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INTRODUCTION

In mathematics, integral transform theory is the study of transforms, which relate a

function in one domain to another function in a second domain. The essence of

transform theory is that by a suitable choice of basis for a vector space a problem

may be simplified or diagonalized as in spectral theory.

In mathematics, the Laplace Transform (LT), named after its inventor Pierre-

Simon Laplace, is an integral transform that converts a function of a real variable t
(often time) to a function of a complex variable s (complex frequency). The

transform has many applications in science and engineering because it is a tool for

solving differential equations. In particular, it transforms differential equations into

algebraic equations and convolution into multiplication. In practice, it is typically

more convenient to decompose a Laplace transform into known transforms of

functions obtained from a table, and construct the inverse by inspection. Laplace’s

use of generating functions was similar to what is now known as the Z-transform.

Laplace also recognised that Joseph Fourier’s method of Fourier series for solving

the diffusion equation could only apply to a limited region of space, because those

solutions were periodic. In 1809, Laplace applied his transform to find solutions

that diffused indefinitely in space.

The Laplace transform is similar to the Fourier transform. While the Fourier

transform of a function is a complex function of a real variable (frequency), the

Laplace transform of a function is a complex function of a complex variable. Unlike

the Fourier transform, the Laplace transform of a distribution is generally a well-

behaved function. Techniques of complex variables can also be used to directly

study Laplace transforms.

In mathematics, a Fourier Transform (FT) is a mathematical transform that

decomposes functions depending on space or time into functions depending on

spatial or temporal frequency, such as the expression of a musical chord in terms

of the volumes and frequencies of its constituent notes. The term Fourier transform

refers to both the frequency domain representation and the mathematical operation

that associates the frequency domain representation to a function of space or time.

This book is divided into five units. The topics discussed is designed to be a

comprehensive and easily accessible book covering, Laplace transform, inversion

of some elementary functions, initial and final value theorems, inverse Laplace

transforms, the convolution property, ordinary differential equations with constant

coefficients, simultaneous ordinary differential equations, partial differential

equations, Abel’s integral equation, integro-differential equation, differential-

difference equations, Fourier series, odd and even functions, Fourier integral/at

including its complex form, Fourier transforms, convolution theorem including sine

and cosine transforms, elementary properties of the Mellin transforms, Mellin

transforms of derivatives, Hankel inversion theorem, boundary value problems

involving partial differential equations, one dimensional heat conduction equation,

one dimensional wave equation and longitudinal and transverse vibration of a beam.
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The book follows the Self-Instructional Mode (SIM) wherein each unit

begins with an ‘Introduction’ to the topic. The ‘Objectives’ are then outlined before

going on to the presentation of the detailed content in a simple and structured

format. ‘Check Your Progress’ questions are provided at regular intervals to test

the student’s understanding of the subject. ‘Answers to Check Your Progress

Questions’, a ‘Summary’, a list of ‘Key Terms’, and a set of ‘Self-Assessment

Questions and Exercises’ are provided at the end of each unit for effective

recapitulation.



NOTES

Laplace Transforms and
Its Inversions

Self - Learning
Material 3

UNIT 1 LAPLACE TRANSFORMS AND
ITS INVERSIONS

Structure
��� ����	
���	�

��� ���������

��� ��������������	��
����� ������	����	������	


��� ��������������	���	�� ��������!�"	����	�����
� #�	���������
��

$����	�
����� ��������������	����	�� ��������!�$����	��

����� ������!�%�	����!�	����������������	����	�

����� ��������������	����	������at���
��	���
����& ������	����	������'����

��& (	������	������%�	�������	����������������	����	��)�����������


����'����
��&�� ��������������	����	��	��)��������

��&�� %�		��	��������������������	���	����$����	�*��)�������

��&�� ��������������	���	����������'����	����$����	�

��+ ������	��	���	��� ��������!�$����	��
��+�� $����	��	�� #�	���������
��

��+�� ��������������	���	��(	���(������$����	�

��+�� %�	�������	����������������	��

��+�& $������
�(��	�
�(����'�%�	����!

��, ��������
�$����-��������	����
��,�� ��������������	���	��)��������	����
���.n*

��/ ���������	����
�)��	���!�.t*�%��	
��$����	��
��0 ����������������������	���

��0�� %�	�������	������������������������	����	�

��0�� (	��� ��������!�����������������������	��

��1 2�3����������	����	������������������������	��

���� ����������������������	���	��)�����������
�����'����

���� ���������	����
�)��	���!�%	4����	��.s*
������  ����� 	� )��	� �! .t* 	� ������� ������	��

���� "	��	���	��%�	����!

���� "	����#�������	��$	��������
�5����
�� #����	��$	�����

���&  ������	��	������'����

���+ 6��4�����	�."���7�8	���%�	'����*

���, (�����!

���/ 9�!������

���0 (����6����������:����	�����
� #������

���1 $�������;��
�'

1.0 INTRODUCTION

������������������	��<�����
���������������	��%����=(�	���������<���������'���

������	���������	��������������	��	�����������������t�>	��������?��	��������	��	���
�	����#���������s�>�	����#����3����!?������������	����������!��������	����
���������
���'�����'����������������		���	���	���'�
�����������3���	������



Laplace Transforms and
Its Inversions

NOTES

Self - Learning
4 Material

�������	��
������������������������	����������������	��������������������������	�����

�������	���	����������������	��������������������������������������������

��������������������������	���
��������������	�������������������������

�������	�� ������ �����	�����������!������	 ������������������������������������

���"������	�����������������������	��#�$%&%'(
����������������	������������

���	����������������	����������		 ��������	������	���)��������������������������

������	�����������������������������z���������
�������������	���	��������������
��������������������	����������������������� �*��	�+������,��	�����

����� ����������������	������������%-����������	 �./������������� �0�����

�����
�1	�����+�������
�����������2��������

3�������������������	������� ��������������������	����������������	���

��������������	�����������	�����������	�����������	�������������������������

����������� �������������	������������������������������	����������	����������������	

����������,����������������4���
�����������	���	����������������	�������	���

�������� ���������!���������������������������������,���������������

������� 
�����5���	�6�	�����������$56�(���������������	���������	���������

���������	������������ ���������!��������������������������������

��������������	���������������������������F$s(�������������������������
�����!��������		 ��������������	����������f$t(���������	���������������������������
���	��������������������������������������������������������������������	����

���	 ����	������� ������	� �����������������	���������������������������	���

�����������	 ������� ����������������������������������4������������������


����������������������������
�����������������������������3������
������

��������	����������
��������	��������������������������������������������

��������������������������������� �������������������������		
��	��������������

���		 ������ �����������4��������������������� ����	���������������������������
����������	������������������������������������������
�������������$/
���(

��������������		 �������������������������$/
��(���������	����������������	�
��������������7����������������	���������������������������������������	���

���������������������������	������������������������������������������������

�������������������	��������	 ����	������� ������	� ����������+�����������

��������
�������������������������
����		 ���������� �+����8�$������������u
�%
��� (
�����������������
�������������1	�����+��������$%&9/:%-.9(
�������	�����

��������4��������������������������������������������������������3��������!���	�

�������������	��	�����������������
��		������������������������������	�����

�������������������	�����������������

3����������
� �����		�	������������������	������������
����	������������

����	������� ����������������!��������	���������������
������������������������

������	��������������������������������������	
������������������	������� 

��������
�������	���������	���	����������
���	���	��������������������� �;t)���������
��������
�����������	������������
������	������� �����������	������������


������������������������������	������������
�����������	���������������

��������������� �������	
���	���	��������������������� ���������� ;s)
� ���
�����	������������� 
�����	�!���������������	������+���������!������������	�


�������	�����������������	�



NOTES

Laplace Transforms and
Its Inversions

Self - Learning
Material 5

1.1 OBJECTIVES

�������		
�����	������	��
	����	���	������������	�

� �����	
����������������
�	��

� �
��������������
��������	���

� ����	������������������
�	���	����
�������
��		


� �����	
�����	
���		
�	��	��������
�������
��		


� �	�������	
	�	����
���	
������������	���

� ����	�����	
���������	��	���		
��
���	�			
�����t�����		�	����
��		

� �����	
�����	
����������������
�	�����
����
������	�����

� �����	
������
	���
�����	����	��	
����������������
�	��

� �	���������	���	
�����	��	
����������������
�	���	�����	���	����
�
	
������

� �	�����������	��	���		
��
���	�			
�����	����	����s�
� �����	
��	
�	���		
���	�������������	������	
���		
��	�������
�� ���		��
����
		
��	�����

� ����	��������������		
�	��	
������

1.2 LAPLACE TRANSFORM

!
���������	������������������
�	���	����	���������	
����������
�	����
��	

��
	������� "�!��	����	
����	�����	��	������
��		
�f#t$�	
����	
���������������
�
t�#t���%$���������
�	���	���	�����
��		
�F#s$��	������	������������
��s"����
�	&���	������
�	����		
�����������	�����	��	��f#t$��
��F#s$�������������	
������"
'��������������
�	����������	�
	�	��
����	������	���������		�������		
�	�

�
��	�����		
�	��������	�	�	
���f#t$��	����	
���	�	�����������		
�	���
�
	�����		
�	��������	�����F#s$"

'��������������
�	�����
�������������	�����(	��	������
�	��"�'���(	��	��

���
�	�����	��������
��		
�	��	�
���	
�	�	���	���	���	����		
��
�������������

���
�	�����	��������
��		
�	
�	�	���	��
�"�'���	�	�	
���	�
�������
��	


�	����
��������	��������������
�	���	������������time domain�������
���		

	������	�
���������������(	��	������
�	�������
��	
�������
����
��	�������

���� frequency domain�������
���		
�	������	�
��"�)	�	�����	� ����(	��	��
���
�	�������������������
�	���	���	������	��	��	
���	�����
�	����
��	
������

�����		
"�!
����	���
���
�	
���	
���	��	������	���
���	�	���	
�����	��*	
���	�
�

�����������������	�����	���	�������	
	��	�	����	���	��	�������	����
�

�����
	��������"

)�	���	
����	��	�����		
�	�����������	�algebraic�	�����		
�	
����
�	��
	�+
	�
���operational calculus���	���	��
���
�	��������	������	�����������	�
�
���	�����������	��
��
�	
��������������������
�	�������	��	���	������������



Laplace Transforms and
Its Inversions

NOTES

Self - Learning
6 Material

��
�	���	�����		
�������
	���"�!��	�����	��������������	
���	��������������

�����
	����	��������	������	�	
���	��������	�	
�	
�	�	���	�	����	���	��	��

�	���	���������		�	����
��		
��
	�����������	
��	���		
�"

�
	�������
��	��	�����������������
�	���	������	�������	
�	��	
��������	����

	
������	����	��������

����	
	�	�����������	��������������	��	
	�	�����	���	
	
���

��	��	���		
���
��
	
�	�	��
�	���	�����
�	��������		
������	���	��	
	�	����

�
���	
�������	����	
�	
���	�	��
�	�������		
"

!
���	��
	������	
	���������������
�	�����	���������	��������	�����
�

������	������	����������	������
�	����
�	
���	
����	����������	
���
��	������

�����	�	������	���ordinary��	�����
�	��������		
"�,���	����	�����
�	��������		

��
���	��������������������������
�	��"

'��������������
�	���	�
�����	
��	
	��	����������	�	�
��
�����	
	���

,	����*)	�	
������������	������������
�	���	
��	��	�+�	
���	���	�	������	��"

��	
������������	
	������	
�������	�������	���

�
��

'����	
����������������	���		
�	���	�����
�	��������		
����������
	�

����	
������	
����
"�-	�����	�	������
�������
����	����	���������
��	
��	

�	�+�	
�	
������	
����	���	�	�����
	�����
��		
������	���������		
�	�������	���

'�	����	
�����������	��	
��	���
������������
�	������	��"�'����	
������

����������������������.�����
�		
��	���	
������	
������������������	���		
�	�

�����		
"� �������
�	
�������	�������	���

'�	�	
�����������+	
��	���/���	
����
�	�����	����
�	���������	���	���

�	�����
��������		
�	
�	������	��		+��	��	���		
�	���������
�	����������		
"

'��������������
�	���	������
��		
�f#t$�����	
����	�����������
�����
t���%��	�������
��		
�F#s$�����	
������

'�������������s�	����	������
������s�0�1�2�i3��	��������
������1��
�
3"�'������
	
��	������	
�����������
��	
������	����
��		
�	��	
�����"���
������

�	
�	�		
��	����	��
���	������	
�������	������ƒ�������	��������
�	���	��		��	
��������
	
�#%���$"�(	��
�	���	��		��	
�����������
��		
���������������	
�	
	���	������	�
���	
�
�	�������������	
���������
�����
����		������#��	���$���������	
������"

'�	������	�����		������	���		
�	��	��	
	�����������	
�	�		
������	
�����
�

	���	����	
�����������"



NOTES

Laplace Transforms and
Its Inversions

Self - Learning
Material 7

'��������������
�	�����
�������	
���	�����	
	���4	�����������5�������

��������	
�������	�������	���

�������	�������5�	�����	���	�	����������	���	������	�	�����������	���

��������
��		
"�!
�	�����		
���������������������������
�	���	�����������	��������

�������������	�����	��	���		
���
��		
�ƒ"�!
������������������		
�	�	�����
�	���

 ���������	�����	�	��	��%6�	��	���
	���		
���������
��

'�	��	�	�������	7��������
���		
���	���������%�	��	�������������	������

���������������
�	��"

Bilateral Laplace Transform
8��
����������������
�	���	����	
����	��	����	
�	�		
����
������
	��������	�

	
�*	�������
�	���	�
	��������	
	�����"������
��	���������������������
�	��

��
�������	
���������bilateral Laplace transform�	����	*	���������������
�	��
�������
�	
�������	�	��	��	
������		
��	���������
�	����������	"�!�������	��	
�����

�	��	
��
	�����������
�	���	��������	��������	�������	�������	�������

���
�	����������������	
	�		
�	��������
��		
���	
�����
�	�����	�����	��	�����

���� ���		���������
��		
"�'����	�������������������
�	���	����	
������	��	��

Inverse Laplace Transform
'���	
����������������
�	���	���	�+
	�
�������		��
����������4�	��	��

	
������������(	��	��*/���	
�	
��������
��/���	
.�	
������	�����"�!��	��	��
�������

�	��	�	
���	������	
�������

������9�	��������
������	�����������	
�	��������	��	
������		
�	�	
����

region of convergence�	��F#s$"
Region of Convergence
!��ƒ�	����	������	
�����������
��		
�����
����������������
�	���F#s$�	��ƒ��	
�����
��	�	��������������	��	�	
���	�	����	��



Laplace Transforms and
Its Inversions

NOTES

Self - Learning
8 Material

'��������������
�	����	
��������	�������	�������	��	�	
��	
���������	��

'��������������
�	���	���������
����		�����	
�	�		
������	
�����
��

���
	
�������	���	
������	
������	�����	
�����	��������������
�"

'������	���������	����	���F#s$��	
��������	�������	��	�����	�������	��
;�:s;� <� a� 	�� ����;�:s;� �� a�� ������ a� 	� �
� ����
���� ����� �	
��
��
6����a����"�'�	��	��	����	�������	�	
������	
�����
������	���"�'����	
��
�
a�	�+
	�
����������	��	����	������	
�����
�����
������
��	
�������	���
�����		��	��ƒ#t$"��
��	�	�����������	*	�������
�	����	
��������	�������	
��
��	��	�������	���a�=�;�:s;�=�b��
���		����	
����	
�������	
��;�:s;�0�a�	�
;�:s;�0�b"�'��������	��������	��s��	����	������������������
�	����	
�����
��	�������	���������������		
�	����	������	
�����
���	�������	��	
�	����	����

�	
�����
��"�!
�������	*	���������	��	�	���	����������������	��	����	����

�	
�����
��"�'��� �������� ���
�	��� 	� �
����	�� 	
� ���� ���		
�	�� ��	����

�	
�����
��"

)	�	��������������	���������	����	���F#s$��	
������#�	
�	�		
�����	�
��	������$�	�+
	�
����������		
�	���	
�	�		
����	
�����
���	��	��������

���		
�	���	
�����
��"�!�����������������
�	����	
������#�	
�	�		
����$����s�0
s
%
�����
�	�����	���	�������	
�������	������s��	���;�:s;�<�;�:s

%
;"�'�����	������

���		
�	���	
�����
���	�������*���
��	�������	���;�:s;�<�a���		����	
����	
�
	����		
��	�������	�
������	
��;�:s;�0�a"�!
��������		
�	���	
�����
���;�:s;
<�;�:s

%
;�����������������
�	���	��ƒ���
���������������	
������	
���������

������	
�������

'����	��	
��������		
�	���	
�����
���F#s$���
�������	�����������������
������	��������	
�����
�������������
�	���	��	���	�������
��		
"�!
�����	������

	��	��
����	�"������	����	�����	�����	
������	���	��,����68	�
������	�������	�

�	
���
	
�����������		
�	��������
�������������	����	��	��ƒ��
��������	����	�
	�����������������
�	����	��	
��������		
�	���	
�����
��"

�	�����
�	��������		
��
���	����	
�	
��	
	�	�������������	�
����������

��	�������
����	��������	�������������������
�	�������	�"�'��������������

��	�������	��������	���	��	���		
�

 Step 1.�'��
�	����		
�	��������	�	�����������	�����	��	
��	
�	���	����
�����		
�#��	�	���������		
)"

Step 2.�'������	����������������	���	�	�	���		
�	��	
���	��	��	
�����
��	�	���������		
"

Step 3.�'����
����	���	
���	��������	�	���������		
�	����	
����
�	����
�	������	
�������
����	��������	�	������	����"

'��	������	�������������
�	��������	
�������	
��������	�����	���������	
�



NOTES

Laplace Transforms and
Its Inversions

Self - Learning
Material 9

���	�����
�	��������		
��	��
��������	����	����"�'�����	����
��		
�������������	�

���
�	�������������������	����
�������+��	�����	������	���	���	���	��

���	����
���	������	��	
�������������	
��������"�'���������	���	�	������������
��	�

�����������"

@	
	�������	��
���
��		
� � �tf ������	����	
����	������t���%"�/���	����f#t$���
ste� ��	�	
��������t���	��7��	��	�	
�	
	��"�!������������
��	
���������	���	���	��

�	
	������������
�	��	�����
��		
�	��s��������
������F#s$�

� � � �	
�

�

%

dttfesF st

'�	���
��		
�F#s$�	���������	�����s�	����������������
�	���	��������	�
��
��		
�f#t$��
��	����	�������� � �fL "� �
���

� � � � � �	
�

�


%

dttfefLsF st
#A"A$

 ����������	����
��		
�f�	�����
��
��	
�t��
������
	������
��		
�F���	��
	�	�����
�	���	�����
��
��	
�s"�'�����	����������	�	���F#s$���	�����	��
�f#t$
	����������������
�	��"

'�����	����
��		
�f#t$�	
������		
�#A"A$�	������������	
��������
�	���	�
	
�����	��F#s$��
��	����	�������� � �FL A�

"�!��	���	���
���

� � � �FLtf A�


Notation
'�����	�� ��
��		
����� 	
�	������ ��� lowercase letters� �
�� ���� �	�	����
���
�	���������������������	
�capitals"�!����	
��F#s$�	
�	������������
�	���	�
f#t$��
��Y#s$�	
�	������������
�	���	��y#t$"

Example 1.1: �!�� � � A
tf ��	��t���%����
��	
��F#s$"

Solution:�(�	�������		
�#A"A$��	
��	
������		
��������

� � � �
s

e
s

dteLfL stst A
B

A
A %

%


�


 �
�

��	 �#s�<�%$

'���
	���		
�	�����	��	���"� ��������	
�������	��	
������		
�	
������		


#A"A$�	�	
�	
	����
��	�����������
�improper integral"����	��	
���	����������

� � � �		 �

��

�
� 


T
st

T

st dttfedttfe
%%

�	


 �
��������
	���		
����
�

s
e

s
e

s
e

s
dte sT

T

T
st

T

st AAA
�	


A
�	


%

%%


�
�

��
� ��
�

�
��
��
 �

��

�

��

�
�	 ��	��#s�<�%$



Laplace Transforms and
Its Inversions

NOTES

Self - Learning
10 Material

Example 1.2: ��� � � atetf � �����t����	�
�����a�����������������L� f ��������
������������������

Solution: ������������������
�����	

� � � � �
�

���� �
�� �

�

�
� tasatstat e

sa
dteeeL

��� �	� as �����
�����	

� �
as

eL at

�
� �

Theorem 1.1: Linearity of the Laplace Transform
 ����������������!����������������"�
����!���	������#����������f�t�
���g�t��
������������������!�����������#����������a����b	

� � � �
 � � �
 � � �
 �tgbLtfaLtbgtafL ��� �

Proof: �$#������������	

� � � �
 �tbgtafL � �% � � � � ��
�

� �
�

dttbgtafe st

% � � � ���
�

�
�

� �
��

dttgebdttfea stst
�

% � �
 � � �
 �tgbLtfaL � �

Example 1.3: ����� �����!�&�������L�f���� � � � �atat eeattf ����
&

�
���� �

Solution: �����  �����!����������!������&�
���'�	

� � � � � � �
�
�

�
�
�

�
�

�
��� �

asas
eLeLatL atat ��

&

�

&

�

&

�
����

$#��(���������!!�������!�����
���� � 	 ������
���'�	

� �
&&

����
as

satL
�

�

1.2.1 Transformation Method
)���������!����!����������'������������'��!�����������������������!�#

���*��!�����������������!������������(��
����������������������!

*���!������������������������������������� ���!���'�������������

�������!��������������������������������������������)���������������!���

�����������������#�����������������������������������������������*�����#

'��������������+�������������������������������������������������

����#�������*�����#����������



NOTES

Laplace Transforms and
Its Inversions

Self - Learning
Material 11

Laplace Transformation: ����f�t��*��������������t�����t ���	�����������
�������!�������f�t������������*#�L,f�t�-����f�s�	��'���*#

L,f�t�-�%�f�s��%�
�

� �ste f t dt
�

e f t�t fst

���'������������������������s������!�����
����!#�*���������
��!�������!*���

Laplace Transform of Some Simple Function

�� ����f�t� %�K, ��������

L,f�t�- %�
�

� �ste f t dt
�

e f t�t fst

%�
�

ste Kdt
�

e Kdt Kst

%�
�

steK
s

e ste

��
ss

%� 	
K
s s�.��

&� ����f�t��%�tn

L,f�t�- %�
�

	st ne t dt
�

	e t	 ntst

%�

�

nsx
s xe dt

s

sx nxx dtx
s

dt
s

dt
�

e s
sx xxx

ss
����st�%�x, t�%�

x
s

%�
�

� x n
n e x dx

s
�

e x dnxx

%�
�

�
n

n
s �

�
����'��������s .�������n�/����.��

0� ����f�t��%�eat

L,f�t�-�%�
�

st ate e dt
�

te e dattest

%�
� �

�

t s ae dt�d�
�

e � �t �� �t �

%�

� �

�
� �

t s ae
s a

�t �e �e

�
� �� �

%�
�

	
s a

	
a s�.�a



Laplace Transforms and
Its Inversions

NOTES

Self - Learning
12 Material

1� ����f�t� �����at�%��
�

&

at ate e te at

L,f�t�- %�
�

�

&

st at ate e e dtt tteat e te at

�
&

�e �t �st �

%�
� �

, - , -
& &

at atL e e -at�
,

�

&
,

�

%�
� � � �

& &
L

s a s a
� � �� �L� � L

s
LLLL

a s a&&
L

s a&&
L

%� & &

� &
	

&

s
s a&

&
&
	

a s�.���a��

%� & &

s
s a&a

2� ����f�t��%�����at�%�
�

&

at ate e te at

L,f�t�- %�
� �

, - , -
& &

at atL e L e -at

&

���

%�
� � �

& &

s
s a s a

�

&a s a&&

%� & &

a
s a&a s�.��a�

3� L����%�
�

s

L�tn� %� �

�
n

n
s �

�
s�.��	�n�.�4�

L�eat��%�
�

s aa s�.�a

L����at��%� & &

a
s a&a s�.��

L�����at��%� & &

s
s a&a s�.��

L������at��%� & &

s
s a&a s�.��a�

Example 1.4:����������������������!���
������&t ���0t� ������0�&t� ������h0�&t

Solution ���L,���&t ���0t-�%�
�
���� ���2 �

&
L t t�

��� ���2 ����� ���2���2
�
���� ���2 �

�
���� ���2���2���������

&
��

&
��

%�
� �

���� � ����2 �
& &

L t L t��

&

�



NOTES

Laplace Transforms and
Its Inversions

Self - Learning
Material 13

%� & & & &

�

& � 2

s s
s s

s ss
s&& 2s�& &� 2& && &� &&

%� & &

&1

� ��� &2�

s
s s&��� &2�

&
���

%� & &

�&

� ��� &2�

s
s s&��� &2�

&
���

Solution����L,���0�&t-�%�
�
�0��� & ���3 �

1
L t t�

�0 & 3 �
�
�0 & 3�0��� &�0��� & ��3 ��3������

1
�0��� & ���3 �

1
�0��� & ���3���3������

%�
0 �

���� & � ����3 �
1 1

L t L t��

1

�

%� & & & &

0 �

1 & 1 3

s s
s s

�
& & && 1 3& && && 1

%�

&

& &

� &5�

� 1�� 03�

s s
s s

&5�
&

1�� 03�
&

1��

Solution��� L,���h0�&t-�%�
0&

&

&

t
t eL e

0

&te e &t

e&te e
&&

e

%�
3 & & 3�

� � 0 � � 0 � � � �
5

t t t tL e L e L e L e3� �3t �L� �3 3 �t33&0 � � 0 �&t0 � � 0 �� � 0& &&& �� �L� �3 �3� � � � �0 � � 0 � � �& � ��&

%�
� � 0 0 �

5 3 & & 3s s s s
� 0 0 �0 0 �

33 & && &3 & & 33 & && && &

%� & &

� & &

5 03 1

L L
s s

& &&&

s&& 1s0303 1&03 &&

%� & &

15

� 03�� 1�s s&03�� 1�
&

03��

Example 1.5: ���������������������!���
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 ����'�����������������&����'����������

�(�'�����L�f�)t��

Solution: L�f�)t�����
�

) )

sf ss
))

��
� �

�! 	
� )

)
	 �!

) )

s

s s

s
	

sss
)))

� �s s
�!

ss
	 �

s
	

) )) )
	 �

)
	 �

�� �

	��+ �

�� *!

s
s s

�

�� *!��

Example 1.10:��(�'�����L�f�t��������

Solution: f�t����

! ! �

� �

! �

t
t t

t

�!!

�ttt
�!!



Laplace Transforms and
Its Inversions

NOTES

Self - Learning
16 Material
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1.3 LAPLACE TRANSFORM OF
ELEMENTARY CONTINUOUS AND
EXPONENTIAL ORDER FUNCTION

9���Laplace transformation ��������������������������'��������&�����'(����'�����

��&&�������'���������1�%������������'��'�����&�'������'(����initial value problems
���������������'��������&&�������'������������������������������'�1�9�����(������

�&�.��'���������&��������������'(����������'�(�'������$'����'�����������&���������������'

�����������������;���������&����������������������������&����������'�����'�������������

����$���������������&������$������������������'���'�������&�����'��������&&�������'

�������1

1.3.1 Laplace Transforms of Elementary Functions

<�����������&�������� ����&��������.��'���������&���������&����������'��&��������1

(i)9����&�����&�f�t� ��� ��t���!
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1.3.2 Linearity Property of Laplace Transformation
���f�t����	�g�t���
�������������
��������������
�����
��������������

(i) L�f�t����g�t�����L�f�t�����L�g�t��
(ii) L�k�f�t�����kL�f�t��
��
�������������k 

!���
���������"���
�#�	�����������$
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Example 1.14:����	�L�0t1���1t(�,�2t���1e,0t�
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Example 1.18:����	�L�e(t�����h(�at�
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Note of Notation:���������������������	�
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1.3.4 Transforms of Integrals
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Theorem 1.2: ���f�t�����������������	�f  �t�����������������������������������
#��

%�!�t�!�T���
������������T����	�f�t����	�f  �t���
������������������
	�
����t�"#�:

�����

L�f  �t�����sL�f�t���,�f�%� 

Proof:�)�	�
�������	������������	������������
����������������
�����
������f�t�
��	�f  �t����������	�
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L�f  �t�� ��
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st

t
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	�
 �>���#�
�����������
�����������

�����������������	�
�	���	�����
�	�
�#���#����
����������������������
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Theorem 1.3:����f�t����	�f  �t���
��������������	�f   �t�����������������������

���%�! t ! T,���
������������T����	�f�t����	�f  �t���
������������������
	�
����t "#��

����

L�f   �t�����s(L�f�t���,�sf�%��,�f   �%�

Proof:�?���������*������
�#���������
������������������f  �t��������#��

L�f   �t�����s(L�f�t���,�sf�%��,�f   �%�

&*�����������*������
�#���������
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����L�f  �t��������
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( !���
���������
���*�������������
�����
������f n�t���������������$

���f�t���f  �t��   ��f �n,'��t���
��������������	�f n�t������������������������������

����
#�����%�!�t�!�T ��
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������������������
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���t�"#��������
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!����
����������"�����	�"��������#��������������������
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L�f  �t�����sL�f�t���,�f�%�

Example 1.19:�C�#��������L�t�����at������(as�9�s(���a(�(������	�L�at����at������

at� 
Solution:
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Example 1.20:�)���*�����
������L�f  ����sL� f ��,�f�%����	 L�f   ����s(L�f ��,�sf�%�
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Proof:���������	
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1.4 SOME IMPORTANT PROPERTIES OF
LAPLACE TRANSFORMS OF
DERIVATIVES AND INTEGRALS

�������
�������� ��"�����������
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1.4.1 Laplace Transformation of Derivatives
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7� Laplace Transform of Integrals
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1.4.2 Proof of the Laplace Transform of a Function’s
Derivative

+������,������������������%�������#�,,������������"��"���-��,�������"����������,���

���,��#����������,�����,���,%������.��#���������)�/��������0��#�����#�,��������0����

�1"��������,�������"����������,�������,����2�3

4���#���5

+������0�������������5

/��������������%��5

*�����f n��������n���#�����������,�f5����������0������0�����#�2���������#%�����
���%����)

Laplace Transform of the Derivative
6����#��� ����� ���� ��"����� �����,���� �,� y�t	� ��� Y�s	)� /���� ���� ��"����
/����,�����,�y��t	���5



NOTES

Laplace Transforms and
Its Inversions

Self - Learning
Material 33
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7�������n����#����������2������5

Derivatives of the Laplace Transform
����Y�s	�0��������"����������,�����,�y�t	)�/���5
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�, L(s)�0-�s���#��������������, f(t)������"����#�0-�#���������,�L�f	�0-�s)
Theorem 1.5: Laplace Transform of the Derivative of f(t)
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1.4.3 Laplace Transform of the Integral of a Function
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Fig. 1.1 Working Principle integral transform to solve a differential equation.

1.5.1 Function of Exponential Order
�	
����������f"t#���������������
!���
��������
�s

&
����t �������

��� " #os t

t
e f t�

��
���������


��
����	
�
�
!�����:�+�&�����to�+�&����	��	��

" #os te f ts t fos to � M � t � to

� *f"t#* ; Mesot �����t � to

/
����
 f"t# . &�"esot# �� t ���



NOTES

Laplace Transforms and
Its Inversions

Self - Learning
Material 37

Example 1.34:�"f"t#�%��t��t� �
����
!���
��������
���������!�so�+�&

Solution: *f"t#�e<t* .�*e<t*���%

��t���&

�
%

��� tt e��
. &

� f"t# . %�������
!���
��������
�%����t ��

(������! ���
t

t
��

. &������!�so�+�&

i.e., f"t# . t���������
!���
�����
��
 so + &

$���
�
����
�	��
�����������
��7�

=
��7��
�

"�# )�
!������
�����������f"t#����>&���?�������
!���
��������
�&
"�# f"t#�.�ect�	���
!���
��������
�so�.�c
"�# f"t#�.�tn��������t ��>&���?�������
!���
��������
�s

�
������!�s

�
�+�&�

"�# �	
����������
� %

" # �tf t e
t

� �
��������
!���
��������


Solution. "a#
�
� f"t#���������
�����>&���?
� �������	��	���*f"t#*�� � � t �>&���?
������
�*f"t#e–ot*������ t���&
� f"t#�������
!���
��������
�&�

"b# �
��f"t#�.�ect��	
�

" # %o os t s tctf t e e es tos to %oe e os tocte ect ����c�.�so

�	����
�������	���f"t#�.�ect�������
!���
��������
�so�.�c

"�# 8��f"t#�.�tn���
������	����	���� ���
o

n

s tt

t M
e

�� se
M "�������@�-����������
#

�	��� os tnt O eO e ������!�so�+�&

-
��
�tn ������
!���
��������
�so�+�&�

"�# f"t#�.�et������������
!���
��������
����

�

���
o

t

s tt

e
ese

������!����+�&��

1.5.2 Laplace Transform of Some Special Function
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1.5.3 Properties of Laplace Transform
1. Linearity Property: �
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2. Change of Scale Property: ���f�s����������	
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1.5.4 First and Second Shifting Property

Theorem 1.8: ���L�f�t�����F�s������� � �� � � �atL e f t F s a 	
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Second Shifting (Translation) Property (Heaviside Shifting Theorem)
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Theorem 1.9: Multiplication and division by t (derivative of Laplace
transform.
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1.6 INITIAL AND FINAL VALUE THEOREMS

Theorem 1.10:���	�f��t
��������	����������������	���������	�������
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1.6.1 Laplace Transform of Derivative of Order ‘n’
Thorem 1.11: &�� f�t
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Theorem 1.12: Initial value theorem:
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Theorem 1.13: Final Value Theorem
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1.8 INVERSE LAPLACE TRANSFORMS
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1.8.2 Some Elementary Inverse Laplace Transform
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1.9 UNIQUENESS THEOREM OF INVERSE
LAPLACE TRANSFORM
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1.10 INVERSE LAPLACE TRANSFORM OF
DERIVATIVES AND INTEGRALS
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1.11.1 Effect of Division by ‘t’ on Laplace Transform
Theorem 1.23:�����L�F�t� ���f��p�&����
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Fig. 1.2 Effects of unit step function on a function f (t). Here b > a
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1.13 COMPLEX INVERSION FORMULA AND
HEAVISIDE EXPANSION FORMULA
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1.15 ANSWERS TO ‘CHECK YOUR PROGRESS’
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-�����G�t����
� �(

�

f t a t a
t a

a t a�(f �f t�
a��

+������������(

��.�t�� �
�

� �ste G t dt
�

e GstGst

�
�

� � � �
a st st

a
e G t dt e G t dt

�
� �

a

a
e G� ��st stG t dt� ��st st

	/
 �� �$	��f�s�� �����f �t�

���� �$	��f �as�� �
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f
a a
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aa (�a�0��

+������������ f�s� � ��f �t��

�
�

� �ste f t dt
�

e fst fst

f �as� �
�

� �aste f t dt
�

e fast fast

	1
 ����f�����g����������������������������2�(� �
���������������!���������f
����g(�����������f * g(�������������

�f * g���t� �
�

� � � �� �
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1.16 SUMMARY

� ���"����"�����(������� !������������"����������!�����������#��!���������"

����������������� 
���������!������� ���������������������f�t�����!����#
�����!���#�"����t��t�6�����������������"�������������������F�s�����������" !�5
��#�"����s


� ������ !������������"���������!������������)���������������"
�����)������

��������"�����!��������������������#��!����������"������������������������

�� !������������"�����!������������������������"�"����


� *�������#����"�� ��������������!��!�������!#������� ��������������������"�

������������� ��������!���!��!�����������������������!����������  !���

"����"�����������������#������������#�����(������� !������������"�"�����

��������!!�����������������!�� ��������!�������7��


� 8����������������������� !������������"��������������! �������!���#����

 ��!�"������������#����������"�����(�������!���!��� ��!�"����#���!������

������!!���������#����������!�����(����������"�#������������������!

�7��������5�!���������������!!����������#����������� �����#���"�#������

�7������


� -���������� !������������"������������������������������������������!�����!

������9��������������"�������"�!!������������
�8!���������!�(������� !���

��������"�����������������������!�����!��� !������������"�������9�����

�� !������������"����5������#�����!�"�����������#��������������������������!

�5��


� �������������� !������������"�����!���������������������"���������

+��"���������#��!(�����)������9:�!!�������#��!�����:�!!��;�������������"�!�


������#�������������!!����#���" !�5�����#��!&

� ���ƒ������!���!!������#��!����������(������������ !������������"�F�s�����ƒ
������#��� �������������������!!����#�!�"����5����&
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� ������ !������������"������!������� �������<�������"����(������������������

f�t������g�t���������� !������������"���5����������������������a�����b(

	 
 	 
� � 	 
� � 	 
� �tgbLtfaLtbgtafL � 


� ������ !������������"�������������" �������� ��������!�"������������!���#

!�����������������!��7�������
������� ������!��!�������!������!���#�������!���!��

 ��!�"�����������������!�����������������!��7���������������������� �����!�


� ������!!����#�����!������������������� !������������"��������������������

��������#��!����������������f�t���������5 �������������"����������� !���
��������"����f�t�
�����������!��������" ������������!���#������������!��7�������
����#�����"������������ !������������"�����


� =�����������������������#������������������� ��������
�@����7����!�(���

������������������������������������ ������������"�!�� !�����������������������"

��s(�����5 ��������#�������������������������7���������������������������������"
��s(��������������������������������� �����������"�!�� !�������


� ���f �t��������������������L����
��f�t������f�s�

�����f�t������������������������ !������������"����������#������
f�t������$	�f�s��

� ������!��%�� ����&�����f
	
��������f

'
������������� !������������"������������

����������f
	
�t������f

'
�t�(���� ������!�(�����a�����b�����������������(�����

	

	 '� � � � �af s bf s	� 	

'' �' �a 	 	

	 '� � � � � �f s b f s	� � �	 	� �� 	��

� )�����*������#�������"&

��� 	� � �f s	� 	 ��f�t�

������$	��f �s–a�����eat f�t�

+�������������f�s� ��
�

� �ste f t dt
�

e fst fst

� @�" !�5����������������������!�����������" ����#������������������ !���
��������"�f�t����L$	�F�s��


1.17 KEY TERMS

� Laplace transform: ������ !������������"����������!�����������#��!
��������"������������������L��f��t��
���������!������� ��������������������
f�t�����!����#������!���#�"����t��t�����������������"�������������������F�s�
���������" !�5���#�"����s


� Bilateral Laplace transform: ������ !������������"�����������������
�����!�����!��� !������������"�������9�������� !������������"����5������#

����!�"�����������#��������������������������!��5��
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� Inverse Laplace transform: �������������� !������������"�����!��������
������������"����������+��"���������#��!(�����)������9:�!!�������#��!����

:�!!��;�������������"�!�


� Transform of integrals: ������ !������������"�����������������������
����#��!����������������f �t���������5 �������������"����������� !���

��������"����f�t�

� Inverse Laplace transform: ����f�t��������������������t ���

L��f�t�����f��s�(������f�t������������������������ !������������"���������
given by f�t����L9	��f�s��


� Linearly property: ����f1�S������f2�s���������� !������������"��������
��������������f1��t������f2�t�(���� ������!�(�����a�����b�����������������(�����
�9	��af1�s��>�bf2�s�����a��9	��f1�s��>�bL-1��f2�s��


1.18 SELF ASSESSMENT QUESTIONS AND
EXERCISES

Short-Answer Questions

	
 -������������� !������������"?

'
 =�����������!�����!��� !������������"


,
 -������������������ !������������"?

/
 =��������#�������������#����


1
 -�����������������������������!�"�������������"�?

3
 *�����������������"���������#��!�


@
 *���������!������������������ !������������"


A
 4�����!!�������������� !������������"������������#��!��������������?

B
 -�������������������������������������������"���!�"����������������?

	�
 =�������������"�������!���������!���!���������"�


		
 4�����!!����������������"�!�� !�����������������������C�C� �����������������?

	'
 =���������������� !������������"�


	,
 =����������!�����!�� �� ������������������ !������������"


	/
 4�����!!�������������������7�������������"������ !������������"?

	1
 *����������������������#�������"


	3
 *�����������������������#� �� ����


	@
 -���������������#��������!�� �� ����?

	A
 -�����������"���������������!������ �� ����?

	B
 =������4����������5 ����������"�!�
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Long-Answer Questions

	
 =�����������!�������� !������������"


'
 8��!���������!�����!��� !������������"������������! �����5�" !�


,
 =�����������!������������������ !������������"


/
 D5 !���������� !������������"������!�"����������������


1
 =�������������������"���������#��!�


3
 )���������� !������������"�����������!!����#&

(i) 't,�>�,t'�$�1t�>�' (ii)� ,� 	�te 

(iii) �e,t�>�e$'t�' (iv)�����at�����at
(v) ���,�bt (vi)�,t'�>����,�bt

(vii) ����at�����bt
@
 )���������� !������������"�����������!!����#&

(i) t,e1t (ii)�e$t�����'t�>�,�
(iii) ���h at�����bt (iv)����h at�����bt
(v) ,t'e$,t�>�1e,t�����'t

A
 )���������� !������������"�����������!!����#&

(i) �'t�>�	�����'t (ii)��t�>�'�����,t
(iii) t'�����at (iv)�t'�����at
(v) te$t����'t (vi)�te$at�����at

B
 )���������� !������������"����&

(i) ���ate at
t

� � (ii)�
'��� t

t

(iii)
'

��� 't
t

� �
� �
� �

(iv) 
'

��� at
at

� �
� �
� �

(v) 	 ate
t

��

	�
 )���

(i)
�

���
t atL dt

t
� �
� �
� �
� (ii)�%����������

�

� � 	
2 � �

t

s

f tL dt L f t ds
t s

�� �
� �� �

� �
� �

(iii) )����
'

�

���
t tL dt

t
� �
� �
� �
� (iv) )����

�

t att eL dt
t

�� ��
� �
� �
�

(v) )����
�

2 ��� E

t
tL e t t dt� �

		
 )���������� !������������"����&

(i) L�'t'�$�e$t� (ii)�L�t'�>�	�'
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(iii) L�����t�F�G	��t�� (iv) L��	�h���t�

(v) L	f�t�
����f�t���
� ���� � �

� ���� �

t
t
� ��

� ��

(vi) L	t�� ���t
 (vii) L	�t������ et


��� ��	�������������������������	���	��
�

�

�
���

 �

tte t dt
�

� �	

��� �	�!��"���#�
� �

� �
s

f tL F u du
t

�� 
 �� �
� � 	

(i) $��%�
���� tL

t
 �
� �
� �

(ii)�$��%� � teL
t

 ��
� �
� �

(iii� &!��"���� �
�	�

t

s

te t dt
�

�	

��� &!��"������������������	���	�

��� f�t��������t����	��t��

���� e�t����t�����������t + ���	���t
����� �	����t
��!� �t������ et

�!� e�t����� t

�!�� f�t���
� �

� �

te
t

te �e
���

�!��� f�t���

� � �

� � �

�

t t
t t

t

�t � �t
� ��tt ���

�t
�!���� f�t���'t����'���'t����'(�t ���

��)� L	f�*t�
�������f�t���

� �
��� (

� �

�
�(

�

t t

t

�
�

�

�
t �t��� t������

��
(

�
( t( t���

�

�

�)� +�	!�������L	����K�������hKt�
��
�

� �

�

�

K s
s KK�

� � $��%�������������������	�����	��

��� t������t��	���t ����
�	�,ate t
t
�	��	�
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�)!� �

�

� ��s s ��

�)!�� �

�

� ��s s ���

�)!��� � �

�

� ��s s ��

�)!����
�

�� �

s
s a ��

�)�)�
� �

���
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s s
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�
aa

��
a
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s�

Using convolution theorem

��� �
� �

�

s a�a

���� �

�

� ��� ��s s ���� �����

����� � �� ��� ��

s
s s���� ������

��!� ���

�

� � � �

s
s a s b

��s
�

ss
� � ��� � � �� �ss� a s b�a s b� �

�1� 2.�����������������������	���	��
��� �t

t
�0� -���"����	�!	�"��	����	����/���������������	���)�������

�*� &)�����������	����)���!����	���	��"�����%�3��!���%���)�����	���	��"���

4�!������	��������)�������

��� -���"����������������	���	����������������	�����	����������������	���)�������
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UNIT 2 APPLICATION OF LAPLACE
TRANSFORMS

Structure
2.0 Introduction

2.1 Objectives

2.2 Ordinary Differential Equations with Constant Coefficients

2.3 Ordinary Differential Equations with Variable Coefficient
2.3.1 Solution of System of Differential Equations using the Laplace Transformation

2.4 Simultaneous Ordinary Differential Equations

2.5 Partial Differential Equations
2.5.1 Equations Solvable by Direct Integration

2.6 Applications to Mechanics, Electrical Circuits and Beams
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2.0 INTRODUCTION

In mathematics, the Laplace transform, named after its inventor Pierre-Simon Laplace

a mathematician and astronomer, is an integral transform that converts a function of

a real variable ‘�’ to a function of a complex variable ‘�’ (complex frequency). The

‘Laplace Transform’ has many applications. Two of the most significant are the

solution of differential equations and convolution. The Laplace transform operator is

used to solve both the first order and second order differential equations with constant

coefficients. The differential equations must be IVP’s (Initial Value Problem) with

the initial condition (�) specified at � = 0. Essentially, the Laplace transform is an

efficient method for schematically solving the linear differential equations with

constant coefficients. Given an IVP, the Laplace transform operator is applied to

both sides of the differential equation which will transform the differential equation

into an algebraic equation whose unknown function is considered as the Laplace

transform of the desired solution.

The Laplace transform is a powerful integral transform used to switch a

function from the time domain to the �-domain. The Laplace transform can be

used in some cases to solve linear differential equations with given initial conditions.

A linear differential equation is a differential equation that is defined by a linear

polynomial in the unknown function and its derivatives. A linear differential equation

or a system of linear equations such that the associated homogeneous equations

have constant coefficients may be solved by quadrature, which means that the

solutions may be expressed in terms of integrals. This is also true for a linear
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equation of order one, with non-constant coefficients. An equation of order two

or higher with non-constant coefficients cannot, in general, be solved by quadrature.

For order two, Kovacic’s algorithm allows deciding whether there are solutions in

terms of integrals, and computing them if any.

The Laplace transformation is a mathematical tool which is typically used to

solve the differential equations by converting it from one form into another form. It

is very useful and effective tool for solving linear differential equations either ordinary

or partial. To solve these equations simultaneously, the Laplace transform of each

equation is taken for obtaining two simultaneous algebraic equations from which

one can determine �(�) and �(�), the Laplace transforms of �(�) and �(�),
respectively. Partial differential equations, which are used to formulate, and thus

aid, the solution of problems involving functions of several variables. Differentiate

a given equation with respect to � and � and then find the solution for the same by

forming partial differential equations.

Convolution is a mathematical operation on two functions (��and �) that

produces a third function �  * �) that expresses how the shape of one is modified by

the other. The term convolution refers to both the result function and to the process

of computing it. It is defined as the integral of the product of the two functions after

one is reversed and shifted. The integral is evaluated for all values of shift, producing

the convolution function. The Wronskian of two solutions of a homogeneous second-

order linear ordinary differential equation in terms of a coefficient of the original

differential equation is expressed by Abel’s identity (also known as Abel’s formula

or Abel’s differential equation identity). Retarded, neutral, advanced, and mixed

functional differential equations are all terms used to describe differential difference

equations. This classification is based on whether the current state of the system’s

rate of change is influenced by previous values, future values, or both.

In this unit, you will learn about the ordinary differential equations with

constant coefficients, ordinary differential equations with variable coefficient,

simultaneous ordinary differential equations, partial differential equations,

applications to mechanics, electrical circuits, and beams, integral equations of

convolution type, Abel’s integral equation, integro-differential equation and

differential-difference equations.

2.1 OBJECTIVES

After going through this unit, you will be able to:

Explain the significance of Laplace transform

Solve the ordinary differential equations with constant and variable

coefficients using Laplace transform

Describe the method of solving simultaneous linear equations

Discuss the types and applications of partial differential  equations

Discuss solution of integral equations of convolution type

Elaborate on the solution of integro-differential equation

Explain the differential-difference equations
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2.2 ORDINARY DIFFERENTIAL EQUATIONS
WITH CONSTANT COEFFICIENTS

The Laplace transform is an elegant way for fast and schematic solving of linear

differential equations with constant coefficients. As an alternative of solving the

differential equation with the initial conditions directly in the original domain, a

mapping into the frequency domain is taken where only an algebraic equation has

to be solved. Solving differential equations is performed as per the guidelines given

in Figure 2.1 which involve the following three steps:

� Transformation of the differential equation into the mapped space.

� Solving the algebraic equation in the mapped space.

� Back transformation of the solution into the original space.

Fig. 2.1

The following examples will make the concept clear.

Example 2.1: Consider the differential equation  with

the initial conditions .

Solution: We can solve the differential equation using the following steps:

Step 1: 

Step 2: 

Step 3:  The complex function ( ) must be decomposed into partial fractions in

order to get,

From the inverse Laplace transformation the solution of the given differential

equation is,

Example 2.2: Solve the following system of differential equation using Laplace

transform:
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Solution: Notice that the system is not given in matrix form hence matrix form is

not required in solution. The system is nonhomogeneous.

Using Laplace transforms to solve differential equations, we consider the

transform of both differential equations as,

Now use the initial condition and simplify to get,

To solve this for one of the transforms, multiply the top equation by  and

the bottom by –3 and then add. We get,

Solving for  gives,

On partial fraction we get,

Taking the inverse transform gives the first solution,

To find the second solution we can eliminate  to find the transform for .

However, in this case notice that the second differential equation is as follows,

By, endorsing the first solution in and integrating gives,

Reapplying the second initial condition to get the constant of integration

gives,
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The second solution is,

Putting all this together gives the solution to the system as,

Other systems of differential equations of practical significance can be solved

using the Laplace transform method in a related manner, and taking eigenvalues

and eigenvectors as shown in Example 2.3 based on electrical network.

Example 2.3: Find the currents 
1

 and 
2

 in the network as shown in the

following figure with  and  measured in terms of the usual units, 100100

volts if  0 � � 0.5 sec and 0 thereafter, and 0 0,0,0, 0 000 .

Solution: The method of the network is obtained using the Kirchhoff’s voltage

law as,

1 1 2 1

1
0.8 1 1.4 100 1

2

1
1 2 11 2 11 4 1001.4 1001 41 2 11 2

1
111 11

1
111

1
1

2222

2 2 1
1

2 2 12 2 1222
 = 0.

Dividing by 0.8 and on ordering we get,

1 1 2

1
3 1.25 125 1

2

1
221 25 1251.25 1252

1
11 1133 1

1
111

1
1

2222

2 1 2 02 022 11
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With 
1 2

0 0, 0 0
2

0, 0 00
2

0,  we acquire the second shifting theorem as the

subsidiary equations:

/ 2

1 2

1
3 1.25 125

21 / 2

1 23 1.25 1251 23 1.251.251 2

1

1 2
1 0

1 2
1 0

21 2
1

2
.

Algebraically solving 
1
 and 

2
 gives:

/ 2

1

125 1
1

1 7

2 2

1 / 2125
1

1

1 7
1

1 71 71 7

2 22 22 2

/ 2

2

125
1

1 7

2 2

/ 2125
1

/

1 7
1

1 71 71 7

2 22 22 2

,

The right hand sides without the factor / 2
1

/ 2/  contain the partial fraction

expansions of the form:

500 125 625 500 250 250
,

1 7 1 77 7
3 21 3 21

2 2 2 2

125 625 500 250

1 7 1 77
,

1 7 171 7 1 771 7 1 77
21

1
3 21

1
21 21

2 2 2 22 2 2 2
3

2 2 2 2
21 21321 21

,

The inverse transform of this equation provides the solution 
1

0
2

1

2
,

/ 2 7 / 2

1

125 625 500

3 21 7

625 2 5002

3 21 7

1255 7 / 2625/ 2 7 / 2/ 2 6 5/ 2

/ 2 7 / 2

2

250 250 500

3 21 7

250 2 5002250

3 21 7

50 7 / 2250/ 2 7 / 2/ 2 50/ 2
1

0
2

1

2

As per the second shifting theorem, the solution for 
1

2

1

2
 is obtained by

subtracting from this 1

1

2

111

222
 and 2

1

2

111

222
, respectively. We get,

1/ 4 / 2 7 / 4 7 / 2

1

125 625
1 1

3 21

4 7 / 26251/ 4125
1 1

3 21

/ / 2 7 / 4625
1 7 /

1/ 4 / 2 7 / 4 7 / 2

2

250 250
1 1

3 21

1/ 4 7 / 4250 250
1 1

3 21

/ 7 // 2
1

2

111

222

Similarly, the systems of differential equations of higher order can also be

solved using the Laplace transform method. The higher order differential equations

involve the higher derivatives ( ), ( ), etc. These mathematical models are

used to solve physics and engineering problems.
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2.3 ORDINARY DIFFERENTIAL EQUATIONS
WITH VARIABLE COEFFICIENT

Considering ( )  as a constant, then the following equalities hold:

2 31

3

331

3

122
…(2.1)

22 222 …(2.2)

In the above given two equations, is considered as a function of .

However, can be used as a constant if  the difference stands as much as the

constant coefficient. For example,

Let = 2 + 1. Then

2 2 32
2

3

2

3

222 22
2

And 
3 31 2

3 3

2

3

Thus the Equation (2.1) holds. New consider the Equation (2.2).

2 4
2 4

3

4

3
2 224

And

2 3
2 .

33
22

Basically we can state that is the difference is as much as the constant

coefficient. This specifies that the left-hand side  of the equation has a solution

1 + 2 when the right-hand side has a solution , when both 1 and 2 are

constant terms. Therefore, these formulas are restricted for the form of only.

Solution of ODEs with Variable Coefficients
Let the solution  is c

1
 + c

2
X.

Then,

2 2 3 3 3

2 2 2

1 1 1
.

3 3 3

1 1 1 3 .
3 3 3

33

2 2

1 1 13 3

3 3 3
2 2

3 3 3

2 2

1 1 113 322 2

2

2

2

Similarly,

2 2 2

2 2 22 2 ..2 2

2 2 22 2 2

2 22 222

The result is similar when the right-hand side has a solution .

Theorem 2.1. Let us denote £ = = ( ), £( � ) = �   and £( ��  ) = �� .

Then Euler-Cauchy equation 2 ��   + �  + = 0, Legendre’s equation

�� 2 ��  – 2 �  + + 1 = 0 and Bessel equation 2 ��   + �  + 2 – 2

= 0 can be represented by,

4 2 3 21 4 1 1 4
( 2) (0) (0) (0) ,
3 3 3 2

1 1 4

22

4

3 3

4
2) (0)(0)

3 33
( )( )( )2 1 1 43 2)

1 43 22 2) (0) (0)(0) 3 21 43 2(0)( ) 22(0) 22
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4 2 3 21 2 1 1 1
( ( 1)) (0) (0) (0) (0),
3 3 3 3 2

22 1 1 13( 1))
1 3

3 3 3

2 ( 1)) (0)1)) (0) 31 3

3 3 3
( ) 0),

2

12 (0) (0
12

2
(0) (0)(0)2 12

2
( )

And 
4 2 2 3 21 5 1 1 5

( 1 ) (0) (0) (0) (0),
3 2 3 3 2

2 25 1 1 53)2 2 1 3

2 3 3
1 ) (0)2 2 31 3

2 3 3
( )( )( ) 0),

2

52 (0) (0
52

2
(0) (0)2 52

2
( )

respectively,

Putting

1 ,

We have the solution  as  = £–1(
1
).

Proof. If we take Laplace transform for above equation, then we have

2
2

2
(4 ) ( 2) 0,(4 ) ( 2) 0,( )(4 ) ( 2)) ( 2)(4 )( )

2
2 2

2
2 ( ( 1) (0) (0) 0,

2
( ( 1) (0) (0) 0,

2
22 ( ( 1) (0)( ( 1) (0)

2
2 (0)

And 

2
2 2

2
( 1) 3 (1 ) 0,

2
1) 3 (1 ) 0,

2

2
33 (1 )(1 )

2

22

respectively. Integrating Euler-Cauchy equation with respect to , we have,

3 21 4
( 2) 0.

3 2

4
2) 0.2)2)

2

24
(

2

24
(22

Since, � =  – (0) and �� = 2  –  (0) – �(0), we have,

3 2 21 4
( (0) (0)) ( (0)) ( 2) 0.

3 2

24
(0) (0)) ( (0)) ( 2) 0.24

2
(0)(0) ( (0)) ( 2)( (0)) ( 2)2222(0))

Organizing this equality, we have

3 2

4 2

1 1 4
(0) (0) (0)

3 3 2
1 4

2
3 2

1 42
(0)

21 42

3 223

2
(0)

22
(0)( )

3

24
2

2

24 22

Putting,

1 ,

We obtain the solution as = £–1( 1). For a given number , we get the

above given results using the similar method.

2.3.1 Solution of System of Differential Equations
Using the Laplace Transformation

The Laplace transform is an elegant way for fast and schematic solving of linear

differential equations with constant coefficients. As an alternative of solving the
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differential equation with the initial conditions directly in the original domain, a

mapping into the frequency domain is taken where only an algebraic equation has

to be solved. Solving differential equations is performed as per the guidelines given

in Figure 2.2 which involve the following three steps:

� Transformation of the differential equation into the mapped space.

� Solving the algebraic equation in the mapped space.

� Back transformation of the solution into the original space.

       

Fig. 2.2

The following examples will make the concept clear.

Example 2.4: Consider the differential equation

 with the initial conditions .

Solution: We can solve the differential equation using the following steps:

Step 1: 

Step 2: 

Step 3:  The complex function ( ) must be decomposed into partial fractions

in order to get,

From the inverse Laplace transformation the solution of the given differential

equation is,

Example 2.5: Solve the following system of differential equation using Laplace

transform:

Solution: Notice that the system is not given in matrix form hence matrix form is

not required in solution. The system is nonhomogeneous.

Using Laplace transforms to solve differential equations, we consider the

transform of both differential equations as,
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Now use the initial condition and simplify to get,

To solve this for one of the transforms, multiply the top equation by  and

the bottom by –3 and then add. We get,

Solving for  gives,

On partial fraction we get,

Taking the inverse transform gives the first solution,

To find the second solution we can eliminate  to find the transform for .

However, in this case notice that the second differential equation is as follows,

By, endorsing the first solution in and integrating gives,

Reapplying the second initial condition to get the constant of integration

gives,

The second solution is,

Putting all this together gives the solution to the system as,
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Other systems of differential equations of practical significance can be solved

using the Laplace transform method in a related manner, and taking eigenvalues

and eigenvectors.

2.4 SIMULTANEOUS ORDINARY
DIFFERENTIAL EQUATIONS

Simultaneous ordinary differential equations may be solved by using Laplace

transformation

Working Rule
1. Two equations are given for two dependent variables, depending upon a

single variable. Apply the Laplace transform on both sides of the equations

on both of the equations.

2. Now solving these equations, there will be values of dependent variable in

terms of .

3. Applying Laplace transformation find the value of dependent variables.

Example 2.6: , sin 

(0) = 1, (0) = 0

Given , sin 

Solution: Apply Laplace transform on both sides

[ ( ) – (0)] – ( ) = 
1

11

Or [ ( ) – 1 – ( ) = 
1

11

And [ ( ) – (0)] + ( ) = 2

1

11

Or ( ) + ( ) = 2

1

11

Solving Equations

( ) = 

2

2 2 2

1

( 1)( 1) ( 1)
2 2

1)( 1) ( 1)
2 2

1)( 1) (1) (
2

(
2

= 2 2 2

1 1 1 1

2 1 ( 1) ( 1)

1 11111 1
21)2222( ) (1 ( 1) (1 ( 1) (21 ( 1) (1) (2( 1) (2 (Resolving into partial fraction)

And ( )= 2 2 2 2
( 1) ( 1)( 1)

2 2 2
1) ( 1)( 1)

2 2 22 2
1) ( 1)(1)(

22
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= 2 2 2

1 1 ( 1)

( 1) 2 1 1

1 ( 1)1 1 ( )(
21) 221) 22 1 1111 1211 21 2 (By Partial fraction)

Apply Laplace inverse on both side.

=
1 1 1

2 2 2 2

1 1 1 1 1

2 1 2 1 1 ( 1)

11 11 1 11 1 1 1111 1 11

2 21 2 1 111 2 1 12 212 22 1 12 2 ( 1)2 2( 1)2

=
1 1

( cos sin ) (sin cos )
2 2

cos s ) (s co
1

i ) ( i
1

2
cos sin ) (sin cosin ) (sin

=
1

( cos 2sin cos )
2

cos 2sin cocos 2sin co2sin

And =
1 1

2 2 2

1 1 ( 1)

( 1) 2 1 ( 1)

1 1 1 (1 1)1 (1 1

2

1)1 (1 1

2 2( 2( 2 1) 2 1 ( 1)1 (1 (21) 2 1 ( 1)2 21 (1 ( 22 1 ( 2

=
1 1

sin ( cos sin )
2 2

( cos s
1

( i
1

2
( cos sincos

=
1

(sin cos sin )
2

cos sicos sincos

Hence 
1

( sin cos sin )
2

cos sicos sincos

1
( cos 2sin cos )

2
cos s co2 icos 2sin co2sin

Example 2.7:  +  = , 2  –  = 

If (0) = 3, �(0) = –2, (0) = 0

Solution: Taking Laplace transform on both of the eqation

[ ( ) (0)] + [ ( ) – (0)] = 2

1

� ( ) + ( ) = 3 + 2

1
...(1)

And
2 1

( ) (0) (0) [ ( ) (0)]
1

2 ( ) (0)2 ( ) (0)
1

( ) (0)]( )( )(0) [(0) [( ) ( )2 ( ) (0)) ( ) [(0) [(0) [
1

� 2 1
( ) ( ) 3 2

1

1
( ) 3 2( ) 3( ) 3

1
...(2)

Solving Equations (1) and (2)

=

2

3 2 2 2 2

3 1 3 2 1

(1 ) 1 1 ( 1)( 1)

11 23
2 2
) 1 1 ( 1)( 1)

2 2 2 2
) 1 1 ( 1)(1 1 1

2 2
1 1 (

2 2

=

4
2

3 4 2 2

1 2 3 2 1
1 2

1 1 1 2( 1)

42 4

1
232 22211 2 22

1 2( 1)2 21 2(1 22 21 2(2 21
1

11
2

1 114 14 14

2 2

1

2( 1) 2( 1)
2

2(
2 2

1) 2( 1)
2

1) 2(1) 2(
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= 3 2 2

2 1 1 3

2( 1) 2(1 ) 2(1 )

�
� � � � �3

1 1

2(

�
2

1) 2(1 ) 2(1 )
2 2

1) 2(1 ) 2(1) 2(1
2

1) 2(1
2

And ���� 2 2

1 2

( 1)( 1) ( 1)� � � �
2

2
1)( 1) ( 1)

2 2
1)( 1) (1) (

2
(

2

��� 2 2 2

1 1 1 2

2( 1) 2( 1) 2( 1) 1

�
� � � � �

1 1 2

2(

�
1) 2( 1) 2( 1) 1

2 2 2
1) 2( 1) 2( 1)

2 2 2
1) 2( 1) 2( 1)

2 2 2

Apply Laplace transform on these equation

�� =
1 1 1

3

1 1 1 1
2

2 1
  

� � �
1 1 1 1 1 111 1 1 11 1 11 1 1 11   1    1

� � �23 2
 

� �3 23 2
 

3 11

     
1 1

2 2

1 3 1

2 1 2 1

� 
� �

3 1� 13 1� 1

2
 1 3�  1

�222 1 2 1�21 2 12


1 2


=

2 1
2 cos 3sin

2 2 2

�� � � �
� 1

cos 3si
2 2 2

� �
3sin

       And   � �� 1 1 1 1

2 2

1 1 1 1 3 1

2 1 2 1 2 1

�   
� � � �

1 1 1 1 1 1 3 1� 13 11 1 1 1 �1 11 1 11 3� 11 1 11  1    1 1  
� �22� 22


1 2 1 2 1� �21 2 1 2 12 2


21 2 1 22

 

=
1 3

1 cos sin
2 2

�� � �1 3
cos si

1 3

2 2
cos sicos�

� �� =

2 1 3
2 cos sin

2 2 2 2

�� � � �
� 1 3

cos si
3

2 2 2 2

� �
si

���������
1 3

1 cos sin
2 2

�� � �cos s
1 3

i
1 3

2 2
cos sicos�

Example 2.8: � � �� �
�� � �� ��

Solution: Subject to �(0) = 0, � �(0) = –2, �(0) = 0

Apply Laplace transform

[�(�) – �(0)] + [�(�) – �(0)] = 1/�2

�(�) + �(�) = 2

1

� ...(1)

2 1
[ ( ) (0) (0)] ( )

1
�  � �� �  �

�
1

(0) (0)] ( )(0) (0)] ((0) (0)](0)](0)]
1

2

2

1
[ ( ) ( ) 3 2

1
�  �  � �

�2

1
( ) 3 2( ) 3( ) 3

1
...(2)

Solving Equations (1) and (2)

� = 

2

2 2 2 2 2

1 3 2 3 1

( 1)( 1) 1 1 1 ( 1)

� � �
� � � � � � �

3 2 32 32 3
2 2

1)( 1) 1 1 1 ( 1)
2 2 2 22 2

1)( 1) 1 1 1 (1 1 1 1
2 2 2

1 1 1 (
2 2 22
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� = 

2 3 2

2 2 2 2

3 2 3

( 1)( 1) 1 1 1

� � � �
� � � � �

� � �3 2 32
21)( 1) 1 1 12 2 2 21)( 1) 1 12 2 22 2 21 12 2 2

2

1 1
3 2

1( 1)
�

�� �2

1 1
3 2

(
2

�
11)1)

Resolving into partial fractions and then applying Laplace inversion.

� = 

2 3 1
2 sin cos

2 2 2 2

�� � � �
� 3 1

sin co
1

2 2 2 2

� �
co

� = 
1 3 1

1 sin cos
2 2 2

�� � �1 3 1
sin coi

1 3 1

2 2 2
sin cosin

Example 2.9: Solve (� – 2)� – (����1)� = 6�3�

(2� – 3)� + (����3)� = 6�3�

�(0) = 3, �(0) = 0

Solution: Apply Laplace transform on both equation

6
[ ( ) (0)] 2 ( ) [ ( ) (0) ( )]

3
� � �  � � � �  �

�
6

(0)] 2 ( ) [ ( ) (0) ( )](0)] 2 ( ) [ ( ) (0) ((0)] 2 ( ) [ ( ) (0)
3

6 3 3
( 2) ( ) ( 1) ( ) 3

3 3

��  � �  �
� �

36 3
2) ( ) ( 1) ( ) 32) ( ) ( 1) (

3 333
...(1)

[2( ( ) (0) 3 ( )] [ ( ) (0) 3 ( )]
3

�� � �  � � � �  �
�

(0) 3 ( )] [ ( ) (0) 3 ( )]
�� � �(0) 3 ( )] [ ( ) (0) 3 ((0) 3 ( )] [ ( ) (0) 3 (

3

6 12
(2 3) ( ) ( 3) ( )

3

��  � �  �
�

126
3) ( ) ( 3) ( )�3) ( ) ( 3) (( ) ( 3) (

3
...(2)

Solving Equations (1) and (2)

(�) = 2

1 2( 1)( 2)

1 ( 3)( 1)

� �
� � �

1)( 2)1)(2(
2

1 ( 3)( 1)1 ( 3)(3)((

= 2

1 2 2

1 3 ( 1)� � �
2 2

2
1 3 ( 1)1 3 (3 (3 (

(Resolving into partial fractions)

(�) = 2 2

3

( 1) ( 1) ( 3)

�
� � �

3

(
2

1) ( 1) ( 3)
2 2

1) ( 1) (
2

1) (
2

= 2 2

3 1 1 2

( 1) 3 1 ( 1)� � � �
1 1 23

(

1 1 221 1 2

1)21)21)2 23 1 ( 1)3 1 (3 1 ( 23 1 ( 1)3 1 (3 1 (3 1 (

= 2

1 1 1

1 3 ( 1)� � �
1

2
1 3 ( 1)1 3 (3 (

� � �� 3
2 2

� � �� � ��3� �3
2 2

3� ��2 2
�

2 2
3

� = 3� � �� � ��3� �3� ���3



NOTES

���������	
�	��������
���
��	���

����� �� ���
�
�
�������� 119

Check Your Progress

1. What is significance of Laplace transform to solve an ordinary differential

equations with constant coefficients?

2. Name the three steps for solving an ordinary differential equations with

constant coefficients.

3. Define the solution of ordinary differential equations with variable coefficients

through the integral and Laplace transform.

4. How Laplace transform is useful for solving the differential equations?

5. Define the working rule for the solution of simultaneous ordinary differential

equation.

2.5 PARTIAL DIFFERENTIAL EQUATIONS

Let � = �(�, �) be a function of two independent variables � and �. Then ,
� �
� �
� �
� �

are the first order partial derivatives; 
2 2 2

2 2
, ,

� � �
� � � �
� � �
� � � �

 are the second order partial

derivatives.

Any equation which contains one or more partial derivatives is called a partial

differential equation. 
� �� �
� �
� �
�

� �
 = �; 

2 2 2

2 2

� � �
� � � �
� � �

� �
� � � �

 = 0 are examples for partial

differential equation (PDE) of first order and second order respectively.

We use the following notations for partial derivatives,

� = 
�
�
�
�

,   =  
�
�
�
�

, � = 
2

2

�
�
�
�

, � = 
2�
� �
�
� �

, � = 
2

2

�
�
�
�

Partial differential equation may be formed by eliminating !�" arbitrary constants

!��" arbitrary functions.

Example 2.10: Form the parital differential equation by eliminating the arbitrary

constants from � = �� + #� + �2 + #2.

Solution: Given, � = �� + #� + �2 + #2 (1)

Here we have two arbitrary constants � and #. Therefore, we need two more

equations to eliminate � and #. Differentiating equation (1) partially with respect to

� and � respectively we get,

�
�
�
�

 = � = � (2)

�
�
�
�  =   = # (3)
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From equations (2) and (3), we get,

� = �, # =  

Substituting values of � and # in (1) we get,

� = �� +  � + �2 +  2

This is the required partial differential equation.

Example 2.11: Eliminate ��and�#�from � = (� + �)(� + #).

Solution: Differentiating partially with respect to � and �$

� = � + #,   = � + �

Eliminating � and #, we get � = � .

Example 2.12: Form the partial differential equation by eliminating the arbitrary

constants in���= (� – �)2 + (� – #)2.

Solution: Given, � = (� – �)2 + (� – #)2 (1)

Here we have two arbitrary cosntants � and #. To eliminate these two arbitrary

constants we need two more equations connecting � and #. Therefore,

differentiating equation (1) partially with respect to � and �, we get,

�
�
�
�

 = � = 2(� –��) (2)

�
�
�
�  =   = 2(� –�#) (3)

From equation (2), we get,

� – � = 
2

�
(4)

From equation (3), we get,

� – # = 
2

 
(5)

Substituting equations (4) and (5) in (1) we get,

� = 

2 2

2 2

�  � � � ��� � � �
� 	 � 	

Simplifying we get, 4� = �2 +  2

This gives the partial differential equation after elimination of � and #.

Example 2.13: Form the partial differential equation by eliminating the arbitrary

constants from�� = (�2 + �)(�2 + #).

Solution: Given, � = (�2 + �)(�2 + #) (1)
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Here we have two arbitrary constants � and #.

Differentiating equation (1) partially with respect to � and � we get,

�
�
�
�

 = � = 2�(�2 + #) (2)

�
�
�
�  =   = 2�(�2 + �) (3)

From equation (2) we get, 
2

�
�  = �2 + # (4)

From equation (3) we get, 
2

 
�  = �2 + � (5)

Substituting equations (4) and (5) in (1), we get,

� = .
2 2

�  
� �

� = 4���

This gives the required partial differential equation.

Example 2.14: Form the partial differential equation by eliminating��$�#$���from

2 2 2

2 2 2

� � �
� # �

� �  = 1.

Solution: Given, 
2 2 2

2 2 2

� � �
� # �

� �  = 1 (1)

Differential partially with respect to � and � we get,

2 2

2 2� � �
� �

� 
 = 0 (2)

2 2

2 2� �  
# �

� 
 = 0 (3)

Differentiating equation (2) partially with respect to �,

0 + 
2

2

�
(�� +  �) = 0

�� +  � = 0

Note: More than one partial differential equation is possible in this problem. These partial

differential equations are,

��� + ��2 – �� = 0,  ��� + � 2 – �  = 0
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Formation of Partial Differential Equation by Eliminating Arbitrary
Functions

The partial differential equations can be formed by eliminating arbitrary junctions.

The following examples will make the concept clear.

Example 2.15:�Eliminate arbitrary function from,

� = �(�2 + �2) (1)

Solution: Differentiating partially with respect to � and �, we get,

� = ���(�2 + �2).2� (2)

� = ���(�2 + �2).2� (3)

Eliminating ���(�2 + �2) from equation (2) and (3), we get, �� = ��

Example 2.16: Form the partial differential equation by eliminating the arbitrary

function���from ��� = �(�2 + �2 – �2).

Solution: Given, ��� = �(�2 + �2 – �2) (1)

This equation contains only one arbitrary function � and we have to eliminate

it.

Differentiating equation (1) partially with respect to � and � we get,

�� + ��� = ��(�2 + �2 – �2)(2� – 2��) (2)

�� + ��� = ��(�2 + �2 – �2)(2� – 2��) (3)

From equation (2), we get,

��(�2 + �2 – �2) = 
2 2

�� ���
� ��
�
�

(4)

From equation (3), we get,

��(�2 + �2 – �2) = 
2 2

�� ���
� ��
�
�

(5)

Since, LHS of equations (4) and (5) are equal, we have,

2 2

�� ���
� ��
�
�

=
2 2

�� ���
� ��
�
�

(�� + ���)(� – ��) = (�� + ���)(� – ��)

i.e., �(� + ��)(� – ��) = �(� + ��)(� – ��) (6)

On simplifying equation (6) we get,

��(�2 + �2) – ��(�2 + �2) = �(�2 – �2)

Which gives the required partial differential equation.
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Example 2.17: Eliminate the arbitrary function from � = (� + �) �(�2 – �2)

Solution: Given���� = (� + �) �(�2 – �2) (1)

Differentiating partially with respect to � and � we get,

� = (� + �)��(�2 – �2)2� + �(�2 – �2) ·1 (2)

� = (� + �)���(�2 – �2)(–2y) + �(�2 – �2) ·1 (3)

Eliminating ���(�2 – �2) from equations (2) and (3) we get,

2 ( )

2 ( )

� � �
� � �

�
� �

=
2 2

2 2

( )

( )

� � � �
� � � �
� �
� �

2�[� – �(�2 – �2)] = –2�[� – �(�2 – �2)]

�� – ��(�2 – �2) = – �� + ��(�2 – �2)

�� + �� = (� + �) �(�2 – �2)

= (� + �)
( )

�
� ��

� � = �� + ��

This is a required equation.

Example 2.18: Eliminate the arbitrary function from � = �� + �(�2 + �2)

Solution: Given���� = �� + �(�2 + �2) (1)

Differentiating partially equation (1) with respect to � and�� we get,

� = � + ���(�2 + �2) ·2� (2)

� = � + ���(�2 + �2) ·2� (3)

Eliminating ���(�2 + �2) from equations (2) and (3) we get,

(� – �)� = (� – �)�

�� – �2 = �� –��2

�� – �� = �2 – �2

Which is a required equation.

Example 2.19: Eliminate the arbitrary functions� ��and���from the relation

� = �(� + ��) + �(� – ��)

Solution: Differentiating partially with respect to � and ��we get,

� = ���(� + ��) + ���(� – ��) (1)

� = a���(� + ��) – ����(� – ��) (2)

Differentiating these again, with respect to � and ��we get,

2

2

�
�
�
�

= � = ����(� + ��) + ����(� – ��) (3)
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2

2

�
�
�
� = � = �2 ����(� + ��) + �2����(� – ��) (4)

From equations (3) and (4) we get,

� = �2�

2.5.1 Equations Solvable by Direct Integration
A solution in which the number of arbitrary constants is equal to the number of

independent variables is called complete integral or complete solution.

In complete integral, if we give particular values to the arbitrary constants, we

get particular integral. If 	(�, �, �, �, �) = 0, is the complete integral of a partial

differential equation, then the eliminant of � and � from the equations 
�
��
�

= 0,

�
��
�

 = 0, is called singular integral.

Let us consider four standard types of nonlinear partial differential equations and

the procedure for obtaining their complete solution.

Type I:Equations of the form F(�, �) = 0. In this type of equations we have only

� and � and there is no �, � and �. To solve this type of problems, let us

assume that �� = �� + �� + � be the solution and then proceed as in the

following examples.

Example 2.20: .Solve  �2 + �2 = 4

Solution: Given,  �2 + �2 = 4 (1)

Let us assume that � = �� + �� + � be a solution of equation (1). (2)

Partially differentiating equation (1) with respect to � and �, we get,

�
�
�
�

= � = � and 
�
�
�
�

 = � = � (3)

Substituting equation (3) in (1) we get,

�2 + �2 = 4 (4)

To get the complete integral we have to eliminate any one of the arbitrary

constants from equation (2).

From equation (4) we get,

� = 24 �
 � (5)

Substituting equation (5) in (2) we get,

� = �� ± 2
4� �� + C (6)

Which contains only two constants (equal to number of independent variables).

Therefore, it gives the complete integral.
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To check for Singular Integral:

Differentiating equation (6) partially with respect to � and � and equating to

zero, we get,

�
�
�
�

=
2

1
( 2 )

2 4
� �

�

 �

�
 = 0 (7)

and,
�
�
�
�

= 1 = 0

Here, 1 = 0 is not possible.

Hence, there is no singular integral.

Example 2.21: Solve �2 + �2 = 
��

Solution. The solution is, � = �� + �� + �, where �2 + �2 = 
��

Solving, � = 
� �2

4

2

� 
 

 �

The compete integral is,

� = � �2 4
2

���� 
 
 �� 
 � �

Differentiating partially with respect to �, we see that there is no singular integral,

as we get an absurd result.

Example 2.22: Solve � + � = ��

Solution: This equation is of the type, �(�, �) = 0.

� The complete solution is of the form, � = �� + �� + � (1)

Differentiating equation (1) partially with respect to � and � we get,

� = �, � = �
Therefore, the given equation becomes,

� + � = ��

� = �(� – 1); � = 
1

�
� �

Therefore, the complete solution is,

� =
1

��� � �
�
 �� �� ��� �

This type of equation has no singular solution.

Let, � = 	(�)

� = ( )
1

��� � �
�

� �� �� ��� �
(2)
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Differentiating partially with respect to ��

0 = 2

( 1)1
'( )

( 1)

� �� � �
�

�
� �� �

� �� ��� �

0 = 
2

1
'( )

( 1)
� �

�
�� �

�
(3)

The elimination of � between equations (2) and (3) gives the general solution.

Type II: Equation of the form ��	����
����
��(����) (Clairaut’s form). In this

type of problems assume that, ��	����
����
���(����) be the solution.

Example 2.23: Solve � = �� + �� + ��

Solution: This equation is of Clairaut’s type. Therefore, the complete solution is

obtained by replacing � by � and � by �� where � and � are arbitrary constants.

i.e., the complete solution is, � = �� + �� + �� (1)

Differentiating equation (1) partially with respect to � and �� and equating

these to zero we get,

0 = � + � (2)

0 = � + � (3)

Eliminating � and � from equations (1), (2) and (3) we get,

� = –�� – �� + ��

i.e., � + �� = 0

This gives the singular solution of the given partial differential equation and to

get the  general solution.

Put, � = �(�) in equation (1)

� � = �� + �(�)� + ��(�) (4)

Differentiating partially with respect to � we get,

0 = � + ��(�)� + ���(�) + �(�) (5)

Eliminating � from equations (4) and (5) we get the general solution.

Example 2.24: Obtain the complete solution and singular solution of�

� = �� + �� + �2 + �� + �2

Solution: This equation is of Clairaut’s form. Therefore, the complete solution is,

� = �� + �� + �2 + �� + �2 (1)

Where, � and � are arbitrary constants.

Differentiating equation (1) partially with respect to � and � we get,

0 = � + 2� + � (2)
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0 = � + 2� + �

2� – � = 3�� and 2� – � = 3�

� =
2

3

� ��
, � = 

2

3

� ��

Substituting this in equation (1) we get,

� =

2
2 2 2

3 3 3

� � � � � �� �� � �� � � � � �� �� � � � � �
� 	 � 	 � 	

2
(2 )(2 ) 2

9 3

� � � � � �� � �� �� � � �
� 	

Simplifying we get, 3� = �� – �2 – �2. This is the singular solution.

To find singular integral:

Differentiating equation (2) partially with respect to � and �, and then equating

to zero, we get,

�
�





=
2 2

1

��
� �

�
� �

 = 0 (3)

�
�





=
2 2

1

��
� �

�
� �

 = 0 (4)

From equation (3), we get,

� 2 =
2

2 21

�
� �� �

(5)

From equation (4), we get,

�2 =
2

2 21

�
� �� �

(6)

From equations (5) and (6) we get,

�2 + �2 =
2 2

2 21

� �
� �
�

� �

� 1 – (�2 + �2) = 
2 2

2 2
1

1

� �
� �
�

�
� �

= 2 2

1

1 � �� �

i.e., 1 – �2 – �2 = 2 2

1

1 � �� �

� 2 21 � �� � = 2 2

1

1 � �� �
(7)
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Substituting equation (7) in (3) and (4) we get,

� =
2 21

�
� �
�

� �
, � = 

2 2
1

�
� �
�

� �
(8)

Substituting equations (7) and (8) in (2) we get,

� =
2 2

2 2 2 2 2 2

1

1 1 1

� �
� � � � � �
�

� �
� � � � � �

=
2 2

2 2

1

1

� �
� �

� �

� �

� � = 2 21 � �� �  or,  �2 = 1 – �2 – �2

� �2 + �2 +�2 = 1

This is the singular integral.

Type III:Equation of the form, �(�, �, �) = 0

Example 2.25: Solve � = �2 + �2

Solution: Given, � = �2 + �2 (1)

Assume that, � = �(� + ��) is a solution of equation (1). (2)

Put, � + �� = 	 in equation (2)

Then, � = �(	) (3)

Partially differentiating equation (3) with respect to � and � we get,

� =

�

	 , � = 


��

	 (4)

�
�

�

� 
�
� =  and 

� 	 � � 	
	 � � 	 �

�
 
 
 
 

� �
 
 
 
 
 	

Substituting equation (4) in (1) we get,

� =

2 2

2
� 
��

	 
	
� � � ��� � � �
� 	 � 	

i.e.,

2

2
(1 )


� �

	

� � �� �
� 	

 = �

i.e.,

�

	

=
2

1

�
��
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i.e.,

�
�

=
2

1


	
��

(5)

Integrating equation (5) we get,


�
� =

2

1

1

	

�� 

2 � =
21

	 �
�

�
�

i.e., 2 � =
21

� �� �
�

�
�

�

This gives the complete integral.

Example 2.26: Solve �� + �� + �� = 0

Solution: Given, �� + �� + �� = 0 (1)

Let us assume that, � = �(� + ��) (2)

By the solution of equation (2).

Put � + �� = 	 in equation (2)

� � = �(	) (3)

� =

�

	

; � = � 
�

	

(4)

Substituting equation (4) in (5) we get,


� 
�� � � � �

	 
	
� � � � � = 0

i.e., ( )

� � ��

	

� = –���

�

�

	

=
��

� ��
�

�

i.e.,

�
� =

� 
	
� ��

�
�

(5)

Integrating equation (5) we get,


�
� =

� 
	
� ��

�
� 

log � = – ( ) log
� 	 �

� ��
�

�

i.e., log � = �[� + ��] + log ��   where � = 
�

� ��
�

�
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i.e., log � – log � = �(� + ��)

log
�
�
� �
� �
� 	

= �(� + ��)

�
� = ��(�+��)

� � = ���(�+��)

This gives the complete integral.

Type IV: Equation of the form, �
1
 (�, �) = �

2
 (�, �)

Example 2.27: Solve the equation, � + � = � + �

Solution: We can write the equation in the form, � – � = � – �

Let, �� – � = �, then � – � = �

Hence,  � = � + �, � = � – �


� =
� �
� 
�
� �

 


�

 


 = �
� + �
�

= (� + �)
� + (� – �)
�
On Integrating,

� =
2 2( ) ( )

2 2

� � � � �� �
� �

There is no singular integral and the general integral is found as usual.

Example 2.28: Solve �2 + �2 = � + �

Solution: Given, ��2 + �2 = � + �

�2 – � = � – �2 = �

� �2 – � =��; � – �2 = �

� = � �� � , � = � �� �


� = �
� + �
�

= ( )� � 
�� � ( )� � 
�� �

Integrating we get the complete solution.

� = 3/ 2 3/ 22 2
( ) ( )

3 3
� � � � �� � � � �

= 3/ 2 3/ 22
( ) ( )

3
� � � � �� �� � � � �� �

Example 2.29: Solve � + � = sin � + sin �
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Solution:

� – sin �� sin ����� = �

� � = � + sin �; � = sin � – �


� = �
� + �
�

= (� + sin �)
� + (sin � – �)
�

On integrating, we get,

� = (�� – cos �) – (�� + cos �) + �

� = �(� – �) – (cos � + cos �) + �

This is the complete solution.

2.6 APPLICATIONS TO MECHANICS,
ELECTRICAL CIRCUITS AND BEAMS

In this section, we will study the applications of Laplace transform to mechanics,

electrical circuits and beams.

Electric Circuit
Considers an electric circuit considering of a resistance R, inductance L, a

condenser of capacity C and electromotive power of voltage E in a series. A

switch is also connected in the circuit.

E

R

S

L
S

Fig. 2.3��������������	��
Here

� = 

�

�

Voltage developed are

Ri, 

�

�  and 

�
�

By Kirchhoff’s law,


�

�  + Ri + 

�
�  = E. ...(2.3)

We can apply/use the Laplace transform to solve the differential equation

arises in electronic circuit. Where we first take the Laplace transform of (2.3) and
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this results (1) will be converted into an algebraic equation in Laplace transform of

� and by the use of inverse Laplace transform may retrieve the solution �. This can

be better understand by the following adjoined examples.

Example 2.30: A resistance � is a series with inductance L is connected with

e.m.f �(�). The current � is give by

��
��  + �� = �

If the switch is connected at � = 0 and disconnected at � = � then find the

current � in terms of �.
Solution:
Given condition are

0
( )

0

� � �
� �

� �
� ����
�000

and current � = a at � = 0, i.e., �(0) = 0.

Given equation of circuit is

��
��  + �� = �(�) ...(1)

Taking Laplace transform of (1) we get

0

(0) ( ) �� �� � � � � � � ����� (0)� � �(0)
0

( )� � �( )�  at

(Where ( )�  ��  = Laplace transform of �)

or
0

. .0
� ���� ��

�
�� �� � ��� � ��� �� � �� �

0
.

� ���� �� � ����� � �

or
0

( )

����� � � �
�

�� �
� � � 	�
 �

or ( ) (1 )���� � � �
�

�� � �

�
(1 )

( )

��� ��
� � �

��
�

�

or
( ) ( )

��� ���
� � � � � �

�

� �
� �
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Taking inverse Laplace transform we have

1 1 1( )
( ( )

��� �� � �  
� � � � � �

�
� � � � �� �

� � � � 	� 	� �
 � 
 �

or  
( )

( ) 1 1
� �� � �
 � �� � � �

� �

�
� �� � � �

� � � �� 	 � 	

 � 
 �

Where ��(��– �) = 
1

0 0

� �
� �
�

� � ��
�(� – �)

or ��(�) = 1
� �
� �

�
�� �

�� 	

 �

for 0 < � < �

and for � > �

�(�) = 
( )

1 1
� �� � �
 � �� �

� �
� � �� � � �

� � �� 	 � 	

 � 
 �

  = 
( )

1
� �� � �
 � � �

�
� � �� �

� �� �
� �

for � > �

( ) 1
� �� �
 �� � � �

�
� � �

� �� 	

 �

Example 2.31: Find the current �(�) in the LC-circuit (given in adjoining figure)

using Laplace transform. Given  = 1 Henry, � = 1 ford, zero initial current and

charge on the capacitor and

when 0 1
( )

0 otherwise

� �
� �

� ��
�
�

Solution:
The differential equation for the LC circuit is given by

C

i

L

V (t)

Fig 2.4 ���������
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2

2

� � � �
�� �

� �

Given  = 1, � = 1 and � = �(�) we get

2

2
( )

� � � � �
��

� � � ...(1)

Taking Laplace transform of (1)

2

2
( ) ( ( )

� �  �  � �
��

� �
� �� 	


 �

Denote ( ) � ��  then we have

2

0
(0) (0) ( ) ��� � �� � � 	 � � ��

� �� � � � � � ...(2)

It is given that �(0) = 0, �(0) = ��(0) = 0

So (2) becomes

2� � �� =
0

( ) ��	 � � ��
� ��

=
1

0 1
. .�� ��� � �� 	 � ��

�� ��� �

=
1

1

0
0 0

.1.
�� ��

�� �� ��� �� ��
� �

����

1 �
��

1 �1 �
�

.1.�
�

1

0

���� ��
��

���� � ��1�� 1

0� 0
0

0 ��

2� � �� = � � 1

0

1 1
0� ��� � ��

� �
� ��
� � �

=

1

0

1 1 ���
� � �

�� �
� � 	�
 �

= � �2

1 1
1� �� �

� �
� ��

� � �

Or 2( 1)� �� = 2

1 1
(1 )� �� �

� �
� ��
� �

� 2 2 2

1 1

1

� �� ��
� � � �

� �� ��
� � �� �� � �

Or 2 2 2 2 2

1

( 1) ( 1) ( 1)

� �� ��
� � � � � �

� ��
� � �

� � �

Taking inverse Laplace transform we get



NOTES

���������	
�	��������
���
��	���

����� �� ���
�
�
�������� 135

� + 1( ) ��  and using Linearity property

Or � �
1 1

2 2
( 21

� �

�

� ��  
� �� �

� �
� �
� � � ��� 	� � � 	� 	 �� 
 �
 �

+
1

2 2

1

( 1)


� �
� � �
� 	�
 �

...(3)

We know that –1 (�–�� (�)) = �(� – �) � (� – �)

� Since 
1

2 0

1
sin

( 2)

�
 ���

� �
� � �

�� 	�
 �
�

   = 1 – cos �

1
1

2 2 0

1
(1 cos ) sin

( 1)
 � �� � �

� �
� � �

� � � �� 	�
 �
�

1

2
[1 cos( 1) ( 1)

( 1)

�� � � �
� �

�
� � ��

� � � �� 	�
 �

and � �1

2
( 1) sin( 1) ( 1) .

( 1)

�� � � � �
� �

�
� � �

� � � � �� 	�
 �

puting that values of inverse laplace transfrom in (3) we get

[1 cos( 1)] ( 1) [( 1) sin( 1)] ( 1) sin� � � � � � � � � �� � � � � � � � � � �

for 0 < � < 1 where
1

( 1)
0 0

� �
� �

� �
��

� � � � ��

�(� – 1) = 0 (in the unit step function)

then �(�) = � – sin �
and for � > 1,��(� –1) = 1 in that case

�(�) = [1 cos( 1)] [( 1) sin( 1)] sin� � � � �� � � � � � � � �

thus the current �(�) = 
��
��

for 0 < � < 1

�(�) = 1 – cos �
and for � >1

�(�) = –sin (� –1) –1 + cost (� – 1) + 1 –cos �
�(�) = cos (� –1) – sin (� – 1) – cos �

Similarly we can solve the differential equation arising in mechanics and

beams.
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Now consider application of Laplace transform in beam.

Beam: A bar whose length in much greater than its cross-section and its

thickness is called a beam. There are various types of beams. defined so for. We

explain few of them.

If a beam may just rest a support like a knife edge then it in called supported

beam.

It one or both edges of a beam are firmly fixed then it is called fixed beam.

If one end of a beam in fixed and the other end is loaded, then it is called

cantilever.

Bending of Beam: Let a beam be fixed at one end and the other is loaded.

The upper surface is elongated and therefore under tension and lower surface is

shortened so under compression. Wherever beam is loaded it deflects from its

original position. If M is the bending moment of the forces acting on it, then

M = 
��
�

Where  E = Modules of classify of the beam

  I = Moment of inertia of the cross-section  of beam about neutral

areas

R = Radius of curvature of the curved beam

so, R = 

3/2
2

2 2

2 2

1
1

neglecting 

�

�� �

� 
 � 
 ��
�� ��

� �� ��� 	� 	� 	
 � � �
 � � � 	

 �

Thus M = 

2

2

� 
��
��

Boundary Condition

(i)  End freely supported: At the freely supported end 0, there will be no

deflction and no bending moment

i.e., 
 = 0, 

2

2
0

� 

��

�

Fig 2.5 �
������
�����	����
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(ii) Fixed end horizontally: Deflection and slope of the beam are zero

� = 0 and 0
��
��

�

Fig 2.6 �������
���	���	
�����

(iii) Perfectly free end: At the free end there is no bending moment or shear

force, then

2 3

2 3
0, 0

� � � �
�� ��

� �

Fig 2.7 ����������������
�

Example 2.32: The differential equation satisfied by a beam uniformly loaded

(Wkg/meter), with one end fixed and the other end tensile force P, is given by

E.I 

2
2

2

1

2

� � �� 	�
��

� �

Find the elastic curve for the beam subject to the conditions:

� = 0 = 
��
��  at � = 0

Solution:

Given E.I 

2
2

2

1

2

� � �� 	�
��

� � ...(1)

taking Laplace transform both sides (denote (�) = � )

� �2 1

3

1 2!
(0) (0) .

2
�
 � � �� � �� 	

�
� � � �

Or � �2

3
.0 0

	�
 � � � ��
�

� � � � (using the given conditions)

Or
2

3

	�
� � ��
�

� �
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Or
2

3
( )

	�
 � � �
�

� � �

Or 3 2
( )

	�
� �
 � �

�
�

� ...(2)

Taking inverse Laplace transform of (2) curve � can be obtained.

i.e., �� = 
1 1

3 2
( )

( )

	 � 
� �
 � �

� � � �
� � 	�
 �

�����
1

3 2( )

	
� �
 � �

� � 
� ��� �

Consider

3 2
3( )

	 	
�� �
 � � �
 �
�


�
� �

=
3

1	
�
 � �� � �

�
 �

� �� �
� �� 	� 	


 �
 �

=
31 2 1 2

3 2

�� � � �	
�� � � � � �� �

�
 �


� �� � � �� �� � � �� �� �� 	 � 	� �

 � 
 �� �

�
1
 = 

2

0

1 1

�

���
�
�
 �

� 
� � �� � �
� �� �
� 	� �
 �� �

�
2
 = 

2
2

2

0
0

1 (1)(2 )
0

� �

� �
��� �� ��
 �
�

�

� � � � � �� �� 	 �� �� �� �� 	 � �� �� �� 	� �� �� 	� �
 �� � 
 �� �

�
3

=

2

2
2

0

1

�

�
��� �
�


�

� � �
� �� 	
� �� 	

� �� �� 	
� 	� 	� �
 �
 �� �

=
2

2

0

2

�

� �
�� ��

�

�

� � �
� �� 	
� �� 	
� �� 	� �
� �� 	� 	


 �
 �� �
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�
3

=
2 2

2

0

2 2
0

�

� ��
�
 �


222 2
0

2 2�
0

2

2 � 2�2 � �2�2 ��
�
�


��
� 0��


0
�


�
�
�


�
1

=
1

��
�


��
�


� �
� 	

 �
� �
� 	

 �

Where �(�) = 1

�(�) =
3 2 �� �

�

� ��� 	

 �

��(�) =

2
4 3

5
� ��
�


�

= 2

1
3 .

5

� �
�
 �
�

�


� �� � 	

 �� �

� 	

 �

=
2

1

2
�
�


� �
� 	

 �

�
2

=
� �� �
�
 �


� � � �
� � �� 	 � 	

 � 
 �

�
2

=

2

1 2
�
�


� �
� 	

 �

Thus 3 2 3

1 1 ( 2) 1
. 0 .

( )

	 	
� �� �
� � �
 � �
�
 �


�
� ��� � � � �

� � � � ��
� 	 � 	� 
 � 
 ��

2 2

1 1 1 1
. .

2 2
� �� �� �
�
 �
�
 �


� �� � � �� � � � �� �� 	 � 	� 	 � 	 �
 � 
 �
 � 
 � �

Hence � = 1( ) ��

=

2

2 2

1 ( 2) 1
. .1

2!
2

� �� �
�
 �
	 � � �

��
 � �
�
 �
 �


� �� �� ��
� � � �� �� 	� 	� �� � � � � � 
 �� 	� �� 	 � 	
 � 
 � 
 �� �
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=

2

2 2

( 2) 1
cosh

2

�	 �
��
 �
� �
�
 �
 �


� �� � �
� �� �

� �� �� � � �� 	 � 	 � 	� �
 � 
 � 
 �� �

Put 
2 = 
�
�
 then (i.e., 
2 �
 = �)

� = 

2

2 4 4 2

1 2
cosh

/ 2

	 �
�
� 
 
 
 


� �
� �� �

� �

 = � �
2

2
2 cosh

2

	� 	
�
� �


� �

�(�) = 

2

2
(2 cosh )

2

	� 	 
�
� �


� �

Application to Mechanices

Example 2.33: Consider the mechanical system in (Figure 2.3) consists of two

bodies of mass 1 on these springs and is governed by the differential equations.

��� = � + %(& – �)
&�� = –% (& – �) – %&

Fig 2.8 ���'�
������������	���(	�)	����

Where  is the spring constant of each of the three springs and � and & are

the displacements of the bodies from their position of static equilibrium, the masses

of the springs and damping are neglected.

We shall determine the solution corresponding to the initial conditions �(0)

= 1, ��(0) = 3%  and &(0) = 1, &�(0) = – 3

Donote ( )�  �� and ( )&  &� and taking the Laplace transform of given

system of differential equations, we get,
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2

2

(0) (0) ( )

(0) (0) ( )

� � �� � �  & �
� & �� &  & � &
� � � � � � � �
�

� � � � � � ��

Or

2

2

( )

( )

� � � �  & �
� & �  & � &
� � � � � �
�

� � � � ��

Solving this system for � and &  we get,

�  = 
2 2

3

3

� 
�  � 

�
� �

&  = 
2 2

3

3

� 
�  � 

�
� �

Hence by use of inverse laplace transform, the solutions is given by

1

1

( ) cos sin

( ) cos sin

�  � � �

&  & � �

�

�

� � � ��
�

� � ���

From the solution it is obvious that the motion of each mass is harmonic

(the system in undamped).

2.7 INTEGRAL EQUATIONS OF
CONVOLUTION TYPE

Consider the integral equations of Volterra type (of fifth kind).

�(�) = 
0

( ) ( )
�
 � � � � ���� ...(2.3)

Taking Laplace transform of (2.3) both sides

(�(�) = � �0
( ) ( )

�
  � � � � ����

Or �(�) = (�) �(�) ���� �(�) = 
( )

( )

� �
* � ...(2.4)

By inverse Laplace transform one can

Where

1

( ( )) ( ) find by (Equation 2.4)

( ( )) ( ) ( ) ( ( )

( ( )) 1/ ( )

 � � � �
  �  � � �  � �
 � � �

((

(� (((( �(

( ) ( )�( ) ( )( ) ( )
111((((

1/ (1/ ( �(((

Similarly the Laplace transform method is applicable to the Volterra integral

equation of 2nd kind with a convolution type kernel.
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Consider a non-homogeneous integral equation of 2nd kind as

�(�) = 
0

( ) ( ) ( )
�

� � � � � � � ��� �� ...(2.5)

Taking Laplace transform of back sides to (2.5) we get,

(�(�)) = � �0
( ( )) ( ). ( )

�
 � �  � � � � � ��� ��

Using convolution theorem we get,

�(�) = ( ) ( ) ( )� � � � � ��

Or �(�) (1 –��(�))  = �(�)

� �(�) =  
( )

1 ( )

� �
� �� ...(2.6)

And again by use of inverse Laplace transfrom we get,

�(�) = 
1 ( )

1 ( )

� �
� �

� � 	

 ��� 

...(2.7)

The resolvant kernel of the non-homogeneous integral equation can also be

determined by the method of Laplace transfrom.

Let �(�, �) is defined as difference kernel and so is the resolvent kernel.

Since the resolvent karnel �(�, �) is the sum of the iterated kernel and they

all depend on the difference (� – �) then

�(�) = 2 ( , ) ( ) ( )
�

�
� � � � � � � � � ��� � ��

Let � – � =  	 � � = 	 + �
� �� = �	

thus �2(�, �) =
0

( ) ( )
� �
� � � 	 � 	 �	

�
� �� ...(2.8)

The other integrals can be determined similarly. Thus we can obtain the

resolvent kernel.

�(�, �, �) = 1

1

( , )� � �
�

�
��

��

��

With the help of resolvent kernel we can find the solution of integral equation

(2.5) as

�(�) 

0

( ) ( ) ( )
�

� � � � � � � ��� ��
Taking the Laplace transform of (2.9) both sides

(�
(�)) = � � � �� �0

( ) ( )
�

 � �  � � � � � ��� ��
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or �(�) = ( ) ( ) ( )� � � � � ��

� �( ) ( ( ))���� � �  � � �� �

or
( )

1 ( )

� �
� �� = ( ) ( ) ( )� � � � � ��

or � �1 ( ) ( )� � � �� =
( )

1 ( )

� �
� ��

or ( )� � =
1

1
1 ( )� �

�
�

or ( )� � =
( )

1 ( )

� �
� ��

...(2.10)

and thus the resolvent kernel � �1( , ) ( )� � �  � ��� , i.e., from (2.9) we can

recover the resolvent kernel.

Now we consider some example.

Example 2.34
Solve the integral equation.

� =
0

( )
� � �� � � ����

Solution: The given integral equation can be writen as

� = �(�) * �� ...(1)

where * denotes the convolution product. Taking Laplace transform of (1)

we get.

2

1

� = (�(�)).(��)

2

1

� =
1

( )
1

� �
�

�
�

or �(�) = 2 2

1 1 1�
� � �
�

� �

thus �(�) =
2

1 1

� �
�

Taking inverse Laplace transform one can get solution of given integral

equation as

�(�) =
1 1 1

2

1 1
( ( )) � �  

� �
� � �� 	 � 	� �
 � 
 �

�  � 

�(�) = 1 – �
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Example 2.35 Find the solution of the integral equation.

sin � = 0
0

( ) ( )
�
� � � � � ����

Solution: Taking Laplace transform of given integral equation both sides.

(sin �) = � �0
0

( ) ( )
�

 � � � � � ����
and using convolution theorem we get.

2 1

�
� �

= 2

1
( ).

1
� �

� �
� �0

2

1
( )

1
 � �

�
� 	�
 ��� 
�

or �(�) =
2

1

1� �

taking inverse Laplace we get solution �(�)
�(�) = –1(�(�)) = �

0
(�).

Example 2.36 Solve the integral equation of convolut ion

0
( ) ( ) 16sin 4

�
� � � � � �� �� ��

Solution: Taking the Laplace transform of given integral, in view of convolution

theorem, we have

�(�) �(�) = 2

4
16

16� �

(where (�(�)) = �(�))

or �(�) =
2

64

16�
�

�

or �(�) =
2

8

4�
�

�

by inverse Laplace transform the desired solution of given integral

equation is given by

�(�) =
1

2

8

4


�
� � 	

�
 �
�� 

or �(�) = � 8 �
0
(4�)

Example 2.37: Solve the following inhomogeneous integral equations.

(a)�(�) = 
0

1 ( ) ( )
�
� � � � ��� ��

(b)�(�) = 
0

1 sin ( ) ( )
�

� � � � ��� ��
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(c)�(�) = � �1s s in
. * ( )

�  � � �� ��
�

(d)�(�) = 
1

0
2 cos ( ) ( )�� � � � � ��� � ��

Solution: (a) Given integral equation is (a) can be written (in term of

convolution product �)
�(�) =  1 – �(�) * � ...(1)

taking Laplace transform of (1) bron side.

we get,

�(�) =
2

1 1
( )� �

� �
�

or
2

1
1 ( )� �

�
� 	�
 �
� 

=
1

�

or �(�) =
2 1

�
� �

(b) By taking inverse Laplace transform we get the solution as

�(�) =
1 1

2
( ( ))

1

� � � 
�

� � � 	� 
 �
�� 

or �(�) = cos �
(c)  Given equation is given as

�(�) = � + 2�(�) * cos � ...(2)

taking Laplace transform of (2) we get

�(�) =
2 2

1
2 ( )

1

�� �
� �
�

�

or 2

2
1 ( )

1

� � �
�

� 	�
 ��� 
= 2

1

�

or �(�) =

2

2

1

( )

�
� �
�

or �(�) =
� � � �2 22

1 1

1 1� � �
�

� �

(d) By Taking inverse Laplace transform we get.

�(�) = ��� + (� – 2)�� + � + 2

or �(�) = 2���(� –1) + � + 2

Parts (�) and (�) can be solved is the same way. Let � as an exercise to the

reader.
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2.8 ABEL'S INTEGRAL EQUATION

The following Abel integral equation.

�(�) =
0

( )

( )

� � � ��
� � ��� 0 < � < 1 ...(2.11)

This (2.11) can be rewritten as

�(�) = �(�) * �–� ...(2.12)

taking Laplace transform of (2.12) we get

�(s) = 1

1
( )� �

� ��

��

or �(�) = � �
1( ) ( )

1 1

� � � � � �
�

��
��� �

�� ��

or �(�) = ( )
1

� � � ����
� ��

or �(�) = � �
� �1

* ( )
/ sin

�  � � ���

� � �

or �(�) = � �1sin
. * ( )

� �  � � ����
�

or �(�) = � �1

0

sin
. and. ( ) ( )

�
 � � � � ����� � �

�
� �

denote �(�) =
1

0
( ) ( )
�
� � � � ������

then g(0) = 0

thus �(�) =
sin

( ( ))� � �� �
�

...(2.13)

We know that

(��(�)) = � �( ) (0)� � � �� �

(��(�)) = ��(�(�))

or (�(�)) = � �1
( ) � 	

�
�

From (2.13) we get

�(�) = � �sin
( ) � ���
�

�
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or (�(�)) = � �sin
( )

� � �
��

�� � �
� �� � 	

or �(�) =
sin

( )
� � �
��

�� � �
� �� � 	

or �(�) = 
 �
 �1

0

sin
( )

� �� � � � � ��
��

���
�

� 
is the desired solution.

But if the Abel integral equation is given the following form:

�(�) =
0

( )� � � ��
� �� ...(2.14)

Then we may proceed as

Here
1

2( )� � �
�

� �and the given equation is �(�) = �(�) × �(�)

Here
1

2( )� � �
�

�  is not piecewise continuous but it does have a Laplace

transform as

�(�) =
1 1

2 2

0

1

2

��� � �� �
� � �� �

or �(�) =
1

2�
�

�

Taking Laplace transform of (1.14) we get

�(s) = �(�) . �(�)

�(�) = 
 � ( )
( )

( )

� � � �
� �

�

or �(�) = 1
2

( )� �

�
�

�

or �(�) =

1
2

( )
� � �
�

= 
 �1
2 ( )

� � � �
�

�
�

or �(�) = 
 �( ) ( )
� � � � �
�
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these fore (by use of inverse Laplace transform)

�(�) =
0

1 ( )�� � � ��
�� � �� �  is the required solution of (2.13)

Example 2.38 Solve the following integral equations

(a)

 �

10 3

( )
(1 )

� � � �� � �
� �

� �
�



(b) 
 �
2

10 2

( )
1

� � � �� � �
� �

� � �
�



Solution: (a) The given integral equation is given as 
1

3( )* (1 )� � � � �
�

� �

...(2.15)

*denotes the convolution product taking the Laplace transform we get.


 � 
 �1
3( ) � �  �

�
= (� + �2)

2
3

2
3

( )� �
�

= 2 3

1 2

� �
�

�(�) = 4 7
3 3

1 1 1

2 3 � �

� �� ��� �
� �� �

� �(�) = 
 �1 1 1

4 4
3 3

1 1 1
( )

2
3

 � �  
� �

� � �
� �� � � �� �� �� �� � � �
� �� 	 � 	� �

or �(�) =

1 4
3 31

2
12 4 1 11 .

3 3 3 333

� �� �
� ��� �
� �� �

or �(�) =

1
32 3

1
22 1

3 3

� �� ��� �
� 	

or �(�) =

 �

1
32 1 3

.
sin 3 2

� ��� �
� �� � � 	

or �(�) = 
 �1 33 3
2 3

4
� ��

�

Past (b) is similar and it is left as an exercise to the readers.
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2.9 INTEGRO-DIFFERENTIAL EQUATION

Laplace transforms can be used to solve Integro-Differential Equation (IDE)

consisting the kernel of convolution type, i.e., the kernel �(�, �) depends on (� – �)
like �(�, �) = ��–�, cos (� – �), (� – �)2 ect. This is also called difference kernel.

Consider an Integro-difference equation.

( )





� � �
��

=
0

( ) ( ) ( )
�

� � � � � � � ��� � � ...(2.16)

we can rewrite (1) as

�(
)(�) = �(�) + � �(�) * �(�) ...(2.17)

where * denotes the consolution.

Taking Laplace transform of (2.17) both sides and using Convolution

theorem we get

1
1 ( )

1

( ) (0)




 
 � �

�
� � � � �

�
� �

�

�� 	 �(�) + �(�).�(�)

Solution (2.18) for �(�) and by the use of inverse Laplace transform one

can find �(�) as

Example 2.39 Solve the following Volterra integro differential equation.

��
�� =

0
1 ( )

�
� � ���   subject to �(0) = 1

taking Laplace transform both sides we get.

(�(�)) – �(0) = 
 �0
(1) 1. ( )

�
  � � ��� 

or ��(�) – 1 = 
 �1
(1). ( )  � �

�
�

��(�) – 1 =
1 1

. ( )� �
� �
�

1
( )� � �

�
� ��� �
� 	

=
1 1

1
�

� �
�

� �

�(�) = 2

1

1

�
�

�
�

�

�

or �(�) =
1

1� �
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� �(�) = 
 �1 1 1
( )

1
 � � 

�
� � � �� � ��� 	

� �(�) = ��

Example 2.40 Solve the following integro differential equation of order ��

�''(�) = 
 �
0

1 ( )
�

� � � � � ��� � � �
Subject so the conditions

�(0) = 1, �'(0) = 1

Solution: The given IDF can be written as y'' �(�) = – 1 – � + (�) * �(�)
Taking Laplace transform both sides.

�2�(�) – ��
(0)

 – �'
(0)

=
2 2

1 1 1
( )� �

� � �
� � �

or �2�(�) – � . 1 – 1 = 2 2

1 1 1
. ( )� �

� � �
�

� �

or
2

2

1
( )� � �

�
� ��� �
� 	

= 2

1 1
1�

� �
�

� � �

or

4

2

1
( )

� � �
�

� ��
� �
� 	

=

2

2

1� � �
�

� � � �

or �(�) =
3 2

4

1

1

� � �
�
� � �

�

or �(�) =

3 2

4

1

1

� � �
�
� � �

�

or �(�) =

 �
 �

 � 
 �

2

2 2

1 1

1 1

� �
� �

� �

� �

or �(�) =
2

1

1

�
�
�
�

or �(�) = 2 2

1

1 1

�
� �

�
� �

� L–1(�(�)) = �(�) = cos � + sin �
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2.10 DIFFERENTIAL-DIFFERENCE EQUATIONS

Like differential equations, differential-difference equations also used to model

variety of problems in mechanics, electrical and electronic systems. These equations

also arise frequently in economics, business and particularly in problems concerning

interest, annuities, amortization, loan and mortgages. Here we see the use of Laplace

transfer to find the solution of simple diffrential-difference equations.

Suppose � �
1� �� �

�
�is a given sequence. We first see the definitions of

difference operators. �, �2, ... �
 defined as

��
i
= �

i+1
 – �

i
...(2.19)

�2�
i
= �(��

i
) = �(��

i+1 -
– �

i
)

or �2�
i
= �

i+2 -
– 2�

i+1 
+ �

i
...(2.20)

Similarly �2�
i
= �2(��

i
) = �2(�

i+1 -
– y

i
)

or �3�� = ��+3 -
– 3��+2 

+ 3��+1 
– �� ...(2.21)

In general

1

1
( –  )
 


� � �� � ��
�� � �

or �ny
i
=

0

(–1)



� 

� � 
 �

�
� � � �

�
� ...(2.22)

These operaters �, �2, �3, ... �n respectively called as first, second, third

and nth order finite differences. Any equation consisting the finite differences is

called difference equation.

The highest order finite difference involved in the equation is referred to as

its order. A difference equation containing the derivatives of the unknown function

is called the differential-difference equation. Thus the differential-differnce equation

has two distinct orders – one is realted to the highest order finite difference and the

other is associated with highest order derivatives.

The equations

��� = ��  = 0

�2�� = 2��� = 0

are the example of difference equations of the first and second order

respectively. The general 
� order differnce equation has the form:

� = �
�� + �
1
�
–1 ��  + ... + �
–1

��� + �
 �� = �(
) ...(2.23)

where �
0
, �

1
, ...�
, and �(
) are either constans or functions of non negative

integer 
.

Like in ordinary defferential, Equation (2.23) is called a homogenous or

inhomogeneous according to �(
) = 0 or � 0.
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The following equations

�1 (�) – � (� – 1) = 0 ...(2.24)

�1 (�) – ��� (� – 1) = � (�)...(2.25)

are the examples of differential-difference equations where �(�) is a given

function of �. The study of above such equations can be carried by introducing the

function.

�
 (�) = � (� – 
) – � (� – 
 – 1), 
 � t � 
+1

where H (t) is the Heaviside unit function. The Laplace transform of �
(t) is
given by

( )�
 �  = � (S
n
 (t)) =

– ��



�

�

� {� (�–
) – � (� – 
 – 1)}��

=
1

–

 ��



� ��

�

� = � �– –1
1

� 
�� �
�

�

= –

0
( ) 
�� � �

where 
0
( )� � = � �–1

1– ��
�

We, next define the function y(t) by a series

�(�) =
0

( )
 



� � �

�

�
� ...(2.26)

where � �
0
 
� �

�
 is a given sequence.

Thus it follows that

�(�) = �
 for 
 	 � 	 
+1, and

represents a staircase function.

Further

�(� +1) =
0

( 1)
 



� � �

�

�

��

or � (�+1) =  � � � �
0

1– – –



� � 
 � 


�

�


 � 
� �� �

= 1

1

( )
 



� � �

�

�
�
�

or �(� +1) = 1

0

( )
 



� � �

�

�
�
� ...(2.27)
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Similarly,

�(� +2) = 2

0

( )
 



� � �

�

�
�
�

In general

�(��+ �) =
0

( )
 � 



� � �

�

�
�
� ...(2.28)

The Laplace transform of �(�) is given by

� (�) = �(� (�)) = 
–

0

( )��� � � ��
�

�

or (�) = � �– –

0

1
1– � 
�






� � �
�

�

�
�

���� � (�) = � �–

0

1
1– ( ) ( ) ( )�� � � � �

�
�� �

���� �(�) = � �–1
1– ��

� ��(�) = 
0

� (�) �(�)

where �(s) represents the Dirichlet function defined by

�(�) = � �
0

–



� �� 
�

�

�
� �

Thus we can reduce that

�(�) = �–1( � (�))

or �(�) = �–1 (
0

� (s)��(�)) ...(2.29)

In particular if �
 = �
 is a geometric sequence then

�(�) = � �–

0


�



��

�

�
�

= � �–

1

1–

�

��

�
� ���

�
� ...(2.30)

or �–1 0 ( )
�

�

�� �
� �

� �
� ��� �

= �
 ...(2.31)

From the identity

� �� �–

0

1

�




 ��

�

�

�� = (1 –���–�)–2

it follows that
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�((n+1)�
) = 
0

� (�) (1 – ae–�)–2

= � �
2

0

2

( )�

�

� � �

� ��

Thus �–1

� �
2

0

2

( )
�

�

� � �

� �

� �
� �
� ��� �

= (
 + 1)�


or
0

–





� � 
�

�

�
� = � �2

–
1–

�

�

��

��

Hence �((
�
) =
0

� (s) � �2

–

�

�

��

� �

������–1

� �
0

2

( )
�




�

�� � � 
�
� �

� �
� � �
� ��� �

Theorem 2.2. If l (�(�) = � �( ) ( )� � � ��� then

�(� (�+1)) = �� ( � (�) – �
0 0
� (�)), �

0
 = �(0)

Proof: Consider

�(� (�+1)) =
–

0

( 1)��� � � ��
�

�� (Put t + 1 =��)

=
–

0

( )� �� � � �
�

� � ��

=

1

–

0

( ) ( )� �� � � � � ��� �
� � �� �

� 
�

=

1

–

0

( ) (0)� �� � � � � ��
� �

� �� �
� 

�

�(� (�+1)) = �� [ � (�) – �
0

0
� (�)]

Similarly we derive

�(� (�+2)) = �� [�(�(�+1)) – �(1) –(�)]
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= �� [��((�) – �
0
(�)] – �(1(�))

�(� (�+2)) = �2� [(�) – (�
0
 + �

1 
�–s) (�)]

where �
0
 = �(0), �

1
 = �(1)

Similarly

�(� (��+3)) = �3� [(�) – (�
0
 + �

1 
�–�+ �

2
�–2�) (�)]

In general

�(� (��+ �)) =

1

0

0

( ) ( )
�

�� ��

�

� � � � � �� �( ) ( )
�

( ) ( )
1

��((� ( ) ) ��)� ( ) ((
� 0

� � � �( ) ( )) (00 (0

� 1

�� ��� �
0

�� �
0

Example 2.41 Solve the following differential-difference equation

�’ (�) = � (�–1), �(0) = 1

Solution: Taking the Laplace transform of given equation we get

�(�) – � (0) = �–� ((�) – �(0) (�))

or (�) (� – �–�) =

–
–

1 –1
�

�� �
�
�

or (�) =

– –2

– – –

1

– – –

� �

� � �

� �
� � � � � � � �

–
1

�� ��
�

11
�

��
� � � �–

–� �� � � �– �� �–� � ��

=

–1–2 –

2

1
1–

� �� �
� � �

–1– ��
1

2

�
1–1

�
1

�
1

�

�  (�) =

–2 –3 –4 –

2 3 4

1 � � � 
�




� � � �
� � � � �2 3 4 


� � � �� �

...(1)

Since we know that �–1 

–��




�
�

� �
� �
� �

=
� � � �

–1
–

–


� �
� � �




Thus we get (from (1))

y(t) = �–1 ( � (s))

=
� � � � � �

� �

2 –1
– 2 – 3 –

1 .
1! 2! –1 !


� � � 

� 




� � � � ��
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Example 2.42 Solve the following differntial-difference equation.

y’ (�) – �� (� – 1) = �, �(0) = 0

Solution: Taking the Laplace transform of given equation

� � (�) – �(0) – ���–s [(�) – �(0) (�)] =
�
�  .

or � (s) = ��
2 –2 –

2 3 4 2 2

1
...

� � 
 
� 
 
�


 


�� � � � � � �
� � � � �
1 �� 2 –2 –� � 
 
�– 
 
�� � � � � �� � 
 
� 
�� � � � � � �� � � � � �

2

1
3 4

...
2 2

�� � � � � � �
� � � � �2 3 4 
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Taking inverse Laplace transform we get

�(�) = ��
2 3 12
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Example 2.43 Solve the following difference equation.

�
+2
 – 2 ��
+1

 + �2�
 = 0

Subject to the conditions �
0
 = 0 and �

1
 = 1.

Solution: Taking the Laplace transform of given difference equation we get

2 – 2

0( ) – ( ) – 2 ( ) ( ) 0� � �� � � � � � � � � � �( ) ( )��( ) ( ) 2 2( ) ( ) 02�� �( ) (( 2

00� � � � �0( ) – ( ) – 2–

0  (using �
0
 = 0 and �

1
 = 1)

or                  
0

2

( )
( )

–

�

�

� � �� �
�

� �
2

or �
 = �–1 (� (�)) = �–1 

0

2

( )

–

�

�

� � �

�

( )
�� � (
�

0 ( ))� �0 ( )� � (
22

–
��

22

or
–11
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� 
 
1 –1
 

 


.

Check Your Progress

6. What are partial differential equations?

7. How is a partial differential equation formed?

8. What do you mean by the terms 'Complete integral' and 'Particular integral'?

9. What is the electric circuit?

10. Define the term beam.

11. What do you understand by the bending of beam?

12. State the Abel integral equation.

13. Where are differential-difference equations used?
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2.11 ANSWERS TO ‘CHECK YOUR PROGRESS’

1. The Laplace transform is an elegant way for fast and schematic solving of

linear differential equations with constant coefficients. As an alternative of

solving the differential equation with the initial conditions directly in the original

domain, a mapping into the frequency domain is taken where only an

algebraic equation has to be solved.

2. These are three steps for solving an ordinary differential equations with

constant coefficients:

��Transformation of the differential equation into the mapped space.

���Solving the algebraic equation in the mapped space.

�� Back transformation of the solution into the original space.

3. Considering �(
)  as a constant, then the following equalities hold:

2 31

3
� � �� � �3�� � �31

3
�12� �2 �

22�� �� � ��� �2� �22�� �

In the above given two equations, ��
���is considered as a function of �.
However, ��
���can be used as a constant if  the difference stands as much as

the constant coefficient.

4. The Laplace transform is an elegant way for fast and schematic solving of

linear differential equations with constant coefficients. As an alternative of

solving the differential equation with the initial conditions directly in the original

domain, a mapping into the frequency domain is taken where only an

algebraic equation has to be solved.

5. Working Rule:

� Two equations are given for two dependent variables, depending upon

a single variable. Apply the Laplace transform on both sides of the

equations on both of the equations.

� Now solving these equations, there will be values of dependent variable

in terms of s.

Applying Laplace transformation find the value of dependent variables.

6. Any equation which contains one or more partial derivatives is called a partial

differential equation. 
� �� �
� �
� �

�
� �

 = �; 
2 2 2

2 2

� � �
� � � �
� � �

� �
� � � �

 = 0 are examples

for partial differential equation of first order and second order respectively.

7. Partial differential equation may be formed by eliminating ��� Arbitrary

constants ���� Brbitrary functions.

8. A solution in which the number of arbitrary constants is equal to the number

of independent variables is called complete integral or complete solution.
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In complete integral, if we give particular values to the arbitrary constants,

we get particular integral. If �(�, �, �, �, �) = 0, is the complete integral of a

partial differential equation, then the eliminant of � and � from the equations

�
��
�

= 0, 
�
��
�

 = 0, is called singular integral.

9. An electric circuit considering of a resistance R, inductance L, a condenser

of capacity C and electromotive power of voltage E in a series. A switch is

also connected in the circuit.

10. A bar whose length in much greater than its cross-section and its thickness

is called a beam. There are various types of beams. defined so for. We

explain few of them.

11. A beam be fixed at one end and the other is loaded. The upper surface is

elongated and therefore under tension and lower surface is shortened so

under compression. Wherever beam is loaded it deflects from its original

position. If M is the bending moment of the forces acting on it, then

M = 
�	
	

12. The following Abel integral equation.

�(�) = 
0

( )

( )

� � � 
�
� � ���

13 Laplace transforms can be used to solve Integro-Differential Equation (IDE)

consisting the kernel of convolution type, i.e., the kernel �(�, �) depends on

(� – �) like �(�, �) = ��–�, cos (� – �), (� – �)2 ect. This is also called difference

kernel. Consider an Integro-difference equation.

14. Differential-difference equations are used to model variety of problems in

mechanics, electrical and electronic systems. These equations also arise

frequently in economics, business and particularly in problems concerning

interest, annuities, amortization, loan and mortgages.

2.12 SUMMARY

� The Laplace transform is an elegant way for fast and schematic solving of

linear differential equations with constant coefficients. As an alternative of

solving the differential equation with the initial conditions directly in the original

domain, a mapping into the frequency domain is taken where only an

algebraic equation has to be solved.

� Considering �(
)  as a constant, then the following equalities hold:

2 31

3
� � 
� � �3
� � �3

1

3
�

12� �2 


22�� 
� � �
� � �2� �22�� 
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In the above given two equations, ��
���is considered as a function of �.
However, ��
���can be used as a constant if  the difference stands as much as

the constant coefficient.

� The Laplace transform is an elegant way for fast and schematic solving of

linear differential equations with constant coefficients. As an alternative of

solving the differential equation with the initial conditions directly in the original

domain, a mapping into the frequency domain is taken where only an

algebraic equation has to be solved.

� Two equations are given for two dependent variables, depending upon a

single variable. Apply the Laplace transform on both sides of the equations

on both of the equations.

In this unit, you have learned about partial differential equations and the

formation of partial differential equations by eliminating arbitrary constants

and arbitrary functions from ordinary equations.

� Considers an electric circuit considering of a resistance R, inductance L, a

condenser of capacity C and electromotive power of voltage E in a series.

A switch is also connected in the circuit.

� A bar whose length in much greater than its cross-section and its thickness

is called a beam. There are various types of beams. defined so for. We

explain few of them.

� If a beam may just rest a support like a knife edge then it in called supported

beam.

� It one or both edges of a beam are firmly fixed then it is called fixed beam.

� If one end of a beam in fixed and the other end is loaded, then it is called

cantilever.

� A beam be fixed at one end and the other is loaded. The upper surface is

elongated and therefore under tension and lower surface is shortened so

under compression. Wherever beam is loaded it deflects from its original

position. If M is the bending moment of the forces acting on it, then

M = 
�	
	

� Laplace transforms can be used to solve Integro-Differential Equation (IDE)

consisting the kernel of convolution type, i.e., the kernel �(�, �) depends on

(� – �) like �(�, �) = ��–�, cos (� – �), (� – �)2, ect. This is also called

difference kernel. Consider an Integro-difference equation.

� Differential-difference equations are used to model variety of problems in

mechanics, electrical and electronic systems. These equations also arise

frequently in economics, business and particularly in problems concerning

interest, annuities, amortization, loan and mortgages.
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2.13 KEY TERMS

� Solving ODE with constant coefficient: As an alternative of solving the

differential equation with the initial conditions directly in the original domain,

a mapping into the frequency domain is taken where only an algebraic equation

has to be solved.

� ODEs with variable coefficients: Considering �(
)  as a constant, then

the following equalities hold:

2 31

3
� � 
� � �

3

3�3
� 1

3
�12� �2 


2
2�� 
� � �
� �2� �22�� 


� Solution of ODE using Laplace transform: The Laplace transform is an

elegant way for fast and schematic solving of linear differential equations

with constant coefficient.

� Solution of simultaneous ordinary differential equation: Simultaneous

ordinary differential equations may be solved by using Laplace transformation.

� First order partial derivatives: ,
� �
� �
� �
� �

 are the first order partial

derivatives.

� Second order partial derivatives:
2 2 2

2 2
, ,
� � �
� � � �
� � �
� � � �

 are the second order

partial derivatives.

� Complete integral: A solution in which the number of arbitrary constants

is equal to the number of independent variables is called complete integral

or complete solution.

� Partial differential equation: Any equation which contains one or more

partial derivatives is called a partial differential equation.
� �� �
� �
� �

�
� �

 = �;

2 2 2

2 2

� � �
� � � �
� � �

� �
� � � �  = 0 are examples for partial differential equation of first

order and second order respectively.

� Beam: A bar whose length in much greater than its cross-section and its

thickness is called beam.

2.14 SELF ASSESSMENT QUESTIONS AND
EXERCISES

Short-Answer Questions

1. Define the significance of Laplace transform to solve an ordinary differential

equations with constant coefficients.
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2. What is the three steps for solving an ordinary differential equations with

constant coefficients?

3. Define the solution of ordinary differential equations with variable coefficients

through the integral and Laplace transform.

4. Why Laplace transform is useful for solving the differential equations?

5. Give the solution of simultaneous ordinary differential equations.

6. Define partial differential equation.

7. How will you identify the order of a partial differential equation? Give an

example.

8. What do you understand by the beam?

9. State solution of integral equations of convolution type.

10. What is Abel integral equation?

11. Define integro-differential equation.

12. Write a short note on differential- difference equations.

Long-Answer Questions
1. Discuss briefly the significance of Laplace transform to solve an ordinary

differential equations with constant coefficients. Give appropriate example.

2. Describe the three steps for solving an ordinary differential equations with

constant coefficients.

3. Discuss the solution of ordinary differential equations with variable

coefficients through the integral and Laplace transform.

4. Explain why Laplace transform is useful for solving the differential equations.

5. Discuss the solution of simultaneous ordinary differential equations with the

help of example.

6. Explain the working rule for the solution of simultaneous ordinary differential

equations.

7. Obtain a partial differential equation by eliminating the arbitrary constants

of the following:

��� 2 2� �� �� � �� � � � ����
2 2 2

2 2 2
1

� � �
� � �

� � �

����� 2 2� �� � � � �� � � � ��� 3 3� �� ��� �

�� 2 2 2 2 2( ) ( )� � � � � � �� � � � � � ��� 22 ( )� �� � �� � �

8. Eliminate the arbitrary function from the following:

����� = �� �(� + �) ���� � = �(�� – ��)
����� � = �(�2 + �2 + �2) ��� � = � + � +��(��)
�� � = �(�) + ���(�) ��� � = �(� + 4�) + �(� – 4�)
���� � = �(2� + 3�) + ���(2� + 3�) ����� � = �(� + �) · �(� – �)
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9. Solve the following differential equations:

��� (3� – 4�)� + (4� – 2�)� = 2� – 3� ���� �2�� + �2�� = �2�
����� �2� – �2� = (� – �)� ���� �� + �� = 2�
��� �(�2 – �2)� + �(�2 – �2)� = �(�2 – �2)

10. Eliminate the arbitrary function(s) from the following and form the partial

differential equations:

��� �� + �� + �� = 
��

� �
� �
� �	
 �

���� � = �(�2 + �2 + �2)

����� � = �� �(� – �) ���� � = �(sin � + cos �)

��� #(� + � + �, �2 + �2 – �2) = 0 ���� � = �(2� + 3�) +#(� + 2�)
������� = �(�2 + �) + �(�2 – �) ������ � = � �(�� + 	�) + �(�� + 	�)

11. Discuss the applications of mechanics, electrical circuits and beams with

the help of examples.

12. Explain the Abel integral equation with the help of examples.

13. Explain the integro-differential equation. Give appropriate examples.

14. Solve the following IDE 
0

2 5 ( ) ( )
�
� � � � 
� � �


�
	 	 
� �(0) = 0

Hint: Take differente Kernel �(� – �) = 1.

15. Discuss the differential-difference equation with the help of relevant examples.

16. Find the solution of

��	 – �
 = 0, �
0
 = 1 using Laplace transforms.
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UNIT 3 FOURIER SERIES AND
INTEGRALS

Structure
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3.4 HALF RANGE FOURIER SINE AND
COSINE SERIES
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3.4.2 Complex Form of Fourier Series
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3.5.1 The Generalization of Parseval’s Theorem
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3.5.2 The Convolution Theorem and the Auto-
Correlation Function
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��#�40�������T�����)������1��#��2

��1

T ���:98� !6��������;���889 ::#8������#�

*� � ��:85

T ��:98� 86�����:85�;���889 ::#8�������815

���:98� 86��� 7687��;���889 ::#8���1 8�

���:89! 9#�9��;��:77 !96#8�

Example 3.26: �����������������������������������������������������$�����

���������������	���������
����
���

x�� 15 !15 615 715 �#15 �815 �915 #�15 #)15 #:15 !115 !!15

f�x�� # !) ! 1� ! 67 ) �8 ! 67 # #1 1 9! 1 8� 1 99 � 17 � �7 � 6)

Solution:

<5 ����x ����#x ����x ����#x f�x� f�x������< f�x������#x f�x������x f�x�����x

15 1 1 � � # !) 1 1 # !)1 # !)1

!15 1 81 1 9: 1 9: 1 81 ! 1� � 818 # 6�7 # 6�7 � 818

615 1 9: 1 9: 1 !1 (1 81 ! 67 ! #�1 ! #�1 � 9)8 � 9)8



Fourier Series and Integrals

NOTES

Self - Learning
204 Material

715 � 11 1 1 (� 11 ) �8 ) �81 1 1 () �81

�#15 1 9: (1 9: (1 81 (1 81 ! 67 ! #�1 (! #�1 (� 9)8 (� 9)8

�815 1 81 (1 9: (1 9: 1 81 # #1 � �11 (� 7�) (� 7�) � �11

�915 1 1 (� � 11 1 9! 1 1 (1 9!1 1 9!1

#�15 (1 81 1 9: (1 9: 1 81 1 8� (1 #88 1 ))) (1 ))) 1 #88

#)15 (1 9: 1 9: (1 81 (1 81 1 99 (1 :66 1 :66 (1 ))1 (1 ))1

#:15 �(� 11 1 1 (� 11 � 17 (� 171 1 1 (� 171

!115 (1 9: (1 9: 1 81 (1 81 � �7 (� 1!8 (� 1!8 1 878 (1 878

!!15 (1 81 (1 9: 1 9: 1 81 � 6) (1 9#1 (� )#: � )#: 1 9#1

#8 ## 7 #17 (1 8): ! !8! (! ��8

b
�

��#40�������f�x������x2

��
7 #17

# � 8!8
�#

7 #17
 8!

7 #177 #17
�

�#�#
� �

b
#

��#40�������f�x������#x2

��
1 8):

# 1 17�
�#

):1 8)
1 17

):1 8)

�#�#

f�x� ��
1

� # � #��� ��� # ��� ��� #
#

a a x a x b x b x� # � #��� ��� � �# � #�a ��� ��� # ��� ���� # ���# � #

��# �1�9�;�1 88:�����x�(�1 8�7�����#x�;��� 8!8�����x�(�1 17�

��������#x
Example 3.27: "�����

������	�
�������y���	���������$
���������������������������

$������������������x���������
�����
 

x�� 15 615 �#15 �915 #)15 !115 !615

y � � 79 # �8 # :: (1 ## (1 !� � )! � 7!

%<$����y�����������������$�������---��������� 

Solution:��+���y���
1

� � # #� ��� ��� � � ��� # ��� # �
#

a a x b x a x b x� � # #� ��� ��� � � ��� # �� � # #��� ��� � � ��� # ���� ��� � � ��� #� � # #

! !� ���! ��� ! �a x b x! !� ���! �! !���! ����!! !

x y ���x ���x ���� #x ���� #x ���� !x ���� !x y����x y����x y�����#x y�����#x y�����!x y�����#x

15 � 79 � 1 1 � 1 1 � 1 1 � 79 1 � 79 1 � 79 1

615 # �8 1 8 1 966 (1 8 1 966 (� 1 1 � 1:8 � 96�7 (� 1:8 � 96�7 (# �8 1

�#15 # :: (1 8 1 966 (1 8 (1 966 � 1 1 (� !98 # !799 (� !98 (# !799 # :: 1

�915 (1 ## : 1 1 � 1 1 (� 1 1 1 ## 1 1 1  ## 1

#)15 (1 !� (1 8 (1 966 (1 8 1 966 � 1 1 1 �88 1 #698 1 #698 (1 #698 ( !� 1

!615 (� )! 1 8 (1 966 (1 8 (1 966 (� 1 1 1 :�8 (� #!9! ( :�8 (� #!9! (� )! 1

: 9 # :6 ! #717 (� )6!8 (# 1)!: � 19 1

b
!

��1

� y ��� !�;��1 7#�����x�;�� 1767�����x�

;��(1 )9:9�����#x (�1 69�#�����#x��;��1 !6�����!x�
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Example 3.28: "�����

���������
����	�������	��������������$��������������	�

��$����

t�������� 1 T=6 T=! T=# #T=! 8T=6 T
A����$��� � 79 � !1 � 18 � !1 (1 99 (1 #8 � 79

3�������������������������������$������1 :8���$ ��������	����
��������

�����������������$
������������������������� 

Solution:��+�� A���
1

� �

# #
��� ���

#

a t ta b
T T

#
��

t#
�� �

#
��� ���a� ��� �

##

T � ��� �

t A
#

���
t

T
# t# t
TT

#
���

t
T

# t# t
TT

#
���

tA
T

t #
���

tA
T

t

 1 � 79 � 1 � 79 � �#89

"=6 � ! 1 8 1 966 1 68 1

"=! � 18 (1 8 1 966 (1 8#8 1 717!

"=# � ! (� 1 (� ! 1

#"=! (1 99 (1 8 (1 966  )) 1 :6#19

8"=6 (1 #8 1 8 (1 966 (1 �#8 1 #�68

) 8 � �# ! 1�!)9

a
1
��a

�
�����a

#

� A��1 :8�;�1 !:!����
# t
T

# t# t
TT �;�� 118�����

# t
T

# t# t
TT

� A�������������������$������1 :8���$ 

"�����$
���������������������������	�����

�� # #� !:!� �� 118��� 1

�� � �)7�

��� 1:#
� *��
��������������i���$����	�������������
����
����$���---�������� 

���� 1 !1 61 71 �#1 �81 �91 #�1 #)1 #:1 !11 !!1

i�  1 #) !! 8 #: 8 �9 # �! 1 (#) (!! 8 (#: 8 (�9 # (�!

# ����������������������$���---�������� 

��� x�� 1
!

#

!
�

)

!

8

!
#�

y�� 1 9 1 6 1 ) 1 : 1 7 � � 1 9

���� x�� 1 !1 61 71 �#1 �81 �91 #�1 #)1 #:1 !11 !!1

y�� #8 )1 81 8 8: 8 6� 8 6! ! 69 # 87 # 8# # )) # !8 9 #9 :

! "�����������������T�����������.,����������������������������������.

���
������������

��� 15 �85 !15 )85 615 :85 715 �185 �#15 �!85 �815 �685 �915

T� 1 # : 8 : : 9 � 9 ! : 7 6 9 8 8 ) � # 6 � # 1

%<$����T����������������������$����������������� 
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3.6 FOURIER INTEGRAL AT INCLUDING ITS
COMPLEX FORM

+���f�x����������������������������( � �� � ����������������>����
��?����������� �3�$$���

����	���$�����������������������f�x����������������� � 	�
� 1� � ( 1�

#
f x f x
 
 ����f�x�

�������
���
���������
�����(��@ x < �������

f�x� �� � ( (

�
� � ��� � ( �

#A
f u v x u du

� �

� �� �

B f�x���
( (

�
� ���� � ( �

#A
dv f u v x u du

� �

� �� � �    �! �8�

"���������

���������-�����
�����
� 

3.6.1 Fourier Transforms
+���f�x���������������������������	�
��a��b������������������������������>����
��?�

����������������f�x���������������������
��	�
�����<��$�����������������������$�����

�����������	�
������������������f�x������f ��x�����$�������������������������������	�


�a��b� 

-��f�x�������$���������������������$�����#l����������������f�x����f�x��;�#l����

���������>����
��?������������������������	�
��(l��l�����������	���$������������������

��������������������������

f�x� ��
1

�

��� ���
#

n n
n

a n x n xa b� ��

�

� �
 
� �� �
� � �

C���� an �� � �
(

�
���

n xf x dx�
�
�

�� �

*�� bn �� � �
1

#
���

n xf x dx�
�
�

� �
an�����bn������

��������������������������$����������f�x� 

-�����������f�x������	�����������������������	�
��( � �� �

B f�(x� ��f�x��������

an �� � �
1

#
���

n xf x dx�
�
�

� �
bn ��1

-���������������������

��������������������� 

-�����������f�x�����������������������������	�
��( � �� �

B f�(x� ��(f�x�������
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an ���

bn �� 
 �
�

�
�D�

n xf x dx�
�
�

� �

D��E�����������	������

����������������������

3.7 CONVOLUTION THEOREM INCLUDING
SINE AND COSINE TRANSFORMS

Therom 3.1.���	�f
�
�t�������f

�
�t������	������	������������������	����������

�
� � �f w

����
�
� � �f w �������	���
��	���

��f
��
��f

��
�  

� �
� �� �� � �f w f w

����	��	������
�	��������	������������������

�f
��
��f

�
���t�  � �� �f x f

�

$�� �dx

!���"��
�	���	�������	�	���	��	�	����������	�������������
�	��

�����	���	������	��������#��
�	�	��� �$ �	�����	����������	��������

	���������

Proof: f
��
�t����f

�
�t�� � 
 �� �� �f x f t x dx

�

$�
$�

$ F�f
�
���f

�
�  
 �
 �� �

�
� �

�$

iwtf x f t x dx e dt dx
� � $

$� $�
$� �

��	 t�%�x = u $ t� �u�&�x
dt� �du

F�f
�
���f

�
�  
 � � �

� �

�
� �

�$

iw w xf x f u e du dx
� � $ 	

$� $�� �
!�����'
����	����
����(�)�*������'�����		�����������	���	����	����
����

F�f
��
��f

�
�  � �

�
� � � �

�$

iwx iwnf x e dx f u e du
� �$ $

$� $�� �

 
� �

�
� �$ � �� �$ � �

�$
F f F f

	��� F�f
�
���f

�
�  

� ��$ � �� � �f f f f

� �f
�
���f

�
��w�  

� �
� ��$ � �� � �f w f w

� f�f
��
��f

�
�  

� �
� ��$ � � � �f w f w
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*���
������
�	���	��������������������������������������	��������

�����
��'�����		��

����� F
�
�f
��
��f

�
�  �

� �� �� �+�c c
f w f�

Fs �f����f��  
 � �
� �� � �+�c c
f w f

,�	�������	�����	�����������'�����	����������	���'-�

Example 3.29: ��	�f
�
�t�� � 
 ��

� � ��

� 	�������

t t
f t

$ ��
� �

�

f
�
�t�  

�

� �.��

te t
t

�� �
�
�

Solution:

��f
�
�  

�

�
�

� �
� � �� �

�$ �$

iwt iwtf t e dt t e dx
	 � �

�	
� �
 


� � �
� �+� � �f F f�  

� �

� �

�

�$

iwt iwte dt te dt� �� ��� � �
 


 

��
�

�
� �

� �
�

+�$

iwt wt
iwte te e dt

iw iw i

� �
��� � � �� �� �� � � ��� � �




 � � �
+ +

� � �

� � � �
�

�$

i iw i fle e e
iw iw i w

� � ��� �� �� � � � �� � �

 
� � � �

+

�

�� �
�

�$

i iw
iw

e e
e

iw w

� �
�

� �� �
� � �
� � �

�
� �+�f  

�

� � �
� � �

�$

iwe
iw w

�� �� � �� � �

��	 f
�
�t�  

�

� �

te t
t

�� �
�

��

F�f
�
�  

+

�
�

�� � �
�$

i t tf w e e dt
	 � �� 


 

� �

� �
+ �

� + ��

�

�

� �

��$ �$

i t
i t ee dt

iw

	� � �
	 � � � �
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�
� �+�f  � �

� �

��$ iw�

�f
�
�/�f

�
���t�  � �� ��0� 0f f t d�

	

�	
�


�f
��
��f

�
���t�  

� �

� �

� � �

� �

t

t

t
t e t

e e t

�

�

��
� � � ��
� � ��

!����������	�����������f
�
���f

�
���t����

�'��'	���������������
�	��

	���������f
��
/�f

�
�� � � � � �� �

� ��$ �f w f w

 � � � ��

� � � � �
�$� � �

��$ �$

iwe
iw w iw

�� �� � � ��  �� �

 
� � � � � ��

� � �
�

� ��$

iwe
iw iw w iw

�� �
� � �� � �� �

F�f
�
���f

�
�  � � � � � �� 1 �

� � �
�

�$

iwe
w iw iw w

�� �� � �� � � �� �

 � � � � � �
� �

� � � �
�

��$

iwe
w w iw w

�� �� � �� � � �� �

 
� �
� �

� �
� � � �

� �

� � 2

� �
�

��$

iw
w i w iw

e
w w w w

�
� �� � �
� � � �

� �� � �

f�f
��
��f

�
�  

� �
� �

� �
� � � �

� �

� �

�� �
�

� ��$

iw
w i iw

e
w w w w

�
� �� � �
� � � �

� �� � �

3.7.1 Relations Between Fourier and Laplace Transforms
3��-���	��	�	������
����	����������f�t����

F�s�  
�

� � stf t e dt
	 �
 ����1��4�

5�����	�-��s  �iw��
���	��������������6���	�����1��4��'�����

F�iw�  
�

� � iwtf t e ds
	 �


7����� f�t�  ���t�.���	���
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F�iw�  � � iwtf t e
	 �

�	
 ����1��8�

� ��iw�  � ��$ F f

!�������	���'�	��������
���������������	���������5����	���

������������

���
������f�t����	��s� �iw������	�����	��������	��������

3.8 MULTIPLE FINITE FOURIER
TRANSFORM

5��������������
����������������#���	
������	�������	��

� � �f w  � �� � +�
b

a
f t k t dt


	�������	��� � � �f w �����

���	�����	����
�	����������f�t��'��	���-����
�k�w��t���'�
��������	���-����
�e–iwt����t����%�	��	��	���������	

� �+�f  � � iwtf t e dt
	 �

�	
 ���������

�������������	�������

��f�t���������������	��� � �� + �f �f�t�����	������������������	����������f�t��������

������	��� �f �����f�t�����	������������������!��������

Fourier transform : ������� 	�������� �� f�t�� ��� ��� 	��� ����	��

� � �� + � �
�$

iwtf f t e dt
	 �

�	
� 


������ F�f�t��  � �� �f

��� f�t�  
� �� �
�$

iwte f w dw
	

�	
 ������

��

���������������	��������

3�����	� � �� � � � � �f f w f t� �

�����������������������������	��������9

�
� � �f w  

�

�
� �

$
f t

	


 ���	�dt

� � �sf w =
�

�
� �

$
f t

	


 �����	�dt

����������	���
����

�����������������������������������	��������

����	�����������	����������������
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fc�t�  
�

� � � �
$

cf w
	


 �����	�dt

f�t�  
�

� � � �
$

sf w
	


 ������	�dt

3.8.1 Solution of Simple Partial Differential Equations
by Means of Fourier Transforms

7���6	��������	����������*��������������	���	���	����������	���������������


����	���
��	������������:���������	����
���������	�	��;�����:�������	�������;

��������	�������������	���

Example 3.30: *
��� 	��� �

����� '������� ��
��� ��'
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�

�

�
� �

u x t u x t
t x

� �
�

� �
�x�<����t�<��

*�'=��	���	���'�����������	���9

u����t�  � � � � � �
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� �

x
u x

x
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� ��
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Solution. !�����������������	��
��#��	������
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�
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�
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$ $

uu wx dx wx
t x

	
	� � �� �� �  �� �! "�



�
��

uw wx dx
x

	 � �� � �
 ������

��'�	� � �
�

�
���� �

$
su wn dx u w t

	
�


���� �
u
x

�
#

�
���x�#�	

������'�����

� �� �su w t
x
�
�

 � �$ �

�
� ��

$
w u wx 	� �

�



Fourier Series and Integrals

NOTES

Self - Learning
212 Material

�
���w wx u dx


��

� � � 	su w t
t
�
�


 � ��
�

�
� � ���


w u t w u wx dx

�� �� �	 �
 ��

�

�

�
���


w u wx dx

�� �� 	 �
 ��
������u ����t	�
��� u���� ���x����

��
�su
t

�
�


 � �� � �sw u w t�

�� � ���
� � �s

s
u w u w t
t

�
� 

�

��
�

�
s

s

u
u
�
� 


�

����w t c� � ��

�� ���� �su 
 �

�
���w t c� �

�� � � � 	su w t 
 c
�
e���t �����	

������������������t�
��

� � ��	su w 
 c
�

�� c
�

 � �

�

�
�� ���


u x wx dx

�

�

�� c
�



�

� �

�
���� ����


wx dx wx dx

�� ��	 �
 �� �




�

�

�  ��wx
x w

� �
	 �

 �

�� c
�



� �  ��



w
w

�
�

���� �su 

�� �  ��



w tw e
w

��

!""�#������$�����%�����������������&��'������������(�����(�����������&���$��

�)*���

u�x�
�
t	 
 � �� �s sF u�



NOTES

Fourier Series and Integrals

Self - Learning
Material 213



�

�
� ���


su wx dx

�

�

u�x��t	 

�

� �  ��
���



w wx dx
w

� �� � � �
� � � �
� � � ��

�������(�����(���������

Example 3.31: +���������'����(��&�%������������&��'��(����'��������(��"�� �'���
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3.9 ANSWERS TO ‘CHECK YOUR PROGRESS’
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3.11 KEY TERMS
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3.12 SELF ASSESSMENT QUESTIONS AND
EXERCISES
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UNIT 4 MELLIN AND HANKEL
TRANSFORMS
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4.0 INTRODUCTION
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4.1 OBJECTIVES
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4.2 ELEMENTARY PROPERTIES OF THE
MELLIN TRANSFORMS
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M�f�tp�i, s� �	 �

�
� �

p sf t t dt�dt�

�

pf t� pf �

%#� tp �	u � t	�	u�$p

dt �	
�$ �� pu du

p
�du�

	 ��	�%�&�

M�f�tp�i�	s� �	
�

� �

�

�
� � � �

s
ppf u u u du

p

�
� ��

�	

� �
�

�

�
� �

s
p p pf u u du

p

� � ��
�

M�f�tp�i�	s� �
�

�

�
� �

s
pf u u du

p

�

�
f u� �f �

�	
� sF
p p

ss
pp

3. Multiplication by ta

'� M�f�t�i� s� �	F�s�	����

�� � 	� � �af t t i s �	F�s	(	a�

Proof: � 	� � �aM f t t i s �	 ��
� �

a s af t t t dt
� ��

�	
�

�
� �

s af t t dt
� � ��

M�f�t��	tai�	s� �	F�s	(	a�
4. Multiplication by loget and in general (loget)

n

'� M�f�t�� �	F�s�			����
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M�f�t�	���	ti�	s� �	 � �
d F s
ds

Proof: M�f�t�	���	ti�	s� �	 �

�
� � ��� �

sf t t t dt�dt�

�
f t� �f �

��) � �
d F s
ds �	

�

�
� � sd f t t dt

ds
� �
 �� 

� ��

�	
�

�
� � � �sdf t t dt

ds
� d���

�
f t� �f �

�� � �
d F s
ds �

�

�
� � ���s tf t t dt

� ��
�	M�f�t�	���	t�	s�

&�"������

� �
n

n
d F s
ds

�	
�

�
� �

n
s

n
d f t t dt
ds

�dt�

�
f t� �f �

�	
�

�
� �

n
s

n
df t t dt
ds

n
sd t sd d� d�t dts d�t dtsd d�

dsn t dtnds�
f t� �f �

�	
�

�
� � ���� �

s n
ef t t t dt

� ��

�	
�

�
���� � � �

n st f t t dt
� ��

� �
nd F s

ds
�	 � 	���� � � � �nM t f t i s

*����	���	��+�
�

n
s

n
d t
ds

�
�	����	t�n ts
�

5. Inverse of independent variable
'� M�f�t�i�	s� �	F�s�		����

� 	��
�M f t i s

t
�
 �

� 
� �

�	F��
	s�

Proof: � 	� 	� � �M t f t i s� �
�	

�

�

� � sf t dt
t t
� � d�� s �� st� s ��

t
t

t
t

�
f

t
f� f

�	
�

�

� sf t dt
t

� d�� s �st s ��

t
tt

�
ff ���

tt
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�� � 	� 	� � �M t f t i s� �
�	

�
�

�

� �
� ��

s
f u du

u u

�

�

�
 �
 �
�  � � � � ��

%#�
�

t �	u

�

�dt
t
�dt = du

dt �	– t� du

dt �	 �

� du
u

�� �	
�

��

�
� � �sf u u du

u
ss

�
f u� �f � t	�	�	� u	�	�

t	�	� � u	�	�

�	
�� � �

�
� �

sf u u du� � d� �

�
f u� �f �

� �
� � � � �M t f t i s� � �	F��	
	s�

6. Derivative of f(t)
,�� M�f�t�i�	s� �	F�s�	����

� � �
n

n
dM f t i s
dt


 �
� 
� �

�	�
��n	�s	
	n�n		F�s	
	n� k �

-���� �s	
n�n �	�s	
 n�	�s	
	n	(	��	�s	
 n + ������s	
	��

Proof: � � �
n

n
dM f t i s
dt


 �
� 
� �

�
�

�
� ��

n
s

n
d f t t dt
dt
d � d�

�

n

n f
dt
d

��� n �	�

� � �
dM f t i s
dt


 �
� 
� �

�	
�

�
� �

st f t dtf t d� �
�

t fsst s � f�

�����������	��	�����	w�	���

� � �
dM f t i s
dt


 �
� 
� �

�	
� �

� �
� � � �� � �

s pt f t s t f t dtf�� f t� �
� �

f
� �� �

� f��pp
��

� ��
�

� ��� ��

�	�	
	�s	
	��		F�s	
	��
�	�
���	�s	
	��		F�s	
	��

�����)�) ts
� f�t� �	�		��	x � ����)	x �	�

&�"������	���	��)	��)��	)���������	��	�����

���#"� ts
� f�t� �	�	��)	ts
�		f ��t�	�	�	��	x � �	��)	x �	��

��)	��� M	�f���t�i,s� �	�
���	�s
��	�s
��	.�s
��
/�����#�	��	����	���	��	"��	)�����	��	�������
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M	�f n�t�i s� �	�
���	�s
��	�s
��	���	�s
n�	F	�s
n�
�����)�� ts0i0� f���	�t� �	� ��	x �	�

��� i �	��	��	�	���	�n	
	��
��	��	"��	�������

n

n

d fM is
dt


 �
� 
� �

�	�
���	�s
n�n F�s
n�

	����� �s
n�n �	�s
n�	�s
n (��	���	�s
��	�s
��
&�"������	���	+��	����	���	��������	��	)���������	�����	)���������	��

"#�������)	��	��)����)���	���������

� 	�
n

n
n

dM t f t s
dt


 �
� 
� �

�	�
��n	�s�n F�s�

�	�
��� � �
s n F s

s
�

�����

�s�n �	s	�n(��	���	�s ( n 
���

4.3 MELLIN TRANSFORMS OF DERIVATIVES

*���1�	.�#����	��)	,����+�	��������"	����	����	�����)#+�)	��	�����	�����+��

������"��		2�����	��������"	�����	��	�	"����"���+��	+������	2�����	��������"	���

�++#���)	)#����	���	��#)�	��	��"�#�	3���	�#�+�����

2�����	��������"	���	��)�	����	��	�����+�������	��	"����"���+�	��	����	��

�����+�	��)	������������	'��	"���	��"�#�	�����+�����	��	��#�)	��	+�"�#������	��

���#����	 ��	 ���������	 ������"�	4������	 )�"���	 ��	 �����+�������	 ��	2�����

��������"�����	��	��	���	�����#����	��	������	)�����������	�5#�����	�������	��	��	���+���+��

+��+#��$�����������	��	�	���+�)#��	�������#�	��	,����+�	��������"�

Definition 4.1:	,��	f�t�	��	�	�#�+����	)�����)	���	�	 	t	 	��	#��	���	��������	����
�6���	7��	2�����	��������"	M	��	���	���������	"������	�#�+����	f	����	���	�#�+����
F	)�����)	��	���	+�"���6	�����	��	���	��������

M	8f,s9	�	F�s�	�	 �

�
� �

sf t t dt�dt�

�
f t t� �f � ����:���

7��	�#�+����	F�s�	��	+����)	2�����	��������"	��	f�t��	'�	������	���	��������
)���	�6���	����	���	s	�	a	(	ib ��	+�"���6	�#"����	�#+�	����	a	 	a

�
	 	a

�	
�����	a

�

��)	a
�	
	)����)		��	���	�#�+����	f�t�	��	��������"�

7�#��
�

�
� � �� � � � �

sM f t F s t f t dtf �F s� ��
�

fss � f��
���
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-���� s � c�								s	�	a	(	ib

��)
�� �

'"� �

a s
b s

����aa
�'"�bb

��)	a	 	a
�
	 	a

�	
����	�����)#+��	�	�����	��	)���������	��	���	2�����	��������"	��)	��

)�����)	��	S�a
�
�	a

�
��	'�	��"�	+����	����	�����	"��	��	�6���)�)	��	�	����	�����	�a

�

�	
�	��	a
�
	�	��	��	��	���	�����	+�"���6	s0�����		�a

�
	�	
�	��)	a

�
	�	���

Example 4.1: /����)��	���	�#�+����
f�t�	�	H	�t	
	t

�
�	tz

�����	H	��	%������)�	�#�+�����	to	;	�	��)	z	��	+�"���6�	<�����	���	2�����

��������"	��	f�t��

Solution: M�f�t��	�	F�s�	�	 �

�
� �

sf t t dt� d�

�
f t t� �f �

��	M�f��	
�

�

� �

�

� �

t
s z s

t

t dt t t dt�dt�
�

�

� st dt t t�s � z sdt t t� �� z s

F�s�	�	
� �

�
z s

z s

t t

tt dt
z s

s
dt t

t
s

zt dz �s d�s

�����)�)	s	��	�#+�	����	��s�	 	
��z��
Example 4.2: <�����	���		2�����	��������"	��

f�t�	�	e
pt			p	;	�
Solution:

M�f�t��	�	F�s�	� �

�

pt se t dt�dt�

�

e tpt stpt s

�� F�s�	�	
�

�

pt se t dt�dt�

�

e tpt stpt s

�	
�

sp Fs.

F�s�	�	 s
s

p 				R�s�	;	��

Example: 4.3:	.��)	���	2�����	��������"	��

f�t�	�	��	(	t�
�

Solution:

M�f�	�	F�s�	�	 �

�
�� �s sx x dxsx dx�� s��x�

�
�sx �sss ���

�� M�f�	�	F�s�	� ��s
�
�	�	
 s�	�#����	)���������	��	=���	�#�+�����
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 � �s ss

�� F�s�� �
ns ss

4.3.1 Inverse Mellin Transform
����F�s�����	��
�����������������f�t���	��f�t�������������������
�������������
���F�s�������������

f�t����M����F�s��

4.4 INVERSION THEOREM OF MELLIN
INTEGRALS

���� M�f�t�����F�s� �� �

�
� � sf t t dt� d�

�
f t t� �f � ��������

�	������	������������������!

� � ��
 

x x s st e dt e dx t e ��
 e dt e dx t e 

� �x x s � �dt e dx t e 
x x s �

 

� x ��������t
�����������������	�������

t ���� � x����
t ��� � x�����

�	!� F�s� �� � ��
� � � �

x s s xf e e e dx� ��x s s� ��
�� �

� �x s s� ��
� ��

� �� xxf e�f �f

�� F�s� �� � �x sxf e e dxx sxe d�x sx�f e�ff �

�� F�s� �� � �
x sxf e e dxx sxe d�
x sx
�f e�ff � ������"�

��� g�x� = f�e�x�

�	�������������

F�s� �� � � sxg x e dxsx dsxg x� �g � ��������

F�s� ��
�

�
� � � �

sx sxg x e dx g x e dxsxe d�
sx

�

�
g x� �g x e dx� �

sx g x� �dxsx
�g�

��

#����������	��$�%���������������������������&��������������������!�����

��������

M�f�t�� �� � ��
xf e�� ������'�
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���������(�������&���������������&���������&�����!������������)��s
���&��*������!�s���a�+���ib �	�����"�����������������

F�s� �� �
� �

x ax i bf e e e dxx ax i b�e e dx�
x ax i b�
�f e�ff � ������,�

�� M�f�t��-�s ��a�+�i��b������.f�e�x���e�ax, b/ ������0�

#	��� ��f� �� �1 � � � � i bf b f t e dti b� dti b�f t� ��f �

���'��������0����&�������!���&��������	�������������
�����������������	

��&��������2�!��������������

#��	��	��	��&�����	������������������!����������	��������������!�������

1. Inversion Formula

#��)����	����������2�!����������������� 1 � �f b ���

f�t� �� �1 � �
i bf b e db

� �
��� ������3�

4�����	�������!�������'�����	�s���a�+�i��b����	���

� ��
x axF e ex ax
� e�� �� � i bF s e dbbdbb�F �F �F � ������5�

���)��!�����!���� t ��e�x �������

f�t���ta ��
�

� �
i bF s t dbi b� dbi b�

�F �F �F �

�� f�t� ��t–a��
�

� �
i bF s t dbi b� dbi b�

�F s�F �F �

�� f�t� � �
� �

a i bF s t dba i b� da i b�
�F s�F �F �

�� f�t� ��
�

� �
�

a i s
a i

F s t ds
i

i
� sdss

i
a

F
i

F
i

F
a ���������

�
�

�
a i b s db ds

i
b s a i
b s a i

�

�
i b s db �
�iaa ii ds

ii
a i

b s a ibb
s a ibb

�	!���5�����������������

M���F�s�� ��f�t����
�

��� � �
�

a ib s
a ibb

F s t ds
i

� �
���

� 	

 ��� � ���������

�	����������������������������	����������������	��!�	�$��s����a �������
�	��
�����������������!���
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4.5 DISTRIBUTION OF POTENTIAL IN A
WEDGE

6	��&���������������������&����7���8!�������������������(���������������

���	�9����	������!���!�����������:�������������������	�����������	���&�*���

�	������������!��������	�������������������������������6	��!)����!����
u�r-�������!&&�������������!;

�u����-��<���<��-�����<���<�� ���������

���	��	�������������!���!���������;

�� =��	������������	�������-����R�����������&��������!����;

u��r-�� �� ��
� �

�

if r R
if r R

r R� f
i

� f
R� i� i �������"�

��-��8!�������!;

u��r-�� �� � H��R���r� ���������

�� #	��r���������-�u��r-���������!����

"� #	��r��������������!-�u��r-����>����-���?���

@�&���������������-�A8!�������������!���&������!�r��!�����;

� �
�

� �
�

U u ur r
r r

� �U u u�
�r u ur

� ��r r� �
r �������'�

6	�������������������u�r-������!����	�������
��������������U��-���
���	����&�������r��*����������	������&	����!��������������������<�Re �s��<���
6	���8!����������������!�U���������������������'���!�!����&��&���!����	������)
���,�����	��
��������������������������;

�
�

�
� - � � - � �

U s s U s
�

�
U �

� � - � �
�

� ��
�

�
� �������,�

6	������������!��������	����8!��������������������;

�- � � � �js jsU s A s e B s e�� jse�� � �js� � ����� �������0�

2!������A-�B����������������������!��	����!���!���������������
�	��	�����������	�������������8!���������U;

4���-�� �����$����������$�����?��

A*&������!-��	���������������;

B������C���+�D�������C�����������
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B�������C���+�D������C�����������

�������������	�����!���;

� � � �
� ��� � �

sRA s B s
s s

� �
�

��
�

6	�����!��������	����������������!;

��� � �
-

��� � �

sR sU s
s s

�R
�

4.6 ELEMENTARY PROPERTIES OF HANKEL
TRANSFORMS

1. Scaling:

�
�
�f�r�� � � �1f s �	�� � � � �

�

1 � �nf s rJ sr f r dr
�� 	

�
 �
� 

�

�
�
�f �ar�� � �

� 31f
a a

� 	

 �
� 

Proof: ������

���� � � � � �

�
� � nf ar J rs f ar dr

�
� ��

� �

� �

�

�

�

�

�

� 1

n

n

u u duar u J s f u
a a a

u sr u J u f u dr
a a a
dr sdr f
a a a

�

�

�� � 	� ��� 
 �
� ��

��� � � 	� �� � 
 �
� � �

� � � 	� �� � 
 �
� � �� �

�

�

2. Parseval’s Relation
1 � �y f s � �

�
�f�n������ 1� �g s ���

�
�g�r��

�	�

�

� � � �r f r g r dr
�

� �
�

1 1� � � �s f s g s ds
�

�
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Proof:�E������

�

1 1� � � � � �s f s g s g r ds
�

�

�
�

1 � �s f s ds
�

�
�

� � ��nr J srg r dr
�

�

�����	������	���������������������������

�

1 1� � � �s f s g s ds
�

� �
� �

1� � � � � �nr g r dr sJ sr f s ds
� �

� �

3. Hankel transform of deriatives:

!�;��
�
�f�s�� � 1 � �

n
f s ��	�

��� �
�
�f F�r�� � � � � �� �

1 1� � � � � � -�
�

n n
s n f s n f s n
n � �
� �� � � � !
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4.7 HANKEL INVERSION THEOREM
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4.7.1 Mellin Transform Integrals
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4.8 HANKEL TRANSFORMS OF THE
DERIVATIVES OF FUNCTIONS AND SOME
ELEMENTARY FUNCTION

Theorem: ���;� �� � �� � �� �n nH f s f s �����

��	 � �
� �� � � � �� � � � �� � � �

�
�� �

�
� �� �� � � � �� � ��� � � �� � � � �� �� �� � � � �� � �� � � �� �� �n n n

sH f s n f s n f s n
n

���	�� � "
�� � � � �"
�
"H f s s f s

���������rfs��"�"��
�r#"#������r "#��

Proof: $%����������

"

�� � � � � � �� � � �
""

�
"

n nH f s J sr f s dr �������

����!�����!��%�����
����!��

���� " "
� � � � � � � � � � � � �n n n

dH f s r f s J sr f r r J sr dr
dr"ns r f s J sr

"
� � � � � �� � � �

"n
"

f r��f
"""

��������+�

7�� ��������������������������$�

����	����������;

� � ��n
d r J sr
dr

�
� � � �� �n nJ sr rsJ sr

��Jn��sr��)�rs Jn�#����sr��#�n Jn��sr�
�����#�n��Jn��sr��)�rs Jn�#�����sr� ����������

�����������������������+��&�%�%�������

	&��!�r f��r��"�"��
�r "�"����

n "#��

�� � ��nH f r
"

� �� � �� ��
"

� �
"""

n f r >���
������#

���������������������� �"
� � � ���" ns r J sr f r dr

"

�� �� � � � � � � ��� �� � � � � � � �
""

� �
"

nn f r J sr dr s f s n ��������.�

?!����	
��������	��������������������$�

����	�����

                  Jn�rs�� � �� � � �
�

n n
rs J sr J sr
n

� ��
�

rs
� �J � � ���� ������n � � � nnJ � �n � � �� � �� ��������@�

��	
�����.��������������������������@��

� � �� �nH f r �� �

�� � �
�

�� � �� �
�

��
n

ns f s s
n



Mellin and Hankel
Transfroms

NOTES

Self - Learning
242 Material

� �� � � � � �n nrf r J sr J sr drJ J d� � � � � dr��� � �nJ sr J sr dr� � � � �� � �n � ���� � �� �� � dr���� � �� nnf �frf �f �rfrf �rf

�� � � �

� ��� � �� � � � � �
�

n n n
ns f s s f s f s

n�n
��

� ��
��

ns f s s �
� �n �

�
s s�

�
� �

�

����� � �f � � ����� ����n n�fn �f � �f �� ��n �

���Hn��f ��r�� � �
� �� �� � � � �� � �

�
n n

s n f s n f s
n

� � ��
�

s � �� �� � � � ���� � � � ��� � � �� ��n � ��fn ������ nf� n � f�� � � ��� �� � � � ���� � � � ��� � � ��� � ���

	
�
�����	�������������	����

�������	�����������n�����������

H
�
��f ��r�� �

���� � �
�

� � �
�

��� � � �� � ��� ����
s f s

H
�
��f ��r�� �

� � ��
�s f s

	
�
��		���������


� ����������������������	�����!� ��������	"����	������������������	#��	#�


��� Hn��f ���r�� � �� �� � � � � �� � � ��
��

� �� � � � � �� � � ��� � � ��� �� � � � � �� �� �� � � � � �� � � ��� � � � �� �� �n n
s n H f r n H f r
n

���Hn��f ���r���
� �

� ��

� $ � ��� � �� � � � � � �
% � � ���

n n n
s n n nf s f s f s

n nn� �

� �� �� � �� �� � �
 �
 �
 � 
 �� �� �
 � �� �

4.8.1 Hankel Transform of Some Elementary Function
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4.9 RELATIONS BETWEEN FOURIER AND
HANKEL TRANSFORM
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4.10 PARSEVAL RELATION FOR HANKEL
TRANSFORM
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� �� � � �n nf s�� �
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�� � � � � �n nf r s J rs f s ds
�

� � �%
$��

7��#	��������	���������	���%
$��������%
$����5	���1��	�����	#��)������	�����������!���

f��� �
�

� �ns J rs ds
�

�

�
� � � �s Jn sp f p dp

�

�
�������������������	�������)��������������!��%
$�������	���	�#������%
$��
���

����	����������)��������������!���������"�����������n������������������������n�����
������������������������������	������������!��	�#��#	���-������8������	���	����

�5	� !!���	�����!��� 


.���"����������)��������������!

�
��
�f �r�� �

�

� � � �r J rs f r dr
�

�� �%
$��

Example 4.10:�9���	��"���+������)��������������!���

���
� �r
r

�

��� H��a�(�r�

���

ar

r

��

������H��r��	������)��#	�	�����	������������	��

Solution:
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� � �
n
f s � �

�

� �r
r

�� �

 �
 �

��� �

�

� �
� �

s rr J rs dr
�

�� ������

�

� � �f s � �
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� � 
 � �S r J rs dr
�

�
� J

�
��������
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�
� � �f s � �

���
�
� � �f s � �
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�H��a (�r��

� �
�
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�
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� � �

� �

� � � �

a

rJ rs dr o rJ rs dr
�

�� �

� ��

�

�
� �
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Example 4.11 $����������%��������������"����������n�����



ar

n

e
r

�

�

� �
	 

� �

������������

�
�

are is
r

�� �
	 

� �

�
� 



� � �



�


�

�

n n

n

s n
i n

a s
�

�
� �

� �

&������� �n 


ar

n

e is
r

�

�

� �
	 

� �

� 


�

� 	
ar

nn
re J sr dr
r

� �

��

�
�

� 	n ar
nr e J rs dr

�
��

� 


�



� 	

a
n s

nn t J t dt
s

� �

� �� �������t���rs	



Mellin and Hankel
Transfroms

NOTES

Self - Learning
248 Material

� 


�



� � 	�

a
n s

nn t J t e dt
s

�
�

� �

�
� 


ar

n

e is
r

�

�

� �
	 

� �

� 




ns � � � 	n

n
at J t ip
s

� ��	 

� �

����
	

�����t���rs �����������������'�#������������"��#�������

&�������
� �

�

� 
	
� 	

( 
 �

v n v
n

n v n
v o

tt J t
v n v

��

�
�

�
�

� � �
�

� ���tn Jn �t	i p	 � � 


� 
	

( 
 �

v

v
v o v n v 


o v

	v

�
 �(v(v � �t�n)�vi p	

�� ���tn Jn �t	���p	 � � 
 � � 


� 
	 � � 


( 
 �

v

v n v
v o

v n
v n v p
 � � 
n v
 � ��po v


	 � � 
v ��


 �
 �(v(v
*+�'��������,�#�����������"����������-��������������

� � 





n v
n v
� 
v�

v
�



� ��
�n)�v 




�
n v 


�
v

����

� �tn Jn �t	i p	 �
�� 


�



� 
	

� �

(� 	

v
n

vn
v

n v

v pp

�



�




	

�

v n v
�np

�

v

�

�


	

�� � �tn Jn �t	i p	 �
� 


�



� 
	

� �

(

n
n

n
n

n v

vp

�



�




	

�

n n v
�np

��

�


	

�



v

p
� �
	 

� �

��� �
)x	���v �
�

v n
n

n
C x

�
�

�
�

�
�

� 
	
. . 


(

n
n

n

n v x x
n v�

� 
	n nn v x 

�

�

��� �vCn �
� 
	

(

n n v
n v

	

n n v

/��-����������-������������������

���tn Jn �t	ip	 � 

�



�

�

�

� 
	

n

n

n
p �

�
� �

�� ���tn Jn �t	�0�p	 � 

�



�

�

�
�




n

n

n

a
s

�

�

� �� �� �	 
	 
	 
� �� �

�1��p	2�




Mellin and Hankel
Transforms

NOTES

Self - Learning
Material 249

%���� �n 


ar

n

e is
r

�

�

� �
	 

� �

� 


� �


�
 �




n

n n

n

s
a
s


 




�

� �
n
��aaa






a





sss



s

�� �n 


ar

n

e is
r

�

�

� �
	 

� �

= 

� � �



�

�

n n

n

s n

a s



�




�

� �
n

a s�
, 




�
n 


�




����                               n = �

                  �
� � �


 


�

are is n
r a s

e i
ar

�


 


�
nisis

r
is

r �s�
n

����������������������������� a � ���n����������	

�
�



� s

r


 s
r
� s

r
s �




s

4.11 USE OF HANKEL TRANSFORMS IN THE
SOLUTION OF SIMPLE PARTIAL
DIFFERENTIAL EQUATIONS

%��������������"�������!���"��+��������������-����-�����+����#��������������������

�3�����������+��������������������� ���������������������!�"#�������������������

�����##�����������%��������������"��

Example 4.12 : �3����-���������������������������"�"�����	�0�/�����������-��������
�������������������������"�"�����������-�������+�������������-�����#�����"0

�
�

�


 �d u uc
dr r dr

� �
�	 


� �
�

�

�

d u
dt
� ��4�r�4������2��

u�r


�	 � f �r	��u

�
��x


��	���g��r	 ����������4���

������
� Tc �

�
��������������������������������������"�"��������������

�����������������+��������"�"������

Solution: 5�����6����������%��������������"���������#������r�������

�
��
�u �r��t	i��s	 =  u �s� t	 � �  � �

�
�rJ sr u r t dr
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dt

� �
	 

� �

= ��
�

�

�


d u du
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d u st
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�
� �

� ��� �



� 	 � 	 � � 	

d u dyc rJ sr dr rJ sr dr c u s t
dr r dn
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dyrJ sr dr rJ sr dr c u s t�
�d � �
 dy d �


	
dy

	� 	�dr c u	 dr c u�	
y

dr r dn
� � 	� ��

r dn
	 dr c u	

d
J d� 	

d u�J d� 	
d u J �JrJ sr dr� 	rJ sr dr� 	 rJ �rJ �
dr� �� �

� 	rJ sr dr� �
� 	
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�

�rJ� �

��
�

�
� � 	

ud s t
dt

= � �c u s t�c u�

�� � 
�

�

�
�

ud c u s t
dt

� = � ����7	

���"����������������������

� ��u s = � 	f s ���� � �� � 	tu s g s� ����8	

����� � 	f s = �
��
�f �r	 is	����� � 	g s =�

��
�g �r	is	

9���������������������	���

� �u s t � A�������	�)�B��������	 ����8�7:	

��������������#�����������������������7	��������"#��������-������A�����B���
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���
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dt � �A��������	����)�B�������	���
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� 	 askaf s e
s

� �
�

���� � 	 �g s �

���� u��r��t	 � � �
�

� 	 ��aska e J sr cst ds
� ��

u��r��t	 � Ka � � 


���r a ict� �

Example 4.13:�3��������������������'�#�����3����������#���������������

�u� �

� �

� �


d u dy d u
dr r dr dt

� � ����

���<�����������������+���������������r�4�


�  � 
 � 
� � �
duu r u r
dr

� �� ����r�2�


Solution:

'��� � �u s t A� �
��
�u��r��t		

�����������%��������������"������-���pd������-�

�
�� � �u� � � 

�
�
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�
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�
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�������������
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�
t� � � �

�

��� �� st
o

se J sr ds
s

�

� �

Check Your Progress

��  �������!������	���
	"#

�� $�����������	"����	���!������	���
	"�

%� &���������������
�
��'�(����	���
	"�

��  	������������
��'�(����	���
	"�

+� )����������
��������	
���"�����*�����

4.12 ANSWERS TO ‘CHECK YOUR PROGRESS’

�� !������	���
	"�����*�����	���
������������������"����"���������*������

����������������	����+�,��"
�����"
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��f �t������f��t���������������	���!������	���
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��F�s��

%�  ����	
����������������
�
��'�(����	���
	"��	
"������*
-��"���
��

.
�	��	��	���
	"�����������	�������������'�(����	���
	"�

�� '�(����	���
	"��	���/�	�"��������������
�������	�����
����	����������	�����
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���������	������
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	�

+� 0����	
���"�����
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�����������,��������
�������������*
-��"���
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*�����*����$�	��������
���	���
����
���1
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	�������*����
	������

�������/�
������*������	���������������������	���
���������q���2�a�

4.13 SUMMARY

� .
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	"������*�	����	
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���"���!������	���
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����!������	���
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*���
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����������������	����+�,��"
�����"
������������
�����
������
"������



���
����
�
���
��������	
���"�

� 4
���	��
"���
����������������
��!������	���
	"���
����������	��
����


������	������	������������
��	�����
���������	�������	����5�����	�������

�	
����	�����
�
����
����������	���
	"�

� F�s���������!������	���
	"�
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� '�(����	���
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4.14 KEY TERMS

� Mellin transform:�!������	���
	"�����*�����	���
�����������������
"����"���������*�����������������������	����+�,��"
�����"
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�
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� Inverse Mellin transform:�F�s���������!������	���
	"�
��f�t������f�t����
����������	���!������	���
	"�
��F�s��

� Hankel transform6�'�(����	���
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4.15 SELF ASSESSMENT QUESTIONS AND
EXERCISES

Short-Answer Questions

�� &���������������
�
��!������	���
	"�

��  	�����������	��
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	"����
��.
�	��	��	���
	"�
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����������������'�(����	���
	"�

7� $����	����������*���.
�	��	����'�(����	���
	"��

8� )������������"���	�������
�
��'�(����	���
	"�

Long-Answer Questions
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UNIT 5 APPLICATION TO BOUNDARY
VALUE PROBLEMS
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Example 5.1: ,����	�����������	�����������������
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5.3 ONE DIMENSIONAL HEAT CONDUCTION
EQUATION
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[b1]�#Both the ends of a bar at temperature zero$
If both the ends of a bar of length l are at temperature zero and the initial

temperature is to be prescribed function F#x$ in the bar, then find the
temperature at a subsequent time t.
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Deduction: (Insulated faces)

If instead of the ends of a bar of length l having kept at temperature zero,
they are impervious to heat and the initial temperature is the prescribed
function F�x� in the bar, then to find the temperature at a subsequent time t,
we have the boundary conditions
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2b23��One end of a bar at temperature u
#
 and other at zero temperature�


If a bar of length l is at a temperature v0 such that one of its ends x = 0 is
kept at zero temperature and the other end x = l is kept at temperature u0 ,
then find the temperature at any point x of the bar at an instant of time t > 0.

or
A rod of length l and thermal conductivity h2 is maintained at a uniform
temperature v0. At t = 0 the end x = 0 is suddenly cooled to 0°C by
application of ice and the end x = l is heated to the temperature u0 by
applying steam, the rod being insulated along its length so that no heat can
transfer from the sides. Find the temperature of the rod at any point at any
time.
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[b3]��Temperature in an infinite bar�
If an infinite bar of small cross-section is insulated such that there is no
transfer of heat at the surface and the temperature of the bar at t = 0 is
given by an arbitrary function F�x� of x �taking the bar along x-axis�,�then
find the temperature of the rod at any point of the bar at any time t.
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Example 5.2: Solve
2

2
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 where u = 0 for t = � and x = 0 or l.
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Example 5.3: Solve
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Example 5.4: Find the temperature u �x, t� in a bar of length l, perfectly
insulated, and whose ends are kept at temperature zero while the initial
temperature is given by
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Example 5.6. The face x = 0 of a slab is maintained at temperature zero and

heat is supplied at constant rate at the face x = �, so that u
x

�
�

 = � when x =

�. If the initial temperature is zero, show that
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where the unit of time is so chosen that k = 1.
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Check Your Progress
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5.4 ONE DIMENSIONAL WAVE EQUATION

[A] Derivation of One Dimensional Wave Equation

Consider a flexible string of length l tightly stretched between two points
x = 0 and x = l on x-axis, with its ends at these ends. If the string is set into
small transverse vibration, the displacement say u �x��t��from the x-axis of any

point x of the string at any time t is given by 
� �
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����� �

� �
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u u Tc c T

t x
 being

tension and # the linear density.

The equation 
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u uc
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is known as one dimensional wave equation.
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Fig. 5.1 One Dimensional Wave Equation
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[B] Derivative of Two Dimensional Wave Equation

In case of a rectangular membrane, the two dimensional wave equation is
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5.5.1 Simple Boundary Value Problems with
Applications of Fourier Transform
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5.6 LONGITUDINAL AND TRANSVERSE
VIBRATION OF A BEAM

<���
������
������
���
��
�
��	�� /
�
����
���
�
���"�
�	�
��������
"	��
���

�(�����	���
��������
��
����������
�"
�3��	���
"�	�
���
����
	�������/
����
�3����

�
���	���	�
������$

���	�
�	�
��	��
�����
�"
���	���	�
������=

1. Free or Natural Vibration:
<���
��
�3��	���
"�	�
���
��
���
����/
�"��	

 ���� 
��
��
�������
�����������/
����
���
����
��
����
��
��
����	
"	��
�	
����	��

���	������$
���
"	�(����
�"
���
"	��
���	������
��
�����
"	��
�	
����	��
"	�(����$
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3. Damped vibrations:
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Fig. 5.3. Free Vibrations

2. Transverse Vibrations:
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3. Torsional Vibrations:  7�������	
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5.9 KEY TERMS

� Boundary value problems: �
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5.10 SELF ASSESSMENT QUESTIONS AND
EXERCISES
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