) = { f (h) | h  H}

vc f (H)   tSls e  H  f (e) = e'  f (H)

iqu% fdlh  f (h1), f (h2)  f (H),  h1, h2  H gsrq



lewg dh le:irk ,oa
rqY;kdkfjrk fo'ks"krk,a

84 Lo&vfèkxe
ikB~; lkexzh

,oa ( f (h1))( f (h2))
–1 = f (h1h2

–1)  f (H)

vFkkZr~ f (H) G' dk milewg gSA

ge n'kkZrs gSa fd f (H) = H' ds vèkhu H dk vko';d iwoZ izfrfcac gSA

vFkkZr~ ge n'kkZrs gSa (H') = H

vr% gesa ;g n'kkZus dh vko';drk gS fd
H = {x  G | f (x)  H'}

ekuk fd x  H gks rks f (x)  f (H) = H'

 x  {x  G | f (x)  H'}

;k rks H {x  G | f (x)  H'}

iqu%, if x  {x  G | f (x)  H'}

rks f (x)  H' = f (H)

 h  H, ,slk gS fd, f (x) = f (h)

 f (xh–1) = e'

 xh–1  Ker f = K

 x  Kh  H  [K  H]

bl çdkj ls {x  G | f (x)  H'}  H

blh dkj.k H = {x  G | f (x)  H'}

vFkok (H') = H vkSj  vkPNknd gSA

ftlls çek.k iw.kZ gqvkA

fuEukafdr mnkgj.k esa ge mijksDr çes; dk lkSE; :ikUrj (Milder Version)

o mlds vuqç;ksx dks fl) djrs gSaA

 ekuk fd f : G  G' dks lewg G ls G' rd vkPNknd le:id
gSA ;fn H, G dk milewg gks tks fd H', G' dk milewg gS rks]

(i) f (H), G dk milewg gSA

(ii) f –1 (H'), G dk milewg gS] K = Ker f, dks lfEefyr djrs gq,] tgk¡
f –1 (H') ds }kjk {x  G | f (x)  H'} vkSlr (Mean) gSA

 leqPp; f –1(H) ;gk¡ bl izdkj ls ifjHkkf"kr gS fd f esa O;qRØe gS fd
ughaA ladsru f –1 dk ç;ksx ;gk¡ çrhdkRed :i ls gh fd;k x;k gSA

  (i) pw¡fd e = H ls lEc) G dh rRled gSA
fn;k gS] f (e)  f (H)

 f (H)  .

ekuk] x, y  f (H)  x = f (h1), y = f (h2)  tgka h1, h2 H.

 xy–1 = f (h1) ( f (h2))
–1

= f (h1) ( f (h2
–1)

= f (h1h2
–1)  f (H)  tSls h1, h2  H  h1h2

–1 H
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vr% f (H) G' dk milewg gSA
(ii) ekuk, a, b  f –1(H')

 f (a), f (b)  H'

 f (a) . f (b)–1  H'

 f (ab–1)  H'

 ab–1  f –1 (H')

vkSj  f (e) = e' = G'  H' ds rRled gSA

 e  f –1 (H')

 f –1 (H')  

rHkh,  f –1 (H'), G dk milewg gSA

rFkk k  K  f (k) = e'  H

 k  f –1 (H')

 K  f –1 (H')

blls in (ii) fl) gqvkA

  (i) ekuk fd f: G  G' le:id gks ,oa eku ysa fd
g  G, f(g) = g' bl çdkj gks fd f –1 (g') = {x  G | f (g) = g'}A ;fn ,slk
leqPp; gks ftlesa f  ds vèkhu g' dh leLr iwoZ izfrfcac gksa rks n'kkZ;sa fd f –1 (g')

= Kg tgk¡ K = Ker f.

 (ii) ;fn f: U
30

  U
30
 le:irk bl çdkj gks fd Ker f = {1, 11} ,oa f (7) = 7 rks

U
30
 ds leLr vo;o Kkr djsa ftUgsa 7 rd ekufpf=r fd;k x;k gSA blds foijhr

le:irk f: U
30

  U
30
 Kkr djsa] bl çdkj fd Ker f = {1, 11} vkSj f (7) = 7.

 (i) ekuk x  f –1 (g') dksbZ vo;o gks rks]
f(x) = g' f(x) = f(g)

 f(x)(f(g))–1 = e'

 f(xg–1) = e'

 xg–1  Ker f = K

 x  Kg  f –1(g')  K

iqu% ekuk k  K dksbZ vo;o gks rks]
f(kg) = f(k) f(g) = e'g' = g'

 Kg  f –1(g')  k K 

 Kg  f –1(g')

rFkk blh çdkj f –1(g') = Kg

(ii) Hkkx (i) ls] 7 dh iwoZ izfrfcac (Pre Image) dk leqPp; K7 gSa] tgka K = Ker

f = {1, 11}
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bl çdkj 7 dh iwoZ izfrfcac dk leqPp; K7 = {17, 117} = {7, 17} gSA

blds foijhr ekuk f: U
30

  U
30
 le:irk bl çdkj gks fd]

Ker f = {1, 11} vkSj f (7) = 7.

rks f (1) = 1, f (11) = 1, f (7) = 7

vc 711 = 17.

f (711) = f (17)  f (17) = f (7)f (11) = 71 = 7

717 = 29  f (29) = f (7)f (17) = 77 = 19

blh çdkj ge vU; ekuksa dks çkIr djrs gSa]
f (13) = 13, f (19) = 19, f (23) = 13

% iwoZorhZ leL;k esa fn;s x;s vuqlkj ladsru f 1 çrhdek= gS ,oa bldk
O;qRØe gksuk vko';d ugha gSaA

1- le:irk D;k gS\

2- G ds le:id izfrfcac dks vki dSls ifjHkkf"kr djsaxs\

3- vk/kkjHkwr 'kCn dks ifjHkkf"kr djsaA

4- rqY;kdkfjrk ds f}rh; çes; dh O;k[;k djsaA

leqPp;  X  dk Øep; (Permutation) ,d Qyu σ : X  X  bl çdkj gS tks fd
,d&,d o vkPNknd gS] vFkkZr~ f}Hkkftr ekufp=A Øep; ds fy;s ;g vko';d
gS fd gekjs ikl fdrus fo"k; gSa] u fd fo"k;ksa dk Lo:i D;k gSA mnkgj.kkFkZ ge
n fo"k;ksa ds leqPp;ksa ij Øep; dk fopkj lnSo dj ldrs gSa tgk¡ fo"k;ksa dks {1,

. . . , n} lwpd (Label) }kjk n'kkZrs gSaA blhfy;s leqPp; X = {1, 2, . . . , n} ds
leLr Øep; ls lajpuk ds vèkhu lewg dk fuekZ.k gksrk gSA bl lewg dks fMxzh
n dk lefer lewg (Symmetric Group) S

n 
dgk tkrk gSA

vkèkkjHkwr :i ls ,di{kh; (Arbitary) leqPp; X dk Øep; X ls Lo;a rd
,dSd vkPNknu (Bijection) gksrk gSA

(Cayley's Theorem)  çR;sd lewg G Øep; lewg ls
rqY;kdkfjd gSA

 ekuk fd fn;k x;k lewg G gS ,oa A(G) leqPp; G ds leLr Øep;ksa dk
lewg gksA

fdlh a  G ds fy;s ekufp= fa :  G  G, dks bl çdkj ifjHkkf"kr djsa fd]

fa(x) = ax

iqu%  x = y  ax = ay  fa(x) = fa(y)
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vr% fa  lqifjHkkf"kr gSA

iqu%, fa(x) = fa(y)

 ax = ay

 x = y  (lewg G esa fu"dklu)

 fa, 11 gSA

fdlh y  G ds fy;s pwafd fa(a
–1 y) = a(a–1 y) = y gSA ge Kkr djrs gSa fd

iwoZ izfrfcac y dk gS vFkok fa vkPNknd gS ,oa blh dkj.k G ij Øep;
(Permutation) gSA

bl çdkj fa  A(G)

;fn K dks leLr ,sls Øep; (Permutation) dk leqPp; ekusa rks ge n'kkZrs
gSa fd K, A(G) dk milewg gSA K   tSls fe  K.

ekuk fd fa, fb  K dksbZ lnL; gSaA

pw¡fd 1 1
1 1( ) ( ( )) ( ) ( )b b bb b

f o f x f f x f b x b b x 
   

= ex = fe(x) lHkh x ds fy,A

ge izkIr djrs gSa fd 1
1( )
 bb

f f  ¼/;ku ns% fe = I,  A(G) ds rRled gS½A

vkSj D;ksafd (fa o fb) x = fa(bx) = a(bx) = (ab)x = fab(x)  lHkh x ds fy,A

ge izkIr djrs gSa fab = fa o fb

vc 1 1
1( )a b a b ab

f o f f o f f K 
   

;g n'kkZrk gS fd K, A(G) dk milewg gSA

vc ekufp=.k  : G  K dks bl çdkj ifjHkkf"kr djsa fd]

(a) = fa

rks  lqifjHkkf"kr gS] 1&1 ekufp= bl çdkj gS]

a = b

 ax = bx

 fa(x) = fb(x)   x

 fa = fb

 (a) = (b)

 Li"Vr;k vkPNknd gS ,oa pw¡fd]

(ab) = fab = fa o fb = (a) (b)

 le:irk gS ,oa blh dkj.k rqY;kdkfjrk Hkh gS] ftlls gekjk vfHkdFku
(Assertion) fl) gqvkA

% K Øep; lewg dk milewg gksus ds ukrs ,d Øep; lewg gSA

% fo'ks"kr;k ;fn G dksfV n dk ifjfer lewg gks rks G, Sn ds milewg ls
rqY;kdkfjd gSA
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(ii)  : Sn  An+2 dk ekufp=.k djsa tgk¡ (+) = f] tgk¡ f le o (f) = f(n+1,

n+2) gks tc  f fo"ke gks rks le:irk gSA bl çdkj dh dksfV  n dk ifjfer lewg
An+2 ds milewg dk rqY;kdkfjd gS tks fd Sn+2 ds le Øep; dk milewg gSA

 dsyh çes; dk ç;ksx djrs gq, ml Øep; lewg K dks Kkr djsa
tks xq.ku ekikad (Multiplication Modulo) 10 ds vèkhu lewg G = {2, 4, 6, 8} ds
rqY;kdkfjd gSA ¼;gk¡ 6 G dh rRled gS ,oa G = <2>½A

 mijksDr dsyh çes; ds vuqlkj leqPp; K bl çdkj ifjHkkf"kr gS fd
K = {fa | a  G} tgk¡ fa fa(x) = ax }kjk ifjHkkf"kr gSA bl çdkj ;gk¡ a = 2, 4,

8, 6  ,oa]

f2(2) = 4, f2(4) = 8, f2(8) = 6, f2(6) = 2

f4(2) = 8, f4(4) = 6, f4(8) = 2, f4(6) = 4

f8(2) = 6, f8(4) = 2, f8(8) = 4, f8(6) = 8

f6(2) = 2, f6(4) = 4, f6(8) = 8, f6(6) = 6

bl çdkj  f6 = I vkSj K = {f2, f4, f8, f6 = I}

;fn ge Øep; ¼1234½ ls f2 dh igpku djsa rks vU; Øep; gksaxs ¼13½¼24½]
¼1432½ rFkk bl çdkj K {(1234), (13)(24), (1432), I} gS ,oa ;g G dk vko';d
rqY;kdkfjd Øep; lewg gSA

oLrqr% rqY;kdkfjd dks  : G  K,  ds :i esa bl çdkj ns[kk tk ldrk gS
fd]

 (2) = (1234), (4) = (13)(24), (8) = (1432),  (6) = I

 Sn esa fdlh Øep; f dh dksfV y?kqÙke lekioR;Z (L.C.M.) ds vlac)
pØksa dh dksfV f ds lerqY; gSA

 f = f1 f2 ..... fn ekusaA

izLrqrhdj.k vlac) (Disjoint) pØksa ds xq.ku ds :i esa f1, f2, ....., fn
ekuk fd o(fi) = ri  i = 1, 2, ......, n

vc ir
if I  ¼Sn ds rRled½

r = L.C.M. (r1, r2, ......, rn)

vc fr =  (f1 f2 ..... fn)
r = f1

r f2
r ...... fn

r  D;ksafd fi vlac) gSa ,oa
blhfy;s ;s Øefofues; (Commutative) gSaA

pw¡fd leLr i ds fy;s ri | r gekjs ikl gS r = riki,   i = 1, 2, ....., n

bl çdkj  fr = 1 1 2 2
1 2 ....... n nr kr k r k

nf f f I . I ...... I = I

eku ysa fd f t = I

 (f1f2 ........ fn)
t = I

 f1
t f2

t ...... fn
t = I

 f1
t = f2

t = ...... = fn
t = I

pw¡fd f1, f2, ......, fn vlac) gSaA
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¼ & ;fn dksbZ fti  I rks ck;sa gkFk esa, I ugha gks ldrk½A

 ri | t lHkh i ds fy,

 r | t

blh dkj.k r = o( f ).

 fn;k x;k gS fd Øep; dh dksfV]

1 2 3 4 5 6

2 4 6 5 1 3

 
  

 = (1245)(36)

;g L.C.M.(4, 2) = 4 gS] tSls o(1245) = 4 vkSj o(36) = 2 gSA

 nks milewg H, K dk mnkgj.k çLrqr djsa tks lkekU; ugha gksa fdUrq
H, K ,d milewg gksA

 ekusa H = {I, (12)}

K = {I, (123), (132)}

ekuk fd S4 ds nks milewg gksa ¼;s ,sls milewg gSa ftUgsa lR;kfir fd;k tk
ldrk gS½A

;gka H, K= {I, (12), (123), (132), (12)(123), (12)(132)}

= {I, (12), (123), (132), (23), (13)}

K, H= {I, (123), (132), (12), (123)(12), (132)(12)}

= {I, (12), (123), (132), (23), (13)}

bl çdkj H,K = KH  HK ,d milewg gSA

vc H(123) = {(123), (12)(123)} = {(123), (23)}

    (123)H = {(123), (13)}

vFkok H(123)  (123)H

vFkkZr fdlh Hkh a  S4 ds fy, Ha  aH

H, S4 esa lkekU; ugha gSA

blh çdkj ;g ij[kk tk ldrk gS fd K(14)  (14)K

vkSj K, S4 esa lkekU; ugha gSA

vFkok ;g fd S4 esa K lkekU; ugha gSA

 n'kkZ;sa fd Z(Sn) = {I}, (n  3)

 f  I bl çdkj ekusa fd f  Z(Sn)

vc  a gS bl çdkj fd f(a) = b  tgk¡ b  a ekuk fd c  a, b dksbZ vo;o
gks ¼  n  3½

ekuk g ekufp=.k gks tgk¡, g(a) = a

g(b) = c
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g(c) = b

rks g  Sn

vc ( fg)a = f(g(a)) = f(a) = b

 (gf )a = g( f(a)) = g(b) = c

fg  gf, vFkkZr~, f  Z(Sn)

bl çdkj ;fn f  I gks rks ;g Z(Sn) ls lacaf/kr ugha gks ldrk vFkok
Z(Sn) = {I}A

 Sn xSj&,csfy;u (Non-Abelian)  n  3 gSA  G ,csfy;u gS
;fn G = Z(G)A

lewg fl)kar esa dsyh çes; (Cayley's Theorem) dk ukedj.k vkFkZj dsyh
(Arthur Cayley) ds lEeku esa fd;k x;kA bl çes; ds vuqlkj çR;sd lewg G, G
ij ik'oZ lefer lewg ds milewg ls rqY;kdkfjd gSA bls G ds vo;oksa ij G ds
lewg fØ;k ds ,d mnkgj.k ds :i esa le>k tk ldrk gSA leqPp; G dk Øep;
G vkPNknd G ysrs gq, dksbZ f}Hkkftr Qyu (Bijective Function) gSA G ds leLr
Øep; ds leqPp; ls Qyu lajpuk ds vèkhu lewg dk fuekZ.k gksrk gS ftls G ij
lefer lewg dgrs gSa ,oa bls G ds :i esa fy[kk tkrk gSA

 dsyh çes; dk ç;ksx djrs gq, dksfV 8 ds f}ry (Dihedra) lewg
ds lkFk rqY;kdkfjrk Øep; lewg dks Kkr djsaA

 dksfV 8 dk f}ry lewg bl çdkj fn;k gS]

G = {a, a2, a3, a4 = e, ab, a2b, a3b, b | a4 = e = b2, b1ab = a1}

leqPp; K dks mijksDr dsyh çes; esa bl çdkj ifjHkkf"kr fd;k x;k gS] fd
K = {fx |x  G} tgk¡ fx dks fx(y) = xy ls ifjHkkf"kr fd;k x;k gS ,oa çes; ds
vuqlkj G   KA ge K dks fuèkkZfjr djrs gSa tks fd vko';d Øep; lewg
(Permutation Group) gksxkA

vc fa(a) = a2, fa(a
2) = a3, fa(a

3) = a4 = e, fa(ab) = a2b

fa(a
2b) = a3b, fa(a

3b) = b, fa(b) = ab, fa(e) = a

bl çdkj Øep; ¼1234½¼5678½ ls fa dh igpku dh tk ldrh gSA

iqu%
3 2 3 3( ) ,   ( ) ,  ( ) ,   ( )  2 2 2 2   f a a f a e f a a f ab a b

a a a a

2 2 2 2( ) ,   ( ) ,  ( ) ,   ( )  2 2 2 2   f a b b f a b ab f b a b f e a
a a a a

rFkk bl çdkj (13)(24)(57)(68) ls 2a
f  dh igpku dh tk ldrh gSA

blh vksj vkxs c<+rs gq, ge dg ldrs gSa fd fa3 = (1432)(5876)

iqu%  fab(a) = aba = b,  fab(a
2) = aba2 = a3b, bR;kfn] ,oa ge izkIr djrs gSa]

  fab = (18)(27)(36)(45)
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rFkk blh çdkj

= (15)(28)(37)(46)2f
a b

= (16)(25)(38)(47)3f
a b

  fb = (17)(26)(35)(48)

,oa vUrr% blhfy;s]

K = {(1234)(5678), (13)(24)(57)(68), (1432)(5876), I, (18)(27)(36)(45),
(15)(28)(37)(46), (16)(25)(38)(47), (17)(26)(35)(48)}

Tkks fd vko';d Øep; lewg gS] tks fd dksfV 8 ds f}ry (Dihedral) lewg ls
rqY;kdkfjd gSA

n'kkZ;sa fd fo"ke Øep; le dksfV (Even Order) dk gksrk gSA

  dks fo"ke Øep; o  = 12 ... k  ¼vlac) pØksa ds xq.ku ds :i esa½
ekusaA ;fn l = L.C.M.(o(1), o(2)), ... (k)) rks l = o()

;fn çR;sd i  fo"ke yEckbZ (Odd Length) dk gks rks çR;sd i  le Øep;
gS ,oa bl çdkj  le Øep; gS tks fd okLrfod ugha gSA

blh dkj.k dksbZ pØ j  le yEckbZ (Even Length) dk gS ,oa o(j) = le

 o 2|o(j) pw¡fd o(j)|l, ge izkIr djrs gSa 2 | l vFkok l = o() tks fd le
gSA

 le Øep; dksfV dk vHkkT; dksfV dk gksuk vko';d ugha gSA oLrqr%
(12)(34) dksfV 2 dk le Øep; gS tcfd I dksfV 1 dk le Øep; gSA

 eku ysa fd  f = (123456)A n'kkZ;sa fd ge f = gh fy[k ldrs gSa]
tgk¡ o(g) = 2, o(h) = 3A

 fn;k gS] o( f ) = 6 = 2  3A

pw¡fd lcls cM+k lkekU; Hkktd (2, 3) = 1,  iw.kkZad x, y, bl çdkj gS fd]
2x + 3y = 1

oLrqr% 2(1) + 3(1) = 1

vc 1 2( 1) 3(1) 2 3 3 2.f f f f f f f gh          (dgrs gSa),

tgka g = f 3 vkSj o(g) = o(f 3) = 2

tgka f 3 = (14)(25)(36), ( f 3)2 = f 6 = I

rFkk h = f 2 vkSj o(h) = o(f 2) = o(f 2) = 3

pwafd f 2 = (123456)(123456) = (135)(246)

 Sn (n  2) ds leLr le Øep; dk leqPp; An, Sn dk lkekU;
milewg gS ,oa o(An) = 

( )

2
no S

 rFkk Sn  esa An  dk funsZf'kdk 2 gSA

 pw¡fd rRled Øep; le gS vr% Sn  dk xSj fjDr (Non Empty)

mi&leqPp; An gSA
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iqu%,  f, g  An  f, g le Øep; gSaA

 f, g–1 le Øep; gSaA

 fog–1 le gSA

 fog–1  An

vFkok Sn dk milewg An gSA

;fn f  An  o g  Sn  dksbZ Hkh lnL; gksa rks g–1 o fog le Øep; gksxk] tks ;g
n'kkZrk gS fd g–1 o fog  An  vFkok An, Sn dk lkekU; milewg gSA

ekuk G = {1, –1} xq.ku ds vèkhu lewg gSA

ekufp=  : Sn G, dks bl çdkj ifjHkkf"kr djsa fd]

( f ) = 1 ;fn f  le Øep; gSA

= –1 ;fn f fo"ke Øep; gSA

vc  ,d vkPNknd ekufp=.k gS D;ksafd Sn (n  2) esa le o fo"ke Øep;
gksus pkfg,A ¼rRled Øep; o (12) Sn esa gksxk½A  ,d le:irk gS bls n'kkZus
ds fy;s f, g  Sn dks dksbZ Hkh vo;o (Members) lnL; ekusaA

(i): nksuksa f, g le gksa] rks fog fo"ke gS]

( fog) = 1 = 1.1 = ( f )(g)

(ii): nksuksa f, g fo"ke gksa] rks fog le gS]

( fog) = 1 = (–1) (–1) = ( f )(g)

(iii): ;fn f, g esa ls ,d fo"ke gS rFkk nwljk leA

eku ysa fd f fo"ke gS ,oa g le gS rks fog fo"ke gS

( fog) = –1 = (–1) (1) = ( f )(g)

blh dkj.k  vkPNknd le:irk gS ,oa bl çdkj le:irk ds vkèkkjHkwr çes; ds
vuqlkj %

Ker
nS

G 


pwafd f  Ker  ( f ) = 1

 f  le gS f   An

gekjs ikl gS Ker  = An

vFkok  n

n

S
G

A

ijarq o(G) = 2 2
    

n

n

S
o

A


( )

2
( )

n

n

o S

o A
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
( )

( )
2

n
n

o S
o A

rnqijkUr Sn  esa An dk funsZ'kkad 2 gSA

 An dks fMxzh n dk ,dkarj lewg dgk tkrk gSA ;g ySxzkat çes;
(Lagrange's Theorem) dh n`f"V ls Sn dk lcls cM+k milewg Hkh gksxkA

 n'kkZ,¡ fd ;fn H, Sn (n  2) dk dksbZ milewg gks rks ;k rks H esa
leLr Øep; le gksaxs vFkok lVhdrk esa vkèks (Half) le gksaxsA

 pw¡fd H ,d milewg gS blfy, blesa rRled Øep; gksuk pkfg, tks le gksA
vr% H esa fo"ke Øep; gh ugha gks ldrsA ;fn H ds leLr lnL; le gksa rks gekjk
dk;Z iw.kZ gqvkA eku ysa fd blesa nksuksa fo"ke o le Øep; gSaA eku ysrs gSa fd G
= {1, –1} xq.ku ds vèkhu ,d lewg gSA

ekufp=  : H  G, dks bl çdkj ifjHkkf"kr djsa fd]

( f ) = 1  ;fn f le gSA

= –1  ;fn f fo"ke gSA

vc mijksDr çes; esa nh xbZ ifjHkk"kk ds vuqlkj  ,d vkPNknd le:id
gSA ;fn H, K ds leLr le Øep; dk leqPp; gks rks Ker  = KA

vkèkkjHkwr çes; ds vuqlkj

Ker

H
G


 or  

H
G

K

 ( ) 2
     

H
o o G

K

 
( )

( )
2


o H

o K

ftlls ifj.kke fl) gqvkA

 H, Sn dk milewg bl çdkj gks fd H esa fo"ke Øep; varfoZ"V
gSA n'kkZ;sa fd H esa funsZ'kkad 2 lfgr M, H dk milewg gSA

 pw¡fd An  Sn o H Sn, vr% K = HAn Hkh Sn dk milewg gksxkA

An  K  Sn dk rkRi;Z ;k rks K = Sn  gS vFkok K = An ¼An lcls cM+k gS½A

H  HAn= K ,oa H esa fo"ke Øep; gSA K esa fo"ke Øep; gS ,oa blfy;s
K  An

blh dkj.k K = Sn

vc n

n n

HA H

A H A


  ¼rqY;kdkfjrk dk f}rh; çes;½

rFkk pw¡fd HAn  K  Sn ]

gekjs ikl 2n n

n n n n

S SH H
o o

A H A H A A
            
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M = H  An dks izkIr djus ij H esa M dk funsZ'kkad 2 gSA

 S3 = {I, (12), (13), (23), (123), (132)} fopkj djsaA

A3  ,dkarj (Alternating) lewg ekusa rks]

A3 = {I, (123), (132)}

3 3

3 3

( ) 6
2

( ) 3
      

S o S
o

A o A

oLrqr% 3

3

S

A = {A3, A3(12)}

rFkk A3 = (A3(12))2

A3(12) = (A3(12))1

ge Kkr djrs gSa fd 3

3

S

A  tks fd A3(12) }kjk mRiUu ,d pØh; lewg gSA vU;Fkk

vHkkT; dksfV dk lewg pØh; Hkh gSA

pw¡fd S3 ,csfy;u ugha gS] S3 pØh; ugha gks ldrkA

ge mu ifj.kkeksa dk iquLeZj.k djrs gSa ftUgsa iwoZ esa fl) dj pqds gSaA

1- pØh; lewg dk HkkxQy lewg pØh; gSA

2- ,csfy;u lewg dk HkkxQy lewg ,csfy;u gSA

3- ,csfy;u lewg dh le:irk izfrfcac ,csfy;u gSA

4- pØh; lewg dh le:irk izfrfcac pØh; gSA

bu leLr ifj.kkeksa dk foijhr mijksDr mnkgj.k esa okLrfod ugha gSA

 fn;k gS] S3  S3/A3 ,oa S3/A3 tks izkÑfrd vkPNknd le:irk gS rFkk
,csfy;u gSA

 n'kkZ;sa fd n  3, ¼3&pØksa }kjk mRiUu milewg½ gsrq An gSA

 H dks 3&pØksa }kjk mRiUu ,d milewg ekusa rks H dk çR;sd vo;o 3&pØksa
dh ifjfer la[;k dk xq.ku gS ,oa pw¡fd çR;sd 3&pØ le Øep; gS rks H dk
çR;sd vo;o le Øep; gksxk vFkok H  AnA iqu% ;fn f  An gks rks f LFkkukarj.k
(Transpositions) dh vHkkT; la[;k dk xq.ku gSA

pw¡fd fdUgha nks lqfuf'pr LFkkukarj.k ds xq.ku dks rhu pØksa ds xq.ku
[(ab)(cd) = (abc)(bcd), (ab)(bc) = (abc)]  ds :i esa fy[kk tk ldrk gS] ge izkIr
djrs gSa fd f dks 3&pØksa  f  H ds xq.ku ds :i esa O;Dr fd;k tk ldrk gS
,oa blh dkj.k H = An gSA

 ;fn H, Sn dk milewg gks funsZ'kkad (Index) 2 lfgr rks n'kkZ;sa
fd H = AnA bl çdkj An, Sn esa funsZ'kkad 2 dk ,dek= milewg gSA

 pw¡fd Sn esa H dk funsZ'kkad 2 gS blfy, Sn esa H lkekU; gS ,oa nS
o

H
 
   = 2
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;fn nS
H

H
   dksbZ vo;o gSA

r c   (H)2 = H H2 = H  2 H   Sn

ekuk fd  yEckbZ 3 dk ,d pØ gks rks]

 3 = I  4 =   vkSj D;ksafd  2  H

ge izkIr djrs gSa  4  H vFkkZr~    H

bl çdkj yEckbZ 3 dk çR;sd pØ H esa gS ijUrq An yEckbZ 3 ds pØksa }kjk
mRiUu gSA bl çdkj An  H vFkok H = AnA

 n'kkZ;sa fd Sn ds lcls NksVs milewg ftlesa (12) gS vkSj tks fd (1
2 3 ...... n) gS½ Sn esa gSA

 ekuk fd H ;gk¡ Sn dk lcls NksVk milewg gSa ftlesa (12) vkSj (1 2 3 ...... n)

varfoZ"V gSA gesa ;g n'kkZus dh vko';drk gS fd Sn  H.

;fn f  Sn dksbZ vo;o gks rks f dks LFkkukarj.k (Transposition) ds xq.ku ds
:i esa O;Dr fd;k tk ldrk gS ,oa pw¡fd fdlh LFkkukarj.k (ab) = (1a)(1b)(1a) ds
çdkj (1x) dks f ds LFkkukarj.k ds mRikn ds :i esa O;Dr fd;k tk ldrk gSA ge
n'kkZrs gSa fd leLr LFkkukarj.k (12), (13), (14), ......., (1n) H esa gS ftldk rkRi;Z
;g gS fd f, H esa fLFkr gksxk D;ksafd f dqN ugha gS] cl ,sls dqN lnL; dk mRikn
gSA

vc (1n) = (n n –1 ..... 321)(12)(123 ..... n)  H

 (n n–1) = (n n–1 ...... 321)(1n)(123 ...... n)  H

(n–1 n–2) = (n n–1 ...... 321)(n n–1)(123 ...... n)  H

bR;kfnA

;g n'kkZrk gS fd (43), (32), bR;kfn] H esa gSaA

vc (12)  H

 (13) = (12)(23)(12)  H

 (14) = (13)(34)(13)  H

...................

(1n)  H

blh dkj.k H = Sn.

 n'kkZ;sa fd Sn esa yEckbZ r ds lqfuf'pr pØksa dh la[;k

1 !
. , ( )
( )!

n
r n

r n r



 gSA

pw¡fd r fo"k;ks dh lqfuf'pr O;oLFkk (Distinct Arrangement) dh la[;k

!

( )!
n

r
n

P
n r




 esa n fo"k;ksa (Objects) ,oa pØksa ls pquh x;h gS]
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(a1a2 ...... ar), (a2a3 ...... ara1), (a3a4 ....... ara1a2), ......., (ara1 ....... ar–1)

tks fd leku gSa] vr% ge ikrs gSa fd lqfuf'pr (Distinct) r&pØksa dh la[;k

1 !

( )!



n

r n r
 gksxhA

 mnkgj.k lfgr n'kkZ;sa fd lEHko gS fd ySxzkat çes; dk foykse ugha
gksxkA

 ,dkarj.k lewg A4 dk fopkj djsaA

( ) 44( ) 124 2 2
  

o S
o A

ge n'kkZrs gSa fd ;|fi 6 | 12 dk  A4  esa dksfV 6 dk milewg ugha gSA eku
ysa fd H, A4 dk milewg gS o o(H) = 6A

iwoZorhZ mnkgj.k ls S4 esa lqfuf'pr 3&pØksa dh la[;k]

1 4! 4 . 3 . 2 .1

3 (4 3)! 3 .1
 


 = 8 gSA

iqu% pw¡fd çR;sd 3&pØ esa le Øep; (Even Permutation) gksxk vr% ;s
leLr 3&pØ A4 esa gSaA

vc Li"V gS fd de ls de ,d 3&pØ] tSls fd ] H (o(H) = 6) ls lacafèkr
ugha gSA

vc  H  2  H, D;ksafd ;fn 2  H, gksA

pw¡fd 4  H

H

,oa 3 = I  tSls o() = 3.

ekuk K = <  > = {I, , 2} rks o(K) = 3 (= o())

vkSj H  K = {I}  (, 2  H)

 o(HK) = 
( ) . ( ) 6 . 3

= = 18
( ) 1

o H o K

o H K
, lEHko ugha gS D;ksafd HK  A4 o

o(A4) = 12A

 n'kkZ;sa fd A4 dksfV 12 dk ,dek= milewg gS S4 esaA

 ekuk H, S4 esa dksfV 12 dk dksbZ milewg gSA

ekuk fd H  A4

eku ysa fd H esa varfoZ"V fo"ke Øep; (Odd Permutation) gSA

bl çdkj H esa varfoZ"V 6 fo"ke o 6 le Øep; gSaA

H  A4 dksfV 6 ds A4 dk ,d milewg gSA

A4 esa dksfV 6 dk milewg gSA
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fdUrq ;g mijksDr mnkgj.k ls lEHko ugha gSA blh dkj.k ifj.kke gSA

 ekuk G dksbZ lewg gks ,oa H ={g2 | g  G}A n'kkZ;sa fd gks ldrk
gS fd H, G dk milewg u gks ,oa ftl çdj.k esa ;g ,d milewg gks rks ;g vo';
gh lkekU; gksxkA

çFke Hkkx ds fy;s eku ysrs gSa fd G = A4 rks A4 esa S4 ds leLr ckjg
le Øep; gSa tks fd I, (12)(34), (13)(24), (14)(23) rFkk 3&pØ pwafd  I 2 = I,

((ab)(cd))2 = I  rFkk 3&pØ dk oxZ Hkh 3&pØ gSA ¼mnkgj.k 3-27 ns[ksa½

 H esa I gksxk ,oa 3&pØ vFkok ;g o(H) = 9  ,oa pw¡fd 9 12 rks H

milewg ugha gks ldrkA vc eku ysa fd H ,d milewg gks rks ;fn h  H] g 
G dksbZ vo;o gks rks]

g1  G g2  H, vkSj gh  G (gh)2  H

g2(gh)(gh)  H g1hg  H vFkok G esa H lkekU; gSA

 ;gk¡ ns[kk tk ldrk gS fd ;fn G ,csfy;u (Abelian) gksrk gS rks H ,d
milewg gksxkA

 n'kkZ;sa fd ¼123½ Sn ds fdlh vo;o dk ?ku (Cube) ugha gSA

ge loZçFke n'kkZrs gSa fd ;fn (1 2.........9) dksbZ pØ gksA

rks (1 2.........9)3 = (1 4 7) (2 5 8) (3 6 9)

pw¡fd (1 2.........9)2 = (1 2.........9) (1 2.........9)

= (1 3 5 7 9 2 4 6 8)

(1 2.........9)
3 =  (1 2.........9) (1 3 5 7 9 2 4 6 8)

= (1 4 7) (2 5 8) (3 6 9)

vc eku ysrs gSa fd fdlh  Sn, ds fy;s (1 2 3) = 3 gS] rks pw¡fd  dks
vlac) pØksa ds xq.ku (Product) ds :i esa O;Dr fd;k tk ldrk gSA

eku ysrs gSa  = 1 2 ........ k  tgk¡ i vlac) pØ gSaA

rks 3 = 1
3 2

3 ...... k
3 ¼vlac) pØh; Øefofue; (Disjoint Cycles

Commute) ds :i esa½

3 = (123)

vkSj  9 = (123)3 = I  o() = 9

bl çdkj çR;sd i  dh yEckbZ 3 vFkok 9 dh gksxhA D;ksafd Øep; dh dksfV
blds vlac) pØksa dh dksfV yEckb;ksa dk L.C.M. gSA

iqu% de ls de ,d i ,slk gS ftldh yEckbZ 9 gS] vU;Fkk ;fn lcdh yEckbZ
3 gks rks L.C.M., 3 gksxk ftldk rkRi;Z ;g fd o() = 3 tks fd okLrfod ugha
gSA

lkekU; dFku dh gkfu ds fcuk i  dh yEckbZ 9 ysrs gSaA

vc ;fn fdlh i dh yEckbZ 3 gks rks i
3 = I
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vr% 3 = (123) = 1
3 2

3 ...... k
3

      = 1
3 × yEckbZ 9 ds pØksa ds vU; ?ku

ekuk fd 1 = (1 2.........9)

 1
3 = (1 4 7)(2 5 8)(3 6 9)

 (123) = (1 4 7)(2 5 8)(3 6 9) × vU; pØ ftues a
1, 2........, 9 ugha varfoZ"V gSa]

pw¡fd lHkh vlac) gSa] tks fd fojksèkkHkkl gksxk D;ksafd çR;sd i vyx gS]
blfy;s ;fn 1 = 1, 2 = 2, 3 = 3 rks

4 bl çdkj gS fd ;g L.H.S. esa fu;r gS ijUrq R.H.S. esa 4  7 gSA

blh dkj.k ;g ifj.kke gSA

K4 = {I, (12)(34), (13)(24), (14)(23)} dk fopkj djsaA

;fn bu vo;oksa dks e, x, y, z ls bafxr djrs gSa rks fuEukafdr lkj.kh ls gesa
lEcfUèkr xq.ku izkIr gksrs gSaA

e x y z

e e x y z

x x e z y

y y z e x

z z y x e

ftlls ;g irk yxrk gS fd lao`r K4 esa fLFkr gS ,oa bl çdkj K4 lewg
dk fuekZ.k gksrk gSA bls (Klein's Four Group) dgk tkrk
gS tks fd S4 dk milewg gSA ;g ifjfer ,csfy;u lewg gS tks fd pØh; ugha gS
¼D;ksafd blesa dksfV 4 = o(K4) dk dksbZ vo;o ugha gS½A

 (i) ge vo;oksa e, x, y, z dks vkO;wg xq.ku (Matrices Multiplication) ds

vèkhu vkO;wg 
1 0

0 1

 
 
 

, 
1 0

0 1

 
  

, 
1 0

0 1

 
 
 

, 
1 0

0 1

 
    ds :i esa ys ldrs gSaA

(ii) ge vkxs ns[k ldrs gSa fd dksfV 4 dk dksbZ vpØh; ,csfy;u (Non-

Cyclic Abelian) lewg G = {e, a, b, ab} izdkj dk gSA ;gk¡ çR;sd vo;o ¼e ds
vfrfjDr½ dksfV 2 esa gksxkA

[x  G  o(x) | o(G)  o(x) = 1, 2 ;k 4 ijUrq o(x) = 4 ls x4 = e izkIr
gksrk gS ,oa vc G pØh; gksxkA

bl çdkj   o(a) = o(b) = o(ab) = 2

vFkkZr~ a2 = b2 = (ab)2 = e

Li"V gS fd ;g lewg G DyWbZu ds pkj lewg [e  I, a  (12) (34),

b  (13)(24), ab  (14)(23)] ls rqY;kdkfjd gSA blh dkj.k dksfV 4 dk çR;sd
vpØh; ,csfy;u lewg DyWbZu ds pkj lewg ls rqY;kdkfjd gksxkA

fn;k gqvk gS fd A4 ds fdlh vo;o dh dksfV 1] 2 vFkok 3 gks
rks n'kkZ;sa fd o(Z(A4)) = 1.
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ge n'kkZrs gSa fd Z(A4) esa dksfV 2 vFkok 3 dk dksbZ vo;o ugha gSA

ekuk fd a  Z(A4) bl çdkj gS fd o(a) = 2

ekuk fd b  A4 dksfV 3 dk dksbZ vo;o gks rks pw¡fd ab = ba  ¼a  dsUnz esa
gS½A

(o(a), o(b)) = 1, ge Kkr djrs gSa fd o(ab) = o(a).o(b) = 2  3 = 6

tks fd fn, x, fu;ekuqlkj lEHko ugha gSA vr% Z(A4) esa dksfV 2 dk dksbZ
vo;o ugha gSA

blh çdkj blesa dksfV 3 dk dksbZ vo;o ugha gSA vr% blesa I gh varfoZ"V gks
ldrk gSA

 mnkgj.k ls n'kkZ;sa fd ge rhu lewg E  F  G  bl çdkj Kkr
dj ldrs gSa fd E, F esa lkekU; gS] F, G esa lkekU; gS] tcfd E, G esa lkekU; ugha
gSA

 E = {I, (12)(34)} ekusaA

F = K4 = {I, (12)(34), (13)(24), (14)(23)}

G = A4

rks E, G esa lkekU; ugha gS D;ksafd]

E(123) = {I (123), (12)(34)(123)} = {(123), (243)}

(123)E = {(123) I, (123)(12)(34)} = {(123), (134)}

;g n'kkZrk gS fd E(123)  (123)E (123)  A4 = G.

E, F esa lkekU; gksxk D;ksafd E esa F dk funsZ'kkad 2 gSA vU;Fkk pw¡fd F

,csfy;u gS rks E Hkh F esa lkekU; gksxkA

G esa F lkekU; gSA

  A4 eku ysa ,oa (ab)(cd)  K4  dksbZ vo;o gksA

;fn a, b, c, d fdlh Hkh 1, 2, 3, 4 gS rks (ab)(cd)–1 = ((a) (b)) ((c)

(d))  K4  D;ksafd bl pØ lajpuk (Cycle Structure) ds leLr Øep; K4 esa gSaA

K4 Hkh  A4 esa lkekU; gSA

K4 esa leLr vo;o le Øep; gSa ,oa blfy;s A4 ls lacaf/kr gSaA

lewg fl)kar] esa dsyh çes; (Cayley's Theorem) dk ukedj.k vkFkZj dsyh (Arthur

Cayley) ds lEeku esa fd;k x;kA bl çes; ds vuqlkj çR;sd lewg G dks G ij
ik'oZ lefer (Acting Symmetric) lewg ds milewg ls rqY;kdkfjd dgk tkrk gSA
bls G ds vo;oksa ij G ds lewg fØ;kvksa ds mnkgj.k ds :i esa le>k tk ldrk
gSA leqPp; G dk Øep; G vkPNknd G dks ysrs gq, dksbZ f}Hkkftr Qyu
(Bijective Function) ekuk tkrk gSA G ds leLr Øep; ds leqPp; ls Qyu
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lajpuk (Function Composition) ds vèkhu lewg dk fuekZ.k gksrk gS ftls G ij
lefer lewg (Symmetric Group) dgk tkrk gS ,oa Sym (G) ds :i esa fy[kk tkrk
gSA

(Generalised Cayley's Theorem)  H, G
dk milewg o  = {aH | a  G} gks rks  le:irk (Homomorphism)  :

G  A() bl çdkj gS fd Ker , G dk lcls cM+k lkekU; milewg gS tks H esa
varfoZ"V gSA

 : G  A()  dks bl çdkj ifjHkkf"kr djsa fd (g) = fg tgk¡ fg :   
bl çdkj gS fd fg (aH) = gaH

 lqifjHkkf"kr gS ;g n'kkZus ds fy;s gesa fg  A() dks fl) djus dh
vko';drk gSA

vc fg(aH) = fg(bH)

 gaH = gbH

 aH = bH  fg, 1-1 gSaA

iqu% fdlh aH   ds fy;s fg(g
–1aH) = aH, n'kkZrk gS fd fg vkPNknd gS

,oa bl çdkj fg  A()

fn;k gS] (gh) = fgh, (g)(h) = fg fh

,oa pw¡fd fgh (aH) = ghaH

fg fh(aH) = fg ( fh(aH)) = fg(haH) = ghaH

ge Kkr djrs gSa fgh = fg fh

vFkok og  le:id gSA

pw¡fd le:irk dk vk/kkjHkwr lkekU; milewg gS rks gekjs ikl Ker  gS tks
fd G dk lkekU; milewg gSA

iqu% ;fn g  Ker  rks (g) = I=  A() ds rRled gSA
 fg = I

 fg(aH) = aH  aH 
fo'ks"kr;k  fg(eH) = eH  geH = eH  gH = H

g  H

 Ker   H

vc K dks G dk dksbZ lkekU; milewg ekusa] tks H esa varfoZ"V gSA ekuk fd
k  K dksbZ vo;o gksA ge ;g n'kkZuk pkgrs gSa fd k  Ker  ;k (k) = I

vFkok fk = I

;k fk (aH) = aH  aH

vc fk (aH) = kaH = a(a–1ka) H = ahH = aH

[ a–1ka  K  H]

blh dkj.k K  Ker  ftlls çes; fl) gqvkA
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 (i) ;fn ge nk;sa lgleqPp; ds lkFk dk;Z djuk pkgsa rks  dks
(g) = fg  }kjk ifjHkkf"kr fd;k tk ldrk gS] tgk¡ fg(Ha) = Hag–1

(ii) ;fn H = {e} rks mijksDr çes; dsyh çes; gS D;ksafd Ker = {e} 
1–1 gSA

(Index Theorem) ;fn H  G ifjfer lewg G dk
milewg bl çdkj gks fd o(G), iG(H)! dks foHkkftr u djs rks G esa xSj&ux.;
lkekU; milewg gSA ¼vFkkZr~ G ljy ugha gS½A

 mijksDr çes; ls ge Kkr djrs gSa fd Ker , G dk lkekU; milewg gSA

pw¡fd Ker  H  G, Ker   G

;fn Ker  = {e} rks ,1&1 gS rFkk bl çdkj  : G  A(), 1&1 le:id
gS] vFkkZr~ G, T ds milewg A() ls rqY;kdkfjd gSA

 o(G) = o(T) ijUrq o(T) | o(A())  o(G) | o(A()) = iG(H)! ,d
fojksèkkHkkl gS rFkk blfy;s  {e} ,oa ;g vko';d xSj&ux.; (Non-Trivial)

lkekU; milewg gSA

 ekuk G ifjfer lewg H dk milewg o(H) bl çdkj gks ,oa
(iG(H)1)! lgvHkkT; gks rks n'kkZ;sa fd H, G esa lkekU; gSA

G esa H ds ck;sa lgleqPp; dk leqPp; S = {aH | a  G} ekusa rks  : G 
A(S) dks bl çdkj ifjHkkf"kr djsa fd  (g)  Tg

tgk¡ Tg : S  S bl çdkj fd Tg(aH) = gaH

rks O;kihdr̀ dsyh çes; esa n'kkZ;sa vuqlkj  ,d le:id gS ,oa Ker   HA

rnqijkUr 
Ker

G
T


   tgk¡ T  A(S)

 o(G/Ker  ) = o(T) tgk¡ o(T) | o(A(S)) = ( )Gi H

iG(H) = 
( )

( )

o G
n

o H
  ekusa rks o(T) | n  rFkk bl çdkj ( )

|
(Ker

o G
n

o 

Ikqu% Ker   H  o(Ker  ) | o
  o(H) = m.oKer  ) fdlh Hkh m ds fy,

  ( )o G

n
  = m.oKer  )

  
( )

(Ker )

o G
nm

o 


vFkok | | . 1 | 1   nm n nm n n m n ,

m | o(H) o pw¡fd ;s lgvHkkT; gSa] vr% m = 1 vFkok H = Ker ] vFkkZr~
H GA
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5- dsyh çes; dks ifjHkkf"kr djsaA

6- funsZ'kkad çes; D;k gS\

1- ekuk < G, * >  o < G', o > nks lewg gksa rks ekufp=.k f : G  G'  dks
le:id dgk tkrk gSA ;fn f (a * b) = f (a) o f (b) a, b  G gksA

2- ;fn f : G  G' vkPNknd le:irk gks rks G' dks G dh le:id izfrfcac
dgrs gSaA

3- f : G  G' le:irk gks rks f ds vk/kkjHkwr ¼Ker f  }kjk bafxr½ dks
Ker f = {x  G | f (x) = e'} ls ifjHkkf"kr fd;k tkrk gS tgk¡ e, G' dk
rRled gSA

4- ;fn H o K lewg G ds nks milewg gksa tgk¡ H, G esa lkekU; gks rks




HK K

H H K
 gksxkA

5- çR;sd lewg G Øep; lewg ls rqY;kdkfjd gSA

6- ;fn H  G ifjfer lewg G dk milewg bl çdkj gks fd o(G), iG(H)!

dks foHkkftr u djs rks G esa xSj&ux.; lkekU; milewg gSA ¼vFkkZr~ G

ljy ugha gS½A

 ;fn nks iz.kkyh esa leku la[;k ds vo;o gksa ,oa ;s fcYdqy leku jhfr esa
O;ogkj djsa rks mUgsa lerqY; dgus esa dksbZ ?kkVk ugha gS] Hkys gh dbZ ckj gks
ldrk gS fd lerk dk fopkj dqN vlgt yxs] fo'ks"kr% vifjfer leqPp;ksa
ds çdj.k esaA

 vkPNknd le:irk dks ledkfjrk dgk tkrk gSA

 ,d&,d le:irk dks ,dkdkfjrk dgk tkrk gSA

 lewg G ls Lo;a rd le:irk dks G dk varjkdkfjrk dgk tkrk gSA

 lewg G ls Lo;a rd rqY;kdkfjrk dks G dk Lokdkfjrk dgrs gSaA

 lewgksa esa rqY;kdkfjrk dk lEcUèk ,oa lerqY;rk lEcUèk gSA bl çdkj tc Hkh
lewg G vU; lewg G' ls rqY;kdkfjd gks rks G', G ls rqY;kdkfjd gksxkA
vr% ge ljyrk ls ;g dg ldrs gSa] fd G o G' rqY;kdkfjd gSa ,oa bls
G  G' ls bafxr djrs gSaaA

 ;fn f : G  G'  le:irk gks rks Ker f, G dk lkekU; milewg gSA
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 le:irk f : G  G'  ,d&,d gS] ;fn Ker f = {e}A

 ;fn f : G  G',  K = Ker f ds lkFk vkPNknd le:id gks rks G
G

K
 A

 ;fn H o K lewg G ds nks lkekU; milewg bl çdkj gksa fd H  K, rks

K

H
, 

G

H
 dk lkekU; milewg gS rFkk blls foijhr gksxkA

 ;fn f : G  G'  dks Ker f = K varfoZ"V vkPNknd le:irk ekusa rks G ds
milewg H  ds fy;s G dks ifjHkkf"kr dj ldrs gSaA

 Sn esa fdlh Øep; f dh dksfV L.C.M. ds vlac) pØksa dh dksfV ds f ds
lerqY; gksrk gSA

 H dks G dk milewg ekusa ,oa  = {aH | a  G} gS] rks  le:irk
 : G  A() bl çdkj gS fd Ker  G dk lcls cM+k lkekU; milewg
gS tks fd H esa varfoZ"V gSA

  le:irk ,d lajpuk gS tks nks chtxf.krh; lajpukvksa ds chp

ekufp= dks lajf{kr djrh gS ftlesa ,d gh izdkj dh lajpuk,a] tSls nks lewg]

nks oy;] ;k nks lfn'k LFkku gksaA

  lewg le:irk lewgksa ds eè; dk ekufp= gS tks lewg

lafØ;k dks ifjjf{kr djrk gSA bldk rkRi;Z ;g gS fd lewg le:irk esa
nwljs lewg ds rRled vo;o ls çFke lewg ds rRled vo;o dks

ekufpf=r fd;k tkrk gS rFkk çFke lewg ds vo;o ds O;qRØe dks bl vo;o

dh izfrfcac ds O;qRØe ij ekufpf=r fd;k tkrk gSA

 leku çdkj dh chtxf.krh; lajpukvksa ds eè; rqY;kdkfjrk
dks lkekU;r;k f}Hkkftr le:irk ds :i esa ifjHkkf”kr fd;k tkrk gSA

 ;g ,slh le:irk gS ftldk MkseSu] dksMkeSu ds lerqY;
gksrk gS vFkok vfèkd lkèkkj.k :i esa ;g ,d vkdkfjrk gS ftldk lzksr y{;
ds lerqY; gSA chtxf.krh; lajpuk ds vFkok oxZ dk iz;kstu ds varjkdkfjrk
ls lajpuk ds vèkhu ,dkHk dk fuekZ.k gksrk gSA

 ;g ,d ,slh varjkdkfjrk gS] tks fd ,d rqY;kdkfjrk Hkh gSA
chtxf.krh; lajpuk vFkok oxZ dh lajpuk Lokdkfjrk ds vèkhu lewg dk
fuekZ.k gksrk gS ftls fd lajpuk dk Lokdkfjrk lewg dgk tkrk gSA

 chtxf.krh; lajpukvksa ds fy;s ,dkÑfrdrk dks lkekU;r%

var% {ks=.k le:irk ds :i esa ifjHkkf"kr fd;k tkrk gSA Js.kh fl)kar ds

vfèkd O;kid ifjǹ'; esa ,dkÑfrdrk dks ,sls vkdkfjrk ds :i esa ifjHkkf"kr

fd;k tkrk gS tks fd jí djus ls NwV x;k FkkA



lewg dh le:irk ,oa
rqY;kdkfjrk fo'ks"krk,a

104 Lo&vfèkxe
ikB~; lkexzh

  lewg fl)kar] esa dsyh çes; dk ukedj.k vkFkZj dsyh ds lEeku

esa fd;k x;kA bl çes; ds vuqlkj çR;sd lewg G dks G ij ik'oZ lefer

lewg ds milewg ls rqY;kdkfjd dgk tkrk gSA bls G ds vo;oksa ij G ds
lewg fØ;kvksa ds mnkgj.k ds :i esa le>k tk ldrk gSA

1- lewgksa ds le:irk ,oa rqY;kdkfjrk D;k gksrs gSa\

2- n'kkZ;sa fd lewgksa esa rqY;kdkfjrk dk lEcUèk ,d lerqY;rk lEcUèk gSA

3- rqY;kdkfjrk dk D;k rkRi;Z gS\

4- le:irk ds vkèkkjHkwr çes; dk ç;ksx dc fd;k tkrk gS\

5- lewg a esa fu/kkZfjr vo;o G ds fy;s fa : G  G dks bl çdkj ifjHkkf"kr
djsa fd  fa (x) = a–1 xa, x  GA

6- çnf'kZr djsa fd ,csfy;u lewg dh le:irk izfrfcac ,csfy;u gSA

7- lewgksa ds :ikarj.k ,oa Øep; 'kCnksa dks ifjHkkf"kr djsaA

8- S
n
 esa fdlh Øep; f dh dksfV L.C.M. ds vlac) pØksa dh dksfV ds f ds

lerqY; dSls gksrk gS\

9- n'kkZ;sa fd ;fn H  G ifjfer lewg G dk milewg bl çdkj gks fd o(G)
ls i

G
(H)! foHkkftr ugha gks rks G esa xSj&ux.; lkekU; milewg gSA

10- dsyh çes; D;k gS\

1- mi;qDr mnkgj.kksa lfgr lewgksa ds le:irk o rqY;kdkfjrk fo'ks"krkvksa dk
foLrkjiwoZd o.kZu djsaA

2- lewgksa ds le:irk o rqY;kdkfjrk ds çes;ksa ,oa O;qRifÙk dk mnkgj.k lfgr
o.kZu djsaA

3- mi;qDr mnkgj.kksa dh lgk;rk ls le:irk ds vkèkkjHkwr çes; dh O;k[;k
djsaA

4- lewgksa ds :ikarj.k ,oa Øep; dh voèkkj.kkvksa dk o.kZu mnkgj.k lfgr
djsaA

5- S
n 
(n < 5) ds fofHkUu milewgksa dh mnkgj.k lfgr ppkZ djsaA

6- ;fn G dksfV n dk ,d pØh; lewg gS ,oa p | n rks fl) djsa fd G dk
le:irk dksfV p ds pØh; lewg esa vkPNknd gSA bldk vk/kkjHkwr Kkr
djsaA

7- çnf'kZr djsa fd U
10

, Z
4
 ls rqY;kdkfjd gS ijUrq U

12
 ls ughaA
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8- n'kkZ;sa fd dksfV n dk pØh; lewg dh bZdkbZ ds nok ewy ds xq.kd lewg ls
rqY;kdkfjd gSA ar  e2ir/n dk fopkj djsaA

9- ßçR;sd lewg G Øep; lewg ls rqY;kdkfjd gksrk gSÞA bl dFku dks
mnkgj.k lfgr fl) djsaA

10- mnkgj.k dh lgk;rk ls O;kidhd`r dsyh çes; fl) djsaA
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4-0 ifjp;
4-1 mÌs';
4-2 lewg Lokdkfjrk

4-2-1 vkUrfjd Lokdkfjrk
4-2-2 Lokdkfjrk lewg ,oa buds Øefofue;

4-3 la;qfXer lEcUèk
4-3-1 dkWmph çes;

4-4 lkekU;hdj.k] x.kuk fl)kar ,oa ifjfer lewg dk oxZ lehdj.k
4-5 ifjfer ,csfy;u lewg ,oa xSj&,csfy;u lewg

4-5-1 ifjfer ,csfy;u lewg gsrq çes;
4-5-2 xSj&,csfy;u lewg

4-7 viuh çxfr tkafp, iz'uksa ds mÙkj
4-8 lkjka'k
4-9 eq[; 'kCnkoyh

4-10 Lo&ewY;kadu ç'u ,oa vH;kl
4-11 lgk;d ikB~; lkexzh

chtxf.kr esa lewg ds Lokdkfjrk (Automorphism) lewg dks ,sls lewg ds :i esa
ifjHkkf"kr fd;k tkrk gS ftlds lHkh vo;o vk/kkj lewg (Base Group) ds
Lokdkfjrk gksrs gSa ,oa tgk¡ lewg lafØ;k Lokdkfjrk dh lajpuk (Structure) gksrh
gSA vU; 'kCnksa esa bldh lewg lajpuk (Group Structure) lewg ds leLr Øep;
ds lewgksa dk milewg cu tkrk gSA lewg G dh Lokdkfjrk dks rqY;kdkfjrk G 
G ls n'kkZ;k tk ldrk gSA G ds Lokdkfjrk ds leqPp; dks Aut G ls bafxr fd;k
tkrk gSA ewyr% lewg Lokdkfjrk lewg ls Lo;a rd ,d xq.ku lewg gSA ;fn G

ifjfer xq.ku (Finite Multiplicative) lewg gks rks G ds Lokdkfjrk dks bldh xq.ku
lkj.kh dk iquysZ[ku djrs gq, n'kkZ;k tk ldrk gS fdUrq iqujkòÙk (Repeated)

vo;oksa ds blds çk:i (Pattern) dks ifjorZu fd, fcukA

vkUrfjd Lokdkfjrk (Inner Automorphism)] oy; vFkok chtxf.kr ds
Lokdkfjrk lewg gS rFkk bls lkèkkj.kr;k fu/kkZfjr vo;o ds lewg] oy; }kjk
çnf'kZr fd;k tkrk gS ftls la;qfXer vo;o dgrs gSaA bu vkUrfjd Lokdkfjrk ls
Lokdkfjrk lewg ds milewg dk fuekZ.k gksrk gS ,oa bl milewg }kjk Lokdkfjrk
lewg ds HkkxQy ls cká Lokdkfjrk (Outer Automorphism) lewg dh voèkkj.kk
dh tkrh gSA vkUrfjd Lokdkfjrk ,slk Lokdkfjrk gS ftldh voèkkj.kk la;qXeu ls
dh tkrh gSA
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xf.kr esa] fo'ks"kr;k lewg fl)kUr esa lewg G ds mileqPp;ksa esa S dk
dsUnzhdj.k ¼bls Øefofues; Hkh dgk tkrk gS½ G ds vo;oksa dk leqPp; gS tks S

ds çR;sd vo;o ds lkFk Øefofues; (Commuted) djrk gS ,oa S dk lkekU;hdj.k
vo;oksa dk ,slk leqPp; gS tks v'kDr O;oLFkk dh iwfrZ djrk gSA S ds dsUnzhdj.k
o lkekU;hdj.k (Normalizer) G ds milewg gSa rFkk G dh lajpuk ls dkQ+h
tkudkfj;k¡ fey ldrh gSaA ;s ifjHkk"kk,¡ ,dkHk o v)Z lewg esa Hkh ykxw gksrh gSaA

xf.kr esa] fo'ks"kr;k lewg fl)kar esa lewgksa ds nks vo;o a o b la;qfXer gksrs
gSa ;fn lewg esa vo;o g ,slk gks fd b = g–1ag.A ;g lerqY;rk lEcUèk gS ftlds
lerqY;rk oxksZa dks la;qfXer oxZ dgk tkrk gSA vewrZ chtxf.kr esa ,csfy;u
(Abelian) lewg ftls Øefofues; lewg Hkh dgk tkrk gS ,slk lewg gS ftlesa nks
lewg vo;oksa esa lewg lafØ;k ykxw djus dk ifj.kke ml dksfV (Order) ij fuHkZj
ugha gksrk ftlesa os fy[ks tkrs gSaA bldk rkRi;Z ;g gqvk fd ;s ,sls lewg gSa tks
Øefofue; (Commutativity) ds vfHkx̀ghr dk ikyu djrs gSaA ,csfy;u (Abelian)

lewg iw.kkZadksa ds ;ksx ds vadxf.kr (Arithmetic) dk O;kihdj.k djrs gSaA vkjfEHkd
mUuhloha 'krkCnh ds xf.krK fu,Yl gsufjd ,cWy (Niels Henrik Abel) ds dkj.k
;g ukedj.k fd;k x;kA xf.kr esa] fo'ks"kr% lewg fl)kar esa xSj ,csfy;u (Abelian)

lewg ¼ftls dHkh&dHkh xSj Øefofue; lewg Hkh dgk tkrk gSA½ ,slk lewg (G, *)

gS ftlesa G ds de ls de ,d tksM++h vo;o a o b ik;s tkrs gSa] tSls fd a * b

 b * aA lewg dk ;g oxZ ,csfy;u lewg dk foijhr gSA blhfy;s ,csfy;u lewg
esa lewg vo;oksa ¼Group Elements½ ds leLr ;qXeksa (Pairs) Øefofue; (Commute)

gksrs gSaA

bl bdkbZ esa vki lewg Lokdkfjrk] vkUrfjd Lokdkfjrk] la;qfXer lEcUèk o
dsUnzhdj.k] lkekU;hdj.k] x.kuk fl)kUr o ifjfer lewg ds oxZ lehdj.k] ifjfer
,csfy;u lewg o xSj&,csfy;u lewg ds fy;s dkWmph çes; dk vè;;u djsaxsA

bl bdkbZ dks i<+us ds ckn vki&

 lewg Lokdkfjrk ,oa blds vfHky{k.kksa dks le> ik,axs(

 vkUrfjd Lokdkfjrk dk o.kZu dj ik,axs(

 lewg Lokdkfjrk] le:irk ,oa vkUrfjd Lokdkfjrk ds çes;ksa dk foLrkjiwoZd
o.kZu dj ik,axs(

 la;qfXer lEcUèk] dsUnzhdj.k ,oa lkekU;hdj.k dh ppkZ dj ik,axs(

 ifjfer lewg ds x.kuk fl)kUr o oxZ lehdj.k dh O;k[;k dj ik,axs(

 ifjfer ,csfy;u lewgksa dks le> ik,axs(

 xSj&,csfy;u lewgksa ds fy;s dkWmph çes; dks Li"V dj ik,axsA
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chtxf.kr esa lewg ds Lokdkfjrk (Automorphism) lewg dks ,sls lewg ds :i esa
ifjHkkf"kr fd;k tkrk gS ftlds lHkh vo;o vk/kkj lewg ds Lokdkfjrk gksa ,oa tgk¡
lewg lafØ;k Lokdkfjrk dh lajpuk gksA vU; 'kCnksa esa bldk lewg lajpuk lewg
ds leLr rqY;kdkfjrk ds lewg dk milewg gks tkrk gSA lewg G ds lewg lajpuk
,d rqY;kdkfjrk G  G gSA G ds Lokdkfjrk ds leqPp; dks Aut G ls bafxr
fd;k tkrk gSA

ewyr%] lewg Lokdkfjrk lewg ls Lo;a rd dk rqY;kdkfjd gSA ;fn G ,d
ifjfer xq.ku lewg gks rks G ds Lokdkfjrk dks bldh xq.ku lkj.kh ds iquysZ[ku ds
:i esa n'kkZ;k tk ldrk gS ijUrq iqujkof̀Ùk vo;o ds blds çk:i dks ifjofrZr fd;s
fcukA mnkgj.kkFkZ bdkb;ka = {1, -1, i, i} ds pkSFks ewy ds lewg dh xq.ku lkj.kh dk
rkRi;Z gS fd 1   1, – 1  –1, i   –i,    –i   i  }kjk ifjHkkf"kr ekufp= G dk
Lokdkfjrk gSA Lokdkfjrk lewg dks lefer lewg Hkh dgk tkrk gS ,oa Lokdkfjrk
lewg ds milewg dks LFkkukUrj.k (Transformation) lewg dgrs gSaA

ekud ifjHkk"kk ds vuqlkj] ßLokdkfjrk xf.krh; fo"k; ls Lo;a rd ,d
rqY;kdkfjrk gSA fdlh vFkZ esa ;g fo"k; dh lefer gS ,oa ,d jhfr gS ftlesa
milewg ls Lo;a ekufp=.k dh tkrh gS fdUrq bldh lewph lajpuk dks ifjjf{kr
j[krs gq,A ekufp=.k ds leLr Lokdkfjrk ds leqPp; ls lewg dk fuekZ.k gksrk gS
ftls Lokdkfjrk lewg dgk tkrk gSÞA

Lokdkfjrk ls gekjk vk'k; lewg G ls Lo;a rd rqY;kdkfjrk gSA Øep;
lewgksa ds vèkhu geus ns[kk gh Fkk fd leLr Øep;ksa (Permutations) ¼1&1
vkPNknd ekufp= One-One Onto Maps½ ds leqPp; ls lewg dk fuekZ.k gksrk gSA
leLr Lokdkfjrk ds leqPp; ls Hkh lewg fufeZr gksrk gS] ;s nks ijLij fudVlEcUèkh
gksrs gSaA vkjEHk esa ge dqN ,sls fcUnq ysrs gSa ftuls Lokdkfjrk çnf'kZr gksrk gSA

1- G dksbZ lewg gks rks rRled ekufp= I : G  G bl çdkj gks fd I (x) =

x ] G dk ux.; Lokdkfjrk gSA oLrqr% bls dHkh&dHkh G dk ux.;
Lokdkfjrk dgk tkrk gSA

2- ekuk Z = dks ;ksx ds vèkhu iw.kkZad lewg ekusa rks f : Z  Z, bl çdkj fd
f (n) = – n ,d Lokdkfjrk f (n) = f (m)  – n = – m  n = m  f

1–1 gSA

Ikqu% pw¡fd fdlh n  Z, f (–n) = n ds fy;s ge ikrs gSa fd f vkPNknd (Onto)

gSA

vc f (n + m) = – (n + m) = – n – m = f (n) + f (m)

n'kkZ;k x;k gS fd f le:irk gS ,oa blh dkj.k Lokdkfjrk gSA

3- ;fn G ,csfy;u lewg gS ,oa  f : G  G  bl çdkj gS fd f (x) = x–1 rks
f (xy) = (xy)–1 = y–1 x–1 = x–1 y–1 = f (x) f (y) f ,d le:irk gSA
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iqu% f (x) = f (y)  x–1 = y–1

 x = y  f, 1–1 gSA

f Li"Vr;k vkPNknd gS ,oa blh dkj.k Lokdkfjrk gSA

4- ;fn G xSj&,csfy;u lewg gS rks mijksDr ifjHkkf"kr ekufp= f : G  G bl
çdkj gqvk fd f (x) = x–1 Lokdkfjrk ugha gSA

pw¡fd G xSj&,csfy;u gS  x, y  G bl çdkj gqvk xy  yx,

vc ;fn f (xy) = f (x) f (y)

rks (xy)–1 = x–1 y–1

 (xy)–1= (yx)–1

 xy = yx, ,d fojksèkkHkkl gSA

blh dkj.k f Lokdkfjrk ugha gSA

 f : G  G bl çdkj fd f (x) = x–1 ,d Lokdkfjrk gS ;fn G

,cWfy;u gksA

5- G dks dksfV n (n = fo"ke > 1) dk ,d ifjfer ,csfy;u lewg ekusa rksA ge
n'kkZrs gSa fd G esa xSj&ux.; (Non-Trivial) Lokdkfjrk gSA

f : G  G, dks bl çdkj ifjHkkf"kr djsa fd f (x) = x–1 ¼Åij çnf'kZr
vuqlkj½

vc ;fn f = I

rks f (x) = x lHkh x  G ds fy,

 x–1 = x lHkh x  G ds fy,

 x2 = e lHkh x  G ds fy,

   o(x) | 2 lHkh x  G ds fy,

 o(x) = 1 ;k 2 lHkh x  G ds fy,

;fn x  e rks o(x) = 2  o o(x) | o(G)

2 | o(G)  o(G) le gS tks fd okLrfod ugha gSA

blh dkj.k f  I

rFkk ifj.kke fl) gqvkA

G dksbZ lewg gks ,oa G ls G ds leLr Lokdkfjrk dk leqPp; bafxr gks jgk
gSA lkèkkj.kr;k dksbZ Hkh ;g n'kkZ ldrk gS fd ekufp= (Mappings) ds lajpuk ds
vèkhu G ls lewg dk fuekZ.k gksrk gSA oSls ge çes; 4-1 ds ekè;e ls ;g ifj.kke
fl) djrs gSa ftlls gesa Aut G ds ckjs esa dqN vfèkd tkudkfj;k¡ feyrh gSaA

 G dksbZ lewg gksA Aut G ls G ds leLr Lokdkfjrk dk leqPp; bafxr
fd;k tk jgk gks ,oa Aut (G), G ds leLr Øep; dk lewg gks rks Aut G , A (G)

dk milewg gSA
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pw¡fd I  Aut G, Aut G  

vr% T  Aut G. rks T , 1–1 vkPNknd G ls G.

bl çdkj T, dk Øep; G.

 T  A(G). blfy,, Aut G  A(G).

ekuk T1, T2  Aut G.

rks (T1 T2)(xy) = T1(T2(xy))

= T1(T2(x)T2(y))  tgk¡ T2 le:id gSA

= T1(T2(x))T1(T2(y))  tgka T1 le:id gSA

= (T1T1)(x).(T1T2)(y)  lHkh x, y  G ds fy,A

 T1 T2, G esa G rd le:irk gSA

iqu% (T1T2) (x) = (T1 T2) (y)

 T1 (T2 (x)) = (T1 (T2 (y))

 T2 (x) = T2 (y)  D;ksafd T1, 1–1 gSA

 x = y D;ksafd T2, 1–1 gSA

       T1T2, 1–1 gSA

ekuk x  G. pwafd T1 : G  G vkPNknd gS  y  G, bl izdkj T1(y) = x.

iqu% tgka T2 : G  G vkPNknd gS,  z  G, bl izdkj y = T2 (z)

 T1(T2 (z)) = x

 (T1 T2)(z) = x

 T1T2 Hkh vkPNknd gSA

rHkh, T1T2  Aut G.

ekuk T  Aut G.  rks T , 1–1 vkPNknd gSA  T O;qRØe.kh; (Invertible)

gS vkSj]

T–1 : G  G,  bl izdkj T–1 (x) = y  T(y) = x

tSls TT–1 = I = T–1 T

T–1 gS 1–1 tSls T–1 (x1) = T–1 (x2)

 TT–1 (x1) = TT–1 (x2)

 I(x1) = I (x2)

 x1 = x2

ekuk x  G rks y = T(x)  G

 T–1(y) = T–1 (T (x)) = (T–1T) x = x

 T–1 vkPNknd gSaA

ekuk T–1 (xy) = z  rks T(z)= xy

ekuk T–1 (x) = x1, T
–1 (y)= y1
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rks x = T(x1),  y= T(y1)

 T(z) = xy = T(x1) T(y1) = T(x1 y1)

tgka T le:irk gSA

 z = x1 y1 tgka T,  1 – 1 gSA

rHkh T–1 (xy) = z = x1 y1 = T–1(x) T–1 (y)  lHkh x, y  G ds fy,

 T–1 le:irk gSA

bl izdkj T–1  Aut G

blh dkj.k Aut G, A(G) dk ,d mi lewg gSA

¼bl çdkj Aut G ls lewg fufeZr gksrk gS½

vkUrfjd Lokdkfjrk] oy; vFkok chtxf.kr dk ,d Lokdkfjrk lewg gS rFkk ;g
lkèkkj.kr;k fu/kkZfjr vo;o ds la;qfXer fØ;kvksa (Conjugation Action) }kjk
çnf'kZr gksrk gS ftls fuèkkZfjr vo;o dgk tkrk gSA bu vkUrfjd Lokdkfjrk ls
Lokdkfjrk lewg ds milewg dk fuekZ.k gksrk gS ,oa bl milewg }kjk Lokdkfjrk
lewg ds HkkxQy ls cká Lokdkfjrk lewg dh voèkkj.kk curh gSA vkUrfjd
Lokdkfjrk ,slk dksbZ Lokdkfjrk gS tks la;qXeu ls mRiUu gksrk gSA lewg G dk
Lokdkfjrk vkUrfjd gksxk ;fn ,oa dsoy rHkh tc ;g G varfoZ"V (Containing)

çR;sd lewg rd foLrkfjr gksA

g  G eku ysa rks Tg : G  G  dks bl çdkj ifjHkkf"kr djsa fd

Tg (x)= gxg–1 lHkh x  G

rks Tg, 1–1 gS tSls

eku ysa Tg(x) = Tg(y)

 gxg–1 = gyg–1

 x = y.

ekuk x  G.  rks  g–1 xg  G.

,oa Tg (g–1 xg) = g (g–1 xg) g–1 = x

 Tg vkPNknd (Onto) gSA

Tg (xy) = g (xy) g–1

= (gxg–1) (gyg–1)

= Tg (x) Tg (y) lHkh x, y,  G ds fy,A

blh dkj.k Tg, G dk Lokdkfjrk gS ,oa bls G dk vkUrfjd Lokdkfjrk dgk
tkrk gSA

I(G) ds leLr vkUrfjd Lokdkfjrk dk leqPp; G, Aut G dk milewg
gSA
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 Te  I(G)   tgk¡ e,  G ds rRled gSA

 I(G) 

1 2
, ( )g gT T I G  ekusaA

rks 
1 2g gT T (x) = 

1gT (g2xg2
–1)= g1 g2 x g2

–1 g1
–1

= (g1 g2) x (g1 g2)
–1

= 
1 2g gT  (x) leLr  x  G  gsrq


1 2g gT T  = 

1 2g gT   I(G)

ekuk Tg  I(G) gks rks Tg Tg–1= Te = I  (D;ksafd Te (x) = exe–1 = x lHkh
x  G ds fy,A)

,oa Tg–1 Tg = I

 Tg–1 = (Tg)
–1  (Tg)

–1  I(G)

vr% Aut G, I(G) dk ,d mi lewg gSA

oLrqr% I(G), Aut G esa lkekU; (Normal) gSA

ç'u rc mRiUu gksrk gS] tc 
1gT  = 

2gT ?

eku ysa fd 
1gT = 

2gT

rks 
1gT (x) = 

2gT (x)  lHkh x  G ds fy,A

 g1 x g1
–1 = g2 x g2

–1 lHkh x  G ds fy,A

 g2
–1 g1 x = x g2

–1 g1 lHkh x  G ds fy,A

 g2
–1 g1  Z(G)

 g1Z(G) = g2Z(G)


1gT  = 

2gT   g1Z(G) = g2Z(G)

 ( )
( )

G
I G

Z G


 : ( )
( )

G
θ I G

Z G
  dks bl çdkj ifjHkkf"kr djsa fd  (g Z(G)) = Tg

 bl çdkj lqifjHkkf"kr gS g1Z(G) = g2Z(G)  g2
–1 g1  Z(G)


1gT  = 

2gT  ¼tSlh fd ifjppkZ igys dh tk pqdh gS½A

  (g1 Z(G))=  (g2 Z(G))

 gS 1–1 tgka (g1 Z(G)) =  (g2 Z(G))


1gT = 

2gT

         g2
–1 g1  Z(G)

 g1Z(G) = g2Z(G)
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 vkPNknd gS  tSls Tg  I(G)  g  G

vkSj gZ(G)  ( )

G

Z G  bl izdkj,  (gZ(G)) = Tg

Hkh  (g1Z(G) g2(Z(G)) =  (g1 g2 Z(G))

= 
1 2g gT T

=  
1 2g gT T

= g1Z(G)) (g2Z(G))

vr%  le:irk gS ,oa blh dkj.k rqY;kdkfjrk gSA

;fn G ifjfer lewg gks rks o(Z(G)) = ifjferA


( )

G
o

Z G

 
 
 

 = 
( )

( ( ))

o G

o Z G
, ysfdu 

( )

G
o

Z G

 
 
 

 = o(I(G))

 o(I(G)) = 
( )

( ( ))

o G

o Z G
.

 çes; 4-3 dks fuEukuqlkj Hkh fl) fd;k tk ldrk gS]

 : G  I(G) dks bl çdkj ifjHkkf"kr djsa fd leLr g  G gsrq (g) = Tg

rks  vkPNknd le:irk gSA n'kkZ;sa fd Ker  = Z(G), rks ( )
Ker

G
I G




 ekuk G vifjfer pØh; lewg (Infinite Cyclic Group) gks rks Aut

G dks fuèkkZfjr djsaA

 G = < a > o T  Aut G ekusa rks ge n'kkZrs gSa fd G = < Ta >

x  G gks rks pw¡fd T vkPNknd gS  y  G bl izdkj, x = T(y)

y  G  y = ar, r ds dqN iw.kk±d gSA

 x = Ty = Tar = (Ta)r

 Ta , G ds mRiUudrkZ gSA

ijUrq G esa nks gh mRiUudrkZ gSa% a o a–1

 Ta = a ;k Ta = a–1.

T dks bl çdkj ifjHkkf"kr djsa fd]

o(Aut G)  2

ifjHkkf"kr T : G  G bl izdkj,

T(x) = x–1

rks T  Aut G

vkSj Hkh T  I as T = I  T(x) = x lHkh x ds fy,A

 x–1 = x lHkh x   a–1 = a  a2 = e ds fy,A

 o(a)  ifjfer gS tks fd ,d fojksèkkHkkl gSA
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vr% T  IA bl çdkj G esa de ls de nks Lokdkfjrk gSaA

o(Aut G)  2

 o(Aut G) = 2.

oLrqr% Aut G = {I, T | T (x) = x–1 lHkh  x  G} ds fy,A

pw¡fd o(Aut G) = 2, Aut G dk ,d pØh; lewg dksfV 2 gS ,oa pw¡fd dksfV n
dk dksbZ pØh; lewg Zn ¼;ksx ekikad (Addition Module) n ds vèkhu lewg½ ls
rqY;kdkfjd gS rks Aut G  Z2

¼  ;gk¡ G esa cgqr NksVh dksfV gS tcfd G cgqr cM+h dksfV dk gS½A

 n dksfV G dk ifjfer pØh; lewg gks rks Aut G fuèkkZfjr djsaA

ekuk G = < a >, o(G) = o(a) = n, T  Aut G gks rks mnkgj.k 4-1 ds vuq:i
G = < Ta >, fdUrq G esa dsoy (n) mRiUu dkjd gSa] blhfy;s T esa dsoy (n)

fodYi p;u gksaxsA

vr% -o(Aut G)  (n)

Tm : G  G dks bl çdkj ifjHkkf"kr djsa fd]

Tm (x) = xm, (m, n) = 1, 1  m < n

Rkks Tm  Aut G ¼lR;kfir djsa½A

;fn Tr = Ts, rks Tr (a) = Ts (a)

 ar = as.  ekuk r > s

 ar–s = e

   o(a) | r – s

   n | r – s

    n  r – s < n, ,d fojksèkkHkkl (Contradiction) gS

Tr  Ts lHkh r ds fy,, s (r  s), 1  r, s  m tgk¡ (r, n) = (s, n)

blls G ds de ls de (n) Lokdkfjrk vkrs gSaA

 o(Aut G)  (n)

 o(Aut G) = (n)

oLrqr% Aut G = 
1

{ | ( ) , ( , ) 1}m
m m

m n
T T x x m n

 
 

bl çdkj ge ikrs gSa o(Aut G) = (n)

ge n'kkZrs gSa fd G  Un lewg ds iw.kk±d xq.ku ds ekika (Modulo) d esa n

 : Aut G  Un dks bl çdkj ifjHkkf"kr djsa fd]

 (Tm) = m, 1  m < n, (m, n) = 1

rks  (Tr) =  (Ts)

 r = s

 Tr = Ts   is 1–1
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fn;k gqvk gS] m  Un, 1  m < n, (m, n) = 1,

 Tm  Aut G, bl izdkj  (Tm) = m

n'kkZ;k x;k gS fd vkPNknd gSA

 le:irk gS ;g n'kkZus ds fy;s ge fl) djrs gSa]

 (Tr Ts) =  (Tr)  (Tr)

vc 1  r, s < n, (r, n) = 1 = (s, n) ds fy;sA

Tr Ts (x) = Tr (x s) = (x s)r = x r  s = Tr  s (x)

 Tr Ts = Tr  s

  (Tr Ts)=  (Tr  s)

= r  s =  (Tr)   (Ts).

vr%  ,d le:irk gS ,oa blfy;s rqY;kdkfjrk gSA

blh dkj.k Aut G  Un

blls Aut G iw.kZr;k fuèkkZfjr gks x;kA

 mnkgj.kksa 4-1 o 4-2 }kjk dksfV 3 o 4 ds pØh; lewgksa ,oa vifjfer pØh;
lewgksa esa dksfV 2 ds rqY;kdkfjd gS ijUrq lewgksa vius vki esa xSj&rqY;kdkfjd gSaA
Aut G ,csfy;u gS tc Hkh G pØh; gksaA

;fn f : G  G bl çdkj gks fd f (x) = xn

,d rqY;kdkfjd gS tgk¡  n dksbZ fu/kkZfjrk iw.kkZad gS] çnf'kZr djsa fd

an–1  Z(G)  lHkh a  G ds fy,A

 ekuk fd a  G dksbZ vo;o gSA

ekuk fd  f (a–n x an) = (a–n x an)n

= a–n xn an

= f (a–1) f (x) f(a)

= f (a–1 xa)

 a–n x an = a–1 xa D;ksafd f ,d&,d gSA

 xan–1 = an–1 x  lHkh x ds fy,

bl izdkj an–1  Z(G)  a  G.

ekuk fd f : G  G ,d le:id gks ¼vFkkZr~ f, G dk varjkdkfjrk
(Endomorphism) gS½ eku yks fd  f, G) ds izR;sd vkarfjd Lokdkfjrk ls Øefofue;
djrk gS] rks n'kkZ,a fd]

(i) K = {x  G | f 2 (x) = f (x)}, G dk lkekU; milewg gSA

(ii) G/K ,csfy;u gSA

: (i) f 2 (e) = f (f (e)) = f (e)  e  K (tgk¡ e, G ds rRled (Identity)

gSA)

 K  
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ekuk x, y  K rks f (x) = f 2 (x)

f (y) = f 2 (y)

blfy, f 2 (xy–1)= f (f (xy–1))

= f (f (x) f (y–1))= f (f (x) f (y)–1)

= f 2 (x) f (f (y))–1

= f 2 (x) f 2 (y)–1

= f (x) f (y–1)

= f (xy–1)

 xy–1  K.

bl izdkj K, G dk milewg gSA

ekuk g  G, x  K. eku ysa fd]

f 2 (gxg–1)= f (f (gxg–1))

= f (f Tg (x))

= f (Tg f (x)) D;ksafd f Tg = Tg f

= f (g) f 2 (x) f (g–1)

= f (g) f (x) f (g–1) D;ksafd x  K  f (x) = f 2 (x)

= f (gxg–1)

 gxg–1  K  lHkh x  K ds fy,, g  G

 K, G dk lkekU; milewg gSA

(ii) vc G

K
 ,csfy;u gSA

 KxKy = KyKx  lHkh x ds fy,, y  G

 Kxy = Kyx lHkh x, y  G ds fy,A

 xyx–1y–1  K lHkh x, y  ds fy,A

vc, f 2 (xyx–1 y–1) = f (f (xyx–1 y–1))

= f (f (Tx yy–1)) = f ( f Tx y)) f (y–1))

= f (Tx f (y)) f (y)–1 = f (x) f (y) x–1) f (y)–1)

= f (x Tf(y) x
–1) = f (x) f Tf(y) x–1

= f (x) T f(y) f (x–1) = f (x) f (y) f (x–1) f (y)–1

= f (x) f (y) f (x–1) f (y–1)

= f (xyx–1 y–1)

 xyx–1 y–1  K


G

K
 ,csfy;u gSA

 fdlh iw.kkZad a > 1, n > 0  ds fy;s n'kkZ;sa fd n |  (an –1)
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G = < b >  bl çdkj gks fd o(G) = o(b) = an–1 rks T : G  G dks bl
çdkj ifjHkkf"kr djsa fd T (x) = x a

pw¡fd (a , an–1) = 1,  T  Aut G

vkSj Hkh T2 (x) = T (T (x))

= T (x a) = (x a)a = 
2ax

lkèkkj.kr;k T r (x) = 
rax

 Tn (x) = 
nax = x  lHkh x  G ds fy,A

(tSls x o(G) = e  1nax   = e  
nax  = x)

 T n = 1

;fn T m = 1 rks T m(b) = b


mab = b  1mab   = e

 o(b) | (am–1)

 an–1 | (am–1)  an–1  (am–1)

 an  am  n  m

 o(T) = n

vkSj Hkh o(Aut G) =  (an–1),  mnkgj.k 4.2 ls]

T  Aut G  o(T) | o(Aut G)

 n |  (an–1).

G ds milewg H dks G dk vfHkykf{kf.kd milewg dgk tkrk gS ;fn]

T(H)  H lHkh T  Aut G ds fy,

ekuk G dksfV 4 dk dksbZ pØh; lewg gks G = {e, a, a2, a3}

rks Aut G = {I, T} tgk¡ leLr x  G ds fy;s x  G mnkgj.k 4-2 lsA

ekuk H = {e, a2}  G

 I (H) = {I (e), I (a2)} = H

T (H) = {T (e), T (a2)} = {e, a6 = a2} = H

vr% H, G dk ,d vfHkyk{kf.kd milewg gSA

 n'kkZ,¡ fd lewg G dk vfHkyk{kf.kd milewg G dk lkekU;
milewg gSA D;k bldk foykse okLrfod gS\

 H, G dk vfHkyk{kf.kd milewg gks rks g  G, h  H eku ysrs gSaA

vc T(H)  H,  T  Aut G

fo'ks"kr;k Tg(H)  H, Tg vkUrfjd Lokdkfjd gSA
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bl çdkj ghg–1 = Tg(h)  Tg(H)  H

vr% H, G dk lkekU; milewg gSA

oSls bldk foijhr okLrfod ugha gSA

G dks dksfV 4 dk ,csfy;u lewg ekusaA

rks G = {e, a, b, ab | a2 = e = b2 = (ab)2, ab = ba}

H = {e, a}  G ekuus ij H, G dk lkekU; milewg gS D;ksafd G esa H dk
funsZ'kkad (Index) 2 gSA

T : G  G bl çdkj ekusa fd T (a) = b, T (b) = a, T (ab) = ab, T (e) = e

rks T  Aut G fdUrq T (a) = b  H  H, G dk vfHkyk{kf.kd milewg ugha
gSA

 n'kkZ;sa fd ;fn o(Aut G) > 1 rks o(G) > 2

eku ysrs gSa fd o(G)  2

;fn o(G) = 1 rks G esa dsoy ,d gh Lokdkfjrk gS% vFkkZr rRled ekufp=
(Identity Map) I gS] rks ;g fojksèkkHkklh gS o(Aut G) > 1

;fn o(G) = 2, rks G = {e, a | a2 = e, a  e}

Pkw¡fd o(Aut G) > 1,  T  Aut G bl çdkj gS fd T  I

  x  G bl çdkj gS T (x)  x ijUrq T (e) = e

vr% T (a), a gksxk gh tks fd fojksèkkHkklh bl çdkj gS] fd  x

blh dkj.k T (x)  x.

 o(G)  2

bl izdkj o(G) > 2.

 n'kkZ;sa fd Aut S3  S3

H = {(12), (13), (23)} ekusa] vFkkZr~ H, S3 dk mileqPp; gS ftlesa G = S3

esa dksfV 2 ds leLr vo;o varfoZ"V gSaaA

ekuk T  Aut G dksbZ vo;o (Member) gks rks T : G  G ,d rqY;kdkfjrk
gSA pw¡fd H  G, T(h)  G  h  H] o(T (a)) = o(a)  a  G, bl çdkj ;fn h 
H dksbZ lnL; gks rks o(h) = 2 ,oa blfy;s o(T (h)) = o(h) = 2] vFkkZr~ T (h)  H gS
 h  HA

vr% T : H  H ,d ekufp=.k gS ¼vFkkZr~ T, H rd ifjfer gks ldrk gS ,oa
ge H ds çfr T ds bl ifjlheu dks T ls bafxr djrs gSa½A pw¡fd T  vr% T : G

 G 1&1 gksxkA iqu% pw¡fd H ifjfer gS] T  : H  H 1&1 gS ;g vkPNknd Hkh
gksxk ,oa blh dkj.k T  H ij ,d Øep; gS] vFkkZr~ T  A (H)

 : Aut G  A(H) dks bl çdkj ifjHkkf"kr djsa fd  (T) = T 
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rks  bl çdkj lqifjHkkf"kr gS T1 = T2  T1 = T2   (T1) =  (T2)

vkSj Hkh   gS 1–1, D;ksafd  (T1) =  (T2)

 T1 = T2

 T1 (h) = T2 (h)  h  H

 T1(h) = T2 (h)  h  H

vFkkZr~ T1 o T2, H ds fuèkkZfjr vo;o cu jgs gSaA ge n'kkZrs gSa fd ;s G ds
leLr vo;o gksaxsA

vc T1 [(123)] = T1 [(13)(12)] = T1(13) T1(12) = T2(13) T2 (12)

= T2(13)(12) = T2 [(123)]

blh çdkj T1 [(132)] = T2 [(132)] ,oa fu'p; gh T1 (I) = T2 (I)

bl çdkj T1 o T2, G ds leLr vo;oksa ij gSa ,oa blfy;s (T1) = (T2)

 T1 = T2  , 1–1 gSA

pw¡fd , Aut G  (Aut G) ls vkPNknd gksxkA o(Aut G) = o((Aut G))

ijUrq (Aut G)  A(H)

 o(((Aut G))  o(A(H)) = 3  = 6

vFkkZr~ o(Aut G)  6

pw¡fd G  I(G) tc G = S3

o(I(G)) = o(G) = 6

ijUrq I (G)  Aut G ,oa blfy;s 6  o(Aut G)

blh dkj.k o(Aut G) = 6

 Aut G = I(G)

rFkk Aut S3  S3

1- ;fn G ,slk lewg gks ftlesa fdlh g  G gsrq g2  e gS] rks n'kkZ;sa fd G
esa xSj&ux.; Lokdkfjrk gSA

2- Lokdkfjrk ls D;k vfHkçk; gS\

lewg ds nks vo;o a o b la;qfXer dgyk;saxs ;fn lewg esa vo;o g bl çdkj gks
fd b = g–1agA ;g lerqY;rk lEcUèk gS ftlds lerqY;rk oxksZa dks la;qfXer oxZ
dgk tkrk gSA

leku la;qfXer oxZ ds vo;oksa (Members) dks lewg lajpuk ds ç;ksx ls
vyx&vyx ugha igpkuk tk ldrk ,oa blhfy;s dbZ fo'ks"krk,a lk>k gksrs gSaA
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xSj&,csfy;u lewgksa ds la;qfXer oxksZa dk vè;;u budh lajpuk ds vè;;u ds fy;s
vkèkkjHkwr gSA fdlh ,csfy;u lewg ds fy;s çR;sd la;qfXer oxZ ,d vo;o varfoZ"V
leqPp; gS] ftls ,dy leqPp; ¼Singleton Set½ Hkh dgrs gSaA

 ekuk G ,d lewg a, b  G gks rks ~ G ij lEcUèk a ~ b   c  G

dks fuEukuq:i ls ifjHkkf"kr djsa%

a ~ b   c  G  bl çdkj fd a = c–1 bc

;g ljyrk ls ns[kk tk ldrk gS fd ~, G ij ,d lerqY;rk lEcUèk gSA
;fn a ~ b rks ge dgrs gSa fd a, b ls la;qfXer gS ¼vFkok a, b la;qfXer gSa ,oa
lEcUèk ~ dks G ij la;qfXer lEcUèk dgk tkrk gS½A

;fn cl(a) ls G esa a dk lerqY;rk oxZ bafxr gksrk gks rks cl(a) dks ~ esa G
dk la;qfXer oxZ dgk tkrk gSA pw¡fd ~, G ij ,d lerqY;rk lEcUèk gks rks ;g
G dks vlac) lerqY;rk oxksZa esa foHkkftr djrk gSA

vr% G = 
a G
 cl(a), tgk¡]

cl(a) = {x  G | x ~ a}

= {x  G | x = y–1 ay, y  G}

= {y–1 ay | y  G}

G esa a ds leLr la;qfXer dk leqPp;]

(i) cl(a) = {a}  a  Z(G)

eku ysa fd cl(a) = {a}. rks y–1ay = a  lHkh y  G ds fy,A

 ya = ay  lHkh y  G ds fy,A

 a  Z(G)

blds foijhr ekuk a  Z(G), x  cl(a) dksbZ vo;o gks rks fdlh y  G ds
fy;s x = y–1ay

 x = ay–1 y  (As a  Z(G)

 x = a  cl(a) = {a}.

(ii) G ,csfy;u gS  cl(a) = {a} lHkh  a  G ds fy,A

G ,csfy;u gS  G = Z(G)

 a  Z(G)  lHkh a  G ds fy,A

 cl(a) = {a}  lHkh a  G ds fy,A

ge G esa la;qfXer oxksZa dh la[;k dks k(G) vFkok k }kjk bafxr djsaxsA /;ku
ns fd izdj.k (ii) esa o(G) = k  G ,csfy;u gSA

vo;o a  G ds  dks leqPp; gksus ds fy;s ifjHkkf"kr fd;k
x;k gSA
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N(a) = {x  G | xa = ax lHkh x  G} ds fy, tSls N(a)  G.

;g n'kkZ ldrk gS fd N(a) = G  a  Z(G)

N(a) = G  g  N(a)  lHkh g  G ds fy,A

 ga = ag  lHkh g  G ds fy,A

 a  Z(G).

vr% /;ku ns fd izdj.k (i) ls N(a) = G  cl(a) = {a}.

 eku ysa fd a  G esa G esa nks gh la;qfXer gSa rks n'kkZ;sa fd N(a)

G dk lkekU; milewg gSA

 ekuk a, g–1ag, G esa a ds nks la;qfXer gSaA ge n'kkZrs gSa fd]

G = N(a)  N(a)g

ekuk x  G.  x–1ax ekuus ij rks x–1ax = a ;k g–1ag.

;fn x–1ax = a, rks xa = ax  x  N(a)

;fn x–1ax = g–1 ag, rks xg–1a = axg–1

 xg–1  N(a)

 x  N(a)g

 G = N(a)  N(a)g----

rFkk bl çdkj N(a) esa G dk funsZ'kkad 2 gS] ftlls çnf'kZr gks jgk gS fd
-N(a), G esa lkekU; milewg gSA

ekuk G ifjfer lewg ,oa x, y ds la;qfXer vo;o gksa rks n'kkZ;sa
fd lqfuf'pr vo;oksa G, g  G dh la[;k bl çdkj g–1xg = y, o(N(x)) gSA

ekuk g = g1, g2 ..., gn G ds lqfuf'pr vo;o bl çdkj gSa fd gi
–1xgi = y

ekuk S = {g = g1, g2..., gn}

ge n'kkZrs gSa fd S = N(x)g

eku ysa fd s  S rks s = gi dqN i ds fy,, 1  i  n

;fn s = g1 = g rks s = g = eg  N(x) g

;fn s  g1 rks s = gi, i  1

,oa g–1 xg = gi
–1 xgi

 gig
–1 x = xgig

–1

 gig
–1  N(x)

 gi  N(x)

 s  N(x)g

vkSj S  N(x)g

iqu% z  N(x)g  z = hg, h  N(x)

 z–1 xz = g–1 h–1 xhg
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 z–1 xz = g–1 xg tSls xh = hx

 z–1 xg = y

 z = gi fdlh Hkh i ds fy,A

 z  S

 N(x)g  S

blh dkj.k     S = N(x)g

,oa bl çdkj (S) = o(N(x)g) = o(N(x))

 tSls ggi
–1 x = xgg i

–1 lHkh i = 1,..., n ds fy,A

ggi
–1  N(x) lHkh i ds fy,A

 N(x)g = N(x)gi lHkh i ds fy,)A

dksfV p2 (p = vHkkT; (Prime)) dk lewg ,csfy;u gSA

 eku ysa fd o(G) = p2 o G xSj&,csfy;u gS rks Z(G)  G. blfy,  a  G

bl çdkj fd a  Z(G) ,oa iwoZorhZ leL;k esa çnf'kZr vuqlkj N(a)

 G

iqu% Z(G)  N(a) lnSo ijUrq pw¡fd a  Z(G), Z(G) 

  N(a)

vc] o(Z(G) | o(G) = p2  o(Z(G)) = 1, p ;k p2

fdUrq o(Z(G)) > 1

,o o(Z(G)) = p2  Z(G) = G tks fd okLrfod ugha gSA

blh dkj.k o(Z(G)) = p

Ikqu% o(N(a)) | o(G) = p2 nsrk gS o(N(a)) = 1, p ;k p2

pw¡fd N(a)  G, o(N(a))  p2 HkhA

vr% Z(G) 

  N(a)  o(N(a)) > 1

o(N(a)) = p

fdUrq bldk rkRi;Z gqvk fd Z(G) = N(a), tks ,d fojksèkkHkkl gSA

blh dkj.k G ,csfy;u gSA

ç'u ;g mRiUu gksrk gS fd dksfV p3(p = vHkkT;) dk lewg ,csfy;u gS
vFkok ugha\ bldk mRrj ^ugha* gS D;ksafd prq"d lewg xSj&,csfy;u (Non-

Abelian) gS ,oa blesa dksfV 23 gSA oLrqr% leLr vHkkT; p ds fy;s dksfV p3 ds
xSj&,csfy;u lewg gksrs gSaA

mnkgj.kkFkZ eku ys fd G =
1

0 1

0 0 1

a b

c

  
      

 f {ks= (Field) a, b, c ds rqY;dkfjd

vo;o (Arbitary Elements) gSaa] rks dksfV p3, G dk xSj&,csfy;u lewg gS ;fn F
dksfV p dk {ks= gSA bls F ij gsblsUcxZ lewg (Heisenberg Group) dgk tkrk gSA
lkèkkj.kr;k F ij gsblsUcxZ lewg dk dksfV (o(F))3 gksrk gSA
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p3 dksfV F dk xSj&,csfy;u lewg gks rks o(Z(G)) dks ,oa G ds
la;qfXer oxksZa dh K la[;k fuèkkZfjr djsaA

pw¡fd G xSj&,csfy;u gS  a  G bl çdkj fd Z(G)   N(a)   G tSlk

fd iwoZorhZ mnkgj.kksa esa n'kkZ;k x;k gSA

vc o(Z(G)) | o(G) = p3  o(Z(G)) = 1, p, p2 ;k p3

blh çdkj] o(N(a)) = 1, p, p2 ;k p3

   o(Z(G))  1.

   o(Z(G))  p3 D;ksafd Z(G)  G

vr% o(Z(G)) = p ;k p2

blh çdkj o(N(a)) = p or p2 vkSj tSls Z(G)   N(a)

ge ikrs gSa fd o(Z(G)) = p vkSj o(N(a)) = p2

vc eku ysa fd k la;qfXer oxksZa dh dqy la[;k gSA pw¡fd]

              G=
a G
 cl(a)

o(G) =
a G
 (cl(a)) = 

( )a Z G
 o(cl(a)) + 

( )a Z G
 o(cl(a))

vFkkZr~,       p3= o(Z(G)) + 
( )a Z G
 o(cl(a))

pw¡fd la;qfXer oxksZa dh la[;k tc a  Z(G), o(Z(G)) = p gksrh gSA

[a  Z(G)  cl(a) = {a}, vFkkZr~, o(cl(a)) = 1]

vr% 'ks"k oxZ  k – p gSa] çR;sd dksfV dk oxZ fn, x, fu;e vuqlkj gksxk%

o(cl(a)) = ( )

( ( ))

o G

o N a
 = 

3

2

p

p
 = p

blh dkj.k p3 = p + (k – p)p  k = p2 + p – 1

 eku ysa fd G ifjfer lewg gS o k(G) ds la;qfXer oxksZa dh la[;k
G3 gSA rks n'kkZ;sa fd ;k rks G dksfV 3 dk pØh; lewg gS vFkok dksfV 6
¼rqY;kdkfjrk rd½ dk xSj&,csfy;u lewg S3 gSA

;fn G ds leLr rhu oxZ ,d yEckbZ ds gksa rks o(G) = 3  G dksfV 3 dk
pØh; lewg gSA eku ysa fd G esa 1 ls de yEckbZ dk ,d oxZ gks rks G

xSj&,csfy;u gSA C1, C2, C3 rhu oxZ gksaA

eku ysa fd o(C3) > 1

;fn o(C1) = o(C2) = 1

rks o(C3) = n – 2

tgk¡ n = o(G) ijUrq o(C3) = n – 2 | o(G) = n

Hkh n – 2 | n – 2

 n – 2 | n – (n – 2) = 2
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 n – 2 = 1 ;k 2

 n = 3 ;k 4

fdlh ,d çdj.k esa G ,csfy;u gSA

(,sls n = 3  o(G) = 3 = vHkkT;  G pØh; gSA

 G  ,csfy;u gSA

n = 4  o(G) = p2 = 22  G ,csfy;u gS)A

G bl çdkj gekjs ikl ,d gh fodYi cprk gS fd 1 esa dsoy ,d oxZ yEckbZ
1 dk gSA o(C1) = 1, o(C2) > 1, o(C3) > 1. o(Z(G) = 1 gks rks]

oxZ lehdj.k ls] n = o(G) = o(C1) + o(C2) + o(C3)

  = 1 + o(C2) + o(C3)

fdUrq     o(C3) | o(G) = n, o(C3) | o(C3)

 o(C3) | n – o(C3) = 1 + o(C2)

 o(C3)  1 + o(C2)

blh çdkj] o(C2)  1 + o(C3)

;fn] o(C3) < 1 + o(C2) vkSj o(C2) < 1 + o(C3)

rks o(C3)  o(C2), o(C2)  o(C3)

 o(C2) = o(C3)

 o(C3) | 1 o(C3)  o(C3) 1  o(C3) = 1, tks fd ,d fojksèkkHkkl
gSA

bl çdkj ;k rks o(C3) = 1 + o(C2) vFkok o(C2) = 1 + o(C3)

;fn  o(C3) = 1 + o(C2)

rks o(G) = 1 + o(C2) + 1 + o(C2)

 o(G) – 2 o(C2) = 2

ijUrq  o(C2) | o(G) , o(C2) | o(C2)  o(C2) | 2 o(C2)

 o(C2) | o(G) – 2 o(C2) = 2

 o(C2) = 2 vkSj o(C3) = 3

vFkok o(G ) = 6

blh çdkj ;fn o(C2) = 1 + o(C3) rks o(G) = 6A

vr% G dksfV 6 dk xSj&,csfy;u lewg gS ,oa blfy;s S3 ls rqY;kdkfjd gSA

 G dksbZ lewg gks ,oa e  a  G  bl çdkj gks fd o(a) = ifjferA eku
ysa fd G esa nks gh la;qfXer oxZ gSa rks n'kkZ;sa fd G dksfV 2 dk ,d ifjfer lewg gSA

 ekuk e  b  G gksA pw¡fd G esa nks gh la;qfXer oxZ gSa% {e} o cl(a). b  cl(a)

 b = g–1 ag A dqN g  G ds fy,  o(b) = o(a)  dqN G esa b  e ds fy,A

eku ysa fd o(a) = mn,  m > 1,  n > 1 rks o(am) = m
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pw¡fd G esa leLr xSj&,csfy;u vo;oksa dh dksfV leku gS] o(am) = mn

vr% n = mn  m = 1 ,d fojksèkkHkkl gSA

 o(a) = p = vHkkT;

 o(b) = p  lHkh e  b  G ds fy,A

eku ysa fd p  2 rks a2  e  a2  cl(a)

 a2 = g–1 ag G dqN g  G ds fy,A

 (a2)2 = (g–1 ag)2

= g–1 a2 g

= g–1 (g–1 ag) g

= g–2 ag2


22a = g–2 ag2

bl çdkj ge izkIr djrs gSa 2p
a  = g–p agp

pw¡fd o(g) = o(a) = p

2p
a  = eae = a

 2 1p
a   = e  o(a) = p | 2p – 1

Q+WesZV çes; vuq:i p | 2p – 2

vr% p | (2p – 1) – (2p – 2) = 1 ,d fojksèkkHkkl gSA

 p = 2

 o(a) = 2. blfy, o(b) = 2 lHkh e  b  G ds fy,

G ,csfy;u gSA

vr% G esa çR;sd la;qfXer oxZ yEckbZ 2 dk gSA

pw¡fd G esa nks gh oxZ gSa] G dh dksfV 2 gSA

ftu  vifjfer lewgksa esa dksbZ xSj&ux.; vo;o ugha gksrk rks ,sls lewgksa
esa dsoy 2 la;qfXer oxZ gSa] tks ifjfer dksfV ds gSaA

blhfy;s mijksDr leL;k esa ;g eku ysuk vko';d gS fd  e  a  G  bl
çdkj gS o(a) = ifjferA

 fl) djsa fd dksfV 15 gksus ij ,csfy;u lewg pØh; gSA

eku ysa fd G dksfV 15 ;qDr ,d lewg gSA eku ys fd ;g xSj&,csfy;u gS]
rks Z(G)  G

 o(Z(G)) = 1, 3 vFkok 5 D;ksafd o(Z(G)) | o(G) = 15

;fn o(Z(G)) = 3 ;k 5, rks G
o

Z
 
 
 

 = 5 ;k 3 = vHkkT; (Prime)
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
( )

G

Z G
 pØh; (Cyclic) gS G ,csfy;u gS tks fd fojksèkkHkklh gSaA

 o(Z(G)) = 1

bl çdkj yEckbZ ,d dk ,d gh la;qfXer oxZ gSA leLr vU; oxZ yEckbZ 3
vFkok 5 ds gSaa D;ksafd oxZ dk dksfV o(G) = 15 foHkkftr djrk gSA ;fn leLr vU;
oxZ yEckbZ 3 ds gksa rks oxZ lehdj.k }kjk o(G) = 15 = 1 + 3k tks fd okLrfod
ugha gSA

blhfy;s yEckbZ 5 dk ,d oxZ C gS ,oa ;g yEckbZ 5 dk dsoy ,d oxZ gS
¼oxZ lehdj.k ls½

x  C gks rks C = cl(x) ,oa]

5 = o(C) = o(cl(x)) = 
( )

( ( ))

o G

o N G
  o(N(x)) = 3

pw¡fd x  e o x  N(x), o(x) | o(N(x)) = 3  o(x) = 3

blds foijhr ge eku ysrs gSa fd o(x) = 3A

pw¡fd o(x) | o(N(x)), o(N(x)) = 3k  tgk¡ k = 1 vFkok 5 D;ksafd]

o(N(x)) | o(G) = 15A

;fn o(x) = 3 rks o(N(x)) = 15 = o(G)  N(x) = G

 x  Z(G)  x = e as Z(G) = {e}, tks ,d fojksèkkHkkl gSA

 k = 1  o(N(x)) = 3

 o(cl(x)) = 
( )

( ( ))

o G

o N G
 = 15

3
 = 5

 cl(x) = C

pw¡fd C yEckbZ 5 dk ,dek= oxZ gSA pw¡fd x  cl(x) ge ikrs gSa x  C

vr% dksfV 3 ds vo;oksa dh la[;k 5 gS tks fd ,d fojksèkkHkkl gS D;ksafd dksfV
p (p = vHkkT;)  ds vo;oksa dh la[;k p – 1 dk xq.kt ¼Multiple½ gS ¼bl çdj.k
esa dksfV 3 ds vo;oksa dh la[;k 2 dk xq.kt gksxh½A

vr% G ,csfy;u gh gksxkA

ekuk e  x  G gksA pw¡fd o(x) | o(G) = 15, o(x) = 3 ;k 5A ;fn G esa leLr
xSj&rRled vo;o dksfV 3 ds gks a rks o(x) = 3, o(y) = 3, H = < x >,
K = < y > eku ysus ij o(H) = 3 = o(K)A pw¡fd G ,csfy;u gS G esa H lkekU; gS]
G  HK  G  o(HK) | o(G) = 15 esa K lkekU; gSA

ijUrq o(HK) = 
( ) ( )

( )

o H o K

o H K
 = 3 3

1

  = 9 ,oa 9 15

gesa fojksèkkHkkl izkIr gksrk gSA

vr%   a  G bl çdkj gS fd o(a) = 5A mijksDrkuqlkj leku rdZ ls
 b  G bl çdkj gS fd o(b) = 3A pw¡fd ab = ba, o(a) o o(b) vkis{kkÑr
(Relatively)  vHkkT; ¼Prime½ gSaA
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o(ab) = o(a) o(b)

= 3 × 5 = 15

= o(G)

vr% G dksfV 15 dk pØh; lewg gSA

 ge lkbyks çes;ksa dh lgk;rk ls mijksDr ifj.kke fl) djsaxsA

 ekuk H  G, G ifjfer lewg gks rks o(cl(H)) = 
( )

( ( ))

o G

o N H

 pw¡fd N(H)  G,

G = 
1

t

i 
  N(H)xi

tgk¡ N(H) xi  N(H) xj =  fdlh Hkh i  j ds fy,

 S = {x1
–1 Hx1,..., xt

–1 Hxt} eku ysus ls

ge n'kkZrs gSa fd S = cl(H),

ekuk g–1 Hg  cl(H), g  G

g  G  g  N(H)xi fdlh Hkh i ds fy,

 g = yxi, y  N(H)

 g–1 Hg = xi
–1 y–1 Hyxi

          = xi
–1 Hxi tSls y  N(H)  y–1 Hy = H

 g–1 Hg  S

 cl(H)  S

Li"V gS fd S  cl(H)

 S = cl(H).

rFkk xi
–1 Hxi = xj

–1 Hxj

 xi xj
–1 H = Hxi xj

–1

 xi xj
–1  N(H)

 N(H)xi = N(H)xj

 i = j

 o(S) = t

 o(cl(H)) = t = 
( )

( ( ))

o G

o N H
.

(Cauchy's Theorem)  G ifjfer lewg gks ,oa p
dks p | o(G) dk vHkkT; bl çdkj eku ysa fd  x  G rks o(x) = pA

 ge loZçFke ifj.kke rc fl) djrs gSa tc G ,csfy;u gksA n = o(G) ij
izos'k.k (Induction) }kjk ge bls fl) djrs gSaA ifj.kke lR; gS tc n = 1 gksxkA
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bls o(G) ls de dksfV okys leLr lewgksa ds fy;s okLrfod ekusaA ;fn G esa
xSj&ux.; (Non-Trivial) milewg u gksa rks G vHkkT; dksfV dk pØh; lewg gSA

pw¡fd p | o(G), o(G) = p, G = < x > bl çdkj gS fd o(x) = o(G) = pA vr%
ifj.kke bl çdkj gksxkA

vc H dks G dk xSj&ux.; (Non-Trivial) milewg ekusa] vFkkZr~ H  {e},

G] pw¡fd G ,csfy;u gS] G esa H lkekU; gSA ;fn p | o(H) rks o(H) < o(G), H ds
:i esa lekos'ku ifjdYiuk (Induction Hypothesis) ls  x  H ,csfy;u o(x) =

p, x  H  x  GA bl çdkj gS fd vr% ifj.kke iqu% okLrfod gSA

p o(H) ekusaA

pw¡fd o(G) = o(G/H). o(H) vkSj p | o(G) o |
G

p o
H

 
 
 

. o(H)] ge ikrs gSa

fdUrq p o(H)] blh dkj.k p | o(G/H)A G
o

H
 
 
 

 < o(G) Hkh gS D;ksafd

H  {e} o G ,csfy;u gS] vFkkZr~ G

H
 ,csfy;u gSA

vr% izos'k.k ifjdYiuk (Induction Hypothesis) ls G

H
 esa dksfV p dk ,d

vo;o Hy gSA

(Hy)p = H

 Hy p = H

 y p  H

 (y p)t = e tgk¡ t = o(H)

 (y t)p = e

 o(y t) | p

 o(y t) = 1 ;k p

;fn y t = e (vFkkZr~, o(y t) = 1) rks Hy t = He = H

 (Hy) t = H

 o(Hy) | t

 o(y t) = p,  y t  G tks fd ,d fojks/kkHkkl gSA

vr% bl çdj.k esa ifj.kke okLrfod gSA

izos'k.k ls ifj.kke leLr ,csfy;u lewg ds fy;s okLrfod gSA

G dksbZ lewg gks rks ge iqu% o(G) ij izos'k.k dk ç;ksx djrs gSaA ifj.kke
o(G) = 1 ds fy;s okLrfod gSA eku ysa fd ifj.kke o(G) ls de dh dksfV okys
leLr lewgksa ds fy;s okLrfod gSA ;fn T < G o p | o(T) rks izos'k.k ifjdYiuk ls
 x  T gSA bl çdkj fd o(x) = pA vr% bl çdj.k esa ifj.kke okLrfod gSA eku
ysa fd leLr T < G gsrq p o(T)A G ds oxZ lehdj.k dk fopkj djsa]
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o(G) = o(Z(G)) + 
( )

( )

( ( ))a Z G

o G

o N a


vc] a  Z(G)  N(a) < G

 p o(N(a))

 ( )
|

( ( ))

o G
p

o N a
(tSls o(G) = 

( )

( ( ))

o G

o N a
. o(N(a))


( )

( )
|

( ( ))a Z G

o G
p

o N a
 ]

pw¡fd] p | o(G),

fn;k gS]  p | o(G) –
( )

( )

( ( ))a Z G

o G

o N a
  = o(Z(G))

ijUrq    p o(T)  T < G

rFkk    Z(G) = G  G ,csfy;u gSA

fdUrq ifj.kke ,csfy;u lewgksa ds fy;s okLrfod gSA blh dkj.k izos'k.k ls
ifj.kke leLr lewgksa ds fy;s okLrfod gSA

 n'kkZ;sa fd dksfV pq ¼p, q lqfuf'pr vekT;½ dk ,csfy;u lewg
pØh; gSA

 dkWmph çes; ls  a, b  G bl çdkj gS fd o(a) = p, o(b) = qA oSls Hkh pw¡fd

(p, q) = 1, ab = ba,

     o(ab) = o(a). o(b) = pq

vFkkZr~ ab esa o(G) ds lerqY; dksfV dk vo;o G gSA

blh dkj.k G ,csfy;u gSA

 mnkgj.k 4-16 dh nf̀"V ls dksfV 6] 10] 15] bR;kfn] ds leLr ,csfy;u
lewg pØh; gSaA

(Similar Permutations)

nks Øep;  o   Sn dks leku dgk tkrk gS ;fn buesa leku pØh; fuekZ.k gks
tc vlac) pØh; ds xq.ku ds :i esa fo;ksftr (Decomposed) fd;k tkrk gSA

mnkgj.kkFkZ  = (12)(345)  S5

,oa  = (123)(45)  S5

leku gSa D;ksafd  esa yEckbZ 2 dk 1 pØh; gS ,oa yEckbZ 3 dk 1 pØh; 
ds leku gSaA

oSls  = (1 2) (3 4),  = (1 2 3 4) S4 esa leku ugha gSa D;ksafd yEckbZ 2 ds
2 pØh; gSa o  esa yEckbZ 2 dk dksbZ pØh; ugha gSA

 ge leku Øep; dh ckr rHkh djrs gSa ;fn bUgsa vlac) pØh; ds xq.ku
(Product) ds :Ik esa izLrqr fd;k tkrk jgk gksA
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 nks Øep; ,   Sn leku gSa ;fn ,oa dsoy ;fn ;s Sn esa la;qfXer gSaA

 eku ysrs gSa fd ,  Sn leku gSaA

 eku ysa  = (a1 ... an1
) ... (b1 ... bnk

)

 = (a1 ... an1
) ... (b1 ... bnk

)

tgk¡ n1 + n2 + ... + nk = n

 =

... ... ...1 11

... ... ...1 11

 
 
  
 

   

a a b bn nk
a a b bn nk

 dks ifjHkkf"kr djsaA

Rkks   Sn

rFkk   –1 = (a1 ... an1
) ... (b1 ... bnk

)

= (a1 ... an1
) ... (b1 ... bnk

)

= 

vr% Sn esa  ,  la;qXe gSaA

blds foijhr eku ysa fd , , Sn esa la;qfXer gSaA

rks   Sn bl çdkj fd –1 = 

 = (a1 ... an1
) ... (b1 ... bnk

) eku ysa rks

 = –1 = (a ... an1
) ... (b1 ... bnk

)

vr% ,  leku gSaA

(Partition of An Integer)

n dks ,d /kukRed iw.kkZad ekusaaA /kukRed iw.kkZadksa n1, n2, ..., nk, dk vuqØe tgk¡
n1  n2  ...  nk, ,slk gks fd n = n1 + n2 + ... + nk dks n dk foHkktu dgk tkrk
gS ,oa n1, n2, ..., nk dks foHkktu ds Hkkx dgrs gSaA

 n = 3 ekusa rks 3 = 1 + 1 + 1, 3 = 1 + 2, 3 = 3 ;s lHkh n = 3 ds
foHkktu gSaA blls n ds 3 foHkktu feyrs gSaA n = 4 esa 5 foHkktu gSaA

4 = 1 + 1 + 1 + 1, 4 = 1 + 1 + 2, 4 = 1 + 3, 4 = 2 + 2, 4 = 4 ds foHkktu
dh la[;k dks p(n) }kjk bafxr fd;k tkrk gSA vr% p(3) = 3, p(4) = 5, bR;kfnA

 p(n) esa la;qfXer oxksZa dh la[;k Sn gSA

 A = Sn esa leLr la;qfXer oxksZa dk leqPp; gks ,oa B = n ds leLr foHkktu
dk leqPp; gks rks fopkj djsa cl(),   Sn

vc vlac) pØksa ds xq.ku ds :i esa  = (a1 ... an1
) ... (b1 ... bnk

) dks ns[kus
ij ;gk¡ n1 + ... + nk = n

ge pØksa dks bl çdkj foU;Lr djrs gSa fd n1  ...  nkA blls {n1, n2, ...,

nk}, n dk foHkktu lkeus vkrk gSA
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f : A  B dks bl çdkj ifjHkkf"kr djsa fd f (cl()) = {n1, n2,..., nk}

f, cl() = cl() ds :i esa lqifjHkkf"kr gSA

 ,   cl()

, Sn esa la;qfXer gSaA

,  Sn esa leku gSaA

  = (a1 ... an1
) ... (b1 ... knb )

 = (a1 ... an1
) ... (b1 ... knb )

 f (cl()) = {n1,..., nk} = f (cl())

eku ysrs gSa fd cl()  cl()

rks  o  la;qfXer ugha gSa ,oa blfy;s leku ugha gSaA

,  esa fofHkUu (Different) pØh; fuekZ.k lajpuk gS

Lkaxr ¼Corresponding½ foHkktu fofHkUu (Different) gSaA

vFkkZr~ {n1, n2,..., nk}  {n1, n2,..., nr} tgk¡ fu'p; gh

n = n1 + n2 + ... + nk = n1 + n2 + ... + nr
 f (cl()  f (cl()

 f, 1–1 gSA

f  vkPNknd gS] ekuk {n1,..., nk}  B ds fy, tks n dk Øep; gSA rks
n = n1 + ... + nk.

 = (a1 ... an1
) ... (b1 ... knb )  Sn dks ifjHkkf"kr djsaA

rks cl() = {n1,..., nk}

f, (1–1) vkSj vkPNknd nksuksa gSaA

,oa o(A) = o(B) = p(n)

Sn esa la;qfXer oxksZa dh la[;k p(n) gSA

 ekuk (12)  Sn gks rks Sn esa leLr vo;o fu/kkZfjr djsa tks ¼12½
ls Øefofue; ¼Commute½ djrs gSaA

 ekuk   Sn bl çdkj ekusa fd  (1) = 1,  (2) = 2

rks  (12) –1 = (12) = (12)

  (12) = (12) 

,sls   Sn dh la[;k Li"Vr;k (n – 2)! gS (n – 2)! (tSls  (1) = 1,  (2) = 2,

}kjk 'ks"k n – 2 v{kj dks Lo;a esa ys fy;k tk;sxk ,oa blfy;s  n – 2 v{kj ij
Øep; gksxkA

;gk¡  =  (12)  Sn

,oa  (12) –1 = (12) = (21) = (12)

  (12) = (12) 
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s  Sn dh la[;k   Sn (= (n – 2)!) dh la[;k ds lerqY; gSA

blls 2(n – 2)! lkeus vkrk gS! Sn esa lqfuf'pr Øep; ¼12½ ls Øefofue; gSaA

vc o(cl(12)) = 
( )

( (12))
no S

o N
 = 

!

( (12))

n

o N

fdUrq cl(12), Sn esa mu Øep; dk leqPp; gS tks ¼12½ ls la;qfXer ¼vFkok
leku½ gSaA

vr% o(cl(12)) = Sn esa yEckbZ 2 ds pØksa dh la[;kA

pw¡fd (12) = (21) ,oa çFke LFkku dks n rjhdksa esa pquk tk ldrk gS] f}rh;
dks (n – 1) rjhdksa esa] fn;k x;k gS] yEckbZ 2 ds n(n – 1) pØ gSa ijUrq ,sls gj pØksa

dks nks ckj fxuk tkrk gS] ge yEckbZ 2 ds ( 1)

2

n n   lqfuf'pr pØ izkIr djrs gSaA

 o(cl(12)) = ( 1)

2

n n 

 o(N(12)) =
2 !

( 1)

n

n n 
 = 2 (n – 2)!

 N(12) = {,  (12) |  (1) = 1,  (2) = 2,  Sn}, Sn esa leLr
Øep; dk leqPp; ¼12½ ls fofues; djrk gSA

 A5 esa nks Øep; Kkr djsa tks leku gSa ijUrq A5 esa la;qfXer ugha
gSaA

ekuk fd  = (12345)  A5

 = (13245)  A5

pw¡fd ,  yEckbZ 5 ds pØ gSa] vr% ;s leku Øep; gSaA

;fn , A5 esa la;qfXer gksa rks  A5 bl çdkj gS fd  –1 = 

pw¡fd ¼13245½ dks 5 rjhdksa esa fy[kk tk ldrk gS vr% blds 5 çdj.k
fuEukuqlkj gSaA

 1 = 1, 2 = 3, 3 = 2, 4 = 4, 5 = 5

  = (23)  A5

1 = 3, 2 = 2, 3 = 4, 4 = 5, 5 = 1

  = (1345) = (15)(14)(13)  A5

1 = 2, 2 = 4, 3 = 5, 4 = 1, 5 = 3

  = (124)(35) = (14)(12)(35)  A5

1 = 4, 2 = 5, 3 = 1, 4 = 3, 5 = 2

  = (143)(25) = (13)(14)(25)  A5

1 = 5, 2 = 1, 3 = 3, 4 = 2, 5 = 4

  = (1542) = (12)(14)(15)  A5
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vr% çR;sd çdj.k esa ge fojks/kkHkkl izkIr djrs gSaA

blh dkj.k , A5 esa la;qfXer ugha gSaA

 nks la;qfXer Øep; lnk leku gksaxsA

 n'kkZ;sa fd A5 ljy gSA

 N dks A5, N  {I}, N  A5 esa lkekU; eku ysrs gSaA gesa fofnr gS fd N, A5

esa dqN la;qfXer oxksZa dk la?k gSA pw¡fd I  N, o(N), o(A5)  = 60 dks foHkkftr ugha
dj ldrk] bl çdkj A5 ljy gSA

3- G esa a ds la;qfXer oxZ dks vki dSls izLrqr djsaxs\

4- G dks ifjfer xSj&ux.;] p dks y?kqÙke vHkkT; foHkDr o(G) ,oa k(G) >

( )o G

p  ekusa rks n'kkZ;sa fd Z(G) {e}.

geus ns[kk fd okLrfod la[;kvksa ds leqPp; R ls ;ksx ds v/khu lewg dk fuekZ.k
gksrk gS ,oa iw.kkZadksa ds leqPp; Z ls Hkh ;ksx ds v/khu ,d lewg dk fuekZ.k gksrk
gSA Z, R dk mileqPp; gSA ;g mu dbZ ifjfLFkfr;ksa esa ls ,d gS ftuesa ge
fuEukafdr ifjHkk"kk dh vksj çsfjr gksrs gSaA

 lewg G dk xSj&fjDr (Non-Empty) mileqPp; H, G dk milewg dgk
tkrk gS ;fn H ls G ds f}vk/kkjh lajpuk (Binary Composition) ds v/khu lewg
dk fuekZ.k gksrk gSA

Li"Vr%] ;fn H, G dk milewg gks ,oa K, H dk milewg gks rks K, G dk
milewg gSA

;fn G rRled vo;o e dk lewg gks rks mileqPp;ksa {e} o G, G ds ux.;
milewg gSa rFkk ge mUgsa ux.; milewg dgrs gSaA vU; leLr milewgksa dks
xSj&ux.; ¼vFkok mfpr milewg½ dgsaxsA

 Z
5
 = {0, 1, 2, 3, 4} ekikad 5 ;ksx ds v/khu Z dk milewg ugha gS D;ksafd

;ksx ekidksa 5] Z dk lajpuk ugha gSA blh çdkj Z
5
, Z

6
 dk milewg ugha gS]

bR;kfnA

ge dHkh&dHkh ;g n'kkZus ds fy;s ladsru (Notation) H  G dk ç;ksx djrs
gSa fd H, G dk milewg gS ,oa H < G dk rkRi;Z gS fd H, G dk mfpr milewg
gSA

vusd ckj ;g ij[kuk dqN tfVy (Cumbersome) yx ldrk gS fd lewg
G dk çnf'kZr mileqPp; H milewg gS vFkok ugha] lewgksa dh ifjHkk"kk esa leLr
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vfHkx̀ghrksa dks ij[krs gq, ,slk djuk dfBu gSA bl vH;kl dks ljy djus esa
fuEukafdr nks çes; ¼fo'ks"kr;k f}rh;½ mi;ksxh jgsaxsA

 lewg G dk xSj&fjDr mileqPp; H , G dk milewg gS ;fn

(i) a, b  H  ab  H

(ii) a  H  a–1  H.

 H dks G dk milewg ekusa rks ifjHkk"kkuqlkj (i) o (ii) fLFkfr (Condition)

blesa gSaA

blds foijhr çnf'kZr in H esa gSa ,slk ekusaA

in (i) ls H esa laor̀ gSA

Ikqu% a, b, c  H  a, b, c  G  a(bc) = (ab)c

blh dkj.k H esa lac)rk gSA

fdlh a  H, a–1  H ds fy;s Hkh ,oa blfy;s in (i) ds vuqlkj]

aa–1  H  e  H

bl çdkj H esa rRled gSA

H ds çR;sd vo;o dk O;qRØe (Inverse) in (ii) ds vuqlkj H esa gSA

blh dkj.k H ls lewg dh ifjHkk"kk esa leLr in dh iwfrZ gksrh gS ,oa bl
çdkj blls lewg curk gS o blhfy;s G dk milewg gSaA

 lewg H dk xSj&fjDr mileqPp; G, G dk milewg gS

;fn a, b  H  ab–1  H

 ;fn H, G dk milewg gS rks a, b  H  ab–1  H ¼ifjHkk"kk ds ljy
ç;ksx ls½A

blds foijhr çnf'kZr in H esa ekusaA

lac)rk (Associativity) H esa çes; 4-8 ds vuqlkj gSA

a  H dksbZ vo;o (H  ) gks

rks a, a  H  aa–1  H  e  H

vr% H esa rRled gSA

iqu% fdlh a  H tSls e  H ds fy;s ea–1  H  a–1  H

vFkkZr~ H esa çR;sd vo;o dk O;qRØe gSA

vUrr% fdlh a, b  H,  a, b–1  H ds fy;sA

a(b–1)–1  H  ab  H

vFkkZr~ H xq.ku ds v/khu laor̀ (Closed) gSA

blh dkj.k H ls ,d lewg dk fuekZ.k gksrk gS ,oa blhfy;s G dk milewgA

 ;fn lewg ds f}vk/kkjh lajpuk dks $ ls bafxr fd;k tkrk gS rks mijksDr in
dks a, b  H  a – b  H ds :i esa i<+k tk;sxkA Lej.k jgs fd e, H esa lnk gSA
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gks ldrk gS fd fuEukafdr çes; mruk vf/kd mi;ksxh fl) u gks ftruk fd
ifjfer mileqPp;ksa esa gh fl) gksrk gS ijUrq fQj Hkh ;g egRRoiw.kZ gSA

 lewg G dk xSj&fjDr ifjfer mileqPp; H, G dk milewg gS ;fn
H xq.ku ds v/khu laor̀ gSA

 ;fn H, G dk milewg gS rks ;g ifjHkk"kkuq:i xq.ku ds v/khu laòr gS] vr%
;gk¡ fl) djus dks dqN ugha gSA

blds foijhr H dks ifjfer mileqPp; bl çdkj ekusa fd]

a, b  H  ab  H

vc a, b, c  H  a, b, c  G

 a(bc) = (ab)c

vr% lac)rk H esa gSA

 H ,d v)Z&lewg gSA

Ikqu% fu"dkflr fu;e H esa gSa ¼ftl çdkj G ;g esa gSa½ ,oa bl çdkj H ,d
ifjfer v)Z&lewg gS ftlesa fu"dkflr fu;e gSaA blh dkj.k H ls lewg curk gSA

(Aliter)  H dks ,slk ifjfer mileqPp; ekusa fd a, b  H  ab  H

ge n'kkZrs gSa a  H  a–1  H

;fn a = e rks a–1 = a  H

a  e gks rks laoÙ̀k (Closure) ls a, a2, a3...  H

pw¡fd H dqN n, m, an = am, n > m ds fy;s ifjfer gS] vFkkZr~

vFkkZr~ an–m = e, n – m > 1 tgk¡ a  e

vFkkZr~ an–m–1. a = e

   an–m–1 = a–1

tgk¡ n–m–1  1 ,oa blhfy;s an–m–1  H

blh dkj.k a  H  a–1  H rFkk bl çdkj H, C dk milewg gSA

 G dksbZ lewg gks ,oa ekuk fd Z(G) = {x  G | xg = gx lHkh gSa g  G}

ds fy, rks Z(G) dks G dk dsUnz dgk tkrk gSA

 lewg G dk dsUnz G dk milewg gSA

ekuk fd Z(G) dks lewg G dk dsUnz gSa rks Z(G)   tSls e  Z(G)

iqu% x, y  Z(G)  xg = gx

yg = gy (lHkh g  G ds fy,)A

 g–1 x–1 =x–1 g–1

g–1 y–1 =y–1 g–1 (lHkh g  G ds fy,)A

vc g(xy–1) = (gx)y–1 = (xg)y–1

=  (xg)y–1 (g–1g)
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=   xg(y–1 g–1)g = xg(g–1 y–1)g

=   x(gg–1)y–1g

=    (xy–1)g lHkh g  G ds fy,A

 xy–1  Z(G)

blh dkj.k Z(G) ,d milewg gSA

 Li"Vr% G ,csfy;u gS ;fn Z(G) = G

ekuk fd G dksbZ lewg gksA a  G dksbZ vo;oA mileqPp;
N(a) = {x  G | xa = ax}  dks G esa a dk (Normalization) vFkok

 (Centralization) dgk tkrk gSA

;g ljyrk ls ns[kk tk ldrk gS fd ;g lkekU;hdj.k G dk milewg gSA

 HK, G dk milewg gS ;fn HK = KH

 HK dks G dk milewg ekusaA ge n'kkZrs gSa HK = KH

ekuk x  HK dksbZ vo;o gks rks x–1  HK ¼D;ksafd HK ,d milewg gS½

 x–1 = hk  bl çdkj h  H, k  K

 x = (hk)–1 = k–1 h–1  KH

blfy,] HK  KH

Ikqu% y  KH dks dksbZ vo;o eku ysrs gSaA

rks y = kh dqN k  K, h  H

 y–1 = h–1 k–1  HK

 y  HK ¼D;ksafd HK ,d milewg gS½

 KH  HK

blh dkj.k      HK = KH

blds foijhr  HK = KH

a, b  HK nks vo;o gksa( ge n'kkZrs gSa]

a, b  HK a = h1k1 fdlh Hkh h1, h2  H ds fy,A

b = h2k2 k1, k2  K

rks  ab–1 = (h1k1) (h2k2)
–1 = (h1k1) 

1 1
2 2( ) k h

= 1 1
1 1 2 2( ) h k k h

vc 1 1
1 2 2( ) k k h   KH = HK

bl çdkj 1 1
1 2 2( ) k k h  = hk fdlh Hkh  h  H, k  K  ds fy,A

rks ab–1 = h1(hk) = (h1h)k  HK

blh dkj.k HK ,d milewg gSA

1- HK = KH dk rkRi;Z ;g ugha gS fd H dk çR;sd vo;o K ds çR;sd vo;o
ls Øefofu;e djrk gSA bldk rkRi;Z rks ek= ;g gS fd çR;sd h  H, k

 K, hk = k1h1 ds fy;s k1  K ,oa dqN h1  H ds fy;sA
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2- ;fn G esa f}vk/kkjh lajpuk $ gS] ge ifjHkkf"kr djrs gSa]

H + K = {h + k | h  H, k  K}

lewg G ds ,csfy;uhdj.k (Abelianization) dks fuEukafdr led{k (Equivalent)

jhfr;ksa esa ifjHkkf"kr fd;k tkrk gS %

1- ;g lewg dk HkkxQy gS] blds Øefofues; milewg ds }kjk] vFkkZr~ ;g
lewg G / [G, G] gSA

2- ;g G dk HkkxQy gS ¼lEcU/k xy = yx }kjk½A

3- ;g ,d ,csfy;u lewg A bl çdkj gS fd vkPNknh le:irk f : G  A bl
fo'ks"krkvksa ds lkFk gS fd tc Hkh : GH le:irk o H ,d ,csfy;u
lewg gks rks vf}rh; le:irk : A  H bl çdkj gS]  = o f

mijksDr leLr fo'ks"krkvksa dh O;k[;k fuEukuqlkj dh tk ldrh gS%

vewrZ chtxf.kr (Abstract Algebra) esa lewg dk Øefofue; milewg lewg
ds leLr Øefofue; }kjk mRiUu milewg gSA

lewg G ds vo;oksa g o h ds fy;s g o h dk Øefofue; [g, h]: = g – 1h –

1gh gSA Øefofue; [g, h] rRled vo;o e ds lerqY; gS ;fn ,oa dsoy ;fn
gh = hg] vFkkZr~ ;fn ,oa dsoy ;fn g o h Øefofue; gksaA lk/kkj.kr;k gh = hg[g,

h]A

le:irk ds :i esa ,csfy;uhdj.k HkkxQy ekufp= G  G/[G, G] gS
tgk¡ vk/kkjHkwr f : G  A, G dk Øefofues; milewg gSA bls bl xq.k ds lkFk
,csfy;u lewg A esa le:irk :i esa ifjHkkf"kr fd;k tk ldrk gS fd tc Hkh 
: GH le:irk gks o H ,d ,csfy;u lewg gks rks vf}rh; le:irk : A 
122 H bl çdkj gksxk fd  = o fA

fn;k gS fd lewg G] [kaM lewg G/N ,csfy;u gS ;fn ,oa dsoy ;fn
[G, G]  NA HkkxQy G / [G, G] ,d ,csfy;u lewg gS ftls G dk ,csfy;uhdj.k
dgk tkrk gSA bls çk;% Gab vFkok G

ab 
}kjk bafxr fd;k tkrk gSA

 : G  Gab gks rks  G ls H ,csfy;u lewg f : G  H rd le:irk
ds fy;s loZHkkSe gS rFkk lewgksa ds le:irk F : G ab  H ds fy;s vf}rh; le:irk
f = F o  bl çdkj gS fd blls ,csfy;uhdj.k Gab dh vf}rh;rk izekf.kd
(Canonical) rqY;kdkfjrk rd n'kkZ;h tkrh gS tcfd lqfuf'pr (Explicit) fuekZ.k
G  G/[G, G] ls vfLrRo (Existence) n'kkZ;k tkrk gSA

çR;{k xq.ku dk v/;;u djrs gq, O;fDr ;g tkuuk pkgsxk fd fdu&fdu lewgksa
dks fdUgha ̂ ljy fn[kus okys* lewgksa ds çR;{k xq.ku ds :i esa fy[kk tk ldrk gSA
lkSHkkX;o'k bl çdkj ds lewgksa dk oxZ vfLrRo esa gksrk gS ftUgsa ifjfer ,csfy;u
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lewg dgk tkrk gSA bl vuqHkkx ¼Section½ dk çeq[k ç;kstu ;g fl) djuk gS fd
lewg ,csfy;u lewg ds ckjs esa ewyHkwr çes; uked leLr egRoiw.kZ çes;ksa ds vuqlkj
ifjfer ,csfy;u lewg pØh; lewgksa dk ,d çR;{k xq.ku gSA blls ge og fof/k
crk ikrs gSa fd ftlls fn, x, dksfV ds xSj&rqY;kdkfjrk ifjfer ,csfy;u lewg
dh la[;k Kkr dh tkrh gSA

ge loZçFke ;g n'kkZrs gSa fd ifjfer ,csfy;u lewg dks p lewg ds çR;{k
xq.ku ds :i esa fy[kk tk ldrk gSA

 ifjfer ,cWfy;u lewg blds lbyks p milewgksa dk çR;{k xq.ku gSA

 dksfV G dk ifjfer ,csfy;u lewg n gSA n = p1
1 ... pr

r pi
's lqfuf'pr

vHkkT; ekusaA

ekuk S1,...Sr Øe'k% lqfuf'pr lbyks pi milewg gksaA leLr i = 1,..., r ds
fy;s o(Si) = pi

iA

ge n'kkZrs gSa fd G = S1 × ... × Sr

pw¡fd G ,csfy;u gS] vr% çR;sd G, Si dk lkekU; milewg gSA

m = p2
2 ... pr

r ekusa

,oa T = {x  G | xm = e}

rks T, G dk milewg gS D;ksafd G ,csfy;u gSA

vc x  S1  T  o(x) | o(S1) = p1
1

,oa o(x) | m

vr% o(x) | (p1
1, m) = 1

 o(x) = 1

 x = e

 S1  T = {e}

pw¡fd (p1
1, m) = 1,  iw.kkZad u, v bl çdkj gSa fd]

up1
1 + vm = 1

x  G ekusa rks x = x1

= xup11 + vm

= xvm . xup11

 S1. T (tSls (xvm)p11 = xvn = (x n)v = e

 o(xvm) | p1
1

 o(xvm) = p1
1 < xvm >  S1 lewg gSA

 < xvm >  S1

 xvm  S1

tSls (xup11)m = xun = e
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 xup11  T)

 G = S1T

pw¡fd G ,csfy;u gS vr% S1 o T, G ds lkekU; milewg gSaA

 G = S1 × T

tSls, o(G)= o(S1T)

= o(S1) o(T)

 n = p1
1 o(T)

 o(T) = p2
2 ... pr

r = m

mijksDrkuqlkj ge ;g n'kkZ ldrs gSa fd]

T = S2 × U tgk¡ U, T dk milewg bl çdkj gS fd o(U) = p3
3 ... pr

rA bl
çdkj gekjs ikl gksxk]

G = S1 × S2 ... Sr

G dks p milewgksa ds xq.ku esa [kf.Mr djus ij geus ifj.kke ifjfer
,csfy;u p lewgksa ij fl) fd;s] u fd G Lo;a ijA

 G dksfV pn dk ,csfy;u lewg gks] p vHkkT; ¼Prime½ gks ,oa a  G

esa G esa leLr vo;oksa dk egÙke dksfV (Maximal Order) gks rks G = A × Q tgk¡
A, a }kjk mRiUu ,d pØh; milewg gS ,oa Q  GA

 geus n ij lekos'ku }kjk ifj.kke fl) fd;kA ;fn n = 1 rks o(G) = pA
vr% G dksfV p dk pØh; milewg gSA bl çdkj G esa lokZf/kd dksfV p dk ,d
vo;o gSA

vr% o(a) = p = o(G) ,oa G = < a > = AA blfy;s ifj.kke bl çdj.k esa
okLrfod gSA

eku ysa fd ifj.kke leLr m < n ds fy;s okLrfod gSA eku ysa fd  b 
G bl çdkj gS fd b  A = < a > o o(b) = pA ge n'kkZrs gSa fd ifj.kke bl çdj.k
esa okLrfod gSA

B = < b > eku ysa rks A  B  B  o(A  B) = 1 ;k p

;fn o(A  B) = p = o(B) rks A  B = B  B  A  bA tks fd ,d
fojksèkkHkkl gSA

 A  B = {e}.

ekuk Ḡ = G

B
. ekuk ā  = Ba

vc (ā )o(a) = (Ba)o(a)

= Bao(a)

= B

 o(ā) | o(a)
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vc Bao(ā ) = Bao(ā ) = B

 ao(ā )  B

vc ao(ā )  A

 ao(ā )  A  B = {e}

 ao(ā ) = {e}

 o(a) | o(ā)

 o(a) = o(ā )

vc ā vo;o dh egÙke dksfV esa Ḡ ds fy, ;fn c̄  Ḡ ds ikl o(c̄ ) ls
vfèkd dksfV;ka gksxhA

rks o(c̄ ) | o(c)  o(c̄ )  o(c)

 o(c)  o(c̄ ) > o(ā) = o(a)

 o(c) > o(a)

;g fojks/kkHkklh gS fd a esa G esa egRre dksfV (Maximal Order) gSA

lekos'ku ifjdYiuk (Induction Hypothesis) ls Ḡ = < a > × T ds fdlh

milewg T ds fy;s Ḡ ijUrq T ds fdlh milewg Ḡ  T = Q

B
 ds fy;s Q] G dk

milewg gSA ge n'kkZrs gSa fd G = A × Q

x  A  Q ekusa rks x  A  x = ai

fdUrq x  Q  ai  Q  Bai  T  (Ba)i  T  a–i  T

 a–i  < ā >  T  a–i = ē   Bai = Be  ai  B

 ai  A  B = {e}

 ai = e  x = e  A  Q = {e}

x  G ekusaA

rks x̄  = Bx  Ḡ = < ā >. T

 x̄ = a– j ȳ ,  ȳ   T

 xy–1 a–j  B  Q

 x = a jz,  z  Q

x  < a >. Q

 G = AQ

vr% G = A × Q ,oa blfy;s ;g ifj.kke lkeus vk;kA

eku ysrs gSa fd dksbZ vo;o b  G, b A bl çdkj ugha gS fd o(b) = pA
ge n'kkZrs gSa fd bl çdj.k esa G = AA eku ysa fd G  AA x  G. x  A gksA eku
ysrs gSa fd x esa lcls NksVh laHko dksfV gSA

vc o(xp) = 
( )

( , ( ))

o x

p o x
 = 

( , )

i

i

p

p p
 = 

ip

p
 = pi–1
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 o(xp) < o(x)

 xp  A

 xp = a j

eku ysa fd p  j

o(a) = m = p s gksA

vc c  G  o(c) = p r

 p r  o(a) = p s D;ksafd a esa egÙke dksfV gSA

 r  s

 o(c) | o(a) = m

 cm = e  lHkh c  G ds fy,A

p  j  m  
jm

p

vkSj, ( )

jm
pa   e

 xm = ( )
m

p px

= ( )
m

j pa  = ( )

jm
pa

 e, a dk fojks/kkHkkl (Contradiction) gSA

 p | j. ekuk j = kp. rks  xp = a j = akp.

ekuk y = a–k
x

pwafd x  A, y  A

vkSj yp = a–kp xp = a–j a j = e

vr% o(y) = p ,d fojks/kkHkkl gS ¼D;ksafd gekjh /kkj.kk vuqlkj dksfV p dk
dksbZ vo;o A esa ugha gS½A

vr% G = A ,oa blfy;s ifj.kke bl çdj.k esa okLrfod gSA

blh dkj.k lekos'ku }kjk ;g ifj.kke vk;kA

ge vc ifjfer ,csfy;u lewg ij vk/kkjHkwr çes; fl) djus dks rS;kj gSaA

  ifjfer ,csfy;u
lewg pØh; lewg dk çR;{k lewg gksrk gSA

 G ,d ifjfer ,csfy;u lewg gSA ge o(G) ij lekos'ku }kjk ifj.kke
fl) djrs gSaA ;fn o(G) = 1 rks ifj.kke ux.; okLrfod gSA eku ysrs gSa fd
ifj.kke dksfV < o(G) ds leLr ,csfy;u lewg ds fy;s okLrfod gSA

o(G) = p1
1 ... pr

r gks] pis lqfuf'pr vHkkT; gSaA

chtxf.kr ds ekud çes; ds vuqlkj G = S1 × ... × Sr tgk¡ Si dksfV pi
i

(i = 1, 2,..., r) dk lbyks pi milewg gSA
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chtxf.kr ds ekud çes; ds vuqlkj]

Si = Ai × Qi, tgk¡ çR;sd Ai ,d pØh; milewg gSA

G = (A1 × Q1) × ... × (Ar × Qr)

= (A1 × ... × Ar) × (Q1 × ... × Qr)

vc o(Q1 × ... × Qr) < o(G) ,oa Q1 × Q2 ... × Qr ,d ,csfy;u lewg gSA
lekosf'kr ifjdYiuk ls Q1 × ... × Qr = T1 × ... × Ts tgk¡ çR;sd G, Ti dk pØh;
milewg gSA

    G = A1 × ... × Ar × T1 × ... × Ts

= pØh; milewgksa dk çR;{k xq.kuA

vr% ifj.kke bl çdj.k ds Hkh fy;s okLrfod gSA

lekos'ku }kjk ifj.kke leLr ifjfer ,csfy;u lewg G ds fy;s okLrfod
gSA

eku ysa fd ifjfer ,csfy;u lewg G dks G = A1 × ... × Ak, Ai = ds :i
esa fy[kk tk jgk gks ,oa pØh; lewg rks]

G = A1 × (A2 × ... × Ak)

 o(G) = o(A1) o(A2 × ... × Ak)

= o(A1) o(A2) o(A3 × ... × Ak)

bl çdkj gesa o(G) = o(A1) o(A2) ... o(Ak) çkIr gksrk gSA

 pn dksfV G dk ifjfer ,csfy;u lewg gks] p ,d vHkkT; ¼Prime½ gksA
eku ysa fd G = A1 × ... × Ak tgk¡ çR;sd Ai dksfV pni dk ,d pØh; lewg gS%
n1  n2  ...  nk > 0 lfgr rks iw.kkZad n1,..., nk vf}rh;r% fu/kkZfjr fd;s tkrs gSa
ftUgsa G ds vØefofue; (Invariant) dgk tkrk gSA

 eku ysa fd G = A1 × ... × Ak

,oa G = B1 × ... × Bl

Tkgk¡ Ai o Bjs pØh; lewg bl çdkj gSa fd o(Ai) = pni, o(Bj) = phj

n1  n2  ...  nk > 0, h1  h2  ...  hl > 0

gekjk y{; ;g n'kkZuk gS fd leLr i gsrq k = l o ni = hi gSA

rks   g = a1a2...ak, ai  Ai

pw¡fd leLr   i = 1,..., k ds fy;s n1  ni

leLr   i = 1,..., k ds fy;s pni | pn1

vr% leLr   i = 1,..., k ds fy;s pn1 = pni pui

leLr i ds fy;s gpn1 = ap
1

n1 a p
2
n1 ... a p

k
nk

= a1
pn1a2

pn2 pn2... ak
pnk pnk

= e tSls (ai)
pni

 = ai
o(Ai) = e
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 o(g) | p
n1 lHkh g  G ds fy,A

 o(g)  p
n1 lHkh g  G ds fy,A

p
n1   dksfV A1

 dk ,d pØh; lewg gS pn1 dksfV dk vo;o gSA

vr% pn1, G esa vo;oksa dk egÙke dksfV gSA blh çdkj G = B1 × ... × Bl
 dks

izkIr djus ij ge p
n1 dks G esa vo;oksa dk egÙke ysrs gSaA

vr%  p
n1 = p

h1  n1 = h1

eku ysa fd geus fl) fd;k fd n1 = h1, n2 = h2,..., nt–1 = ht–1A eku ysrs
gSa fd nt > ht = m gks rks C = {x pm

| x  G} dks ifjHkkf"kr djsaA pw¡fd G ,csfy;u
gS blfy;s C, G dk milewg gSA

A1 = < a1 >,..., Ak = < ak >, o(ai) = o(Ai) = pni

B1 = < b1 >,..., Bk = < bk >, o(bj) = o(Bj) = phj gSA

ge nkok djrs gSa fd]

C = < b1
pm

> × ... × < bt–1
pm

> gS

vc  xpm
  C, x  G

xj  Bj  xj = bj
rj

 x pm
= xpm

1 ... x pm
l

= b1
r1pm

 ... bt–1
rt–1pm

 bt
rt pm

 ...bl
r1pm

,

leLr x  G  x = x1 ... xt–1 xt...xl,  xj  Bj ds fy;sA

vc j  t, o(Bj) = phj | pht = pm

 pm = phj pvj = e lHkh j  t ds fy,A

 bj
pm

= bj
phj pvj = e lHkh j  t ds fy,A

 xpm
= b1

r1pm
 ... bt–1

rt–1pm

 x pm
= b1

r1pm
 ... bt–1

rt–1pm

 < b1
pm

>...< bt–1
pm

>

 C  < b1
pm

> ... < bt–1
pm

>

fdUrq bj
pm  C  < bj

pm
>  C

 C = < b1
pm

> ... < bt–1
pm

>

vkSj Hkh x  < b1
pm

>  < b2
pm

> ... < bt–1
pm

>

 x B1, x  B2...Bt–1

 x  B1, x  B2 ... Bt–1 Bt ... Bl

 x = e.

blh çdkj vU; loZfu"B (Intersection) ds fy;sA

vr% C = < b1
pm

> × ...... × < bt–1
pm

>

bl çdkj o(C) = o(b1
pm

) ...... o(bt–1
pm

)
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= 11

1 1

( )( )
...

( , ( )) ( , ( ))
t

m m
t

o bo b

p o b p o b




=
11

......
thh

m m

p p

p p



vc  G = A1 × ...... × Ak = < a1 > × ...... × < ak > ,oa C  G

 C =< a1
pm

> × ...... × < ak
pm

>

 o(C) = 1

1

( )( )
......

( , ( )) ( , ( ))
k

m m
k

o ao a

p o a p o a

=
1

1
......

( , ) ( , )

k

k

nn

n nm m

p p

p p p p

pw¡fd n1 = h1,..., nt–1 = ht–1

o(C) =
11

...... . ......
( , ) ( , )

t t k

t k

h n nh

m m n nm m

p p p p

p p p p p p



vr% 
1 11 1

...... ...... . ......
( , ) ( , )

t t t k

t k

h h n nh h

m m m m n nm m

p p p p p p

p p p p p p p p

 


 1 = ..........
( , ) ( , )

t k

t k

n n

n nm m

p p

p p p p

 ,
( , )

t

t

n

nm

p

p p
 D;ksafd 1

( , )

j

j

n

nm

p

p p


> 1 as nt > m  (pm, pnt) = pm


( , )

t

t

n

nm

p

p p
 = 

tn

m

p

p
 = pnt–m > 1

tks fd ,d fojks/kkHkkl gSA

vr% leLr i ds fy;s ni = hi

blfy;s o(G) = o(A1)......o(Ak) = o(B1)......o(Bl)

 pn1........pnk = ph1 ........ pht

;fn k > l, pn1 .......... pnt pnt+1 .......... pnk = ph1 .......... pht.

 pnl+1 + pnk = 1 tSls ni = hi lHkh i ds fy,

tks fd okLrfod ugha gSA

vr% k, l ls cM+k ugha gSA blh çdkj l, k ls cM+k ugha gSA

 chtxf.kr ds ekud çes; ds vuqlkj n1,..., nk dks vf}rh;r% fu/kkZfjr
fd;k tkrk gS] u fd laxr (Corresponding) pØh; lewg lsA mnkgj.kkFkZ G =

DyWbZUl ds 4 lewg dks pØh; lewgksa ds çR;{k xq.ku ds :i esa nks jhfr;ksa esa fy[kk
tk ldrk gSA
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G = A × B = A × C, tgk¡ A = {I, (12)(34)}

B = {I, (13)(24)}, C = {I, (14)(23)}

 dksfV pn ds nks ,csfy;u lewg rqY;kdkfjd gSa ;fn vkSj dsoy ;fn buesa
leku vØefofue; gksaA

 eku ysa fd G, G dksfV pn ds ifjfer ,csfy;u lewg gSaA G o G
rqY;kdkfjd gSa ,oa  G ls rqY;kdkfjrk gSA

G = A1 × ... × Ak, Ai = < ai >, o(Ai) = pni gSA

pw¡fd  ,d rqY;kdkfjd gS] G leLr i = 1,..., k ds fy;s  (Ai) dk lkekU;
milewg GA

vr%  (A1)......  (Ak), G dk milewg gSA

g  G   g  G Hkh bl çdkj gS fd  (g) = g

g  G  g = x1 ...... xk,  xi  Ai

 g =  (g) =  (x1) ......  (xk )

  (A1) ......  (Ak)

 G   (A1) ......  (Ak)

 G =  (A1) ......  (Ak) Hkh] (A1)  (A2) ... (Ak) = {e}, e = G
dh rRled gSA

pw¡fd  x  (A1), x  (A2) ...... (Ak)

 x = (x1) = (x2)......(xk),  xi  Ai

 (x1) = (x2......xk)

 x1 = x2 ...... xk

 x1
–1 x2 ...... xk = e

 xi = e leLr i ds fy,

 x = e.

blh çdkj vU; izfrPNsnu ;k loZfu"V (Intersection) ds fy;sA

vr% G = (A1) × ... × (Ak)A pw¡fd Ai = < ai >, (Ai) = < (ai) >

blfy;s leLr i ds fy;s o((Ai)) = o((ai)) = o(ai)

leLr i gsrq pni

bl çdkj G o G esa leku vØefofue; (Invariants) gSaA

blds foijhr eku ysa fd G o G esa leku vØefofue; gSaA

G = A1 × ... × Ak, Ai = < ai > ekusaA

rks G = B1 × ... × Bk, Bi = < bi >, o(Ai) = o(Bi)

pw¡fd G o G esa leku vØefofue; gSaA

ijUrq leku dksfV dh nks pØh; lewg rqY;kdkfjd gSaA Ai o Bi leLr i ds fy;s
rqY;kdkfjd gSaA vr% A1 × ... × Ak = G o B1 × ... × Bk = G rqY;kdkfjd gSaA
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vc ge bl fLFkfr esa gSa fd dksfV pn ds xSj&rqY;kdkfjd ifjfer ,csfy;u
lewg dh la[;k dks Li"Vr;k n'kkZ;saA

 dksfV pn ds xSj&rqY;kdkfjd ,csfy;u lewg dh la[;k] p vHkkT;
(Prime) n ds foHkktu dh la[;k ds lerqY; gSA

ekuk fd pn dksfV G dk ,csfy;u lewg gksA

gesa Kkr gS fd G = A1 × ... × Ak, Ai = < ai >, o(Ai) = pni

o(G) = o(A1) ... o(Ak)

 pn = pn1... pnk = pn1 + ...... + nk

 n = n1 + ...... + nk,  n1  n2  ......  nk > 0

n dk foHkktu gSA

blds foijhr n ds fdlh foHkktu dk fopkj djsaA

ekuk fd n = n1 + ... + nk,  n1  n2  ...  nk > 0, n dk foHkktu gSA

leLr i ds fy;s pni dksfV Ai ds pØh; lewg gSaA

G = A1 × ... × Ak gks rks G dksfV pn1 +...+ nk = pn dk ,csfy;u lewg gSA

pn dksfV A ds leLr xSj&rqY;kdkfjd ,csfy;u lewg dk leqPp; gSA

n, B ds leLr foHkktu dk leqPp;A

 : A  B dks fuEukuqlkj ifjHkkf"kr djsa%

ekuk G  A. ekuk G = A1 × ... × Ak, Ai = < ai >, o(Ai) = pni.

ekuk  (G) = n1 + ... + nk = n

Li"Vr;k  lqifjHkkf"kr gSA

(G) = (G) Hkh

  n1 + ... + nk = m1 + ... + ml = n

 k = l, ni = mi lHkh i ds fy,A

G o G esa leku vØefofue; gSaA

G o G rqY;kdkfjd gSaA

 G = G

  1–1 gSA

ekuk n = n1 + ... + nk, n1  n2  ...  nk > 0, n dk foHkktu gS rks tSlk fd
Åij ns[kk tk pqdk gS G = A1 × ... × Ak, Ai = < ai >, pn dksfV o(Ai) = pni dk
,csfy;u lewg gS rFkk (G) = n1 + ... + nk

 vkPNknd gSA

vr% o(A) = o(B), ftlls ifj.kke fl) gqvkA

;g fl) djuk dfBu ugha gS fd nks ifjfer ,csfy;u lewg rqY;kdkfjd
gSa ;fn ,oa dsoy ;fn buds lbyks milewg rqY;kdkfjd gSaA vc çes; 4-14 ls ge
izkIr djrs gSaA
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 n = p1
1 ... pr

r gksa tgk¡ pi
s lqfuf'pr vHkkT; gSaA rks dksfV n ds

xSj&rqY;kdkfjd ,csfy;u lewg dh la[;k p(1) p(2)......p(r) gS tgk¡ p(i) ls
i ds foHkktu dh la[;k bafxr gksrh gSA

 dksfV (i) 8   (ii) 6   (iii) 20. ds leLr xSj&rqY;kdkfjd ,csfy;u
lewg Kkr djsaA

(i) pw¡fd 8 = 23 gks rks p(3)] dksfV 8 ds xSj&rqY;kdkfjd ,csfy;u lewg dh
dksfV 8 }kjk çnf'kZr gS tgk¡ p(3) ls 3 ds foHkktu dh la[;k bafxr gksrh gSA

pw¡fd p(3) = 3 D;ksafd 3 = 1 + 1 + 1, 3 = 1 + 2, 3 = 3 dsoy 3 ds foHkktu
ek= gSa vr% ge dksfV 8 xSj&rqY;kdkfjd ,csfy;u lewg dh la[;k 3 ds :i
esa Kkr djrs gSaA rc lewg gksaxs% Z8, Z2 × Z4, Z2 × Z2 × Z2

(ii) pw¡fd 6 = 21 × 31 gks rks p(1) p(1)] xSj&rqY;kdkfjd ,csfy;u lewg dh
la[;k = 1. 1 = 1 gSA lewg Z2 × Z3  Z6 pØh; lewg gSaA

(iii) pw¡fd 20 = 22 × 51 gks rks p(2) p(1) = 2. 1 = 2] dksfV 20 ds xSj&rqY;kdkfjd
,csfy;u lewg dh la[;k dks bl çdkj n'kkZ ldrs gSa% Z4 × Z5, Z2 × Z2 ×

Z2 × Z5 tks fd lewg gSaA

;fn G ds mfpr milewg H dksfV p }kjk foHkkftr gks rks lekos'ku }kjk H esa p
dh dksfV dk vo;o gS] ftlls gesa G esa p dksfV dk vo;o feyrk gSA bl çdkj
ge ,slk eku ldrs gSa fd G ds fdlh mfpr milewg esa p }kjk foHkkftr dksfV ugha
gSA fdlh mfpr milewg H ds fy;s #G = (#H)|G : H| o #H, p }kjk foHkkT; ugha
gS] vr% çR;sd mfpr milewg H ds fy;s p||G : H| gSA

vc 1 ls vf/kd vkdkj okys G esa la;qfXer oxksZa dks g
1
, g

2
, …g

k
 }kjk izLrqr

djrs gSaA vkdkj 1 ds la;qfXer oxZ Z(G) esa vo;o gSaA pw¡fd la;qfXer oxZ G ds
foHkktu gSa] la;qfXer oxksZa dh x.kuk djrs gq, #G dh x.kuk dh tkrh gSA

#G = #Z(G) + 
1

k

i
 ¼g

i
 ds la;qXeu dk vkdkj½ = #Z(G) + 

1

| : ( ) |
k

i
i

G Z g



tgk¡ Z(g
i
), g

i
 dk dsUnzhdj.k gSA pw¡fd çR;sd g

i
 ds la;qfXer oxZ dk vkdkj

1 ls vf/kd gS] [G : Z(g
i
)] > 1 vr% Z(g

i
)  GA blhfy;s p[G : Z(g

i
)]A lehdj.k

esa ck,¡ rjQ p }kjk foHkkT; gS o nk,¡ rjQ ij ;ksxQy esa çR;sd funs'kkad p }kjk
foHkkT; gS] vr% #Z(G), p }kjk foHkkT; gSA pw¡fd G ds mfpr milewg esa p }kjk
foHkkT; dksfV ugha gS] Z(G) esa mi G gksus gksaxsA bldk rkRi;Z ;g fd G ,csfy;u
gS tks ,d fojks/kkHkkl (Contradiction) gSA
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7- lewg G ds ,csfy;uhdj.k ls vkidk D;k vfHkçk; gS\

8- ifjfer ,csfy;u lewg ij vk/kkjHkwr çes; dk vfHkdFku crk;saA

1- ;fn G ,csfy;u gks rks T : G  G bl çdkj gS fd leLr x  G ds fy;s
T (x) = x–1, G dk Lokdkfjrk gSA

;fn T = I rks T (g) = I(g)  g–1 = g  g2 = e] rks ;g ,d fojks/kkHkkl gSA

;fn G xSj&,csfy;u gS] rks G dk dksbZ vkUrfjd Lokdkfjrk xSj&ux.; bl
çdkj gS]

Tx = I lHkh x  G ds fy,  Tx (y) = y lHkh x, y  G ds fy,

 xyx–1 = y lHkh x, y  G ds fy,

 xy = yx lHkh x, y  G ds fy,

G ,csfy;u gS tks fd ,d fojks/kkHkkl gSA

fdlh çdj.k esa G esa xSj&ux.; Lokdkfjrk gSA

2- Lokdkfjrk dk vk'k; lewg G ls Lo;a rd rqY;kdkfjrk ls gSA

3- G esa a ds la;qfXer oxZ dks cl(a) ds :i esa izLrqr fd;k tk ldrk gSA

4- ekuk Z(G) = {e}A ekuk o(G) gks tgk¡ p, p
1
, p

2
,..., p

n
 lqfuf'pr vHkkT; bl

çdkj gksa fd]

p < p
1
 < ... < p

n
, a > 0, 

i
  0. k(G) > 

( )o G

p  =  1α αα 1
1 ... n

np p p  ,oa

Z(G) = {e}   yEckbZ ,d dk ,dek= oxZ gks ,oa de ls de

1α αα 1
1 ... n

np p p  oxZ yEckbZ  p ds gksa ¼pw¡fd oxZ dh dksfV o(G) dks

foHkkftr djrk gS½A blls ,d rRled vo;o feyrk gS ,oa de ls de

1α αα 1
1( ... )n

np p p p =  1α αα
1 ... n

np p p = o(G) ds de ls de G vo;o tks

fd o(G) ls vf/kd gSa] ;g fojks/kkHkkl gSA blh dkj.k Z(G)  {e}A

5- ;fn G rRled vo;o e ;qDr lewg gks rks mileqPp; {e} o G, G ds
ux.; milewg gSa ,oa ge bUgsa ux.; milewg dgrs gSaA vU; leLr
milewgksa dks xSj&ux.; dgsaxsA

6- G dksbZ lewg gSA a  G dksbZ vo;oA mileqPp; N(a) = {x  G | xa = ax}

dks G esa a dk lkekU;hdj.k vFkok dsUnzhdj.k dgk tkrk gSA ;g ljyrk
ls ns[kk tk ldrk gS fd lkekU;hdj.k G dk ,d milewg gSA
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7- (i) ;g lewg dk HkkxQy gS% vius Øefofues; milewg }kjk] vFkkZr~ ;g lewg
G / [G, G] gSA

(ii) ;g lEcU/k G }kjk xy = yx dk HkkxQy gSA

(iii) ;g ,d ,csfy;u lewg A bl çdkj gS fd vkPNknh lke:irk bl xq.kèkeZ
okyk gS fd tc Hkh f : G  A ,d le:id gS ,oa : GH ,d ,csfy;u
lewg rks vf}rh; le:id H bl çdkj gksxk fd : A  H gks  = 
o f

8- ifjfer ,csfy;u lewg pØh; lewgksa dk çR;{k xq.ku gSA

 G dksbZ lewg gks rks rRled ekufp= I : G  G bl çdkj gS fd I (x) =

x, G dk ux.; Lokdkfjrk gSA oLrqr% bls dHkh&dHkh G dk ux.;
Lokdkfjrk dgk tkrk gSA

 ;fn G xSj&,csfy;u lewg gks rks mijksDr ifjHkkf"kr ekufp= f : G  G bl
çdkj gS fd f (x) = x–1 Lokdkfjrk ugha gSA

 I(G) ds leLr vkUrfjd Lokdkfjrk dk leqPp; G dk milewg Aut G gSA

 G ds milewg H dks G dk vfHkyk{kf.kd milewg dgk tkrk gS ;fn leLr
T  Aut G gsrq T(H)  HA

 G ifjfer lewg gks ,oa eku ysa fd p ,d vHkkT; bl çdkj gS fd p | o(G)

rks  x  G bLk çdkj gksxk o(x) = pA

 nks Øep; ,   Sn leku gksrs gSa ;fn ,oa dsoy ;fn ;s Sn esa la;qfXer gksaA

 n ,d èkukRed iw.kkZad gSA èkukRed iw.kkZadksa n1, n2, ..., nk dk vuqØe bl
çdkj gS tgk¡ n1  n2  ...  nk bl çdkj gS fd n = n1 + n2 + ... + nk dks
n dk foHkktu dgk tkrk gS ,oa n1, n2, ..., nk dks la;qfXer ds Hkkx dgk tkrk
gSA

 Sn  esa la;qfXer oxksZa dh la[;k p(n) gSA

 lewg H ds xSj&fjDr mileqPp; G dks G dk milewg dgk tkrk gS ;fn
H ls G ds f}vk/kkjh lajpuk ds vèkhu lewg dk fuekZ.k gksA

 ;fn G rRled vo;o e ;qDr lewg gks rks mileqPp; {e} o G, G ds
ux.; vo;o gSa ,oa ge bUgsa ux.; vo;o dgrs gSaA vU; leLr milewgksa
dks xSj&ux.; ¼vFkok mfpr milewg½ dgsaxsA

 lewg H dk xSj&fjDr mileqPp; G, G dk milewg gS ;fn]

a, b  H  ab–1  H gksA

 lewg G dk xSj&fjDr ifjfer mileqPp; H, G dk milewg gS ;fn G+]
H xq.ku ds vèkhu laor̀ gksA
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 HK = KH dk rkRi;Z ;g ugha fd H dk çR;sd vo;o K ds çR;sd vo;o
ls Øefofue; djrk gSA bldk rkRi;Z dsoy ;g gS fd çR;sd h  H, k 
K, hk = k1h1 ds fy;s dqN k1  K ,oa h1  H gksA

 le:id ds :i esa ,csfy;uhdj.k HkkxQy ekufp= G  G/[G, G] gS tgk¡
vk/kkjHkwr [G, G], G dk Øefofues; milewg gSA

 ifjfer ,csfy;u lewg blds lkbyks p milewg dk çR;{k xq.ku gSA

 ekuk fd pn dksfV G dk ,d ,csfy;u lewg gks] p ,d vHkkT; ,oa G esa
a  G esa leLr vo;oksa dh egÙke dksfV gks rks G = A × Q tgk¡ A, a }kjk
mRiUu ,d pØh; milewg gS ,oa Q  GA

 ekuk fd pn dksfV G dk ,d ifjfer ,csfy;u lewg gks] p dks ,d vHkkT; ,oa
eku ysa fd G = A1 × ... × Ak tgk¡ çR;sd Ai, pni ;qDr dksfV
n1  n2  ...  nk > 0 dk ,d pØh; milewg gS rks iw.kkZad n1,..., nk

vf}rh;rk ls fuèkkZfjr fd;s tkrs gSa ,oa ;s G ds vØefofue; dgykrs gSaA

 dksfV pn ds nks ,csfy;u lewg rqY;kdkfjd gksrs gSa ;fn vkSj dsoy ;fn buesa
leku vØefofue; gSaA

 dksfV pn ds xSj&rqY;kdkfjd ,csfy;u lewg dh la[;k] p vHkkT; n ds
foHkktu dh la[;k esa lerqY; gksrh gSA

 ekuk fd n = p1
1 ... pr

r gks tgk¡ pi
s lqfuf'pr vHkkT; gSa rks dksfV n ds

xSj&rqY;kdkfjd ,csfy;u lewgksa dh la[;k p(1) p(2)......p(r) gS tgk¡
p(i) ls i ds foHkktu dh la[;k bafxr gksrh gSA

  ;g ,slh chtxf.krh; lajpuk gS ftlesa ,d lafØ;k ds lkFk ,d gqvk
leqPp; gksrk gS ftlesa rhljk vo;o fuekZ.k ds fy;s blds dksbZ nks vo;o
la;qDr gksrs gSaA

  ;fn G ,d lewg gks rks rRled ekufp=.k
I : G  G bl çdkj gksxk fd I (x) = x, G dk ux.; Lokdkfjrk gS] blh
dkj.k bls G dk ux.; Lokdkfjrk dgk tkrk gSA

 lewg ds Lokdkfjd lewgksa dks ,sls lewg ds :i esa
ifjHkkf"kr fd;k tkrk gS ftlds vk/kkj lewg ds leLr Lokdkfjd vo;o gksrs
gSa] ,oa tgk¡ lewg lafØ;k Lokdkfjrk dh lajpuk gksrh gSA G ds Lokdkfjrk
ds leqPp; dks Aut G ls bafxr fd;k tkrk gSA

 lewg G dk Lokdkfjrk ,d rqY;kdkfjrk G  G gSA

 lewg G dk Lokdkfjrk vkUrfjd gS ;fn vkSj dsoy
;fn ;g G varfoZ"V çR;sd lewg rd foLrkfjr gSA

  Lokdkfjrk lewg dks lefer lewg Hkh dgk tkrk gS ,oa
Lokdkfjrk lewg ds milewg dks :ikarj.k lewg dgk tkrk gSA
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 lewg ds nks vo;o a o b la;qfXer gksrs gSa ;fn lewg esa vo;o
g bl çdkj gks fd b = g–1agA ;g ,d lerqY;rk lEcUèk gS ftlds
lerqY;rk oxksZa dks la;qfXer oxZ dgk tkrk gSA

1- lewg Lokdkfjrk dh O;k[;k lksnkgj.k djsaA

2- vkUrfjd Lokdkfjrk ds çes; crk;saA

3- Lokdkfjrk ds lewgksa dk lksnkgj.k o.kZu djsaA

4- la;qfXer lEcUèk dh O;k[;k djsaA

5- dsUnzhdj.k ,oa lkekU;hdj.k D;k gS\ lksnkgj.k ifjHkkf"kr djsaA

6- x.kuk fl)kar ,oa ifjfer lewg ds oxZ lehdj.k gsrq çes; crk;saA

7- dkWmph çes; D;k gS\

8- dc nks Øep; leku gksrs gSa\

9- ^iw.kkZad ds foHkktu* dk vk'k; Li"V djsaA

10- ifjfer ,csfy;u lewgksa ,oa xSj&,csfy;u lewgksa gsrq çes;ksa dh O;k[;k djsaA

1- lewg Lokdkfjrk dh voèkkj.kk dk o.kZu mi;qDr çes;ksa] buds O;qRifÙk o
mnkgj.kksa lfgr djsaA

2- mnkgj.kksa o çklafxd çes;ksa dh lgk;rk ls vkUrfjd lewg Lokdkfjrk dh
O;k[;k djsaA

3- çes; ,oa mnkgj.kksa dh lgk;rk la;qfXerk lEcUèk dk o.kZu djsaA

4- lewg fl)kar ds vkèkkj ij mi;qDr mnkgj.kksa dh lgk;rk ls dsUnzhdj.k o
lkekU;hdj.k dh O;k[;k djsaA

5- x.kuk fl)kar ,oa ifjfer lewgksa ds oxZ lehdj.k dk o.kZu djsaA lewg
fl)kar esa blds egRo dks Hkh n'kkZ;saA

6- lewg fl)kar gsrq dkWmph çes; dk fo'ys"k.k lksnkgj.k djsaA

7- ifjfer ,csfy;u lewg ,oa xSj&,csfy;u lewg D;k gSa\ mi;qDr mnkgj.kksa o
çes;ksa ds lkFk foLr`r O;k[;k djsaA

8- G ,d lewg gks ,oa a  GA n'kkZ;sa fd H = < a > = {an | n ,d iw.kk±d gS}

;g G dk ,d milewg gS ,oa ;fn K vxj G ds dskbZ Hkh milewg gS] rks
a  K, rks H  K

9- ekuk fd Hn = < n > o Hm = < m > gks rks n'kkZ;sa fd Hn  Hm = < k >  tgk¡
k = L.C.M. (n, m)A
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10- Ekku ysrs gSa fd G ifjfer gSA fl) djsa fd ;fn o(G) fo"ke gks] rks {e}

,dek= la;qfXer oxZ X bl çdkj gksxk fd X = X A ;fn o(G) le gks] rks
n'kkZ;sa fd  de ls de ,d la;qfXer oxZ X  {e} bl çdkj gS fd

X = X A

11- o(G) = pn,  p ,d vHkkT; gks ,oa n > 0A N, G esa lkekU; gks G, (N  {e})

rks n'kkZ;sa fd N Z(G)  {e}A

12- fuEukafdr dksfV ds leLr xSj&rqY;kdkfjd ,csfy;u lewg Kkr djsa%

(i) 360 [6]

(ii) 15 [1]

(iii) 35 [1]

(iv) p3, p ,d vHkkT; gS [3]
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5-9 lkjka'k

5-10 eq[; 'kCnkoyh
5-11 Lo&ewY;kadu ç'u ,oa vH;kl
5-12 lgk;d ikB~; lkexzh

vewrZ chtxf.kr esa fo"k;ksa ds rhu çdkj gksrs gSa] lewg (Groups)] oy; (Rings) ,oa
{ks= (Field)A lewg dks ,sls vo;oksa ds leqPp; ds :i esa ifjHkkf"kr fd;k tkrk gS
tks ml lafØ;k ¼Operations½ esa ,dlkFk gksrs gSa tks bu vo;oksa ds ;qXeksa (Pairs)

ij iznf'kZr (Performed) fd;k tkrk gSA oy; nks lafØ;kvksa ¼Operations½ okys
vo;oksa dk leqPp; gS% ;ksx ,oa xq.kuA oy; ds vo;oksa ¼tks ;ksx lafØ;k ls
,dlkFk gSa½ }kjk lewg curk gSA ;ksx leqPp; ds fdUgha nks vo;oksa ds fy;s
Øefofues; (Commutative) gksrk gSA fu,Yl gsufjd ,cWy (Niels Henrik Abel)

uked ,d xf.krK ds lEeku esa ^Øefofues;* (Commutative) ds fy;s ̂ ,csfy;u*
(Abelian) 'kCn dk Hkh ç;ksx fd;k tkrk gSA ftlesa xq.ku lafØ;k lac) gksrh gSA
{ks= ,slh oy; gS ftlesa vo;oksa ;ksx ds fy;s rRled (Identity) vo;o ,oa xq.ku
lapkyd (Operator) dks NksM+dj Hkh lewg curk gSA xf.kr esa {ks= ,slk leqPp; gS
ftl ij ;ksx] ?kVko (Subtraction), xq.ku o foHkktu ifjes; o okLrfod la[;kvksa
ij laxr (Corresponding) lafØ;k ds :i esa ifjHkkf"kr gksrs ,oa O;ogkj djrs gSaA
blhfy;s {ks= ,d vkèkkjHkwr chtxf.krh; lajpuk (Fundamental Algebraic Structure)

gS tks chtxf.kr] la[;k fl)kar ,oa xf.kr ds vusd vU; {ks=ksa esa O;kid :i ls
ç;ksx dh tkrh gSA

çèkkur;k] oy; ,d chtxf.krh; lajpuk gS ftlesa ;ksx o xq.ku uked nks
f}vk/kkjh lafØ;k (Binary Operations) ls ,dtqV leqPp; varfoZ"V gksrk gS tgk¡
leqPp; ;ksx ds vèkhu ,d ,csfy;u lewg gksrk gS ¼ftls oy; dk ;ksT; (Additive)

lewg dgrs gSa½ ,oa xq.ku ds vèkhu ,d ,dkHk (Monoid) bl çdkj gksrk gS fd ;ksx
ij xq.ku forfjr gks tk;sA oy; vfHkxg̀hr (Ring Aximos) esa vko';d gS fd ;ksx
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Øefofues; (Commutative) gks] ;ksx o xq.ku lac) (Associate) gksa] xq.ku ;ksx ij
forfjr gks] leqPp; esa çR;sd vo;o esa ,d ;ksT; O;qRØe (Additive Inverse) gksrk
gS ,oa ;ksT;ks dk rRled ekStwn gksrk gSA oy; ds lokZfèkd ns[ks tkus okys mnkgj.kksa
esa ls ,d mnkgj.k iw.kkZadksa dk ,slk leqPp; gS ftlesa ;ksx o xq.ku dh viuh lgt
;k izkÑfrd lafØ;k,¡ (Natural Operations) lEiUu gksaA

bl bdkbZ esa vki vewrZ chtxf.kr ds lanHkZ esa oy; dh fofHkUu voLFkkvksa]
oy; dh ifjHkk"kk o ewyHkwr fo'ks"krk@xq.k] oy; le:irk] milewg] vkn'kZ o
;ksxQy oy;] cgqin oy; o buds fo'ks"krk@xq.k lekdfyr Mksesu o {ks= ds ckjs
esa v/;;u djsaxsA

bl bdkbZ dks i<+us ds ckn vki&

 oy; fl)kUr dks le> ik,axs(

 oy;ksa dh ifjHkk"kk,¡ ,oa ewyHkwr fo'ks"krkvksa xq.kksa dk o.kZu dj ik,axs(

 oy; le:irk dh O;k[;k dj ik,axs(

 oy; le:irk ds fofHkUu çes;ksa dks fl) dj ik,axs(

 mioy;ksa dh fo'ks"krkvksa dks igpku ik,axs o ifjppkZ dj ik,axs(

 vkn'kZ] HkkxQy o cgqin oy;ksa ds xq.kksa ,oa fo'ks"krkvksa dks le> ik,axs(

 ;qfDyMh;u (Euclidean) ds ç;ksx ls lekdfyr Mksesu ,oa {ks=ksa dh ifjppkZ
dj ik,axs(

 vf}rh; xq.ku[kaM Mksesu ¼;w,Q+Mh ;k UFD½ dk o.kZu dj ik,axsA

lewg xSj&fjDr leqPp; o f}vk/kkjh lajpuk (Binary Composition) okyh ,d
iz.kkyh gSA nks f}vk/kkjh lajpuk okys xSj&fjDr leqPp;ksa (Non-Empty Sets) dh Hkh
ppkZ dh tk ldrh gS] lkekU; ;ksx o xq.ku ds vèkhu iw.kkZadksa dk leqPp; ,d
mnkgj.k gSA Hkys gh bl leqPp; ls ;ksx ds vèkhu lewg dk fuekZ.k gksrk gS] u fd
xq.ku ds vèkhu fQj Hkh blesa xq.ku ds lUnHkZ esa Hkh dqN fof'k"V fo'ks"krk,a gksrh gSaA
buesa ls dqN vyx gVdj gksrs gSa ,oa voèkkj.kk dks oy; ds :i esa O;kihÑr fd;k
tkrk gSA vkSipkfjd ifjHkk"kk dh ppkZ ;gk¡ dh tk jgh gSA

 xSj&fjDr leqPp; R ds lkFk nks f}vk/kkjh lajpuk $ ,oa oy; dk
fuekZ.k gksuk dgk tkrk gS] ;fn fuEukafdr vfHkxg̀hrksa (Axioms) dh iwfrZ gks jgh gks%

1- leLr a + (b + c) = (a + b) + c gsrq a, b, c  R

2- a + b = b + a gsrq a, b  R
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3- R esa  dksbZ vo;o 0 ¼'kwU;½ dgk tkrk gSA bl çdkj gS fd leLr a 
R gsrq
a + 0 = 0 + a = a

4- çR;sd a  R, ds fy;s  vo;o (– a)  R bl çdkj gks fd]
a + (– a) = (–a) + a = 0

5- leLr a, b, c  R gsrq a . (b . c) = (a . b) . c

6- leLr a, b, c  R gsrq a . (b + c) = a . b + a . c

(b + c) . a = b . a + c . a

1- ,slk dgk tkrk gS fd $ o R ij f}vk/kkjh lajpuk (Binary Composition)

gSa ,slk le>k tkrk gS fd buds lUnHkZ esa laòr (Closure) fo'ks"krk,a R esa gksrs
gSaA vU; 'kCnksa esa leLr a, b  R, a + b rFkk a.b tks R esa gSA vf}rh; gSaA

2- vki $ o - ds LFkku ij dksbZ Hkh vU; çrhd mi;ksx esa yk ldrs gSa ijUrq
Li"V dkj.kksa ds fy;s ;s nks çrhd ç;ksx fd;s tkrs gSa ¼buls fo'ks"krk,a brus
lgt tks yxrs gSa½A oLrqr% Hkfo"; esa ßR ,d oy; gSÞ bl vfHkdFku dk
rkRi;Z gksxk fd R esa nks f}vk/kkjh lajpuk $ o - ml ij ifjHkkf"kr gSa ,oa
iwoZorhZ vfHkx`ghr dh iwfrZ djrs gSaA

3- vfHkx̀ghr ¼5½ - ds lUnHkZ esa ukekafdr lac)rk gS ,oa vfHkx̀ghr ¼6½ dks - o
$ ds lUnHkZ esa forjd ¼ck;ha o nk;ha½ ds :i esa lUnfHkZr (Referred) fd;k
x;k gSA

4- vfHkx̀ghr ¼1½ ls ¼4½ dks ljyrk ls ;g dgrs gq, iqudZfFkr fd;k tk ldrk
gS fd < R, + > ls ,csfy;u lewg dk fuekZ.k gksrk gSA

5- pw¡fd vfHkx`ghr ¼3½ esa 0] $ ds lUnHkZ esa rRled gS] ;g Li"V gS fd ;g
vo;o vf}rh; gSA

oy; R dks (Commutative Ring) dgk tkrk gS
;fn leLr a, b  R gsrq ab = ba A iqu% ;fn  vo;o e  R bl çdkj gks fd
leLr a  R gsrq ae = ea = a

vki dg ldrs gSa fd R bZdkbZ ;qDr oy; gSA bZdkbZ dks lkèkkj.kr;k 1 ls
bafxr fd;k tkrk gSA bls bZdkbZ vo;o vFkok xq.kd rRled (Multiplicative

Identity) Hkh dgk tkrk gSA

;g ljyrk ls ns[kk tk ldsxk fd ;fn oy; esa bZdkbZ gks rks ;g vf}rh;
gh gksxhA

 Lej.k djsa fd lewg esa a2 dk rkRi;Z a . a gS tgk¡ ‘.’ lewg dk f}vkèkkjh
lajpuk ls FkkA oy; esa Hkh blh ladsru (Notation) ds lkFk vkxs c<+saA oLrqr% ;g
ladsru (Notation) ;ksx ds fy;s ;gk¡ yk;k x;k Fkk ,oa na dk mi;ksx ;gka a +

a + ....+ a ¼n ckj½ n'kkZus ds fy;s fd;k x;k Fkk] tgka n iw.kkZad gSA
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voèkkj.kk dks fuEukafdr mnkgj.k Li"V dj nsaxs%

 lkekU; ;ksx o xq.ku ds lUnHkZ esa oy; cukus okys iw.kkZadksa] ifjes; la[;kvksa
o okLrfod la[;kvksa ds leqPp; bZdkbZ;k¡ ;qDr Øefofues; oy; gSaA

 leLr le iw.kkZadksa ds leqPp; E ls bZdkbZ;k¡ jfgr Øefofues; oy; dk
fuekZ.k gksrk gS ¼lkekU; ;ksx o xq.ku ds vèkhu½A

 ekuk fd M dks vkO;wg ;ksx o vkO;wg xq.ku ds vèkhu iw.kkZadksa ij leLr 2
× 2 vkO;wgksa dk leqPp; ekusaA ;g ns[kk tk ldrk gS fd M ls bZdkbZ ;qDr

oy; 1 0
,

0 1

 
 
 

 dk fuekZ.k gksrk gS fdUrq ;g Øefofues; ugha gSA

 ekuk fd M dks vkO;wg ;ksx o vkO;wg xq.ku ds vèkhu iw.kkZadksa ij çdkj

0 0

a b 
 
 

 ds leLr vkO;wg dk leqPp; ekusa rks M ls bZdkbZ jfgr vØefofues;

oy; (Non-Commutative Ring) dk fuekZ.k gksrk gSA

 leqqPp; Z7 = {0, 1, 2, 3, 4, 5, 6} ls ;ksx o xq.ku ekikadks (Multiplication

Module) 7 ds vèkhu oy; dk fuekZ.k gksrk gS ¼oLrqr% ge 7 ds LFkku esa n
dks eku ldrs gSa½A

 F dks leLr ̂lrr~ Qyuksa* (Continuous Functions) f : R  R dk leqPp;
ekusa tgk¡ R okLrfod la[;kvksa dk leqPp; gks rks F ls ;ksx o xq.ku ds
vèkhu oy; dk fuekZ.k fuEukuqlkj ifjHkkf"kr vuq:i gksrk gS%

fdlh f gsrq g  F

leLr x  R  gsrq ( f + g)x = f (x)

leLr x  R gsrq ( f g)x = f (x)g(x)

bl oy; dk 'kwU; ¼Zero½ ekufp=.k O : R  R bl çdkj gS fd x leLr
x  R gsrq O(x) = 0

fdlh f  F dk ;ksT; O;qRØe Qyu (Additive Inverse Function)

(– f ) : R  R  bl çdkj (– f )x = – f (x)

oLrqr% F esa Hkh bZdkbZ gksxh] bl Qyu ds uke ls leLr x  R gsrq
i : R  R }kjk i(x) = 1 tks fd ifjHkkf"kr gSA

 ekuk fd Z iw.kkZadksa dk leqPp; gks rks Z[i] = {a + ib | a, b  Z} ls lfEEkJ
la[;kvksa a + ib ds lkekU; ;ksx o xq.ku ds vèkhu oy; dk fuekZ.k gksrk gS
tgk¡ a, b  Z dks xkWfl;u iw.kkZad (Gaussian Integer) dgk tkrk gS ,oa Z[i]

dks xqvkfl;u iw.kkZad dh oy; Hkh dgk tkrk gSA

vkidks blh çdkj Zn[i] xkWfl;u iw.kk±d ekikad n dh oy; gks ldrh gSA
mnkgj.k gsrq Z3[i] = {a + ib | a, b  Z3 = {0, 1, 2} mod 3}

= {0, 1, 2, i, 1 + i, 2 + i, 2i, 1 + 2i, 2 + 2i}
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 X ,d xSj&fjDr leqPp; gks rks P (X), X dk ?kkr leqPp; (Power Set) gSA
¼-, leLr mileqPp;ksa dk leqPp; gSA½ ls $ o . ftlds vèkhu oy; dk
fuekZ.k gksrk gS] ftls A + B = (A  B) – ( A  B) rFkk]

A . B=  A B }kjk ifjHkkf"kr fd;k tkrk gSA

oLrqr% ;g bZdkbZ ;qDr Øefofues; oy; gS ,oa bl xq.k dh iwfrZ Hkh djrh
gS% leLr A  P (X) gsrq A2 = A A

 iw.kk±d ekikad 2 oy;ksa ls vo;oksa (Members) ij leLr 2 × 2 vkO;wgksa
(Matrices) dk leqPp; M gSA ;g ifjfer vØefofue; oy; (Finite Non-

Commutative) gksxhA M esa 24 = 16 vo;o gksaxs D;ksafd vkO;wg a b

c d

 
 
 

 esa

çR;sd vo;o a, b, c, d  dk p;u nks :iksasa esa fd;k tk ldrk gSA M esa
lajpuk (Composition) bl çdkj fn, x, gSa]

 
a b x y

c d z u

   
   

   
 = 

a x b y

c z d u

  
   

tgk¡  ls ;ksx ekikad 2 n'kkZrk gS ,oa

  
a b x y

c d z u

   
   
   

 = 
      

       

a x b z a y b u

c x d z c y d u

 ls xq.ku ekikad 2 n'kkZrk gSA

M vØefofues; bl çdkj gS 
1 1 0 0

1 1 1 1

   
   
   

 = 
1 1

1 1

 
 
 

ijUrq 
0 0 1 1

1 1 1 1

   
   
   

=
0 0

0 0

 
 
 

 ekuk R = {0, a, b, c} gksA R ij $ o . dks bl çdkj ifjHkkf"kr djsa]

+ 0 a b c . 0 a b c

0 0 a b c 0 0 0 0 0

a a 0 c b a 0 a b c

b b c 0 a b 0 a b c

c c b a 0 c 0 0 0 0

vc vki ns[k ldrs gSa fd R ls bZdkbZ jfgr vØefofues; oy; (Non-

Commutative Ring) dk fuekZ.k gksrk gSA

oLrqr% ;g y?kqre vØefofues; (Smallest Non-Commutative) oy; dk
mnkgj.k gSA

oy; R esa fuEukafdr ifj.kke gSa]

(i) a . 0 = 0 . a = 0 lHkh a  R ds fy,
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(ii) a(–b) = (–a)b = –ab lHkh a, b  R ds fy,

(iii) (–a) (–b) = ab  a, b  R

(iv) a(b – c) = ab – ac  a, b, c  R

(i) a . 0  = a . (0 + 0)

 a . 0  = a . 0 + a . 0

 a . 0 + 0 = a . 0 + a . 0

 0 = a . 0

lewg < R, $> ds lUnHkZ esa fu"dklu dk ç;ksx djrs gq,]

(ii) a . 0 = 0

 a (– b + b) = 0

 a (– b) + ab = 0

 a (– b) = – (ab)

blh çdkj (– a) b = – ab

(iii) (– a) (– b) = – [a (– b)] = –[– ab] = ab

(iv) a (b – c) = a (b + (– c))

= ab + a (– c)

= ab – ac.

1- ;fn R bZdkbZ ;qDr ,d oy; gS ,oa 1 = 0 rks pw¡fd fdlh a  R gsrq
a = a.1 = a.0 = 0 rks vki R = {0} ik;saxs ftls fd ux.; oy; (Trivial

Ring) dgk tkrk gSA ;g çdj.k lkèkkj.kr;k oftZr (Excluded) jgrk gS ,oa
tc Hkh ,slk dgk tkrk gS fd R bZdkbZ ;qDr ,d oy; gS rc ;g le> fy;k
tkrk gS fd R esa 1  0 gSA

2- ;fn n, m iw.kkZad gksa ,oa a, b oy; esa vo;o gksa rks ;g ljyrk ls ns[kk tk
ldrk gS fd]

n(a + b) = na + nb

(n + m)a = na + ma

(nm)a = n(ma)

am an = am + n

(am)n = amn

tc Hkh ab = 0  rks ;k rks a = 0 vFkok b = 0A ;g le>kus esa vfèkd t+ksj
nsus dh vko';drk iM+ ldrh gS fd ifj.kke lnSo okLrfod u gksA oLrqr% iw.kkZadksa
¼okLrfod vFkok ifjes;ksa½ dh oy; esa ;g xq.k gksrk gSA iw.kkZadksa ij 2 × 2 vkO;wg
dh oy; dk fopkj djrs gSaA vkids ikl nks v'kwU; (Nonzero) vo;o A, B  bl
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çdkj gks ldrs gSa fd A B = 0 ijUrq A  0 B  0A  oLrqr% A = 
0 1

0 0

 
 
 

  o

B = 
2 0

0 0

 
 
 

  dks eku ysa rks A  0, B  0 fdUrq AB = 
0 0

0 0

 
 
 

A ge fuEukafdr

ifjHkk"kkvksa ds ekè;e ls bl ladsru (Notation) dks vkSipkfjd :i çnku djrs gSaA

 R dksbZ oy; gksA vo;o 0   a  R  dks 'kwU; Hkktd (Zero Divisor)

dgk tkrk gS ;fn  vo;o 0  b  R bl çdkj gks fd ab = 0 vFkok ba = 0A

 Øefofues; oy; R dks lekdfyr Mksesu (Integral Domain) dgk
tkrk gS fd R esa ab = 0 ;k rks a = 0  vFkok b = 0 A vU; 'kCnksa esa Øefofue; oy;
R dks lekdfyr Mksesu dgk tkrk gS ;fn R esa dksbZ 'kwU; Hkktd (Zero Divisors)

u gksA

lekdfyr Mksesu dk ,d lqLIk"V mnkgj.k < Z, +, . > iw.kkZadksa dh oy; gS
tcfd vkO;wgksa ds oy; (Ring of Matrices) ,slh oy; dk mnkgj.k gS tks fd
lekdfyr Mksesu ugha gSA

lekdfyr Mksesu dh ifjHkk"kk ds ,d Hkkx ds :i esa Øefofues;rk ds in
(Condition of Commutativity) ij dqN ys[kd t+ksj ugha nsrsA vkids ikl 'kwU;
Hkktd (Zero Divisor) jfgr vØefofues; oy; gks ldrh gSaA

fdlh Øefofue; oy; dks lekdfyr Mksesu dc dgk tkrk gS bl lUnHkZ
esa fuEukafdr çes; esa gesa vko';d o ;Fkkr~ in nsrk gSA

 Øefofue; oy; R lekdfyr Mksesu gS ;fn a, b, c  R

(a  0) lHkh ds fy, ab = ac   b = cA

ekuk fd R dksbZ lekdfyr Mksesu gks] rc ab = ac  (a  0) gS

rks ab – ac = 0

 a(b – c) = 0

 a = 0 rFkk  b – c = 0

pw¡fd      a  0] ge izkIr djrs gSa b = c

blds foijhr fn;k x;k in ;gk¡ iw.kZ gks jgh gSA

ekuk a, b  R, a  0 ;qDr dqN vo;o gksa ,oa eku ysrs gSa fd ab = 0

rks ab = a.0

 b = 0 fn, x, in ds ç;ksx lsA

blfy, ab = 0 b = 0 tc Hkh a  0 vFkok R ,d lekdfyr Mksesu gSA

 oy; R esa ck,¡ fu"dkflr fu;e (Left Cancellation Law) dh iwfrZ gqbZ ekuh
tkrh gS ;fn leLr a, b, c  R, a  0 lHkh ds fy, ab = ac  b = cA

blh çdkj nk,¡ fu"dkflr fu;e (Right Cancellation Law) dh ppkZ dh tk
ldrh gSA ;g mYys[kuh; gks ldrk gS fd fu"dklu dsoy v'kwU; vo;oksa dk gh
gksrk gSA
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% bZdkbZ ;qDr oy; R esa vo;o a dks xq.ku ds lUnHkZ esa vØefofues;
vFkok bZdkbZ dgk tkrk gS ;fn  fdlh Hkh b  R esa bl çdkj gksa fd ab = 1 =

ba gSA

 bZdkbZ o bZdkbZ vo;o (Unity) dh fHkUu&fHkUu voèkkj.kk,¡ gSa ,oa buesa
ikjLifjd vleatl esa u iM+saA

bZdkbZ ;qDr oy; R dks foHkDr oy; vFkok frjNk {ks= (Skew Field)

dgk tkrk gS ;fn R ds v'kwU; vo;oksa (Non Zero Elements) ls xq.ku ds lUnHkZ esa
lewg curk gksA

vU; 'kCnksa esa bZdkbZ ;qDr oy; R ,d foHkDr oy; gS ;fn R ds v'kwU;
vo;oksa esa xq.kkRed çfrykse (Multiplication-Inverse) gksA

Øefofue; foHkDr oy; (Commutative Division Ring) dks {ks=
(Field) dgrs gSaA

okLrfod la[;kvksa (Real Numbers) ls {ks= dk fuekZ.k gksrk gS] u fd iw.kkZadksa ls]
lkekU; ;ksx o xq.ku ds vèkhuA pw¡fd foHkDr oy; ls nks f}vk/kkjh lajpuk ds lUnHkZ
esa lewgksa dk fuekZ.k gksrk gS blesa nks rRled vo;oksa 0 o 1 ¼;ksx o xq.ku ds lUnHkZ
esa½ lajpuk gh ,oa bl çdkj foHkDr oy; esa de ls de nks vo;o gksrs gSaA

 {ks= ,d lekdfyr Mksesu gSA

ekuk fd] < R, +, . > ,d {ks= gks rks R ,d Øefofue; oy; gSA

ekuk fd] R esa ab = 0 gSA ge a = 0 vFkok b = 0 n'kkZuk pkgrs gSaA eku ysa fd
a  0 rks a–1  dk vfLrRo gS ¼{ks= dh ifjHkk"kk½A

bl çdkj ab = 0

 a–1 (ab) = a–10

 b = 0

ftlls ;g n'kkZ;k x;k gS fd R ,d lekdfyr Mksesu gSA

iwoZorhZ ifj.kke dk ^vkaf'kd foi;kZ;* (Partial Converse) Hkh gSA

 v'kwU; ifjfer lekdfyr Mksesu ,d {ks= gSA

R ,d v'kwU; ifjfer lekdfyr Mksesu gSA

R R dk mileqPp; gS ftlesa R ds v'kwU; vo;o varfoZ"V gSaA

pw¡fd R esa lac)rk gS vr% ;g R esa gksxhA bl çdkj R ,d ifjfer
v)Z&lewg gSA

iqu% fu"dkflr fu;e ¼v'kwU; vo;oksa ds fy,½ gSa ,oa blhfy;s ;s R esa gSaA

blh dkj.k xq.ku ds lUnHkZ esa R ,d ifjfer v)Z&lewg gS ftlesa fu"dkflr
fu;e gSaA

vr%  < R, . > ls lewg fufeZr gksrk gSA
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vU; 'kCnksa esa < R, +, . > ,d {ks= gSA ;g Øefofue; gS D;ksafd ;g ,d
lekdfyr Mksesu gSA

 ekuk R = {a1, a2, ...., an} ,d ifjfer v'kwU; lekdfyr Mksesu (Finite

Non Zero Integral Domain) gSSA ekuk fd] 0  a  R dksbZ vo;o gks rks aa1, aa2,

....., aan, lHkh R esa gSa ,oa ;fn fdlh i  j ds fy, aai = aaj rks fu"dklu ls ge
ai = aj çkIr djrs gSa tks fd okLrfod ugha gSA blhfy;s aa1, aa2, ...., aan, R ds
lqfuf'pr vo;o gSaA

pw¡fd fdlh i ds fy, a  R,  a = aai gSA

ekuk fd x  R  dksbZ vo;o gks rks] fdlh j ds fy, x = aajA

bl çdkj ax = (aai)x = a(aix)

vFkkZr~ x = aix

blh dkj.k Øefofues;rk ds ç;ksx ls ge ikrs gSa x = aix = xai

vFkok ;g ai, R dh bZdkbZ gSA ai = 1 ekusaA

bl çdkj 1 R gsrq

pw¡fd fdlh k ds fy, 1 = aak

ge ikrs gSa fd ak dk xq.kkRed izfrykse (Multiplicative Inverse) a gSA blh
dkj.k R ds fdlh Hkh v'kwU; vo;o esa xq.kkRed izfrykse gS vFkok tks fd R {ks=
gSA

oy; R dks cwfy;u oy; (Boolean Ring) dgrs gSa ;fn x  R lHkh ds
fy, x2 = xA

 n'kkZ;sa fd cwfy;u oy; Øefofue; gSA

ekuk fd a, b  R dqN vo;o gksa rks a + b R lao`r (Closure) gSA

fn, x, inkuqlkj]

(a + b)2 = a + b

 a2 + b2 + ab + ba = a + b

 a + b + ab + ba = a + b

 ab + ba = 0

 ab = – ba ...(i)

 a(ab) = a(–ba)

 a2b = – aba

 ab = – aba ...(ii)

iqu% lehdj.k (i) ls

(ab)a = (–ba)a

 aba = – ba2 = –ba ...(iii)
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lehdj.k (ii)  o lehdj.k (iii) ls fuEukuqlkj lehdj.k dh izkfIr gksrh gSA
ab = ba (= – aba)

vFkok R Øefofue; gSA

(i) n'kkZ;sa fd Zn, a esa v'kwU; vo;o ,d bZdkbZ gS ;fn a o n

vkis{kkÑr vHkkT; (Primes) gksaA

(ii) ;fn a, a bZdkbZ u gks rks ;g ,d 'kwU; Hkktd (Zero Divisor) gSA

(i) Zn = {0, 1, 2, ......, n – 1} mod n

ekuk fd] a  Zn ,d bZdkbZ gks rks  b  Zn bl çdkj gS fd a  b = 1

vFkkZr~ tc ab, n }kjk foHkkftr gks] 'ks"kQy (Remainder) 1 gS] vU; 'kCnksa esa
ab = nq + 1

vFkok ab – nq = 1

a o n vkis{kkÑr vHkkT; (Prime) gSaA

blds foijhr ekuk fd] (a, n) = 1 gks rks  iw.kkZad u, v bl çdkj gSa fd

au + nv = 1

 au = n(–v) + 1

eku ysa fd u = nq + r, 0  r < n, r  Zn,

rks au = anq + ar  = n (– v) + 1

 ar = n (– v – aq) + 1, r  Zn

vFkkZr~ a  r = 1, r  Zn

vFkkZr~ a ,d bZdkbZ gSA

(ii) ekuk fd] a ,d bZdkbZ u gks ,oa eku ysa fd egRre mHk;fu"B Hkktd
(Greatest Common Divisor) (a, n) = d > 1 gSA

pw¡fd fdlh k ds fy;s d | a, a = dk] d | n  n = dt Hkh gS]

 a.t = dk n

d
 = kn = 0 mod n

vFkkZr~ a 'kwU; Hkktd (Zero Divisor) gSA

 n'kkZ, fd] Zp = {0, 1, 2, ....., p –1} dk ,d {ks=  p ekikad gS] tgka
P ,d vHkkT; (Prime) gksA

ekuk fd] Zp ,d {ks= gksA eku ysa fd p ,d vHkkT; (Prime) ugha gS rks  a,

b, bl çdkj gksaxs p = ab, 1 < a, b < p

a  b = O tgk¡ a, b v'kwU; gSa] Zp esa 'kwU; Hkktd (Zero Divisor) gSaA

vFkkZr~ Zp ,d lekdfyr Mksesu ugha gS tks fd ,d fojksèkkHkkl gS D;ksafd ,d
{ks= gksus ls Zp ,d lekdfyr Mksesu gSA

blh dkj.k p vHkkT; (Prime) gSA
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blds foijhr p ,d vHkkT; (Prime) gSA vc ;g n'kkZrs gSa fd Zp ,d
lekdfyr Mksesu gS ¼;g ifjfer gksus ds ckn blh ukrs {ks= gksxk½A

ekuk a  b = 0, a, b  Zp gks rks ab, p dk xq.kt gSA

p | a vFkok p | b ¼p vHkkT; gksrk gS½

a = 0 vFkok b = 0 ¼  a, b  Zp a , b < p) ½

Zp lekdfyr Mksesu gS ,oa blh dkj.k {ks= gSA

;fn bZdkbZ ;qDr oy; R esa x, y  R lHkh ds fy, (xy)2 = x2y2  rks
n'kkZ;sa fd R Øefofue; (Commutative) gSA

ekuk fd] x, y  R  dqN vo;o gS rks y + 1  R  D;ksafd 1  R

fn, x,] in vuqlkj]

(x(y + 1))2 = x2 (y +1)2

 (xy + x)2 = x2 (y + 1)2

 (xy)2 + x2  + xyx + xxy = x2(y2 + 1 + 2y)

 x2y2 + x2 + xyx + xxy  = x2y2 + x2 + 2x2y

 xyx = x2y ...(i)

pw¡fd lehdj.k (i) R esa lHkh ds fy, x, y gS vr% ;g x + 1, y ds fy, Hkh gSA
bl çdkj x ls x + 1 dks foLFkkfir djrs gq, gesa çkIr gksrk gS

(x + 1) y(x +1) = (x +1)2y

 (xy + y) (x +1) = (x2 +1 +2x)y

 xyx + xy + yx + y = x2y + y + 2xy

lehdj.k (i) ds ç;ksx ls yx = xy

blh dkj.k R Øefofues; (Commutative) gSA

n'kkZ,¡ fd] fd [0, 1] ij okLrfod eku ds lrr~ Qyuksa dk oy;
R esa 'kwU; Hkktd (Zero Divisor) gSaA

[0, 1] esa ifjHkkf"kr vuqlkj Qyuksa f o g dk fopkj bl çdkj djsa

f (x) = 
1

,
2

x 1
0

2
x 

= 0, 1
1

2
x 

,oa g(x)-I- = 0, 1
0

2
x 

= 1
,

2
x 

1
1

2
x 

vc f o g lrr~ Qyu gSa ,oa f  0, g  0

tcfd g f (x) = g(x) f (x) = 0 . 1

2
   x

 ;fn 0  x  1

2
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= 
1

. 0
2

   
x  = 0  ;fn 1

1
2

x 

vFkkZr~ x lHkh ds fy, g f (x) = 0

vFkkZr~ g f = 0 ijUrq f  0, g  0

(Subrings)

oy; R ds xSj&fjDr mileqPp; S dks R dk mioy; dgk tkrk gS ;fn
S ls R ds f}vk/kkjh lajpuk ds vèkhu oy; dk fuekZ.k gksrk gSA

iw.kkZadksa dh oy; < Z, +, . > okLrfod la[;kvksa dh oy; < R, +, . > dk mioy;
gSA

;fn R ,d oy; gS rks {0} o R lnk R dk mioy; gksaxs ftUgsa R dh ux.;
mioy; (Trivial Subring) dgk tkrk gSA

;g Li"V gS fd lekdfyr Mksesu dh mioy; ,d lekdfyr Mksesu gksxhA

O;ogkj esa oy; dh ifjHkk"kk esa leLr vfHkx̀ghr dks ij[kuk dfBu o
le;lkè; gksxk fd dkSu&dkSu lk mileqPp; mioy; gS o dkSu&dkSu lk ughaA
çes; 5-5 esa ;g dk;Z rqyukRed :Ik ls ljy gks tk;sxkA

oy; R dk xSj&fjDr mileqPp; (Non Empty Subset) S, R dk
mioy; gS ;fn]

   a, b  S

 ab, a – b  SA

S, R dh mioy; gks rks a, b S  ab  S ¼laor̀½

a, b  S  a – b  S pw¡fd < R, + >, < S, + > dk milewg gSA

blds foijhr pw¡fd a, b  S   a – b  S gSA vr% ge ikrs gSa fd < S, +

> ls < R, + > ds milewg dk fuekZ.k gksrk gSA iqu% fdlh a, b  S ds fy;s S 
R] pw¡fd a, b  R

 a + b = b + a

,oa blfy;s S ,csfy;u gSA

blh rdZ ls ge ikrs gSa fd S esa xq.ku lac)rk (Multiplicative Associativity)

o forj.k'khyrk (Distributivity) gSA

vU; 'kCnksa esa S ls oy; dh ifjHkk"kk esa leLr vfHkx̀ghr dh iwfrZ gksrh gSA

blh dkj.k S, R dh mioy; gSA

{ks= F ds xSj&fjDr (Non-Empty) mileqPp; S dks mi{ks= (Subfield)

dgk tkrk gS ;fn F esa lafØ;kvksa (Operations) ds vèkhu S ls {ks= dk fuekZ.k gksrk
gSA blh çdkj ge foHkDr oy; dh mifoHkDr oy; (Subdivision Ring) dks
ifjHkkf"kr dj ldrs gSaA
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;g fl) fd;k tk ldrk gS fd S, F dk mi{ks= gksxk ;fn a, b S,

b  0  a – b, ab–1  SA

mi{ks= esa lnk gh de ls de nks vo;o gksrs gSa] {ks= ds 0 o 1 ¼ml
milewg dk Lej.k djsa ftlesa lewg ds rRled gksrs gSa ,oa nksuksa lajpuk ds vèkhu
mi{ks= {ks= dk milewg gS½A

(Sub of Two Subrings)

S o T oy; R dh nks mi{ks= gSaA ge ifjHkkf"kr djrs gSa

S + T = {s + t | s  S, t  T}

rks Li"V gS fd S + T, R dk xSj&fjDr mileqPp; (Non Void Subset) gSA
oLrqr%]

0 = 0 + 0  S + T

fdUrq ;ksx dks ifjHkkf"kr djus dk gekjk mRlkg ;gk¡ lekIr gks tkrk gS tc
ge ikrs gSa fd gks ldrk gS fd nks mioy; dk ;ksx mioy; u gksA

mnkgj.kkFkZ iw.kkZadksa ij M  dh 2 × 2  vkO;wg dh oy; eku ysaA

ekuk S = çdkj 
0

0

a

b

 
 
 

a, b iw.kkZadksa ds leLr vkO;wg dk leqPp;]

T = çdkj 
0

0 0

x 
 
 

, x iw.kkZadksa ds leLr vkO;wg dk leqPp; gks]

Rkks M o T, S ds mioy; gSaA

S + T esa çdkj 
0 0

0 0 0

a x

b

   
   

   
 ds vo;o gksaxs

vFkkZr~ çdkj 
0

a c

b

 
 
 

 ds vkO;wg

S + T ls mioy; ugha curh D;ksafd xq.ku ds lUnHkZ esa laor̀ ugha gS D;ksafd

1 1 2 2

1 0 2 0

   
   
   

 = 
4 2

.
2 2

S T
 

  
 

ekuk fd] S oy; R dk mileqPp; gks rks S ;qDr R varfoZ"V dh lcls
NksVh lcoy; dks S }kjk mRiUu mioy; dgk tkrk gSA

pw¡fd mioy; dk çfrPNsnu ;k loZfu"B (Intersection) ,d mioy; gS]
blfy;s ;g Li"V gS fd R ds mileqPp; S }kjk mRiUu mioy; R dh leLr
mioy; dk çfrPNsnu ;k loZfu"B (Intersection) gksxh ftlesa S varfoZ"V gSA ge
bls <S> }kjk bafxr djrs gSaA vc Li"V gS fd < S > = {0} ;fn S = A

ekuk fd R oy; gS] lHkh r  R ds fy, leqPp; Z(R) = {x  R | xr

= rx dks oy; dk dsUnz dgrs gSaA
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;g ljyrk ls n'kkZ;k tk ldrk gS fd Z(R), R dk mioy; gSA

 ;fn R ,d foHkDr oy; gks rks n'kkZ;sa fd Z(R) dk dsUnz R ,d {ks=
gSA

Z(R) ,d oy; gS ¼D;ksafd ;g ,d mioy; (Subring) gS½A

Z(R) dh ifjHkk"kkuqlkj Øefofues; (Commutative) gSA

Z(R) esa bZdkbZ gS D;ksafd lHkh x  R ds fy, 1 . x = x . 1 = x A

bl çdkj gesa ;g n'kkZuk gS fd Z(R) ds çR;sd v'kwU; vo;o esa xq.kkRed
izfrykse Z(R) esa½ gSA

ekuk x Z(R) dksbZ v'kwU; vo;o gks rks x R rFkk pw¡fd R ,d foHkDr
oy; gS tks x–1R. gSA

ekuk fd] y R dksbZ v'kwU; vo;o gks rks y–1 R] vc

   x–1y = (y–1 x)–1

= (xy–1)–1 = yx–1, x–1 ds leLr v'kwU; vo;oksa ls Øefofue;
(Commute) djrk gSA

iqu% pw¡fd x–1 . 0 = 0 . x–1 = 0

ge ikrs gSa fd lHkh r R ds fy,

 x–1 Z(R)

lehdj.k ;g n'kkZ jgk gS fd Z(R) ,d {ks= gSA

 ;fn oy; R esa lHkh a, b (a  0) ds fy, lehdj.k ax = b esa gy
gks rks n'kkZ;sa fd R ,d foHkDr oy; (Division Ring) gSA

 ge loZçFke ;g n'kkZrs gSa fd R esa 'kwU; Hkktd (Zero Divisor)ugha gSA

eku ysa fd ab = 0, a  0, b  0

pw¡fd a  0, ax = a esa gy gS] x = e1

rks ae1 = a

iqu% bx = e1 esa gy gS] ekuk x = e2 bldk gy gks rks be2 = e1

vc  ab = 0  (ab)e2 = 0. e2 = 0

 a(be2) = 0

 ae1 = 0

a= 0 ijUrq a  0

blh dkj.k R 'kwU; Hkktd jfgr gSA

vc fdlh a  0 ds fy;s ax  = a esa gy gS]
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x = e gy gks rks ae = a

lHkh x ds fy, aex = ax

lHkh x ds fy, a(ex – x) = 0

fdUrq lHkh x ds fy, a  0 ex – x = 0

vFkok e ck;ha rRled (Left Identity) gSA

iqu% (xe – x)e = xee – xe = x(ee) – xe

= xe – xe  ¼D;ksafd e ck;ha rRled gS½

= 0

ijUrq e  0] bl çdkj xe – x = 0 vFkok lHkh x ds fy, xe = x

vFkkZr~ e nk;ha rRled (Right Identity) gSA

vc lehdj.k ax = e  esa lHkh a  0   b ds fy;s gy bl çdkj gS fd ab

= e gSA

blh dkj.k a esa nk;k¡ çfrykse (Right Inverset) gSA pw¡fd nk;ha rRled dk Hkh
vfLrRo gS vr% < R, . >  ls lewg curk gS vFkok R ,d foHkDr oy; gSA

ekuk R dks okLrfodrk ij 3 × 3 vkO;wg ds oy; ekusa rks n'kkZ;sa fd]

S =  | Real

  
  
  
    

x x x

x x x x

x x x

okLrfod 

R dh mioy; gS ,oa blesa R dh bZdkbZ;k¡ ls fHkUu bZdkbZ;k¡ gSaA

;g ljyrk ls ns[kk tk ldrk gS fd S, R dh mioy; gSA oLrqr%

x x x y y y

x x x y y y

x x x y y y

   
   
   
      

 = 
3 3 3

3 3 3

3 3 3

xy xy xy

xy xy xy

xy xy xy

 
 
 
  

tks fd S ls lacaf/kr gSA

iqu% pw¡fd 

1 1 1

3 3 3
1 1 1

3 3 3
1 1 1

3 3 3

 
 

   
   
   
    

 
  

x x x

x x x

x x x

 = 
x x x

x x x

x x x

 
 
 
  

  ge ikrs gSaA

S esa bZdkbZ 

1 1 1

3 3 3
1 1 1

3 3 3
1 1 1

3 3 3

 
 
 
 
 
 
 
  

 gS tks fd R dh bZdkbZ 
1 0 0

0 1 0

0 0 1

 
 
 
  

 ls fHkUu gSA
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 iwoZorhZ mnkgj.k esa vkxs c<+rs gq, ge fuEukafdr voyksdu djrs gSa%

1- < Z, +, . > esa bZdkbZ 1 gS] ijUrq le iw.kkZadksa dh bldh mioy; < E, +, . >

esa bZdkbZ ugha gSA

2- < Z, +, . > esa leku bZdkbZ 1 gS] tks fd bldh ewy oy; (Parent Ring) <
Q, +, . > esa gSA

3- vUrr% ge ns[k ldrs gSa fd gekjs ikl bZdkbZ jfgr oy; gks ldrh gS ftlesa

bZdkbZ ;qDr oy; gSA mnkgj.kkFkZ oy; R = | ,
0 0

        

a b
a b Z  eku ysaA

vc ;fn 
0 0

a b 
 
 

 bl oy; dh bZdkbZ gks rks 
1 1

0 0 0 0

a b   
   
   

=
0 0

a a 
 
 

,

1 1

0 0

 
 
 

 gksxk] vFkkZr~ a = 1

rFkk 
1 1

0 0 0 0

a b   
   
   

=
0 0

a b 
 
 

  Hkh 
1 1

0 0

 
 
 

 gksxk] vFkkZr~ a = 1 = b

blhfy;s ;fn R esa bZdkbZ gks rks ;g 
1 1

0 0

 
 
 

 gksxkA

fdUrq 
1 0 1 1

0 0 0 0

   
   
   

= 
1 1 1 0

0 0 0 0

   
   

   

blh dkj.k R esa bZdkbZ ugha gSA

;g ij[kuk ljy gS fd S = 
0

|
0 0

a
a

     
   

Z , R dk mioy; gS ,oa blesa

bZdkbZ 
1 0

0 0

 
 
 

 gSA

 n'kkZ;sa fd %

(i) vH;kT; Øe (Prime Order) dh dksbZ Hkh oy; Øefofues; (Commutative

Ring) gksrh gSA

(ii) gks ldrk gS fd dksfV p2 ¼p vHkkT;½ dh oy; Øefofues; (Ring Commutative)

u gksA

(iii) lcls NksVh vØefofues; oy; Øe 4 dh gSA

(iv) Øe  p2 ¼ p vHkkT;½ dh bZdkbZ ;qDr oy; Øefofues; (Ring Commutative)

gSA

bldk gy fuEu gSa&

(i) p vHkkT; Øe (Prime Order) R dh oy; gks rks < R, + > ,d pØh; lewg
gSA ekuk fd] < R, + > = < a > gks rks o(a) = o(R) = pA ekuk fd] x, y  R

dqN vo;o gksa rks dqN iw.kkZadksa n, m ds fy;s x = na, y = maA
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vc xy = (na) (ma) = nma2 = mna2 = (ma) (na) = yxA blh dkj.k R

Øefofues; (Commutative) gSA

(ii) R 'k wU; izfof"V ;qDr f}rh; iafDr okys Z2 ij 2 × 2 vkO;wg

0 0 0 1 1 0 1 1
, , ,

0 0 0 0 0 0 0 0

       
       
       

 dk leqPp; gks rks R vkO;wg ;ksx (Matrix

Addition) o vkO;wg xq.ku (Matrix Multiplication) ds vèkhu oy; gSA pw¡fd

0 1 1 0

0 0 0 0

   
   
   

= 
0 0

0 0

 
 
 

 o 
1 0 0 1

0 0 0 0

   
   
   

 = 
0 1

0 0

 
 
 

] ge ikrs gSa fd R

vØefofues; gS ,oa blesa 4 = 22 vo;o gSaA

(iii) Øe 1 dh oy; 'kwU; (Ring Zero) oy; gksus ls Øefofue; gSA dksfV 2 o
dksfV 3 dh oy; Øefofues; ls vyx gksaxhA bl çdkj Hkkx (ii) ds nf̀"Vdks.k
ls ge ikrs gSa fd y?kqÙkek vØefofue; oy; esa 4 dksfV gksrh gSA

(iv) R bZdkbZ ;qDr ,d Øefofues; gks ,oa dksfV p2 dh gks rks ;fn < R, + >  ,d
pØh; lewg gS rks <R, + > Øefofue; gS pA ;fn < R, + > pØh; ugha gS
rks < R, + > dk çR;sd v'kwU; vo;o vHkkT; dksfV (Prime Order) p dk gSA
[vo;o dh dksfV lewg dh dksfV dks foHkkftr djrk gS ,oa ;fn vo;o dh
dksfV lewg ds vo;o ds lerqY; gks rks lewg pØh; gS]

ekuk] e ls R dh bZdkbZ bafxr djsa rks o(e) = p  ¼;ksx ds vèkhu½A

ekuk S = < e >, R dh mioy; gS] dksfV p dh

rks  S = {e, 2e, ....., (p –1)e, pe = 0}, o(S) = p

pw¡fd o(R) = p2,  a  R bl çdkj gS] fd aS  o o(a) = p  ;ksx ds vèkhu
gSA

ekuk fd] T = {a, 2a, ..., (p – 1)a, pa = 0} dksfV p ds R dh mioy; gSA
T esa çR;sd v'kwU; vo;o ;ksx ds vèkhu dksfV p dk gSA

;fn na ls lEc) T, (n  0), S ls Hkh lacaf/kr gks rks ;ksx ds vèkhu mioy;
< na > = T, S esa varfoZ"V gSA

ijUrq o(T) = o(S) ,oa bl çdkj < na > = T = S

vFkkZr~ a  S, tks fd ,d fojksèkkHkkl gSA

blh dkj.k S T = {0}

rFkk o(S + T) =
( ) . ( )

( )
o S o T

o S T
 = p2 = o(R)]

bl çdkj R  = S + T

ekuk fd x, y  R gks rks x = ne + ma, y = re + sa, tgk¡ n, m, r, s iw.kkZad
gSaA
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vc xy = (nr)e + (ns)a + (mr)a + msa2

= yx

n'kkZ;k tk jgk gS fd R Øefofues; gSA

(Characteristic of Ring)

R ,d oy; gksA ;fn ,d èkukRed iw.kkZad n bl çdkj gks fd lHkh
a  R ds fy, na = 0 rks R esa ifjfer (Finite) xq.k dgk tk;sxk ,oa ;g lcls NksVk
èkukRed iw.kkZad R dk vfHky{k.k dgykrk gSA

bl çdkj ;g lcls NksVk èkukRed iw.kkZad n bl çdkj gS fd R esa
1 + 1 + .....+ 1 = 0, n ckj

;fn ,slk dksbZ èkukRed iw.kkZad u gks rks R esa vfHkyk{kf.kd 'kwU; ¼vFkok
vuUr½ dgk tkrk gSA

R ds vfHky{k.k dks char R vFkok ch R ls bafxr fd;k tkrk gSA

blesa fuEukafdr vfHky{k.k gksrs gSa %

 iw.kkZadksa ds oy;] le iw.kkZad] ifjes;] okLrfod (Reals)] lfEeJ la[;k,¡ lHkh
Ch 'kwU; (Zero) gksrs gSaA

 R = {0, 1}  dk fopkj djsa rks Mod 2

ch  R = 2 tSls,

2 . 1 = 1  1 = 0

2 . 0 = 0  0 = 0

bl çdkj 2 NksVk èkukRed iw.kkZad bl çdkj gS fd lHkh a  R ds fy,
2a = 0

 1 . 1 = 1  0

 ;fn R v'kwU; ifjfer oy; (Finite Ring) gks rks ch R  0 ekuk fd o(R) =

m > 1 gSA pw¡fd ,R   ,d lewg gS] rc ma = 0   a  RA blh dkj.k ch

R  0

 ch R = 1  ;fn R = {0}A

 ch Zn = n

iwoZorhZ fcUnq vuqlkj ch Zn  0. ekuk ch Zn = m,

rks ma  = 0   a  Zn

vFkkZr~ m . 1  = 0

vFkkZr~ 1 1...... 1 = 0 ¼m ckj½

vFkok m = nq  n | m  m  n

ijUrq na = 0   a  Zn D;ksafd o(Zn) = n
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,oa bl çdkj  ch  Zn  n

vFkkZr~ m  n, m = n nsrk gS

R bZdkbZ ;qDr oy; (Ring With Unity) gSA ;fn ̂ 1* ;ksT; dksfV n dh
gS rks ch R = nA ;fn ̂1* vuar ;ksT; dksfV (Additive Order Infinity) dk gS rks ch

R, 0 gSA

^1* dk ;ksT; dksfV (Additive Order) n gks ¼bl çdkj gekjk rkRi;Z gS fd
lewg (R, +) esa 1 dk dksfV n gS½ rks n . 1 = 0 ,oa n ,slk de èkukRed iw.kkZad gSA

vc fdlh x  R ds fy,

nx = x + x + ......+ x = 1 . x + 1 . x +....+ 1 . x

= (1 + 1 + ..... + 1)x = 0.x = 0

n'kkZ;k tk jgk gS fd ch R = n

;fn ;ksx ds vèkhu 1 esa vifjfer dksfV (Infinite Order) gks rks . n bl çdkj
fd n . 1 = 0 ,oa bl çdkj ch R = 0A

 iwoZorhZ ifj.kke dks bl çdkj Hkh fy[kk tk ldrk gS]

;fn R bZdkbZ ;qDr oy; gks R esa  n > 0 gS ;fn n lcls NksVk èkukRed iw.kkZad
bl çdkj gS fd n . 1 = 0

 ;fn D ,d lekdfyr Mksesu (Integral Domain) gks rks D dk vfHkyk{kf.kd
;k rks 'kwU; vFkok vHkkT; la[;k gksxkA

 ;fn D 'kwU; gks rks gekjs ikl fl) djus dks dqN ugha gSA eku ysrs gSa fd
D esa ifjfer vfHky{k.k gS rks  a +ve iw.kkZad m bl çdkj gS fd lHkh a  D ds
fy, ma = 0A

ekuk k ,slk de èkukRed iw.kkZad gks rks ch D = kA ge n'kkZrs gSa fd k vHkkT;
gSA eku ysrs gSa fd k vHkkT; ugha gS rks ge fy[k ldrs gSa]

k = rs,  1 < r, s < k

vc lHkh a  D ds fy, ka = 0

(rs) a2 = 0   a  D

 a2 + a2 + ....... + a2 = 0  (rs ckj)

 ( ..... )( ..... ) 0      
r s

a a a a a a
ckj ckj

 (ra) (sa) = 0  a  D

 ra = 0 ;k sa = 0  a  D

fdlh Hkh çdj.k esa ;g ,d fojksèkkHkkl gksxk D;ksafd r, s < k o k de èkukRed
iw.kkZad bl çdkj gS fd ka = 0A

blh dkj.k k ,d vHkkT; gSA
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;fn D ,d lekdfyr Mksesu gS ,oa ;fn fdlh na = 0 ds fy,
0  a  D ,oa dksbZ iw.kkZad n  0 rks n'kkZ;sa fd D dk vfHky{k.k ifjfer gSA

 pw¡fd na = 0

lHkh x  D ds fy, (na)x = 0

 (a + a + .... + a)x = 0

 ax + ax + ..... + ax = 0  (n ckj)A

 a(x + x + .... + x) = 0  lHkh x  D ds fy,A

 x + x + ....+ x = 0  lHkh x  D tSls a  0 ds fy,A

 nx = 0  lHkh x  D, n  0 ds fy,A

 ch D ifjfer gSA

 iwoZorhZ ifjfLFkfr esa ;fn ch D = k, rks k | n gSA
pw¡fd ch D = k,  kx = 0 x  D

foHkktu ,Yxksfjn~e ls (By Division Algorithm)]

n = kq + r,  0  r < k

 na = kqa + ra

 0 = 0 + ra,  0  r < k

 r = 0 D;ksafd a  0.

blfy, dkj.k n = kq  k | n

R ,d ifjfefr ¼v'kwU;½ lekdfyr Mksesu gS rks o(R) = pn tgk¡
p ,d vHkkT; gSA

ch R ifjfefr gS o vHkkT; gks ¼çes; 5-7 ns[ksa½A

ekuk ch R = p ,d vHkkT; gksA

ekuk q ,d vHkkT; gks tks o(R) dks foHkkftr dj jgk gSA pw¡fd < R, + > ,d
lewg gS rks dkWmph çes; (Cauchy's Theorem) ds vuqlkj  a  R bl çdkj fd
o(a) = q

rFkk R = p  pa = 0

o(a) | p

q | p Hkh

q = p D;ksafd p, q vHkkT; (Primes) gSaA

bl çdkj p ,dek= vHkkT; gS tks o(R) dks foHkkftr dj jgk gSA

o(R) = pn

 (i) ifjfer {ks= (Finite Field) dh dksfV fdlh vHkkT; p ds fy;s pn gSA
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(ii) ,sls fdlh dksfV okyk lekdfyr Mksesu ugha gks ldrk tks nks lqfuf'pr
vHkkT; }kjk foHkkT; (Divisible) gks ¼vFkkZr~ Øe n ;qDr ,slk dksbZ lekdfyr Mksesu
gekjs ikl ugha gks ldrk tgk¡ n dks ,d ls vfèkd vHkkT; ds xq.kuksa ds :i esa O;Dr
fd;k tk lds½A vr% gekjs ikl 6 vFkok 10 vFkok 12] bR;kfn] vo;oksa okys
lekdfyd Mksesu ugha gks ldrsA

ifjfer Mksesu esa ch gS] tcfd vifjfer lekdfyr Mksesu esa ifjfer
vFkok 'kwU; ch gks ldrk gSA

v'kwU; (Nonzero) oxZle (Idempotent, dHkh Hkh 'kwU;Hkkoh 
Nilpotent) ugha gks ldrkA

ekuk x v'kwU; oxZle (Idempotent) gks rks x2 = xA

;fn x 'kwU;Hkkoh (Nilpotent) Hkh gks rks  iw.kkZad n  1 bl çdkj gqvk xn =

0

fdUrq x2 = x  x3 = x2 = x

 x4 = x2 = x

xn = x x = 0 tks fd ,d fojksèkkHkkl gSA

lekdfyr Mksesu R ¼bZdkbZ ;qDr½ esa oxZle (Idempotents) 'kwU;
o bZdkbZ gh gSaA

ekuk] x  R dksbZ oxZle gks rks]

x2 = x    x – x = 0

x(x – 1) = 0

x = 0 vFkok x = 1 D;ksafd R ,d lekdfyr Mksesu gSA

;fn R ,slh oy; gS ftlesa v'kwU; 'kwU;Hkkoh vo;o u gks rks n'kkZ;sa
fd fdlh oxZle ds fy;s e  Z(R) ,oa lHkh e, ex = xe ds fy, x  R rFkk bl
çdkj gSA

e ¼oxZle½ e2 = e,

ekuk x  R  dksbZ vo;o gks rks]

(exe – ex)2= exeexe – exeex – exexe + exex

= 0 (dks ysus ij e2 = e)

 exe – ex ¼'kwU;Hkkoh½ gSA

fn, x, inkuqlkj exe – ex = 0 exe = ex

blh çdkj ge izkIr gSa exe = xe

blh dkj.k ex  = xe
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oy; Z4 ds lHkh oxZle o 'kwU;Hkkoh vo;o Kkr djsaA

Z4 = {0, 1, 2, 3} mod 4

pw¡fd 0  0 = 0,  1  1 = 1,  2  2 = 0,  3 3 = 1 ge ikrs gSa fd 0 o 1
'kwU;Hkkoh gSaA

iqu% pw¡fd 22 = 2 2 = 0, 2 'kwU;Hkkoh gSA

0 fu'p; gh 'kwU;Hkkoh gS] 3 'kwU;Hkkoh ugha gS D;ksafd 33 = 3 3 3 = 3

34 = 3 3 3 3 = 1,  35 = 3] ;g Li"V gS fd 3 dh ?kkr (Power) esa 'kwU;
ugha vk;sxkA

(Product of Rings)

R1 o R2 nks oy; gSaA

R = {(a, b) | a  R1, b  R2} gks rks ;g ljyrk ls lR;kfir fd;k tk
ldrk gS fd R ls ;ksx o xq.ku ds vèkhu oy; dk fuekZ.k fuEukuqlkj gksrk gS %

(a1, b1) + (a2, b2) = (a1 + a2, b1 + b2)

(a1, b1) . (a2, b2) = (a1a2, b1b2)

vFkkZr~ vo;o jhfr (Component Wise) ls ;ksx o xq.ku ds lkekU; la?kVuksa
ds vèkhuA bl oy; dks R1 o R2 dk çR;{k xq.ku (Direct Product) dgk tkrk gSA
blh çdkj nks ls vfèkd oy; ds xq.ku dh ifjHkk"kk rd igq¡p ldrs gSaA R1 o R2

dks çR;{k xq.ku (Direct Product) ds vo;o oy; dgrs gSaA

;fn R o S nks oy; gksa rks]

ch (R × S) = 0 ;fn ch R = 0 vFkok ch S = 0

k tgk¡ k = L.C.M. (ch R, ch S)

ekuk ch R = 0 gks ,oa eku ysa fd ch (R×S) = t  0

rks t(a, b) = (0, 0)  aR, bS

 (ta, tb) = (0, 0)

ta = 0  a  R tks fd ,d fojksèkkHkkl gS D;ksafd R = 0

bl çdkj ch (R × S) = 0

blh çdkj ;fn ch S = 0 rks ch (R × S) = 0

vc ch R = m, ch S = n o k = L.C.M. (m, n)

rks k(a, b) = (ka, kb) = (0, 0)  a  R, b S

pw¡fd m, n o k dks foHkkftr djrs gSaA

eku ysa fd p(a, b) = (0, 0) rks (pa, pb) = (0, 0)

 pa = 0 = pb  m | p, n | p

k | p k  p ch (R × S) = k.
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1- i2 = j2 = k2 = –1 ;qDr D = {a + bi + cj + dk | a, b, c, d  R}dk fopkj djsa
rks D ls xq.ku ds vèkhu oy; curh gSA fl) djsa fd D ,d foHkDr oy;
gS ijUrq {ks= ugha gSA

2- oy; esa vo;o e dks oxZle dc dgk tkrk gS\

ekuk fd] < R, +, . > , < R, *, o > nks oy; gSaA ekufp=.k  : R  R dks le:irk
(Homomorphism) dgk tkrk gS ;fn]

(a + b) = (a) *  (b)

 (ab) = (a) o  (b) a, b  R

pw¡fd ge oy; esa f}vk/kkjh lajpuk (Binary Composition) ds fy;s çrhdksa $
o ^]* dk ç;ksx ojh;rk ls djrs gSa ge bu çrhdksa dk ç;ksx ,d ls vfèkd oy;
ds çdj.k esa Hkh djsaxsA bl çdj.k esa mijksDr ifjHkk"kk dks ;g dgrs gq, ljy fd;k
tk jgk gS fd ekufp=.k  : R  R dks ekufp=.k dgk tkrk gS ;fn]

(a + b) = (a) + (b)

(ab) = (a) . (b)-----

vc oy; esa ,d&,d vkPNknd (Onto) ds :i esa rqY;kdkfjrk (Isomophism)

dh ppkZ djrs gSaA ekufp=  f : C  C, dks bl çdkj fopkj djsa fd

f (a + ib) = a – ib

rks f ,d le:irk gS tgk¡ C = lfEeJ la[;k,¡ (Complex Numbers) gSaA

pw¡fd f [(a + ib) + (c + id)] = f (( a + c) + i(b + d))

= (a + c) – i(b + d)

= (a – ib) + (c – id)

= f (a + ib) + f (c + id)

,oa f [(a + ib) (c + id)] = f ((ac – bd) + i (ad + bc))

= (ac – bd) – i (ad + bc)

= (a – ib) c – id (a – ib)

= (a –ib) (c – id)

= f (a + ib) f (c + id)

R Øefofue; oy; gS ,oa eku ysa fd lHkh xR ds fy, px = 0 tgk¡ p ,d
vHkkT; la[;k gS rks ekufp=.k (Mapping) f : R  R dks f (x) = xp }kjk ifjHkkf"kr
fd;k tkrk gS] tgk¡ x R ,d le:irk gSA
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oLrqr% ifj.kke rqyukRed :i ls ljyrk ls vk tkrk gS ;fn ge ;g n'kkZ
ldsa p | pCr’ 1  r  p –1

vc n = pCr
=

!

( )! !

p

p r r

= 
( 1) ...... ( 1)( )!

( )!1.2....

p p p r p r

p r r

   


 nr! = p(p –1) .....(p – r + 1)

pw¡fd R.H.S., P ls foHkkftr gksrs gSa vr% blls nr! foHkkftr gksxkA

 p | n vFkok p | r! ¼tc Hkh vHkkT; xq.ku a, b dks foHkkftr djrk gS rks
;g a vFkok b esa ls de ls de ,d ij foHkkftr gks½ ijUrq p  r! D;ksafd  1, 2,

..., r – 1,  p ls de gSa ,oa buesa ls fdlh ds }kjk p dks foHkkftr ugha fd;k tkrk]
vr% p }kjk buesa ls fdlh dks foHkkftr ugha fd;k tk ldrkA bl çdkj p  r!

vFkkZr~ p | n

vc fdlh x, y  R ds fy;sA

f (x + y)= (x + y)p = xp + pC1
 xp–1 y + pC2

 xp –2 y2 + .... + yp

¼R Øefofues; gS½

vc   pC1
 xp –1 y  = pxp –1 y = 0 D;ksafd xp–1 y  R

pC2
 xp–2 y2 =  (kp) xp–2 y2  =  0 D;ksafd p | pC2

fdlh k ds fy, pC2
 =  kp

blh çdkj çR;sd pCr
, p dk dksbZ xq.kt gksxk ftlesa vU; in (Terms) vk

jgs gksaxs tks Hkh 'kwU; gSaA

blh dkj.k f (x + y)  = xp + yp = f (x) + f (y)

f (xy) = (xy)p = xpyp ¼R Øe fofues;½

= f (x) f (y)

bl çdkj  f ,d le:irk gSA

;fn  : R  R ,d le:irk gks rks]

(i) (0) = 0

(ii) (–a) = –(a)

tgk¡ 0, 0 Øe'k% R o R oy; ds 'kwU; gSaA

(i) pw¡fd 0 + 0 = 0

gekjs ikl (0 + 0) = (0)

 (0) + (0) = (0) + 0

 (0) = 0

(ii) iqu% pw¡fd a + (–a) = 0,
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(a + (–a)) =  (0)

  (a) + (–a) = (0) = 0

 –(a) = (–a)

 ;g Li"V gS fd]

(a – b) = (a + (– b))

=(a) –(b)

vkPNknd ledkfjrk (Epimorphism)] ,dkdkfjdrk (Monomorphism),

bR;kfn] dh 'kCnkoyh oy;ksa esa Hkh mlh foLrkfjr :i esa viuk;h tkrh gS tSls fd
lewgksa esaA

ekuk f : R  R le:id gks rks ge f ds vk/kkjHkwr (Kernel) dks bl
çdkj ifjHkkf"kr djrs gSa Ker f = {x  R | f (x) = 0}

tgk¡ 0, R dk 'kwU; gSA

fuEukafdr nks çes; fl) djus ljy gSa vr% ge fcuk çek.k ifj.kke dg
ldrs gSaA

;fn R  R le:id gS rks fuEukafdr çes; ykxw gksrk gSA

Ker f,  R dk vkn'kZ (Ideal) gSA

Ker f = (0) ;fn f  ,d&,d gSA

;fn R bZdkbZ ;qDr oy; gS] ,oa f : R  R le:id gS tgk¡ R
lekdfyr Mksesu bl çdkj gS fd Ker f  R rks n'kkZ;sa fd f (1), R dh bZdkbZ gSA

ekuk a R dksbZ vo;o gSA ge n'kkZrs gSa

f (1) a = af (1) = a

vc f (1) a– f (1) a = 0

 f (1.1) a– f (1) a = 0

 f (1) f (1) a– f (1) a = 0

 f (1) [f (1) a– a] = 0

 f (1) = 0 vFkok f (1) a– a = 0  D;ksafd R ,d lekdfyr Mksesu gSA

f (1)= 0  1 Ker f  Ker f = R tks fd okLrfod ugha gSA

blh dkj.k f (1)a– a= 0

 f (1) a = a

blh çdkj ge n'kkZ ldrs gSa fd a= a f (1)

ekuk f : R  R vkPNknd le:id gS tgk¡ R bZdkbZ ;qDr oy;
gSA çnf'kZr djsa fd f (1), R dh bZdkbZ gSA

ekuk a  R dksbZ vo;o gSA
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pw¡fd f vkPNknd gS]  a  R bl çdkj gS f (a) = a

vc a. f (1) = f (a) . f (1) = f (a . 1) = f (a) = a

blh çdkj f (1) . a = a.

n'kkZ;k tk jgk gS fd f (1), R dh bZdkbZ gSA

lksnkgj.k n'kkZ;sa fd gekjs ikl le:irk f : R  R bl çdkj gks
ldrk gS fd f (1), R dh bZdkbZ u gks tgk¡ R dh bZdkbZ ^1* gSA

ekufp= f : Z  Z, dk fopkj bl çdkj djsa fd lHkh x  Z ds fy, f (x) =

0

tgk¡ Z = iw.kkZadksa dh oy;A

rks f ,d le:id (Homomorphism) gS ¼lR;kfir djsa½

iqu% f (1) = 0 ijUrq ^0* Z dh bZdkbZ ugha gSA

bl çdkj ;|fi Z tks R.H.S. esa gSA esa bZdkbZ gks fQj Hkh ;g f (1) ds
lerqY; ugha gSA

1- ;fn ge ekufp= f : Z  E dks eku ysa tgk¡ E vHkkT; iw.kkZadksa dh oy; rks
lHkh x ds fy, f (x) = 0  }kjk ifjHkkf"kr djrs gq, ge ikrs gSa fd E esa bZdkbZ
ugha gS tcfd ^1*] Z dh bZdkbZ gSA

2- ekufp= f : Z  E bl çdkj gS fd f (x) = 2x  lewg rqY;kdkfjd gSA bl
çdkj lewgksa ds :i esa Z o E rqY;kdkfjd gSa tcfd Z o E oy; ds :i
esa rqY;kdkfjd ugha gSaA oLrqr% Z esa bZdkbZ gS ijUrq E esa bZdkbZ ugha gSA oLrqr%
f esa oy; le:i ugha gksxkA

ekuk fd] Z dks iw.kkZadksa dh oy; gSA n'kkZ;sa fd Z  Z ls gh
le:irk rRled gSa ,oa 'kwU; ekufp=.k gSaA

ekuk f : Z  Z  le:irk gSA

pw¡fd ( f (1))2 = f (1) f (1) = f (1.1) = f (1)

f (1)[ f (1) – 1] = 0

 f (1) = 0 vFkok f (1) = 1

;fn f (1)= 0 rks  f (x) = 0  iw.kkZad x

pw¡fd f (x) = f (1·x) = f (1) f (x) = 0 · f (x) = 0  x

bl çdkj bl çdj.k esa f 'kwU; (Zero) le:irk gSA

;fn f (1)= 1 rks fdlh x Z ds fy;sA

f (x) = f (1 + 1 +.....+ 1) = x f (1) = x (x > 0)

f (x) = f (–y) = – f ( y) = –[ f (1 + 1 +...+ 1)]
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= –y f (1) = x f (1) = x (x < 0, y = –x)

f (0) = 0

vr% bl çdj.k esa f rRled ekufp= (Identity Map) gS ftlls ifj.kke fl)
gqvkA

¼oy; le:i dk vkèkkjHkwr çes; (Fundamental Theorem of Ring

Homomorphism)½A

;fn f : R  R ,d vkPNknd le:irk gks rks R, R dh HkkxQy oy;

(Quotient Ring) ls le:id gSA oLrqr% R  
Ker

R

f

ekuk fd] f :  R  R vkPNknd le:irk gksA

 : 
Ker

R

f
  R bl çdkj ifjHkkf"kr djsa fd lHkh x  R ds fy, (x + I) = f (x)

tgk¡ I = Ker f

rks  bl çdkj lqifjHkkf"kr gS]

 x + I = y + I

  x – y  I = Ker f

   f (x – y) = 0

   f (x) – f (y) = 0

  f (x) = f (y)

 (x + I) = (y + I)

iwokZuqlkj fn, x, in }kjk ge fl) djrs gSa fd ] 1&1 gSA

iqu% pw¡fd

[(x + I) + (y + I)] = ((x + y) + I) = f (x + y) = f (x) + f (y)

= (x + I) + (y +I)

(x + I)(y + I)] = (xy + I) = f (xy) = f (x) f (y)

=(x + I) (y + I)

 ,d le:irk gSA

vc ;fn r  R  dksbZ vo;o gks rks f : R  R vkPNknd gS] rks pw¡fd
 r  R vkPNknd gS blfy;s r bl çdkj gS fd f (r) = r ds fy, (r + I) = f (r)

= r

ge ikrs gSa fd  ds vèkhu r dh vko';d iwoZ izfrfcac r + I gS ftlls fn[k
jgk gS fd  vkPNknd gS ,oa blh dkj.k rqY;kdkfjrk gSA

bl çdkj 
Ker

R

f
  RA lefer (Symmetry) ls R  

Ker

R

f
A
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¼rqY;kdkfjrk dk çFke çes; (First Theorem of Isomorphism)½A

ekuk fd] B  A oy; R ds nks vkn'kZ gksa rks /

/

R R B

A A B


ekufp=.k  f : R R

B B
  dks bl çdkj ifjHkkf"kr djsa fd f (r + B) = r + A rks

f vkPNknd le:irk gS ¼fl) djsa½A

vkèkkjHkwr çes; vuqlkj] /

Ker

R R B

A f


iqu% pw¡fd r + B  Ker f  (r + B) = A

r + A = A

r  A

r + B  A

B

ge ikrs gSa fd Ker f = A/B gSA

blh dkj.k /

/

R R B

A A B
 .

¼rqY;kdkfjrk dk f}rh; çes; (Second Theorem of Isomorphism)½A

ekuk A, B  oy; R ds nks vkn'kZ gksa rks A B B

A A B





.

ekufp=.k f : B  A B

A

   dks bl çdkj ifjHkkf"kr djsa fd b  B lHkh gsrq

f (b) = b + A rks f lqifjHkkf"kr le:irk gSA

iqu% ;fn x + A  A B

A

  dksbZ vo;o gks rks]

x  A + B  x = a + b,  a A,  b B

vr% x + A  = (a + b) + A = (b + a) + A = b + (a + A ) = b + A

bl çdkj x + A = b + A = f (b)

vFkkZr~ f ds vèkhu b ds iwoZ izfrfcac (Pre-Image) x + A gS vFkok f vkPNknd
gSA

vc vkèkkjHkwr çes; vuqlkj 
Ker

A B B

A f




vc x  Ker f  f (x) = A

x + A = A x  A

x  A  B (x  Ker f  B)

blfy, Ker f = A  B ,oa bl çdkj  


A B B
A A B

.
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vc Li"Vr;k 
 


A B A

B A B

n'kkZ;sa fd 5

2 10


 
Z Z

Z

A = < 2 >, B = < 5 > = 5Z] Z ds vkn'kZ eku ysa]

rks A + B = < d > tgk¡ d = G.C.D. (2, 5) = 1

A  B = < l >  tgk¡ l = L.C.M. (2, 5) = 10

vr% A + B = < 1 > = Z

A  B = < 10 > = 10Z

blh dkj.k iwoZorhZ ifj.kke A B B

A A B





 dk ç;ksx djrs gq, ge izkIr djrs

gSa 5

2 10


 
Z Z

Z

;fn N oy; R dk vkn'kZ gks rks ,d&,d vkPNknd ekufp=.k dk
vfLrRo R ds lHkh vkn'kZ ds leqPp; ds eè; gS] ftuesa N gS ,oa R/N ds vkn'kZ dk
leqPp;A

ekuk f : R  R/N, f (r) = r + N }kjk ifjHkkf"kr izkÑfrd le:irk gSA
vc ;fn A, R dk dksbZ vkn'kZ gks rks pw¡fd f : R  R/N vkPNknd le:id gS] f
(A), R/N dk vkn'kZ gSA

iqu% f (A) = {f (a) | a  A}

= {a + N | a  A}

= A

N
.

vc]  ds leLr vkn'kZ dk leqPp; R gS ftlesa N varfoZ"V gS ,oa  ds

lHkh vkn'kZ dk leqPp; R

N
 gSA

 :    dks bl çdkj ifjHkkf"kr djsa fd  (A) = f (A) = A

N

 Li"Vr;k lqifjHkkf"kr gSA

iqu% (A) = (B)

 f (A) = f (B)

 A

N
 B

N

;fn a  A dksbZ vo;o gks rks a + N  A

N
a + N  B

N
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fdlh b  B ds fy,  a + N= b + N

a – b  N  B

fdlh b  B ds fy, a – b = b

rFkk bl çdkj  a = b + b B

vFkkZr~ A  B.

blh çdkj B A ,oa bl çdkj A = B ls n'kkZ gks jgk gS fd  ,d&,d
gSA

 vkPNknd gS ;g n'kkZus ds fy;s X   dks dksbZ vo;o ekusa rks X, R

N

dk vkn'kZ gSA

A = {x  R | f (x)  X} dks ifjHkkf"kr djsaA

ge n'kkZrs gSa fd A,  ds vèkhu X dh vko';d iwoZ izfrfcac gSA

;g ljyrk ls ij[kk tk ldrk gS fd A, R dk vkn'kZ gSA

iqu% n  N = Ker f

 f (n) = N = R

N
 dk 'kwU; gSA

0 + N  X [D;ksafd vkn'kZ esa 'kwU; varfoZ"V gS]

vr%  f (n) X  n A vFkok N  A

bl çdkj A,  dk vo;o gSA

vc A dh ifjHkk"kk ls ;g iqf"V gksrh gS fd ;g vko';d iwoZ izfrfcac gSA blh
dkj.k  vkPNknd gSA

(Corollary) : ;fn R oy; N dk vkn'kZ gks rks R/N dk dksbZ vkn'kZ çdkj
A/N dk gS tgk¡ A, R dk vkn'kZ gS ftlesa N gSA

n'kkZ;sa fd Zn  ( )n

Z  gksxkA

gekjs ikl gS Zn = {0, 1, 2, ...., n –1}

( )n

Z
 = {(n), 1+(n), 2+(n),......., ( 1)n  +(n)}

 :
( )n

Z   Zn, dks bl çdkj ifjHkkf"kr djsa fd (r + (n)) = r,

0  r  n –1

ekuk r + (n) = s + (n) gks ,oa eku ysa fd r  s

rks r – s  (n)  n | (r – s) n  r – s

tgk¡ r, s nA bl çdkj gesa fojksèkkHkkl feyrk gSA
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blh dkj.k r = s ,oa blfy;s  lqifjHkkf"kr gSA

;g Li"Vr;k 1&1 n'kkZ jgk gSA

iqu% pw¡fd ((r + (n)) + (s + (n))) =  ( ( ))r s n 

fdlh q, t, 0  t < n gsrq

= fdlh q, t, 0  t < n ds fy, ((nq + t) + (n))

= (t + (n)) = t = r  s = (r +(n))(s + (n))-

fdlh q, k, 0  k < n gsrq ((r + (n)) (s + (n))) = (rs + (n))

= ((nq + k + (n))

= (k + (n)) = k = r  s = (r + (n))(s + (n))

ge ikrs gSa fd  le:irk gS ,oa blh dkj.k rqY;kdkfjrk gSA

3- ekufp=.k :R  R dks dc le:irk dgk tkrk gS\

4- Z
30
 esa v'kwU; 'kwU;Hkkoh vo;o D;ksa ugha gSa\

oy; esa vkn'kZ dh èkkj.kk lewgksa esa lkekU; milewg dh voèkkj.kk ds lekukUrj gSA
lkekU; milewgksa ls HkkxQy lewg dk fuekZ.k gksrk gS] vkn'kZ rc dk;Z djrs gSa tc
ge HkkxQy oy; dks ifjHkkf"kr djrs gSaA dbZ le:i (Analogous) ifj.kke lkeus
vkrs gSaA ge fuEukafdr ls vkjEHk djrs gSaA

oy; R ds xSj&fjDr mileqPp; I dks R dk nk;k¡ vkn'kZ (Right Ideal)

dgk tkrk gS ;fn]

(i) a, b  I  a – b  I

(ii) a  I, r  r  ar  I.

I dks R dk ck;k¡ vkn'kZ (Left Ideal) dgk tkrk gS ;fn]

(i) a, b  I  a – b  I

(ii) a  I, r  R  ra  I.

I dks R dk f}rjQk (Two Sided) vFkok nksuksa vksj (Both Sided) vkn'kZ dgk
tkrk gS ;fn ;g ck;k¡ o nk;k¡ nksuksa vkn'kZ gksA oLrqr% ;fn ge dgrs gSa fd I, R
dk vkn'kZ gS rks bldk rkRi;Z gksxk fd I, R dk f}rjQk (Two Sided) vkn'kZ gSA
vkn'kZ gsrq vU; rF; fuEukuqlkj gSa %

 oy; R esa {0} o R lnSo nksuksa vksj vkn'kZ gksrs gSaA

mDr nks dks NksM+dj çR;sd vkn'kZ dks mfpr (Proper) vkn'kZ dgk tkrk gS
¼oLrqr% ̂ xSj&ux.; vkn'kZ* (Non-Trivial Ideal) uke vfèkd mi;qDr gksxk½
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 ekuk < Z, +, · > iw.kkZadksa dh oy; gks rks E = le iw.kkZadksa dk leqPp; Z dk
vkn'kZ gS]

a, b E  a = 2n, b = 2m

bl çdkj a – b = 2 (n – m) E

iqu% ;fn 2n E, r Z rks bl vuq:i (2n)r esa r(2n) vFkok E, E nksuksa
vkn'kZ gSA

 ekuk R = iw.kkZadksa ij 2 × 2 vkO;wg dh oy; gSA

ekuk A = | ,
0 0

a b
a b

  
  
  

i.w kkZad   gksa rks A, R dk nk;k¡ vkn'kZ bl çdkj

gksxk]

0 0 0 0

   
   

   

a b c d
  =  

0 0

  
 

 

a c b d
A

    =
0 0 0 0

a b x y ax bz ay ba
A

z u

      
     

     

fdUrq A, R dk nk;k¡ vkn'kZ ugha gS D;ksafd 
0 2 0 0

,
0 0 1 0

I R
   

    
   

ijUrq 
0 0 0 2

1 0 0 0

   
   
   

 =  
0 0

0 2
A

 
 

 
.

 mlh oy; esa ns[kk tk ldrk gS fd B = 
0

0

a

b

  
  
  

 tgka a, b iw.kk±d gSA

iw.kk±dksa ls a, b dk ck;k¡ ¼fdUrq nk;k¡ ugha½ vkn'kZ fufeZr gksrk gSA gesa le;
ds lkis{k vkn'kZ ds dbZ vU; mnkgj.k fn[ksaxsA vkn'kZ o mioy; dh ifjHkk"kk
esa inksa dks ns[ksa rks Kkr gksrk gS fd ;s nks oLrqr% fudV lEcUèkh gSaA oLrqr%
;g ljyrk ls ns[kk tk ldrk gS fd ,d vkn'kZ lnk mioy; gksrk gSA

I oy; R dk vkn'kZ gSA I ,d mioy; gS ;g n'kkZus ds fy;s gesa ;g fn[kkus
dh vko';drk gS fd a, b  I ds fy;s ab  I

vc a, b  I  a I , b I R

 ab  I ¼vkn'kZ dh ifjHkk"kk ds vuqlkjA½

blh dkj.k I mioy; gSA

 gks ldrk gS fd mioy; vkn'kZ u gksA

gesa fofnr gS fd < Z, +, . >, < Q, +, . > dh mioy; gS tgk¡ Z = iw.kkZad]
Q = ifjes; la[;k,¡A

3 Z, 1

5
  Q ijUrq 1

3 .
5
Z

bl çdkj Z vkn'kZ ugha gSA
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ge milewgksa] mioy; bR;kfn ds çfrPNsnu ;k loZfu"B (Intersection) o
la?k (Union) ds ckjs esa ppkZ djrs jgs gSaA ;s gh ifj.kke vkn'kZ ds çdj.k esa
Hkh gksrs gSaA

ck;sa o nk;sa vkn'kZ ds çfrPNsnu ;k loZfu"B (Intersection) ds ckjs esa ge D;k
dg ldrs gSa\ D;k ;g ,d vkn'kZ gksxk\ mRrj ^ugha* esa gSA

;fn ge iwoZorhZ rF;ksa esa vkn'kZ dk fopkj djsa rks ge ikrs gSa fd A  B esa çdkj]

0
| ,

0 0

a
a

  
  
  

,d  i.w kkZda  ds vo;o gksaxsA

pw¡fd 
1 0 1 1

0 0 1 1

   
   
   

= 
1 1

0 0

 
 
 

  A  B

ge ns[krs gSa fd A  B nk;k¡ vkn'kZ ugha gSA

R oy; R dk xSj&fjDr mileqPp; gSA n'kkZ;s a fd
r(s) = {x  R | Sx = 0} o l(s) = {x  R | xS = 0}, R ds Øe'k% nk;sa o ck;sa vkn'kZ
gS aA

r(s)   D;ksafd 0r(s)

iqu% x, y  r(s)  sx  = 0, sy = 0

vc S(x – y) = Sx – Sy = 0 – 0 = 0

 x – y r(s)

iqu% ;fn r R  dksbZ vo;o gks rks]

S(xr) = (Sx)r = 0 . r = 0

 xr r(s)

blh dkj.k r(s) nk;k¡ vkn'kZ gSA blh çdkj l(s) ;g ck;k¡ vkn'kZ cusxkA

r(s) o l(s) dks S ds Øe'k% nk;sa o ck;sa ,sughysVj (Annihilators) dgk tkrk
gSA

r(s) o l(s) nksuksa gh R ds vkn'kZ gksaxs ;fn R vkn'kZ gS ¼lR;kfir djsa½A

R ,slh oy; gks fd R dh çR;sd mioy; R dh vkn'kZ gksA blls
vkxs ab = 0 esa R  a = 0 vFkok b = 0A n'kkZ;sa fd R Øefofues; (Commutative)

gSA

ekuk 0  a  R dksbZ vo;o gS rks N(a) = {x R | xa = ax}, R dh mioy;
gS ,oa blhfy;s R dk vkn'kZ gSA r R dksbZ vo;o gSA pw¡fd a N(a), r  R vr%
ge ikrs gSa fd raN (a) ¼vkn'kZ dh ifjHkk"kk (Definition of Ideal)½A

rnqijkUr a(ra)  = (ra)a Hkh gSA

,oa blfy;s (ar – ra)a  = 0

ar – ra = 0 D;ksafd a  0
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bl çdkj ar = ra  r  R,  0  a R

,oa pw¡fd 0.r = r.0 = 0] ge ikrs gSa fd ar = ra  a, r  R

blh dkj.k R Øefofues; (Commutative) gSA

(Sum of Two Ideals)

A o B oy; R ds nks vkn'kZ gSaA ge ifjHkkf"kr djrs gSa fd A + B, {a + b | a A,

b  B} ,slk leqPp; gS ftls A  o B vkn'kks± dk ;ksx dgk tkrk gSA

;fn A o B, R ds nks vkn'kZ (Ideals) gksa rks A + B, R dk vkn'kZ gS
ftlesa A o B nksuksa varfoZ"V gSaA

A + B   D;ksafd 0 = 0 + 0 A + B

iqu% x, y A + B

 x = a1 + b1

fdlh a1, a2 A; b1, b2 B gsrq y = a2 + b2

pw¡fd x – y = (a1 + b1) – (a2 + b2)

= (a1 – a2) + (b1 – b2)

ge ikrs gSa fd] x – y A + B

ekuk fd]  x = a + b A + B, r R dqN vo;o gksa rks xr = ( a + b)r = ar + br

 A + B  D;ksafd A, B vkn'kZ gSa]

rs= r(a + b) = ra + rb A + B

bl çdkj A + B, R dk vkn'kZ (Ideal) gSA

iqu% fdlh a A ds fy, pw¡fd a = a + 0  A + B ,oa fdlh b  B ds fy;s]
pw¡fd b = 0 + b A + B

ge ikrs gSa A  A + B

B  A + B.

1- ge n'kkZ ldrs gSa fd A, A + B dk vkn'kZ gSA

a1, a2  A  a1 – a2 A D;ksafd A, R dk vkn'kZ gSA iqu% ;fn
a A o s  A + B dqN vo;o gksa rks dqN a1A, b1B gsrq s = a1 + b1

a tSls s = a(a1 + b1)

= aa1 + ab1 AHkh

pw¡fd a, a1A  aa1  A

a A, b1 B  R  ab1 A

  aa1 + ab1 A

blh çdkj sa A çnf'kZr gks jgk gS fd  A + B dk vkn'kZ gSA
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2- ;fn A ck;k¡ vkn'kZ gks ,oa B, R dk nk;k¡ vkn'kZ gks rks lEHko gS fd A + B,

R dk vkn'kZ u gksA

A + B esa çdkj 
0

a b

c

 
 
 

 ds vo;o gksaxsA

,oa pw¡fd 
1 1 2 2

1 0 2 2

   
   
   

 = 
4 4

2 2

 
  

 
A B

A + B, R dk vkn'kZ ugha gSA

S oy; R dk dksbZ mileqPp; gksA R dk vkn'kZ A, S }kjk mRiUu
dgyk;sxk ;fn]

(i) S  A

(ii) R ds fdlh vkn'kZ I ds fy;s S  I  A  I.

ge bls A = < S > vFkok A = (S) fy[krs gq, bafxr djrs gSaA

oLrqr% < S >, R ds lHkh vkn'kZ (Ideal) dk çfrPNsnu ;k lofu"B (Intersection)

gksxk ftlesa S gS rFkk ;g S ;qDr lcls NksVk vkn'kZ varfoZ"V gSA ;fn S ifjfer
gks rks ge dg ldrs gSa fd A = < S > ifjfer :i esa mRiUu gqvk gSA

;fn S =  gks rks pw¡fd S =  ;qDr R dk vkn'kZ gS ,oa blfy;s

S = , < S >  {0} vkSj  < S > = {0}A

;fn S = {a} rks ge < S > }kjk < a > bafxr djrs gSa ,oa vFkok (a) ,oa ;g
çdj.k gekjh fo'ks"k #fp dk gS D;ksafd bls okLro esa vR;fèkd mi;ksx esa yk;k tkrk
gSA ifjHkk"kkuqlkj a  < a > ,oa pw¡fd ;g vkn'kZ (Ideal) gS] çdkj ra, as, r1 as1,

na ds vo;o < a > esa gSa tgk¡ r, r1, s, s1  R o n iw.kkZad gSA ,sls vkn'kZ dks a }kjk
mRiUu vkn'kZ fl)kar (Principal Ideal) dgk tkrk gSA lR;kfir fd;k tk ldrk gS
fd]

 ;fn R Øefofues; (Commutative) oy; gS rks]

< S > = {nixi + rjyj | ni Z, rj R, xi, yj  S}

 ;fn R bZdkbZ ;qDr Øefofues; (Commutative) gS rks]

< S > = {rj yj | rj  R, yj  S}

 ;fn S = {a}, rks

< a > = < S > = {na + ra + as + xay | n  Z, r, s, x, y R}

 blds vkxs ;fn R esa bZdkbZ gks < a > = { xay | x, y R}

;ksxQy loZ= ifjfer gSA

;fn A o B oy;ksa R ds nks vkn'kZ gksa rks A + B = < A  B >

geus igys gh fl) dj fn;k gS] fd A + B, R dk vkn'kZ gS ftlesa
A o B gSa] bl çdkj A + B, A  B ;qDr vkn'kZ varfoZ"V gSA

ekuk I, R dk vkn'kZ bl çdkj gS fd A B  I
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ekuk x A + B vo;o gks rks fdlh x = a + b ds fy;s a A, b  B

pw¡fd a A  A  B  I

b B  A  B  I

ge ikrs gSa a + b I D;ksafd I vkn'kZ gSA

 x I vFkok A + B  I

ftlls çes; fl) gqvkA

bl çdkj A + B, R dk lcls NksVk vkn'kZ gS ftlesa A o B gSA fu'p; gh
nks ls vfèkd vkn'kks± ds ;ksx dh ppkZ leku jhfr esa dh tk ldrh gSA

;fn aR dksbZ vo;o gks ,oa I = aR = {ar | r R} tgk¡ R ,d
Øefofues; (Commutative) oy; gks rks I, R dk vkn'kZ gSA

I  D;ksafd 0 = a . 0 I

fdlh r1, r2 R ds fy,

x, y I  x = ar1, y = ar2

 x – y = a(r1 – r2) I

iqu% ;fn x = ar1 I ,oa r R vo;o gksa rks x r = (ar1) r = a (r1 r) I  ls
n'kkZ;k tkrk gS fd I nk;k¡ vkn'kZ gSA R Øefofues; gksus ls ;g nksuksa vksj vkn'kZ
gksxkA

 ;fn oy; Øefofues; u gks rks n'kkZ;k tk ldrk gS fd aR, nk;k¡ vkn'kZ
esa varfoZ"V gS o Ra = {ra | r R}, R dk ck;k¡ vkn'kZ gSA

aR, < a > esa lnSo gSA ;fn R bZdkbZ ;qDr Øefofues; oy; gS rks aR = Ra

= (a)A

(Product of Two Ideals)

R oy; A, B ds nks vkn'kZ gSaA ge A, B ds A o B ds xq.kuksa dks bl çdkj ifjHkkf"kr
djrs gSa fd

tgk¡ AB = { aibi | ai  A, bi B} ;ksxQy ifjfer gSA

iqu% ;fn A ,oa B dqN vo;o gksa rks AB ls çnf'kZr gksrk gS fd R nk;k¡ vkn'kZ
gSA Øefofues; gksus ls R nksuksa vksj vkn'kZ gksxkA

;fn oy; Øefofues; u gks rks n'kkZ;k tk ldrk gS fd aR nk;k¡ vkn'kZ
gS o Ra = {ra | r R},. R dk ck;k¡ vkn'kZA

aR lnSo < a > esa gksrk gSA ;fn R bZdkbZ ;qDr Øefofues; (Commutative)

oy; gS rks aR = Ra = (a)A

oy; R ds fdUgha nks vkn'kZ A o B dk xq.ku AB, R dk vkn'kZ gSA

AB   D;ksafd 0 = 0 . 0  AB

x, y AB nks vo;o gksa
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rks x = a1b1 + a2b2 + ..... + anbn

y = a1b1 + ...... + ambm
fdlh ai, aj  A, bi, bj B ds fy;s

x – y= (a1b1 + .... + anbn) – (a1b1 + ....... + ambm)

tks Li"V;k AB ls lEc) gSa D;ksafd R.H.S. dks bl çdkj fy[kk tk ldrk gSA

x1y1 + x2 y2  + ....... + xk yk (k = n + m)

tgk¡ xi A, yi B.

iqu% fdlh x = a1b1 + .... + anbn AB gsrq r R

o  rx = r(a1b1 + ..... + anbn)

= (ra1)b1 + (ra2)b2 + ..... + (ran)bn AB

D;ksafd rai A D;ksafd ai  A, r R o A vkn'kZ gSA

blh çdkj xr AB.

bl çdkj ;g n'kkZ jgk gS fd AB, R dk vkn'kZ gSA

1- ekuk S = {ab | a A. b B}

rks < S > = AB

Li"Vr% S  AB ,oa pw¡fd AB vkn'kZ gS vr% < S >  AB

Ikqu% x AB  x = aibi, ai  A, bi  B

ai  A, bi B  aibi S,  i = 1, 2, .....,

 aibi  < S >  i

 x  < S >

 AB < S >

rFkk blh dkj.k < S > = AB

2- ;fn R bZdkbZ ;qDr Øefofues; (Commutative) oy; gks ,oa R, AB ds
ifjfer mRiUudrkZ (Finitely Generated) vkn'kZ gksa rks blfy;s A + B o AB

gSaA oLrqr% ;fn] A = < a1, a2, ......, an > ,oa B = < b1, b2, ......, bs > rks

A + B = < a1, a2, ...., ar, b1, b2, ..., bs >

AB = < a1b1, ...., a1bs, ....., arb1, ....., arbs >

oSls gks ldrk gS fd ;g A  B ds fy;s okLrfod u gksA

fuEukafdr mnkgj.k ls gesa vkn'kks± ds xq.ku ds fo"k; esa vfèkd tkudkfj;k¡
fey ikrh gSaA

;fn A o B oy; R dk Øe'k% ck;k¡ o nk;k¡ vkn'kZ gks rks n'kkZ;sa
fd AB, R dk f}rjQk vkn'kZ (Two Sided Ideal) gS tcfd BA ds fy;s R dk ,d
vksj vkn'kZ gksuk rd vko';d ughaA
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AB, R dk f}rjQk vkn'kZ mijksDr çes;kuqlkj gksxk ge mnkgj.k }kjk ;g
n'kkZrs gSa fd BA dks ,d&rjQk vkn'kZ gksuk Hkh vko';d ugha gSA

A =
0

| , ,
0

        

a
a b

b
Z

B = | , ,
0 0

        

c d
c d Z  eku ysrs gSaA

iw.kkZadksa ij 2 × 2 vkO;wg ds oy; R esa ¼igys ns[ks x;s vuqlkj vc½ A o B,

R dk Øe'k% ck;k¡ o nk;k¡ vkn'kZ gSA

0

0 0 0

c d a

b

   
   
   

 esa çdkj BA dk vo;o gksxkA

vFkkZr~ çdkj 
0

,
0 0

 
 

 

x
x Z  dk]

vc ;fn ge BA esa 
1 0

0 0

 
 
 

 o R esa 
1 1

1 1

 
 
 

 eku ysa rks]

1 0 1 1

0 0 1 1

   
   
   

=
1 1

0 0

 
 

 
BA

1 1 1 0

1 1 0 0

   
   
   

=
1 0

1 0

 
 

 
BA

blh dkj.k BA, R dk u rks nk;k¡] u gh ck;k¡ vkn'kZ gSA

;fn A , B, C oy; R ds vkn'kZ bl çdkj gksa% B  A rks n'kkZ;sa
fd A  (B + C) = (A B) + (A C) = B + (A C).

x  A  (B + C)  vo;o gks rks x A o x B + C

fdlh Hkh b B, c C ds fy,  x = b + c

vc b  B  A, Hkh b + c = x  A gSA

 (b + c) – b  A

 c + b – b  A

 c  A

 x  A  C

vFkkZr~ x = b + c, b  B, c  A C

bl çdkj x  B + (A  C)

blh dkj.k A  (B + C)  B + (A  C).

iqu% x  B + (A  C)

rks dqN b  B, k  A  C gsrq x = b + k
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pw¡fd b  B, k  C

x = b + k  B + C

,oa b  B  A, k  A  b + k  A

 x  A

 x  A  (B + C)

vFkok B + (A C)  A  (B + C)

ftlls vUrr%  A (B + C) = B + (A C) feyrk gSA

pw¡fd B  A, A B = B Hkh

bl çdkj A  (B + C) = (A B) + (A C) = B + (A C).

iwoZorhZ lerk dks dHkh&dHkh ekikad (Modular Equality) lerk dgk
tkrk gSA

oy; R  {0} dks ljy oy; (Simple Ring) dgk tkrk gS ;fn R esa nks
vkn'kZ u gksa ¼viokn R o {0}½A

foHkDr oy; (Division Ring) ljy oy; gSA

ekuk fd R foHkDr oy; gksA A, R dk dksbZ vkn'kZ bl çdkj gks fd A 
{0}  rks  de ls de a  A bl çdkj gksxk a  0A R foHkDr oy; gksus ls a–

1 R ,oa aa–1 = 1A

pw¡fd a  A, a–1  R, aa–1  A ¼vkn'kZ dh ifjHkk"kk ds vuqlkj½A

 1  A

 A = R

vFkkZr~ R ds ikl nks gh vkn'kZ gks ldrs gSa% R vFkok {0} R ,d ljy oy;
gSA

R ,slh oy; gS fd R o {0} gh R ds nk;sa vkn'kZ gSaA n'kkZ;sa fd
;k rks R ,d foHkDr oy; gS vFkok blesa vHkkT; la[;k ds vo;o bl çdkj gSa fd
leLr a, b  R gsrq ab = 0A

ekuk fd I = {a  R | aR = {0}} gks rks I,R dk nk;k¡ vkn'kZ gS ¼lR;kfir djsa½A

fn, x, in ds vuqlkj I = {0} vFkok I = R

;fn I = {0} rks aR = {0} rHkh tc a = 0

vU; 'kCnksa esa & lHkh 0  a R ds fy, aR = R ¼  aR nk;k¡ vkn'kZ
gS½A

bl çdkj iwoZorhZ leL;k ns[ksa rks R ,d foHkDr  oy; gS ¼bl çdj.k esa R esa
,d ls vfèkd vo;o gSa D;ksafd ;fn R = {0} rks R = I tks fd vkxkeh çdj.k gS½A

vc eku ysa fd I = R rks leLr a R gsrq aR = {0}
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lHkh a, r  R ds fy, ar = 0

;fn S, < R, + > dk dksbZ milewg gks rks S dk nk;k¡ vkn'kZ gksxk
R (a S  R, r R  ar = 0 S)A fn, x, inkuqlkj R ds ikl nks gh nk;sa vkn'kZl
R o {0} gSaA bl çdkj < R, + > esa nks gh milewg R o {0} gks ldrs gSaA

 < R, + > vHkkT; dksfV (Prime Order) dk ,d pØh; lewg gSA

bl çdkj R esa vHkkT; la[;k ds vo;o gSa ¼,oa tSlk fd igys ns[kk tk pqdk
gS fd leLr a, b  R gsrq ab = 0 ½A

lksnkgj.k n'kkZ,¡ fd bZdkbZ ;qDr ,slh oy; R lEHko gS tgk¡ {0}

o R gh R ds vkn'kZ gksa ijUrq R foHkDr foy; u gksA

R, R ij 2 × 2 vkO;wg+ dh oy; gks rks ;g foHkDr foy; ugha gS D;ksafd

1 0

0 0

 
 
 

  R O;qRØe.kh; ugha gSA ge n'kkZrs gSa fd R esa vkn'kZ ugha gSa ¼{0} o R

ds vfrfjDr½ gSA R dks A {0} dk vkn'kZ ekusaA

pw¡fd A  {0} vr%  0  A  AA eku ysa fd A = 
a b

c d

 
 
 

A pw¡fd A  0]

vr% A esa dksbZ izfof"V (Entry) v'kwU; gSA a  0 ekusaA ekuk Eij ls R esa vkO;wg bafxr
gksrh gS ftldh ¼i, j½ izfof"V 1 o 0 vU;= gSA rnqijkUr 1 o 0 ;fn]

EijEjk = Eik  vkSj  EijErk = 0  if j  r------

vc A = aE11 + bE12 + cE21 + dE22

vr% AE11 = aE11 + cE21

bl çdkj a–1 E11AE11 = E11  E11  < A >

 < E11>  < A >

vc
1 0

0 1

 
 
 

= E11 + E22 = E11 + E21E11E12  < E11>

vr% < E11>    < E11> = R ls lEc) R dh bZdkbZA

 R  < A >

 < A > = R

,oa blfy;s R  = < A >  A D;ksafd A  A

vFkok A = R

blh dkj.k R visf{kr oy; gSA

bl çdkj ge ;g le> ldrs gSa fd bZdkbZ ;qDr ljy oy; foHkDr oy;
u gks] bldk foijhr Hkh okLrfod gks ldrk gSA
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5- ;fn A bZdkbZ ;qDr oy; R dk ,d vkn'kZ bl çdkj gS fd 1  A rks n'kkZ;sa
fd A = RA

6- fl) djsa fd foHkDr oy; ,d ljy oy; gSA

ekuk fd] R ,d oy; gS ,oa R, I dk vkn'kZ ekusaA pw¡fd a, b  I  a – b I vr%
ge ikrs gSa fd I, < R, + > dk milewg gSA iqu% pw¡fd < R, + > ,csfy;u gS blfy;s

I, R dk lkekU; milewg gksxk ,oa bl çdkj ge R

I
 HkkxQy lewg dh ppkZ dj

ldrs gSa tks fd R esa I ds lHkh lgleqPp; dk leqPp; R

I
 = {r + I | r R} gS

¼Li"Vr;k ck;sa vFkok nk;sa lgleqPp; lerqY; gSa½A

gesa fofnr gSa fd R/I ls ̂;ksx* ds vèkhu lewg dk fuekZ.k bl çdkj ifjHkkf"kr
vuqlkj gksrk gS]

(r + I) + (s + I ) = (r + s) + I

ge vc R/I ij f}vk/kkjh lajpuk dks bl çdkj ifjHkkf"kr djrs gSa]

(r + I) · (s + I ) = rs + I

;g ij[kuk ,d fu;fer dk;Z gksrk gS fd ;g xq.ku R/I ij lqifjHkkf"kr gSA

pw¡fd (a + I)[(b + I)(c + I)] = (a + I)(bc + I)

= a(bc) + I

= (ab)c + I

= (ab + I)(c + I)

= [(a + I)(b + I)](c + I)

bl xq.ku ds lUnHkZ esa lac)rk (Associativity) gSA

iqu% pw¡fd (a + I)[(b + I) + (c + I)] = (a + I)(b + c + I)

= a (b + c) + I

= (ab + ac) + I

= (ab + I) + (ac + I)

= (a + I)(b + I) + (a + I)(c + I)

ge ikrs gSa fd ck;ha forj.k'khyrk (Left Distributivity) gSA blh çdkj ;g
ij[kk tk ldrk gS fd nk;ha forj.k'khyrk (Right Distributivity) Hkh R/I esa gS ,oa
blh dkj.k R/I ls oy; curh gS ftls HkkxQy oy; (Quotient Ring) vFkok I }kjk
R dk vo'ks"k oxZ (Residue Class) oy; dgrs gSaA
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ge bls nwljh n`f"V ls ns[krs gSaA ekuk fd R ,d oy; gks ,oa I, R dk vkn'kZ
gSA a ds fy, b  R, a  b (mod I) dks ifjHkkf"kr djsa ;fn a – b IA ;g ij[kuk
ljy gS fd ;g lEcUèk R ij lerqY;rk lEcUèk gSA bl çdkj ;g fd R lerqY;rk
oxksZa esa foHkkftr djrk gSA a dks a R, cl(a) dk laxr (Corresponding)

lerqY;rk oxZ ekusa rkscl(a) = {r + R | r  a (mod I)}

= {r  R | r – a  I)}

fdlh Hkh x I ds fy, r  R | r – a = x}

fdlh Hkh x I ds fy, r  R | r = a + x}

= {a + x | x I}

= a + I

bl çdkj HkkxQy oy; R/I dqN vkSj ugha] cl iwoZ esa ifjHkkf"kr vuqlkj
leLr lerqY;rk oxksZa dh oy; gSA

oLrqr% iwoZ esa ifjHkkf"kr f}vk/kkjh lajpuk dks fuEukafdr esa :ikUrfjr fd;k
tk;sxk]

cl(a) + cl(b) = cl(a + b) a, b  R

cl(a) . cl(b) = cl(ab)

ikBd dks ;g dk;Z jkspd yxsxk tc ;g R/I dks lR;kfir djsxk ftlls
oy; dk fuekZ.k ifjHkkf"kr fd;k tkrk gSA oLrqr% ;fn R esa bZdkbZ 1 gS rks cl(1) esa
R/I dh bZdkbZ gksxhA

blhfy;s R/I dks R (Modulo) I dk HkkxQy oy; Hkh dgk tkrk gSA

 ;fn I = R rks R/I 'kwU; oy; (Zero Ring) {0} ls rqY;kdkfjrk gS ,oa ;fn

I ={0} rks R

I
  RA

ekuk fd H4 = {4n | n  Z} gS tgk¡ < Z, + . > iw.kkZadksa dh oy; gks rks H4,

Z dk vkn'kZ gS] ,oa bl çdkj 
4H

Z  ,d HkkxQy oy; gS o bl çdkj fn;k x;k

gS]

4H

Z  = {H4, H4 + 1, H4 + 2, H4 + 3}

bl mnkgj.k ls gesa ;g Hkh n'kkZ ldrs gSa fd lEHko gS lekdfyr Mksesu dk
HkkxQy oy; lekdfyr Mksesu u gksA

 (H4 + 2) (H4 + 2) = H4 + 4 = H4, 
4H

Z dk 'kwU; ijUrq H4 + 2  H4 gSA

ogha nwljh vksj ;fn ge ;g fopkj djsaA

R = {0, 2, 4, 6, 8, 10} mod 12

S = {0, 6} mod 12
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rks R lekdfyr Mksesu ugha gS tcfd R/S ,d lekdfyr Mksesu gSA

gekjs ikl gS]  R/S= {S, S + 2, S + 4}

pw¡fd]   (S + 2) (S + 2) = S + 2,  (S + 2) (S + 4) = S + 8 = S + 2

,oa] (S + 4)(S + 4) = (S + 16) = S + 4]

ge ikrs gSa] fd R/S esa 'kwU; Hkktd ugha gSaA

(Field of Qutient of Integral Domain)

vewrZ chtxf.kr esa lekdfyr Mksesu dh ^fHkUuksa ds {ks=* vFkok ^HkkxQyksa ds {ks=*
lcls NksVk ,slk {ks= gS ftlesa lekdfyr Mksesu lek ldrk gksA lekdfyr Mksesu
R ds fHkUuksa ds {ks= ds vo;oksa }kjk a/b ds lkFk R esa a dk ,oa b 0 ds lkFk b dk
fuekZ.k fd;k tkrk gSA oy; R dh fHkUuksa ds {ks= dks Quot(R) vFkok Frac(R) ls
bafxr fd;k tkrk gSA bls HkkxQy {ks=] fHkUuksa ds {ks= vFkok fHkUu ;k [kaM {ks=
(Fraction Field) dgk tkrk gSA

;fn R 'kwU; Hkktd jfgr dksbZ Øefofues; (Commutative) oy; gS] ,oa de
ls de ,d v'kwU; vo;o e gS rks ;qXeksa R ds lerqY;rk oxksZa ds leqPp; ds :i
esa Quot(R) dh fHkUuksa ds {ks= (n, d) dk fuekZ.k fd;k tk ldrk gS] tgk¡ n o d,

R ds vo;o gSa rFkk d, 0 ugha gS ,oa (n, d), fn, x, fu;e ds vuqlkj lerqY;rk
lEcUèk (m, d) ds lerqY; gS ;fn dsoy ;fn (nb=md)A (n, d) o (m, d) ds
lerqY;rk oxksZa dk ;ksx (nb + md, db) dk oxZ gS ,oa budk xq.ku (mn, db) dk
oxZ gSA (en, e) ds lerqY;rk oxZ esa n ekufp=.k djrs gq, var%LFkkiu (Embedding)

n'kkZrs gSaA ;g var%LFkkiu e ds fodYi ij fuHkZj ugha gSA ;fn R ,d lekdfyr
Mksesu gks rks (en, e), (n, 1) ds lerqY; gksxkA

R dh fHkUuksa ds {ks= dks bl lkoZf=d xq.kksa ls igpkuk tkrk gS fd ;fn
f : R  F ls {ks= F esa var%{ksfir oy; le:irk (Injective Ring Homomorphism)

gS rks vf}rh; oy; le:irk R dk vfLrRo gksrk gS tks g : Quot(R)  F tks f

dks vkxs c<+rk gSA

R dksbZ oy; gSA R ij cgqin (Polynomial) }kjk gekjk vfHkçk; R :i ds O;atd
(Expression) ls gSA

f (x) = ao + a1x + a2x
2 + ... + amxm, ai  R

x D;k gS\ ;gk¡ çrhd x, x2, .... vKkr vo;oksa vFkok oy; R ls pj
(Variable) ugha gSaA ;s ;gk¡ dsoy lqfoèkk ds fy;s gSa] dg ldrs gSa fd oy; ds
vo;oksa ao, a1, a2, ... ds fy;s LFkku lalwpdksa ds :i esaA ladsru (Notation) ds
vkèkkj esa bl çdkj ds cgqinksa ds çfr gekjk voxr gksuk ek= gS ftUgsa ge mi;ksx
esa ykrs jgs gSa ¼,oa blhfy;s x }kjk pj dks izLrqr (Represent) ugha fd;k tkrk½A
bl fpUg ;k ladsru dks vfèkd rdZlaxr djus dk ç;kl rc fd;k tkrk gS tc
ge lkekU; jhfr esa cgqinksa ds ;ksx o xq.ku dks ifjHkkf"kr dj jgs gksrs gSaA
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oSdfYid :i ls R ds vo;oksa ds vuar ;k vifjfer (Infinite) vuqØe (ao,

a1, a2, ...) dks R ij cgqin dgk tkrk gS ;fn blds lHkh vo;o 'kwU; gksa ¼blds
in ai ds ifjfer la[;k dks NksM+dj½] bl çdkj ifjfer la[;k ds in (Finite

Number of Terms) ds ckn lHkh vo;o 'kwU; gksaxsA çFke in ao dks cgqin dk
fu;rkad dgrs gSaA ;fn m lcls cM+k xSj&_.kkRed (Non-Negative) iw.kkZad bl
çdkj gks fd am  0 rks am dks cgqin dk vfUre xq.kkad dgk tkrk gSA

;fn f (x) = ao + a1x + ... + amxm, ai  R

g(x) = b0 + b1x + ... + bnx
n,  bj  R

R ij nks cgqin gksa rks ge f (x) = g(x) dg ldrs gSa fd ;fn lHkh i ds fy,
m = n o ai = biA

Ikqu% cgqinksa f (x) o g(x) dk ;ksx bl çdkj ifjHkkf"kr fd;k tk ldrk gS]

f (x) + g(x) = (ao + bo) + (a1 + b1) x + (a2 + b2) x
2 + ...

xq.ku Hkh lkekU; jhfr esa ifjHkkf"kr fd;k tkrk gS]

f (x) g(x) = (ao + a1x + ... + amxm) (bo + b1x + ... + bnx
n)

= aobo + (a1bo + aob1) x ...

= co + c1x + c2x
2 + ... + cm+n x

m + n

tgk¡ ck = aobk + a1bk–1 + ... + akbo

ekuk fd] R[x], R ij lHkh cgqinksa dk leqPp; gks rks R[x] xSj&fjDr leqPp;
gS ,oa ;ksx o xq.ku dks R[x] ds vo;oksa ij mijksDr ifjHkk"kkuq:i ns[kk tkrk gS] ;s
Li"Vr;k f}vk/kkjh lajpuk gSaA ;g ljyrk ls ns[kk tk ldrk gS fd R[x] ls bu
lafØ;kvksa (Operations) ds vèkhu oy; dk fuekZ.k gksrk gSA oy; dk 'kwU; cgqin
gksxkA

O(x) = 0 + 0x + 0x2 + ....

f (x) = ao + a1x + ..... + amxm dk ;ksT; O;qRØe (Additive Inverse) dk
cgqin – f (x) = – a0 – a1x + ... + (–am) xm gksxkA oLrqr% ;fn R esa bZdkbZ 1 gks
rks cgqin e(x) = 1 + 0x + 0x2 +...,  R[x]. e[x] dh bZdkbZ gksxkA e[x] dks
dHkh&dHkh ^1* }kjk Hkh bafxr fd;k tkrk gSA oy; R ds LFkku ij ;fn ge {ks= F
ls vkjEHk djsa rks gesa cgqinksa (Polynomials) dh laxr (Corresponding) oy; F[x]

feyrh gSA

 ekuk R = Z3 = {0, 1, 2} ekikad 3 gks rks ifjHkkf"kr djsa fd f : Z3  Z3

bl çdkj gS f (x) = x3 + 2x ,oa g : Z3  Z3 bl çdkj gS g(x) = x5 + 2x

rnqijkUr f (0) = 0 = g(0),  f (1) = 1 + 2 = g(1)

f (2) = 5 + 1 = 2 + 4 = g(2)

blh dkj.k f (a) = g(a)  a  Z3

rFkk bl çdkj Qyu (Function) }kjk gekjh ifjHkk"kk gS] f (x) = g(x)A

ogha nwljh vksj f (x) = (0, 2, 0, 1, 0, 0, ...)
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g(x) = (0, 2, 0, 0, 0, 1, 0, ...)

 Z3 ij cgqinksa ds :i esa lerqY; ugha gSaA bl çdkj Z3[x] esa f (x)  g(x)A

f (x) = ao + a1x + a2x
2 + ... + amxm, R[x] esa dksbZ v'kwU; cgqin (Non-

Zero Polynomial) gSA ge dgrs gSa fd f (x) esa Js.kh (Degree) m gS ;fn lHkh i >
m ds fy, am  0 o ai = 0 ,oa f (x) = m fy[krs gSaA

ge 'kwU; cgqin dh Js.kh (Degree) ifjHkkf"kr ugha djrsA

ge dgrs gSa fd f (x) dh Js.kh (Degree) 'kwU; gS ;fn lHkh i > 0 gsrq ao  0,

ai = 0A bl çdj.k esa bls vpj cgqin (Constant Polynomial) dgk tkrk gSA ;g Hkh
Li"V gS]

deg (– f (x)) = deg f (x) gSA

eku ysa fd R dksbZ oy; gks ,oa R[x], R ij cgqinksa dh laxr oy; gSA ;fn
ge ekufp= f : R  R[x] dks bl çdkj ifjHkkf"kr djsa fd f (a) = a + 0.x + 0x2

+ ...

rks ;g ljyrk ls ns[kk tk ldrk gS fd

f esa 1&1 le:irk (Homomorphism) gksxhA oLrqr%]

f (a + b) = (a + b) + 0x + 0x2 + ...

= (a + 0x + 0x2 + ...) + (b + 0x + 0x2 + ...)

= f (a) + f (b)

    f (ab) = ab + 0.x + 0.x2 +...

= (a + 0x + 0x2 + ...) (b + 0x + ...)

= f (a) f (b)

blh dkj.k R dks oy; R[x] esa lek;k tk ldrk gSA vU; 'kCnksa esa R, R[x]

dh mioy; ls rqY;kdkfjd gSA

bl çdkj R[x] dh mioy; ls R dh igpku dh tk ldrh gS ftldks ns[krs
gq, ge dHkh&dHkh R dks R[x] dh mioy; dg fn;k djrs gSaA

(Commutative Ring) (Polynomial

Ring)

fuEukafdr çes; dks vc fl) djuk ljy gSA

ekuk R[x] oy; R ij cgqinksa ds oy; gks rks]

(i) R Øefofues; gS] ;fn R[x] Øefofues; gksA

(ii) R esa bZdkbZ gS ;fn R[x] esa bZdkbZ gksA

(i) ;fn R[x] Øefofues; gks rks R[x] dh dksbZ mioy; Øefofues; gS ,oa
pw¡fd R, R[x] dh mioy; ls rqY;kdkfjd gS vr% R Øefofues; gksxkA

blds foijhr ;fn R Øefofues; gks ,oa
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f (x) = ao + a1x + a2x
2 + ... + amxm

g(x) = bo + b1x + b2x
2 + ... + bnx

n

R[x] ds nks vo;d gksa rks xq.ku dh ifjHkk"kkuqlkj]

f (x)g(x) = aobo + (a1bo + aob1)x + ...

= boao + (b1ao + boa1)x + ...

= g(x) f (x).

(ii) ;fn R esa bZdkbZ ̂1* gks rks cgqin e(x) = 1 + 0x + 0x2 + ..., R[x] dh bZdkbZ
gS D;ksafd f (x)e(x) fdlh cgqin f (x) gsrq f (x) gksxkA

blds foijhr ekuk R[x] esa bZdkbZ gSA

ekufp=  : R[x] R dks bl çdkj ifjHkkf"kr djsa fd

( f (x))= (ao + a1x + .. + amxm) = ao

rks  vkPNknd le:irk gSA

bl çdkj R, R[x] dh le:id izfrfcac (Homomorphic Image) gS rFkk blh
dkj.k bZdkbZ gS D;ksafd bZdkbZ ;qDr oy; dh le:id izfrfcac bZdkbZ ;qDr oy; gSA
oLrqr%  (e(x)), R dh bZdkbZ gksxh tgk¡ e(x), R[x] dh bZdkbZ gSA

ekuk R[x] oy; R ds cgqin dh oy; gks ,oa eku ysa fd]

f (x)= ao + a1x + ... + amxm

g(x)= bo + b1x + ... + bnx
n

Øe'k% Js.kh n o m ds nks v'kwU; cgqin gSa rks%

1- ;fn f (x) + g(x)  0, deg( f (x) + g(x))  max(m, n)

2- ;fn f (x) g(x)  0, deg ( f (x) g(x))  m + n

3- ;fn R ,d lekdfyr Mksesu gS] rks deg ( f (x) g(x)) = m + n gksxkA

4- R lekdfyr Mksesu gS ;fn R[x] ,d lekdfyr Mksesu gks

5- ;fn F ,d {ks= gks] F[x] {ks= u gksA

¼1½ ifjHkk"kkuqlkj

f (x) + g(x) = (ao + bo) + (a1 + b1)x + (a2 + b2)x
2 + ... + (at + bt)x

t

tgk¡ t = Max (m, n)

vc ak + bk = 0 lHkh k > t tSls ak = 0, bk = 0 ds fy,A

bl çdkj f (x) + g(x) dh Js.kh t = Max (m, n) ls de vFkok blds lerqY; gSA

 deg (f (x) + g(x)) < Max (m, n) gksuk lEHko gSA iw.kkZadksa dh oy; Z dk
fopkj djsaA

ekuk fd f (x) = 1 + 2x – 2x2
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g(x) = 2 + 3x + 2x2 dks Z[x] ds nks vo;o ekusa rks]

f (x) + g(x) = (1 + 2) + (2x + 3x) + (– 2x2 + 2x2)

= 3 + 5x-----

bl çdkj deg (f (x) + g(x)) = 1 tcfd deg f (x) = 2 = deg g(x)

¼2½ ekuk fd f (x) g(x) = c0 + c1x + c2x
2 + ... gks

tgk¡ ck = (akb0 +ak – 1 b1 + ... + a0bk).

;gk¡ cm + n = a0bm + n + a1bm + n – 1 + ... + ambn  ...... + am + nb0

= ambn

Pkw¡fd leLr vU; in 'kwU; gksaxs ¼leLr i, j > 0 gsrq am + i = 0, bn + j = 0½A

iqqu% leLr t > 0 gsrq cm + n + t = 0  rFkk]

bl çdkj deg (f (x) g(x))  m + n (ambn 'kwU; gks ldrk gS ;gk¡ rd fd
;fn am  0 bn  0 gks rc HkhA

ge n'kkZrs gSa fd ,slk lEHko gS deg ( f (x) g(x)) < m + n

oy; R  = {0, 1, 2, 3, 4, 5} ij ekikad 6 dk fopkj djsaA

f (x) = 1 + 2x3

g(x)= 2 + x + 3x2dks eku ysa tks fd Øe'k% Js.kh 3 o 2 ds R[x] esa nks
cgqin gSaA

;gk¡ f (x)g(x) = 2 + x + 3x2 + 4x3 + 2x4

ftldh Js.kh 4 < 5 gSA

 ;gk¡ R lekdfyr Mksesu ugha gSA

¼3½ ;fn R ,d lekdfyr Mksesu gks rks pw¡fd am  0, bn  0 blhfy;s ambn  0 rFkk
blh dkj.k cm + n = ambn  0 esa fn[k jgk gS fd deg ( f (x)g(x)) = m + nA

¼4½ ;fn R[x] lekdfyr Mksesu gks rks pw¡fd R, R[x] dh mioy; ls rqY;kdkfjd
gS] R Hkh lekdfyr Mksesu gksxkA

blds foijhr eku ysa fd R lekdfyr Mksesu gSA

ekuk f (x), g(x), R[x] ds nks v'kwU; vo;o bl çdkj gksa fd f (x)g(x)= 0

tgk¡ f (x) = ao + a1x + ... + amxm

g(x) = bo + b1x + ... + bnx
n

vc f (x) o g(x) nksuksa gh vpj cgqin ugha gks ldrs D;ksafd ao  0, bo  0
rFkk co = aobo  0 gSA

vr% f (x)g(x)  0

pw¡fd f (x), g(x) esa ls de ls de ,d rks x+Sj&vpj cgqin (Non Constant

Polynomials) gS] bldh Js.kh  1 gSA R lekdfyr Mksesu gksus ls deg ( f (x)g(x))

= deg f (x) + deg g(x)  1
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tks fd ,d fojksèkkHkkl gS D;ksafd rc bldk rkRi;Z gksxk fd fdlh k > 0 gsrq
ck  0 gSA

tcfd f (x)g(x) = 0

blh dkj.k f (x)g(x) = 0  f (x) = 0 ;k g(x) = 0

 R[x] ,d lekdfyr Mksesu gSA

¼5½ F ,d {ks= gks rks pw¡fd F Øefofues; gS ftlesa fd bZdkbZ gS] iwoZorhZ ifj.kkeksa
ls geus çkIr fd;k fd F[x] bZdkbZ ;qDr Øefofues; oy; (Commutative Ring)
oy; gksxhA oLrqr% F lekdfyr Mksesu gS] F[x] Hkh lekdfyr Mksesu gksxkA ge
n'kkZrs gSa fd F[x] ds leLr v'kwU; vo;oksa esa xq.kkRed O;qRØe (Multiplicative
Inverse) ugha gksxkA v'kwU; cgqin (Non-Zero Polynomial) f (x) = 0 + 1x + 0x2

+0x3 + ... (= ao + a1x + a2x
2 + ......) dk fopkj djsaA

eku ysa fd g(x) = bo + b1x +b2x2 + ... bldk xq.kkRed O;qRØe
(Multiplicative Inverse) gS

rks f (x)g(x) = co + c1x + c2x
2 + ..., e(x) = 1 + 0x + 0x2 + ... gS F[x]

 co= 1, ci = 0 lHkh i > 0 ds fy, dh bZdkbZ gksxh

tgk¡ co = aobo = 0 .bo = 0  1.

blh dkj.k g(x), f (x) = x dk xq.kkRed O;qRØe (Multiplicative Inverse) ugha
gks ldrkA

n'kkZ;k tk jgk gS fd F[x] {ks= ugha gSA

;fn R oy; gS] ge cgqinksa dh laxr oy; R[x] çkIr djrs gSaA pw¡fd R[x]
,d oy; gS ge blh çdkj R[x, y] ds cgqinksa dh laxr oy; çkIr djrs gSa ,oa
çfØ;k dks foLrkfjr fd;k tk ldrk gSA ;fn F {ks= gS rks F[x] bZdkbZ ;qDr oy;
gS ,oa blh çdkj F[x, y] bZdkbZ ;qDr oy; gksxhA ge bldk ç;ksx dqN ckn esa
djsaxs tc xq.ku[kaM Mksesu (Factorisation Domains) dh vksj c<+saxsA

R o S nks rqY;kdkfjd oy; gSaA n'kkZ;sa fd R[x] o S[x] Hkh
rqY;kdkfjd gSaA

ekuk fd]  : R  S  rqY;kdkfjd gks rks ekufp=.k f : R[x]  S[x] dks bl
çdkj ifjHkkf"kr djsa fd]

f (ao + a1x + ... + anx
n) = (a0) + (a1)x + ... + (an)x

n.

;g n'kkZuk vc ikBd ds fy;s ,d fu;fer vH;kl gks tk;sxk fd ;g
f rqY;kdkfjd gSA

;fn F {ks= gS rks F[x] ;qfDyMhu Mksesu (Euclidean Domain) gSA

geus ns[kk gS fd F[x] bZdkbZ ;qDr lekdfyr Mksesu gSA

fdlh f (x)  F[x], f (x)  0 gsrq d( f (x)) = deg f (x) ifjHkkf"kr djsa tks fd
v_.kkRed iw.kkZad (Non-Negative Integer ;k Non '–' ve Integer) gSA

pw¡fd fdlh f (x), g(x)  F[x], f (x), g(x)  0 gsrq]
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deg ( f (x) g(x)) = deg f (x) + deg g(x)

ge çkIr djrs gSa deg ( f (x))  deg ( f (x)g(x)), tgk¡ deg (g(x))  0

 d( f (x))  d( f (x)g(x))

vfUre :i ls ge fdlh v'kwU; F[x] ds fy;s f (x) dks g(x) esa o  t(x) dks
r(x) esa bl çdkj n'kkZrs gSa fd]

f (x) = t(x)g(x) + r(x)

tgk¡ ;k rks r(x) 'kwU; gS vFkok deg r(x) < deg g(x)

;fn deg f (x) < deg g(x) rks f (x) = 0. g(x) + f (x) ls ifj.kke vkrk gSA

vc eku ysa fd ifj.kke deg ds F[x] esa leLr ¼v'kwY;½ cgqinksa ds fy;s
okLrfod gS tks fd deg f (x) ls de gSA

ekuk fd] f (x) = a0 + a1 + ... + amxm

g(x) = b0 + b1x + ... + bnxn

 deg f (x)  deg g(x) eku ysa rks ifjHkkf"kr djsa fd]

f1(x)= f (x) – 1
m na b  xm – n  rks xm dk xq.kkad f1(x) esa am – 1

m na b . bn

= am – am = 0 gSA

;k rks f1(x) = 0 ¼'kwU; cgqin½ vFkok deg f1(x) < m

;fn f1(x) = 0 rks 0 = f (x) – 1a bm n xm – n g(x)

f (x) = 1a bm n xm–n g(x) + 0 izkIr gksrk gSA

vr% t(x) = 1a bm n xm – n o r(x) = 0 dks ekurs gq, ge visf{kr ifj.kke çkIr
djrs gSaA

eku ysrs gSa fd f1(x)  0 rks deg f1(x) < m

vFkkZr~ deg f1(x) < deg f (x)

izos'k.k ifjdYiuk (Induction Hypothesis) ds vuqlkj] f1(x) = t1(x) g(x) +
r(x)

tgk¡ ;k rks r(x) = 0 vFkok deg r(x) < deg g(x)

 f (x) – 1
m na b  xm – n g(x) = t1(x) g(x) + r(x)

vFkok f (x) = [ 1
m na b  xm – n + t1(x)] g(x) +r(x)

 = t(x)g(x) + r(x)

tgk¡ r(x)= 0 vFkok deg r(x) < deg g(x)

rFkk blh dkj.k F[x] ;qfDyMhu Mksesu gS ¼,oa blhfy;s PID Hkh gS½A

1- bl çdkj Q[x] ;qfDyMhu Mksesu (Euclidean Domain) gS tks fd {ks= ugha gSA
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2- n'kkZ;k tk ldrk gS fd mijksDr ifjHkkf"kr t(x) o r(x) vf}rh; gSaA

eku ysa fd f (x) = t(x) g(x) + r(x) tgk¡ r(x) = 0  vFkok deg r < deg g

rFkk f (x) = t(x) g(x) + r(x)  tgk¡ r(x) = 0 vFkok deg r < deg g

rks (x) g(x) + r(x) = t(x) g(x) + r(x)

                  g(t – t) = r – r ...(i)

eku ysa fd t(x)  t(x) rks t – t  0 ,oa bl çdkj blesa Js.kh  0 gSA

lehdj.k (i) ls   deg (g(t – t)) = deg (r – r)

 deg g +deg (t – t) = deg (r – r) ...(ii)

pw¡fd g(t – t) esa èkukRed Js.kh ( n) gS r – r 'kwU; ugha gks ldrh] vU;Fkk
g(t – t) vpj cgqin gksxk] vr% bldh Js.kh  n ugha gks ldrhA

r – r 'kwU; ugha gks ldrh r o r nksuksa ,dlkFk 'kwU; ugha gks ldrsA

vc lehdj.k (ii) dk L.H.S. deg g ls cM+k vFkok blds lerqY; gS

tcfd lehdj.k (ii) dk R.H.S.,  Max (deg r, deg r) < deg g gSA

pw¡fd ;fn nksuksa r o r v'kwU; gksa rks deg r < deg g

             deg r < deg g

  Max (deg r, deg r) < deg g

;fn r esa ls ,d 'kwU; gks rks vU; esa r ls de deg g gSA fdlh Hkh çdj.k
esa R.H.S. < deg g gksxkA

tks fd ,d fojksèkkHkkl gSA

bl çdkj t – t = 0  t = t

vr% lehdj.k (i) ls   r = r.

blh dkj.k vf}rh;rk dh iqf"V gksrh gSA

;fn F {ks= gks rks ;qfDyMhu Mksesu gksus ls F[x], PID gksxkA

;fn F ,d {ks= gks rks F[x] esa çR;sd vkn'kZ fl)kar (Ideal Principal)

gSA

ekuk R = {0, 1) mod 2 gks rks R[x] vifjfer lekdfyr (Infinite

Integral) Mksesu gSA ;fn f (x)  R[x] dksbZ vo;o gks ,oa]

;fn f (x) = ao + a1x + ..... + amxm

rks gekjs ikl gS]

2 f (x) = f (x) + f (x)

= (ao  ao) + (a1  a1) x + ..... + (am  am) xm

= 0 + 0.x + 0.x2 + .....

O(x) dk 'kwU; R[x] gSA
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bl çdkj 2 f (x) = 0  f  R[x]] gS] tks ;g n'kkZ jgk gS fd R[x] ifjfer
vfHky{k.k dk gS ¼Hkys gh ;g vifjfer gS½A ;g Hkh mYys[kuh; gS fd ch R = ch

R[x]A

R bZdkbZ ;qDr Øefofues; oy; gSA A, R dk vkn'kZ gSA n'kkZ;sa fd

[ ]

[ ]

R x R

A x A
 [x]

blh dkj.k vU;Fkk fl) gksrk vFkok ugha gksrk gSA

A, R  A[x] dk vHkkT; vkn'kZ (Prime Ideal) gS tks fd R[x] dk vHkkT;
vkn'kZ gSA

ekufp=.k  : R[x]  R

A
[x] bl çdkj ifjHkkf"kr djsa fd]

 ( f (x))= (ao + a1x + ..... + anx
n)

= (ao + A) + (a1 + A) x + ..... + (an + A)xn-----

rks  Li"Vr;k lqifjHkkf"kr gSA

;fn f (x) = ao + a1x + a2x
2 + .....

g(x) = bo + b1x + b2x
2 + .....

f (x)g(x) = co + c1x + c2x
2 + .....

rks  ( f (x) + g(x)) =  ((ao + bo) + (a1 + b1) x + .....)

= [(ao + bo) + A] + [(a1 + b1) + A] x + .....

= (ao + A) + (bo + A) + (a1 + A)x + (b1 + A) x + .....

= ((ao + A) + (a1 + A)x + .....) + ((bo + A) + (b1 + A)
x + .....)

= ( f (x)) + (g(x))

( f (x)g(x)) = (co + c1x + c2x
2 + .....)

= (co + A) + (c1 + A)x + .....

= (aobo + A) + (a1bo + aob1 + A)x + .....

= (ao + A) (bo + A) + [(a1bo + A) + (aob1 + A)]x + .....

= (ao + A) (bo + A) +

[(a1 + A) (bo + A) + (ao + A) (b1 + A)]x + .....

( f (x)) (g(x)) = [(ao + A) + (a1 + A)x + .....] [(bo + A) + .....]

= (ao + A) (bo + A) + [(a1 + A) (bo + A) + (ao + A) (b1 + A)]x + .....Hkh

 le:irk (Homomorphism) gSA

 vkPNknd gS tks fd  dh ifjHkk"kk ls Li"V gS ,oa blh dkj.k vkèkkjHkwr

çes; vuqlkj 
[ ]

Ker

R x R

θ A
 [x]
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vc f (x)  Ker ( f (x)) = (0 + A) + (0 + A) x + .....

 (a0 + A) + (a1 + A) x + ..... = (0 + A) + (0 + A) x + .....

lHkh i ds fy, ai + A = A

lHkh i ds fy, ai  A

f (x)  A[x]

blh dkj.k [ ]

[ ]

R x R

A x A
 [x]

vUrr% A, R dk vHkkT; vkn'kZ gSA

rks R

A
 ,d lekdfyr Mksesu gSA

  R

A
[x] lekdfyr Mksesu gSA

  [ ]

[ ]

R x

A x
 lekdfyr Mksesu gS D;ksafd rqY;kdkfjrk gSA

A[x], R[x] dk vHkkT; vkn'kZ gSA

 ;g Li"V gS fd ;fn A oy; R dk vkn'kZ gS rks A[x], R[x] dk vkn'kZ

¼vk/kkjHkwr vkn'kZ gSa (Kernels are Ideals)½ gSA

R bZdkbZ ;qDr Øefofues; oy; bl çdkj gks fd R[x], PID gS rks R

{ks= gSA

iwoZorhZ çes; vuqlkj 
[ ]R x

x 
 R

ge nkok djrs gSa fd < x >, R[x] dk egRre (Maximal) vkn'kZ gSA

eku ysa fd I dksbZ vkn'kZ bl çdkj gks fd < x >  I  R[x]

pw¡fd fdlh Hkh f (x) = a0 + a1x + ..... + anxn gsrq R[x], PID gSA

vc x  < x >  I = < f (x) >

fdlh Hkh g(x)  R[x] gsrq  x = f (x)g(x)

ftldk rkRi;Z ;g gS fd ;k rks f (x) = x,   g(x) = 1¼R[x] dh bZdkbZ gS]

vFkok f (x) = x, g(x) = –1, R

vFkok f (x) = 1,   g(x) = x

¼nwljk çdj.k –1 ds gksus ij in dh iwfrZ gksrh gS½

;fn f (x) = x, I = < f (x) >   I = < x >

;fn f (x) = x, I = < f (x) >   I = < x > = < x >

;fn f (x) = 1, I = < f (x) >  I = < 1 > = R[x]
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blh dkj.k < x > egÙke vkn'kZ (Maximal Ideal) gSA

vr% [ ]R x

x 
 ,d {ks= gSA

blh dkj.k R {ks= gSA

ekuk R bZdkbZ ;qDr Øefofues; oy; gks ,oa < x >,R[x] dk
vHkkT; vkn'kZ gSA n'kkZ;sa fd R lekdfyr Mksesu gksxk ghA

ekuk fd] a, b  R bl çdkj gS fd ab = 0

rks cgqin (0 + 1x + 0x2 + .....) + (a + 0x + 0x2 + .....)

o (0 + 1x + 0x2 + .....) + (b + 0x + 0x2 + .....) R[x] ls lEc) gSaA

  x + a, x + b  R[x]

  (x + a) (x + b)  R[x]

  x2 + x (a + b) + ab  R[x]

pw¡fd ab = 0, x2 + x(a + b) = x [x + a + b]  < x >

bl çdkj (x + a) (x + b)  < x >

 (x + a)  < x > or (x + b)  < x > as < x > vHkkT; vkn'kZ gSA

vc fdlh f (x)  R[x] gsrq (x + a)  < x >  x + a = xf (x)

= x (a0 + a1x + .....)

 a = 0

blh çdkj ;fn (x + b)  < x > rks b = 0

blh dkj.k R lekdfyr Mksesu gSA

n'kkZ;s fd vkn'kZ A = {xf (x) + 2g(x) | f (x), g(x)  Z[x]} ds
Z[x]  vkn'kZ fl)kar ugha gSA

eku ysa fd A, k(x), k(x)  Z[x] }kjk mRiUu vkn'kZ fl)kar gSA

pw¡fd x = x(1 + 0x + 0x2 + .....) + 2 (0 + 0x2 + .....)  A = <k(x)>

x = k(x) h(x)

2  < k(x) >  2 = k(x)t(x) ...(i) Hkh gSA

bl çdkj  xk(x)t(x) = 2k(x)h(x)

 2h(x) = xt(x)

 t(x) dk çR;sd xq.kkad ,d le iw.kkZad (Even Integers) gS]

vFkkZr~ fdlh r(x)  Z[x] gsrq t(x) = 2r(x)

 2 = 2k(x)r(x)

 r(x)k(x) = 1
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 1  < k(x) >

 < k(x) > = Z[x] ¼bZdkbZ ;qDr vkn'kZ½

 A = Z[x] tks fd okLrfod ugha gS A, Z[x] dk mfpr vkn'kZ (Proper

Ideal) gSA

n'kkZ;s fd mijksDr vkn'kZ A, Z[x] esa egÙke vkn'kZ gSA

ekuk fd] I vkn'kZ bl çdkj gS fd A  I  Z[x]A

pw¡fd A  I,  h(x)  I bl çdkj fd h(x)  AA

h(x) = bo + b1x + b2x
2 + ..... + bmxm gksa rks bo fo"ke gS D;ksafd ;fn -bo

le gks rks h(x)  A

h(x) = 2k + b1x + b2x
2 + ..... + bmxm = g(x) + xf (x)

bl çdkj h(x) = (2a + 1) + b1x + b2x
2 + ..... + bmxm

h(x) = g(x) + 1

 1 = h(x) – g(x)

 1  I  D;ksafd h(x)  I, g(x)  A  I

 I = Z[x]

 A ,d egÙke (Maximal) gSA

 ge vkn'kZ A ds fy, ladsru (Notation) (2, x) dk Hkh ç;ksx djrs gSaA

(Polynomials Over the Rational Fields)

ifjes; {ks= esa fHkUu (Fraction) a/b gksrs gSa tgk¡ a o b iw.kkZad gSa ,oa b  0 gSA ,sls

fHkUu (Fraction) dk ;ksT; O;qRØe (Additive Inverse) a/b ds lerqY; gS ,oa
xq.kkRed O;qRØe a  0, b/a ds lerqY; gSA {ks= vfHkx`ghr tSls fd forj.k'khyrk]
Øefofues;rk ,oa lac)rk ds fu;e ifjes; la[;kvksa ds ekud fo'ks"krkvksa esa ewy
LFkku esa gks tkrs gSaA

çdkj a
m
xm + a

m–1
 x

 
m–1 + …… + a

1
x + a

0
 = 0 ds lehdj.kksa ¼tgk¡ m

èkukRed iw.kkZad gS ,oa a ifjes; {ks= ds vo;o gSa½ dks x esa cgqin lehdj.k

(Polynomial Equations) dgk tkrk gSA

F dksbZ ifjes; {ks= gks rks a
m
xm + a

m–1
xm–1 + …. + a

1
x + a

0
 fdlh O;atd

çdkj a
m
, a

m–1
, … , a

1
, a

0
  F dks xq.kkadksa x ;qDr

(Indeterminate) x esa F ij  (Polynomial Over) dgk
tkrk gSA F esa xq.kkadksa ;qDr leLr cgqinksa ds leqPp; dks F[x] }kjk bafxr fd;k
tkrk gSA ;fn n lcls cM+k v_.kkRed iw.kkZad bl çdkj gks fd a

n
  0 rks ge dgrs

gSa fd cgqin f(x) = a
n
xn + … + a

0
 esa Js.kh n gS ftls deg(f(x)) = n  ds :i esa fy[kk

tk ldrk gS ,oa a
n
 dks f(x) dk vxz.kh xq.kkad (Leading Coefficient) dgk tkrk

gSA
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7- HkkxQy oy; D;k gS\

8- n'kkZ;sa fd 3[ ]x

I

Z  gksxk tgk¡ I = < x2 + x + 1 > lekdfyr Mksesu ugha gSA

9- n'kkZ;sa djsa fd bZdkbZ ;qDr lekdfyr Mksesu R ,d {ks= gS ;fn R[x], ,d
PID gSA

lekdfyr Mksesu (Integral Domain) R dks ;qfDyMhu Mksesu ¼vFkok ;qfDyMhu oy;½
dgrs gSa ;fn leLr a  R gsrq a  0] ogk¡ ifjHkkf"kr v_.kkRed iw.kkZad d(a) bl
çdkj gS]

(i) lHkh ds fy, a, b  R, a  0, b  0 ds fy, d(a)  d(ab)

(ii) lHkh ds fy, a, b  R, a  0, b  0 ds fy,  t rFkk r esa R bl çdkj fd

a = tb + r

tgk¡ r = 0 vFkok d(r) < d(b)A

iw.kkZadksa ds lekdfyr Mksesu < Z, +, . > dk fopkj djsaA fdlh 0  a  Z gsrq
d(a) = | a | ifjHkkf"kr djsa rks d(a) v_.kkRed iw.kkZad gSA

iqu% a, b  Z dqN vo;o bl çdkj gksa fd a  0, b  0

rks d(a) = | a |

d(ab) = | ab | = | a | | b |

bl çdkj d(a)  d(ab) D;ksafd | a |  | a | | b |

iqu% a, b  Z (a, b  0) ekusaA

eku ysa fd b > 0 rks bls bl çdkj fy[kuk lEHko gS a = tb + r

tgk¡   0  r < bt, r  Z

;fn   r  0 rks r < b  | r | < | b |

 d(r) < d(b)

;fn   b < 0 rks (– b) > 0,   t, r  Z bl çdkj fd a = (– b)t + r

tgk¡  0  r < – b

a = (– t) b + r

rFkk ;fn   r  0,  r < – b  | r | < | b |

 d(r) < d(b)

blh dkj.k] < Z, +, . > ;qfDyMhu Mksesu gSA

1- tc ge ifjHkk"kk esa ;g dgrs gSa fd fdlh  gsrq d(a) v_.kkRed iw.kkZad
0  a gS rks gekjk rkRi;Z d ls R – {0} Z+  {0} rd d Qyu gksrk gS tgk¡
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Z+ èkukRed iw.kkZadksa dk leqPp; gSA bl Qyu d dks R ij ;qfDyMhu ewY;
fuèkkZj.k dgk tkrk gSA ifjHkk"kk esa vfUre in dks ;qfDyMhu ,Yxksfjn~e
(Euclidean Algorithm) dgrs gSaA

2- ge n'kkZ ldrs gSa fd ;qfDyMhu Mksesu dh ifjHkk"kk esa vfUre ¼;qfDyMhu
,Yxksfjn~e½ in esa nf'kZr t o r vf}rh;r;k fuèkkZfjr gSa ;fn]

d(a + b)  Max. {d(a), d(b)}

ekusa fd   d(a + b)  Max. {d(a), d(b)} o

eku ysa fd   a = tb + r = t1b + r1

eku ysa   r1 – r  0 rks b(t – t1) = r1 – r  0 o t – t1  0

vc   d(b)  d(b(t – t1))

      = d(r1 – r)

 Max. {d(r1), d(–r)} ¼fn, x, in ds vuqlkj½

= Max. {d(r1), d(–r)}

 d(b) tks fd lEHko ughaA

bl çdkj r1 – r = 0  b(t – t1) = 0

vFkok t – t1 = 0  D;ksafd b  0

 t = t1  vkSj  r = r1

blds foijhr t o r dks vf}rh;r% fuèkkZfjr ekussa ,oa eku ysa fd dqN a, b gsrq
d(a + b) > Max. {d(a), d(b)} esa ¼v'kwU;½ gSA

vc b = 0(a + b) + b = 1 . (a + b) – a

d(– a) = d(a) < d(a + b) Hkh

,oa d(b) < d(a + b)

bl çdkj 1  R,  t = 0, r = b gsrq b bl çdkj fd b = t.1 + r, b = t1·1
+ r1

tgk¡ r  r1 ¼D;ksafd a + b  0½ t  t1, tks fd vf}rh;rk esa ,d fojksèkkHkkl
gSA

bl dkj.k d(a + b)  Max. (d(a), d(b))

 ;qfDyMhu Mksesu esa bZdkbZ gSA

R ;qfDyMhu Mksesu ekusa ,oa A, R dk vkn'kZ gks rks  ao  A bl çdkj
gS fd A = {aox | x  R}

;fn A = {0} ij ge ao = 0 eku ldrs gSaA

eku ysa fd A  {0} rks  de ls de 0  a  AA

ao  A dks bl çdkj ekusa fd d(ao) vYire (Minimal) gS ¼mPp dksfV ds
fl)kar dk vfLrRo (Existence of Well-ordering Principle)) }kjk lqfuf'pr gS
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ftlds vuqlkj v_.kkRed iw.kkZadksa ds çR;sd xSj&_.kkRed iw.kk±dksa esa lcls NksVk
vo;o gksrk gS½A

ge nkok djrs gSa fd A bl ao ls mRiUu gqvk gSA

ekuk a  A, a  0 gks rks ifjHkk"kkuqlkj  t, r  R bl çdkj gksxk fd]

a = aot + r Tkgk¡ ;k rks r = 0 vFkok d(r) < d(ao)

Ekku ysa fd r  0

rks ao  A, t  R  tao  A

            a  A, tao  A a – tao  A

 r A

ijUrq d(ao) A esa lcls NksVk d dk eku gS ,oa d(r) < d(ao) ftlls fd
fojksèkkHkkl gksrk gSA blh dkj.k]

r = 0

 a = tao

bl çdkj fdlh a  A dks :i tao esa j[kk tk ldrk gSA

 A  {aox | x  R}

ijUrq {aox | x  R}  A D;ksafd lHkh x  R ds fy, ao  A  xao  A

blh dkj.k A = {aox | x  R}

ftlls çes; fl) gqvkA

,slk vkn'kZ A ftlesa vo;o ao ds xq.kt varfoZ"V gSa bls ao ds lfgr
R dk vkn'kZ fl)kar dgk tkrk gS tks ao }kjk mRiUu gSA ge bls A = (ao) ls bafxr
djrs gSaA

vU; 'kCnksa esa R ds lcls NksVs vkn'kZ ¼ftlesa ao gS½ dks ao }kjk mRiUu
vkn'kZ fl)kar dgrs gSaA

;qfDyMhu Mksesu esa çR;sd vkn'kZ fl)kar vkn'kZ gSA

(Corollary) ;qfDyMhu Mksesu esa bZdkbZ gSA

ekuk fd] R ;qfDyMhu Mksesu gks rks R bldk vius vki esa vkn'kZ gS ,oa
blhfy;s R, R ds fdlh vo;o ro }kjk mRiUu gSA

bl çdkj R dk çR;sd vo;o ro dk xq.kt gSA

fo'ks"kr;k ro, ro dk xq.kt gSA

vFkkZr~ fdlh k  R ds fy, ro = rok

vc ;fn a  R dksbZ vo;o gks rks pw¡fd R = (ro)

fdlh x gsrq a = xro

blh dkj.k ak = (xro) k = x(rok) = xro = a

vFkkZr~  k, R dh bZdkbZ (Unity) gSA
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bZdkbZ ;qDr lekdfyr Mksesu R dks vkn'kZ fl)kar Mksesu ;k (PID) dgrs
gSa ;fn R dk çR;sd vkn'kZ ,d vkn'kZ fl)kar gks rksA

oLrqr% ;fn R iwoZorhZ in ds vuqlkj bZdkbZ ;qDr Øefofues; (Commutative)

oy; gksrk gS rks ge bls vkn'kZ fl)kar oy; (Principal Ideal Ring) dgrs gSaA

iwoZorhZ çes; o miçes; (Corollary) dks ns[kus ij gesa fuEukafdr dh çkfIr
gksrh gSA

;qfDyMhu Mksesu ,d ihvkbZMh gSA

bl çdkj fo'ks"kr;k iw.kkZadksa dh oy; < Z, +, . > ,d ihvkbZMh gSA ;g
ifj.kke LorU=r;k lkeus vkrk gS ;fn ge Lej.k djsa fd < Z, + , . > esa çR;sd
vkn'kZ ,d vkn'kZ fl)kar gSA

1- {ks= F lnk ,d ihvkbZMh gS D;ksafd blesa nks gh vkn'kZl F o {0} gSaA F,

1 }kjk o {0}, 0 }kjk mRiUu gSA

2- ;g n'kkZ;k tk ldrk gS fd ,sls ihvkbZMh Hkh gSa tks ;qfDyMhu Mksesu ugha gSaA
fo'ks"k :i lsA [ 19]Z  = { 19 | , }a b a b  Z  tgk¡ a, b nksuksa gh fo"ke
gSa vFkok nksuksa gh le gSa] ;g ihvkbZMh gS ijUrq ;qfDyMhu Mksesu ugha gSA

n'kkZ;s fd ihvkbZMh esa çR;sd v'kwU; vHkkT; vkn'kZ egÙke gSA

ekuk P = (p), p  0 gks] PID esa R v'kwU; vHkkT; vkn'kZ gks ,oa
P  Q = (q)  R eku ysa rks]

P  Q = (q)  R

p  P  Q = (q)

 p = qr

 qr  P

 q  P vFkok r  P

;fn q  P rks P  Q  P esa q ds leLr xq.kt gSa] bl çdkj Q = P

;fn r  P rks r = pt  r = qrt

 r(1 – qt) = 0

 1 = qt  (r  0)

fdUrq q  Q, t  R  qt  Q  1  Q  Q = R

 r = 0 dk vk'k; p = q . 0  p = 0  P = (0) ls gksxkA

( )
n

n

Z
, (n > 1) ds leLr vHkkT; vkn'kZ Kkr djsa ,oa blh dkj.k Zn

dks HkhA
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gesa fofnr gS fd A

N
 dk dksbZ vkn'kZ R/N çdkj dk gS tgk¡ A, R dk vkn'kZ

gS ftlesa N varfoZ"V gSA

ekuk fd (n) = N o n = p
1
1 p

2
2....p

r
r gS tgk¡ pi lqfu'pr vHkkT; gSA

  A

N
 dks 

N

Z dk dksbZ vHkkT; vkn'kZ ekusa rks A, Z dk vkn'kZ gSA ge n'kkZrs

gSa fd ;g Z dk vHkkT; vkn'kZ gSA pw¡fd A, Z dk vkn'kZ gS ;g çdkj A = (a) dk
gSA eku ysa fd A, Z dk vHkkT; vkn'kZ ugha gS rks  x, y Z bl çdkj gS fd xy

A ijUrq x o y, A esa ugha gSaA

vc xy  A  Nxy  A/N   NxNy  A/N

 Nx vFkok Ny  A/N D;ksafd A/N vHkkT; vkn'kZ gSA

 x vFkok y, A esa gS tks fd fojksèkkHkkl gSA

blh dkj.k A = (a) vHkkT; vkn'kZ gS ,oa bl çdkj a ,d vHkkT; gSA
(n)  (a) Hkh gSA pw¡fd n  (n)  (a) ge ikrs gSa fd a | n gSA

fdUrq n dks foHkkftr djrs vHkkT; p1, p2, ....., pr gSaA

bl çdkj leku i, 1  i  r ds fy;s a = pi gSA

blh dkj.k ;fn A/(n), 
( )n

Z  dk dksbZ vHkkT; vkn'kZ gks rks ;g dqN i,

1  i  r ds fy;s çdkj ( )

( )
ip

n
 dk gSA

blds foijhr çdkj ( )

( )
ip

n
, 1  i  r dk dksbZ vkn'kZ 

( )n

Z  dk vHkkT; vkn'kZ

gksxk D;ksafd /( )

( ) / ( ) ( )i i

n

p n p


Z Z A

pw¡fd (pi), Z dk vHkkT; vkn'kZ gS 
( )ip

Z  ,d lekdfyr Mksesu gSA

bl çdkj /( )

( ) / ( )i

n

p n

Z  ,d lekdfyr Mksesu gS ,oa blh dkj.k ( )

( )
ip

n
, 

( )n

Z  ds

vHkkT; vkn'kZ gSaA

tgk¡ pi , n dks foHkkftr djrs vHkkT; gSaA

bl çdkj ge fu"d"kZ ij vkrs gSa fd ;fn n = 1 2
1 2p p  .... r

rp

rks 1 2( ) ( )
,

( ) ( )

p p

n n
,..., 

( )

( )
rp

n
, 

( )n

Z  ds vHkkT; vkn'kZ gSaA
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vkius igys ns[kk gS fd  : 
( )n

Z
  Zn bl çdkj gSa fd]

(m + (n)) = m, 0  m < n ,d rqY;kdkfjrk gSA

vc ;fn P, 
( )n

Z  dk vHkkT; vkn'kZ gS rks (P), Zn dk vHkkT; vkn'kZ gSA

pw¡fd ( )

( )
ip

n
, 

( )n

Z  ds vHkkT; vkn'kZ gSa]  ds vèkhu buds izfrfcac Zn ds vHkkT;

vkn'kZ gSa] vFkkZr~ (p1), (p2) ,....., (pr), Zn ds vHkkT; vkn'kZ gSaA

1- fo'ks"kr;k Zp dk vHkkT; vkn'kZ ¼tgk¡ p vHkkT; gS½ (p) = (0) gS D;ksafd Zp

esa p = 0 gSA Lej.k djsa fd {ks= esa dksbZ xSj&ux.; vkn'kZ ugha gS ,oa Zp ,d
vkn'kZ gS tc p vHkkT; gSA

2- pw¡fd Z esa v'kwU; vkn'kZ vfèkdre (Maximal) gS ;fn ;g vHkkT; gS] iwoZorhZ
ifj.kke vfèkdre (Maximal) vkn'kZ ds fy;s Hkh leku çdkj ls fl) gks
ldrk gSA

n'kkZ;sa fd Z[i] = {a + ib | a, b  Z} xkÅfl;ku iw.kkZadksa (Gaussian

Integers) dh oy; ,d ;qfDyMhu Mksesu gSA

gesa fofnr gS fd Z[i] ,d lekdfyr iw.kkZad gSA

fdlh 0  x  Z[i] fy, gS] tgk¡  x = a + ib] ifjHkkf"kr djsa fd]

d(x) = d(a + ib) = a2 + b2

rks pw¡fd x  0] ;k rks a  0 vFkok b  0

bl çdkj d(a + ib) = a2 + b2 > 0

vc eku ysa x, y  Z[i] bl çdkj gS fd x  0, y  0 o eku ysrs gSa fd
x = a + ib,  y = c + id

rks d(xy) = d((a + ib) (c + id)) = d((ac – bd) + i(ad + bd))

= (ac – bd)2 + (ad + bc)2

= (a2 + b2) (c2 + d2)

= d(x) d(y)

pw¡fd y  0, d(y)  1 dk rkRi;Z gS fd y  0 vFkok c, d v'kwU; gSA

bl çdkj d(xy)  d(x)

ge vc ;qfDyMhu Mksesu dh ifjHkk"kk esa vfUre in fl) djrs gSaA

ekuk x, y  Z[i] nks vo;o gSa tgk¡ x lk/kkj.k èkukRed iw.kkZad n (x = n + io)

o y = a + ib gSA



oy; ,oa {ks=

Lo&vfèkxe 215

ikB~; lkexzh

;wfDyM foHkktu ,Yxksfjn~e ds vuqlkj (By Euclid's Division Algorithm)

a = un + r1 0  r1 < n

b = vn + r2 0  r2 < n

vc 1 2

n
r   vFkok 1 2

n
r 

;fn 1 2

n
r   rks 1 2

n
r  

   1 2

n
n r n    = 

2

n

bl çdkj a = un + r1 = un + n – n + r1

= n(u + 1) – (n – r1)

= nq + k1 tgk¡ k1 = – (n – r1)

| k1 | = 1 2

n
n r 

bl çdkj 1 2

n
r   gks vFkok 12

n
r

ge a = nq + k1 O;Dr dj ldrs gSa tgk¡ 1| |
2

n
k 

blh çdkj b = nq + k2 tgk¡ 2| |
2

n
k 

vFkkZr~ a + ib = n(q + iq) + (k1 + ik2)

vFkok y = tn + r [t = q + iq,  r = k1 + ik2]

tgk¡ ;k rks r = 0 ¼k1 o k2 'kwU; gks ldrs gSa½A

vFkok d(r) = d(k1 + ik2) = 
2 2

2 2 2
1 2 4 4

n n
k k n     = d(n)

bl çdkj bl çdj.k fo'ks"k esa ifj.kke fl) gqvkA

vc eku ysa fd x, y  Z[i] nks v'kwU; vo;o gksa rks xx  dk ,d èkukRed
iw.kkZad] n eku ysrs gSaA

ge iwoZorhZ fl) ifj.kke dks yx  o n esa iz;ksx djrs gSa ,oa Kkr djrs gSa fd]
yx  o n gsrq  t, r Z[i] bl çdkj fd yx  = tn + r

tgk¡ r = 0 vFkok d(r) < d(n)

;fn r = 0 rks yx  = tn = txx   y = tx + 0

;fn d(r) < d(n) rks d( yx  – tn) < ( )d xx

 d( yx  – txx ) < d(x) ( )d x

 ( )d x  d(y – tx) < d(x) ( )d x
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 d(y – tx) < d(x)  [ ( )d x  > 0]

y – tx = ro ds eku dks j[ksa rks d(ro) < d(x)

vr% y = tx + ro tgk¡ d(ro) < d(x) dks la;qDr djus ij ge ikrs gSa fd]

y = tx + ro, tgk¡ ro = 0 vFkok d(ro) < d(x)

blh dkj.k ifj.kke fl) gqvkA

n'kkZ;s fd [ 2]Z  = { 2 | , } Za b a b  ,d ;qfDyMhu Mksesu gSA

;g ljyrk ls ns[kk tk ldrk gS fd [ 2]Z  ,d lekdfyr Mksesu gSA

ekufp=.k : [ 2] {0}d  Z Z  ifjHkkf"kr bl çdkj djsa fd]

( 2 )d a b  = | a2 – 2b2|

rks  | a2 – 2b2 |  1 tgk¡ a2 – 2b2 = 0  2  = 
a

b
 tks fd lEHko ugha gSaA

iqu% d[(a + 2 b) (c + 2 d)]

= [( 2 ) 2 ( )]d ad bd ad bc  

= | (ac + 2bd)2 – 2 (ad + bc)2 |

= | (a2 – 2b2) (c2 – 2d2) |

= | a2 – 2b2| | c2 – 2d2 | ...(i)

 | a2 – 2b2| = ( 2 )d a b

vFkkZr~ ( 2 ) [( 2 ) ( 2 )]d a b d a b c d   

vc eku ysa fd 2a b  o 2c d , [ 2]Z  ds nks vo;o gksa ,oa eku ysa

fd 2 0,c d   rks

2

2

a b

c d




= 
2 2

( 2 ) ( 2 )

2

a b c d

c d

 


 = 2 2 2 2

2( )

2 2

ac bd bc ad

c d c d

 


 

= 2m n ¼dgrs gSa½

rnqijkUr m o n ifjes; gSaA

vc m = [m] + tgk¡ [m] ,slk lcls cM+k iw.kkZad gS tks m ls cM+k ugha gS
,oa m dk fHkUukRed Hkkx (Fractional Part) gSA

;fn 1
0 ,

2
    p = [m] ysrs gSa rFkk ;fn 1,

1

2
  rks p = [m] + 1 dks ysrs gSaA

bl çdkj  iw.kkZad p bl çdkj gS] 
1

| |
2

m p 

blh çdkj ge çkIr dj ldrs gSa fd iw.kkZad q bl çdkj gS] | n – q |  
1

2
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m – p = , n – p =  j[ksa rks 1 1
| | , | |

2 2
   

rnqijkUr 2

2

a b

c d




= ( ) 2 ( )p q    

 2

2

a b

c d




= ( 2 ) ( 2 )p q    

         2a b = ( 2 ) ( 2 ) ( 2 ) [( ) 2( )]c d p q c d m p n q      

tgk¡ ( 2 ) [ 2]p q Z  D;ksafd p, q iw.kkZad gSaA

bl çdkj ge 2a b = ( 2 ) ( 2 )c d p q r    fy[k ldrs gSa]

tgk¡ r = ( 2 ) [( ) 2 ( )]c d m p n q   

,oa pw¡fd r = ( 2 ) ( 2 ) ( 2 )a b c d p q   

 r  [ 2]Z

vc ;fn r  0, d(r)  = [( 2 ){( ) ( ) 2}]d c d m p n q   

= [( 2 )][ (( ) 2( ))]d c d d m p n q   

lehdj.k (i) dk ç;ksx djrs gq, ;gk¡ mYys[kuh; gS fd lehdj.k (i) dks
fl) djus esa gekjs fy;s ;g vko';d ugha gS fd a, b, c, d iw.kkZad gksaA

 d(r)= | c2 – 2d2 | | (m – p)2 – 2 (n – q)2 |

 | c2 – 2d2 | | (m – p)2 + 2 (n – q)2 |

 2 2 1 2
| 2 |

4 4
c d 

 | c2 – 2d2 | = ( 2 )d c d

blh dkj.k 2 , 2 [ 2] 2 , [ 2]a b c d p q r      gsrq 2 , 2 [ 2] 2 , [ 2]a b c d p q r     Z Z  bl çdkj]

( 2 )a b = ( 2 ) ( 2 )c d p d r  

tgk¡ ;k rks r  = 0 vFkok ( ) ( 2 )d r d c d 

n'kkZ;k tk jgk gS fd [ 2]Z  ;qfDyMhu Mksesu (Euclidean Domain) gSA

a, b ;qfDyMhu Mksesu R ds nks v'kwU; vo;o gSaA ;fn b, R esa a bZdkbZ
ugha gks rks d(a) < d(ab)A

eku ysa fd b bZdkbZ ugha gS rks R   t esa a, ab ds fy;s r  R bl çdkj
gS fd]

a = tab + r

tgk¡ ;k rks r = 0 vFkok d(r) < d(ab)

;fn r = 0 rks a = tab  a (1 – t b) = 0
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 tb = 1 vFkok b bZdkbZ gS tc fd ,slk gS ughaA

bl çdkj r  0 o d(r) < d(ab)

vc r = a – tab = a(1 – tb)

blh dkj.k d(a)  d(a(1 – tb)) = d(r) < d(ab)

 ;fn a, b ;qfDyMhu Mksesu R ds v'kwU; vo;o gksa rks d(a) = d(ab)

;fn b bZdkbZ gSA

;fn b bZdkbZ gS rks  c bl çdkj gS fd bc = 1

vc d(a) d(ab)  d((ab)c) = d(a)

 d(a) = d(ab)

bldk foijhr iwoZorhZ çes; ls laHko gSA

n'kkZ;sa fd x ;qfDyMhu Mksesu esa vo;o ,d bZdkbZ gS ;fn dsoy
;fn d(x) = d(1)A

eku ysa d(x) = d(1).

eku ysrs gSa fd x bZdkbZ ugha gS rks iwoZorhZ çes; vuqlkj]

d(1) < d(1 . x)

a = 1, b = x j[kus ij dks eku ysa vFkkZr~ d(1)  < d(x)

tks fd ,d fojksèkkHkkl gS

vr% x bZdkbZ gSA

blds foijhr x, R esa bZdkbZ gS rks  y  R bl çdkj gS fd]

xy = 1

vc d(x) d(xy) ¼ifjHkk"kkuqlkj½]

 d(x)  d(1)

d(1)  d(1 . x) Hkh

 d(1)  d(x)

blh dkj.k d(x) = d(1)

;qfDyMhu Mksesu R ds nks v'kwU; vo;oksa a,b esa egRre mHk;fu"B Hkkx
(Greatest Common Division) d gS ,oa ,slk fy[kk tk ldrk gSA

dqN , R gsrq d = a + b

A = {ra + sb | r, s  R} eku ysa rks A, R dk ,d vkn'kZ bl çdkj gS]

0 = 0. a + 0. b  A  A  

x, y  A eku ysaA

 x = r1a + s1b,  y = r2a + s2b      r1, r2, s1, s2  R
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bl çdkj x – y = (r1 – r2)a + (s1 – s2)b  A

iqu%  x  A, r  R, x = r1a + s1b

 rx = r(r1a + s1b) = (rr1)a + (rs1)b  A n'kkZ jgk gS fd A, R

dk vkn'kZ gSA

pw¡fd ;qfDyMhu Mksesu PID gS] A fdlh vo;o ¼tSls fd d½ }kjk mRiUu
gksxkA

ge nkok djrs gSa d  = g.c.d.(a, b)

vc fdlh ,   R ds fy, d  A  d = a

iqu% pw¡fd a  = 1.a + 0. b  A

b = 0 . a + 1 . b  A

¼  ;qfDyMhu Mksesu gksus ls R esa bZdkbZ gS½

vr% fdlh Hkh   R ds fy, a  A, A = (d)  a = d

fdlh Hkh   R ds fy, b  A, A = (d)  b = d

 d | a o d | b

iqu% ;fn c | a ,oa c | b rks c | a,  c | b   c | a + b

vFkkZr~ c | d  d = g.c.d.(a, b)

1- vc çes; Li"Vr;k PID ;k ihvkbZMh esa gS ,oa PID esa vkxkeh ftl ifj.kke
dks geus fl) fd;k og ;qfDyMhu Mksesu esa gSA

2- blh çdkj ;g n'kkZ;k tk ldrk gS fd ;qfDyMhu Mksesu (PID) a1, a2 ..., an

esa v'kwU; vo;oksa R ds fdlh ifjfer la[;k esa g.c.d. gS ftls :Ik 1a1 +

2a2 + ... + n an, i  R esa j[kk tk ldrk gSA

a, b esa fdUgha nks v'kwU; vo;oksa PID R esa y?kqre mHk;fu"B xq.kt
(Least Common Multiple) gSA

a o b }kjk mRiUu vkn'kZ A = (a), B = (b) gSa

rks A  B, PID R dk vkn'kZ gSA eku ysa fd ;g l }kjk mRiUu gSA

ge n'kkZrs gSa fd l = L.C.M.(a, b),

vc A  B  A, A  B  B

fdlh Hkh u ds fy, l  (l)  l  (a)  l = au

fdlh Hkh  v ds fy, l  (l)  l  (b)  l = bv

 a | l o b | l

iqu% eku ysa fd a | x o b | x,

 x = a, x = b ,   R

 x  (a), x  (b)
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 x  A  B = (l)

 x = kl  l | x

blh dkj.k l = L.C.M.(a, b)

bZdkbZ ;qDr lekdfyr Mksesu R esa a, b ¼v'kwU;½ dks lgvHkkT; vFkok
vkis{kkÑr (Prime) dgk tkrk gS ;fn egRre mHk;fu"B Hkkx (a, b), R esa bZdkbZ gSA

(Prime) (Irreducible Element)

R bZdkbZ ;qDr Øefofues; oy; gksA vo;o pR dks vHkkT; vo;o
(Prime Element) ekuk tkrk gS ;fn%&

(i) p  0, p bZdkbZ ugha gSA

(ii) fdlh a, b  R ds fy;s ;fn p | ab rks p | a or p | b

R bZdkbZ ;qDr Øefofues; (Commutative) oy; ekusaA vo;o p  R dks
vy?kqdj.kh; vo;o (Irreducible Element) dgk tkrk gS ;fn]

1. p  0, p bZdkbZ ugha gSA

2. tc Hkh p = ab rks a vFkok b esa dksbZ ,d bZdkbZ gksxh gh ¼vU; 'kCnksa esa p

esa mfpr dkjd ugha gSa½A

iw.kkZadksa dh oy; < Z, +, · > esa çR;sd vHkkT; la[;k (Prime Number)

vHkkT; vo;o (Prime Element) o vy?kqdj.kh; vo;o (Irreducible Element)

nksuksa gksrh gSA

oy; [ 5]Z  = { 5 | , }  a b a b Z  dk fopkj fuEukafdr ifjHkk"kkuq:i
lafØ;kvksa (Operations) ds vèkhu djsa]

( 5 )a b   + ( 5 )c d   = (a + c) + 5( )b d 

( 5 )a b  . ( 5 )c d   = (ac – 5bd) + 5( )ad bc 

(i) ge n'kkZrs gSa fd 5  vHkkT; vo;o (Prime Element) gSA

5   0 ;g ,d bZdkbZ Hkh gS D;ksafd ;fn ;g bZdkbZ gqbZ rks  5a b   bl

çdkj gksxk fd 5( 5 )a b    = 1

Tkks fd lEHko ugha gS D;ksafd  5 = 1 + 5b iw.kkZad gS tcfd R.H.S. ,d
iw.kkZad gS vkSj L.H.S. ,d iw.kkZad ugha gSA

Ekku ysa fd vc 5  ls ( 5 )( 5 ),   a b c d  foHkkftr gksrk gS rks 

( 5 )x y   bl çdkj fd]

5( 5 )x y    = ( 5 )a b  ( 5 )c d 

rqyuk djus ij ftlls gesa feyrk gS]

 –5y = ac – 5bd
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5(bd – y) = ac  5 | ac

fdUrq 5 vHkkT; la[;k (Prime Number) gS

5 | a vFkok 5 | c

;fn 5 | a rks ( 5)( 5) | a 

 5 | a

 5 | 5a b  

blh çdkj ;fn 5 | c rks 5 | 5c d  

blh dkj.k 5  vHkkT; vo;o (Prime Element) gSA

(ii) ge vkxs n'kkZrs gSa fd 3 ,d vy?kqdj.kh; vo;o (Irreducible Element) gS tks
fd vHkkT; (Prime) ugha gSA

eku ysa fd 3 = ( 5 )a b  ( 5 )c d  , a, b, c, d  Z

la;qfXer eku ysus ij ge ikrs gSa 3  = ( 5 )( 5 )   a b c d

bl çdkj 3.3  = (a2 + 5b2)(c2 + 5d2)

vFkkZr~ 9 = (a2 + 5b2)(c2 + 5d2)

vc a2 + 5b2  = 3 lEHko ugha D;ksafd a, b  Z

;fn a2 + 5b2  = 1 rks a = ± 1 vkSj b = 0 bZdkbZ

;fn a2 + 5b2 = 9 rks a2 + 5d2 = 1] blls c = ± 1 o d = 0 feyrk gSaA

bl çdkj ;fn a2 + 5b2 = 1 rks 2 5 a b  = ±1 bZdkbZ gSA

,oa ;fn a2 + 5b2 = 9 rks 5c d   = ± 1 bZdkbZ gSA

blh dkj.k 3 [ 5].Z  dk vy?kqdj.kh; vo;o (Irreducible Element) gSA

vc (2 5)(2 5)     = 9 ,oa bl çdkj 3 | (2 5)(2 5)   

ge n'kkZrs gSa fd ;g buesa ls fdlh dks foHkkftr ugha djrkA eku ysa fd

3 | (2 5)   esa [ 5]Z

rks (2 5)   = 3 ( 5 )a b  a, b  Z

 2 5  = 3( 5 )a b 

 9 = 9 (a2 + 5b2)

 1 = a2 + 5b2  a = ± 1, b = 0

 2 + 5 = ±3 tks fd lEHko ugha gSA

bl çdkj 3  (2 5)  A blh çdkj 3  (2 5) 

blh dkj.k 3,  [ 5]Z  dk vHkkT; vo;o (Prime Element) ugha gSA
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[ 5]Z  dh leLr bZdkb;k¡ Kkr djsaA

eku ysa fd 5a b   esa [ 5]Z  bZdkbZ gSA

rnqijkUr dqN c, d  Z gsrq ( 5 )( 5 )   a b c d  = 1 5 . 0 

vr% ( 5 )( 5 )a b c d     = 1  = 1

Z esa (a2 + 5b2)(c2 + 5b2) = 1 fn;k gSA

 a2 + 5b2 = 1  a = ±1, b = 0

bl çdkj 5a b   = ±1, [ 5]Z  esa bZdkbZ;k¡ gSaA

fuEukafdr çes; esa vy?kqdj.kh; vo;o ,oa vHkkT; (Prime) dh ^fudVrk*
(Closeness) çnf'kZr gksrh gSA

PID esa ,d vo;o vHkkT; gS ;fn dsoy ;fn ;g vy?kqdj.kh; gksA

ekuk D dks PID o p  D dks vHkkT; vo;o ekusaA gesa ;gh fl) djus
dh vko';drk gS fd ;fn p = ab rks a vFkok b bZdkbZ gSA

vr% p = ab rks p | ab  p | a vFkok  p | b ¼p vHkkT; gS½A

;fn p | a rks fdlh Hkh a = px ds fy, x

vr% p = ab = (px)b

 p(1 – xb) = 0

 1 – xb = 0 D;ksafd p  0

xb = 1  b ,d bZdkbZ gSA

blh çdkj ;fn p | b rks a ,d bZdkbZ gksxhA

blds foijhr p dks vy?kqdj.kh; vo;o ekusa ,oa p | ab eku ysaA ge n'kkZrs
gSa fd p | a vFkok p | bA

;fn p | a] gekjs ikl fl) djus dks dqN ugha gSA

Ekku ysa fd p  a

Pkw¡fd p, a PID ds vo;o gSa buesa egRre mHk;fu"B Hkkx d gSA

ge n'kkZrs gSa fd d bZdkbZ gSA

vc d | p o d | a

  u, v bl çdkj gS fd p = du, a = dv

;fn d bZdkbZ u gks rks pw¡fd p vy?kqdj.kh; gS ,oa p = du] u bZdkbZ gksxkA

 u–1 fo|eku~ gSA

 pu–1 = d

 a = pu–1v  p | a tcfd ,slk gS ughaA

bl çdkj d bZdkbZ gSA
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iqu% gesa fofnr gS fd d dks bl çdkj O;Dr fd;k tk ldrk gS]

d = a + p

ftlls feyrk gS]

dd–1 = d–1a + d–1p

 b . 1 = d–1ab + d–1bp

p | ab, p | d–1 bp

ijUrq p | (abd–1 + d–1bp)

 p | b

blh dkj.k ;g ifj.kke lkeus vkrk gSA

bZdkbZ ;qDr lekdfyr Mksesu esa çR;sd vHkkT; vo;o vy?kqdj.kh; gSA
bldk foykse okLrfod ugha gSaA

oy; Z6 = {0, 1, 2, 3, 4, 5} mod 6 dk fopkj djsaA

2, Z6 esa ,d vHkkT; vo;o gS fdUrq vy?kqdj.kh; ugha gSA

2 fu'p; gh v'kwU;] xSj&bZdkbZ (Non-Unit) gSA

eku ysa fd 2 | a  b

pw¡fd fdlh Hkh ab = 6q + a  b ds fy, q gSA

rFkk pw¡fd 2 | 6q, 2 | a  b] ge çkIr djrs gSa 2 | ab

 2 | a  ;k 2 | b

 2 | a  ;k 2 | b esa Z6

blh dkj.k 2 vHkkT; vo;o gSA

iqu% pw¡fd 2  4 = 2, tgk¡ 2 o 4 dksbZ Hkh bZdkbZ ugha gS] ge ikrs gSa fd 2
vy?kqdj.kh; ugha gS ¼/;ku ns% Z6 lekdfyr Mksesu ugha gS½A

R ,slk ihvkbZMh gks tks fd {ks= ugha gS rks vkn'kZ A = (ao) egRre
vkn'kZ gS ;fn dsoy ;fn ao vy?kqdj.kh; vo;o gksA

A = (ao) dks egRre vkn'kZ eku ysrs gSaA

(i) ao  0

eku ysa fd ao = 0 rks pw¡fd R {ks= ugha gS]  y?kqRre 0  b  R ¼tSls fd
b–1½ fo|eku~ ugha gSA B = (b) eku ysrs gSa ,oa pw¡fd ao = 0, A = (0)

,oa (0)  B  R  A  B  R

vc B  A D;ksafd b  B, b  0 o A = (0)

B  R D;ksafd 1 R, ijUrq 1  B

 ;fn 1  B = (b) rks  dksbZ x bl çdkj gS 1 = bx

;g n'kkZ jgk gS fd b O;qRØe.kh; (Invertible) gS tc fd ,slk gS ughaA
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blh dkj.k ao  0

(ii) ao bZdkbZ ugha gSA

eku ysrs gSa fd ao bZdkbZ gS rks aoao
–1 = 1

ao  A, ao
–1  R  aoao

–1  A

 1  A

 A = R

tks fd lEHko ugha gS D;ksafd A egRre gSA

bl çdkj ao bZdkbZ ugha gSA

(iii) vc fdlh Hkh b, c  R ds fy, ao = bcA ge n'kkZrs gSa fd b vFkok c

bZdkbZ gSA

eku ysrs gSa fd B = (b)

pw¡fd ao = bc, ao  B

ao ds leLr xq.kt B esa gSaA

A  B

ijUrq A egRre gS] bl çdkj ;k rks B = R vFkok B = A

;fn B = R rks 1  B = (b) D;ksafd 1  R

fdlh Hkh x ds fy, 1 = xb

b bZdkbZ gSA

;fn B = A rks b  A = (ao)

fdlh Hkh y ds fy, b = yao

 ao = bc = yaoc

 ao – yaoc = 0

 ao(1 – yc) = 0

 1 – yc = 0 (tSls ao  0)

c bZdkbZ gSA

blh dkj.k ifj.kke fl) gqvkA

blds foijhr ao dks vy?kqdj.kh; vo;o ekusaA

ge n'kkZrs gSa fd A = (ao) egRre gSA

I dks dksbZ vkn'kZ bl çdkj ekusa fd A  I  R

pw¡fd R ihvkbZMh (PID) gS] I fdlh vo;o x }kjk mRiUu gSA

vc x  A D;ksafd ;fn x  A rks (x)  A

vFkkZr~ I  A ijUrq A  I dk rkRi;Z A = I gqvk tks fd ,slk gS ughaA

bl çdkj x  A



oy; ,oa {ks=

Lo&vfèkxe 225

ikB~; lkexzh

iqu% A = (ao)  I

fdlh y gsrq  ao = xy

ao x vy?kqdj.kh; gS vFkok y bZdkbZ gSA

;fn y bZdkbZ gS rks yy–1 = 1

rFkk ao= xy

 aoy
–1 = x

ijUrq ao  A, y–1  R  aoy
–1  A

 x  A, tks fd okLrfod ugha gSA

bl çdkj y bZdkbZ ugha gSA

vr% x bZdkbZ gS ,oa xx–1 = 1

vc x  I,  x–1  R,  I ,d vkn'kZ gSA

xx–1  I  1  I  I = R, A, R dk egRre vkn'kZ gSA

 Lej.k djsa fd {ks= F esa nks gh vkn'kZl F o {0} gSaA F egRre ugha gS
,oa 0 vy?kqdj.kh; ugha gSA

ekuk fd] R bZdkbZ ;qDr lekdfyr Mksesu gks rks R dks vf}rh; xq.ku[kaM
Mksesu (Unique Factorization Domains) ¼;w,Q+Mh ;k UFD½ dgk tkrk gS ;fn]

(i) R ds çR;sd v'kwU;] xSj&bZdkbZ vo;o a dks R ds vy?kqdj.kh; vo;oksa dh
ifjfer la[;k ds xq.ku ds :i esa O;Dr fd;k tk ldsA

(ii) ;fn a = p1p2 ..... pm

    a = q1q2 ..... qn

tgk¡ pi o qj, R esa vy?kqdj.kh; gksa rks m = n ,oa çR;sd pi fdlh qj dk lac)
gSA

¼okLro esa qi dks bl çdkj fy[kuk lEHko gks tk;sxk fd çR;sd pi] qi dk
lac) gksxk½A

mnkgj.kkFkZ] iw.kkZadksa dh oy; < Z, + , · > ,d ;w,Q+Mh gSA gesa fofnr gS fd ;g
bZdkbZ ;qDr lekdfyr Mksesu gSA ;fn n  Z, vFkkZr] n  0, ±1 dk dksbZ v'kwU;]
xSj&bZdkbZ vo;o Z gks rks ;fn n > 0 rks ge fy[k ldrs gSaA

n = 1
1p
 2

2p


..... mpm
  tgk¡ pi vHkkT; gSaA

 n = (p1p1 ..... p1) (p2p2 ..... p2) ..... (prpr ..... pr)

vFkok n, Z ds vHkkT; ¼,oa bl çdkj vy?kqdj.kh;½ vo;oksa dk xq.ku gSA
iqu% n dk ;g fu:i.k (Representation) vf}rh; gS ¼vadxf.kr ds vkèkkjHkwr çes;
ls (By Fundamental Theorem of Arithmetic)½A
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ftl çdj.k esa n < 0] eku ysa fd n = (– m) gS] tgk¡ m > 0 rks ge Z dks
m esa vHkkT; ¼blhfy;s vy?kqdj.kh;ksa½ ds xq.ku ds :i esa O;Dr dj ldrs gSaA

m = q1q2 ..... qk ekusa

rks (–m) = n = (–q1) (q2) ..... (qk)

{ks= < F, +, · > lnk ;w,Q+Mh gS D;ksafd blesa v'kwU;] xSj&bZdkbZ vo;o ugha
gSaA

[ 5]Z  ,d lekdfyr Mksesu gS tks fd ;w,Q+Mh ugha gSA

46  [ 5]Z  xSj&bZdkbZ] v'kwU; vo;o gS ,oa ge bls vy?kqdj.kh;ksa ds

xq.ku ds :i esa nks jhfr;ksa esa O;Dr dj ldrs gSa]

46 = 2 . 23

46 = (1 3 5)(1 3 5)   

fdUrq 2] 1 3 5   vFkok 1 3 5   dk lac) ugha gSA blh dkj.k [ 5]Z

;w,Q+Mh ugha gSA

 [ 5]Z  esa vy?kqdj.kh; gS ijUrq vHkkT; ugha ,oa bl çdkj vkxkeh

çes; ds ç;ksx ls [ 5]Z  ;w,Q+Mh ugha gks ldrkA

;w,QMh esa R vo;o ,d vHkkT; gS ;fn ;g vy?kqdj.kh; gSA

a  R dksbZ vHkkT; vo;o gks rks pw¡fd R bZdkbZ ;qDr ,d lekdfyr Mksesu
gS] a vy?kqdj.kh; gksxkA

blds foijhr a  R vy?kqdj.kh; gks rks a v'kwU;] xSj&bZdkbZ gSA a | bc eku
ysa rks fdlh Hkh k ds fy, bc = akA

 b bZdkbZ gS rks]

c = akb–1 = a (kb–1)  a | c

 c bZdkbZ gS rks blh çdkj a | b gSA

 b, c xSj&bZdkbZ gSaA

;fn k bZdkbZ gS rks bc = ak

 a = b(ck–1)

pw¡fd a vy?kqdj.kh; gS] b vFkok ck–1 ,d bZdkbZ gS ijUrq b bZdkbZ ugha gSA
bl çdkj ck–1 bZdkbZ gSA

ijUrq bldk rkRi;Z gqvk fd c ,d bZdkbZ gS tks fd iqu% vokLrfod gSA blh
dkj.k k bZdkbZ ugha gSA bl çdkj ge O;Dr dj ldrs gSa]

b = p1p2 ..... pm.

c = q1q2 ..... qn

k = r1r2 ..... rt

vy?kqdj.kh;ksa ds xq.kuksa ds :i esa ¼;w,Q+Mh dh ifjHkk"kkuqlkj½A
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vr% bc = ak, p1p2 ..... pm q1q2 ..... qn = ar1 r2 ..... rt = x esa :ikUrfjr gks
tkrk gSA

rnqijkUr x ,slk vo;o gS ftlesa vy?kqdj.kh; vo;oksa ds xq.kuksa ds :i esa
nks fu:i.k gSaA ;w,QMh dh ifjHkk"kkuqlkj ,d fu:i.k esa çR;sd vo;o vU; fUk:i.k
esa fdlh vo;o dk lac) gSA

pi fdlh qj vFkok fdlh a dk lac) gSA

fdlh Hkh bZdkbZ u ds fy, ua = pi vFkok ua = qj

a | pi vFkok a | qj

 a | b vFkok a | c  (pi | b, qj | c)

a vHkkT; vo;o gSA

;fn R bZdkbZ ;qDr ,d lekdfyr Mksesu gS ftlesa çR;sd v'kwU;]
xSj&bZdkbZ vo;o vy?kqdj.kh; vo;oksa dk ,d ifjfer xq.ku gS ,oa çR;sd
vy?kqdj.kh; vo;o ,d vHkkT; gS rks R ;w,Q+Mh gSA

R ,d ;w,Q+Mh gS ;g n'kkZus ds fy;s gesa ;g fl) djus dh vko';drk
gS fd ;fn a  R v'kwU;] xSj&bZdkbZ vo;o gS ,oa a = p1p2 ..... pm = q1q2 ..... qn

gS] tgk¡ pi o qj vy?kqdj.kh; vo;o gSa rks m = n rFkk çR;sd pi  fdlh qj dk ,d
lac) gSA

ge n ij izos'k.k dk ç;ksx djrs gSaA

n = 1 ekusa rks a = p1p2 ..... pm = q1 ,oa pw¡fd q1 vy?kqdj.kh; gS blfy;s
dksbZ pi ,d bZdkbZ gS ijUrq vy?kqdj.kh; gksus ls çR;sd pi bZdkbZ ugha gks ldrkA
bl çdkj m = 1

vr% a = p1 = q1 vFkok ifj.kke n = 1 gsrq okLrfod gSA bls n – 1 gsrq
okLrfod eku ysrs gSaA

vc eku ysa a = p1p2 ..... pm = q1q2 ..... qn

rks p1p2 ..... pm = q1(q2 ..... qn)

 q1 | p1p2 ..... pm

pw¡fd q1 vy?kqdj.kh; gS vr% ;g vHkkT; gS ¼fn;s x;s in ds vuqlkj½A

fdlh Hkh i ds fy, q1 | pi

O;kidrk dh gkfu gq, fcuk ge eku ldrs gSa fd i = 1

rks  q1 | p1  p1 = q1u1

fdUrq p1 vy?kqdj.kh;  q1 vFkok u1 ,d bZdkbZ gSA

pw¡fd q1 bZdkbZ ugha gS ¼vy?kqdj.kh; gS½] u1 bZdkbZ gksxk ,oa bl çdkj p1,

q1 lac) gSaA

vc (q1u1)p2p3 ..... pm = q1q2 ..... qn
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vFkok (u1p2)p3 ..... pm = q2q3 ..... qn

 p2p3 ..... pm = q2q3 ..... qn, p2 = u1p2 vy?kqdj.kh; gSA

R.H.S. esa n – 1 vo;o varfoZ"V gSa ,oa ifj.kke n – 1 gsrq okLrfod gS] rks ge
ikrs gSa fd m – 1 = n – 1  m = n

oSls Hkh ftl çdkj geus n'kkZ;k fd q1 ,d lac) vFkok p1 gS] ge n'kkZ ldrs
gSa fd q2, p2 ls lac) gS] p1p2 ..... pm = q2(q1q3 ..... qn) dk fopkj djrs gq,]

bl çdkj qi, pi dk lac) gksxkA

blh dkj.k R ,d ;w,Q+Mh gSA

pw¡fd ;g igys ls gh fl) gks pqdk gS fd ;w,Q+Mh esa çR;sd vy?kqdj.kh;
vo;o vHkkT; gksrk gS] blh dkj.k ;g fl) gqvkA

bZdkbZ ;qDr lekdfyr Mksesu R ,d ;w,Q+Mh gS ;fn vkSj dsoy ;fn
çR;sd v'kwU;] xSj&bZdkbZ vo;o vy?kqdj.kh; vo;oksa dk ifjfer xq.ku (Finite

Product) gS ,oa çR;sd vy?kqdj.kh; vo;o vHkkT; gSA

;w,Q+Mh dh f}rh; ifjHkk"kk dk ç;ksx fofHkUu ;w,Q+Mh vkèkkfjr leL;kvksa ds
gy gsrq fd;k tkrk gSA

bZdkbZ ;qDr lekdfyr Mksesu R ,d ;w,Q+Mh gS ;fn çR;sd v'kwU;]
xSj&bZdkbZ vo;o vHkkT;ksa (Primes) dk ifjfer xq.ku gSA

;fn R ,d ;w,Q+Mh gS rks çR;sd v'kwU;] xSj&bZdkbZ vo;o vy?kqdj.kh;ksa
dk ifjfer xq.ku gS ¼ifjHkk"kkuq:i½ rFkk çR;sd vy?kqdj.kh; vo;o vHkkT; Hkh gS]
blh dkj.k ;g ifj.kke vk;kA

blds foijhr ekuk a  R v'kwU;] xSj&bZdkbZ vo;o gks rks a = p1p2 ..... pn

tgk¡ pi vHkkT; vo;o  i gSaA pw¡fd R ,d lekdfyr Mksesu gS] vHkkT; vo;o
vy?kqdj.kh; gSa ,oa blfy;s çR;sd pi vy?kqdj.kh; gSA ge vc ;g n'kkZrs gSa fd
R dk çR;sd vy?kqdj.kh; vo;o ,d vHkkT; vo;o gSA ekuk fd] x  R dksbZ
vy?kqdj.kh; vo;o gS rks x  0 xSj&bZdkbZ gSA bl çdkj x = q1q2 ..... qm tgk¡
qi vHkkT; gSaA eku ysa fd m > 1A pw¡fd x vy?kqdj.kh; gS] ;k rks q1 vFkok (q2q3

.. qm) bZdkbZ gS fdUrq q1 vHkkT; gS o bl çdkj bZdkbZ ugha gks ldrkA vr% (q2q3

..... qm) bZdkbZ gS ftldk rkRi;Z gS fd q2 bZdkbZ gS fdUrq okLrfod ugha gS D;ksafd
q2 vHkkT; gSA blh dkj.k m = 1 vFkok x vHkkT; gSA çes; 5-33 ds vuqlkj vc
R ,d ;w,Q+Mh gSA vUrr% iwoZorhZ ifj.kkeksa esa geus fl) fd;kA

;fn R bZdkbZ ;qDr lekdfyr Mksesu gks rks fuEukafdr led{k gSa%

(i) R ;w,Q+Mh gSA

(ii) R dk çR;sd v'kwU;] xSj&bZdkbZ vo;o vy?kqdj.kh; vo;oksa dk ifjfer
xq.ku gS ,oa çR;sd vy?kqdj.kh; vo;o vHkkT; gSA

(iii) R dk çR;sd v'kwU;] xSj&bZdkbZ vo;o vHkkT; vo;oksa dk ifjfer mRikn
gSA
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R, UFD esa fdUgha nks v'kwU; vo;oksa esa egRre mHk;fu"B Hkkx gSA

ekuk a, b dks R ds nks v'kwU; vo;o ekurs gq, eku ysa fd buesa ls ,d
¼a dgrs gSa½ bZdkbZ gS rks]

 b = (aa–1)b = a(a–1 b)  a | b

a = 1. a  a | a HkhA

vc ;fn c | a o c | b rks pw¡fd bldk rkRi;Z c | a gSA

ge ikrs gSa a = G.C.D.(a, b)

blh çdkj ;fn b bZdkbZ gks b = G.C.D.(a, b)

vc eku ysrs gSa fd a o b xSj&bdkb;k¡ gSaA pw¡fd R ,d ;w,Q+Mh gS ge O;Dr
dj ldrs gSa fd]

a = 1 2
1 2
 p p ..... n

np

b = 1 2
1 2
 p p ..... n

np

vy?kqdj.kh;ksa ds xq.ku ds :i esa ¼/;ku ns% mi;qZDr ?kkrksa dk p;u djrs gq,
leku vy?kqdj.kh;ksa ds xq.ku ds :i esa a, b nksuksa dks O;Dr fd;k tkuk lEHko gS½A

si = U;wure (i, i) eku ysrs gSaA

ge n'kkZrs gSa fd  d = 1
1
sp 2

2
sp ..... ns

np , G.C.D.(a, b) gSA

vc   a = ( 1
1
sp 2

2
sp ..... ns

np ) ( 1 1
1

sp  2 2
2
 sp .....  n ns

np )

= d ( 1 1
1

sp  2 2
2

sp  ..... n ns
np  )

 d | a

blh çdkj d | b

vc c |a o c |b eku ysrs gSaA

;fn c ,d bZdkbZ gS d = (cc–1)d  c | d

;fn c bZdkbZ ugha gS rks ge fy[k ldrs gSa c = 1
1
rp 2

2
rp ..... nr

np

pw¡fd lHkh i ds fy, |a, ri i

lHkh i ds fy, c |b, ri i

lHkh i ds fy, ri  Min (i, i) = si

bl çdkj d = 1
1
sp 2

2
sp ..... ns

np  = ( 1
1
rp 2

2
rp ..... nr

np ) ( 1 1
1
s rp  ..... n ns r

np  )

 c |d

blh dkj.k d = G.C.D.(a, b)

ftlls gekjk ifj.kke fl) gqvkA

tSlk fd igys ns[kk tk pqdk gS fd ;fn d1 o d2, a, b ds nks egRre
vH;fu"V Hkktd gksa rks d1 o d2 esa lac) gSaA



oy; ,oa {ks=

230 Lo&vfèkxe
ikB~; lkexzh

;w,Q+Mh esa fdUgha nks v'kwU; vo;oksa esa L.C.M gSA

;fn UFD R esa a, b vkis{kkÑr vHkkT; gksa rks a | bc  a | c

a | bc eku ysa rks  r bl çdkj gS fd bc = ar

;fn a bZdkbZ gS rks]

c = (aa–1)c = a(a–1c)  a |c

;fn b bZdkbZ gS]

ba = ar  c = b–1 ar

 c = a(b–1 r)  a |c

;fn c bZdkbZ gS bc = ar

 b = arc–1  a |b

 g.c.d.(a, b) = a

ijUrq a, b vkis{kkÑr vHkkT; gksus ls G.C.D.(a, b) bZdkbZ gksxkA

a bZdkbZ gSA

a | c ¼iwoZ dh Hkk¡fr½A

;fn r bZdkbZ gS rks]

bc = ar

 bcr–1 = a  a | b

 G.C.D.(a, b) = b  b bZdkbZ gSA

a | c ¼iwoZ dh Hkk¡fr½A

Ekku ysa fd vc a, b, c, r esa dksbZ Hkh bZdkbZ ugha gSA

;fn b = 0] rks egRre mHk;fu"B Hkktd (a, b) = a bZdkbZ gS tks fd okLrfod
ugha gSaA

 b  0

;fn c = 0 rks c = a . 0  a | c

vr% eku ysa fd b  0, c  0] gesa çkIr gksxk a  0, r  0

¼pw¡fd bc = ar½

vc a, b, c, r esa UFD ;k ;w,QMh v'kwU;] xSj&bdkb;k¡ gksus ls ge O;Dr dj
ldrs gSa fd]

a = a1a2 ..... am

b = b1b2 ..... bn

c = c1c2 ..... ct

r = r1r2 ..... rk

tks fd vy?kqdj.kh; vo;oksa ds xq.ku gSaA
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bl çdkj (b1b2 ..... bn) (c1c2 ..... ct) = (a1a2 ..... am) (r1r2 ..... rk) = x ¼dgsa½
rks x esa vy?kqdj.kh; vo;oksa ds xq.ku ds :i esa nks fu:i.k gSaA blhfy;s ;w,QMh
(UFD) dh ifjHkk"kkuqlkj bu fu:i.kksa esa vo;oksa dh leku la[;k gksxh ,oa ,d vksj
dk çR;sd vo;o vU; vksj ds ,d vo;o dk lac) gksxkA vr% n + t = m + k ,oa
çR;sd ai fdlh bi vFkok ci dk lac) gSA

;fn ai fdlh bi dk lac) gS rks

bZdkbZ u ds fy, bi = aiu

o pw¡fd ai | bi

ge ikrs gSa ai | b

ai | egRre mHk;fu"B Hkkx (a, b) = 1 D;ksafd ai | a

ai bZdkbZ gS tks fd okLrfod ugha gS D;ksafd ai vy?kqdj.kh; gSA

blh dkj.k çR;sd ai dks fdlh ci dk lac) gksuk gksxk]

bZdkbZ ui gsrq ai = ciui

ftlls (b1b2 ..... bn) (c1c2 ..... ct) = (c1u1c2u2 ..... cmum) (r1r2 ..... rk)

lkeus vkrk gS]

 b(cm + 1cm + 2 ..... ct) = (u1u2 ..... um)r

 b(cm + 1cm + 2 ..... ct) (u1u2 ..... um)–1 = r

fdlh d gsrq b | r  r = bd

bc = ar = abd

 b(c – ad) = 0  c = ad.  a | c

ge vc vfregRRoiw.kZ çes; ds çek.k dh ckr djrs gSa fd çR;sd ihvkbZMh
(PID) ;w,Q+Mh (UFD) gS ijUrq bl ppkZ ls igys dqN ySekt+ dks fl) dj ysus ls
cM+h lgk;rk gksxhA

(Lemma) oy; R esa vkn'kZ A1  A2  A3  ..... dh vkjksgh Ükà[kyk dk
la?k R dk vkn'kZ gSA

A =  Ai ekusa ,oa fdlh Hkh i, j ds fy,  x  Ai, y  Aj

O;kidrk dh gkfu fcuk ge eku ysa i  j rks Ai  Aj

x, y  Aj = x – y  Aj  A

iqu% x  A, r  R dk rkRi;Z gksxk tks fd blh leku gS xr, rx  AA blh
dkj.k ;g ySek gSA

(Lemma) PID R esa vkn'kZ dh çR;sd vkjksgh
Ük̀a[kyk inksa dh ifjfer la[;k ds mijkUr lekIr gksuh pkfg,A

A1  A2  A3  ..... dks çnf'kZr Ükà[kyk ekusaA

ekuk A =  Ai gks rks A, R dk vkn'kZ gS ftlds ihvkbZMh (PID) gksus dk
rkRi;Z gS fd A ,d vkn'kZ fl)kar gSA
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A = (a) eku ysaa rks  a  (a) = A =  Ai

fdlh Hkh i ds fy, a  Ai

Ai esa a ds leLr xq.kt Ai  (a)  Ai

A  Ai  Ai + 1  .....

vFkkZr~ A  At izR;sd t  i ds fy,]

vFkkZr~ A  Ai  At  A ds fy,]

 Ai = At

ftlls gekjk vfHkdFku (Assertion) fl) gqvkA

(Lemma) PID R esa çR;sd v'kwU;] xSj&bZdkbZ vo;o vy?kqdj.kh;
vo;o }kjk foHkkT; gSA

a  R dks v'kwU;] xSj&bZdkbZ vo;o eku ysaA eku ysrs gSa fd I1 = (a)-

;fn I1 egRre vkn'kZ gS rks a vy?kqdj.kh; gS ,oa pw¡fd a | a] gekjk ySek
fl) gks x;kA eku ysa fd I1 egRre ugha gks rks  dksbZ vkn'kZ I2  R bl çdkj
gS fd I1  I2  RA

eku ysa fd I2 = (p2)

;fn I2 egRre gks rks  p2 vy?kqdj.kh; gksxk ,oa pw¡fd p2 | a vr% ySek fl)
gqvkA (a  I1  I2 = (p2)  a = tp2)

eku ysa fd I2 egRre ugha gS rks  vkn'kZ I3 bl çdkj gS fd I1  I2  I3

 R ,oa bl fn'kk esa vkxs c<+us ls gesa R esa vkn'kZ dh vkjksgh Ük̀a[kyk çkIr gksrh
gS tks fd ySek 2 }kjk inksa dh ifjfer la[;k ds mijkUr lekfir gksuh gh gS]
In = (pn) ij tks fd vc egRre gksxk ,oa pn, pn | a ds lkFk vy?kqdj.kh; gksxkA

ihvkbZMh R ,d ;w,QMh gSA

a  R dks dksbZ v'kwU;] xSj&bZdkbZ vo;o ekusaA ;fn a vy?kqdj.kh; gks rks
pw¡fd a = a] ge a dks vy?kqdj.kh;ksa ds ifjfer xq.ku ds :i esa O;Dr dj ldrs
gSaA ;fn a vy?kqdj.kh; u gks rks ySek 3 ds vuqlkj a fdlh vy?kqdj.kh; vo;o
p1 }kjk foHkkT; gSA

fdlh a1 gsrq p1 | a  a = a1 p1

;fn a1 vy?kqdj.kh; gks rks vki a dks vy?kqdj.kh; vo;oksa dh ifjfer
la[;k ds xq.ku ds :i esa O;Dr dj ldrs gSaA

eku ysrs gSa fd a1 vy?kqdj.kh; ugha gSA

rnqijkUr a1 v'kwU;] xSj&bZdkbZ vo;o gS D;ksafd a1 = 0  a = 0 tks fd ,slk
gS ughaA iqu% ;fn a1 bZdkbZ gks rks pw¡fd a = a1p1 ge ikrs gSa fd a o p1 lac) gSa
,oa vr% a vy?kqdj.kh; gS D;ksafd p1 vy?kqdj.kh; gS] ijUrq a1 vy?kqdj.kh; ugha
gSA



oy; ,oa {ks=

Lo&vfèkxe 233

ikB~; lkexzh

bl çdkj iqu% ySek 3 }kjk  vy?kqdj.kh; vo;o p2 bl çdkj gS fd
p2 | a1 gksxkA

fdlh Hkh a2 ds fy, a1 = p2a

;fn a2 vy?kqdj.kh; gks rks]

a = a1p1 = p2p1a2

blh dkj.k fl) gqvk fd ;fn a2 vy?kqdj.kh; u gks rks ge bl çdkj vkxs
c<+ ldrs gSaA

vkn'kZ (a), (a1), (a2), ..... dk fopkj djsaA

rks (a)  (a1)  (a2)  .....

pw¡fd x  (a)  x = ar = p1a1r  (a1), bR;kfnA

bl çdkj gesa vkn'kZ dh vkjksgh Ük̀a[kyk çkIr gksrh gS ftls inksa dh ifjfer
la[;k ds i'pkr~ lekfir gksuk gh gS ¼ySek 2 vuqlkj½A blh dkj.k vkidks dksbZ
vy?kqdj.kh; vo;o an çkIr gksxk]

vr% a = p1p2 ..... pnan

vFkkZr~ a dks vy?kqdj.kh; vo;oksa dh ifjfer la[;k ds xq.ku esa :i esa O;Dr
fd;k tkrk gSA

gesa vc ;g n'kkZus dh vko';drk gS fd ;fn a ,sls nks ls vfèkd fu:i.k
gksa rks vo;oksa dh la[;k nksuksa esa leku gksxh rFkk ,d fu:i.k esa çR;sd vo;o vU;
fu:i.k esa ,d vo;o dk lac) gSA

a = p1p2 ..... pm = q1q2 ..... qn eku ysa rFkk çes; 5-32 esa n'kkZ;s vuqlkj gh
vkxs c<+rs gSa ,oa gekjk ifj.kke fl) gqvkA

;fn f (x) R[x] esa v'kwU; cgqin gks tgk¡ R ,d ;w,Q+Mh gS rks
f (x) = df1(x) tgk¡ f1 vk|d (Primitive) gS ,oa d = c( f )

f (x) = ao + a1x + ..... + anx
n eku ysa]

rFkk eku ysrs gSa fd c( f ) = d = G.C.D.(ao, a1, ..... an)

rks lHkh i ds fy, d | ai

fdlh ui ds fy, ai = dui

f (x)= duo + du1x + ..... + dunx
n

=  d(uo + u1x + ..... + unx
n) = df1(x) tgk¡ f1(x) vk/kd gksxkA

 ;fn t = G.C.D.(uo, u1 ,....., un)

rks t | ui  i  td | dui  i

td | ai  i ,oa bl çdkj td | d

t | 1 vFkok t ,d bZdkbZ gSA
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(Gauss's Lemma) ekuk R dks ;w,Q+Mh ekusa rks R[x]

esa nks vk/kd cgqinksa dk xq.ku vk/kd cgqin gSA

eku ysa fd f (x) = ao + a1x + ..... + amxm

g (x) = bo + b1x + ..... + bnx
n, R[x] esa nks vk/kd cgqin gSa rks f (x) o g(x)

v'kwU; gSa ¼ifjHkk"kkuqlkj½A bl çdkj]

f (x)g(x) = co + c1x + c2x
2 + ..... Hkh v'kwU; gSA

Ekku ysrs gSa d = g.c.d.(co, c1, c2, .....)

ge n'kkZrs gSa fd d bZdkbZ gSA eku ysa fd ,slk u gks rks vy?kqdj.kh; vo;o
p bl çdkj fo|eku~ gksxk fd p|dA

[Lej.k jgs fd ;w,Q+Mh esa xSj&bZdkbZ vo;o a dks vy?kqdj.kh;ksa ds xq.ku
a = p1p2 ..... pn  p1 | a ds :i esa O;Dr fd;k tk ldrk gSA]

bl çdkj lHkh i ds fy, p | d  p | ci ...(i)

vc ;fn lHkh i ds fy, p | ai rks p | g.c.d.  (ao, a1, ....., am) tks fd ,d bZdkbZ
gS ¼tSls u½A

vc p | u  u = pk  1 = p(ku–1)

p bZdkbZ gSA

tks fd okLrfod ugha gS D;ksafd p vy?kqdj.kh; gSA

fdlh Hkh i ds fy, p  ai gksxkA

i dks ,slk y?kqre èkukRed iw.kkZad ekusa rks]

p | ao, p | a1, ....., p | ai–1, p  ai

blh çdkj  dksbZ iw.kkZad j bl çdkj gS]

p | bo, p | b1, ....., p | bj–1, p  bj

vc ci + j = (aobi + j + a1bi + j–1 + ..... + ai–1 bj + 1)

+ aibj + (ai + 1 bj – 1 + ..... + ai + j bo)

pw¡fd lehdj.k (i) ds vuqlkj p | ci + j rFkk

p | (aobi + j + a1bi + j – 1 + ..... + ai–1 bj + 1),

p | (ai + 1 bj – 1 + ..... + ai + j b0)

ge ikrs gSa fd  p | aibj, p ijUrq ;w,Q+Mh esa vy?kqdj.kh; gksus ls p vHkkT;
gSA

p | ai vFkok p | bj tks fd ,d fojksèkkHkkl gSA blh dkj.k ;g ifj.kke vk;kA

(Corollary)  ;fn R ,d ;w,Q+Mh gS ,oa f (x), g(x)  R[x] rks]

c( f (g)) = c( f ) c(g) ¼vkPNknd bdkb;k¡½

pw¡fd ge fy[k ldrs gSa fd f (x) = df1(x), d = c( f )

g(x)= d g1(x), d  = c(g)
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f (x)g(x)= dd f1(x) g1(x)

tgk¡ f1, g1 vk/kd gksus ls f1g1 vk/kd feyrk gSA

c( f1g1) = 1 ¼vFkok bZdkbZ½

 c( fg) = dd  = c( f ) c(g)

xkWl ySek dk foykse Hkh okLrfod gS D;ksafd ge fl) dj ldrs gSaA

;fn f (x)g(x) R[x] esa vk/kd cgqin gks] R ;w,Q+Mh gks rks blfy;s
f (x) o g(x) gksaxsA

fg vk/kd gSA

c( fg ) bZdkbZ gSA

 vo;o r  R bl çdkj gS fd c( fg)r = 1

 c( f ) c(g) r = 1

 c( f ) [c(g) . r] = 1

c( f ) bZdkbZ gS  f  vk/kd gSA

blh çdkj c(g) bZdkbZ gS g vk/kd gSA

;fn R bZdkbZ ;qDr lekdfyr Mksesu gS rks R o R [x] dh bdkb;k¡ leku
gksaxhA

ao dks R dh bZdkbZ ekusa rks  bo  R bl çdkj gS fd aobo = 1

eku ysrs gSa fd f (x) = ao + 0.x + 0.x2 + .....

g(x) = bo + 0.x + 0.x2 + .....

rks f (x)g(x) = aobo + 0.x + 0.x2 + .....

= 1=1 + 0.x + 0.x2 + .....

f (x), R[x] esa bZdkbZ gSA

vFkkZr~ ao, R[x] esa bZdkbZ gSA

blds foijhr f (x) dks R[x] dh bZdkbZ ekusa rks]

 g(x)  R[x] bl çdkj gS fd]

f (x)g(x) = 1 (= 1 + 0.x + 0.x2 + .....)

  deg ( fg) = deg 1

  deg f + deg g = 0

  deg f = deg g = 0

  f o g vpj cgqin gSaA

vFkkZr~ f (x) = ao + 0x + 0x2 + .....ao  R

g(x) = bo + 0x + 0x2 + .....bo  R
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pw¡fd fg = aobo = 1

ge ikrs gSa ao = f (x), R dh bZdkbZ gSA

blh dkj.k ;g ifj.kke gSA

n'kkZ;sa fd 2x + 1, Z4[x] esa bZdkbZ gSA

pw¡fd (2x + 1) (2x + 1) = 0x2 + 0x + 1 = 1

[4 = 0 Z4 esa]

ge ikrs gSa fd 2x + 1, Z4[x] esa ,d bZdkbZ gSA

 2x + 1 ,d vfu;rkad@x+Sj&vpj cgqin gS ,oa blhfy;s ;g Z4 ls
lacafèkr ugha gS rFkk bl çdkj Z4 esa bZdkbZ ugha gks ldrk ijUrq vc Z4 lekdfyr
Mksesu ugha gSA oLrqr% 1 o 3 Z4. [3  3 = 1] dh bZdkb;ka gSaA

;fn R bdkbZ ;qDr lekdfyr Mksesu gks ,oa R dk vy?kqdj.kh; vo;o
gks rks ;g R[x] dk vy?kqdj.kh; vo;o gSA

eku ysa fd a, R[x] dk vy?kqdj.kh; vo;o ugha gS rks  p(x), q(x)  R[x]

bl çdkj gS fd a = p(x) q(x)

tgk¡ p(x) o q(x) xSj&bdkb;k¡ gSaA

vc a = pq

 deg a = deg p + deg q

 0 = deg p + deg q

 deg p = deg q = 0

p, q vpj cgqin gSa  p, q  R

bl çdkj a = pq, p, q  R o p, q xSj&bdkb;ka gSa] [tgk¡ R o R[x] dh
bdkb;ka leku gSa]] ;g bl rF; ls fojksèkkHkklh gS fd a, R esa vy?kqdj.kh; gSA

blh dkj.k ;g ifj.kke vk;kA

R dks bdkbZ ;qDr lekdfyr Mksesu ekusaA èkukRed Js.kh ¼vFkkZr~
 1 dh½ ds cgqin f (x)  R[x] dks R ij vy?kqdj.kh; cgqin dgk tkrk gS ;fn
bls èkukRed Js.kh ds nks cgqinksa ds xq.ku ds :i esa O;Dr u fd;k tk ldsA

vU; 'kCnksa esa ;fn dHkh f (x) = g(x)h(x)

rks deg g = 0 vFkok deg h = 0

èkukRed Js.kh dk cgqin ¼tks fd vy?kqdj.kh; ugha gS½ R ij vy?kqdj.kh;
dgk tkrk gSA

;fn F ,d {ks= gks rks F[x] esa vkn'kZ < p(x) >  {0} egRre gS ;fn
p(x), F[x] esa vy?kqdj.kh; gSA

;fn p(x), F ij vy?kqdj.kh; cgqin gS rks ;g F[x] dk vy?kqdj.kh;
vo;o gS ,oa pw¡fd F ,d {ks= gS] F[x] ,slk ihvkbZMh gS tks fd {ks= ugha gSA vc
ifj.kke çes; esa vkrk gSA
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n'kkZ;sa fd [ ]x

I

Q  tgk¡ I = < x2 – 5x + 6 > {ks= ugha gSA

pw¡fd x2 – 5x + 6 = (x – 2) (x – 3) ge ikrs gSa fd ;g Q ij vy?kqdj.kh;
cgqin ugha gSA

bl çdkj I = < x2  – 5x + 6 >, Q[x] dk egRre vkn'kZ ugha gS ,oa blh

dkj.k [ ]x

I

Q  {ks= ugha gSA

n'kkZ,¡ fd f (x) = x3 – 9, Z11 esa ifjorZd (Reducible) ysus ;ksX;
gSA

pw¡fd Z11 esa 4  4  4 = 9 ge ikrs gSa fd (x – 4), x3 – 9 dk ,d xq.kd
(Factor) gSA ;FkkFkZ foHkktu ls ge ikrs gSa%

Z11 esa x3 – 9 = (x – 4) (x2 + 4x + 5)

blh dkj.k x3 – 9 ifjorZd (Reducible) ysus ;ksX; gSA

n'kkZ,¡ fd Z5[x] ,d ;w,Q+Mh gSA D;k x2 + 2x + 3, Z5[x] ij
ifjorZd (Reducible) ysus ;ksX; gS\

pw¡fd 5 ,d vHkkT; gS vr% Z5 ,d {ks= gSA

 Z5 ,d ;w,Q+Mh gSA

 Z5[x] ,d ;w,Q+Mh gSA

iqu% x2 + 2x +3 ij ifjorZd (Reducible) ysus ;ksX; gksxk ;fn blesa Z5 esa
ewy ¼:V ;k root½ gks ijUrq Z5 esa dksbZ vo;o x2 + 2x + 3 dk ewy (Root) ugha gS]
blh dkj.k ;g Z5 ij vy?kqdj.kh; cgqin gSA

n'kkZ,¡ fd cgqin x2 + x + 2, F = {0, 1, 2} ij vy?kqdj.kh; gSA
9 vo;oksa dh {ks= cukus esa bldk ç;ksx djsaA

eku ysa fd f (x) = x2 + x + 2A ;fn ;g F ij ifjorZd ysus ;ksX; gS rks ge
fdlh  F dks bl çdkj Kkr dj ik;saxs fd f () = 0

ijUrq  F, f () = 0 ds fy;s ughaA mnkgj.kkFkZ  = 1, 12 + 1 + 2 = 1 
0, bR;kfnA

bl çdkj f (x), F ij vy?kqdj.kh; cgqin gS ,oa pw¡fd F ,d {ks= gS] f (x),

F[x] dk vy?kqdj.kh; vo;o gSA blh dkj.k < f (x) >, F[x] dk egRre vkn'kZ gS]

ftlls fl) gks jgk gS fd 
[ ]

( ) 
F x

f x
 ,d {ks= gSA

bl {ks= dk dksbZ vo;o bl çdkj dk gS]

p(x) + < f (x) >, tgk¡ p(x)  F [x]

pw¡fd F[x] ;qfDyMhu Mksesu gS]

f (x) gsrq p(x)  F[x],  t(x), r(x) bl çdkj fd]
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p(x) = f (x) t(x) + r(x)

tgk¡ ;k rks r(x) = 0 vFkok deg r(x) < deg f (x) = 2

fdlh Hkh çdj.k esa r(x), ax + b, a, b  F bl çdkj dk gS]

vr% p(x) – r(x) = f (x) t(x) < f (x) >

vFkkZr~   p – r  I tgk¡ I = < f (x) >

    p – r + I = I

vFkkZr~   p + I = r + I = ax + b + < f (x) >

blh dkj.k dksbZ vo;o p + < f (x) > of 
[ ]

( )

F x

f x 
 bl ax + b + < f (x) >

çdkj dk gSA

bl çdkj 
[ ]

( )

F x

f x 
= {ax + b + < f (x) > | a, b  F}

pw¡fd a  F = {0, 1, 2} dks rhu jhfr;ksa esa p;u fd;k tk ldrk gS ,oa a, b

ds çR;sd fodYi ds fy;s b dk p;u rhu jhfr;ksa esa fd;k tk ldrk gS] ge ikrs

gSa fd [ ]

( )

F x

f x 
 ds vo;oksa dh la[;k 3 × 3 = 9 gksxhA bl çdkj [ ]

( )

F x

f x 
 ukS

vo;oksa dh visf{kr {ks= gSA

 çes; 5-47 dk rkRi;Z ;g Hkh gS fd ;fn F ,d {ks= gS o <p(x)>, F[x]

dk vkn'kZ rks 
[ ]

( )

F x

p x 
 {ks= gksxh ;fn p(x), F ij vy?kqdj.kh; gSA

n'kkZ;sa fd cgqin x3 + 2x + 1, Z3[x] esa vy?kqdj.kh; gS ,oa 27
vo;oksa okyh {ks= cukus ds fy;s bldk ç;ksx djsaA ml {ks= esa x2 + I dk O;qRØe
(Inverse) Kkr djsa tgk¡ I = < x3 + 2x  + 1 > gSA

;g ljyrk ls ns[kk tk ldrk gS fd dksbZ  Z3 = {0, 1, 2} bl çdkj
fo|eku~ ugha gS fd 3 + 2 + 1 = 0A blh dkj.k f (x) = x3 + 2x + 1, Z3 ij

vy?kqdj.kh; gS rFkk iwoZorhZ mnkgj.k esa fn, vuqlkj 3[ ]

( )

x

f x 
Z  ,d {ks= gSA bl {ks=

dks fuEukuqlkj Hkh çnf'kZr fd;k tkrk gSA

3[ ]

( )

x

f x 
Z

= {a0 + a1x + a2x
2 + < f (x) > | ai  Z3}

eku ysa fd  < f (x) > = I

rks  3[ ]x

I

Z
 = {a0 + a1x + a2x

2 + I | ai  Z3}

Li"Vr% pw¡fd ai, fHkUu gS  Z3 = {0, 1, 2} blfy,] 3[ ]x

I

Z  esa 3 × 3 × 3 = 27

vo;o gSaA
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vc eku ysa fd p(x) + I, 3[ ]x

I

Z  esa x2 + I dk O;qRØe gSA

rks (p(x) + I) (x2 + I) = 1 + I

 p(x) x2 + I = 1 + I  p(x) x2 – 1  I = < f (x) >

vFkkZr~ p(x)x2 – 1, f (x) dk xq.kt gSA bl çdkj  dksbZ t(x) bl çdkj gS]

p(x)x2 + t(x) f (x) = 1

p(x) dks Kkr djus ds fy;s ge ;qfDyMhu ,Yxksfjn~e (Euclidean Algorithm)

dk ç;ksx djrs gSa

2 3

3
2 1

2 1

x

x

x x
x

x

 



2 1 2

2

2 2

2

2

1

x
x

x
x x

x
x








 lafØ;k,¡ Z3 esa gSaA

bl çdkj x3 + 2x + 1 = x(x2) + (2x + 1)

x2 = (2x + 2) (2x + 1) + 1

fn;k x;k gS  1 = x2 – (2x + 2) (2x + 1)

= x2 – [(2x + 2) {(x3 + 2x + 1) – x(x2)}]

= x2 – (2x + 2) (x3 + 2x + 1) + x(x2) (2x + 2)

= x2[1 + x(2x + 2)] – (2x + 2) (x3 + 2x + 1)

1 = x2(2x2 + 2x + 1) – (2x + 2) (x3 + 2x + 1)

blh dkj.k p(x) = 2x2 + 2x + 1 rFkk bl çdkj x2 + I esa 3[ ]x

I

Z  dk O;qRØe

(2x2 + 2x + 1) + I gSA

;fn R ,d ;w,Q+Mh gS ,oa p(x), R[x] esa vk?kd cgqin gS rks bls R[x] ds
vy?kqdj.kh; vo;oksa ds xq.ku ds :i esa vf}rh; jhfr esa [kafMr (Factored) fd;k
tk ldrk gSA

K dks R dh HkkxQyksa ds {ks= ekusa rks K[x] ,d ;qfDyMhu Mksesu gS ,oa blh
dkj.k ihvkbZMh (PID) gS ,oa bl çdkj ,d ;w,Q+Mh (UFD) gSA

vc p(x)  R[x]  p(x)  K[x] ,oa pw¡fd K[x] ,d ;w,Q+Mh gS tks ge
p(x) = p1(x) p2(x) ..... pk(x) O;Dr dj ldrs gSaA

pi(x) ds vy?kqdj.kh; vo;oksa K[x] ds xq.ku ds :i esaA

iqu% pi(x)  K[x]  pi(x) = 1

ia
 fi(x)

tgk¡  ai  R, fi  R[x]
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pw¡fd pi(x)  K[x]  pi(x) = o + 1x + 2x
2 + .....

tgk¡ i  K tks R dh HkkxQyksa ds {ks= gS ftldk rkRi;Z gqvk fd i dks

i

i

b

a
 ai, bi  R, ai  0 ds :i esa O;Dr fd;k tk ldrk gSA

vFkok pi(x) = o

o

b

a
 + 1

1

b

a
x + 2

2

b

a
x2 + ......

= 
1

a
 [co + c1x + c2x

2 + .....] = 
1

a
 f (x), f  R[x]

iqu% pi(x), K[x] esa vy?kqdj.kh; vo;o gSA

fi(x), pi = i

i

d

a
 fi

* esa vy?kqdj.kh; vo;o gksxk D;ksafd ;fn ;g ,slk u gksrk

rks ge bls K[x] ds :i esa fy[k ldrs tgk¡ gi, hi xSj&bdkbZ gSaA

fi = gi hi tgk¡ gi, hi xSj&bdkbZ gSaA

 pi vy?kqdj.kh; vo;o ugha gSA

iqu%  f1(x)  R[x]  fi = di fi
*(x) tgk¡ fi

*(x) vk?kd gS ,oa di = c( fi)

 pi = i

i

d

a
 fi

*, i = 1, 2, ....., k

 p1 p2 ..... pk = 1 2

1 2

...

...
k

k

d d d

a a a
 f1

*f2
* ..... fk

*

 p = 1 2

1 2

...

...
k

k

d d d

a a a
 f1

*f2
* ..... fk

*

 (a1a2 ..... ak)p = (d1d2 ..... dk)( f1
*f2

* ..... fk
*) ...(i)

vc pw¡fd pi = i

i

d

a
 fi

* o pi vy?kqdj.kh; vo;o gS vr% ge ikrs gSa fd fi
* Hkh

K[x] dk vy?kqdj.kh; vo;o gksxk] vU;Fkk pi vy?kqdj.kh; vo;o ugha jg
tk;sxk ¼tSlk fd iwoZ esa ns[kk x;k½A

lehdj.k (i) ds (a1a2 ..... ak) dk va'k (Component) fdlh bdkbZ u gsrq p
gS D;ksafd R.H.S. vk?kd gS ,oa lehdj.k (i) ds (d1d2 ..... dk) dk va'k fdlh bdkbZ
v gsrq fi

* vk?kd gSaA

nksuksa vksj ds va'kksa dks lehÑr ¼lehdj.kc)½ djrs gq, ge ikrs gSa]

a1a2 ..... ak = (d1d2 ..... dk)w tgk¡ w = vu–1 ,d bdkbZ gSA

bl çdkj  p(x) = (w–1 f1
*) ( f2

* f3
* ..... fk

*)

tks fd K[x] esa vy?kqdj.kh; vo;oksa dk xq.ku gSA iqu% fi
* vk?kd gS ,oa

K[x] esa vy?kqdj.kh; vo;o gSa] ge ikrs gSa fd fi
*, R[x] esa vy?kqdj.kh; vo;o

gksaxsA vf}rh;rk (Uniqueness) n'kkZus ds fy;s] eku ysrs gSa fd p(x) = r1(x) r2(x)

..... rk(x) tgk¡ ri(x), R[x] esa vy?kqdj.kh; ugha gSaA
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¼  xq.ku esa vo;oksa dh la[;k k ds leku jgrh gS tks gekjs ikl UFD esa
gS aA½

vc p(x) vk?kd gS  çR;sd ri vk?kd gSA

D;ksafd p = r1r2 ..... rk  c(p) = c(a1) c(a2) ..... c(ak)

 d = d1d2 ..... dk

 çR;sd di ,d bZdkbZ gSA

 çR;sd ai vk?kd gSA

blh dkj.k çR;sd ai vk?kd gS ,oa R[x] esa vy?kqdj.kh; vo;o gSA

lHkh i ds fy, ri(x) vy?kqdj.kh; gSA

fdUrq K[x] ;w,Q+Mh gksus ls çR;sd ri, K[x] esa lac)rk rd vf}rh;rk ls
fuèkkZfjr gksrk gSA

 ri vkSj fi
* lHkh i ds fy, lac)rk gSaA

 ri = ui fi
*

tgk¡ ui, K[x] esa ,d bZdkbZ gS ,oa bl çdkj K  ui esa 
i

i

a

b
 :i esa gS

blh dkj.k ri = i

i

a

b
 fi

*

 biri = ai fi
*

nksuksa vksj va'kksa dks lehÑr djus ij ge ikrs gSa fd R esa fdlh bZdkbZ u ds

fy;s bi = uai vFkok 
i

i

a

b
 = u–1 esa R bZdkbZ vFkok ri, R[x] esa fi

* dk lac)rk gSA

R ,d ;w,Q+Mh gS  R[x] ,d ;w,Q+Mh gSA

ekuk fd f  R[x] dks v'kwU;] xSj&bZdkbZ vo;o gSaA

f = d f *(x) ekusa tgk¡ d = c( f ),  f * vk?kd gSA

ySek f * = f1
* f2

* ..... fx
* vuqlkj tgk¡ fi

*, R[x] ds vy?kqdj.kh; vo;o gSa ,oa
;g fu:i.k lac)rk rd vf}rh; gSA

d  R Hkh o R ;w,Q+Mh gS] bl çdkj ;k rks d ,d bZdkbZ gS vFkok bls bl
çdkj fy[kk tk ldrk gS]

d = d1d2 ..... dr

Tkgk¡ di, R esa vy?kqdj.kh; vo;o gSaA

;fn d bZdkbZ gks

f = d f * ls feyrk gS fd]

f = (df1
*) f2

* ..... fk
*, df1

*, f2
*, ..... fx

* vy?kqdj.kh; gSaA



oy; ,oa {ks=

242 Lo&vfèkxe
ikB~; lkexzh

ftlls gesa ifj.kke çkIr gksrk gSA

;fn d bZdkbZ u gks rks eku ysa fd d = d1d2 ..... dr

Pkw¡fd çR;sd di, R dk vy?kqdj.kh; vo;o gS] çR;sd di, R[x] dk vy?kqdj.kh;
vo;o gksxk] bl çdkj f, R[x] esa vy?kqdj.kh; vo;oksa dk ifjfer xq.ku gS ,oa
fu:i.k lac)rk rd vf}rh; gS ftlls gekjk çes; fl) gks jgk gSA

 a, b  R esa lac)rk gSa ;fn a, b, R[x] esa lac)rk gSaA ;g ifj.kke vkrk
gS D;ksafd R o R[x] dh bdkbZ;ka leku gSaA

F ,d {ks= ekusaA vkius igys gh ns[kk gS fd F[x, y] ihvkbZMh ugha gSA

vc F ds {ks= gksus ls ;g ;w,Q+Mh gS ,oa blhfy;s iwoZorhZ çes; vuqlkj
F[x, y] ;w,Q+Mh gksxkA bl çdkj F[x, y] ;w,Q+Mh (UFD) dk ,d mnkgj.k gS tks
fd ihvkbZMh (PID) ugha gSA

Z ihvkbZMh gS ,oa bl çdkj  Z[x] ;w,Q+Mh gSA

ijUrq Z[x] ihvkbZMh ugha gS] vU;Fkk Z dks {ks= gksuk gksrk tks fd gS ugha rFkk
blh dkj.k Z[x] ,d ;w,Q+Mh gS fdUrq ihvkbZMh ugha gSA

R dks ;w,Q+Mh ekusa ,oa f (x)  R[x] dks vk?kd cgqinA ;fn
f (x), K[x] dk vy?kqdj.kh; vo;o gks rks f (x), R[x] dk vy?kqdj.kh; vo;o gSA

eku ysa fd f (x), R[x] dk vy?kqdj.kh; vo;o ugha gSA

rks f = gh, g, h  R[x] xSj&bZdkb;k¡ gSaA

ge ;g Hkh fy[k ldrs gSa] g = dg*(x)

h = d h*(x) tgk¡ g* o h* vk?kd gSaA

 f = dd g*h*

nksuksa vksj va'kksa dks lehÑr djrs gq, ge ikrs gSa fd u = dd vw

D;ksafd f vk?kd gS o blfy;s g*, h* gSaA

Tkgk¡ u, v, w bZdkb;k¡ gSaA

bl çdkj 1 = dd vwu–1

 d bZdkbZ gSA

blh çdkj d  ,d bZdkbZ gSA

 g = dg*

 c(g) = c(dg*) = dc(g*) = bdkbZ × bdkbZ = bdkbZA

 g vk?kd gSA

h vk?kd gSA

Ikqu% g, h  R[x]  g, h  K[x]

vc f = gh, K[x] dk vy?kqdj.kh; vo;o f gSA

g vFkok h, K[x] dh bZdkbZ gSA
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O;kidrk dh gkfu gq, fcuk eku ysrs gSa fd g, K[x] esa bZdkbZ gSA

rks  r  K[x] bl çdkj gS fd gr = 1

 deg g + deg r = 0

 deg g = deg r = 0

 g, r  K

eku ysa  g = 



, ,  R

rks   f = 



h vFkok f = h

c( f ) = c(h)

 u = v, u, v bZdkb;k¡ gksus ls ¼f, g vk?kd gSa½

 


 = uv'

g = 



 = uv' = R esa bZdkbZ gSA

g, R[x] esa ,d bZdkbZ gSA

fojksèkkHkkl ls gesa ifj.kke çkIr gksrk gSA

ge vc fuEukafdr çes; esa foijhr dks fl) djrs gSaA

;fn f (x)  R[x] vk?kd gS ,oa R[x] dk vy?kqdj.kh; vo;o Hkh rks
f (x), K[x] dk vy?kqdj.kh; vo;o gSA

eku ysrs gSa fd f (x), K[x] dk vy?kqdj.kh; vo;o ugha gSA

rks f = gh tgk¡  f, g, K[x] esa xSj&bdkb;k¡ gSaA

bl çdkj  f, g, K dh xSj&bdkb;k¡ gSaA

vFkkZr~  f, g  K

 ;fn g  K rks pw¡fd g  0] vo;oksa ds {ks= gksus ls blesa xq.kkRed O;qRØe
gksxk ,oa blh dkj.k bZdkbZ gksxhA

bl çdkj deg g, deg h > 0

vc g(x) = 
1

d
 go(x)

 go(x) = dg(x)  R[x]

blh çdkj ho(x) = d h(x)  R[x]

iqu% go(x) = g*(x)

ho(x) =  h*(x) tgk¡ g*, h* vk?kd gSaA

rFkk ,go o ho ds xq.kkadksa ds egRre mHk;fu"B Hkktd gSaA
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 c(go) =  c(ho) = 

 f (x) = 
1

dd
 g*h*

 dd'f =  g*h*

pw¡fd g*, h* vk?kd gSa] xkWl ySek ds vuqlkj g*h* vk?kd gksxkA

 c(dd'f ) = c( g*h*) = 

 dd' = u D;ksafd f vk?kd gSA

 f (x) = u–1g*(x) h*(x), g*, h*  R[x], u  R

deg u–1g* = deg g* = deg g*

= deg g0 = deg 
1

d
g0 = deg g > 0 HkhA

vr% deg h* = deg h > 0, u–1g*, h*, R[x] esa xSj&bdkb;k¡ gSaA

 deg h* > 0  h*, R dk vo;o ugha gSA

vFkkZr~ h*, R dh bZdkbZ ugha gks ldrk ,oa blhfy;s R[x] dh bZdkbZ gSA

blh dkj.k f = (u–1g*) h*

tgk¡ u–1g* vkSj h*, R[x] esa xSj&bdkb;k¡ gSA

f , R[x] esa vy?kqdj.kh; ugha gS tks fd ,d fojksèkkHkkl gS ftlls gekjk
ifj.kke fl) gks jgk gSA

Z[x] esa g.c.d.(2, x) Kkr djsa ,oa n'kkZ;sa fd bls fdlh r(x), s(x)

 Z[x] gsrq 2r(x) + xs(x) :i esa ugha j[kk tk ldrkA

gekjs ikl gSa]

2 = 2 + 0.x + 0.x2 + .....

x = 0 + 1.x + 0.x2 + .....

vc 1 | 2 o 1 | x ifjHkk"kkuqlkj Li"V gSa D;ksafd ^1* bZdkbZ gSA

eku ysa fd f | 2 o f | xA ge n'kkZrs gSa fd f | 1

vc fdlh Hkh g ds fy,  f | 2  2 = fg gSA

 deg 2 = deg f + deg g

 0 = deg f + deg g

 deg f = 0 vFkok f ,d vpj cgqin gSA

eku ysrs gSa fd f = ao + 0.x + 0.x2 + .....

iqu% f | x  ao | x  x = aoh(x)

bl çdkj deg x = 0 + deg h ftlls feyrk gS deg h = 1

eku ysa fd h(x) = bo + b1x + 0 . x2 + 0 . x3 + .....

rks x = aoh = ao(bo + b1x) = aobo + aob1x

 1 = aob1 = f (x) b1
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vFkok f | 1

blh dkj.k 1 = G.C.D.(2, x)

dksbZ vU;  G.C.D.(2, x) 1 dk lac) gksxkA bl çdkj 1] &1] ̂ 2* ds x gSa ,oa
Z[x] esa gSa ¼Lej.k djsa fd Z o Z[x] dh bdkb;k¡ leku gSa ,oa bZdkbZ dk lac) Hkh
bZdkbZ gksxk½A

vc eku ysa fd fdlh Hkh egRre mHk;fu"V Hkktd (2, x) dks f = 2r + xs ds
:i esa O;Dr djuk lEHko gS rks]

1 = (2r + xs) b1 = 2b1 (co + c1x + c2x
2 + .....) + b1xs(x)

tgk¡ r(x) = co + c1x + c2x
2 + .....

vFkkZr~ 1 = 2b1co esa ;g n'kkZ;k tk jgk gS fd ^2*] Z esa bZdkbZ gS tks fd
okLrfod ughaA blh dkj.k ,slk ifj.kke vk;kA

 Z[x] ,d ;w,Q+Mh gS ijUrq ihvkbZMh ugha gSA

ge vc ifjes;ksa dh oy; Q ij Z[x] esa cgqin dh vy?kqdj.kh;rk ds fy;s
,d ijh{k.k djrs gSaA

(Eisenstein's Criterion)

eku ysa fd f (x) = ao + a1x + a2x
2 + ..... +

anx
n iw.kkZad xq.kkadksa ( f (x)  Z[x]) okyk ,d ,d cgqin gSA eku ysa fd fdlh

vHkkT; la[;k p ds fy;s]

p | ao, p | a1, p | a2 ..., p | an–1, p an, p2 ao

rks f (x) ifjes;ksa dh oy; Q ij vy?kqdj.kh; cgqin gSA

ge loZçFke fl) dj ysrs gSaA

(Lemma) ;fn f (x)  Z[x] vk?kd gS ,oa f (x), Z — ij vy?kqdj.kh; gks
rks f, Q  ij vy?kqdj.kh; gSA

eku ysrs gSa fd f, Q ij vy?kqdj.kh; ugha gS rks ge fy[k ldrs gSa fd
f = gh, g, h  Q[x] ;qDr deg g, deg h > 0

rks g(x)  Q[x]  g = 
1


g1(x) tgk¡ g1(x)  Z[x]

h(x)  Q[x]  h = 
1


h1(x) tgk¡ h1(x)  Z[x]

¼mnkgj.kkFkZ ;fn -g(x) = 
2

3
x2 + 1

2
x + 1  Q[x] rks g(x) = 

1

6
 (4x2 + 3x + 6) tgk¡

rks g1(x) = 4x2 + 3x + 6  Z[x]½A

iqu% g1(x)  Z[x]  g1 = dg1
* tgk¡ g1

* vk?kd gSA

h1(x)  Z[x]  h1 = d'h1
* tgk¡ h1

* vk?kd gSA
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bl çdkj f = gh =
1


 dd g1

*h1
*

  f = ddg1
*h1

*

 c( f) = c(dd g1
*h1  

*)

pw¡fd f, Z[x] esa vk?kd cgqin gS] bldk va'k Z esa ,d bZdkbZ gS ,oa pw¡fd Z
esa bdkb;k¡ ^1* vFkok – 1 c( f ) = ±1 gSaA blh çdkj c(g1

*), c(h1
*), ±1 gks ldrh

gSA

nksuksa vksj va'kksa dks lehÑr djus ij ge ikrs gSa]

± = ± dd'

vFkkZr~  = ± dd'

rFkk blh dkj.k lehdj.k  f = dd'g1
*h1

*, f = ±g1
*h1

* esa ?kV (Reduce)

gks tkrk gSA

vc deg (±g1
*) = deg g1

* = deg dg1
* = deg g1

= deg 
1


g1 = deg g > 0

blh çdkj deg (h1
*) > 0

bl çdkj ge f = ±g1
*h1

* fy[k ldrs gSa tgk¡ ±g1
*,h1

*, Z[x] esa cgqin gSa
,oa buesa èkukRed Js.kh gSA

 f, Z ij ifjorZd (Reducible) gS tks fd ,d fojksèkkHkkl gSA

blh dkj.k ySek fl) gqvkA

ge vc çeq[k çes; ds çek.k dh vksj vkrs gSaA

ge n'kkZrs gSa fd f, Z ij vy?kqdj.kh; gSA

eku ysrs gSa fd ;g Z ij vy?kqdj.kh; u gks rks  g, h  Z[x] bl çdkj
gksxk fd f = gh lfgr deg g, deg h > 0

eku ysa fd g(x) = bo + b1x + ...... + bsx
s

h(x)= co + c1x + ...... + ctx
t

rks g(x) h(x) = boco + (b1co + boc1)x + ......

vr% f = gh

 ao + a1x + ...... = boco + (b1co + boc1) x + ...

 ao = boco

vc p | ao  p | boco  p | bo or p | co D;ksafd p vHkkT; gSA

eku ysrs gSa fd p | b0 rks p c0 D;ksafd p2  ao

[p | b0, p | c0  p2 | b0c0  p2 | a0]
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iqu% p lHkh b0, b1, b2, ......, bs dks foHkkftr ugha dj ldrk D;ksafd ;fn ,slk
gksrk rks p bl çdkj ds çR;sd inksa dks foHkkftr djrk gSA

b0c0, b1c0 + b0c1, ......

vFkkZr~ p leLr a0, a1, ......, an dks foHkkftr djrk gSA

fdUrq p an

eku ysrs gSa fd k lcls NksVk iw.kkZad gS fd p bk, k  s  n

vr% p | b0, p | b1, ....., p | bk–1, p bk

vc ak = bkc0 + bk–1c1 + ..... + bock

p | ak fn, x, k < n ds vuqlkj gSA

p | (bk–1c1 + bk –2c2 + ..... + b0ck)

  p | bkc0  p | bk or p | c0 Hkh

mDr nksuksa ls fojksèkkHkkl vkrk gSA blh dkj.k f (x), Z ij vy?kqdj.kh; gSA

;fn f (x) vk?kd gks rks ;g ySek }kjk Q ij vy?kqdj.kh; gksxkA ;fn f (x)

vk?kd u gks rks ge f = d f1 fy[k ldrs gSa tgk¡  f1 vk?kd gS ,oa d = c( f )

rks f, Z ij vy?kqdj.kh; gS] Z  d f1, Z ij vy?kqdj.kh; gSA

f1, Z ij vy?kqdj.kh; gSA

f1, Q ij vy?kqdj.kh; gS ¼D;ksafd f1 vk/kd gS½A

df1, Q ij vy?kqdj.kh; gSA

f, Q ij vy?kqdj.kh; gSA

blh dkj.k çes; fl) gqvkA

pw¡fd f (x) = g(x)h(x)  f (x + 1) = g (x + 1) h(x + 1)A

ge ikrs gSa fd f (x) ifjorZd ;ksX; (Reducible) ¼vy?kqdj.kh; ;k Irreducible½
gksxk ;fn f (x + 1) ifjorZd ;ksX; ¼vy?kqdj.kh;½ gksA oLrqr% 1 ds LFkku ij dksbZ
Hkh iw.kkZad fy;k tk ldrk gSA

mnkgj.k gsrq cgqin x2 – 4x + 2, Q ij vy?kqdj.kh; gS D;ksafd ;fn ge
p = 2 ekusa rks p | 4, p | 2, p 1, p2 2A

iqu% cgqin x2 + 1 = f (x) dk fopkj djsaA

pw¡fd ,slk dksbZ vHkkT; p ugha gS tks 1 dks foHkkftr djs] vr% ge vkbZls.Vhu
ekinaM dks f (x) ij ykxw ugha dj ldrsA

f (x + 1) = (x + 1)2 + 1

= x2 + 2x + 2 (ao = 2, a1 = 2, a2 = 1) dk fopkj djsaA

eku ysa fd p = 2, rks p | 2, p 1, p2 2
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blh dkj.k f (x + 1) vy?kqdj.kh; gSA

 f (x) vy?kqdj.kh; gS ¼iwoZorhZ fVIif.k;ksa (Remarks) ds ç;ksx ls½A

iqu% eku ysa fd f (x) = x3 + x2 – 2x – 1

pw¡fd ,slk dksbZ vHkkT; ugha gS tks 1 dks foHkkftr djs vr% ge bl ekinaM
dks ;gk¡ iz;ksx ugha dj ldrsA

f (x + 1) = (x + 1)3 + (x + 1)2 – 2 (x + 1) – 1

= x3 + 4x2 + 3x – 1 dk fopkj djsaA

gekjs ikl ogh ifjfLFkfr gSA vkb,] fopkj djsa]

f (x – 1) = (x – 1)3 + (x – 1)2 – 2 (x – 1) – 1

= x3 – 2x2 – x – 1

iqu% ekinaM dks iz;ksx djuk lEHko ugha gSaA

f (x + 2) = x3 + 7x2 + 14x + 7 dk fopkj djsa]

rks p = 7 ;gk¡ gksxk D;ksafd ;gk¡ a0 = 7, a1 = 14, a2 = 7, a3 = 1 ,oa 7 | 7,

7 | 14, 7 | 7, 7 1, 72 7A

bl çdkj ekinaM ds vuqlkj f (x + 2) gSa ,oa blhfy;s f (x) vy?kqdj.kh; gSA

Lej.k jgs fd vkbZls.Vhu dh ekinaM cgqinksa dh vy?kqdj.kh;rk gsrq
vko';d ugha D;ksafd vki ns[k pqds gSa fd dksbZ vHkkT; p bl çdkj fo|eku~ ugha
gS fd p | 1 ¼Hkys gh cgqin vy?kqdj.kh; gks ldrk gks½A x3 – x + 1, Q ij
vy?kqdj.kh; gS ijUrq ;gka vkbZls.Vhu ekinaM dk iz;ksx ugha gks ldrk gSA

cgqin f (x) = x3 – x + 1, Q ij vy?kqdj.kh; gS D;ksafd eku ysa fd ;g
ifjorZd ;ksX; gks rks blesa Q ewy (Root) gSA

eku ysa fd m

n
 iw.kkZad m, n, n  0, (m, n) = 1 ewy (Root) gSA

rks 
3

3

m

n
 – 

m

m
 + 1 = 0

 m3 – mn2 + n3 = 0

 m3 = n2 (m – n)

 n2 | m3  n | m3. 1  n | 1 as (m, n) = 1

 n = ±1

 m

n
 = ± m

vFkok m3 – m + 1 = 0

 m (m2 – 1) = – 1

 m | 1 vFkok m = ±1
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 m

n
 = ±1, 1 – 1 + 1 = 0 ftlls x3 – x + 1 feyrk gS tks fd lEHko ugha

gSA

blh dkj.k x3 – x + 1, Q ij ifjorZd ;ksX; ugha gSA

fdlh vHkkT; p ds fy;s n'kkZ;sa fd cgqin xp–1 + xp–2 + ..... +

x2 + x + 1 ij vy?kqdj.kh; gSA

eku ysa fd f (x) = x p–1 + x p–2 + ..... + x2 + x + 1

= 
1

1

px

x




 ¼G.P.. dk ;ksxQy½

vc f (x + 1)  = 
( 1) 1

( 1) 1

px

x

 
 

 = 1

1 2... ... 1
r p

p p p
c c cx p x p x p

x

      

= 1 1

1 ...
p

p p
c cx p x p x

x


  

= 
1 1

1 2 ...
p

p p
c cx p x p


   

pw¡fd p ,d vHkkT; la[;k gS] lHkh 1  r  p – 1 ds fy, p | pcr
A

1pcp p

  vFkok p2 pcp–1

 Hkh

blh dkj.k vkbZls.Vhu ekinaM ls f (x + 1) ,oa blhfy;s f (x)  vy?kqdj.kh;
gSA

10- lksnkgj.k n'kkZ;s fd ;qfDyMhu Mksesu esa a o b bu nks vo;oksa dks bl çdkj
Kkr djuk lEHko gS fd d(a) = d(b) ijUrq a, b lac) ugha gSaA

11- vf}rh; xq.ku[kaM Mksesu ls vkidk D;k vfHkçk; gS\

12- vkbZls.Vhu ekinaM D;k gS\

1- pw¡fd i = 0 + 1i + 0j + 0k ls j = 0 + 0i + 1j + 0k feyrk gS] vr% ge ikrs
gSa fd D Øefofues; ugha gS ,oa blh dkj.k {ks= ugha gSA D esa bZdkbZ 1 = 1

gSA

;fn a + bi + cj + dk, D dk dksbZ v'kwU; vo;o gks ¼vFkkZr~ a, b, c, d ds de

ls de ,d ij v'kwU; gks½ rks (a + bi + cj + dk)
2 2 2 2

( )a bi cj dk

a b c d

  

 
= 1

blh dkj.k D foHkDr oy; gS ijUrq {ks= ugha gSA

2- oy; R esa vo;o e dks egRoiw.kZ dgk tkrk gSA ;fn e2 = e
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3- ekufp=.k  : R  R dks le:irk dgk tkrk gS ;fn
(a + b) = (a) *  (b)

 (ab) = (a) o  (b) a, b  R

4- gesa fofnr gS fd Z30  
(30)

Z  ,oa pw¡fd 30  = 2 × 3 × 5 oxZeqDr gS] vr% 
(30)

Z

vFkok Z30 esa v'kwU; egRoiw.kZ vo;o ugha gSaA

5- pw¡fd A  R lnk gS] vr% gesa ;g n'kkZus dh vko';drk gS fd R  AA

eku ysrs gSa fd r R dksbZ vo;o gSA

pw¡fd 1 A ,oa A ,d vkn'kZ gS]

r = 1 . r A

  R  A vFkok A = R

6- eku ysrs gSa fd R ,d foHkDr oy; gSA A, R dk dksbZ vkn'kZ bl çdkj gks
fd A  {0} rks  de ls de a  A bl çdkj gS fd a  0A R foHkDr oy;
gksus ls a–1 R o aa–1 = 1 gSA

pw¡fd a  A, a–1  R, aa–1  A ¼vkn'kZ dh ifjHkk"kk ds vuqlkj½A

 1  A

 A = R

vFkkZr~ ftu vkn'kks± esa R gks ldrk gS os R o {0} gh gSa vFkok R ,d ljy
oy; gSA

7- HkkxQy oy; leLr lerqY;rk oxksZa dh oy; gSA

8- (x + 2) + I  3[ ]x

I

Z
 ,oa ((x + 2) + I)2 = (x + 2)2 + I = (x2 + 1. x + 1) + I

dk ijUrq (x + 2) + I, 3[ ]x

I

Z  dk 'kwU; ugha gSA

blh dkj.k 3[ ]x

I

Z  tgk¡ I = < x2 + x +1 > ,d lekdfyr Mksesu ugha gSA

9- ;fn R[x] ,d ihvkbZMh gS rks R ,d {ks= gSA

blds foijhr R dks ,d {ks= ekusa rks R[x] ,d ;qfDyMhu Mksesu gSA

 R[x] ,d ihvkbZMh gSA

mijksDr çes; dks fuEukuqlkj iqudZfFkr fd;k tk ldrk gS%

;fn R bdkbZ;qDr ,d lekdfyr Mksesu gks tks fd {ks= ugha gS rks R[x] ,d
ihvkbZMh ugha gSA

10- D = {a + ib | a, b  Z} = Z[i] dk fopkj djsa tks fd xkWfl;u iw.kkZadksa dh
oy; gS tgk¡ d(a + ib) = a2 + b2 rks D ,d ;qfDyMhu Mksesu gSA
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;gk¡ d(2 + i3) = 13 = d(2 – 3i) ijUrq 2 + 3i o 2 – 3i lac) ugha gSaA

 D dh bdkb;k¡ 1, i gSa ,oa bl çdkj 2 + 3i dk lac) (2 + 3i)1,

(2 + 3i)(– 1), (2 + 3i)i, (2 + 3i)(– i) gks ldrk gS]

vFkkZr~ 2 + 3i, – 2 – 3i, 2i – 3, 3 – 2i

11- R dks bZdkbZ ;qDr lekdfyr Mksesu eku ysa rks R dks vf}rh; xq.ku[kaM Mksesu
dgk tkrk gS ;fn%

(i) R ds çR;sd v'kwU;] xSj&bZdkbZ vo;o a dks R ds vy?kqdj.kh; vo;oksa
dh ifjfer la[;k ds xq.ku esa :i esa O;Dr fd;k tk ldrk gSA

(ii) ;fn a = p
1
p

2
 ..... p

m

a = q1q2 ..... qn

tgk¡ pi o qj, R esa vy?kqdj.kh; gksa rks m = n ,oa çR;sd pi fdlh qj dk lac)
gSA

12- vkbZls.Vhu ekinaM bl çdkj gS]

eku ysa fd f (x) = ao + a1x + a2x
2 + ..... + anx

n iw.kkZad xq.kkadksa ;qDr cgqin
gS ¼vFkkZr~ f (x)  Z[x]½A eku ysa fd fdlh vHkkT; la[;k p ds fy;s]
p | ao, p | a1, p | a2 ..., p | an–1, p an, p2 ao

rks f (x), Q ¼ifjes;ksa dh oy;½ ij vy?kqdj.kh; cgqin gSA

 lewg ,slh iz.kkyh gS ftlesa ,d xSj&fjDr leqPp; o f}vk/kkjh lajpuk gksrh
gSA

 nks f}vk/kkjh lajpuk $ o - ds lkFk ,d xSj&fjDr leqPp; R ls oy; dk
fuekZ.k gksrk ekuk tkrk gS ;fn fuEukafdr vfHkx̀ghr dh iwfrZ gks jgh gks%

1- lHkh a, b, c  R ds fy, a + (b + c) = (a + b) + c

2- a, b  R ds fy, a + b = b + a

3- R esa  dksbZ vo;o 0 ¼'kwU; dgykus okyk½ bl çdkj fd lHkh
a  R ds fy, a + 0 = 0 + a = a

4- çR;sd a  R, ds fy,  vo;o (– a)  R bl çdkj fd a + (– a) =

(–a) + a = 0

5- lHkh a, b, c  R ds fy, a . (b . c) = (a . b) . c

6- lHkh a, b, c  R ds fy, a . (b + c) = a . b + a . c

(b + c) . a = b . a + c . a

 oy; R dks Øefofues; oy; dgk tkrk gS ;fn lHkh a, b  R ds fy,
ab = baA iqu% ;fn  vo;o e  R bl çdkj gS fd leLr a  R gsrq
ae = ea = a
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 eku ysa fd Z iw.kkZadksa dk leqPp; gks rks Z[i] = {a + ib | a, b  Z} ls
lfEeJ.k la[;kvksa a + ib ds lkekU; ;ksx o xq.ku ds vèkhu oy; dk fuekZ.k
gksrk gS tgk¡ a, b  Z dks xqvkfl;ku iw.kkZad dgk tkrk gS ,oa Z[i] dks
xkWfl;u iw.kkZadksa dh oy; dgrs gSaA

 R dks oy; eku ysrs gSaA vo;o 0   a  R dks 'kwU; Hkktd dgk tkrk gS
;fn  vo;o 0  b  R bl çdkj gS fd ab = 0 vFkok ba = 0A

 Øefofues; oy; R dks lekdfyr Mksesu dgk tkrk gS ;fn ab = 0 esa
R  a = 0 vFkok b = 0A vU; 'kCnksa esa Øefofues; oy; R dks lekdfyr
Mksesu dgk tkrk gS ;fn R esa 'kwU; Hkktd u gksaA

 lekdfyr Mksesu dk Li"V mnkgj.k iw.kkZadksa dh oy; < Z, +, . > gS tcfd
vkO;wgksa ds oy; ml oy; dk mnkgj.k gS tks fd lekdfyr Mksesu ugha gSA

 bZdkbZ ;qDr oy; R esa vo;o a dks xq.ku ds lUnHkZ esa O;qRØe ¼vFkok bZdkbZ½
dgk tkrk gS ;fn  dksbZ b  R bl çdkj gks fd ab = 1 = baA

 bZdkbZ ;qDr oy; R dks foHkDr oy; vFkok frjNk {ks= dgk tkrk gS ;fn
R ds v'kwU; vo;oksa ls xq.ku ds lUnHkZ esa lewg dk fuekZ.k gksrk gksA

 Øefofues; foHkDr oy; dks {ks= dgk tkrk gSA

 okLrfod la[;kvksa ls {ks= dk fuekZ.k gksrk gS tcfd iw.kkZadksa ls ugha] lkekU;
;ksx o xq.ku ds vèkhuA

 {ks= ,d lekdfyr Mksesu gSA

Ekku ysa fd ,d {ks= < R, +, . > gS rks R ,d Øefofues; oy; gSA

 v'kwU; ifjfer lekdfyr Mksesu ,d {ks= gSA

eku ysa fd R v'kwU; ifjfer lekdfyr Mksesu gSA

 oy; R dks c wfy;u oy; dgk tkrk gS ;fn lHkh x  R ds fy,
x2 = x gksA

 oy; R ds xSj&fjDr mileqPp; S dks R dh mioy; dgk tkrk gS ;fn
S ls R ds f}vk/kkjh jpuk ds vèkhu oy; dk fuekZ.k gksrk gksA

 iw.kkZadksa dh oy; < Z, +, . > okLrfod la[;kvksa dh oy; R, +, . > dh
mioy; gSA

 ;fn R ,d oy; gks rks {0} o R lnSo R dh mioy; gksaxh ftUgsa S ds
ux.; mioy; dgk tkrk gSA

 oy; R dk xSj&fjDr mileqPp; S, R ds mioy; gS ;fn a, b  S  ab,

a – b  SA

 {ks= F ds xSj&fjDr mileqPp; S dks mi{ks= dgk tkrk gS ;fn S ls F esa
lafØ;kvksa ds vèkhu {ks= dk fuekZ.k gksrk gksA blh çdkj ge foHkDr oy; dh
mifoHkDr oy; dks ifjHkkf"kr dj ldrs gSaA
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 ;g fl) fd;k tk ldrk gS fd S, F dh mi{ks= gksxk ;fn a, b S,

b  0  a – b, ab–1  S

 R dks oy; S dk mileqPp; ekusa rks R ;qDr S dh lcls NksVh mioy; dks
S }kjk mRiUu mioy; dgk tkrk gSA

 R ,d oy; gks rks Z(R) = leqPp; ¼lHkh r  R ds fy, x  R | xr = rx½ dks
oy; dk dsUnz dgk tkrk gSA

 < Z, +, . > esa bZdkbZ ̂ 1* gS ijUrq le iw.kkZadksa dh bldh mioy; < E, +, . >

esa bZdkbZ ugha gksrhA

 < Z, +, . > esa ogh bZdkbZ ^1* gS tks bldh ewy oy; < Q, +, . > esa gSA

 R dks dksbZ oy; ekusaA ;fn èkukRed iw.kkZad n bl çdkj fo|eku~ gks fd lHkh
a  R ds fy, na = 0 rks R dks ifjfer vfHky{k.k ;qDr dgk tkrk gS ,oa
,sls èkukRed lcls NksVs iw.kkZad dks R dk vfHky{k.k dgrs gSaA

 R ds vfHky{k.k dks R vFkok ch, R ls bafxr fd;k tkrk gSA

 lfEefJr] okLrfod] ifjes; la[;kvksa] le iw.kkZadksa] iw.kkZadksa dh oy;] ;s lHkh
ch, 0 dh gSaA

 ;fn R ,d ¼v'kwU;½ ifjfer oy; gS rks ch R  0A ekuk o(R) = m > 1 pw¡fd
,R   ,d lewg ma = 0   a  R gSA blh dkj.k ch R  0 gSA

 R dks bZdkbZ ;qDr oy; ekusaA ;fn ^1* ;ksT; dksfV n dk gks rks ch R = nA
;fn ^1* ;ksT; vifjfer dksfV dk gS rks ch R, 0 gSA

 ;fn ̂ 1* esa ;ksx ds vèkhu vifjfer dksfV gks rks  n bl çdkj fd n . 1 = 0

,oa bl çdkj ch R = 0A

 ;fn R bZdkbZ ;qDr oy; gks rks R esa n > 0 gS ;fn n lcls NksVk èkukRed
iw.kkZad bl çdkj gks fd n . 1 = 0A

 ;fn D ,d lekdfyr Mksesu gks rks D dk vfHky{k.k ;k rks 'kwU; gS vFkok
vHkkT; la[;k gSA

 ifjfer {ks= dh dksfV fdlh vHkkT; p ds fy;s pn gSA

 ,slk dksfV ;qDr lekdfyr Mksesu ugha gks ldrk tks nks lqfuf'pr vHkkT;ksa
}kjk foHkkT; gks ¼vFkkZr~ gekjs ikl dksfV n ;qDr lekdfyr Mksesu ugha gks
ldrk tgk¡ n dks ,d ls vfèkd vHkkT;ksa ds xq.ku ds :i esa O;Dr fd;k tk
ldrk gks½A

 ifjfer lekdfyr Mksesu esa ch gksrk gS tcfd vifjfer lekdfyr Mksesu
ifjfer vFkok ch, 0 gks ldrk gSA
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 R1 o R2 dks nks oy; ekusaA

eku ysrs gSa fd R = {(a, b) | a  R1, b  R2} rks ;g ljyrk ls lR;kfir
fd;k tk ldrk gS fd R ls ;ksx o xq.ku ds vèkhu fuEuifjHkkf"kr vuqlkj
oy; dk fuekZ.k gksrk gS]

(a1, b1) + (a2, b2) = (a1 + a2, b1 + b2)

(a1, b1) . (a2, b2) = (a1a2, b1b2)

 eku ysa fd < R, +, . > , < R, *, o > nks oy; gksaA ekufp=.k  : R  R dks
le:irk dgrs gSa ;fn]

(a + b) = (a) *  (b)

 (ab) = (a) o  (b) a, b  R

 eku ysa fd f : R  R le:irk gS] ge f ds vk/kkjHkwr dks bl çdkj ifjHkkf"kr
djrs gSa]

Ker f = {x  R | f (x) = 0}

tgk¡ 0, R dk 'kwU; gSA

 ;fn ge ekufp= f : Z  E dk fopkj djsa tgk¡ E = le iw.kkZadksa dh oy;
gS] f (x) = 0 }kjk ifjHkkf"kr vuqlkj lHkh x ds fy, ge ikrs gSa fd E esa
bdkb;k¡ ugha gS tcfd ^1* Z dh bdkb;k¡ gSA

 ekufp= f : Z  E bl çdkj gS fd f (x) = 2x ,d lewg rqY;kdkfjrk gSA
bl çdkj Z o E lewgksa ds :i esa rqY;kdkfjd gSa tcfd Z o E oy;ks ds
:i esa rqY;kdkfjd ugha gSaA oLrqr% Z esa bdkb;k¡ gS ijUrq E esa bdkb;k¡ ugha
gSA oLrqr% f  oy; le:irk ugha gksxhA

 ;fn f : R  R vkPNknd le:irk gS rks R, R dh HkkxQy oy; ls

rqY;kdkfjd gSA oLrqr% R  
Ker

R

f
A

 ;fn N oy; R dk vkn'kZ gks rks R ds leLr vkn'kZ ds leqPp; ds eè;
,d&,d vkPNknd ekufp=.k fo|eku~ gS ftlesa N gS ,oa R/N ds vkn'kZ dk
leqPp; varfoZ"V gSA

 ;fn N oy; R dk vkn'kZ gS rks R/N dk dksbZ vkn'kZ çdkj A/N dk gS tgk¡
A, R dk vkn'kZ gS ftlesa N varfoZ"V gSA

 oy; R esa vkn'kZ dk ladsru lewgksa esa lkekU; milewg dh voèkkj.kk ds
lekukUrj gSA lkekU; milewgksa ls HkkxQy lewg dk fuekZ.k lkeus vkrk gS]
vkn'kZ dke vkrs gSa tc ge HkkxQy oy; dks ifjHkkf"kr dj jgs gksrs gSaA dbZ
vuq:iksa ls ifj.kke vkrk gS ftlds lkFk ge vkjEHk dj ldrs gSaA
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 oy; R ds xSj&fjDr mileqPp; I dks R dk nk;k¡ vkn'kZ dgk tkrk gS ;fn]

(i) a, b  I  a – b  I

(ii) a  I, r  r  ar  I.

I dks R dk ck;k¡ vkn'kZ dgrs gSa ;fn]

(i) a, b  I  a – b  I

(ii) a  I, r  R  ra  I

 gks ldrk gS fd mioy; vkn'kZ u gksA

gesa fofnr gS fd < Z, +, . >, < Q, +, . > dh mioy; gS tgk¡ Z iw.kkZad]
Q = ifjes;A

3 Z, 1

5
  Q fdUrq 1

3 .
5
Z

bl çdkj Z vkn'kZ ugha gSA

 ;fn A o B ds nks vkn'kZ gksa rks A + B, R dk vkn'kZ gS ftlesa A o B nksuksa
varfoZ"V gSaA

 oLrqr% < S >, R ds leLr vkn'kZ dk çfrPNsn ;k loZfu"B gksxk ftlesa S gS
,oa ;g S ;qDr lcls NksVk vkn'kZ gSA ;fn S ifjfer gS rks ge dgrs gSa fd
A = < S > ifjfer :i ls mRiUu gSA

 ;fn S =  {0} rks pw¡fd R ;qDr S = , < S >  {0} dk vkn'kZ gS ,oa
blfy;s < S > = {0}A

 ;fn A o B oy; R ds nks vkn'kZ gksa rks A + B = < A  B > gSA

 oy; AB ds fdUgha nks vkn'kZ A o B dk xq.ku R, R dk ,d vkn'kZ gSA

 oy; R  {0} dks ljy oy; dgrs gSa ;fn R esa dksbZ vkn'kZ u gks] R o {0}

dks NksM+djA

 foHkDr oy; ,d ljy oy; gSA

 ;fn S, < R, + > dks dksbZ milewg gks rks S, (a S  R, r R  ar = 0 S)

dk nk;k¡ vkn'kZ gksxkA fn, x, inkuqlkj R esa nks gh nk;sa vkn'kZ gSa] R o {0}A
bl çdkj < R, + > esa nks gh milewg gks ldrs gSa% R o {0}A

 R dks dksbZ oy; ekusa ,oa I, R dk vkn'kZ gksA pw¡fd a, b  I  a – b I] ge
ikrs gSa fd I, < R, + > dk milewg gSA iqu% pw¡fd < R, + > ,csfy;u gS vr% I,

R dk lkekU; milewg gksxk ,oa bl çdkj ge HkkxQy lewg R

I
 dh ppkZ dj

ldrs gSa R

I
 = {r + I | r R}, R esa I ds leLr lgleqPp; dk leqPp;

¼Li"Vr;k ck;sa vFkok nk;sa lgleqPp; lerqY; gSa½A
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 vewrZ chtxf.kr esa lekdfyr Mksesu dh fHkUuksa ds {ks= vFkok {ks= HkkxQy
lcls NksVs {ks= gS ftlesa lekdfyr Mksesu lek ldsA

 lekdfyr Mksesu R dh fHkUuksa ds {ks= ds vo;oksa esa çdkj a/b gksrk gS ,oa R
vkSj b 0 esa a, b lfgrA oy; R dh fHkUuksa ds {ks= dks Quot(R) vFkok
Frac(R) }kjk bafxr fd;k tkrk gSA bls HkkxQy {ks= vFkok fHkUuksa ds {ks=
vFkok fHkUu {ks= dgrs gSaA

 R dks dksbZ oy; ekusaA R ij cgqin ls gekjk vk'k; çdkj f (x) = ao + a1x

+ a2x
2 + ... + amxm, ai  R ds O;atd ls gSA

 Ckgqinksa f (x) o g(x) ds ;ksx dks bl çdkj ifjHkkf"kr fd;k tkrk gS]

f (x) + g(x) = (ao + bo) + (a1 + b1) x + (a2 + b2) x
2 + ...

 R, R[x] dh le:irk izfrfcac gS ,oa blh dkj.k blesa bZdkbZ gS] bZdkbZ ;qDr
oy; dh le:irk izfrfcac ds :i esa ,d bZdkbZ ;qDr oy; gSA oLrqr%
 (e(x)), R dh bZdkbZ gksxh tgk¡ e(x), R[x] dh bZdkbZ gSA

 ;fn R lekdfyr Mksesu gks rks pw¡fd am  0, bn  0] blhfy;s ambn  0 ,oa
bl dkj.k cm + n = ambn  0 n'kkZ jgk gS fd deg ( f (x)g(x)) = m + n gSA

 ;fn R ,d oy; gS] ge cgqinksa dh laxr oy; R[x] çkIr djrs gSaA pw¡fd
R[x] ,d oy; gS] ge blh çdkj R[x, y] ds cgqinksa dh laxr oy; R[x]

çkIr djrs gSa ,oa lafØ;k dks foLrkfjr fd;k tk ldrk gSA

 ;fn F {ks= gks rks F[x] bZdkbZ ;qDr oy; gS ,oa blh çdkj F[x, y] bZdkbZ
;qDr oy; gksxhA

 ;fn F {ks= gks rks F[x] ,d ;qfDyMhu Mksesu gSA

 ;fn F ,d {ks= gS] F[x] esa çR;sd vkn'kZ fl)kar gSA

 ifjes; {ks= esa fHkUu a/b gksrs gSa tgk¡ a o b iw.kkZad gSa ,oa b  0A

 çdkj a
m
xm + a

m–1
 x

 
m–1 + …… + a

1
x + a

0
 = 0 ds lehdj.k tgk¡ m ,d

èkukRed iw.kkZad gS o a’s ifjes; {ks= ds vo;o mUgsa x esa cgqin lehdj.k
dgk tkrk gSA

 lekdfyr Mksesu R dks ;qfDyMhu Mksesu ¼vFkok ;qfDyMhu oy;½ dgk tkrk
gS ;fn lHkh a  R ds fy, a  0] Li"V (–ve) v_.kkRed iw.kkZad d(a) bl
çdkj gS fd]

(i) lHkh a, b  R, a  0, b  0 ds fy, d(a)  d(ab)

(ii) lHkh a, b  R, a  0, b  0 ds fy,  t ,oa R esa r bl çdkj
a = tb + r

Tkgk¡ ;k rks r = 0 vFkok d(r) < d(b)A

 ,slk vkn'kZ A ftlesa vo;o ao ds xq.kt gSa] ao ds R lfgr mls R dk vkn'kZ
fl)kar dgk tkrk gS] ao }kjk mRiUuA ge bls A = (ao) ls bafxr djrs gSaA
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 R ds lcls NksVs vkn'kZ ftlesa ao gksrk gS rFkk ao }kjk mRiUu fl)kar vkn'kZ
dgk tkrk gSA

 ;qfDyMhu Mksesu esa çR;sd vkn'kZ fl)kar vkn'kZ gSA ;qfDyMhu Mksesu esa bZdkbZ
gSA

 bZdkbZ ;qDr lekdfyr Mksesu R dks vkn'kZ fl)kar Mksesu dgrs gSa ;fn R dk
çR;sd vkn'kZ fl)kar vkn'kZ gksA

 R dks bZdkbZ ;qDr Øefofues; oy; ekusaA vo;o pR dks vHkkT; vo;o
dgk tkrk gS ;fn]

(i) p  0, p ,d bZdkbZ ugha gSA

(ii) fdlh Hkh a ds fy, b  R ;fn p | ab rks p | a ;k p | bA

 bZdkbZ ;qDr lekdfyr Mksesu esa çR;sd vHkkT; vo;o vy?kqdj.kh; gSA
bldk foykse okLrfod ughaA

 UFD esa vo;o R vHkkT; gS ;fn ;g vy?kqdj.kh; gSA

 ;fn R bZdkbZ ;qDr lekdfyr Mksesu gks ftlesa çR;sd v'kwU;] xSj&bZdkbZ
vo;o vy?kqdj.kh; vo;oksa dk ifjfer xq.ku gS ,oa çR;sd vy?kqdj.kh;
vo;o vHkkT; gS rks R ,d ;w,Q+Mh gSA

 bZdkbZ ;qDr lekdfyr Mksesu R ,d ;w,Q+Mh gS ;fn vkSj dsoy ;fn çR;sd
v'kwU;] xSj&bZdkbZ vo;o vy?kqdj.kh; vo;oksa dk ,d ifjfer xq.ku gS ,oa
çR;sd vy?kqdj.kh; vo;o vHkkT; gSA

 bZdkbZ ;qDr lekdfyr Mksesu R ,d ;w,Q+Mh gS ;fn çR;sd v'kwU;] xSj&bZdkbZ
vo;o vHkkT;ksa dk ifjfer xq.ku gSA

 oy; R esa vkn'kZ A1  A2  A3  ..... dh vkjksgh Ükà[kyk dk la?k R dk
vkn'kZ gSSA

 R ,d ;w,Q+Mh gS rks R[x] esa nks vk?kd cgqinksa dk xq.ku ,d vk?kd cgqin
gSA

 ;fn f (x)g(x), R[x] esa vk?kd cgqin gS] R ;w,Q+Mh gS rks blfy;s (x) o g(x)

gSaA

 ;fn R bZdkbZ ;qDr lekdfyr Mksesu gS ,oa R, dk vy?kqdj.kh; vo;o gS rks
a, R[x] dk vy?kqdj.kh; vo;o gSA

 R dks bZdkbZ ;qDr lekdfyr Mksesu ekusaA èkukRed Js.kh ¼vFkkZr~ deg  1½ ds
cgqin f (x)  R[x] dks R ij vy?kqdj.kh; cgqin dgk tkrk gS ;fn bls
èkukRed Js.kh ds nks cgqinksa ds xq.ku ds :i esa O;Dr u fd;k tk ldsA

 èkukRed Js.kh dk cgqin tks fd vy?kqdj.kh; u gks R ij ifjorZd ;ksX;
dgykrk gSA

 ;fn F ,d {ks= gks rks F[x] esa vkn'kZ < p(x) >  {0} egRre gS ;fn p(x),

F[x] esa vy?kqdj.kh; gSA
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 ;fn R ;w,Q+Mh gS ,oa p(x), R[x] esa vk?kd cgqin rks bls R[x] ds
vy?kqdj.kh; vo;oksa ds xq.ku ds :i esa vuks[ks çdkj ls xq.ku[kaM fd;k tk
ldrk gSA

 ;fn f (x)  R[x], R[x] dk vy?kqdj.kh; vo;o o vk?kd nksuksa gks rks
f (x), K[x] dk vy?kqdj.kh; vo;o gSA

 ;fn f (x)  Z[x] vk?kd gks ,oa f (x), Z ij vy?kqdj.kh; gks rks f, Q ij
vy?kqdj.kh; gSA

 ;g ,d chtxf.krh; lajpuk gS ftlesa ;ksx o xq.ku ds :i esa nks
f}vk/kkjh lajpuk ds lkFk leqPp; varfoZ"V gksrk gS tgk¡ leqPp; ;ksx ds
vèkhu ,d ,csfy;u lewg gS ,oa xq.ku ds vèkhu ,dkHk bl çdkj gS fd xq.ku
;ksx ij forfjr gSA

 ;g ,d oy; R gS ;fn lHkh a, b  R ds fy,
ab = ba gSA

  bZdkbZ ;qDr oy; dks foHkDr oy; vFkok frjNk {ks= dgrs
gSa ;fn oy; ds v'kwU; vo;oksa ls xq.ku ds lUnHkZ esa lewg dk fuekZ.k gksrk
gSA

 ;g ,d chtxf.krh; fo"k; gS ftlesa xq.kkadksa dks xqf.kr djrs gq,
oLrqvksa dks ,dlkFk Øefofue; :i ls tksM+k tk ldrk gS ,oa ftlesa
lfn'k&ifjpkyu ds vfèkdka'k fu;e gSaA

 Øefofues; foHkDr oy; dks {ks= dgk tkrk gSA

1- oy; fl)kar D;k gS\

2- cwfy;u oy;ksa dks ifjHkkf"kr djsaA

3- mioy; D;k gSa\

4- oy;ks ds vfHky{k.k crk;saA

5- ekufp=.k dks dc le:irk dgk tkrk gS\

6- vkn'kZ oy; D;k gSa\

7- nks vkn'kks± ds ;ksxQy dks vki dSls ifjHkkf"kr djsaxs\ mnkgj.kksa lfgr çLrqr
djsaA

8- nks vkn'kks± ds xq.ku dks mnkgj.kksa lfgr ifjHkkf"kr djsaA
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9- HkkxQy oy;ksa ds fo'ks"krkvksa dks ifjHkkf"kr djsaA

10- cgqin oy;ks dh O;k[;k budh fo'ks"krkvksa lfgr djsaA

11- D;k ge Øefofues; oy;ks ij cgqin oy;ks dks ifjHkkf"kr dj ldrs gSa\
dSls\

12- lekdfyr Mksesu dh fo’ks”krk,¡ fy[ksaA

13- ;qfDyMhu Mksesu D;k gS\

14- ^vf}rh; xq.ku[kaM Mksesu* ,oa ̂ vkn'kZ fl)kar Mksesu* 'kCn lewgksa dh O;k[;k
djsaA

1- mnkgj.k lfgr fl) djsa fd oy; R Øefofues; gSA

2- ;fn oy; R esa leLr x gsrq x2 = x rks n'kkZ;sa fd 2x = 0 o x + y = 0 
x = yA

3- ;fn R bZdkbZ ;qDr oy; gks ,oa lHkh a, b  R ds fy, (ab)2 = (ba)2 ,oa
2x = 0

 x = 0 rks n'kkZ;sa fd R Øefofues; gSA

4- R dks okLrfod la[;kvksa dk leqPp; ekusaA n'kkZ;sa fd R×R ls ;ksx o
xq.ku ds vèkhu {ks= dk fuekZ.k fuEuifjHkk"kkuqlkj gksrk gS]

(a, b) + (c, d) = (a + c, b + d)

(a, b) . (c, d) = (ac – bd, ad + bc)

5- R dks bZdkbZ ;qDr Øefofues; oy; eku ysrs gSaA n'kkZ;sa fd]

(i) a ,d bZdkbZ gS ;fn a–1 ,d bZdkbZ gSA

(ii) a, b bdkb;ka gSa ;fn ab bZdkbZ gSA

6- n'kkZ;sa fd bZdkbZ ;qDr Øefofues; oy; esa leLr bdkb;ksa ds leqPp; ls
,d ,csfy;u lewg curk gSA

7- vØefofues; oy; R dk mnkgj.k çLrqr djsa ftlesa leLr x, y  R gsrq
(xy)2 = x2y2 gSA

8- ;fn < R, +, . > ,slh iz.kkyh gks ftlesa bZdkbZ ;qDr oy; dh ifjHkk"kk ds lHkh
in iw.kZ gks jgs gksa ¼a + b = b + a dks NksM+dj½ rks n'kkZ;sa fd ;g in Hkh iw.kZ
gks jgh gS] lHkh a, b  R ds fy, (a + b)2 = a2 + b

2
 + 2ab gSA

9- ;g n'kkZus gsrq mnkgj.k çLrqr djsa fd nks mioy;ksa dk la?k gks ldrk gS fd
mioy; u gksA fl) djsa fd nks mioy; dk la?k ,d mioy; gS ;fn ;g
,d nwljs esa varfoZ"V gksA

10- fl) djsa fd nks vkn'kks± dk la?k ,d vkn'kZ gksrk gS ;fn buesa ls ,d nwljs
esa varfoZ"V gksaA
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11- eku ysa fd f : R  R esa ,d le:irk gks ,oa R dks A dk vkn'kZ ekusaA
n'kkZ;sa fd f(A) = {x  R|  a  A, x = f(a)}, f(R) dk vkn'kZ gSA

12- lekdfyr Mksesu Z[ 2 ] = { a + b 2  | a, b  Z}. dh HkkxQyksa ds {ks=

Kkr djsaA

13- ;fn A, B, C ihvkbZMh (PID) R esa vkn'kZ gksa rks fl) djsa fd%

(i) A  (B + C) = A  B +A C

(ii) A + (B  C) = (A + B)  (A + C)

14- ;fn R ,d ;w,Q+Mh (UFD) gS ,oa f (x)  R[x] rks  f(x) = ag(x), a  R

fy[kuk lEHko gS] g(x)  R[x] vk/kd gSA n'kkZ;sa fd ;fn f(x) = ag(x) = bh

(x), a, b  R, g, h vk/kd gksa rks a, b laca)rk gSa ,oa blfy;s g(x) o h(x)

gSaA
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