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INTRODUCTION

Topology can be defined as the study of qualitative properties of certain objects,
known as topological spaces, which are invariant under certain kind of
transformations, particularly those properties that are invariant under
homeomorphism. Topology is a major area of mathematics concerned with
properties that are preserved under continuous deformations of objects, such as
deformations that involve stretching. It emerged through the development of
concepts from geometry and set theory, such as space, dimension and
transformation. The term topology is also used to refer to a structure imposed
upon a set X, a structure that essentially distinguishes the set X as a topological
space by considering properties, such as convergence, connectedness and
continuity, upon transformation. Topological spaces appear unsurprisingly in almost
every branch of mathematics; hence this has made topology one of the great
unifying concepts of mathematics. The motivating insight behind topology is that
some geometric problems depend not on the exact shape of the objects involved,
but rather on the way they are put together.

A function or map from one topological space to another is called continuous
ifthe inverse image of any open set is open. If the function maps the real numbers
to the real numbers (both spaces with the standard topology), then this definition
of continuous is equivalent to the definition of continuous in calculus. If a continuous
function is one-to-one and onto, and ifthe inverse of the function is also continuous,
then the function is called a homeomorphism and the domain of the function is said
to be homeomorphic to the range. If two spaces are homeomorphic, they have
identical topological properties, and are considered topologically the same.

This book is divided into five units which explains countable and uncountable
sets, infinite sets and the axiom of” choice, Schroder-Bernstein theorem, Cantor’s
theorem and the continuum hypothesis, Zorn’s lemma, well-ordering theorem,
definition and examples of topological spaces, bases and sub-bases, subspaces
and relative topology, Kuratowski closure. operator and neighbourhood systems,
continuous functions and homeomorphism, first and second countable spaces,
Lindel6f’s theorem, separable spaces, second countability and separability,
Urysohn’s lemma, Tietze extension theorem, compactness, continuous functions
and compact sets, compactness and finite-intersection property, sequentially and
countably compact sets, Stone—Cech compactification, equivalence of
compactness, countable compactness and sequential compactness in metric
spaces, connected spaces, connectedness on the real line, components, locally
connected spaces, Tychonoff product, separation axioms and product spaces,
connectedness and product spaces, countability and product spaces, embedding
and metrization, embedding lemma and Tychonoff embedding, Urysohn metrization
theorem, nets and filters, topology and convergence of nets, Hausdorffness and
nets, compactness and nets, filters and their convergence, ultra-filters and
compactness, metrization theorem and paracompactness - local finiteness, Nagata-
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Smirnov metrization theorem, paracompactness, Smirnov metrization theorem,
the fundamental group and covering spaces, the fundamental theorem of Algebra.

The book follows the self-instruction mode or the SIM format where in
each unit begins with an ‘Introduction’ to the topic followed by an outline of the
‘Objectives’. The content is presented in a simple and structured form interspersed
with Answers to ‘Check Your Progress’ for better understanding. A list of
‘Summary’ along with a ‘Key Terms’ and a set of ‘Self-Assessment Questions
and Exercises’ is provided at the end of each unit for effective recapitulation.
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1.0

INTRODUCTION

A setis countable if it is finite, or it has the same cardinality (size) as the set of
natural numbers (i.e., denumerable). Equivalently, a set is countable if it has the
same cardinality as some subset of the set of natural numbers. Otherwise, it is

uncountable.
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In mathematics, the set of all those natural numbers are defined as infinite or
limitless, whose existence can be typically postulated through the axiom of infinity.
Characteristically, the axiom of infinity directly uses the set of such natural numbers
for mathematical analysis and also the axioms precisely require them to be infinite.
The axiom of choice is precisely defined as an axiom of set theory which is
equivalent to the mathematical notion or statement which uniquely specifies that a
Cartesian product which typically includes a collection or group of non-empty
sets is also non-empty.

Fundamentally, in mathematics, the term cardinal numbers or simply the
cardinals are defined as the generalisation of the natural numbers specifically used
for measuring the cardinality of sets.

The Schroder-Bernstein theorem also called Cantor-Schroder-Bernstein
theorem it is the fundamental theorem of set theory. Basically, it states that if two
sets are such that each one has at least as many elements as the other then the two
sets have equally many elements.

Cantor’s intersection theorem uniquely defines that the intersections are
used to decrease the nested sequences or structures of non-empty compact sets.
In mathematics, the term Continuum Hypothesis (CH) is typically defined as a
unique hypothesis which defines the possible sizes of the infinite sets. It states that
there is no set whose cardinality is precisely between the integers and the real
numbers.

Zorn’s lemma, also termed as the Kuratowski—Zorn lemma, uniquely states
that a partially ordered set which contains the upper bounds for every chain, i.e.,
every totally or completely ordered subset, essentially contains at least one maximal
(maximum) element. In mathematics, the well-ordering theorem also termed as
the Zermelo’s theorem, precisely states that every single set can be well-ordered.
Characteristically, a topological space is referred as a geometrical space in which
the closeness property is uniquely defined but cannot essentially be measured by
means of a numeric distance.

In the field of geometry, topology and other associated and related fields of
mathematics, a closed set is considered as a set whose complement is an open set
and a set which typically contains all its limit points. In mathematical analysis, the
closure of a subset S of specific points in a precise topological space typically
contains all points in S 'which is exclusively organized with all limit points of S. The
closure of S may be equivalently defined as the union of S and its unique boundary;
in addition to the intersection of all closed sets which typically contains S. In
topological analysis, a neighbourhood of a point is precisely defined as a set that
belongs to the neighbourhood system at that point.

In topology and related areas of mathematics, a subset A of a topological
space X'is termed as dense (in X) if every point x in X either belongs to 4 oris a
limit point of 4, i.e., the closure of 4 constitutes the whole set X.

Fundamentally in mathematical analysis and more specifically in the
topology, the interior of a subset S belonging to a topological space X is
considered as the union of all subsets of S that are open in X, which is a point in
the interior of S and is therefore termed as an interior point of S. In topological



analysis, the exterior of a subset S of a topological space X'is considered as the
union of all open sets of X which typically are disjoint from S. Alternatively, the
boundary of a subset S of a precise topological space X is considered as the set
of points which can be uniquely managed both from the inside of S and also from
the outside of S.

Bases in topology are considered as ubiquitous. The sets in topology are
precisely defined as a normal base and are typically termed as the basic open sets,
which can be often described and used rather than the arbitrary open sets. In
topology, a subbase for a topological space X along with topology 7'is defined as
a subcollection B of T that uniquely generates 7, such that 7'is defined as the
smallest topology containing B. A subspace of a topological space X is defined as
asubset S of X which is uniquely equipped with a topology that is typically induced
from that of X termed as the subspace topology.

In this unit, you will study about the countable and uncountable sets, infinite
sets and the axiom of choice, cardinal numbers, Schroder-Bernstein theorem,
Cantor’s theorem and the continuum hypothesis, Zorn’s lemma, well-ordering
theorem, topological spaces, closed sets, closure, and neighbourhoods, dense
subsets, interior, exterior, and boundary operations, bases and subbases, subspaces
and relative topology.

1.1 OBJECTIVES

After going through this unit, you will be able to:
e Understand the basic properties of countable and uncountable sets
e Comprehend on the infinite sets and the axiom of choice
¢ Discuss about the cardinal numbers and its arithmetic
o State the Schroder-Bernstein theorem
¢ Elaborate on the Cantor’s theorem and the continuum hypothesis
- Analyse the Zorn’s lemma
o State the well-ordering theorem
e Explain about the topological spaces
e Discuss the closed sets, closure and neighbourhoods
e Comprehend on the dense subsets
¢ Understand the interior, exterior and boundary operations
o Define the bases and subbases

¢ Explain about the subspaces and relative topology

1.2 COUNTABLE AND UNCOUNTABLE SETS

A set X is defined as countable if it is finite or it can be positioned in 1, —1
correspondence with the positive integers. The non-negative integers are countable
by mapping n to n + 1. The even numbers are countable; map » to n/2. The
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integers are countable. Map n to 2n for n— 0, and map n to 1-2n for n <0. To
check that whether given set is countable or not, we must check that:

¢ Every element of set is represented in order,
e No element is repeated,
¢ Xisinfinite.

All the finite sets of integers are termed as countable, but not for the infinite
subsets. Here is a simple diagonalization argument. Ifthe infinite sets are countable
then the correspondence builds a list of all possible subsets.

Lemma 1: Ifa set 4 is countable and infinite, then there is a bijection between the
set A and set of natural numbers N.

Lemma 2: If set 4 is countable and 4 < A4 ,then 4'is also countable.
Let us consider few examples. Set of integers Z form a countable set as
there is a bijection from Z to N and it is defined as, Z —> N: f(n) >

f(m)+2n,n>0 and f(n)—>1-2n,n<0. From this bijection, f maps
0,1,2,3,....t00,2,4,6,...... and-1,-2,-3....t0 1,3,5,7.... And in this way set of
integers maps on set of natural numbers, that satisfies definition of countable sets.

Ifa setis not countable, then it is called uncountable set. For example, set
of binary sequences forms uncountable sets.

1.3 INFINITE SETS AND THE AXIOM OF CHOICE

If a set has an infinite number of elements it is an infinite set then the elements of
such a set cannot be counted by a finite number. A set of points along a line or in
aplane is called a point set. A finite set has a finite subset. An infinite set may have
an infinite subset.

Examples of Infinite Sets: A few examples of infinite sets are given below:
(a) A setXcomprising ofall points in a plane is an infinite set.

(b) Z=H......... 2,-1,0,1,2, .......... },1.e., set of all integers is an infinite
set.

(c) Setofall positive integers which are multiple of 5 is an infinite set.

Equivalent Sets: Two sets 4 and B are said to be equivalent if these exist a one-
one onto mapping from A4 to B. If 4 and B are equivalent, we denote this relation
by the symbol ‘~’.

Thus A ~B < A & B are equivalent.

For Example: The sets N = {1, 2, 3,......} of natural numbers and E =
{2,4,6,....} ofall even natural number are equilavent because these exists the

mapping.
F : N—— E defined by,

f(n)=2n,VneN

which is one-one and onto from Nto £.



1.3.1 Infinite Set Theorem

Theorem 1.1: Let X be a set such that:
(a) There exists an injective functionf: Z, — X.
(b) There exists a bijection of X with a proper subset of itself.
(c) Xisinfinite.
Proof : In order to prove the theorem we will first prove that if (a) is true it implies
(b), then we will prove that if (b) is true it implies (c), then finally if (c) is true it
implies (a).
Let fbe an injective function defined as,
f:Z — X. Let the image set f(Z,) be denoted by Y; and let f(n) be
denoted by x . Now since fis injective, forall n = m, x #x .
Now let us assume a function /"
f':X— X— {x} such that
flx)=x  forallx €Y
fl(a)=aforalla e X-Y
It can be seen from the above that the function /" is a bijection.
Now for the second step; let us assume that Y is a proper subset of X and

f: X — Y is a bijection. By assumption, there is a bijection f:
X = {1,2,....n} for some n. Then the composite / o f* is a bijection of Y with
{1, 2, ....n}. This is a contradiction and cannot be true.

For the third step, we assume that X is infinite and define an injective function
f:Z,— Xby principle of induction. The set X is anon-empty set, so let us assume
an element x, of X such that it is equal to f(1).

The set X—f({1, 2, ......n—}) is anon-empty set because if it was empty,
then the functionf: {1, 2, ..... n—1} — X would be a surjective function and X
would be finite. Now we can select an element of set X —f({1, 2, ...... n—1})and
accept f(n) to be this element. Therefore, utilising the principle of induction we
have defined the functionfforalln € Z..

It can be noted that the function fis injective. Let m <n. Then f(m) belongs
to the set f({n—1}), whereas f(n), by definition, does not. Therefore,

Sf(n) # f(m).
1.3.2 Axiom of Choice

‘Axiom of Choice’ is a very significant axiom which is extensively utilised in
mathematics. The axiom can be stated in many ways. It is also true that many
seemingly unrelated statements on closer analysis appear to be equivalent to it.

Definition. Let X be a non-empty collection of non-empty and disjoint sets, then
there exists a set Y consisting of exactly one element from each element of X. In
other words, a set Y such that Y is contained in the union of the elements of X, and
for each X € X, the set X MY has only one element.
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Another way of stating this axiom is that for any family X of non-empty and
disjoint sets, there exists a set that consists of exactly one element from each
element of X.

Example 1.1

Let X be the set of countries in the world. Now each country can be considered
as a set with the cities of that country as its elements. Then the union of X is the set
of all cities in the world. A function which picks up the capital city and matches it
with the country is a choice function. Similarly the function that matches the most
densely populated city or the largest city of each country with its country is also a
choice function.

Example 1.2

Let Sbe a set which has all pairs of shoes in the world as its elements. Then there
exists a function that picks the left shoe out of each pair. This is a choice function
for S.

It may be observed that in the examples quoted above and in any other
example that can be stated, the choice function can be defined as a rule that
identifies the element to be selected, i.e., select the capital city, select the largest
city, select the left shoe of the pair, in the above example. The rule that is defined
seems to be fairly simple and straight forward no matter how dense or large the
set might be. In fact no axiom is required for such decisions, a simple rule is
adequate. Therefore, what the ‘Axiom of Choice’ does by a consequence is that
it ensures existence of a rule or function that will meet the choice.

Axiom of Choice

Choice Function: A choice function is a function f. defined on a collection X of
non-empty sets, such that for every set 4 in X, f(A4) is an element of 4.

Axiom: For any set X of non-empty sets, there exist a choice function f
such that when is defined on X it maps each set of X to an element of the set. It can
be expressed as follows:

VX[peX = IF: X ——>UXVeX(f(4)eAd)]

Each choice function on a collection X of non-empty sets is an element of
the Cartesian product. Given any family of non-empty sets their Cartesian product
1s anon-empty sets.

Remark: There are many other equivalent statements of the axiom of choice.

¢ Given any set X of pairwise disjoint non-empty sets, these exist at least one
set C that contains exactly one element in common with each of the sets in
X.

¢ Every set has a choice function, which is equivalent, For any set 4 there is
a function F such that for any non-empty subset B of 4, F (B) lies in B.

For any set 4, the power set of 4 (empty set removed) has a choice function.

The basic property of the individual non-empty sets in the collection may
make it possible to avoid the axiom of choice even for certain infinite collections.



Example 1.3: Suppose Xis the collection of non-empty subsets of natural
numbers. Every such subset has a smallest element, therefore to specify the choice
function we can simply say that it maps each set to the last element of that set. This
gives us a definite choice of an element from each set, and makes it essential to
apply the axiom of choice.

Remark: The difficulty appears when there is no natural choice of elements
from each set. If we can not make explicit choices then how do we know that our
set exists?

Example 1.4: Suppose that X'is the collection of non-empty subsets of
real numbers. If we try to choose one element from each set then our choice
procedure will never come to an end because Xis an infinite set. We shall never be
able to provide a choice function for all of x.

Zermelo’s Postulate: Let {4 :i € I} be any non-empty family of disjoint

non-empty sets. Then there exists a subset B of the union U1 4 . such that the
intersection of B and each set 4, consists of exactly one element.

Remark: In Zermelo’s postulate the sets are disjoint whereas in the axiom
of choice they may not be disjoint.

Theorem 1.2: Show that the axiom of choice is equivalent to Zermelo’s
postulate.

Proof: Axiom of Choice = Zermelo’s Postulate

Let {4i:ie I} be anon-empty family of disjoint non-empty sets and set /
be a choice function on {4i:ie T}.Set B= {f(4i):iel} Then

4i O B={f(4))

Consists of exactly one element since the 4. are disjoint and /s a choice
function.

Zermelo’s Postulate = Axiom of Choice

Set {4, : ie I} be anon-empty family of non-empty sets which may or may
not be disjoint.

SetA*={A} x {i} oreveryiel

Then {4} is a disjoint family of sets since j+7 implies 4, X {i} + 4j x {i}
evenif Ai = Aj.

By Zermelo’s postulote, there exists a subset Bof U {4 :i € I} such that
BN A4 ={(ai,i)} consists of exactly one element. then ai € 4i, and so the

functionfon {Ai:i e I} definedby f(A4i) = ai isachoice function.

1.3.3 Existence of a Choice Function

Lemma. Let X be a non-empty collection of non-empty sets, then there exists
a function f'such that it selects one member of each of the sets which are elements
of X.

f:X— UXforall X € X, such that /(X) is an element of X
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The function f'is called choice function for X.

Note the difference between this lemma and axiom of choice: sets are not required
to be disjoint.

Let X be an element of X. Then let X'= {(X,x) : x € X).

In other words we have constructed X' as a collection of ordered pairs,
where the first element is the set X, and the second element is an element of X.
That is the set X' is a subset of the Cartesian product X' e U X forall X € X'.

Since X is a collection of non-empty sets, means X has at least one element
x. Therefore, X' contains at least one element given as (X, X) implying it is non-
empty. It can now be seen thatif X', and X', are two different sets belonging to X
then there corresponding elements (X', x,) and (X', x,) are different sice there
coordinates are different.

Now let us define another collection of sets Y such that,
Y={X":XeX]
Please note that Y by the definition above is a collection of disjoint non-
empty subsets of,
X'eU X forall X € X!

Now from the choice axiom we know that there exists a set Y consisting of
exactly one element from each element of Y. Now we need to prove that Y is the
rule for the desired choice function.

It can be seen that Y is a subset of X' e U X forall X € X"

Further, Y contains exactly one element from each set X', therefore, for
each X € X, the set Y contains only one ordered pair (X, x). Therefore, Y is the
rule for a function from the collection X to the set U X such that X € X.

Also, if (X, x) € Y, then x is an element of X, thus Y(X) is an element of X.

1.4 CARDINAL NUMBERS AND ITS
ARITHMETIC

The two sets 4 and B are said to be equivalent or equipotent if there exists a
bijective map f: 4 — B and we write A~B. It is easy to see that the relation of
equipotence ~ is an equivalence relation on P[X]. Therefore, this relation must
divide P[X] into equivalence classes and we shall use the term cardinal number
(or power) to designate the property that equipotent sets have in common. The
cardinal number will be, therefore, a measure of the number of points in sets. It
can be that all equipotent sets have the same cardinal number. The cardinal number
of'aset 4 will be denoted by| 4 |.

It follows that A~B <> |A|=|B|.

For finite sets, the concept of cardinal number is easy to grasp. We say that
any set which is equipotent to the set,

{1,2,...,n}

has the cardinal number n. We postulate that |0| = 0.



Among infinite sets, we denote by a or N, (read ‘Aleph Nought’) the
cardinal number of all denumerable sets and by ¢ the cardinal number of all those
sets which are equipotent to the set R of all real numbers. The cardinal c is often
called the cardinal number of the linear continuum.

1.4.1 Ordering

We write 4 < B if A is equipotent to a subset of B. We shall now define an ordering
for cardinal numbers, denoted as usual by <. We will say that,

|[4| =|B| if A and B are equipotent.
|[4| <|B|if A 1s equipotent to a subset of B.
|4| <|B| if A 1s equipotent to a subset of B and |4]| # |B|.

The relation < is evidently reflexive and transitive on the set of all cardinal
numbers.

According to Schroder—Bernstein theorem if 4 and B are two sets, such that
|A| <|B| and |B| < 4|
Then |[A| =|B|.

We can now say that the relation < is a partial order relation in any set of
cardinal numbers.

1.4.2 Addition of Cardinal Numbers

Let A and p be cardinal numbers and let 4 and B be disjoint sets with,
|A| =X\ and |B| = .
Then we define the addition of A and p, written as A + p, by
Atu =[AUB|ie |Al +|Bl =]|4VUB|.

The operation of addition of cardinal numbers as defined earlier is a well-defined
operation. For if C and D are disjoint sets with |C|=A and |D|=p, then 4 ~ C and
B~ D and consequently 4 U B~ Cu D. It follows that,

|AU B|=|C U B|so that |4| + |B| = |C| + |D

It can be easily seen that addition of cardinal numbers is commutative and
associative.

1.4.3 Multiplication of Cardinal Numbers

Let A, u be two cardinal numbers and let 4, B be sets such that,
=%, | B|=p.
Then the product of A and p written as Ap is defined by,
Au= 1|4 x Bl|i.e.,|A| |B| =]4 x B|.
It is easy to see that the product of cardinal numbers is well-defined.

If {4, : A € A} is any arbitrary collection of sets, then we write, by definition, their
product as,

H{JA|: e} = {4 ]: LeA}.
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Multiplication of cardinal numbers is (i) Commutative (ii) Associative
(ii1) Distributive over Addition.

Also 1 is the identity element for multiplication.

Theorem 1.3: Each of the following subsets of R has the cardinal number ¢ of the
linear continuum.

@) 10,={xeR:0<x<1}
@) [0,[={xeR:0<x<1}
@) [0,1]]={xe R:0<x<1}
() [0,2]={xe R:0<x<2}
(V) [0,0[={x e R: x>0}

Proof: The mapping,
1-2
Fi0,0[= R: f(x) = —=2 ¥ xelo, ][
X (1 — x)
is evidently one-one and onto so that ]0, i[~R.
Therefore [10, I[| = |IR|=c¢
Again itis obvious that

¢ =10, 1{[ < [0, I[| <[ [0, 1]|
<|10,2[ |<|[0,0[ <|R |=c.

Now applying the Schroder-Bernstein theorem, we observe that each of
the sets in (ii), (iii), (iv) and (v) also has the cardinal number c of the linear continuum.

The unit segment §, = ]0, l[on the real line the unit square
§,=10,1[x]0, I in the plane and the unit cube

S, =10, 1[x]0, 1[<]0, I
in space all have cardinal number c.

Theorem 1.4: The cancellation laws of addition and multiplication do not hold for
infinite cardinal numbers.

Proof: Recall that we denote the cardinal number of denumerable sets by a.
a=a+1
But atl=(a+)+1=a+1+1])
[ByAssociative Law]
Since 1 # 2, we see that the left cancellation law does not hold.
Similarly, right cancellation law cannot hold.

Again the sets N=11,3,5,..} andN_= {2,4,6...} of odd and even positive
integers are disjoint, have each the cardinal number a and have as their union the
set of positive integers,

which also has the cardinal number a.



Thus N,UN =N

So that IN,U N | =|N|

Or IN,| + IN_| =[N| [By Definition of Addition]
Or ata=a.

Hence by distributive law, we have
(1+1)a=1.a=or2a=la.

Since 2 # 1, the cancellation laws for multiplication of cardinal numbers do not
hold.

Theorem 1.5: n<a<c,
where 7 s any finite cardinal, and a, ¢ have their usual meanings.

Proof: Itis evident that n < a. Since N is equipotent with N which is subset
of R, we have a < c. It only remains to show that a # ¢. For this purpose it is
enough to show that there exists no one-one mapping of /V onto the unit interval
[0, 1]. Suppose if possible that such a function

f:N—>[0,1]

exists and let the decimal expansion of (), € NV, be

0a,a,a,....

We define 0.5, b, b, by taking b, to be 5 if a;#5 and b, tobe 7ifa, = 5. Then
0.b, b, b, is an element of [0, 1] but can never be among the values of f since it
differs from f(r) in the nth place, for each n € N. This contradicts our assumption
that fis onto. Thus, no such mapping f can exist. Hence, we must have a # ¢, and
this together with a > ¢ gives a < ¢, thus completing the proof of the theorem.

1.4.4 Exponentiation

We now define the final arithmetic operation of taking powers for cardinal numbers,
if 4 and B are sets, we denote by 4 the set of all mappings f: B — A4. Before, we
give the formal definition, let us consider the case when A4 and B are finite sets
consisting of m and n elements, respectively, so that |4|=m and |B| = n. To count
the number of all possible distinct mappings f: B — A, we observe that the first
element b, of B has just |4| possible images and for each of these there are |4
choices for the images of the second element b, of B and so on. Hence the total
number of ways of choosing all | B| images is |4| multiplied by itself |B| times, that
is, |A| | B|. It follows that the total number of functions from B into Ais |4 | |B|. This
combinatorial characterization of |4| |B| can be extended to infinite cardinal numbers.
Thus, we are led to the following definition.

Let A, B be any sets, finite or infinite. Then we write by definition

45| =| A"
Itis evident that if A ~ C and B ~ D, then
4l = 1P

So that the preceding definition is unambiguous.
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Let us pay particular attention to the cardinal number 2/ where 4 is any set. The
symbol 2 here stands both for the number 2 and any two element sets, say {0, 1}.

Hence 2 =2A1=[0, 1
is the cardinal number of'the set of all mappings f: 4 — {0, 1}.
Theorem 1.6: If 4 is any set, then
(@) [P(A)|=2"where P(4) denotes the power set of 4.
(i) 4] < | P(A)].
(iif) 4] <24
1.e., L < 2*for any cardinal number L.

Proof: (i) As remarked earlier 2! is the cardinal number of the set {|0; 1}*of all
mappings of 4 into the two element set {0, 1). So we have to establish a one-one
correspondence between P(4) and {0, 1}*. Recall that the characteristic function
X, of asubset B of 4 is a function on 4 defined by,

5 ( ) 1 whenxeB
x =
i 0 whenxeAd-B

Now consider the function,
F :P(4) > {0,1}*: F(B)=X,VB e P(A4)

F is one-one. For we have,
FB)=F(C)=X,=X,=>B=C.

Fis onto. Let f be any member of [0, 1]*, i.e., any function from 4 into {0, 1} and
letf! {1} =E. Then evidently XE =f. Hence fis onto. Thus festablishes a one-
one correspondence between P(A) and {0, 1} and consequently,

ip{D|=110,134=2"% .
(i1) To prove this, we must establish a one-one correspondence between
A and a proper subset of P (4). The mapping,
g:A—>PA):gx) ={x} v xed

is evidently one-one and into. It follows that | 4 | <| P(4). We now show that |4
|#| P(4)| i.e, A and P(A) are not equipotent. Suppose, if possible, there exists a
one-one mapping fof 4 onto P(A). Thus fassigns to each point x € 4, a subset
f(x) of A. Let B denote the subset of 4 consisting of all those points x for which
x € f(x). Since f'1s a mapping of 4 onto P(4) and B € P(A), there must exist
some pointy in 4 such that f{y) = B. Now eithery € Bory € A—B. Ify € B, then
by the definition of B. we have y ¢ f{(y) = B. On the otherhand if y ¢ B, theny e
f(y)=B. Thus in their case, we arrive at a contradiction.

Hence we must have |4|#|P(4)| and consequently,
|| <[P(4)].
(i) This follows from (i) and (ii).



Theorem 1.7: 2¢=c¢

Proof: Since a is the cardinal number of the set,

N ={1,2,3,..}
of natural numbers we may write,
28 = 2N
By the previous Theorem 1.6,
2N = [P(N)].
Also cis the cardinal number of the interval,
I =10, 1].

Our proof then amounts to showing that there exists a one-one
correspondence between P(N) (i.e. the power set on N) and /. First we define a
mapping f: P(N) — 7 as follows:

If A € P(N), then f[ 4] is the real number x in / whose decimal expansion.
x=0.0,0,0,... is defined by the rale that a =3 if n € Aanda =5ifn ¢ 4. We
can use any other two digits provided none of them is 9. The mapping is evidently

one-one so that P(N) is equipotent to a subset of /.

Again we construct a one-one mapping g of / into P(N) as follows. Let x be any
real number in / and let its binary expansionbe x=0. 3 3,B.... so that 3 is either
0 or 1. Then g(x) is defined to be that member 4 of P(N) consisting of positive
integers n for which B =1, that s,

A={neN:B=1}.
It is evident that the mapping g is also one-one so that / is equipotent to a subset

of P(N). We now use the Schroder-Bernstein theorem to conclude that P(N) and
I are equipotent sets, that is, P(N)~I and consequently,

[PON)| = |1].
But [P (N)|=2Nand|l|=¢
Hence 2N =¢
So, 2% =¢.

Theorem 1.8: The set of all real valued functions defined on the closed unit interval
[0, 1] has the cardinal number 2¢.

Proof: Let /=1, 0]. Recall that the set of all real functions defined on /is denoted
by R’. Hence,

R = RJ" =
Also by 2*=c. It follows that,

R =@)=2°
Thus the cardinal number of the set of all real valued functions defined on [0, 1]
is 2¢.

Continuum Hypothesis: There exists no cardinal number A such that,
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a<Aa<ec.

The generalized continuum hypothesis asserts that there is no cardinal number
strictly between A and 2* for any cardinal number A.

Check Your Progress

Define the term countable.
What is uncountable?

Define an infinite set.

State about the axiom of choice.

What do you understand by cardinal number?

S Uk =

Define the cardinal number of linear continuum.

1.5 SCHRODER-BERNSTEIN THEOREM

In set theory, the Schroder—Bernstein theorem specifically states that, if there exists
injective functions f- 4 — B and g: B — A between the sets 4 and B, then there
also exists a bijective function - 4 — B.

According to the cardinality property of the two sets, this classically implies
thatif |4| <|B| and |B| < |4], then |4| = |B|, i.e., A and B are equipotent. This is
a significant feature in the ordering of cardinal numbers.

The theorem is named after Felix Bernstein and Ernst Schroder and is
also sometimes termed as Cantor—Bernstein theorem, or Cantor—Schroder—
Bernstein, named after Georg Cantor who first published it without proof.

Proof
The following proofis attributed to Julius Konig.

Assume that 4 and B are disjoint. For any a in 4 or b in B we can form a
unique two-sided sequence of elements that are alternately in 4 and B, by repeatedly
applying fand g’ to go from A4 to B and g and £ to go from B to 4, where the
inverses f and g are considered as the partial functions.

ceee 2> fL(g (@) > gl(a) > a —> fla) > g(fla)) >....

For any particular a, this sequence may terminate to the left, at a point
where f/or g”/is not defined.

By the fact that fand g are injective functions, eachain 4 and b in Bis in
exactly one such sequence to within identity: if an element occurs in two sequences,
then all elements to the left and to the right must be the same in both, by the
definition of the sequences. Therefore, the sequences form a partition of the disjoint
union of 4 and B. Hence it is essentially sufficient to produce a bijection between
the elements of 4 and B in each of the sequences separately, as follows:

A sequence is called an A-stopper if it stops at an element of 4, or a B-
stopper if it stops at an element of B. Otherwise, it is called doubly infinite if all the
elements are distinct or cyclic if it repeats. Refer Figure (1.1). As per the Konig’s



definition of a bijection 4: 4 — B from given example injections f> 4 — B and
g:B—>A

An element in 4 and B is denoted by a number and a letter, respectively.
The sequence 3 — e — 6 — ... is an A-stopper, leading to the definitions / (3) =
f(3)=e, h(6)=f(6),.... The sequence d - 5 — f— ... is a B-stopper, leading
toh (5)=g’'(5)=d, .... The sequence ... >a—> 1 > ¢ —>4 — ... is doubly
infinite, leading to 2(1) =g /(1) =a, h(4)=g'(4)=c, .... The sequence b -2 —
bis cyclic, leadingto 2 (2)=g (2) =b.

e Foran A-stopper, the function fis a bijection between its elements in 4

and its elements in B.

e Fora B-stopper, the function g is a bijection between its elements in B
and its elements in A.

e Foradoubly infinite sequence or a cyclic sequence, either for g.

Fig. 1.1 Konig's Definition of a Bijection h: A — B

1.5.1 Schroder-Bernstein Theorem and Cardinal Numbers

Cardinal Numbers: We want to know the size of a given set without necessarily
comparing it to another set. For finite set there is no difficulty. For example, the set
A=1{1,2, 3} has 3 elements. Any other set with 3 elements is equipotent to A. On
the other hand, for infinite sets it is not sufficient to just say that the set has infinitely
many element since not all infinite ses are equiptent. To solve this problem we
introduce the concept of a coordinal number.

Each set A is assigned a symbol in such a way that two sets A and B are
assigned the same symbol if and only if they are equipotent. This symbol is called
cardinality or cardinal number of A and it is denoted by

| A | or card (A4)
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Thus
|A|=|B|iff4~B.
Finite Cardinal Numbers: For finite cardinal numbers the obvious symbols
are used like 0 is assigned to empty set ¢, and n is assigned to the set {1, 2, ....n}

Infinite Cardinal Numbers: Infinite sets cardinal numbers are called
mfinite cardinal numbers.

The cardinal number of the infinite set L of postitue insegers is o, . Thus
|4 |=a,iffA~L

In particular | Z | = a, and |@| = «,. Cardinal number of 7/ = [0,1] is
denoted by C. Thus |4 |=Ciff A~T

In particular | R |=C.

Schroder-Bernstein’s Theorem

If|A| <|B|and,then|4|=|B]|.

Other equivalent from s,

LetX, Y, Xbesetssuchthat X oY o X, and X~ X, thenX~Y.

Proof: Since X~ X, there existamapping f:x —— X,.
Which is, one-one and onto.
Since X oY, thenrestuiction of fto Yis also one-one. Let f(¥) =Y.

Then Yand Y, are equivalent, i.e.

XYoo X oY

And f .Y — Y, is one-one and onto.

We now see that ¥ © X, and for similar reason X~ X, where
X2oYoX oY 24X,

And f: X, = X, is one-one and onto.

In this way there exists sets,

X, X,,X;,....and ¥, Y,, Y....... such that
XoYoX oX, oY, oY, oY, >

And f:X, > X,,, and
f Y, > Y, areone-oneand onto.

Let B=XNYNX NYL,NX,NY,N...

Then X=(X-UF¥-X)UX,-¥)U...UB



Y=Y -X)UX, -HuE -x,)....UB
Also (X-Y)~(X,-Y)~(X,=-Y,)~.........
Specially, the function
f:(X,-Y)—>(X,. —Y,,,) is one-one and onto.
consider the function

g: X — Y defined by the following figure.

X:xy yx1 yl sz UB

><

=y k yl y yzU UB

f(x), if xe(X,-Y) or xe(X—-y)
ie. 8&8(x)= .
x ifxe(-X,) or XeB
Therefore, g is one-one and onto.
Le. X~7Y.
Proof completed.

Cantor’s Theorem: The bower set P (B) of any set B has cardinality greater
than B.1i.e.,| B |<|P(B)]|.

Proof: The function
h:B— P(B)suchta
h(b)=1{b},VbeB

1.e., sends each element ) ¢ B to set containing b alone. then / is one-one
and hence

| B|<[P(B)] . (1.1)

If we show that B is not equivalent to P (B), 1.e., B y P(B) then the theorem
will proved.

Now suppose B ~ P (B), then there exist a mapping

f: B— P(B) which is one-one and onto. Letus call be B a
‘bod’ elementif b¢ 1 (b).

Let Abe the set of all ‘bad’elements.i.e. A={x:€exB &x¢& [ (x)}.

Hence we see that 4 is the subset of B and hence 4 € P (B).
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Since f: B — P(B) isinto 3 anelement a € B sit.
fla)=4
Now the question is whether a is ‘bad’ or a is a good element.

If ae B then a ¢ f (a) = A, whichis a contradiction.
IfagAthenae f(a)=4

which is again a contradiction
Then our assumption that B ~P (B) is wrong and consequentry B yP (B).
By Equation (1.1)
| B|<[P(B)]
And Bwy P (B)
Hence B <P (B)sothat
|B|<|P(B)]

Proof completed.

1.6 CANTOR'S THEOREM AND THE
CONTINUUM HYPOTHESIS

A sequence < x > in a metric space (X, d) is said to converge to x, € X if it is
eventually in every nhd of x , i.e., if for every € > 0 there exists a positive integer
n (¢) such that,

n=n(e) =dx,x)<e.
Another definition states that ‘A sequence < x > in a metric space (X, d) is

said to be a Cauchy sequence if for every € > 0 there exists a positive integer n
(¢)’ such that

m,n>n(€) =dx,x)<e.

It is easy to prove that every convergent sequence in a metric space is Cauchy
sequence.

A metric space X is said to be complete if every Cauchy sequence in X
converges to a point in X.

Theorem 1.9: (Cantor’s Intersection Theorem): Let (X, d) be a complete
metric space and let <F >be a nested sequence of non-empty closed subsets of

Xsuchthat3 (F ) —>0asn— «. Then (1 F consists of exactly one point.

n=1
Proof: For each n, we choose x € F' . Since & (F)—0, for every & > 0, there
exists a positive integer m, such that 6(F ) <€. Again since <F' >is nested,we
have,

S €
n, m > mO = Fn’ Fm FmO f— xn’ xm FmO = d(xn’ xm) <&.



Thus <x > 1is a Cauchy sequence. Since X is complete sox —x, for some Countable and
! 4 Uncountable Sets

x, € X. We assert the x, € (1 F . To prove this, let m be any positive integer.

n=1

Thenn>m = x €F .. (1.2)
[ x,eF,andn>m=F,cF,]. NOTES

Since x — x,, the sequence is eventually in every nid of x, and by Equation
(1.2), every nhd of x, contains an infinite number of points of 7 . Thus x, is a limit

pointof F . Since F is closed, x,€F and since m is arbitrary, we have x, € [
n=1
F .

n

Now suppose there is another point x * € Ol F . Thend (x,x,*) <06 (F)
for every n. Therefore, 6 (x, x,*) = 0 since 6 (¥ )—>0 as n«o . Hence x, = x,*

and so Ol F = {x,}.

1.6.1 Continuum Hypothesis

In mathematics, the term Continuum Hypothesis (CH) is uniquely defined as a
hypothesis which defines the possible or probable sizes of the infinite sets. It states
that there is not any set whose cardinality can be uniquely defined between the
integers and the real numbers.

In Zermelo—Fraenkel Set Theory and the Axiom of Choice (ZFC or
Zermelo—Fraenkel Continuum) is considered equivalent to the equation in aleph

numbers; 2N =N,.

The term ‘Continuum Hypothesis (CH)’ was precisely improved by Georg
Cantor in 1878, who established its truth or false property specifically in the Hilbert’s
first 23 problems described in 1900. The answers to these problems are
independent of the ZFC (Zermelo—Fraenkel Continuum), therefore the continuum
hypothesis and its negation property can be included as an axiom to ZFC set
theory that defines that the theory is consistent and constant if and only if ZFC is
consistent and constant. This independence property was proved in the year 1963
by Paul Cohen, who basically complemented the work done by Kurt Godel in the
year 1940.

The name continuum hypothesis is precisely given to this hypothesis which
comes from the term the continuum uniquely defined for the real numbers.

Cardinality of Infinite Sets

Two sets are considered to have the same or equivalent cardinality or cardinal
number if there typically exists a bijection, i.e., a one-to-one correspondence
between them. Spontaneously, for two sets S and 7' to have the same or equivalent
cardinality implies that it is feasible to ‘Pair Off” elements of S with elements of 7
in such a manner that every element of S is paired off with precisely or exactly one
element of 7"and vice versa.

Specifically for the infinite sets, such as the set of integers or rational
numbers, the existence of a bijection condition between the two sets can hardly
be demonstrated. Characteristically, the rational numbers apparently form a counter
example to the continuum hypothesis, stating that the integers form a proper and
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appropriate subset of the rational, which themselves form a proper and appropriate
subset of the reals, therefore automatically and intuitively there are more rational
numbers as compared to integers and more real numbers as compared to rational
numbers. Even though, this precise intuitive analysis is inconsistent as it does not
consider the fact that all three sets are infinite. Consequently, it can be stated that
essentially the rational numbers can be actually placed in one-to-one
correspondence with the integers, and therefore the set of rational numbers has
the same size the ‘Cardinality’ as the set of integers, proving that they both are
countable sets.

Cantor has given two proofs stating that the cardinality of the set of integers
is precisely and truly less significant than that of the set of real numbers and the
Cantor’s first uncountability proof which states that the cardinality of the integers
is comparatively less than that of the real numbers. Cantor proposed and
recommended the term ‘Continuum Hypothesis’ as a possible and feasible solution
to these problems.

The continuum hypothesis states that, ‘The set of real numbers has minimal
possible cardinality which is greater than the cardinality of the set of integers. i.e.,
every set, S, of real numbers can either be mapped one-to-one into the integers or
the real numbers can be mapped one-to-one into S”. Because the real numbers
are equinumerous with the power set of the integers, therefore, |[R|=2™ and the
continuum hypothesis states that there is no set .S for which N <|S|<2™.

Assuming the axiom of choice, we can state that there is a smallest cardinal
number N, greater than N and the continuum hypothesis is then equivalent to the
equality 2Y=N,.

Independence from ZFC

The independence property of the Continuum Hypothesis (CH) given by Zermelo—
Fraenkel (ZF) set theory is defined on the basis of the combined work of Kurt
Godel and Paul Cohen.

Godel precisely explained and demonstrated that ‘Continuum Hypothesis
(CH)’ cannot be disproved from ‘Zermelo—Fraenkel (ZF)’, even if the ‘Axiom of
Choice’ (AC) is typically adopted and implemented producing the ‘Zermelo—
Fraenkel Continuum (ZFC)’. Godel’s proof demonstrates and reveals that both
the CH and AC hold in the constructible universe ‘L, an inner model of ZF set
theory, by precisely assuming only the axioms of ZF. The existence of an inner
model of ZF in which uniquely the additional axioms hold demonstrates and reveals
that the additional axioms are uniquely consistent with ZF, provided that the ZF
itself is consistent. Due to Gédel’s incompleteness theorems, the concluding
condition was not possible to be proved in ZF itself, but it is widely considered to
be true and can be proved in the stronger set theories.

Cohen demonstrated and revealed that CH cannot be proved on the basis
of the ZFC axioms by completing and specifying the overall complete independence
proof. To prove and establish his result, Cohen precisely developed and established
the method of forcing, which has now considered a standard tool in the set theory.
Fundamentally, this method essentially started with a model of ZF in which CH
holds and constructs or structures another model which typically contains more



sets as compared to the original, in a manner that CH does not hold in the new
model.

Consequently, the independence property uniquely states that CH is
independent of ZFC. The mathematicians precisely define that CH is independent
of all known large cardinal axioms in the context of ZFC. Subsequently, it was
proved that the cardinality of the continuum can be any cardinal consistent with
‘Konig’s Theorem’. Solovay, proved after Cohen’s result on the independence
property of the continuum hypothesis that in any model of ZFC, ifk is a cardinal of
uncountable cofinality, then there is a forcing extension in which 2¥ =k . According
to the Konig’s theorem, though it is not possibly consistent to assume that 2™ is
N_orN_ . orany cardinal with cofinality @.The continuum hypothesis is closely
related to many statements in analysis, point set topology and measure theory.

The independence property from ZFC implies that either proving or
disproving the CH within ZFC is not possible. Even though, the negative results or
consequences of Godel and Cohen are not universally accepted for determining
the continuum hypothesis. The continuum hypothesis and the axiom of choice were
considered as the first mathematical statements that demonstrated to be independent
of ZF set theory.

Generalized Continuum Hypothesis

The Generalized Continuum Hypothesis (GCH) states that if an infinite set’s
cardinality lies between that of an infinite set S and that of the power set P(S) of S,
then it has the equivalent cardinality as either S or P(S). That is, for any infinite cardinal
A there is no cardinal k such that A < k < 2* GCH is equivalent to:

N_.,=2"_forevery ordinal o (called ‘Cantor’s Aleph Hypothesis’).
1.6.2 Continuum Hypothesis based on Cantor’s Theorem

By Cantor’s theoremn, a,, <2 and also we know that, o, < C.
In next theorem we will prove relationship between 2 and C.

Theorem 1.10: 2% =C.

Proof: Let P (Q) be the power set of rational number and R be the set of
real numbers.

Let the function
f:R— P(Q) defined by,

fla)={x:xeQ,x<a}
i.e., fis a function which maps each real number a to the set of rational
number less than a. Now, will show fis one-one.

Let a,, a, € R, a, £ a, and for simplicity q, < a,.
Since rationals are dense into the set of real numbers. These exist a rational

number 7 such that,

a, <n<a,
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Then by the definition of / 7, € f (a,) and 1, ¢ f(a,), hence,

fla)* f(a)
Therefore fis one-one. Thus,

|R|<|P(Q)] ..(1.3)
Since,

|R|=C and|Q|= q,
Then by Equation (1.3), we get

C<2% ..(1.4)
LetC (L), where L={1, 2, 3, .... } be the family of characteristics function,

f:L—{0,1} isequivalent to P (L).
Let [7=[0, 1]and letthe function

H:C[L] — Ibedefined by

H{@)=0/(1)f(2)£(3)f(4)....
on infinite decimal consisting of zeros or one. Suppose f.g € C(L) and
f*eg.
Then the decimal would be different and therefore H(f) + H(g).
So, Hisone-one. Therefore,
| PQI=ICL)|=]1] - (1.5)
Since | Q| o, and |/|= C, then by Equation (1.5), we can write

Z% <C. ...(1.6)
By Equations (1.4) and (1.6), we get

2% < C.

Itis natural to ask if there exists a cardinal number B which lies between o,
and C.

Initially, cantor supported the conjecture, whicyh is known as the continuum
hypothesis that the answer to the above question is in the negative.

Continuum Hypothesis: There exist no cardinal number B such that

a,<B<C

Zorn’s Lemma and Well-Ordering Theorem

Partially Order Sets: Arelation (<) onaset A is called a partial order relation
ifforeverya, b, cin A.



I ala
1L a<banda<a = a=b

I a<bandb<c = a<c

A set ‘A’ together with the partial order relation, i.e., the pair (4, C) is a
partial ordered set. Partial order relation is repeexive, antigymmetric and transitive.

For example, the set inclusion relation in any family of sets is a partial order
relation, i.€.,

(1) Ac A foreverysetA.
(i)If AcBand Bc 4 = A=B

()If AcBand BcC = AcC

Totally ordered set. A partially ordered set ‘A4’ is said to be totally ordered
if for each a,be A4 either a<b or h<a.

Example 1.5: (I) The set of real numbers with its natural ordering (<) is a
totally ordered set.

(I Let4={2,4,8,16,32} be ordered by a < b to mean a divide b then
A is totally ordered.

Minimal and Maximal Elements
Let ‘O’ be a partially ordered set. An element a,, € 4 is called a minimal element

of 4 if no element of 4 stoictly proceedes a, i.e., if x < a, = x =q,

Similarly, an element b, € 4 is called a maximal element of 4 is no element

of 4 strictly succeeds b, i.e., if
x>b, = x=b,.

Geometrically interpretation is that, @, is a minimal element of 4 ifno edge

enters q,(from below), and b, is amaximal element of 4 if no edge leaves b, (in

an upward direction) So a set 4 can have more than one minimal and more than
one maximal element.

If 4 is infinite, then 4 may have no minimal and no maximal element. If 4 is
finite, then A has at least one minimal element and one maximal element.

Firstand Last element. An element a,, € A is called a first element of 4 if
a,<x Vxe A
Similarly an element b, € A4 is called a last element of 4 if

x<b, VxeA
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Remark: A set ‘4’ can have at most one first element which must be a
minimal element of 4 and ‘4’ can have at most one last element which must be a
maximal element of 4. In general, ‘4’ may have neither a first nor a last element,
even when 4 is finite.

If A is finite totally ordered. Set, then 4 has both a first element and a last
element.

Example 1.6: Let A= {1,2,3,4,6,8,9, 12, 18, 24} be ordered by the
relation “x divides y”’

Ahas two maximal elements, 18 and 24, and neither is a last elekent. A has
only one minimal element, 1, which is also a first element.

Well-Ordered Set: A partially ordered set (x , <) is said to be well-ordered
if every non-empty subset of X has a first element.

Examples 1.7: (I) N with its natural ordering < is well-ordered.
(II) Q and R with its natural ordering < is not well-ordered.
Theorem 1.11: Every well-ordered set is totally ordered.

Proof: Let (4 <) be awell-ordered set Let a & b be may two elements of
A. Then {a, b} CA.

Since A4 is well-ordered and {a, b} CA therefore {a, b} has a first element.
Ifais first element of {a, b} then a<b.

Ifb is first element of {a, b} then b< a.

Then we see that for any two elements a & b of A either a< b or h< a.

Hence (4, <) istotally ordered.
Well-Ordering Theorem. Every set can be well-ordered.

Proof: Let X be anon-empty set. Let P (X) be the collection of all-subsets
of X'and fbe a choice function given by,

f:P(X)—> X with
f(A)eB VYVAcX
A subset 4 of X will be called normal if it has well-ordering as well as
VaeAd f:(X=S,(a))=—a where S,(a)={xA:x<a}
i.e., §,(a) is the initial segement of a. Set x, = f(x), x, = f (x — {x,}),
X =[x =1x, %,})
Then 4 = {x,, x,, x,} isnormal.

Claim: If 4 & B are normal subsets of X then either 4 = B or one is initial
segment of the other.

Thus there exist a similarity mapping A : 4A— B.
Set
A*={xe A: Mx) £ x}



If 4*=¢ then 4= B orAis an initial segment of B.

Suppose 4* = ¢ . Let a, be the first element of 4*. Then,

S,(ay) =8, (May))
But 4 and B are normal, so
a,= f(X=5,(a)=f (X =8, (dlay))= 7\'(‘10)

which contradict the definition of 4* and so A =B or A4 is an initial segment
of B. Inparticular. If ; ¢ 4 and p ¢ B theneither a,b € 4 or a, b € B. Further

more,if a,be A and a, b € B then a <b aselementof 4 iff'a <b as elements
of B.

Now let y consists of all those elements in X which belongs to at least one

normal setif a, b€ y,then a € 4 and p ¢ B where 4 and B are normal and so
a,be Aora,beB.

We define an order in Y as follows. a< b as elements of Yiff a<b as

elements of A or as elements of B. This order is well defined and it is a totally
order.

Claim: We Y'is well-ordered
Let Zbe any non-empty subset of Y and let a be an arbitrary element element
in Z. Then a belong to a normal set A. Hence A4()Z is anon-empty subset of a

well-ordered set Also contains a first element q, . Since a, € A(1Z
= a,e”Z

L.e., a,1s a first element of Z.
Therefore Y is well-ordered.

Now, we will show that Y is normal.

If a €Y ,then a € A, where 4 is anormal set furthermore, S, (a) =S, (a)
and so

f(X=S(a)=f(X=-§,(a))=a

i.e. Yisnormal

Claim: Y =X

Suppose Y + X then X —-Y + ¢ andsaya=f(X-7Y)

Set Y*= YU {a} and let Y* be ordered by the order in Y together with a
dominating every elementin Y. Then f (X -, (a) = f (X —=Y) =a andso Y*is
normal. Thus 4 ¢ Y . But this conttradict the fact that fis a a choice function i.e.
f(X -Y)=ae X -Y whichisdisjoint from Y.

Hence Y =X
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Since we have already proved that Y is well-ordered. Therefore X'is well-
ordered.

Remarks: Let X be a partially ordered set. Then X contains a maximal
totally ordered subset.

Zorn’s Lemma: Let X be a non-empty partially ordered set in which every
totally ordered subset has an upper bound in X. Then X contains at least one
maximal element.

Proof: We will prove Zorn’s Lemma using well-ordering theorem.

Let X'be a partially ordered set in which every totally ordered subset has an
upper bound. We need to show that X' has a maximal element by previous remarks
Xwill have amaximal totally ordered subset let it is denoted by Y. By our assumption
Y will have an upper bound in X. Let this upper bound is denoted by a.

Claim: ‘a’ is maximal element of X.
Let ‘a’ is not maximal element of X. Then there exist p € X suchthatb

dominates ‘a’. It follows that b ¢ ¥ since ‘a’is an upper bound for Y. So Y U {b} is
atotally ordered set.

Which is, a contradiction because Y is maximal totally ordered subset of X.
So our assumption is wrong.

Therefore, ‘a’ is maximal element of X.
Hence Zorn’s lemma is proved.
Theorem 1.12: Show that Zorn’s lemma implies axiom of choice.

Proof: We have already shown that axiom of choice and Zermelo’s Posulate
are equivalent to each-other. Therefore it is sufficient to show that Zorn’s lemma
implies Zermelo’s postulate.

Let {A4i} be anon-empty family of disjoint non-empty sets. Let p be the

collection of all subsets of | J4; which intersect each A7 in at most one element.
We partially order p by setinclusion. Let B,} be a totally ordered subset of p .

We claim that B =J B, belongto p.

If not, then B intersects some A is in more than one element i.e.
a, be B Ai, where a+ b.

Since a, b € B. Theseexist B, and B, suchthata€ B, and be B, .
But {{B,} is atotally ordered by set inclusion, hence a & b belongs to either
B, or B, .This implies that BJ, or BJ, intersects 4; in more than one
element, a contradiction. Accordingly B e p so B is an upper bound for the totally
ordered set {B,}.

We have shown that every totally ordered set in p has an upper bound. By

Zorn’s lemma, p has a maximal elements. If S does not intersect each 4, in

exactly one point, then S'and some 4, are disjoint. Let d € 4; then SU/{d}



belongs to p which contradict the maximality of 5. Thus B intersects each A4, in
exactly one point.

Therefore Zorn’s lemma implies Zermelo’s postulate and hence axiom of
choice.

1.7 ZORN’S LEMMA

Zorn’s lemma, also known as the Kuratowski—Zorn lemma, named after
mathematicians Max Zorn and Kazimierz Kuratowski, is a proposition of the set
theory. It states that a partially ordered set containing upper bounds for every
chain, i.e., every totally ordered subset essentially contains at least one maximal
element. As per the Tychonoff’s theorem in topology, every product of compact
spaces is compact and the theorems in abstract algebra states that a maximal ideal
and every field has an algebraic closure.

Zorn’s lemma is equivalent to the well-ordering theorem and also to the
axiom of choice, specified that any one of the three, along with the Zermelo—
Fraenkel axioms of set theory, is sufficient to prove and establish the other two.
The Zorn’s lemma is Hausdorff’s Maximum Principle (HMP) which states
that every totally ordered subset of a given partially ordered set is uniquely contained
in a maximal totally ordered subset of that partially ordered set.

Statement of the Lemma

e The set Phas areflexive, antisymmetric and transitive binary relation <
is said to be (partially) ordered by <. Given two elements x and y of P
withx <y, y is said to be greater than or equal to x. The word ‘Partial’
specifies that ‘Not every pair of elements of a partially ordered set is
required to be comparable under the order relation’, i.e., in a partially
ordered set P with order relation < there may be elements x and y with
neither x <y nor y <x. An ordered set in which every pair of elements
is comparable is termed as totally ordered set.

e Everysubset.S of a partially ordered set P can itself be seen as partially
ordered by restricting the order relation inherited from Pto S. A subset
S of apartially ordered set Pis called a chain (in P) if it is totally ordered
in the inherited order.

¢ Anelement m of a partially ordered set P with order relation <1is maximal
(with respect to <) if there is no other element of P greater than m, i.e.,
if there is no s in P with s # m and m < s. Depending on the order

relation, a partially ordered set may have any number of maximal
elements. Even though, a totally ordered set can have at most one maximal

element.

Zorn’s Lemma Can Then Be Stated As Following Form

Zorn’s Lemma: Assume that a partially ordered set P has the property that every
chain in Phas an upper bound in P. Then the set P contains at least one maximal
element.
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Zorn’s Lemma (for Non-Empty Sets): Assume that a non-empty partially
ordered set P has the property that every non-empty chain has an upper bound in
P. Then the set P contains at least one maximal element.

Fundamentally, this formulation is considered weaker since it places on P
the additional condition of being non-empty, but obtains the same conclusion about
P, and precisely the two formulations are equivalent. To verify this, first assume
that P satisfies the condition that every chain in Phas an upper bound in P. Then
the empty subset of Pis a chain, as it satisfies the definition therefore the hypothesis
implies that this subset must have an upper bound in P, and this upper bound
shows that P is uniquely non-empty. Conversely, if P is assumed to be non-empty
and satisfies the hypothesis that every non-empty chain has an upper bound in P,
then P also satisfies the condition that every chain has an upper bound, as an
arbitrary or random element of P considered as an upper bound for the empty

chain.

Example Applications for Zorn’s Lemma

Zom’s lemma can be used to explain that every non-trivial ring R with unity contains
amaximal ideal.

Let P be the set consisting of all (two-sided) ideals in R except R itself. The
ideal R was excluded because maximal ideals by definition are not equal to R.
Since R is non-trivial, the set P contains the trivial ideal {0}, and therefore P is
non-empty. Furthermore, P is partially ordered by set inclusion. Finding a maximal
ideal in R is the same as finding a maximal element in P.

To apply Zorn’s lemma, take a chain T'in Pi.e., T is a subset of B, i.e.,
totally ordered). If 7 is the empty set, then the trivial ideal {0} is an upper bound
for T'in P. Assume then that 7'is non-empty. It is necessary to show that 7'has an
upper bound, that is, there exists an ideal < R which is bigger than all members
of Tbut still smaller than R (otherwise it would not be in P). Take I to be the union
of all the ideals in 7. We wish to show that  is an upper bound for 7'in P. We will
first show that 7 is an ideal of R, and then that it is a proper ideal of R and so is an
element of P. Since every element of 7'is contained in Z, this will show that /is an
upper bound for 7 in P, as required.

Because T contains at least one element, and that element contains at least
0, the union 7 contains at least 0 and is not empty. To prove that 7 is an ideal, note
that if @ and b are elements of I, then there exist two ideals
J, K € Tsuchthatais an element of J and b is an element of K. Since 7'is totally
ordered, we know that J ¢ K or K ¢ J. In the first case, both @ and b are
members of the ideal K, therefore their sum a + b is amember of K, which shows
that a + b is amember of 1.

Now, an ideal is equal to R if and only if it contains 1. (It is clear that if it is
equal to R, then it must contain 1; on the other hand, if it contains 1 and r is an
arbitrary element of R, then r1 = r is an element of the ideal, and so the ideal is
equal to R.) So, if I were equal to R, then it would contain 1, and that means one
of the members of 7 would contain 1 and would thus be equal to R —but R is
explicitly excluded from P.



The proof depends on the fact that the ring R has a multiplicative unit 1.
Without this, the proof would not work and indeed the statement would be false.
For example, the ring with Q as additive group and trivial multiplication (i.e., ab
=0 for all a,b) has no maximal ideal (and of course no 1): Its ideals are precisely
the additive subgroups. The factor group Q /A4 by a proper subgroup A is a divisible
group, hence certainly not finitely generated, hence has a proper non-trivial
subgroup, which gives rise to a subgroup and ideal containing A.

1.8 WELL-ORDERING THEOREM

Abinary relation R on a set X is a subset of the product X x X. Arelation R is
writtenasx R y forall x, y € X.

1.8.1 Properties

(a) Reflexivity: x R xis true forallx € X

(b) Symmetry: ifx Rytheny R x forallx € X

(c) Antisymmetry: ifxRyandyRxthenx=yforallx,y e X
(d) Asymmetry: ifx R ythennoty Rx forallx,y € X

(e) Transitivity: ifxRyandyRzthenxRz

(f) Connex or Comparability: either x R y or y R x.

Any relation which is reflexive, symmetric and transitive is called an
equivalence relation.

A relation which is reflexive, transitive and antisymmetric is called a partial
order. Arelation which is antisymmetric, transitive and comparable is called to be
a total order. It may be stated that comparability implies reflexivity. Therefore,
total order is a special type of partial order but partial order need not be total
order.

A set X along with a binary relation R is called totally ordered ifthe relation
R is a total order. Similarly a set X along with a binary relation R is called partially
ordered if R is a partial order.

Now let us consider a set Y which is a subset of a partial order X and
y € Yissuchthat, forevery elementy €Y, y<y , thenyis called the least element
of Y.

A set X which is totally ordered set is called well-ordered if its each non-
empty subset has a minimum element. It may be observed that every finite set with
atotal order is well-ordered.

Example 1.8: Let us consider the Cartesian product of Z, with the set {A, B}
Z X {a,b} ={al,a2,a3,........ bl, b2, b3.......... }

Alphabetical ordering has been applied on the product set above. In
accordance with the alphabetical ordering it can be assumed that the element that
comes first, or that is to the left is smaller than the one which comes later or the one
that is on the right. It can be noticed that each non-empty subset of the above set
will have a smallest element.
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Example 1.9: The set of positive integers is well-ordered. However, set of integers
is not well-ordered because the subset containing negative integers does not have
asmallest element.

Example 1.10: Consider a set A=Z, x Z . The set A can be represented by
dictionary order of an infinite sequence of infinite sequences.

Consider set B to be a subset of A, and C be the subset of Z, such that its
elements are all first coordinates of elements of set B. Now let ¢ be the smallest
element of C. Then we have a set Y as anon-empty subset of Z, given as:

{y:¢,xyj forall ybelonging to B

Now if'y, is the smallest element of Y then by dictionary order ¢ x y, is the
smallest element of B. Therefore A is well-ordered.

From the discussion above following can be summarised:-

(a) Everysubset of a well-ordered set A is well-ordered for the restriction
of order on A.

(b) Ifset X and Y are well-ordered sets, then X x Y is well-ordered in the
dictionary order.

Theorem 1.13: Every non-empty finite ordered set has the order type of a section
of the set of positive integers Z , so it is well-ordered.

Proof: In order to prove the theorem we first show that every finite ordered set X
has a smallest element.

If X has only one element, then that element is the smallest. Now, let it be
true for a subset having m - 1 elements, then let set X have m number of elements
and assume element x, belongs to X. Then the set X — {x_} has the smallest
element as x, then the smaller of {x , X, } is the smallest element of X.

Next we prove that there exists an order-preserving bijection of X with
{1,2,........ m } for all m. Once again if X has one element, this proofis trivial.
Now let us assume that it is true for subsets having m-1 elements. Now assume x
is the largest element of X. By definition there exists an order preserving bijection
suchthat g:X—-{x}—>{1,2,...... m-1}

Define an order preserving bijection f: X - {1, 2, ....... m} by letting

fix) =g(x) forx #x .
F(x,)=m.

Hence, a finite ordered set has only one order type.

1.8.2 Well-Ordering Theorem

Well-Ordering Theorem (WOT) states that for any set X there exists an order
relation on X which is well-ordering. This theorem is also termed as Zermelo’s
theorem and was proved by Zermelo in 1904. It is equivalent to ‘Axiom of
Choice’. As per the notion of Georg Cantor’s the well-ordering theorem is
unobjectionable principle of thought. The concept of well-ordering defines
that any random or arbitrary uncountable set without any positive procedure has
been contested by many mathematicians.



Corollary: There exist an uncountable number of well-ordered sets.

Lemma:There exists a well-ordered set X having a largest element L such that the
section S, of X by L is uncountable but every other section of X is countable.

Proof: Let us assume that set A is an uncountable and well-ordered set.

Let B= {1, 2} x Ain the alphabetical order; then some section of B. Let L
be the smallest element of B for which the section of B by is uncountable. Then let
X have this setand L as its elements. It needs to be born in mind that S| is an
uncountable well-ordered set all sections of which are countable. It is called a
minimal uncountable well-ordered set. One of the very important properties of
this set is discussed in the next theorem.

Theorem 1.14: If X is a countable subset of S , then X has an upperboundin S, .

Proof: Assume that set X is a countable subset of S| . For each x € X, the Section
S_is countable. Therefore, the unionY=US forall x € X, is also countable.
Now as S| isuncountable, the set'Y does not include all elements of S . Letp be
anelement of S, thatis notin'Y. Then the element p is an upper bound for X, since
ifp<xforanyx € X, thenpbelongsto S _and hence toY in contradiction of our
selection.

1.9 DEFINITION AND EXAMPLES OF
TOPOLOGICAL SPACES

The word topology is typically used to define a family of sets which uniquely has
definite properties that are used to define a topological space, a basic object of
topology. Topological spaces are mathematical structures that provide the formal
definition of concepts, such as convergence, connectedness and continuity. Hence,
the area of mathematics that studies topological spaces is called topology.

Definition

A topological space is a set X together with T, a collection of subsets of X, satisfying
the following axioms:

1. The empty set and X are in 7.
2. t1isclosed under arbitrary union.

3. tis closed under finite intersection.

The collection 1 is called a topology on X. The elements of X are usually
called points, though they can be any mathematical objects. A topological space
in which the points are functions is called a function space. The sets in T are called
the open sets and their complements in X are called closed sets. A subset of X may
be neither closed nor open, either closed or open, or both. A set that is both
closed and open is called a clopen set. The following are examples of topological
sets:

* X=1{1,2, 3,4} and collection T = {{ }, {1, 2, 3, 4} } of only the two
subsets of X required by the axioms form a topology, the trivial topology
(indiscrete topology).
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* X={1,2,3,4} and collectiont= {{ }, {2}, {1,2}, {2, 3}, {1,2,3}, {1,
2,3,4}} of six subsets of X forms a topology.

* X={1,2,3,4} and collection T = P(X) (the power set of X) form a third
topology, the discrete topology.

* X=Z2, the set of integers and collection T equal to all finite subsets of the
integers plus Z itselfis not a topology, because the union of all finite sets not
containing zero is infinite but is not all of Z, and so is not in t.

Equivalent Definitions

There are various additional equivalent ways to define a topological space.
Consequently, each of the following defines a category equivalent to the category
of topological spaces above. For example, using de Morgan’s laws, the axioms
defining open sets above become axioms defining closed sets:

1. The empty set and X are closed.
2. The intersection of any collection of closed sets is also closed.
3. The union ofany pair of closed sets is also closed.

Using these axioms, another way to define a topological space is as a set X
together with a collection t of subsets of X satisfying the following axioms:

1. The empty setand Xarein 7.
2. The intersection of any collection of sets in Tis also in 7.
3. The union of any pair of sets in T is also in 7.

Under this definition, the sets in the topology T are the closed sets and their
complements in X are the open sets. Topological space can also be defined using
the Kuratowski closure axioms, which define the closed sets as the fixed points of
an operator on the power set of X. Aneighbourhood of a point x is any set that
has an open subset containing x. The neighbourhood system at x consists of all
neighbourhoods of x. A topology can be determined by a set of axioms which
specifies all neighbourhood systems.

Various types of topologies can be placed on a set to form a topological
space. When every setin a topology 7, is also in a topology t,, we say that t, is
better than t, and 7, is coarser than t,. A proof that relies only on the existence of
certain open sets will also hold for any better topology and similarly a proof that
relies only on certain sets not being open applies to any coarser topology. The
collection of all topologies on a given fixed set X forms a complete lattice: if F'=
{r, : ain 4} is a collection of topologies on X, then the meet of /'is the intersection
of F and the join of F'is the meet of the collection of all topologies on X that
contain every member of F.

Continuous Functions

A function between topological spaces is termed as continuous if the inverse
image of every open set is open. A homeomorphism is a bijection that is continuous



and whose inverse is also continuous. Two spaces are called homeomorphic if
there exists a homeomorphism between them. The unique property of of topology;,
defines that homeomorphic spaces are essentially identical.

Examples of Topological Spaces

A given set may have many different topologies. If a set is given a different topology,
itis viewed as a different topological space. Any set can be given the discrete
topology in which every subset is open. The only convergent sequences in this
topology are those that are eventually constant. Also, any set can be given the
trivial topology also termed as the indiscrete topology in which only the empty set
and the whole space are open. Every sequence in this topology converges to
every point of the space. This example demonstrates that in general topological
spaces, limits of sequences need not be unique. However, often topological spaces
must be Hausdorff spaces where limit points are unique.

There are several methods of defining a topology on R, the set of real
numbers. The standard topology on R is generated by the open intervals. The set
of all open intervals forms a base or basis for the topology, meaning that every
open set is a union of some collection of sets from the base. In particular, this
means that a set is open if there exists an open interval of non zero radius about
every point in the set. More generally, the Euclidean spaces R”" can be given a
topology. In the usual topology on R” the basic open sets are the open balls.
Similarly, C and C” have a standard topology in which the basic open sets are
open balls. Every metric space can be given a metric topology, in which the basic
open sets are open balls defined by the metric. This is the standard topology on
any normed vector space. On a finite dimensional vector space this topology is the
same for all norms.

Many sets of linear operators in functional analysis are endowed with
topologies that are defined by specifying when a particular sequence of functions
converges to the zero function. Any local field has a topology native to it and this
can be extended to vector spaces over that field. Every manifold has a natural
topology since it is locally Euclidean. Similarly, every simplex and every simplicial
complex inherits a natural topology from R”.

The Zariski topology is defined algebraically on the spectrum of a ring or
an algebraic variety. On R” or C”, the closed sets of the Zariski topology are the
solution sets of systems of polynomial equations. A linear graph has a natural topology
that generalizes many of the geometric aspects of graphs with vertices and edges.
The Sierpiiiski space is the simplest non-discrete topological space. It has
important relations to the theory of computation and semantics.

There exist numerous topologies on any given finite set. Such spaces are
termed as finite topological spaces. Any set can be given the cofinite topology in
which the open sets are the empty set and the sets whose complement is finite.
This is the smallest T, topology on any infinite set.

Any set can be given the cocountable topology, in which a set is defined as
open ifit is either empty or its complement is countable. When the set is uncountable,
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this topology serves as a counterexample in many conditions. The cocountable
topology or countable complement topology on any set X consists of the empty
set and all cocountable subsets of X, i.e., all sets whose complement in X is
countable. It follows that the only closed subsets are X and the countable subsets
of X. Every set X with the cocountable topology is Lindelof, since every non-
empty open set omits only countably many points of X. Itis also T, as all singletons
are closed. The only compact subsets of X are the finite subsets, so X has the
property that all compact subsets are closed, even though it is not Hausdorff if
uncountable.

The real line can also be given the lower limit topology. Here, the basic
open sets are the half open intervals [a, b). This topology on R s strictly finer than
the Euclidean topology defined above; a sequence converges to a point in this
topology if and only if it converges from above in the Euclidean topology. This
example shows that a set may have many distinct topologies defined on it.

IfT is an ordinal number, then the set I =[0, I') may be endowed with the
order topology generated by the intervals (a, ), [0, ) and (a, ') where a and b
are elements of T

Topological Constructions

Every subset of a topological space can be given the subspace topology in which
the open sets are the intersections of the open sets of the larger space with the
subset. For any indexed family of topological spaces, the product can be given the
product topology, which is generated by the inverse images of open sets of the
factors under the projection mappings. For example, in finite products, a basis for
the product topology consists of all products of open sets. For infinite products,
there is the additional requirement that in a basic open set, all but finitely many of
its projections are the entire space.

A quotient space is defined as follows:

If Xis atopological space and Yisaset, and if /: X — Yisasurjective function,
then the quotient topology on Y is the collection of subsets of Y that have open
inverse images under /. In other words, the quotient topology is the finest topology
on Y for which fis continuous.

A common example of a quotient topology is when an equivalence relation

is defined on the topological space X. The map fis then the natural projection
onto the set of equivalence classes.

The Vietoris topology on the set of all non-empty subsets of a topological
space X, named for Leopold Vietoris, is generated on the following basis:

For every n-tuple U, ..., U of open sets in X, we construct a basis set
consisting of all subsets of the union of the U, that have non-empty intersections
with each U.

Classification of Topological Spaces

Topological spaces can be precisely classified up to homeomorphism by their
topological properties. A topological property is a property of spaces that is invariant



under homeomorphisms. To prove that two spaces are not homeomorphic find a
topological property not shared by them. Examples of such properties include
connectedness, compactness and various separation axioms.

Topological Spaces with Algebraic Structure

For any algebraic objects we can introduce the discrete topology, under which the
algebraic operations are continuous functions. For any such structure that is not
finite, we often have a natural topology compatible with the algebraic operations in
the sense that the algebraic operations are still continuous. This leads to concepts,
such as topological groups, topological vector spaces, topological rings and local
fields.

Topological Spaces with Order Structure

» Spectral: A space is spectral if and only if it is the prime spectrum of aring
(Hochster theorem).

* Specialization preorder: In a space the specialization (or canonical)
preorder is defined by x <y ifand only if cl{x} < cl{y}. Here cl denotes
canonical preorder.

1.9.1 Euclidean Spaces

For each n € N, let R denote the set of all ordered n-tuples x = (x , x,,..., X, ),
where, x ,..., x_are real numbers, called the coordinates of x. The elements of R”
will be called points or vectors and will always be denoted by letters, a, b, c, x, y,
z,etc. Lety= (y,,5,,...,,) and let a be a real number. We define the addition of
vectors and multiplication of a vector by a real number (called scalar) as follows:

X +y = (x1 +y1r-'a xn +yn), ox = (a xl,...,OL Xn).

These definitions show that x+y € R"and ax € R”. It is easy to see that
for these operations the commutative, associative and distributive laws hold and
thus R” is a vector space over the real field R. The zero element of R” (usually
called the origin or the null vector) is the point 0, all of whose coordinates are zero.

The scalar product or inner product of two vectors x and y is defined by,

n
X, V= leiyia
=

Also the norm of x is defined by |x| =(x,x)"" = (El Xiz j

The vector space R” with the preceding inner product and norm is called
Euclidean n-space.

In the sequel, we shall need the following inequalities.

(1) Ifz,z,,...,z are complex numbers (or in particular real numbers), then
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|z, +zy 4.4z, ||z, |+ 2z, |+ 4] 2, |

(i) Ifz, . (i=1,...,n) are complex numbers, then,

) 2, 1/2
ol 2z [ > |
! =1 = !

Ifa, b(i=1,...,n) are real numbers, then the above inequality

n V2,0, 1/2
o(de7) (B

(i) If z, (i = 1....,n) are complex numbers, then

n
Xz,

i=1

n

2 ab,

i=1

reduces to

1/2 1/2 1/2
[El |z, + o, |2} [El |z, |2} + {El fo |2} (Minkowskis Inequality)

Theorem 1.15: Let x, y, z € R" and let a be real. Then,
@ |x>0, (i) |x|=0ifx =0,
(iii) Joux[=[ot] | x], (iv) | x, y[<[x]| y1,
V) [x+yl<x|+]yl, (V) [x=p|<|x —y|+|y —z].

Proof: The proofs of Cases (i), (i1) and (iii) are trivial but obvious. To prove (iv),
by Schwarz inequality, we have
n 1/2 n 1/2
{iT T

Hence, by the definition of scalar product and norm, we at once obtain [x.)|
< I .

Again using Case (iv), we have

n
XY,

kP =(x+y) . x+y)=xx+2xy+yy
kP 2xl|yl+lyP=(x[+]y]?
so that [x +y|<|x |+ |y | Thus Case (v) is proved.
Finally, Case (vi) follows from Case (v) by replacing x by x —y and y by
y—z.
1.9.2 Metric Spaces

Let X' be a non-empty set. A function d from X x X'into R (the set of reals) is

called a metric (or distance function) if for all x, y, z € X, the following conditions
are satisfied.

[(m1]:d(x, y)>0.

[m2]:d(x,y)=0ifand onlyifx =y.

(Schwarz Inequality)



[m3]:d (x, y) =d (3, x). (Symmetry)
[(m4]:d(x, z) <d(x, y) +d (), z). (Triangle Inequality)

(1) The pair (X, d) is called a metric space and d (x, y) is called the distance
between the points x and y.

Another definition is, the diameter of a subset 4 of a metric space X, denoted
by 0 (A4), is defined by,

0 (A)=sup {d(x, y):x,y € A}.

(i) The distance between two subsets 4, B, of X, denoted by d (4, B), is
defined by,

d(4,B)=inf {d (x,y):x € A,y € B}.
(i) The distance between a pointa € X and a set A — X is defined by,
d(a,A)=inf {d(a, x): x € A}.

(iv) A subset 4 of Xis said to be bounded if 6 (4) is finite. It follows that A4 is
bounded if there exists a real number M and a point ¢ € X such thatd (p, )
<Mforallp € A.

The most important examples of metric spaces, for our purposes, are the Euclidean
spaces R”, in particular the real line R and the complex plane R2. The distance in
R" is defined by,

d(x, y)=|x-—y|(x,yeR". .(1.7)
The conditions [m1], [m2], [m3] and [m4] are satisfied by Theorem 1.11
and thus R” is a metric space.
Another example is Let X be any non-empty set. For x, y € X, define
Oifx=y
d(x,y)=13..
lLifx# y.
Then it is easy to see that d is a metric on X called the discrete metric.
It can also be defined as,

(1) Leta, < b, fori = 1,..., n. Then the set of all points x = (x,,...,x ) in R”
whose coordinates satisfy the inequalities . <x, <b. (1 <i<n)isacalled
n-cell.

Thus 1-cell is an interval and 2-cell is a rectangle, etc.

(i) Let a € R” and let » > 0. An open (or closed) ball with centre at a and
radius  is defined to be set of all x € R" such that |[x —a|<r(or|x—a|<
r and shall be denoted by,

B(a,r)(orB|a,r]), Thus
Ba,r)={xeR:|x—a|<r}
and Ba,r]={x e R:|x—a|<r},

(i) 4 subset 4 of R"is called to be convex if,
AM+(1-A)yed

wheneverx € 4, ye Aand 0 <A <.
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A metric space is a kind of topological space. In a metric space any union of open
sets is open and any finite intersection of open sets is open. Consequently a metric
space meets the axiomatic requirements of a topological space and is thus a
topological space. It was, in fact, this particular property of a metric space that
was used to define a topological space.

Theorem 1.16: The collection of open spheres in a set X with metric d is a base
for a topology on X.

Proof : Let d be ametric on a non-empty set X. The topology t on X generated
by the collection of open spheres in X is called the metric topology.

The set X together with the topology x induced by the metric d is a metric
space. A metric space then can be viewed as a topological space in which the
topology is induced by a metric.

Lemma 1: Let d be the usual metric in three dimensional space R. Then the set of
open spheres in R® constitute a base for a topology on R®. Thus the usual metric
on R? induces the usual topology on R?, the collection of all open sets.

Lemma 2: Let d be the usual metric on the real line R, i.e., d(a, b) =|a— b|. Then
the open spheres in R correspond to the finite open intervals in R. Thus the usual
metric on R induces the usual topology, the set of all open intervals, on R.

Lemma 3: Let d be the trivial metric on some set X. Note that for any p € X, S(p,
1/2) = {p}. Thus every singleton set (set consisting of only one element) is open
and consequently every set is open. Hence the trivial metric induces the discrete
topology on X.

1.9.3 Properties of Metric Topologies
Theorem 1.17: Let p be a point is a metric space X. Then the countable class of
open spheres {S(p, 1), S(p, 1/2), S(p, 1/3), S(p, 1/4), .....}1s a local base at p.

Theorem 1.18: The closure 4 of a subset A of a metric space X is the set of
points whose distance from 4 is zero.

In a metric space all singleton sets {p} are closed.
Theorem 1.19: In a metric space, all finite sets are closed.
Following is an important ‘Separation’ property of metric spaces.

Theorem 1.20: (Separation Axiom). Let 4 and B be closed disjoint subsets of
ametric space. Then there exist disjoint open sets G and H such that 4 — G and
BcH.

One might think that the distance between two disjoint closed sets would
be greater than zero. However, this is not necessarily the case as the following
example shows.

For example, the two sets:
A ={(x,y):xy=1,x<0}
B={(x,y):xy>1,x>0}

are closed and they are disjoint. However, d(4, B) =0.



Consider another example where let P(x,, y,) and Q(x,, y,) be two arbitrary
points in the plane R?. The usual metric & and the two metrics d, and d, defined

by,
dl(P> Q) = max (|X1 - X2|, b}1 _yz)
dz(Pa Q) = |x1 —X2| + Iyl _y2|
All Induce the usual topology on the plane R? since the collection of open spheres

of each metric is a base for the usual topology on R2. The open spheres of each of
the three metrics. Thus, the three metrics are equivalent.

Isometric Metric Spaces

A metric space (X, d) is isometric to a metric space (Y, e) if and only if there exists a
one-to-one onto function f: X — Y which preserves distances, i.e., forall p, g € X,

dp, q) = elfip), )

Theorem 1.21: If the metric space (X, d) is isometric to (¥, e), then (X, d) is also
homeomorphicto (Y, e).

Check Your Progress

7. State the Schroder-Bernstein theorem.
8. Differentiate between finite and infinite cardinal number.
9. Whatis a Cauchy sequence?

10. When is a metric space X said to be complete?

11. What do you mean by continuum hypothesis?

12. Define cardinality of infinite sets.

13. What do you understand by Zorn's lemma?

14. State the well-ordering theorem.

15. Define the topological space.

1.10 CLOSED SETS, CLOSURE AND
NEIGHBOURHOODS

Let X be ametric space. All points and sets mentioned here are understood to be
elements and subsets of X.

(1) Ifr>0,theset N(p, r)={x e X: d (p, x) <r}
is called a neighbourhood of a point p. The number 7 is called the radius of
N, r).
In the metric space R,e N(p, r)={x e R:|x—p|<r)
={xeR:ip-r<x<p+ri=Ip-r,p+r|
Thus in this case, neighbourhood of p is an open interval with p as a mid-point.

(i1) A point p is said to be a limit point of the set 4 if every neighbourhood of
p contains points of 4 other than p.
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Derived Set: The set of all limit points of 4 is called the derived set of 4 and
shall be denoted by D (4).

The subset 4 = {1, %, %} of R has 0 as a limit point since for each

r> 0, we can choose a positive integer n, such that 1/n, <rand since 1/n,# 0,
we see that every neighbourhood N(0, 7) of 0 contains a point of 4 other than 0.

The set 1 of integers has no limit point whereas the set of limit points of Q
(the set of rationals) is all of R as the reader can easily verify.

(1i1) 4 point p is called isolated point of a set 4 if p € 4 but p is not a limit
point of A.

(iv) Set A is said to be closed if D(4) A4, that is, if 4 contains all its limit
points.

(v) Apoint p is called an interior point of 4 if there exists a neighbourhood
N of p such that N c A.

The set of all interior points of 4 is called the interior of 4 and shall be
denoted by A°.

For example, if 4 = [0, 1], then 4° =10, 1.

(vi) A set 4 is said to be open if it contains a neighbourhood of each of'its
points, that is, if to each p € 4, there exists a neighbourhood N(p) of p such that
N(p) c A.

Thus A4 is open if and only if every point of 4 is an interior point of 4.

Thus for every » > 0, the open interval | p—7, p + [ is a neighbourhood of a point
p € Rsoasubset 4 of Ris openifand only ifto each p € 4, there exists >0
such that

lp—rnp+rcA

In particular, every open interval ]a, b[ is an open set.
Forifp € ]a, b, take

r=min {p—a, b—p}. Then|p—rp+r[c]a, b showing that ]a, b[ is
open.

(vii) A set 4 is said to be perfect if 4 is closed and if every point of 4 is a
limit point of A.

(viii) The closure of a set A4 is the union of 4 with its derived set D(4) and
shall be denoted by 4 .

(ix) A set 4 is said to be dense in another set Bif 4 o B.
Also, 4 is said to be dense in X or everywhere dense if 4 =X.

(x) A set 4 is said to be nowhere dense or non-dense if 4 contains no
neighbourhoods.

It is easy to see that a set 4 is nowhere dense if and only if (4 )°= .



(x1) A set 4 is said to be bounded if there is a real number M and a point g
€ Xsuch thatd(p, g) <M forallp € A.

Theorem 1.22: In a metric space, every neighbourhood is an open set.
Proof: Let N(a, ) be a neighbourhood of any point a € X so that N(a, r) =
{x e X:d(a, x)<r}.

If p € N(a, r) be arbitrary, then d(a, p) <r.

Letd=r—d (a, p) > 0. We shall show that,

N (p, 0) < Ma, 7).

Indeedy € N (p, 6) implies d (p, y) <0 and the triangle inequality shows
that,

d(a,y)<d(a,p)+d(p y)<d(a p)+d
=d(a,p)tr—d(ap)=r
This implies thaty € N (a, ).
Thus we have shown that,
vyeN(p, 8=y e NG, r)andso N (p, d) c N (a, r). Hence, N (a, r) is
neighbourhood of p and since p was any point in N (a, r), we conclude that
N (a, r) is an open set.
Theorem 1.23: Let p be a limit point of a subset 4 of a metric space. Then every
neighbourhood of p contains infinitely many points of A.

Proof: Suppose p has a neighbourhood N which contains only a finite number of
points of 4. Let g ....,g, be those points of N M 4, which are distinct from p. Let,

r=min{d(p, q): 1<i<n}.
Then » > 0 being the minimum of a finite set of positive numbers. The
neighbourhood N (p, ) contains no point of 4 different from p so that p isnota

limit point of 4 which is contradiction. Hence, every neighbourhood of p must
contain infinitely many points of 4, thus establishing the theorem.

Corollary: A finite point set has no limit points.
Theorem 1.24: A set A4 is open if and only if its complement is closed.

Proof: Suppose A4 is open. To show that its complement A’ is closed. Let x be any
limit point of A’. Then every neighbourhood of x contains a point of 4. This
implies that no neighbourhood of x can be contained in 4 and so x is not an interior
point of 4. Since A4 is open, this means that x € 4" and consequently 4’ is closed.

Conversely, let A’ be closed and let x be an arbitrary point of 4. Then
x ¢ A'. Since A’ is closed x cannot be limit point of 4’. Hence, there exists a
neighbourhood N of x such that N contains no point of A’, that is, N — A. Thus, 4
contains a neighbourhood of each of'its points and so A4 is open.

Theorem 1.25: Let 4 be a closed subset of R which is bounded above. If u be
the least upper bound or lub of 4, then u € A4.
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Proof: Suppose u ¢ A. For every h > 0, there is a point x € 4 such thatu—/h <
x < u, for otherwise u — h would be an upper bound of 4. Thus every
neighbourhood of u contains a point x of 4. Also x # u since u ¢ A. It follows that
u is a limit point of 4, which is not a point of 4. Therefore, A4 is not closed which
contradicts the hypothesis. Hence u € A4 as desired.

Note: If A is closed and bounded below and if / is greatest lower bound or glb of
A,thenl/ € A.

Proof'is similar to that of the preceding theorem.
Theorem 1.26: Let (X, d) be a metric space. Then,
(1) The empty set & and the whole space X are open as well as closed.
(i) Union of an arbitrary collection of open sets is open.
(1)) Union of finite number of closed sets is open.
(iv) Intersection of an arbitrary collection of closed sets is closed.
Proof: To prove case (i), let {4, : AeA} be an arbitrary collection of open sets.
Let, A=uU{4,:\eAd}.
xeA=>xeAforsome € 4
= There exists € >0 such that N(x, e)c 4, [-- ALisopen]
=>N(xe)cAde [ AL c 4]
= A is open (By Definition).

Proofs of Cases (ii) and (iii) at once follow by using De Morgan laws for
complements. Thus to prove Case (ii) let 4,7 = 1, 2,..., n be a finite collection of
closed sets. Then,

A;1s closed = X-4 isopen yi=1,2,...,n
=N {X-4.:i=1,2,., n}isopenby Case (iii).
=>X-U{4i:i=1,2,..,n}1is open.
[By De Morgan Law ]

= {4,:i=1,2,., n} isclosed.
1.10.1 Neighbourhoods

A subset N of R is called a neighbourhood of a point peR if N contains an open
interval containing p and contained in N, that is, if there exists on open interval | a,
b [such that,

p Sla, b[cN.

It immediately follows that an open interval is a neighbourhood of each of its
points. For practical purposes, it will therefore suffice to take open intervals
containing a point of its neighbourhoods.

Note if Ja, b[ is an open interval containing a point p so thata <p <b, we
can always find an € > 0, such that [p — ¢, p + g[c]a, b[. Choose any ¢ less than



the smaller of the two numbers p—a and b—p]. Clearly |p—¢, p + €[ 1s an open
interval containing p and so it is a neighbourhood of p. We shall use this form of
neighbourhood of p, usually called an e-neighbourhood of p and shall denote it by
N(p, €). We call € as the radius of N(p, €). The point p itself is a mid-point of
centre of N(p, €). Itis evident that,

X1, (p,e)if |x—p|< g,

We shall use the abbreviated form ‘nhd’ for the word ‘neighbourhood’.

35
(1) The closed interval [1, 3] is an nhd of 2 since | 25 [ is an open interval

35
such that 2 g][E, ) [<[1,3]. But[1, 3] is not an nhd of 1 since there exists

no open interval which contains 1 and contained in [1, 3]. Similarly[1, 3] is
not an nhd of 3.

(i) The set N of natural numbers is not nid of any of its points since no open
interval can be a subset of V.

1.10.2 Open Sets

A subset G of R is called open if for every point p € G, there exists an open
interval /suchthatp e [ € G.

This is equivalent to saying that G is open if for every p € G, there exists
e-nhd N(p,e) = |p—¢, p + ¢[such that N(p, €) €G.

For example,
(1) Every open interval is an open set.

(11) The empty set ¢ and the whole real line R are open sets. Since ¢ contains no
points, the preceding definition is satisfied. Hence ¢ is open.

To show that R is open, we observe that for every p € Rand every € > 0,
we have |p—¢, p + €[ €R. Hence, R is open.

Now consider the following examples,

(1) The closed open interval [2, 3[ is not open, since there exists no g-nhd of 2
contained in [2, 3[.

(i1) The set A={1/n: n € N} is not open since no point of 4 has an e-nhd contained
inA.

Theorem 1.27: The union of any collection of open sets is an open set.

Proof: Let C be any collection of open sets and let S be their union, that is, let

S=U{G:G e C}.LetpeS. Then p must belong to at least one of the sets in C,

say peG. Since G is open there exists and g-nhd N(p, €) of p such that
N(p, €)eG. But GeS, and so N(p, €)€S. Hence S is open.

Theorem 1.28: The intersection of a finite collection of open sets is open.

Proof: Let S= ﬂ G; , where each G, is open. Assume peS.
i=1
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If §'is empty, there is nothing to prove. Then pe G, for every i=1, 2,....,n.
Since G, is open, there exists & > 0 such that N(p, €)eG, for every i = 1,
2,..,n. Lete=min[g,¢,,...., € ].

Then N(p, £)e[ |G = S. Hence S is open.
i-1

Note: The intersection of an infinite collection of open sets is not necessarily open.
For example, if G, = ]-1/n, 1/n] (n € N), then each G is open (being an open

interval), but ﬂGH = {0} which is not open since there exists no € >0 such that]
i=1

—g, g[1 {0}.

Example 1.11: Show that complement of every singleton set in R is open. More

generally, the complement of a finite set is open.

Solution: Let {x) be a singleton set in R. To show that its complement {x)’is
open. Let ye {x}. If {x}" = ¢, there is nothing to prove. Then y #x. Set |x — y| =
r>0.Let0<e<r.Then N(y, €)=] y—¢, y + €[ does not contain x and therefore
N(y, €)e {x)’. Hence {x}’is open. Again, if A={x, x,...,x } is any finite subset of
R, then we can write A={x } U {x,} U... U {x }. Then A’=[{x} U ... U
{x }I'=1x,}" N ... N {x, } . Since each {x }’ is open.

1.10.3 Closed Sets

Definition: A set F'in R is called closed if its complement F'is open.
For example, (i) Every closed interval [a,b] is closed, since its complement [a,b]’
=] —o0, a[ U ] b, o[is open, being a union of two open intervals.

(i1) Every singletion set in R is closed. More generally every finite setin R is
closed.

(ii1) The closed open interval [a,b][ 1s closed.
Theorem 1.29: (i) The union of a finite collection of closed sets is closed.

(1) The intersection of an arbitary collection of closed sets is closed.

Proof: (i) Let /(= 1,2...., n) be a finite collection of closed sets. Then each F/
is open. By De Morgan law, we have F which is open, being the intersection of
finite collection of open sets. Hence £ is closed.

Let C be an arbitrary collection of closed sets. Then each FeCis closed
and so its complement F” is open. By De Morgan law, we have (N F)'=(Fe(),

which is open. Hence N F (FeC)is closed.

For example if 4 is open and B is closed, then show that AB is open sets and
BA=BN A', which is the intersection of two closes sets. Hence, AB is open and
BA is closed.



Accumulation Points: Adherent Points

If AeR, then a point peR is called an accumulation point (or a limit point) of A4 if
every e-nhd N(p, €) of p contains a point of 4 distinct from p.

The set of all accumulation points of 4 is called the first derived set (or
simply the derived set) of 4 and is denoted by D(A4). The first derived set of D(A4)
is called the second derived set of 4 and is denoted by D*(4).In general, nth
derived set of 4 is denoted by D*(4).

For example,

(1) Every point ofthe closed interval [a,b] is an accumulation point of the set of
points in the open interval ]a,[b. So in this case D]a,b[=a,b].

(i) O 1is the only accumulation point of the set 4 ={1/n:n1 N}.
Hence D(A4)={0}.

(i) Everyreal number is an accumulation point of the set O of rational numbers
and so D(Q)=R.

(iv) If 4 =[2,3[, then D (4) =[2,3].

If A€R, then a point peR is called an adherent point of A if every
e-nhd of p contains a point of A. The set of all adherent points of 4 is called the
adherence of 4 denoted by Adh (A).

Theroem 1.30: If p is an accumulation point of A,then every e-nhd of p contains
infinitely many points of 4.

Proof: Assume the contrary, that is suppose there exists an e-nhd (b, €) =
p+ ¢[of p which cantains only a finite number of point distinct from p, say p, p,

ye

lp- pl. lp- 2. |- P,

Then N(p, r/2) = |p—r/2, p+ r/2[ is an e-nhd of p which contains no points
of A distinct from p. This is a contradiction. Hence every e-nhd of p must contain
infinitely many points of 4.

A set is said to be of first species if it has only a finite number of derived
sets. It is said to be of second species if the number of its derived sets is infinite.

Note that if a set is of first species, then its last derived set must be empty.
Aset whose (n + 1)th derived set is empty is called a set of nth order.
For example, the set Q of all rational numbers is of second species, since
D(Q) =R, D*(Q)=D(R)=R.
D’(Q) =D(R) =R, etc.
Hence, all the derived sets of Q are equal to R.

Consider that 4 = {1/n : n € N}. Then D(4) = {0}. Since D(A4) consists of a
single point, it cannot have any limit point and so D*(4) = ¢. Therefore 4 is of first
species and first order.
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) 1 11111 11 1 1 ..
={l,=, 7, +tz. 7,5t~ o, —F o)
Again let 4 {1,2, 32 3t s ot }+. Then A has the limit
. I | 111 .
point 0 and also the 11m1tp01nt5,forthe subset{l,z,g,z,....}ls dense at the

1
...} 1s dense at—. Therefore

.. I 1 11 1
origin and the subset {5’5+§’5+Z" >

1
D(4)= {0, 5 } and D*(4) = ¢. Hence 4 is of first species and first order.
1 1 1 1 1 1 1 1 1
— — =y = N2 (V3 — N (= \2 -\
For example, let 4 = {1, 2,(2), > +(2),(2), 2 +(2),(2) +(2),

1 1 1 1 1 1 1 1

—\ = —\ (—)2 —\ (—)3 —\ (—)5
(30 5 + (5GP (P + () (ot
Then it is clear by inspection that,

D(4) = {0, %, (%)2, (%)3, e}, D*(A4) = {0} and D*(4) = ¢.

Hence in this case, A4 is of first species and second order.

Let the points of a set 4 be given by,

L+1+1+1
3% 5% 7S %

Where S, S, S, S, each have all positive integral values.

1?7223

Hence D(A) consists of the four sets of points given by,

R NN NS S SR N NS B
3S1 5S2 7S3 s 35, 552 71154 s 35, 753 51154

1 1
= + Py + i and the six sets of the points,

1 1 1 1 1 1 1 1

to, st st s, ot
3S1 552 ° 3S1 752 ° 3S, 1154 ’ 552 7S3

1 1 1

_+_ __"_ .

PR T AT and four sets of the points,
1 1 1

350 5% 7 together with the single point 0.

D?(A4) consists of the last ten of these sets and the point 0, D*(A4) consists of the
last four sets and the point 0 and D*(4) consists of the point 0 only. Thus, the set
A is of the first species and fourth order.



Example 1.12: Show that, zeros of sin (1/x) form a set of first order, zeros of sin

1
- 1
. 1 | form a set of second order; zeros of sin — form a set of
sin— .
X sin —
1
sinx

third order, and so on.
. 1 : 1 . .1

Solution: The zeros of sin—are given by sm;=0, which gives = nm or
1 ) : o 1

X =—p , where n is an integer. Hence if 4 is the set of zeros of sin—, then 4
n X

1
consists of all of the form E where 7 is an integer. Clearly D(4) = {0} and
therefore A is of first order.
1 1
Againsin — 1 =0, gives — | =nmn, where nis an integer.

sin— sin —
X X

I 1 1
Then sin LT E , from which the general value - is given by,

1 1
—=nn+sin”' =— where m is an integer
X np
1
Or X = 1 ...(1)
mm+sin”' | —
nm

Thus the zeros of sin form a set, say B, of points of the form

1
sin —
X

1
Equation (1). It is clear that D(B) consists of points of the form% and the point

0 and so D*(B) consists of the single point 0. Hence B is of second order.

b

i form a set of third order, and

Similarly we can show that the zeros of sin
sin

sinx
soon.

Theorem 1.31 (Bolzano-Weierstrass Theorem): A bounded infinite set of real
numbers has at least one limit point.
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Proof: Let 4 be an infinite bounded subset of R. Then, there exist finite constants
m and M such that m > a > M for all aeA. At least one of the intervals [m,
(m+M), M] must contain an infinite number of points of 4. We rename such an

1
interval as [a +b ]. Similarly, one of the intervals [a1,5 (@, +b), [a,+b],

1
[5 (a,+ b)), b ] contains infinitely many points of 4 and we desingnate it as

[a,, b,]. Now proceed with [a,, b,] as we did with [a,, b,]. Continuing in this way,
we obtain a sequence of closed intervals, {/ }={[a , b ]} suchthat/ o/ and

M-m
[£]=b-a=

2}1

—0 as n —oc. Hence / consists of a single point, say x,.
We choose n such that b —a <e.

Then! c ]x ¢, x €[ and consequently the interval |x —¢, x +€[contains
an infinite number of points of 4. It follows that x, is a limit point of 4. This
completes the proof.

1.10.4 Closed Sets and Accumulation Points

A closed set was defined to be the complement of an open set. The Theorem 1.18
describes closed sets in another way.

Theorem 1.32: A set 4 is closed if and only if it contains all its accumulation
points.

Proof: Assume 4 closed and P is an accumulation point of 4. We have to prove
that PeA. suppose, if possible, PeA4 . Then PeA, and since 4, is an open, there
exists an e-nhd N(p,e)=]sP-, P + ¢[such that N (p, €) — A. Consequently
N (p, €) contains no point of 4, contradicting the fact that p is an accumulation
point of 4. Hence, we must have PeA.

Conversely, we assume that 4 contains all its accumulation points and show
that 4 is closed. Let PeA'. Then Pe A, so by hypothesis p is not an accumulation
point of A. Hence there exists an e-nhd N (p, €) of p which contains no point of
A other then p. Since Pe A, N((p, €) contains no point of 4 and consequently
N (p, €) = VA'. Therefore A’ is open, and hence 4 is closed.

Theorem 1.33: All the derived sets D (4), D*(A), ... D" (4),... of a given set 4
are closed sets and each of these derivatives, after the first, consists of points
belonging to the preceding one and therefore to D (4).

Proof: We first prove that D (4) is closed. Let p be any accumulation point (limit
point) of D. Then every e-nhd of p contains infinitely many points of D (4) and
since point of D (4) is an accumulation point of 4, every e-nhd of p must contain
infinitely many points of 4. Thus, p is also a limit point of 4 and so peD (A).
Therefore, D (4) contains all its accumulation points and so D (4) is closed.
Again since D?(A) is the derived set of D (4), and so it must be closed as proved
carlier. Similarly D?(4), ..D" (A), ... are closed sets.



To prove the second part of the theorem, let xeD” (4), n > 2 and suppose,
if possible, that peD (4). Then there can be found an e-nAd of x which contains
only a finite number of points of 4 or no such points and this nid would therefore
contain no points of D (4) and consequently it can contain no point of D?(4). D*
(4), ..., D"(4) which is contrary to the hypothesis that xe D" (4). Hence every
point of D" (A4) (n > 2) must belong to D (4).

1.10.5 Closure
The closure of a set 4 in R is the smallest closed set containing 4 and is denoted
by A.

By this definition, A€ 4. Also 4 is always a closed set of 4.

Theorem 1.34: Let A be asetin R. Then 4 =A(JD (4),1.e., A is the set of all
adherent points of 4.

Proof: We first observe that AU D (4) is closed. For if p is any limit of A J D (4).
then either p is a limit point of A or a limit of D (4). If p is a limit point of 4, then
peD (A). If pis alimit point of D(4), then since D (4) is closed peD (4). So on

either case, peD (4) and surely then pe A D (4). Hence AU D (4) is closed.

Now A(JD (4) is a closed set containing A, and since A is the smallest
closed set containing A, we have

A€AUD (4). (1.8)
AlsoAe 4 = D (4)eD(A4) .(1.9)
Since A is closed, we have D (A4 )e 4. ... (1.10)
From Equations (1.9) and (1.10), D (4)e 4.
Moreover, Ac A, and D (4) Ac 4 = AUD (4)e 4 .. (1.11)

. From Equations (1.8) and (1.9), A=A D (A).
Theorem 1.35: Let A, B be subsets of R, Then:
(i) AnB=>ng, (@) 4UB"N41UB-
(i) ZUBN 7 U, (iv) A= 4.
Proof: (i) Given 4 " B.But BN B always. Hence A N B, Thus 3 isa closed set
containing A. But 4 is the smallest closed set containing A. Hence 4N p.
(iANAUB=>4n4JB and BN A|UB=75 4B by Case (i).
Hence, 4 UBNAUB- .. (1.12)
AgainAuU 4 andBUp=AUBU 4 U p.But 4 U B isclosed, being the
union of two closed sets. Thus ; | 7 is aclosed set containing 4| J B. But AU B

is the smallest closed set containing 4| B. Hence 4(JB YU 4 U B .. (1.13)
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.. From Equations (1.12) and (1.13), 4UB=4 U B-
(iii)) ANBUA=4NBU4 and ANBUB=ANBU B by Case (i).
Hence A B3U4NB-
(iv) Since 4 isclosed, hence 4=7.

Consider the following examples:

(1) If Q is the set of rational numbers, then
D(Q)=Randso 0=QUD (Q) =QUR=R.
(i1) LetA4=]2, 3[. Then D(4)=[2, 3] and so,
4 =AUD()=1[2,3].

(ii1) Let A be any finite set in R. Since every finite set of real numbers is closed, we

have 4 =A.

1.11 DENSE SUBSETS

In topology, a subset 4 of a topological space Xis called dense (in X) if any point
xin X'belongs to 4 or is a limit point of A. Generally, for every point in X the point
is either in 4 or arbitrarily ‘Close’ to a member of 4, for example every real
number is either a rational number or has one arbitrarily close to it. Formally, a
subset 4 of a topological space X is dense in X if for any point x in X, any
neighborhood of x contains at least one point from 4. Equivalently, 4 is dense in X
ifand only if the only closed subset of X containing A4 is Xitself. This can also be
expressed by saying that the closure of 4 is X or that the interior of the complement
of 4 is empty. The density of a topological space Xis the least cardinality of a
dense subset of X.

Definition: Let 4, B be subset of R. Then.

(i) Aissaidtobedensein Bif Bc 4.

(ii) A4 is said to be dense in R or everywhere dense if 4=R.

(iii) 4 is said to be non-dense or nowhere dense if ( 4)° = ¢, that is, if the
interior of the closure is empty.

Thus, A is non-dense if 4 contains no (non-empty) open interval. It follows
that a closed set is non-dense if it contains no open intervals.

(iv) 4 is said to be dense-in-itself if 4 — D(A), that is, if every point of 4 is
limit point of 4.

(v) 4 is said to be perfect if 4 is dense-in-itself and closed.



Let 4 be asubset of R and let p € 4. Then p is called an isolated point of 4
if there exists an e-nhd of a which contains no point of 4 other than p itself. A set
A is called isolated or discrete if all its points are isolated points.

An isolated point of a set is characterized by the fact that it is not a limit
point of that set.

It follows from this definition that a set is perfect ifand only if it is closed and
has no isolated points.

Theorem 1.36: A set 4 is perfect if and only if 4 =D (A4).
Proof: A4 is perfect < A is dense-in-itself and closed.

< Every point of 4 is a limit point of 4 and every limit point of 4
belongs to 4.

< AcD(A) and D(4)cA
< A=D(A).
Theorem 1.37: Every countable set is of first category.
Proof: Let 4 be a countable set, so that we may write it as,
A= AX, X Xgp ey Xy o

A can also be written as a countable union of one point sets as,

A:

Y

).
Since every one point set {x } is nowhere dense, we see that 4 is of first
category.

Consider the following examples:

(i) Since O =R, the set Q of all rational points is everywhere dense. It is

also dense-in-itself since Q — D(Q) =R. It is not, however, perfect since it is not
closed. It is of first catagory since it is countable.

(i1) Let 4 =0, 1]. Then 4 is perfect since A =D(A).

(ii1) Let A = {1/n: neN}. Then every point of 4 is an isolated point since it
is not a limit point of 4. Hence 4 is discrete. 4 is also non-dense, since 4=4
U {0} and so no open interval can be a subset of 4.

Theorem 1.38: If 4 and B are sets of first category, then 4 J B is also of first
category.

¥ ¥
Proof: Let A = L:Jl A and B :!1 B , where each 4 and each B, is nowhere

dense. Then 4| Bis the union ofall 4 ’sand B ’s. But all the sets 4 and B, form

a countable collection. Hence A | B is of first category.
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Thus the assumption was inadmissible and as per reduction ad absurdum,
the theorem follows.

For the converse, the same proof will apply with the necessary difference in
the first paragraph.

Theorem 1.39: Ifaset 4 is dense-in-itself, then its first derived set D(4) is perfect.
Proof: Since A is dense-in-itself, we have 4 U D (A4). This implies that:
AUD (4)=D(4).

D [AUD(4)]

=D(D(4))
Or  D(A)UDD())

=D(D(4)
Or D(A)UD*4)

= D*(4).

Since D(4) is closed, we have D*(4) U D(4) U D(4)
which implies that D(4) | D*(A)=D(A).

Thus, D(A4)=D*(4).

Hence D(4) is perfect.

Theorem 1.40: Every isolated set of point is countable.

Proof: Let 4 be an isolated set. Then each point of 4 is an isolated point and
hence can be enclosed in an interval containing no other point of the set. If any
two of these intervals intersect, one or both may be shortened so that they
become disjoint. We now show that the collection C of these intervals is
countable. To show this, let {x ,x,, x, ...} denote the countable set of rational
numbers. In each interval of the collection C, there will be infinitely many x ,
but among these there will be exactly one with smallest index n. We now
define the mapping f.—N by the equation f(/)=n, if x is the rational number in
I with the smallest index n. This mapping is one-one since /, JeC and
J()=F(J)=n implies that / and J have x in common and this implies that /=J.
Note that since the intervals in C are disjoint, they cannot have a point in
common unless they are identical.

Thus festablished a one-one correspondence between the intervals of C
and a subset of N (the set of natural numbers). Hence C is countable.

Since each intervals in C contains one and only one point of 4, it follows
that 4 is countable.



1.12 INTERIOR, EXTERIOR AND BOUNDARY
OPERATIONS

The sets of all interior points, all exterior points and all boundary points are
respectively called the interior, the exterior and the boundary.

(1) LetAbeasubsetofRand letped. Then p is called an interior point of 4 if
there exists and an g-nhd of p contained in 4, i.e., if there exists an € > 0 such
that |p—e, p+ €[ < 4. The set of all interior points of 4 is called the interior of
A and is denoted by 4° or by int 4.

(i) A pointp is called an exterior point of 4 if there exists an e-nAd of p contained
in the complement A’ of 4. The set of all exterior points of 4 is called exterior
of 4 and is denoted by ext A.

(i) A point p is called a boundary point (or frontier point) of 4 if it is neither an
interior nor an exterior point of 4. The set of all boundary points of 4 called
the boundary (or frontier) of 4 and is denoted by b (4) [or Fr (4)].

Theorem 1.41: Let 4 be a subset of R, then
(1) A°isanopen set.
(1) A° isthe largest open set contained in A.
(iii) 4 is openifand onlyif4°=4.
The easy proofis left for the reader.
Theorem 1.42: Let A, B be any subsets of R. Then prove that,
(ANB)°=4° N B,
Proof: The following is the proof of the theorem:
ANBc A= (ANB)°cA®°and AN BcB = (AN B)° =B°.
.. AnB)Y°c4°nBe. (1.14)
Again A°c A and B°c B=A°NB°c AN B.
Also A° N B° is open, being the intersection of two open sets.

Thus 4° (N B® is an open set contained in 4 " B. But (AN B)° is the largest
open set contained in 4 N B. Hence,
A°NB°cAnNB. (1.15)
From Equation (1.15) (AN B)°=A4°N B°.
For example, (i) Let A =0, 1[. Since 4 is open 4° = 4=]0, 1].
Since A'=]—-o0, 0]U[1, o,[, ext4=(A")°=]-o0,0[U]1, oo[.

Note that 0 and 1 are not the interior points of 4.
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. b(4)={0, 1}, since boundary of 4 consists of those points of 4 which
are neither interiror points of 4 nor exterior points of 4.

(1) Let Q be the set of all rational points. Then Q° = ¢, since no point of Q
can have an e-nhd contained in Q.

ext Q =(Q")° = ¢, since Q' consists of all irrational points and no e-nhd
of an irrational point can be contained in Q'. Note that every e-nhd of a point
always consists of an infinite number of rational as well as irrational points. Hence

b(Q)=R.

1.13 BASES AND SUBBASES

Consider a set X and a proper subset, ¢ # A — X. Then {¢, A, X} is a topology
containing 4. Actually, it is the smallest topology. Further, suppose ¢ # B+ AcC X.
The smallest possible topology that contains both 4, B is clearly {¢, A, B, ANB,
AUB, X}. Similarly, if there are several different sets 4 , ..., 4 in the topology,
many other sets must be also there. This is the idea behind generating a topology.

Definition 1: Let (X, T) be a topological space. A set B T is called a base for
Tif,
T={UA:Ac B}

Any G € Bis called a basic open set. We will obtain the topology 7 by
taking all arbitrary unions of sets in 5.

Let us consider the following collection of subsets in R,
S={(a,®):a € R} U {(—0,b): b € R}.

It is not a base for the standard topology of R, because the intersection of
two such subsets may not be in itself. However, these finite intersections are all the
open intervals and hence they form a base. This becomes the typical example for
a subbase.

Definition 2: Let (X, T) be a topological space. A set.S c T is called a subbase

A for some finite subset A = S}.

Here, we can also say that T is generated by S. However, the same T may
be generated by different subbases. A topological space (X, T) may have different
bases or subbases.

Theorem 1.43: Any non-empty collection C < P(X) defines a topology T such
that C is a subbase for T.

Proof: Let B={( F : F < C, #(F) <}. Then, the topology is generated by C,
T={UA: AcB}.Inorderto verify that T is a topology, use the De Morgan’s

law.



However, not every C can be a base; additional conditions are needed. The
rest of the proof'is left as an exercise.

1.14 SUBSPACES AND RELATIVE TOPOLOGY

Topological Spaces: If X'is a set, a family I/ of subsets of X defines a topology
on X if,

) deld,XelU
(i) The union of any family of'sets in I/ belongs to U4.
(i) The intersection ofa finite number of sets in {/belongs to .

If U defines a topology on X, then we say that X'is a topological space. The
sets in U are called open sets. The sets of the form X\U, U € U, are called closed
sets. If Yis a subset of X, then the closure of Y is the smallest closet set in X that
contains Y.

Let Y be a subset of a topological space X. Then we may define a topology
U, on Y, called the subspace or relative topology or the topology on ¥ induced by
the topology on X, by taking

U={YnU|UeUj.

A system B of subsets of X'is called a basis (or base) for the topology U/if
every open set is the union of certain sets in B. Equivalently, for each open set U,
given any pointx € U, there exists B € U such thatx € Bc U.

For example, the set of all bounded open intervals in the real line R forms a basis
for the usual topology on R.

Let x € X. Aneighbourhood of x is an open set containing x. Let/_be the
set of all neighborhoods of x. A subfamily B_of U/_is a basis or base at x, a
neighborhood basis at x, or a fundamental system of neighbourhoods of x, if for
each Ueld,, there exists Be B_such that B — U. A topology on X may be specified
by giving a neighbourhood basis at every xe X.

If Xand Y are topological spaces, then there is a natural topology on the
Cartesian product Xx Y that is defined in terms of the topologies on X and Y, called
the product topology. Let xe X'and ye Y. The sets U x V,as U ranges over all
neighbourhoods of x and V| ranges over all neighbourhoods of y, forms a
neighbourhood basis at the point (x, y) € X xY, for the product topology.

If X and Y are topological spaces, a function /: X — Y is continuous if
whenever U'is an open set in Y, the set /!(U)={xeX|f(x)e U} is an open set in X.
A function f: X— Yis ahomeomorphism of X onto Y'if fis bijective and both fand

f1are continuous functions.

An open covering of a topological space Xis a family of open sets having
the property that every xe Xis contained in at least one set in the family. A subcover
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of'an open covering is an open covering of X which consists of sets belonging to
the open covering. A topological space X is compact if every open covering of X
contains a finite subcover.

A subset Y of atopological space Xis compact if Y'is compact in the subspace
topology. A topological space X'is locally compact if for each x € X'there exists a
neighbourhood of x whose closure is compact.

A topological space X'is Hausdorff (or T,) if given distinct points x and
veX, there exist neighbourhoods U of x and V of y such that UnV=¢. A closed
subset of a locally compact Hausdorff space is locally compact.

Topological Groups

A topological group G is a group that is also a topological space, having the
property the maps (g, g,) > g,g,fromGx G— Gandg— g' from G to G
are continuous maps. In this definition, G x G has the product topology.

Lemma: Let G be a topological group. Then

(i) The map g— g is ahomeomorphism of G onto itself.

(i) Fix g,€G. The maps g - g2, g —> gg, and g — g gg g, are
homeomorphisms of G onto itself.

A subgroup H of atopological group G is a topological group in the subspace
topology. Let H be a subgroup of a topological group G and let
p: G — G/H be the canonical mapping of G onto G/H. We define a topology U,
,on G/H, called the quotient topology, by U/, = {p(U) | Ue U_}. Here, U, is
the topology on G. By definition the canonical map p is open and continuous. If
is a closed subgroup of G, then the topological space G/H is Hausdorff. If His a
closed subgroup of G, then G/H is a topological group.

If G and G'are topological groups, a map f; G— G’ is a continuous
homomorphism of G into G if fis a homomorphism of groups and fis a continuous
function. If H is a closed normal subgroup of a topological group G, then the
canonical mapping of G onto G/H is an open continuous homomorphism of G
onto G/H.

A topological group G is a locally compact group if G is locally compact as
atopological space.

Theorem 1.44: Let G be a locally compact group and let H be a closed subgroup
of G. Then,

(1) His alocally compact group in the subspace topology.
(1) If His normal in G, then G/H is alocally compact group.

(1) If G' is alocally compact group, then G x G is a locally compact group in
the product topology.
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Check Your Progress

Define the term derived set.

What happens when p is called an interior point of 4?7
What are closed and open sets?

Define the term dense subset in topology.

When a point p is called an exterior point?

What is base?

What is topological group?

1.15 SOLVED EXAMPLES

Examples 1: If X and Y are countable sets, then XY is also a countable

Sets.

Solution: Suppose that X'and Y are countable.

By theorem : If X'is a non-empty set then,

1. Xis countable.

2. There exists a surjection f: N —> X

3. There exists a injection g - X — N.

By the above theorem,

There exists surjectionf: N — Xandg: N — Y.
Define a function 2= N — (XU ¥) by,

k
ki
f(z) is even

g (%) k is odd.

Since fand g are subjective, we have that,
h(N) =fAN)Ug(N)=XuUY
And thus /4 is a subjective function.

h(k) =

Hence, by the above Theorem we have that X U Y'is countable.

Example 2: Show that Q is Countably Infinite

Solution: As we know that Z is countable since there is an injection f- Z|

{0}— Z. By definition f{x) =x forall x

By theorem: if X'is a non-empty set, and Y is a countably set then:
1. Xis countable

2. There exists a surjection function f: ¥ — X

3. There exists an injection function g: X — Y.

By above Theorem, we also have That 7 1{0} is countable.
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By the above theorem we have that Zx(Z1{0}) is countable
Consider the function g= Zx(Z\{0})—> QO
defined by g(a,b)=a\b

Note that this is well defined, as b # 0. Moreover since carry element of Q
can be expressed in an least one way as a ratio of integers with a non-zero
denominator, we have that g is rejective.

But we know that Q is constable by theorem 1 finally, Q is not finite as
N < Q and any subset of a finite set must also be finite.

Therefore, Q is countably infinite.

Example 3: Use the choice axiom to show that if f: 4 — B is surjective,
then f has a right inverse h: B — A.

Solution: Suppose that . B — A4 is a right inverse to f'so foh = 1.
The identity map 7, is bijective, hence fis surjective by theorem.
Conversely if f1s surjective, then for each he B, there is some a4 so that
fla) = b.
Thus for each beB. The set S,= {a€A: f(a) = b} is non-empty.

So, X' = {S,:beA} is a set of non-empty sets according to Axiom of choice,
there is a choice function is,

F:X — UX so that f{s,)S. for each beB Notice that since F(S,) is an
element of §,. We must have f{F'(S,)) = b for any possible choice function. If
follows that we may take the choice function 4 = F'itself as a right inverse, and the
choice function F exists.

(i.e, the hypothesis of the Axiom of Choice that X is a set of non-empty sets
is satisfied)

Because f'is a surjection.
Hence, if f: A — B is surjective, thus f'has right inverse 4: B — A.

Example 4: Let X be a set, let B be a basis for a topology C on X. Then {
equals the collection of all unions of elements of B.

Solution: Given a collection elements of B. They are also elements of €. Because
€ is atopology. There unionisin C.

Conversely, given Ue(, choose for each Xe U an element Bx of B such

that, xe B.c U. Then=U= U B, so U equals a union of elements of B.
’ xeU

Example 5: Let X be a non-empty set and B = {{X}: x € X}. Then Bis a
basis for topology on X.

Solution: (i) for every xe X there exists B= {X} €B such thatx € B
(i) B,, B, eBand Xe B, " B, implies There exists
B,= {X}eBsuchthat XeB,c B N B,



Hence, both (B)) and (B,) are satisfied,

This implies that the collection B={{X}: xeX) is a basis for a topology
on X.

Now let us find out (. The topology generated by B

We define Cj as = {U < X: xeU implies there exists BeB such that
XeBcUisatopology on X.

In this case for any non-empty subset U of X, xe U implies. There exists
B={x} such thatxeB< U.

Hence, by the definition of ;. A€ B whenever 4 is a non-empty subset of
X. Also the full set el

Hence AcX implies 4eCy implies P(X) < Cy. Also by the definition,
Cg < P(X), the collection of all subset of X this implies that Cj is same as the
discrete Cy defined on X.
Example 6: Let X={1, 2,3} and (={®D, X, {1}, {2}, {1,2}, {1,3}, {2,3}},Is(a
topology on X?
Solution: (i) Let 4={1, 3}, B = {2, 3} here A€(, Be(, but AnB = {3} ¢(
Hence C is not a topology on X.

(i) LetX={1,2,3} and {={D, X, {1}, {2},{1,2} then C is a topology

on X. Now A={2, 3} is a subset of X. 2€4 and also there is an open set U ={2}

such that 2e U and U < 4. Hence 2 is an interior point of 4. But 3 is not an
interior point of 4. How to check 3 is an interior point of 4 or not?

Step 1. First check whether 3 €4 (if x is an interior point of A. Then it is
essential that xe4) so yes here 3 {2, 3} =A.

Step 2. Now find out all the open sets containing 3. X be the only open set
containing 3 but this open set is not contained in 4. Hence 3 is not an interior point
of A.

What will happen ifthe given set 4 is an open subset of a topological space
X. Our aim is to check whether an element x€ X is an interior point of 4.

Step 1. It is essential that xe 4.

Step 2. It is necessary to find out all the open set containing X ? Of-course
not necessary. It is enough if we find at least an open U such that xe U and
UcA.

In this case the given set 4 is an open set and hence there exists an open set
U=A4 such that xeU and U=4 c 4.

Therefore every element x of 4 is an interior point of 4. Thatis 4 c 4°.
By definition A" 4, Hence 4° =A that is if 4 is an open set then 4° = 4.
What about the converse?

Suppose for a subset 4 of X, 4°=A4

Is A an open set? Yes, 4 is an open subset of X.

Take xeA Then xeA°. Hence by the definition of 4° there exists at least
one open set say Ux such that xe Ux and Ux c 4.
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This implies that A= U U,

xeA
Now by the definition, { is closed under arbitrary union. Hence, for each
xed, UxeCimplies U Xeimplies A€,
That is, 4 is an open set. Thus we have proved.
Example 7: Let X be a topological space. Then prove that following points:
(i) @ and X are closed.
(ii) Arbitrary intersections of closed sets are closed.
(iii) Finite unions of closed sets are closed.

Solution: (i) ® and X are closed because they are the complements of the sets X
and @, respectively

(i) Givena collection of closed sets {A } _, we apply De-Morgan’s law

X-N4.=Jx-4)
aeJ oeJ
Since the set X — 4 _ are open by definition, the right side of this equation
represents an arbitrary union of open sets and is thus open. Therefore N 4_ is
closed.

ael’

(iii) Similarly if 4, is closed for i = 1,....n, consider the equation,

x={J4=Nx-4)

The set on the right side of this equation is a finite intersection of open sets
and is therefore open hence U4, is closed.

Example 8: Let A be a subset of the topological space X, let A’ be the set
of all limit points of A. Then

A=Au A
Solution: If x is in A" every neighbourhood of x then intersects 4 (in a point
different from x)

Therefore, by theorem that if 4 be a subset of the topological space X.
Then x € 4 iff every open set U containing x intersects 4.

So, x belongs to A4 hence A" < A since by definition 4 < 4 , it follows
that A A" C 4.

To demonstrate the reverse inclusion, we let x be a point of 4 and show
that xe AUA'.

If x happens to lie in 4, it is trivial that xe AUA’; suppose that x does not lie

in 4. Since xe A, we know that every neighbourhood U of x intersects 4, because
X¢ A, the set U must intersects 4 a point different from x. Then xe4’, so that
xeAUA', as described.



Example 9: Let 4 be a subset of the topological space x if

(a) Then X€ A, iff every open set U containing x intersects A4.

(b) Supposing the topology of X is given by a basis, then xe A, iff
carry basis element B containing x intersects A.

Solution: Consider the statement in (a). It is a statement of the form P <> Qletin
transform each implication to its contrapositive. Thereby obtaining the logically
equivalent statement (not P) <> (not Q).

x¢ A <> There exists an open set U containing x that does not intersects A.

If x does not in , the set U = X- 4 is an open set containing x that does not
intersects 4, as desired conversely if there exists an open set U containing x
which does not intersects 4, then XU is a closed set containing 4. By definition

of the closure A, the set X-U must contain 4, therefore x can not be in 4.

Statement (b) follows readilay if every open set containing x intersects 4,
so does every basis element B containing x, because B is an open set.

Conversely, if every basis element containing x intersects 4, so does every
open set U containing x, because U contains a basis element that contains x.

Example 10: (a) Let X be a topological space and suppose that we can
write X=F, U...UF , where each Fis closed. Let Y be another topological
space, Let f: X — Y and let f: — Y be the restriction of fto F.. That is
for Xe F, we set f(X) = f(X) show that fis continuous iff F, is continuous
for all i.

Solution: Let G < Y be closed observe that,
fil(G) = fI(G)UF,

If fis continous then f~(G) is closed in X, so f'(G) N F is closed in F, by
definition of the subspace topology thus f is continous.

Conversely, suppose that /' is continous for all i because X = F,U...,UF,
we have,

Y(G) =f1n (G)(F ........ UF)
= (f(G)NF)u.....u(f(G)NF,)
= [(G)N....0f(G).

Because f, is continous, we know that f7'(G) is closed in £, here is closed in
X.

So, /°1(G) is a finite union of closed sets hence is closed thus fis continous.
(b) Show that if 4 is closed in Y and Y is closed in X then A4 is closed
in X,
Solution: Since 4 is closed in Y we can write,
A=FnY

Where F is closed in x.
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Since an interaction of closed set is closed and Y is closed in X, it follows
that.

FnY =4
So, 4 is closed in x.

Example 11: The principle of well-ordering may not be true over real number
or negative integers. In general not every set of integers or real numbers
must have a smallest element. Explain by giving examples.

Solution: The set Z

The set Z has no smallest element because given any integers x, it is clear

that x — 1 <x, and this argument can be repeated indefinitely. Hence, Z does not
have a smallest element

2. The open interval (0,1)

A similar problem occurs in the interval (0,1) If x lies between 0 and 1, then

X X
SO 5 and 5 lies between 0 and x.

such that

X
0<x<1:>0<5<x<1

This process can be repeated indefinitely. Yielding

X X X X
0<..<—<..3<z<-<x<I
2" 22 27 2
We keep getting and smaller numbers. All of them are positive and less
than 1. There is no end in sight, hence the interval (0,1) does not have a smallest
dement.

1.16 ANSWERS TO ‘CHECK YOUR PROGRESS’

1. A set Xis defined as countable ifit is finite or it can be positioned in 1,—1
correspondence with the positive integers. The non-negative integers are
countable by mapping n to n + 1. The even numbers are countable; map »
to n/2. The integers are countable. Map nto 2n forn—0, and map nto 1-
2n for n <0. To check that whether given set is countable or not, we must
check that:

e Every element of set is represented in order,
e No element is repeated,
¢ Xisinfinite.

2. Ifasetis not countable, then it is called uncountable set. For example, set
of binary sequences forms uncountable sets.

3. Ifasethas an infinite number of elements it is an infinite set then the elements
of such a set cannot be counted by a finite number. A set of points along a
line or in a plane is called a point set. A finite set has a finite subset. An
infinite set may have an infinite subset.
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11.

12.

‘Axiom of Choice’ is a very significant axiom which is extensively utilised in
mathematics. The axiom can be stated in many ways. It is also true that
many seemingly unrelated statements on closer analysis appear to be
equivalent to it.

Definition. Let X be a non-empty collection of non-empty and disjoint sets,
then there exists a set Y consisting of exactly one element from each element
of X. In other words, a set Y such that Y is contained in the union of the
elements of X, and for each X € X, the set X WY has only one element.

Another way of stating this axiom is that for any family X of non-empty and
disjoint sets, there exists a set that consists of exactly one element from
each element of X.

. The two sets 4 and B are said to be equivalent or equipotent if there exists

a bijective map f: 4 — B and we write A~B. It is easy to see that the
relation of equipotence ~ is an equivalence relation on P[X]. Therefore, this
relation must divide P[X] into equivalence classes and we shall use the term
cardinal number (or power) to designate the property that equipotent sets
have in common. The cardinal number will be, therefore, a measure of the
number of points in sets. It can be that all equipotent sets have the same
cardinal number. The cardinal number of a set 4 will be denoted by| 4 |.

It follows that A~B <> |4|=B|.

Among infinite sets, we denote by a or N, (read ‘Aleph Nought’) the
cardinal number of all denumerable sets and by ¢ the cardinal number of all
those sets which are equipotent to the set R of all real numbers. The cardinal
cis often called the cardinal number of the linear continuum.

. In set theory, the Schroder—Bernstein theorem specifically states that, if

there exists injective functions f: 4 — B and g: B — A4 between the sets 4
and B, then there also exists a bijective function 4: 4 — B.

. Finite Cardinal Numbers: For finite cardinal numbers the obvious symbols

are used like 0 is assigned to empty set ¢, and n is assigned to the set
{1,2,...n}

Infinite Cardinal Numbers: Infinite sets cardinal numbers are called infinite
cardinal numbers.

A sequence <x > inametric space (X, d) is said to be a Cauchy sequence
if for every € > 0 there exists a positive integer n ().

m,n>n(e) = dx,x)<e.
A metric space X is said to be complete if every Cauchy sequence in X
converges to a point in X.

In mathematics, the term Continuum Hypothesis (CH) is uniquely defined
as a hypothesis which defines the possible or probable sizes of the infinite
sets. It states that there is not any set whose cardinality can be uniquely
defined between the integers and the real numbers.

Two sets are considered to have the same or equivalent cardinality or
cardinal number if there typically exists a bijection, i.e., a one-to-one
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15.
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17.
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correspondence between them. Spontaneously, for two sets S and 7' to
have the same or equivalent cardinality implies that it is feasible to ‘Pair Off
elements of S with elements of 7'in such a manner that every element of S'is
paired off with precisely or exactly one element of 7"and vice versa.

Specifically for the infinite sets, such as the set of integers or rational numbers,
the existence of a bijection condition between the two sets can hardly be
demonstrated.

Zorn’s lemma, also known as the Kuratowski—Zorn lemma, named after
mathematicians Max Zorn and Kazimierz Kuratowski, is a proposition of
the set theory. It states that a partially ordered set containing upper bounds
for every chain, i.e., every totally ordered subset essentially contains at
least one maximal element. As per the Tychonoft’s theorem in topology,
every product of compact spaces is compact and the theorems in abstract
algebra states that a maximal ideal and every field has an algebraic closure.

Well-Ordering Theorem (WOT) states that for any set X there exists an
order relation on X which is well-ordering. This theorem is also termed as
Zermelo’s theorem and was proved by Zermelo in 1904. It is equivalent to
‘Axiom of Choice’. As per the notion of Georg Cantor’s the well-ordering
theorem is unobjectionable principle of thought. The concept of well-ordering
defines that any random or arbitrary uncountable set without any positive
procedure has been contested by many mathematicians.

A topological space is a set X together with 1, a collection of subsets of X,
satisfying the following axioms:

(1) The empty set and X are in 1.
(i) tisclosed under arbitrary union.
(i) tis closed under finite intersection.

The collection 71 is called a topology on X. The elements of X are usually
called points, though they can be any mathematical objects.

The set of all limit points of 4 is called the derived set of 4 and shall be
denoted by D (4).

A pointp is called an interior point of 4 if there exists a neighbourhood N of
p such that N c 4.

Asubset G of Riis called open if for every point p € G, there exists an open
interval /suchthatp e I € G.

A set F'in R s called closed if its complement F'is open.

For example, (i) Every closed interval [a,b] is closed, since its complement

[a,b]'=] -0, a[ U] b, oo[is open, being a union of two open intervals.

In topology, a subset A of'a topological space Xis called dense (in X) if any
point x in X belongs to 4 or is a limit point of 4. Generally, for every point
in X the point is either in 4 or arbitrarily ‘Close’ to a member of 4, for
example every real number is either a rational number or has one arbitrarily
close to it. Formally, a subset 4 of a topological space X is dense in X if for
any point x in X, any neighborhood of x contains at least one point from 4.
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21.

22.

Equivalently, 4 is dense in X if and only if the only closed subset of X
containing A4 is Xitself. This can also be expressed by saying that the closure
of A is X or that the interior of the complement of 4 is empty. The density
of a topological space Xis the least cardinality of a dense subset of X.

Definition: Let A, B be subset of R. Then.
(i) A is said to be dense in Bif B 4.
(i) A is said to be dense in R or everywhere dense if 4=R.
(iii) A is said to be non-dense or nowhere dense if (4 )° = ¢, that is, if the
interior of the closure is empty.

A point p is called an exterior point of 4 if there exists an e-nhd of p contained
in the complement A’ of 4. The set of all exterior points of 4 is called
exterior of 4 and is denoted by ext 4.

Let (X, T) be a topological space. A set B < T is called a base for T if,
T={UA:Ac B}

Any G € Bis called a basic open set. We will obtain the topology 7 by

taking all arbitrary unions of sets in 3.

A topological group G is a group that is also a topological space, having the
property the maps (g, g,) > g,g,from Gx G — Gandg — g ' from G
to G are continuous maps. In this definition, G x G has the product topology.

1.17 SUMMARY

o All the finite sets of integers are termed as countable, but not for the infinite

subsets. Here is a simple diagonalization argument. If the infinite sets are
countable then the correspondence builds a list of all possible subsets.

Ifa set 4 is countable and infinite, then there is a bijection between the set A
and set of natural numbers V.

Ifset A is countableand 4 < 4 , then 4' is also countable.

Two sets 4 and B are said to be equivalent if these exist a one-one onto
mapping from A4 to B. If 4 and B are equivalent, we denote this relation by
the symbol ‘~’.

Theset X —f({1, 2, ......n—}) is anon-empty set because if it was empty,
then the functionf" {1, 2, ..... n—1} — X would be a surjective function and
X would be finite. Now we can select an element of set X — ({1, 2, ......
n—1}) and accept f(n) to be this element. Therefore, utilising the principle
of induction we have defined the function fforalln € Z..

A choice function is a function /. defined on a collection X of non-empty
sets, such that for every set 4 in X, f(A) is an element of A4.

Each choice function on a collection X of non-empty sets is an element of
the Cartesian product. Given any family of non-empty sets their Cartesian
product is a non-empty sets.
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Every set has a choice function, which is equivalent, For any set 4 there is
a function F'such that for any non-empty subset B of 4, F (B) lies in B.

The basic property of the individual non-empty sets in the collection may
make it possible to avoid the axiom of choice even for certain infinite
collections.

Zermelo’s Postulate: Let {4 :i € I} be any non-empty family of disjoint

non-empty sets. Then there exists a subset B of the union LEJI 4 .such that
the intersection of B and each set 4, consists of exactly one element.

Show that the axiom of choice is equivalent to Zermelo’s postulate.

Let X be a non-empty collection of non-empty sets, then there exists a
function f'such that it selects one member of each of the sets which are
elements of X.

In other words we have constructed X" as a collection of ordered pairs,
where the first element is the set X, and the second element is an element of
X. That s the set X'is a subset of the Cartesian product X' e U X for all
X e XL

For finite sets, the concept of cardinal number is easy to grasp. We say that
any set which is equipotent to the set,

{1,2,...,n}
has the cardinal number n. We postulate that |0| = 0.

Among infinite sets, we denote by a or N (read ‘Aleph Nought’) the
cardinal number of all denumerable sets and by ¢ the cardinal number of all
those sets which are equipotent to the set R of all real numbers. The cardinal
cis often called the cardinal number of the linear continuum.

The operation of addition of cardinal numbers as defined earlier is a well-
defined operation. For if C and D are disjoint sets with |C|=A and |D|= ,
then 4 ~ Cand B~ D and consequently 4 U B~ C U D.

Each of'the following subsets of R has the cardinal number c of the linear
continuum.

The cancellation laws of addition and multiplication do not hold for infinite
cardinal numbers.

We now define the final arithmetic operation of taking powers for cardinal
numbers, if 4 and B are sets, we denote by A4” the set of all mappings
f:B—A.

e The set of all real valued functions defined on the closed unit interval [0, 1]

has the cardinal number 2¢.

¢ According to the cardinality property of the two sets, this classically implies

thatif |4| <|B| and |B| <|A|, then |4| = |B|, i.e., 4 and B are equipotent.
This is a significant feature in the ordering of cardinal numbers.

¢ By the fact that fand g are injective functions, each a in 4 and b in B1is in

exactly one such sequence to within identity: if an element occurs in two
sequences, then all elements to the left and to the right must be the same in



both, by the definition of the sequences. Therefore, the sequences form a
partition of the disjoint union of 4 and B.

e A sequence is called an 4-stopper if it stops at an element of 4, or a B-

stopper if it stops at an element of B. Otherwise, it is called doubly infinite if
all the elements are distinct or cyclic if it repeats.

We want to know the size of a given set without necessarily comparing it to
another set. For finite set there is no difficulty. For example, the set A= {1,
2,3} has 3 elements. Any other set with 3 elements is equipotent to A. On
the other hand, for infinite sets it is not sufficient to just say that the set has
infinitely many element since not all infinite ses are equiptent. To solve this
problem we introduce the concept of a coordinal number.

The bower set P (B) of any set B has cardinality greater than B. i.e.,
|B|<[|P(B)].

It is easy to prove that every convergent sequence in a metric space is
Cauchy sequence.

Let (X, d) be a complete metric space and let <F > be a nested sequence
of non-empty closed subsets of X'such that & () -0 asn — «. Then

1 F consists of exactly one point.

n=1
In Zermelo—Fraenkel Set Theory and the Axiom of Choice (ZFC or
Zermelo—Fraenkel Continuum) is considered equivalent to the equation in

aleph numbers: 2Y=N .

The name continuum hypothesis is precisely given to this hypothesis which
comes from the term the continuum uniquely defined for the real numbers.

The independence property from ZFC implies that either proving or
disproving the CH within ZFC is not possible. Even though, the negative
results or consequences of Godel and Cohen are not universally accepted
for determining the continuum hypothesis. The continuum hypothesis and
the axiom of choice were considered as the first mathematical statements
that demonstrated to be independent of ZF set theory.

Zorn’s lemma is equivalent to the well-ordering theorem and also to the
axiom of choice, specified that any one of the three, along with the Zermelo—
Fraenkel axioms of set theory, is sufficient to prove and establish the other
two. The Zorn’s lemma is Hausdorft’s Maximum Principle (HMP) which
states that every totally ordered subset of a given partially ordered set is
uniquely contained in a maximal totally ordered subset of that partially
ordered set.

Every subset .S of a partially ordered set P can itself be seen as partially
ordered by restricting the order relation inherited from Pto S. A subset .S of
apartially ordered set Pis called a chain (in P) if it is totally ordered in the
inherited order.

Assume that a partially ordered set P has the property that every chain in P
has an upper bound in P. Then the set P contains at least one maximal
element.
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Zorn’s Lemma (for Non-Empty Sets): Assume that a non-empty partially
ordered set P has the property that every non-empty chain has an upper
bound in P. Then the set P contains at least one maximal element.

A relation which is reflexive, transitive and antisymmetric is called a partial
order. Arelation which is antisymmetric, transitive and comparable is called
to be a total order. It may be stated that comparability implies reflexivity.
Therefore, total order is a special type of partial order but partial order
need not be total order.

A set X which is totally ordered set is called well-ordered if its each non-
empty subset has a minimum element. It may be observed that every finite
set with a total order is well-ordered.

The word topology is typically used to define a family of sets which uniquely
has definite properties that are used to define a topological space, a basic
object of topology. Topological spaces are mathematical structures that
provide the formal definition of concepts, such as convergence,
connectedness and continuity. Hence, the area of mathematics that studies
topological spaces is called topology.

There are various additional equivalent ways to define a topological space.
Consequently, each of the following defines a category equivalent to the
category of topological spaces above.

The Zariski topology is defined algebraically on the spectrum of a ring or an
algebraic variety. On R” or C”, the closed sets of the Zariski topology are
the solution sets of systems of polynomial equations. A linear graph has a
natural topology that generalizes many of the geometric aspects of graphs
with vertices and edges. The Sierpifiski space is the simplest non-discrete
topological space. It has important relations to the theory of computation
and semantics.

The set of all limit points of 4 is called the derived set of 4 and shall be
denoted by D (A4).

A subset N of R is called a neighbourhood of a point pe R if N contains an
open interval containing p and contained in N, that is, if there exists on open
interval | a, b [such that,

p <la, b[EN.
A closed set was defined to be the complement of an open set.

The closure of a set 4 in R is the smallest closed set containing 4 and is
denoted by A,

The sets of all interior points, all exterior points and all boundary points are
respectively called the interior, the exterior and the boundary.

Consider a set X and a proper subset, ¢ # A < X. Then {¢, A, X} isa
topology containing 4. Actually, it is the smallest topology. Further, suppose
¢ # B# Ac X. The smallest possible topology that contains both 4, B is
clearly {¢, A, B, AnB, AUB, X}. Similarly, if there are several different
sets 4, ...., 4 inthe topology, many other sets must be also there. This is
the idea behind generating a topology.



e If{defines atopology on X, then we say that X is a topological space. The U Couniailzlle ;"td
sets in U are called open sets. The sets of the form X\U, U € U, are called rreounianie Se
closed sets. If Yis a subset of X, then the closure of Y is the smallest closet

set in X that contains Y.

. . . TE
¢ A system B of subsets of X is called a basis (or base) for the topology Uf/if NOTES

every open set is the union of certain sets in B. Equivalently, for each open
set U, given any point x € U, there exists B € U such thatx € Bc U.

For example, the set of all bounded open intervals in the real line R forms a
basis for the usual topology on R.

e Anopen covering of a topological space X is a family of open sets having
the property that every x€ X is contained in at least one set in the family. A
subcover of an open covering is an open covering of X which consists of
sets belonging to the open covering. A topological space X'is compact if
every open covering of X contains a finite subcover.

¢ A subgroup H of atopological group G is a topological group in the subspace
topology. Let H be a subgroup of a topological group G and let p: G — G/
H be the canonical mapping of G onto G/H. We define a topology U ., on
G/H, called the quotient topology, by U, .= {p(U) |Ue U,

1.18 KEY TERMS

e Uncountable set: If a set is not countable, then it is called uncountable
set, 1.e., set of binary sequences forms uncountable sets.

e Infinite set: If a set has an infinite number of elements then it is an
mfinite set.

e Axiom of choice: It states that for any family of no-empty and disjoint
sets, there exists a set that consists of exactly one element from each
element of that family.

e Well-ordering theorem: It states that for any set there exists an order
relation on the set which is in well-ordering.

e Zorn’s lemma: Consider a set X that is strictly partially ordered. If
every simply ordered subset of X has an upper bound in X, then X has
amaximal element.

e Topological spaces: Topological spaces are mathematical structures
that authorize the formal definition of concepts, such as convergence,
connectedness and continuity.

1.19 SELF-ASSESSMENT QUESTIONS AND
EXERCISES

Short-Answer Questions

1. Distinguish between countable and uncountable sets.

e Self - Learni
2. What do you understand by infinite sets? A;é/;eriaiarnlng 7
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10.
I1.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.
24.
25.

Give some examples of infinite sets.

Define the term axiom of choice.

What do you mean by total order relation?

Define the term cardinal number.

State about the addition and multiplication of cardinal numbers.
What is exponentiation?

State the Schroder-Bernstein theorem.

What do you understand by Cantor’s intersection theorem?
What is continuum hypothesis?

State the generalized continuum hypothesis.

Define the term Zorn’s lemma.

What is well-ordering set?

State the well-ordering theorem.

Give the equivalent definition of topological spaces.

What are Euclidean spaces?

What are the metric spaces?

Give the properties of metric topologies.

Define the terms neighbourhood, limit points, open sets and closed sets.
What are dense subsets?

Define the terms interior, exterior and boundary.

What are bases and subbases?

What is a subspace?

Define the term topological groups.

Long-Answer Questions

1.

Briefly explain about the countable and uncountable sets with the help of
examples.

2. Describe the infinite set theorem and axiom of choice giving suitable examples.

Explain in detail about the ordering, addition and multiplication of cardinal
numbers giving appropriate examples.

State and prove Schroder-Bernstein theorem with the help of examples.

5. Elaborate on the Cantor’s intersection theorem and continuum hypothesis.

6. Show that Zorn’s Lemma implies Kuratowski lemma which states that if X

is a collection of sets and if for every sub-collection Y of X that is simply
ordered by proper inclusion, the union of the elements of Y is contained in
X. Then X has an element that is properly contained in no other element of
Y.

. Show that the well-ordering theorem implies the choice axiom and also

prove that a well-ordered set satisfies least upper bound property.

. Define topology and topological sets with the help of definitions and



examples.

9. How topological spaces are classified and constructed? Explain giving
examples.

10. Briefly explain about the various types of topological spaces with the help
of definitions and examples.

11. Discuss about the Euclidean and metric spaces with the help of theorems.

12. Explain about the neighbourhood, closure and closed sets on the basis of
topology with the help of relevant examples.

13. Describe the dense subset in topology with the help of theorems and
examples.

14. Discuss about the interior points, exterior points and all boundary points in
topology with the help of theorems and examples.

15. Explain in detail about the bases and subbases with reference to topological
spaces. Give examples.

16. Discuss the significance of relative topology and topological groups with
the help of examples.

1.20 FURTHER READING

Munkres, James R. 2011. Topology, 2nd Edition. New Delhi: PHI Learning Pvt.
Ltd.

Basener, William F. Topology and Its Applications. New Jersey: John Wiley &
Sons, Inc.

Bourbaki, Nicolas. 1966. General Topology: Elements of Mathematics, Volume
2. United States: Addison-Wesley.

Bourbaki, Nicolas. 1966. Elements of Mathematics: General Topology, Part
1. United States: Addison-Wesley.

Kelley, John L. 1975. General Topology. New York: Springer-Verlag.
Willard, Stephen. 2004. General Topology. United States: Dover Publications.

Shilov, Georgi E. 2012. Elementary Real and Complex Analysis. Chelmsford:
Courier Corporation.

Simmons. G. F. 2004. Introduction to Topology and Modern Analysis. New
York: Tata McGraw-Hill Education.

Countable and
Uncountable Sets

NOTES

Self - Learning
Material 73






UNIT 2 CONTINUOUS FUNCTIONS
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2.0  INTRODUCTION

In mathematical analysis, a continuous function is typically defined as form or type
of function which does not has any unexpected or sudden changes in the value,
1.e., the discontinuities. Even though, a function is considered as continuous if there
are certain arbitrarily insignificant changes in the output which can be ensured or
reassured by constraining or restricting to reasonably minor changes in the input.
The mathematical field of topological domain, a homeomorphism, topological
isomorphism or continuous function is precisely defined as a unique continuous
function, which is characteristically specified for the topological spaces having
continuous inverse function. In the field of mathematics and topological spaces,
the term homeomorphism is uniquely defined as the isomorphism, i.e., these terms
are typically defined as the unique mappings that preserve the entire or complete
topological properties of a given space.

In topological analysis and precisely the other related or associated fields,
the Kuratowski closure axioms are described as unique set of axioms that are
used for defining the topological structure of a set. The Kuratowski closure axioms
are named after Kazimierz Kuratowski who first formalised this concept.
Characteristically, the Kuratowski closure axioms are equivalent or similar to more
general and universally applied open set definition.

The first-countable space is described as a topological space which uniquely
satisfies the ‘First Axiom of Countability’. Exclusively, a space X is termed as
the first-countable space if there is a countable neighbourhood base (basis) or
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local base to each point. The term second countability holds more stronger
notion in comparison to the first countability. A topological space is considered
as the first-countable if every single point holds a countable local base. When
the base for a topological space and a point X is given, then it can be stated that
the set of entire or complete basis sets which contains X uniquely forms a local
base at X.

The Lindel6f’s theorem, in mathematics, is named after the Finnish
mathematician Ernst Leonard Lindel6f. In topology, the Lindel6f’s theorem
is defined based on the conclusion or result obtained in the complex analysis.
It uniquely explains about the holomorphic function on a half-strip in the
complex plane which is precisely in bounded or confined direction on the
boundary of the given strip and the growth is not ‘Too Fast’, while in the
unbounded direction of the given strip it should continue as bounded on the
entire given strip.

A topological space, in mathematical analysis, is termed as the separable
space if it precisely comprises of a countable dense subset, i.¢., there exists a
unique sequence (series) of precise elements related to the topological space such
that every single non-empty open subset of the given topological space uniquely
holds at least one element of the said sequence.

The terms ‘Axioms of Countability’ and the ‘Axioms of Separability’ is
defined on the basis of the notation ‘Limitation on Size’ specifically in the
topological perception, and not essentially on the basis of cardinality concept.
Particularly, every continuous function whose image is a subset of a Hausdorff
space on a separable space is precisely determined by its values on the countable
dense subset.

In this unit, you will study about the alternate methods of defining a topology
in terms of Kuratowski closure operator and neighbourhood systems, continuous
functions and homeomorphism, first and second countable spaces, Lindelof's
theorem, separable spaces, second countability and separability.

2.1 OBJECTIVES

After going through this unit, you will be able to:
¢ Define the alternate methods of defining a topology.

e Understand the Kuratowski closure operator and neighbourhood
systems

¢ Elaborate on the continuous functions and homeomorphism
¢ Explain about the first and second countable spaces
¢ Analyse the Lindel6f's theorem

¢ Discuss about the separable spaces, second countability and separability



2.2 ALTERNATE METHODS OF DEFINING A
TOPOLOGY IN TERMS OF KURATOWSKI
CLOSURE OPERATOR AND
NEIGHBOURHOOD SYSTEMS

In mathematical analysis and the field of topology, the Kuratowski closure axioms
1s named after the Polish mathematician Kazimierz Kuratowski, who first formalized
this axiom. The Kuratowski closure axioms are a set of axioms that are typically
used for defining a topological structure on a set.

The Kuratowski closure axioms characteristically developed a radically
different approach to specifying a topology for a set. Kuratowski considered
particular functions from the set of subsets of K to the set of subsets of K as
explained below.

A topology for a set K is a collection of subsets of K such that,
e The union of any arbitrary subcollection is also a member of the collection.

e The intersection of finite numbers of members of the collection is also a
member of the collection.

e The null set belongs to the collection.
e The whole set K belongs to the collection.

In topology, the elements of the collection are termed as the open sets. The
openness of a set is not a property of the set itself but it refers only to the membership
of'the set in the collection of subsets which is called the topology.

A setis defined as being closed with respect to a topology if its complement
is open with respect to the topology, i.e., if its complement belongs to the topology.
At least two sets, the null set and the whole set K are both open and closed in any
topology of K.

Ifthe closed sets of a topology are given the open sets can easily be
constructed since they are simply the complements of the closed sets.

2.2.1 Kuratowski Closure Axioms

Every topological space consists of the following:
e A setof points.

o A class of subsets defined axiomatically as open sets.
e The set operations of union and intersection.

The class of open sets must be defined in such a way that the intersection of
any finite number of open sets is itself open and the union of any infinite collection
of open sets is likewise open. A point p is called a limit point of the set Sif every
open set containing p also contains some point (s) of S (points other than p, should
p happento lie in S'). The concept of limit point is fundamental to topology and it
can be used axiomatically to define a topological space by specifying limit points
for each set according to rules known as the Kuratowski closure axioms. Any
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set of objects can be made into a topological space in various ways, but the
usefulness of the concept depends on the manner in which the limit points are
separated from each other.

The Kuratowski closure axioms are referred as a set of axioms that are
used to define a topology on a set. In mathematical analysis of topology, the
Kuratowski closure axioms are precisely referred as a set of axioms that are
typically used for defining a topology on a set. They were first introduced by
Kuratowski, in a slightly different form that applied only to Hausdorff spaces. In
general topology, if X is a topological space and A4 is a subset of X, then the
closure of 4 in Xis defined to be the smallest closed set containing 4 or equivalently
the intersection of all closed sets containing 4. The closure operator C that
assigns to each subset of 4 its closure C (4) is thus a function from the power set
of Xto itself. The closure operator satisfies the following axioms:

1. Isotonicity: Every set is contained in its closure.

2. Idempotence: The closure of the closure of a set is equal to the closure of
that set.

3. Preservation of Binary Unions: The closure of the union of two sets is
the union of their closures.

4. Preservation of Nullary Unions: The closure of the empty set is empty.

Definition: An operator C of p(X) into itself which satisfies the following four
properties mentioned in Theorem 2.1 is called a closure operator on the set X.

Theorem 2.1: In the topological space (X, T), the closure operator has the
following properties.

K) C(¢)=¢

(K) Ec C(E)

(K, C(C(E)=C(E)

(K,) C (4UB) = C(A) LU C(B)

Proof: (K,): Because the void set is closed and also we know that a set 4 is
closed ifand only if,

A = C(A), therefore it follows that C(¢) = ¢.

(K.): It follows from the definition as C(£) is the smallest closed set
containing .

(K,): Since C(£) is the smallest closed set containing £, we have C (C(£))
= C(£) by theresult that a set is closed if and only if it is equal to its closure.

(K,): Since 4 € AUB and B  AUB, therefore

C(A) c C(AUB) and C(B) < C (AUB) and so

C(AUC(B) c C(AUB) .(2.1)
By (K,), we have

Ac C(A)and B c C(B)



Therefore, AUB < C(A)UC(B)

Since C(A) and C(B) are closed sets and so C(A)UC(B) s closed. By the
definition of closure, we have

C(AUB) c C[C(A)C(B)] ..(2.2)

From Equations (2.1) and (2.2), we have

C (4UB) = C(A)UC(B).
Note: C(A NB) may not be equal to C(A)NC(B). For example, if 4 =(0, 1), B=(1, 2), then C(A)
=[0, 1], C(B)=[1,2].

Therefore,

C(ANC(B)= {1} where AnNB=¢

But C(¢) = ¢. Therefore C (ANB) = ¢ and thus C (ANB) # C(A)NC(B).

Note: The closed sets are simply the sets which are fixed under the closure operator.

Theorem 2.2: Let C* be a closure operator defined on a set X. Let F be the
family of all subsets F of X for which C*(F) = F and let T be a family of all
complements of members of . Then T is a topology for X and if C'is the closure
operator defined by the topology T. Then C*(E) = C(E) for all subsets £ — X.

Proof: Suppose G, €T forall . We must show that \ G, €T,ie, (KlJG i )C EF,
Thus, we must show that,
crlva fl=loe. f
By () (v6.fccxlyaf]

So we need only to prove that,

el flclua,f

By De Morgan’s Law, this reduces to the form,
cxolG,) | cnlG, )

Since ( T(Gg )C )< ((G ., )C ) for each particular A.
C*[ (;(Gﬂ, )C 1< C¥ (Gl )C ] for each A.

So, C*[(G,) 12 D C*((G,)

But, G,eT=(G, ) €F.

Hence, C*[ (Gl )C ] =(Gﬂ )C

Thus we have C*[ Q(G 1 )C ]c ?(Gz )C
Consequently, if G, T, then Y G, €T.

To check that ¢, X €T, we observe that by Kuratowski closure axiom

(K,),
XcC*XN)cX=>C*XN)=X=>XeF

Hence X°=¢ €T.
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Also by (Kurtowaski closure axiom K ) we have C*(¢)=¢=> ¢ € F
= ¢‘=X€T.

Finally consider that G, G, € T. Then by hypothesis,
C*(G)°=G,“and C*G,)=G,°

We may now calculate,

C*(GN G)] =C*[ G,UG ]

C(G,)v C*( G))

=G UG =(G NG

= (G NG) eF

=>G6,nNnG,eT.

Because all the axioms for a topology are satisfied hence T is a topology.
We will now prove that C* = C.

As per the analysis and discussion remember that T is a topology for X.
Consequently, the members of T are open sets and therefore the closed sets are
simply the members of the family F.

By (K,), C*[ C*(E)] = C*(E)
This implies that C*(E) € F. Now by axiom (K,) £ < C*(E). Thus C*(E)
is a closed set containing £ and hence C*(E) o C(E) ..(2.3)

The consder that C* (E) is the smallest closed set containing £. On the
other hand by axiom (K.),

Ec C(E)eF.
So, C*(E) < C*(C(E)) = C(E) ..(2.4)
Thus by Equations (2.3) and (2.4),
C*(E)=C(F) for any subset E c X
2.2.2 Dense Subsets

Definition: Let 4 be a subset of the topological space (X, 7). Then 4 is said to be
dense in Xif 4= X.
Trivially the entire set X is always dense in itself. Q is dense in R since,
Q=R

Let T be finite complement topology on R. Then every infinite subset is
dense in R.

Theorem 2.3: A subset 4 of topological space (X, T) is dense in X iff for every
nonempty open subset B of X, ANB # ¢.

Proof: Suppose 4 is dense in X and B is a non-empty open set in X. If
ANB = ¢, then 4 c X—B implies that 4y — X—B since X—B is closed. But then X—
B <X contradicting such that 4 =X.



Because 4 < X-B cX .

Conversely assume that 4 meets every nonempty open subset of X. Thus
the only closed set containing 4 in X'and consequently 4 =X. Hence 4 is dense in
X.

Theorem 2.4: In a topological space (X, T)
(1) Any set C, containing a dense set D, is a dense set.

(i) If A4 is a dense set and B is dense on A4, then B is also a dense set.
Proof: (i) SinceDc C= pcC
But D =X, hence X c ¢ also ¢ < Xso that ¢ =X.
Thus Cis dense in (X, T).
(i1) Since 4 is dense, 4 =X
Also Bisdense on A4.
= Acp = 4 < g=p (ByClosure Property)
= 4CB
= X=4Cp
Thus Bis dense in (X, T).

2.3 CONTINUOUS FUNCTIONS AND
HOMEOMORPHISM

Topological equivalences are said to be redirected here. Fundamentally, for two
spaces to be homeomorphic, there is no necessity of a continuous deformation.
The mathematical analysis precisely for the field of topology, states that the term
homeomorphism or topological isomorphism refers to the deformation of morphe
which is a bicontinuous function occurring between the two topological spaces.
The term homeomorphism is taken from the Greek word ‘homoios’ which means
‘similar’ and the Latin word ‘morphe’ which means ‘shape’. Characteristically,
the ‘Homeomorphisms’ are considered as the ‘Isomorphisms’ as per the notation
of topological space category theory, i.e., the homeomorphism and isomorphism
are the mappings which uniquely preserve the entire topological properties of a
given space. When there is homeomorphism between the two spaces then it is
termed as ‘Homeomorphic’, and according to the topological perspective they are
considered equivalent.

Principally, the topological space is defined as a structure of geometric object
and the homeomorphism is considered as a continuous stretching and bending of
the geometric object into a new shape. Consequently, a square and a circle are
considered as homeomorphic to each other, but a sphere and a donut are not as
the shape is not equivalent.
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Definition: According to the Encyclopaedia Britannica, in mathematics and
topology, the term homeomorphism is defined as. “A correspondence between
two figures or surfaces or other geometrical objects is defined by a one-to-one
mapping that is continuous in both directions is termed as homeomorphism”.

A homeomorphism characteristically maps the points in the ‘First Object’
which are sufficiently ‘Close Together’ to the points in the ‘Second Object’ which
are also sufficiently ‘Close Together’, and the points in the first object which are
not precisely close together to the points in the second object which are also precisely
not close together. Subsequently, the “Topology’ is the appropriate study of those
properties of objects which precisely not change when the homeomorphisms are
applied.

3

A function ‘f* between two topological spaces ‘X” and ‘Y’ is called a
homeomorphism ifit has the following properties:

e ‘f’isabijection (1-1 and onto).

e ‘/”iscontinuous.

e The inverse function ‘/” ! is continuous (fis an open mapping).

In topology, a function having all these three properties is also sometimes
termed as ‘Continuous’. When such type of function exists, then we state that ‘X
and ‘Y’ are homeomorphic. Additionally, a self-homeomorphism is defined as a
homeomorphism of a topological space and also itself. Characteristically, the
homeomorphism structure and develop an equivalence relation precisely on the
class of all topological spaces. The resulting or subsequent ‘Equivalence Classes’
are termed as the ‘Homeomorphism Classes’. For example,

¢ The unit 2-disc D* and the unit square in R? are homeomorphic.

e The open interval (-1, 1) is homeomorphic to the real numbers R.

The product space S' and the two-dimensional torus are homeomorphic.

Every uniform isomorphism and isometric isomorphism is a homeomorphism.

Any 2-sphere with a single point removed is homeomorphic to the set of all
points in R* (a 2-dimensional plane).

¢ Let 4 be acommutative ring with unity and let.S be a mutiplicative subset of
A.

¢ An exceptional example of a continuous bijection form which is not a
homeomorphism can be defined as the map which holds the half-open interval
[0,1) and covers it precisely around the circle. In this instance, the inverse
— even though it exists — may not be continuous. The preimage of certain
specific sets which are of real open form in the relative topology stating the
half-open interval [0,1) are then not open in the other natural or usual topology
stating the circle as they are half-open intervals.

Homeomorphisms, as already discussed, are the isomorphisms according
to the topological space category. Essentially, the composition or structure of two
homeomorphisms is yet again a homeomorphism and subsequently the set of all



self-homeomorphisms ‘X’ forms or structures a group termed as the
homeomorphism group of ‘X”.

For certain reasons, the homeomorphism groups specifically occur to be
too large, but because of the isotope relation the homeomorphism groups can be
reduced to the mapping class groups.

1. Two homeomorphic spaces typically contribute to or share the identical
or equivalent topological properties. For example, if one of the
homeomorphism groups is compact, then the other is also; if one of the
homeomorphism groups is connected, then the other is also; if one of the
homeomorphism groups is Hausdorff, then the other is also; and their
homology groups will uniquely overlap or coincide. Remember that,
however this cannot extend and continue having the properties defined by
means of a metric; there are metric spaces which are considered as
homeomorphic despite the fact that one of the homeomorphisms is complete
while the other is not.

2. A’ homeomorphism is simultaneously an open mapping and a closed mapping,
that is it maps open sets to open sets and closed sets to closed sets.

3. Everyself-homeomorphism in §' can be extended to a self-homeomorphism.

2.4 FIRST AND SECOND COUNTABLE
SPACES

The countable complement topology on any set X consist of the empty set and all
countable subsets of X i.e., all sets whose complement in X'is countable.

2.4.1 First Countable Space

Characteristically, a topological space Xis termed as the 'First Countable Space'
if it precisely satisfies or fulfils the following given axiom termed as the 'First
Axiom of Countability':

For each point p € X'there exists a countable class B, of open sets containing p
such that every open set G containing p also contains a member of B .In other
words, a topological space Xis a first countable space if and only if there exists
a countable local base at every pointp € X.

Fundamentally, the first countable and precisely the separable Hausdorff
space, specifically a separable metric space takes as a maximum the continuum
cardinality c. In such specific space, the closure is uniquely determined and
accurately defined by means of ‘Limits of Sequences’ and any sequence precisely
has at the most just one limit, consequently there is a surjective map from the set of
convergent sequences having unique values in the countable dense subset to the
points of X. Essentially, a separable Hausdorff space holds cardinality at the most
2¢ where c is referred as the cardinality of the continuum. Consequently, this
closure is distinguished and characterized according to the limits of filter bases: ‘If
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Yisasubset of Xand z is a point of X, then z is typically in the closure of Y if and
only if there exists a filter base B which consists of subsets of Y that uniquely

converges to z’. The cardinality of the set S(¥) of such filter bases is at most 22M .
Moreover, in a Hausdorff space, there is at most one limit to every filter base.

Therefore, there is a surjection S(¥) = Xwhen ¥ =X . The same arguments
establish a more general result: suppose that a Hausdorff topological space X
contains a dense subset of cardinality k. Then X has cardinality at most 2% and
cardinality at most 2¥ if it is first countable. The consequence or product of at most
continuum many separable spaces is a separable space. In particular the space R
of all functions from the real line to itself, endowed with the consequence or product
topology, is a separable Hausdorff space of cardinality 2¢. More generally, if k is
any infinite cardinal, then a consequence or product of at most 2* spaces with
dense subsets of size at most £ has itself'a dense subset of size atmost £.

Example 2.1: Let X be a metric space. Let p € X. The countable class of open
spheres {S(p, 1), S(p, 1/2), S(p, 1/3),...} with center at p is a local base at p. Thus
every metric space satisfies the first axiom of countability.

Example 2.2: Let X' be any discrete space and let p € X. A local base at point p
is the singleton set {p} — which is countable. Thus every discrete space satisfies
the first axiom of countability.

The first uncountable ordinal @, in its order topology is not separable.

The Banach space /” of all bounded real sequences, with the supremum norm, is
not separable.

2.4.2 Second Countable Space

In the field of topological analysis, a topological space X precisely with the topology
tistermed as a ‘Second Countable Space’ if it exceptionally satisfies the following
given axiom termed as the ‘Second Axiom of Countability’.

There exists a countable base B for the topology 7.

Consider that given the class of open intervals (a, b) together with rational
end points, i.e., a, b € Q where Q is referred as the set of precise rational numbers
— which is countable and is defined as a base for the normal topology on the real
line R. Accordingly, R precisely satisfies the second axiom of countability and is
therefore a second countable space.

Consider the example for real line R together with the discrete topology D.
Now the only unique base specially for a discrete topology on a specific set Xis
that distinctive collection B of all or entire singleton sets of X. Remember that R is
typically non-countable and consequently the class of singleton sets {p} of Ris
also typically non-countable. Therefore, the topological space R together with the
discrete topology D does not satisfy or comply with the second axiom of
countability. By the similar identical logic, the topological space Q of unique rational
numbers together with the discrete topology D satisfies the second axiom of
countability.



If B is a countable base for a space X, and if B, consists of the members of
B which contain the point p € X, then B, is a countable local base at p Any
second-countable space is separable: if {U } is a countable basis, choosing any
x € U gives acountable dense subset. Conversely, a metrizable space is separable
ifand onlyifitis second countable if and only if it is Lindelof.

An arbitrary or random subspace of a unique second countable space is
referred as a second countable subspaces of typical separable spaces essentially
may not be separable.

In topology, a consequence of at the most continuum various separable
spaces are defined as the ‘Separable’. Additionally, the countable consequence of
the unique second countable spaces is typically defined as the second countable,
but an uncountable consequence of the unique second countable spaces essentially
may not even be first countable.

Characteristically, any continuous image of a unique and distinct separable
space is defined as ‘Separable’ even though the quotient of a unique second
countable space essentially may not be second countable.

The unique property of separability essentially does not provide any
limitations on the cardinality typically of a distinct topological space, any set
capable with the trivial topology is considered as separable and also second
countable, quasi-compact and connected. The ‘Problem’ with the trivial
topology is referred as its inadequate separation properties, its Kolmogorov
quotient is considered as the one-point space.

Theorem 2.5: A function defined on a first countable space X'is continuous at p €
Xifand only ifit is sequentially continuous at p.

In other words, ifa topological space X satisfies the first axiom of countability,
then f: X—Yis continuous at p € X'if and only if for every sequence {a } in X
converging to p, the sequence {f(a )} in ¥ converges to f(p), i.e.,

a,p= f(a,) > f(p)
Theorem 2.6: A second countable space is also first countable.
Let Sbe aset. Let 4 be a subset of S. Then a collection C of subsets of S'is
a cover of 4 if 4 is a subset of the union of the members of C, i.e.,

AcU{c:ceC}

If each member of C'is an open subset of S, then C'is called an open cover
of A. If C contains a countable subclass which also is a cover of 4, then C'is said
to be reducible to a countable cover of 4.

Theorem 2.7: Let A be any subset of a second countable space X. Then every
open cover of 4 is reducible to a countable cover.

Theorem 2.8: Let X be a second countable space. Then every base B for X is
reducible to a countable base for X.
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Lindelof Space: A topological space Xis called a Lindelof space if every open
cover of Xis reducible to a countable cover.

Thus, every second countable space is Lindel6f space.

Check Your Progress

Define the term set.

Give the Kuratowski closure axioms.

Which axioms are satisfied by closure operator?
Define homeomorphism.

When is homeomorphisms considered isomorphisms?
What is homeomorphic?

What do you understand by first countable space?

What is second axioms of countability?

e A A

Define Lindel6f's space.

2.5 LINDELOF'S THEOREMS

Let C={4, A€ A} be a collection of sets of real numbers. We say that C'is a cover
(or covering) of a set 4 of real numbers if each point of 4 belongs to 4, for same
hed, thatis,if A1 | {4,: 1€ A}.If Cisacollection of open sets, then C'is called
an open covering of 4.

If C'is a cover of Asuch that C'1 C,is called a subcover of 4.

Aset A4 is said to be compact if each open cover of 4 has a finite subcover.
Example 2.3: Let C={]-n, n[:neN}
And C'={]-3n,3n[:neN}.
Then C and C'are both open covers of R. Also C'is a subcover of C.
Theorem 2.9 (Lindelof): Let C be a collection of open sets of real numbers.

Then there exists a countable subcollection {G } of Csuch that,

U{G:GeC}=UG..

n=1
Proof: Let S={J {G:G1 C} and let xeS. Then there is at least one GI C such
that xe G. Since G is open, there exists an open interval / with centre at x such
that/ 1 G. Since every interval /_contains infinitely many rational points we can
find an open interval J_ with rational end points such that
x € J 1. Since the collection {J }, xI S, is countable, and

S=U{/J xS}
For each interval in {J }, choose a set G in C which contains it. This gives
a countable subcollection

{Gz'}: =ofCand § :OGI.

i
i=1



Hence U{G: G e C} = S=UGi .
i=1
Theorem 2.10 (Lindelof Covering Theorem): Let A be a set of real numbers
and let C'be an open cover of 4. Then there exists a countable subcollection of C
which also covers 4.
Proof: Since Cis an open cover of 4, we have

Acu{G: G € C}.

Now show that there exists a countable subcollection { G, }zl of Csuch
that

U{G:GeCy=S=JG

i=1

Andso 4= U G, Hence the theorem.
i=1

The Heine-Borel covering theorem states that from any open covering
of an arbitrary set 4 of real numbers, we can extract a countable covering. The
Heine-Borel theorem tells us that if, in addition, we know that 4 is closed and
bounded, then we can reduce the covering to a finite covering. The proof makes
use of the nested interval theorem.
Theorem 2.11 (Heine-Borel): Let F be a closed and bounded set of real
numbers. Then each open covering of F has a finite subcovering. Thatis, if Cisa
collection of open sets such that F — U{G : G € C}, then there exists a finite

subcollection (G, G,....,G,) of Csuch that F — U G, .

i=1 .
In other words, every closed and bounded set of real numbers is compact.

Proof: Since F'is bounded, it is contained in some closed and bounded interval
[a, b]. Let C* be the collection obtained by adding F’ (the complement of F) to
C; thatis, C* = CU{F"}. Since F'is closed, F"'is open and so C'is a collection of
open sets. By hypothesis, F c U{G: G € C}, and so

R=FUF' c|U{G:Ge C}J]UF'=uU{G:G e C*}
We now show that [a, b] is covered by a finite sub-collection of C. Suppose the
contrary to be true. Now if /= [a, b] connot be covered by a finite subcollection

1
of C*, then one of the intervals [a,% (a + b)], [E (a + b), b] cannot be so
covered. We rename such an interval as [a,, b,]. Similarly, one of the intervals
[al ,%(al +b, )} , [% (a,+b),b } cannot be covered by a finite subcollection

of C*. We designate such an interval as [a,, b,]. Continuing in this way, we obtain
a sequence of closed intervals

{I} ={la,b]}suchthat! I
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And |In|:bn—anzbz;na—>Casn—>00-

Hence by the nested interval theorem, U I, consists of a single point, say

n=l1
x,. This point x, must belong to one of the members, say G, of C*.
Since G, is an open set and x, € G, there exists € > 0 such that ]

b—a

x,— & x;t € [€ G,. Also we can choose & so large that ——<¢. Then
2

I, clx, —¢, x, + €[ G, and so /,_is covered by a single member of C*. But this

contradicts the constructed property of the members of {/ : n € N}. Hence [,
b] must be covered by a finite subcollection of C* and hence F' must also be
covered by a finite subcollection of C*. If this finite subcollection does not contain
F', it is a subcollection of C and the conclusion of our theorem holds. If the
subcollection contains F, denote it by {G, G,...,.G , F'}. Then F' c F' U
G,UG,L...UG . Since no point of Fis contained in F', we have F < G, U G,
U.....u G, and the collection {G,, G.,..., G } is a finite subcollection of C which
covers F.

This proves the theorem.
The converse of the preceding theorem is given in the next theorem.
Theorem 2.12: Compact subsets of R are closed and bounded.

Proof: Let 4 be any compact subset of R. If 4 =]-n, n[, then the collection
C = {4, :n € N} is evidently an open cover of R and so an open cover of 4.
Since A4 is compact, there exist finitely many positive integers 7,,1,...n, such that
the subcollection {An A, e A, } of Ccovers 4. Let n=max {n,n,...,n ],
1 2 k

then evidently 4 — A, =1=ny,ny[. This implies that 4 is bounded.

If we can show that no point of R — 4 can be a limit point of 4, then 4 will
be closed. So leta € R. Then a ¢ A. Consider the family of closed sets F =

[a—1/n,a+ 1]foreachn € N.Then C" = {R—F :n € N} is a collection of

open sets. Also evidently (|7, ={a} . Since a & 4, we have,

n=1

Ac[R-N{F,:ne N}]=U{R~F,:ne N] [DeMorgan law].

Thus 4 is covered by the collection C. Hence by compactness of 4, there
exists finitely many positive integers m ; m,,...,m_such that every point of 4 is
contained in one of the open sets R — F,,R-F, ,....R-F, . Henceifx € 4,
then for somei e€{1,2,3,...,s},x e R— F ,whichimplies that no point of 4 is
contained in £, —[a—1/m,a+ 1/m]. This ilmplies that a is not a limit point of 4.
Hence 4 is closed.



A Characterization of Compact Sets on R
Theorem 2.13: A subset of R is compact if and only if it is closed and bounded.
Theorem 2.14: R is not compact.
Proof: Let 4 =]—n, n[. Then clearly C = {4 :n € N} is an open cover of R. If
{An1 , An2 yerees Ank } be any finite subfamily of C, letn,=max {n , n,,...,n,}. Then
nye A, foranyi=12,..k

It follows that no finite subfamily of C can cover R. Hence R is not compact.
Theorem 2.15: Show that open intervals on 1 are not compact.

Proof: Let /=]a, b[ be any open interval on R.
If 4, =]a+1/n,b[, then evidently the collection C = {4 :n € N} is an open
cover of ]a, b[ since U A, =]a,b[- Butitisnot possible to find a finite subcollection

n=l1
of C which covers 4. For, if C'= {An1 ,A

nz,....,

C, letn,=max {nl Myyeeees nk} . Then it is evident that the subset Ja, a + 1/n ] of
A is not covered by C”. Thus we have shown that there exists an open cover of 4

4, } be any finite subcollection of

which does not admit of a finite subcover. Hence ]a, 5[ is not compact.

2.6 SEPARABLE SPACES, SECOND
COUNTABILITY AND SEPARABILITY

A topological space is called separable if it contains a countable dense subset;
that is, there exists a sequence {x,}” of elements of the space such that every
non-empty open subset of the space contains at least one element of the sequence.
In particular, every continuous function on a separable space whose image is a
subset of a Hausdorft space is determined by its values on the countable dense
subset.

In general, separability is a technical hypothesis on a space which is quite
useful and among the classes of spaces studied in geometry and classical analysis
generally considered to be quite mild. It is important to compare separability with
the related notion of second countability, which is in general stronger but equivalent
on the class of metrizable spaces. Following are some examples of separable
space.

e Every compact metric space (or metrizable space) is separable.

¢ Any topological space which is the union of a countable number of separable
subspaces is separable. Together, these first two examples give a different
proof'that n-dimensional Euclidean space is separable.

e The space of all continuous functions from a compact subset of R" into R is
separable.

o [t follows easily from the Weierstrass approximation theorem that the set
Qlt] of polynomials with rational coefficients is a countable dense subset of
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the space C([0,1]) of continuous functions on the unit interval [0, 1] with
the metric of uniform convergence. The Banach-Mazur theorem asserts
that any separable Banch space is isometrically isomorphic to a closed
linear subspace of C([0, 1]).

The Lebesgue spaces L are separable for any 1 <p <oo.

A Hilbert space is separable if and only if it has countable orthonormal
basis; it follows that any separable, infinite-dimensional Hilbert space is
isometricto ¢2.

Anexample ofa separable space that is not second-countable is R the
set of real numbers equipped with the lower limit topology. ’

A topological space X is separable if and only if there exists a finite or
denumerable subset 4 of X such that the closure of 4 is the entire space i.e.,
A=X.

The real line R with the usual topology is separable since the set O of rational
numbers is denumerable and is dense in R, i.e., Q =R .

Every second countable space is separable but not every separable space
is second countable. For example, the real line R with the topology generated
by the closed-open intervals [a, b) is a classic example of a separable
space which does not satisfy the second axiom of countability.

10.
I1.
12.
13.
14.

Check Your Progress

State the Lindel6f covering theorem.
Define Heine-Borel covering theorem.
What is a separable space?

Define is saparability.

Give some examples of separable space.

2.7 SOLVED EXAMPLES

Example 1: Prove that characteristics function of XY is continuous on Y
iff X'is both open and closed in Y.

Solution: Let (Y, 7) be a space and let X Y. The characteristic function for X'is
defined as,

1 ifxelX
f(x)={0 ifxg Xorxe X'
Let Xis both open and closed then to prove that fis continuous,
f:y— R let G be an open subset of R.

Then by definition, f(G) = {x €Y: fix)eG



X ifleG,0eG
X' if0eG,0eG
Y if0,1eG
o if0,1eG

In all of the cases, /*/(G) is an open set,

And f(G) =

Therefore fis continuous.

Now conversely let f is continuous, then to prove that X is both open and
closed.

Let G can be an open subset of R such Oe G, 1¢G.
Then f1(G)=X", fis continuous.
= f1(G) = X"is open Xis closed.
Now let H is an open subset of R such that 1e H,0¢H,
Then f*'(H) =X, His an open in R.
= F'(H)=Xisopenin Y.
Thus = Xis both open and closed.
Example 2: Let f: — R be a constant map, prove that fis continuous.
Solution: Let/: — R be a map defined as f{x)=C V xe R ...(1)
To prove that f'is continuous.
Let G — R be an arbitrary open set, then by definition,
f1(G) = {XeR: fix)eG} ..(2)

From Equations (1) and (2) we have,

(G = {R ifceG

0 ifceG
¢ and R both are open sets in R and hence /*!(G) is open in R.
= f1s a continuous map.

Example 3: Prove that the interval X=|a,b] is homeomorphic to the unit
interval [0,1].

Solution: Let the map f: X]0,1] is given by,

fx = 0+(ﬂ)(x—a),
a—>b
Or,

xX—a
f) = ( — )
Therefore, fis one-one, onto and bicontinuous.
Example 4: If S={¢, {1}, {2}, {1,2}, {2, 3,4}, A} be a topology on 4 = {1, 2,
3,4} and f: A > B is defined as f(1)=2, f(2)=4, f(3)=2, f(4)=3. Prove that f
is not continuous at 3 and is continuous at 4.
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Solution: Given that B= {f(1), f(2), f(3), f(4)}
Or B=1{2,4,3}
={2,3,4}
Let H= {G N B: GeS} be atopology on B.
Then H= {¢, B, {2}}
A map f- A — Bis continuous at xe 4 if,
YV H-openJ set containing f(x), f'(J) is S-open set containing X.
Now to test continuity atx =3,
H open sets containing f(3) =2 and B{2}
Also, f/(B)=4, f'{2} ={1,3} ¢ Sbut {2} e H
.". fis not continuous at x =3
To test continuity at x =4
H open set, which is contain only B so that, f(4)=3
And f(B) = A which contains 4.

Therefore, fis continuous at x =4.

Example 5: Prove that a constant map from (R,U) into (R,U) is a closed
map, where U- denotes usual topology on R.

Solution: By definition /* (R, U) = (R,U) such that,
fx) =c, VxeR
Let X, be any U closed set, then
F(x) = {/(x): xeX}
= {c:xe A4}
= {c}
= a finite set
=a U-closed set
Therefore, fis closed.

Example 6: Let (X, U) and (¥, U) are topological spaces and H — X, and
f: (X, T) > (¥, U) be continous. Prove that f,.: (H, T,) —> (¥, U) is
continuous where f, is the restriction of f'to H.

Solution: Let /(X, T) — (¥, T) is a continuous map and H c X. To prove that
S, (H, T,))— (¥, U) s continuous,

Let G < Yis open that GeU

If we prove that £, (G)eT, » the result will be proven.

GeU, fis continuous = ! (G)eT
= HnNf(G)eT, for(H,T,) (X, T)
= f; (G)=Hnf(GeT,
= f; (G)eT,



2.8

ANSWERS TO ‘CHECK YOUR PROGRESS’

. A setis defined as being closed with respect to a topology if its complement

is open with respect to the topology; i.e., if its complement belongs to the
topology. At least two sets, the null set and the whole set K are both open
and closed in any topology of K.

The concept of limit point is fundamental to topology and it can be used
axiomatically to define a topological space by specifying limit points for
each set according to rules known as the Kuratowski closure axioms.

. The closure operator satisfies the following axioms:

(1) Isotonicity: Every set is contained in its closure.

(i1) Idempotence: The closure of the closure of a set is equal to the closure
of'that set.

(i) Preservation of Binary Unions: The closure of the union of two sets is
the union of their closures.

(iv) Preservation of Nullary Unions: The closure of the empty set is empty.

The term homeomorphism is taken from the Greek word ‘homoios’ which
means ‘similar’ and the Latin word ‘morphe’ which means ‘shape’.
Characteristically, the ‘Homeomorphisms’ are considered as the
‘Isomorphisms’ as per the notation of topological space category theory,
1.e., the homeomorphism and isomorphism are the mappings which uniquely
preserve the entire topological properties of a given space.

According to the Encyclopaedia Britannica, in mathematics and topology,
the term homeomorphism is defined as. “A correspondence between two
figures or surfaces or other geometrical objects is defined by a one-to-one
mapping that is continuous in both directions is termed as homeomorphism”.

. Homeomorphisms are considered the isomorphisms in the field of topological

spaces, when, they are defined as the mappings which preserve all the
topological properties of a given space.

Two spaces with a homeomorphism between them are termed as
homeomorphic and from a topological perspective they are the same.

. Afirst countable, separable Hausdorff space (in particular, a separable metric

space) has at most the continuum cardinality c. In such a space, closure is
determined by limits of sequences and any sequence has at most one limit,
so there is a surjective map from the set of convergent sequences with
values in the countable dense subset to the points of X.

. A topological space X with topology t is termed as a second countable

space if it satisfies the following axiom, termed as the second axiom of
countability.

A topological space X'is called a Lindelof space if every open cover of X'is
reducible to a countable cover. Thus, every second countable space is a
Lindel6f space.
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10.

I1.

12.

13.

14.

Let 4 be a set of real numbers and let C be an open cover of A. Then there
exists a countable subcollection of C which also covers 4.

The Heine-Borel covering theorem states that from any open covering of
an arbitrary set 4 of real numbers, we can extract a countable covering.
The Heine-Borel theorem tells us that if, in addition, we know that 4 is
closed and bounded, than we can reduce the covering to a finite covering.

A topological space is called separable if it contains a countable dense
subset.

In general, separability is a technical hypothesis on a space which is quite
useful and among the classes of spaces studied in geometry and classical
analysis.

Let us consider some examples of separable space.

¢ Every compact metric space (or metrizable space) is separable.

¢ Any topological space which is the union of a countable number of
separable subspaces is separable. Together, these first two examples
give a different proof that n-dimensional Euclidean space is separable.

e The space of all continuous functions from a compact subset of R" into
R is separable.

e The Lebesgue spaces L* are separable forany 1 <p < oo

e A Hilbert space is separable if and only if it has countable orthonormal
basis; it follows that any separable, infinite-dimensional Hilbert space is

isometric to /° .

¢ A topological space X is separable if and only if there exists a finite or
denumerable subset A of X such that the closure of A is the entire space

1.e., A=X.

e Every second countable space is separable but not every separable
space is second countable. For example, the real line R with the topology
generated by the closed-open intervals [a, b) is a classic example of a
separable space which does not satisfy the second axiom of countability.

2.9

SUMMARY

¢ In mathematical analysis and the field of topology, the Kuratowski closure

axioms is named after the Polish mathematician Kazimierz Kuratowski, who
first formalized this axiom.

¢ The Kuratowski closure axioms are a set of axioms that are typically used

for defining a topological structure on a set.

e The Kuratowski closure axioms characteristically developed a radically

different approach to specifying a topology for a set. Kuratowski considered
particular functions from the set of subsets of K to the set of subsets of K.



¢ Intopology, the elements of the collection are termed as the open sets. The

openness of a set is not a property of the set itself, but it refers only to the
membership of the set in the collection of subsets which is called the topology.

A setis defined as being closed with respect to a topology if its complement
is open with respect to the topology, i.e., if its complement belongs to the
topology. At least two sets, the null set and the whole set K are both open
and closed in any topology of K.

If the closed sets of a topology are given the open sets can easily be
constructed since they are simply the complements of the closed sets.

The Kuratowski closure axioms are referred as a set of axioms that are used
to define a topology on a set.

In mathematical analysis of topology, the Kuratowski closure axioms are
precisely referred as a set of axioms that are typically used for defining a
topology on a set. They were first introduced by Kuratowski, in a slightly
different form that applied only to Hausdorff spaces.

In general topology, if X is a topological space and A4 is a subset of X, then
the closure of 4 in X is defined to be the smallest closed set containing 4 or
equivalently the intersection of all closed sets containing 4.

The closure operator C that assigns to each subset of 4 its closure C'(4) is
thus a function from the power set of X to itself.

A subset 4 of topological space (X, T) is dense in X iff for every nonempty
open subset B of X, ANB # ¢.

Topological equivalences are said to be redirected here. Fundamentally,
for two spaces to be homeomorphic, there is no necessity of a continuous
deformation.

The mathematical analysis precisely for the field of topology, states that the
term homeomorphism or topological isomorphism refers to the deformation
of morphe which is a bicontinuous function occurring between the two
topological spaces.

The term homeomorphism is taken from the Greek word ‘homoios’ which
means ‘similar’ and the Latin word ‘morphe’ which means ‘shape’.

Characteristically, the ‘Homeomorphisms’ are considered as the
‘Isomorphisms’ as per the notation of topological space category theory,
1.e., the homeomorphism and isomorphism are the mappings which uniquely
preserve the entire topological properties of a given space.

When there is homeomorphism between the two spaces then it is termed as
‘Homeomorphic’, and according to the topological perspective they are
considered equivalent.

Principally, the topological space is defined as a structure of geometric object
and the homeomorphism is considered as a continuous stretching and bending
of the geometric object into a new shape. Consequently, a square and a
circle are considered as homeomorphic to each other, but a sphere and a
donut are not as the shape is not equivalent.
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According to the Encyclopaedia Britannica, in mathematics and topology,
the term homeomorphism is defined as. “A correspondence between two
figures or surfaces or other geometrical objects is defined by a one-to-one
mapping that is continuous in both directions is termed as homeomorphism”.

In topology, a function having all these three properties is also sometimes
termed as ‘Continuous’. When such type of function exists, then we state
that ‘X’ and ‘Y’ are homeomorphic. Additionally, a self-homeomorphism is
defined as a homeomorphism of a topological space and also itself.

Characteristically, the homeomorphism structure and develop an equivalence
relation precisely on the class of all topological spaces. The resulting or
subsequent ‘Equivalence Classes’ are termed as the ‘Homeomorphism
Classes’.

Homeomorphisms, as already discussed, are the isomorphisms according
to the topological space category. Essentially, the composition or structure
of two homeomorphisms is yet again a homeomorphism and subsequently
the set of all self-homeomorphisms ‘X’ forms or structures a group termed
as the homeomorphism group of ‘X.

Characteristically, a topological space X is termed as the ‘First Countable
Space’ if it precisely satisfies or fulfils the following given axiom termed as
the ‘First Axiom of Countability’:

In the field of topological analysis, a topological space X precisely with the
topology T is termed as a ‘Second Countable Space’ if it exceptionally satisfies
the following given axiom termed as the ‘Second Axiom of Countability’.
There exists a countable base B for the topology 7.

A function defined on a first countable space X'is continuous at p € Xifand
only ifit is sequentially continuous at p.

A second countable space is also first countable.

Let 4 be any subset of a second countable space X. Then every open cover
of A is reducible to a countable cover.

Let X'be a second countable space. Then every base B for X'is reducible
to a countable base for X.

An arbitrary or random subspace of a unique second countable space is
referred as a second countable subspaces of typical separable spaces
essentially may not be separable.

In topology, a consequence of at the most continuum various separable
spaces are defined as the ‘Separable’. Additionally, the countable
consequence of the unique second countable spaces is typically defined as
the second countable, but an uncountable consequence of the unique second
countable spaces essentially may not even be first countable.

Characteristically, any continuous image of a unique and distinct separable
space is defined as ‘Separable’ even though the quotient of a unique second
countable space essentially may not be second countable.



¢ Lindelof space: A topological space Xis called a Lindel6f space if every Continuous Functions
. X and Homeomorphism
open cover of X is reducible to a countable cover. Thus, every second
countable space is a Lindelof space.

o Lindel6f Covering Theorem: Let 4 be a set of real numbers and let C be an
open cover of A. Then there exists a countable subcollection of C which
also covers 4.

NOTES

e The Heine-Borel covering theorem states that from any open covering of
an arbitrary set 4 of real numbers, we can extract a countable covering. The
Heine-Borel theorem tells us that if, in addition, we know that 4 is closed
and bounded, we can reduce the covering to a finite covering.

e Compact subsets of R are closed and bounded.
e A subset of R is compact if and only if it is closed and bounded.
¢ A topological space is called separable if it contains a countable dense subset.

¢ In particular, every continuous function on a separable space whose image
is a subset of a Hausdorff space is determined by its values on the countable
dense subset.

¢ Every compact metric space (or metrizable space) is separable.

¢ Any topological space which is the union of a countable number of separable
subspaces is separable. Together, these first two examples give a different
proof that n-dimensional Euclidean space is separable.

e The space of all continuous functions from a compact subset of R” into R is
separable.

e The Lebesgue spaces I are separable for any 1 <p < oo.

¢ A topological space X is separable if and only if there exists a finite or
denumerable subset 4 of X such that the closure of 4 is the entire space.

e Every second countable space is separable but not every separable space
is second countable. For example, the real line R with the topology generated
by the closed-open intervals [a, b) is a classic example of a separable space
which does not satisfy the second axiom of countability.

210 KEY TERMS

o Kuratowski closure axioms: These are referred as a set of axioms that
are used to define a topology on a set.

e Homeomorphic: Two spaces with a homeomorphism between them are
formed as homeomorphic.

Lindelof space: A topological space X'is called a Lindeldf space if every
open cover of X is reducible to a countable cover. Thus, every second
countable space is a Lindelof space.

¢ Lindelof covering theorem: Let 4 be a set of real numbers and let C be
an open cover of 4. Then there exists a countable subcollection of C which
also covers 4.
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¢ Open sets: In topology, the elements of the collection are termed as the

open sets.

Homeomorphism: The term homeomorphism is taken from the Greek
word ‘homoios’ which means ‘similar’ and the Latin word ‘morphe’ which
means ‘shape’.

Heine-Borel covering theorem: The Heine-Borel covering theorem states
that from any open covering of an arbitrary set 4 of real numbers, we can
extract a countable covering. The Heine-Borel theorem tells us that if, in
addition, we know that 4 is closed and bounded, we can reduce the covering
to a finite covering.

Separability: Separability is a technical hypothesis on a space which is
quite useful and among the classes of spaces studied in geometry and classical
analysis.

2.11 SELF-ASSESSMENT QUESTIONS AND

EXERCISES

Short-Answer Questions

1.

—
—_ O

X Nk wN

Define Kuratowski closure operator.

What is Kuratowski closure axioms?

State about dense subsets.

What is continuous function?

Define the term homeomorphism.

What is do you mean by topological spaces?

State the first countable space.

Differentiate between the first and second countable spaces.
State Lindel6f’s theorem.

Give the Heine-Borel covering theorem.

. What are separable spaces?
12.

Define the term separability.

Long-Answer Questions

1.

Briefly explain about the alternate methods of defining a topology in terms
of Kuratowski closure operator and neighbourhood systems with the help
of relevant examples.

. Describe the significance of continuous functions and homeomorphism giving

significant examples.

. Explain in detail about the first and second countable spaces with the help

of appropriate examples.

. Discuss in detail about the Lindel6f’s and Heine-Borel covering theorems

giving the characteristic featurs and proof.

. Elaborate on the separable spaces, second countability and separability giving

appropriate examples.
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3.0 INTRODUCTION

In the field of topology, the ‘Separation Axioms’ are typically used in the topological
analysis and specifications for specifying and distinguishing the disjoint sets and
the distinct points. Characteristically, in topological analysis the Urysohn’s lemma
is defined as a specific lemma which states that, ‘A topological space is considered
as normal iffand only iff any two disjoint closed subsets can be uniquely separated
by means of a distinct continuous function’.

In topology, the Tietze extension theorem is also known as the Tietze—
Urysohn—Brouwer extension theorem which states that continuous functions on a
closed subset of a normal topological space can be extended to the entire space,
preserving boundedness if necessary.

In mathematical analysis and specifically in particular in the field of general
topology, the term ‘Compactness’ is defined as a unique and distinctive property
which typically generalises the concept and conventional notion of a subset of the
Euclidean space specifically considered as closed and bounded.
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In topological specifications, a function is considered as ‘Continuous’ if
the random or arbitrary slight or insignificant changes or differences in its output
can be typically guaranteed by simply restricting and limiting to sufficiently and
appropriately slight or insignificant changes in its input. A topological space is
compact if every open cover of X has a finite sub cover. In other words, if X
is the union of a family of open sets, there is a finite subfamily whose union is
X.

In general, in the topological analysis a non-empty family 4 of subsets
of a set Xis characterised to have the Finite Intersection Property (FIP) if and
only if the intersection over any predetermined or finite subcollection of 4 is
non-empty.

In topological analysis and other associated and related fields in the
mathematical evaluation, a sequential space is uniquely defined as a topological
space which satisfies an exceptionally weak axiom of countability. In mathematics,
a topological space is termed as countably compact if and only if every single
countable open cover holds a finite subcover.

In mathematical evaluation and topological analysis, the locally compact
spaces that typically holds the Hausdorftf properties are specifically studied and
analysed which are generally abbreviated as Locally Compact Hausdorff (LCH)
spaces. The LCH spaces are considered as a exceptional and distinctive
topological space in which every single point holds a compact neighbourhood. One
point compactification is also sometimes known as Alexandroff compactification.
The Alexandroff extension is defined as a specific methodology for precisely
extending a non-compact topological space by accurately adjoining and connecting
asingle point in such a manner that the subsequent and resulting space can be defined
as compact.

In the mathematical discipline of general topology, Stone—Cech
compactification is a technique for constructing a universal map from a topological
space X to a compact Hausdorff space BX.

In this unit, you will study about the separation axioms, Urysohn’s lemma,
Tietze extension theorem, compactness and basic properties, continuous functions
and compact sets, compactness and finite-intersection property, sequentially and
countably compact sets, local compactness and one point compactification, Stone-
Cech compactification, compactness in metric spaces, countable compactness
and sequential compactness in metric spaces.

3.1 OBJECTIVES

After going through this unit, you will be able to:
¢ Explain the separation axioms
¢ Discuss about the Urysohn’s lemma
e Comprehend on the Tietze extension theorem

¢ Interpret about the compactness and its basic properties



o Understand the continuous functions and its compact sets
e Describe the compactness and finite intersection property
¢ Elaborate on the sequentially and countably compact sets

¢ Define the local compactness and one point compactification
e State the Stone-Cech compactification

¢ Know about the compactness in metric spaces

e Explain about the countable compactness and sequential compactness
in metric spaces

3.2 SEPARATION AXIOMS:
CHARACTERIZATIONS AND BASIC
PROPERTIES

The separation axioms 7, specify the degree to which the separate and distinct
points or closed sets may be separated by means of open sets. These completeness
are statements about the richness of topology.

Definition (7’ axioms): Let (X, 7') be a topological space.

T, Axiom: If a, b are two distinct and separate elements in X, then there
exists an open set U € 7 such that eithera € Uand b ¢U,orb eUand a ¢ U
(i.e., U contains exactly one of these points).

T, Axiom: If a, b € X'and a # b, then there exists opensets U , U, € T
containing a, b respectively, such thatb ¢ U ,anda ¢ U,.

T,Axiom: Ifa, b € X, a= b, then there exists disjoint open sets U , U, €
7 containing a, b, respectively.

T, Axiom: If 4 is a closed set and b is a point in X such that b ¢ 4, then
there exist to separate or disjoint open sets U, U, € 7T containing 4 and b,
respectively.

T, Axiom: If 4 and B are disjoint closed sets in X, then there exists disjoint
opensets U, U, € Tcontaining 4 and B, respectively.

T, Axiom: If 4 and B are separated sets in X, then there exist to disjoint
opensets U, , U, € Tcontaining 4 and B, respectively.

If (X, T) satisfies a 7, axiom, then X is called a T’ space. A T, space is
sometimes called a Kolmogorov space and a 7| space is called a Frechet space.
A T, space is called a Hausdorff space.

Each of axioms in the Definition given above is independent of the axioms
for atopological space; in fact there exists examples of topological spaces which
fail to satisfy any 7'. But they are not independent of each other, for instance,
axiom 7, implies axiom 7, and axiom 7' implies axiom 7.
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More significantly the separation axioms are typically defined successively
stronger properties. Remember that if a space is both T} and 7| then itis 7, while
a space that is both 7, and 7', then it must be 7. The former spaces are called
regular and the latter spaces are termed as normal.

Specifically a space Xis said to be regular if and only if it is both a 7, and
a T, space, normal ifand only if it is both a 7 and 7, space, completely normal
ifand only ifitis both a 7| and a T space. Consequently it holds the following
implications:

Completely Normal = Normal = Regular = Hausdorft = 7, = T

The terms ‘Regular’ and ‘Normal’ are typically used as per the standard
notations and the properties that it holds. While some authors use these terms
interchangeably with ‘T, Space’and ‘T, Space’, respectively, some others use 7,
Space as a ‘Regular’ space and vice versa, and similarly transpose ‘T, Space’
and ‘Normal’. This helps to define the successively stronger specified properties
that are parallel to increasing 7’ axioms.

Hausdorff Spaces

Theorem 3.1: Let (X, 7) be a topological space. Then the following statements
are considered equivalent:

1. T, axiom: Any two distinct points of X have disjoint neighbourhoods.

2. The intersection of the closed neighborhoods of any point of X consists of
that point alone.

3. The diagonal of the product space X x Xis defined as a closed set.
4. For every set [, the diagonal of the product space Y + X is closein Y.
5. No filter on X' has more than one limit point.
6. Ifafilter 7 on X converges to x, then x is the only cluster point of F.
Proof: We will proof'the following implications:
DH=2)=0)=06)=(1)
=@ =E)= ()
(1)=(2): If x# y there is an open neighbourhood U of x and an open
neighbourhood V of y suchthat 7 ~n 7 =& ; hence y ¢ U.

(2) = (6): Let x # y ; then there is a closed neighbourhood ¥ of x such that
y ¢V, and by hypothesis there exists js <¢F such that s <y ; therefore
M ~CV =@ .But CVis aneighbourhood of y; hence y is not a cluster point
of F.

(6) = (5): Obvious, since every limit point of a filter is also a cluster point.

(5) = (1): Suppose x# y and that every neighbourhood ¥ of x meets
every neighbourhood W ofy. Then the sets 7 ~ w form a basis of a filter, which
has both x and y as limits points, which is contrary to the hypothesis.



(1) = (4): Let (x) =(x,) be a point of X’ which does not belong to the

diagonal A. Then there are at least two indices A, u such that x; #x, . Let V,

(respectively Vu) be a neighbourhood of x, (respectively xu) in X, such that

V., "V, = ; then the set W=V, xV.x[]X, where X =Xifizkp isa

i
neighbourhood of x in X” which does not meet A. Hence A is closed in X'.

(4) = (3): Obvious.

(3) = (1): If x#y then (x,y) e X x X is not in the diagonal A, hence
there is a neighbourhood ¥ of x and a neighbourhood W of y in X such that
VxW)YnA= ,whichmeansthat y ~ W =& .

Let f: X — Y be amapping of a set X into a Hausdorft space Y; then it

follows immediately from Theorem 3.1 that fhas at the most one limit with respect
to a filter 7 on X, and that if fhas y as a limit with respect to F, then y is defined
as the only cluster point of f with respect to F.

Theorem 3.2: Let f, g be two continuous mappings of a topological space X into
a Hausdorff space Y; then the set of all x e X'such that f(x) = g(x) is closed in X.

Corollary 1 (Principle of Extension of Identities): Let f, g be two continuous
mappings of a topological space X into a Hausdorft space Y. If f(x) = g(x) atall
points of a dense subset of X, then f=g.

In other words, a continuous map of X into ¥ (HausdorfY) is uniquely
determined by its values at all points of a dense subset of X.

Corollary 2: If fis a continuous mapping of a topological space X into a Hausdorff
space Y, then the growth of fis closed in X x Y.

This graph is the set of all (x,y)e X xY suchthat f(x)=y and the two
mappings (x,y) — f(x) are continuous.

The invariance properties of Hausdorff topologies are defined in Thorem
3.3.

Theorem 3.3:
1. Hausdorfftopologies are invariant under closed bijections.

2. Each subspace of a Hausdorff space is also a Hausdorff space.
3. The Cartesian product H {X, lo€A } is Hausdorffifand only if each X
is HausdorfT.
Proof:

1. Since a closed bijection is also an open map, the images of disjoint
neighborhoods are disjoint neighbourhoods and the result follows.
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2. Let 4 x and p,q € 4; since there are disjoint neighbourhoods U(p),
U(g) in X, the neighbourhoods U(p)n 4 and U(g) " 4 in A are also
disjoint.

3. Assume that each X_is Hausdorffand that {p_} = {g,}; then p =g¢,
for some a. Therefore, considering and taking the disjoint
neighbourhoods U(p,), U(g,) will give the required disjoint
neighbourhoods (U(p,)), (U(g,)) in HXa Conversely, if HXa is

Hausdorff, then each X is homeomorphlc to some segment 1nj_[X
therefore by Condition (2), X is Hausdorff (since the Hausdorff
property is a topological invariant.

Theorem 3.4: If every point of a topological space X has a closed neighbourhood,
then X'is Hausdorff which is a Hausdorff subspace of X.

3.3 URYSOHN'S LEMMA

In topological analysis and evaluation, the Urysohn’s lemma is defined as a lemma
which states that a topological space is considered as normal if and only if any two
disjoint or separate closed subsets can be precisely separated through a continuous
function. The Urysohn’s lemma is named after the mathematician Pavel Samuilovich
Urysohn who has defined its concept.

Characteristically, the Urysohn’s lemma is generally used for constructing
the continuous functions in conjunction with various properties on the normal spaces.
The Urysohn’s lemma is extensively applicable and appropriate because all the
metric spaces and all the compact Hausdorft spaces are defined as normal. In
addition, the Urysohn’s lemma is generalized through the Tietze extension theorem
and is commonly used in the proof of Tietze extension theorem.

Theorem 3.5 (Urysohn’s Lemma): Let X be a topological space and let any
two disjoint closed sets 4, B in X can be separated by open neighbourhoods then
there is a continuous function ' : X — [0, 1] such that f| 4 = 1 and
f1B=0.

Proof: Here, define f'as the pointwise limit of a sequence of functions. Any
collection of sets ¢ =(4, 4,,...,4 ) is considered as an admissible chain (Refer

Figure 3.1)if A=A, C 4,C, ...,cA,cX\Band 4, , = 4, 0<k<r. Theset

;lkﬂ \ Ay 1s the kth step domain of U , where4 . =Xand 4  =¢.



Fig. 3.1 An Admissible Chain

Figure 3.1 illustrates an advisible chain in which each pair of the adjacent
shaded regions uniquely represent a step domain. This Theorem with 3.5 can be
provedthe help of'the following lemmas.

Lemma 1: Each xe Xlies in some step domain forany U..

Proof: Take x € X and any admissible chain U Let k, 0 < k <r +1, be the
0

smallest number such thatx Ak .Thenx e ;lk \As -

Lemma 2: Each step domain is open.

Proof: Since ;1 g ) Ap = ;1 N (X \ A ) is the finite intersection of open sets,
hence it is open.

For any U , define the uniform step function f: X — [0, 1] as,
flA=1,fl(X\4)=0andf[(A\, )=1-kir,1 <k<r

Lemma 3: If x and y are in the same step domain, then [f (x) —f (y)| < 1/r.

0 — 0
Proof: Letx,y e 4, \Awi.Ifbothxandyarein 4,  orA,, thenby definition

of £,/ (x) = £(»). Hence | £(x) —f()=0.1fx € 4, andy e A, thenf(x)=
1= (k+1)/rand f(y) =1 = k/r. So [f (x) — f.(y)| = 1/r.

The above three lemmas will be used in the last step of the proof.

Now, let the admissible chainlf, =(4,4',..., 4’ ,A )bearefinement of
the admissible chainf =(4, 4, ..., 4).

We can say that, the refinement I/, of the admissible chain I/ contains
every set in U, and for every i > 1 contains a set 4", such that4, c A" c 4.
Naturally, refinements place new sets between each pair of sets in the original
admissible chain.
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Lemma 4: Every admissible chain has a refinement.
Proof: It is appropriate to show that for any subsets M, N of X, with 37 — ]Q[ ,

J— 0 _ 0
there exists L < X with Mc] cLc N - Now since

Mc ]if M0 (X \ ]({7 = <P] and since (X\]O\[) is the complement of an open set

and therefore closed, there exist disjoint open sets U, V, with jy — 7y and (X\

ﬁ/‘ )< V. Again since U and V are disjoint, U c (X'\}). Also because (X'\V) is

closed and {7 is contained in every closed set containing U, so

U < (X\F). Moreover, (X\ ]<[ ) < V'means (X \V) c ]<7 Putting all this
0 0

collectively gives, M — U c Uc (X \V)c N - Let L= Uand the proof is
complete.

Lemma 5: Let U/ be an admissible chain with 7 + 1 elements and U/ be a
refinement with 2r+1 elements. Then [f (x) —f,(x)| < 1/(2r).

Proof: Suppose x € 4\4,_, where 4,4, € U. Then, f(x) =1 - k/r. Also,
u, = 4, 4, 4, .., A, 4, .., A, 4) =
(Aos Ay Aysevs Ay s Ao Ay (554, ). Now, xis eitherin 4 \M' =4, M,

orind'\A, =4 ) Therefore either f,(x) = 1 — (2k)/(2r)= f(x) or f(x)=1-

k-1 Qk-1

(2k=1)/(2r)=f(x) + 1/(2r). By both the methods we get the desired result.

Now we will define the sequence. Let U = (A, X \B) and let/  be a
refinement of /.

(2k-1) (2r-1)

By Lemma 4, every admissible chain has a refinement. Therefore, we get a
sequence of admissible chains. Let f, be the uniform step function on the nth
admissible chain.

Lemma 6: The sequence {f (x)} converges for eachx € X.

Proof: From the definition of the uniform step functions, the sequence is bounded
above by 1. Now it remains to prove that the sequence is non-decreasing. Note
first that {4 contains one term excluding A4 itself and therefore by definition of
refinement, 4, will contain 2 terms excluding 4.

Applying induction, / contains 2" terms excluding 4. Notice that for x ¢

Aj\A];l A Aj, A];1 eU,f(x)iseither O or 1, i.e., constant and constant sequences

converge. Suppose x € AJ‘\AH, where A, A4 €U, Then f,(x) =

1—j/k. Furthermore, U,  =(4, A4', 4,, ..., A'j, Aj,..., A, 4,)

= (Ao A Ay s Ay Ay e ’A(Zk—l)"AZk') and x is either in Aj\

4;= 4, \A(zj_l), orin A'\M, = A(
S () = 1=2P\2k) = f(x)
Or

S = 1-(2j=1DN2K) 2 £ (x)

\4,, ,y. This implies,

2j-1)



This proves that the sequence is nondecreasing and hence convergent,
because bounded monotonic sequences converge.

Foreachux,letfix)=lim __f (x). Because eachf is constantly 1 on 4 and
0 on B, fwill also have this property. For proving that fis continuous, it is sufficient
to show that if we take any f{x) € [0, 1] and any open set (a, b) = [0, 1] containing
f(x), then there is an open set U — X such that x € U and {U) < (f(x) — ¢, f(x)
+ ¢€). To prove this, we have to show one more lemma.

Lemma 7: For fixed x and any n,[f{ix) — f (x)| < 1/2".

Proof: f(x) — /()| = | M /()= 1,(x)

k=n

=|lim, . (£, (x)— £, () =lim, ., [ (£, (x)- £y (x))+

k>n k>n

(S ()= fia () + (5 ()= £, ()]

<tim,_,, (| £, (x)= fi (o) 1+ fiy ()= fia () [+t | £ ()= £, (2)1)

k=n

<lim, ,, (1/2" +1/2"" +...+1/2")

k>n
= > 172 =1/2"(Z:’11/2k)=1/2",
k=n+1 B

Take n large enough so that 3/2" < €, and suppose x lies in the kth step domain,

0 —
S, = A \Ai (Since by Lemma 1, every x lies in some step function).

Furthermore, by Lemma 2, this step domain is an open neighbourhood of
x. Take any y € §,. Then by Lemmas 3 and 6,

| f(x)= 7 ()]

= ()= 1, (x)+ 1, (x)= £, (0)+ £, (0) - f ()
<[ )= £, 1+1 1, 6)= 1,01+ £, ()= ()]

<1/2" +1/2" +1/2" =3/2" <g.Soeveryy € S, mapsinto (a, b), which

proves that fis continuous.

3.4 TIETZE EXTENSION THEOREM

In the field of topological analysis, the Tietze extension theorem, also acknowledged
as the Tietze—Urysohn—Brouwer extension theorem, defines that the explicit and
specific continuous functions considered on a closed subset of a unique normal
topological space can be precisely extended to the entire or complete space by
preserving the boundedness if essential.
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The mathematicians L. E. J. Brouwer and Henri Lebesgue originally proved
a special instance of the theorem for X being a finite dimensional real vector space.
The mathematician Heinrich Tietze extended this concept and notion for all metric
spaces and hence this theorem is termed as Tietze extension theorem. Pavel
Urysohn then typically proved this theorem uniquely for normal topological spaces.

To explain Tietze extension main theorem, Lemma 8 is considered.

Lemma 8: If X'is a normal topological space and 4 is closed in X, then for any
continuous function f: 4 — R such that |f{x) < 1, there is a continuous function g:

2
X — R such that |g(x)] < %for x € X, and |f(x) — g(x)| £ 3
for X € A.

Proof: The sets £ ((—oo — %D and ' ([% , OOD are disjoint and closed in

A. Since 4 is closed, they are also closed in X. Since Xis normal, then by Urysohn’s

lemma and the fact that [0, 1] is homomorphic to {— 3’ 5} , there is a continuous

: 11 0 1 1
function g: X — 33 such thatg|f —00,—50 =—§ and

4l 1 1
g(f l{gawjjzg.Thus Ig(X)Isg for x € X. Now, if — 0 < fAX) < _%,

1 2 ]
then |g(x)| < —gand thus |f(x) - g(x)| < 3 Similarly 1f§ < f(x) <1, then g(x)
! 2 . 1 1
=3 and thus |/ (x)—g(x)) gg -Finally, for [fix)| < < we have that [g(x)| < 3 ,

and so ‘f(x)—g(x)‘ g%. Hence ‘f(x)—g(x)‘ g% holds forall x € A.

Theorem 3.6: First suppose that for any continuous function on a closed subset
there is a continuous extension. Let C and d be disjoint and closed in X. Define f:
CUD — Rbyfix)=0 forx € Candf(x) =1 for x € D. Now fis continuous
and we can extend it to a continuous function /: X— R. By Urysohn’s lemma, x
is normal because F'is continuous function such that F(x) =0 forx € Cand F(x)
=1forx e D.

Conversely, let X be normal and 4 be closed in X. By the Lemma 8,
1
g (x) < E

1
and ‘f(x)—go (X)‘ ngor x € A. Since (f - g,): A — R is continuous, the

forx e X

there is a continuous function g;: X — R such that

lemma tells us that there is a continuous function g: X — R such that

3

1(2 2(2
‘gl (x)‘ < E(Ej for x € X and |f(X)—g0(X) —gl(x)| = g(—j for x € A.
By repeated application of the lemma we can constuct a sequence of continuous



| f(x) = go(x)— g (x) — g, (x) —...... |S@j forx € A.
12y SHEAY
gn(x)|S§(§J and ;3(3j

converges as a geometric series, then Zgn (X) converges absolutely and
n=0

Define F(x)= 210 g,(x). Since

. . . . >1(2Y
uniformly, so F'is a continuous function defined everywhere. Moreover, 3 (Ej =
n=0

1, implies that |F(x)| < 1.
k+1

O MNACIE GJ and as kextends

to infinity, then the right hand side is zero and hence the sum extends to F{(x). Thus,
[fx) — F(x)| = 0. Therefore f'extends to F.

Now, for x € A, we have that

Notes: If /is considered as a function which uniquely satisfies that [f{{x)| <1, then
the theorem can be strengthended. Find an extension F of f. The set
B F'({~1} U {1}) s considered as closed and disjoint from 4 because |[F(x)| =
[fix)| <1 forx € A. By Urysohn’s lemma there is a unique continuous function f
such that ¢(4) = {1} and ¢(B) = {0}. Hence ¢p(x)d(x) is a continuous extension
of ¢(x) and has the property that |F(x)f(x)| < 1.

Ifis unbounded, then, the Tietze extension theorem holds. To verify consider
t(x)=tan"'(x)/(n/2). The function ¢ . fhas the property that (. f) (x) <forx € a,
and therefore it can be extended to a continuous function /#: X — R which has the

property |i(x)| < 1. Hence ¢t . & is a continuous extension of .

3.5 COMPACTNESS: BASIC PROPERTIES

An open cover of a subset 4 of a metric space X, we mean a collection
C=1{G, : A € 1} of open subsets of X' such that A c U {G, : A € 4}. We then say
that C covers 4.

In particular, C is said to be an open cover of the metric space X if
X=0{G, L ed}.

By asubcover of an open cover C of 4, we mean a subcollection C' of C'
such that C' covers 4.

An open cover of 4 is said to be finite if it consists of finite number of open
sets.

Another definition is, a subset of a metric space X is said to be compact if
every open cover of 4 has a finite subcover, that is, if for every collection
1G, : L € 4} of open sets for which

AcU{G, A\ e A},
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there exist finitely many sets G, ,...,G, among the G,’s such that

ALt An

Ac G, V..UG, .

In particular, the metric space X is said to be compact if for every collection

{G, : 1 e 4; of open sets for which
X =U{G, : L e 4},

there exist finitely many sets G, ,...G, among the G,’s such that
X=G, v..uG,

Theorem 3.7: Let Y be a subspace of a metric space Xand let4 — Y. Then 4 is
compact relative to X'if and only if 4 is compact relative Y.

Proof: Let 4 be compact relative to X and let {V,, A€ 4} be a collection of sets,

open relative to Y, which covers 4 sothat 4  U{V, : . € 4}.Then there exists G,,
openrelative to X, such that ¥, =Y n G, forevery A € 4. It then follows that,
AcU{G, : e 4},
thatis, {G, : A € 4} isan open cover of 4 relative to X. Since 4 is compact relative
to X, there exist finitely many indices A ,...,A,_such that
4c G, U, UG, .
SinceAc Y,wehave A=Y N A.
Hence AcY N {G, L,...,uG, }=(Y NG, )U..uT NG, )
[By Distributive Law]
Since Y NG, =4, {i=1,2,...,n}, we obtain
Ac 4 w04 (3.1)

This shows that 4 is compact relative to Y.

Conversely, let 4 be compact relative to Y and let {G, : A € A} be a
collection of open subsets of X which cover 4 so that,

AcuiG:heAy L (3.2)
Since A c Y, Equation (3.2) implies that,
ACYN[U{G, :Lhe A} =U{YNG, : L e A}

[By Distributive Law ]
Since YN G, is open relative to Y, the collection
YNG, :LeA}



is an open cover of 4 relative to Y. Since 4 is compact relative to ¥, we must
have

Ac(YNG,)U..0(YNG,) (3.3)

for some choice of finitely many indices A ,...,A, . But (Equation 3.3) implies that,

It follows that A4 is compact relative to X.
Theorem 3.8: Every compact subset of a metric space is closed.

Proof: Let A be a compact subset of a metric space X. We shall prove that
X—A is an open subset of X. Let p € X— 4.

For each g € 4, let N, (p) and M(q) be neighbourhoods of p and g¢,

respectively, of radius less than %d (p, q) so that

N, () O M (@) =@
Then the collection,
{M(q):q €A}

is an open cover of 4, according to the notion that neighbourhoods are open sets.
Since A4 is compact, there are finitely many points g ,...,q, in 4 such that

AcM@)y,..uNg) .. (3.4)

IfN= N, (p)N.....\N, () then Nis a neighbourhood of p. Now

NcN, (p) and M(g) NN (p)=D fori=1,..n

=>M(g)NN=Dfori=1,..,n
>UiM@)NN:i=1,..n=0
=>[UiMg):i=1,..n]"N=C

[By Distributive Law]
=>YNN=0
=>NcX-Y

Thus we have shown that to each p € X— 7, there exists a neighbourhood
N of p such that N € X— Y and consequently X— Y'is open. It follows that Y is
closed.

Theorem 3.9: Closed subsets of compact sets are compact.

Proof: Let Y be a compact subset of a metric space X and let F'be a subset of ¥,
closed relative to X. To show that F'is compact, let

C={G, : L eA}
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be an open cover of F. Then the collection,
D={G, :he A} U{X-F}

forms an open cover of Y. Since Y is compact, there is a finite subcollection
D' of D which covers Y, and hence F'. If X— F'is amember of D', we may remove
it from D' and still retain an open finite cover of . We have thus shown that a finite
subcollection of C covers F. Hence, F'is compact.

Corollary 1: If F'is closed and Y is compact then F' M Y'is compact.

Check Your Progress

What are the separation axioms?

State the principle of extension identities.
Define the Urysohn’s lemma.

State the Tietze extension theorem.
Define an open cover of subset.

AN e

When an open cover 4 is said to be finite?

3.6 CONTINUOUS FUNCTIONS AND
COMPACT SETS

D Y Riscompact if and only if for any given open covering of D we can subtract
a finite sucovering. That is, given (G ), o € 4, a collection of open subsets of R

(4 an arbitrary set of indices) such that D = U__, G , then there exist finitely

acd Za

many indices ..., € 4suchthat D c U, G, .

Let D be an arbitrary subset of R. Then 4 — D is open in D (or relative
to D, or D-open) if and only if there exists G open subset of R such that
D =G N D. Similarly we can define the notion of D-closed sets. Note that D is
both open and closed in D and so is ¢.

D c Ris connected if and only if ¢ and D are the only subsets of D which
are both open in D and closed in D. In other words, if D=4 U B and 4, B are
disjoint D-open subsets of D, then either 4 = ¢ or B=¢.

Let D c R, a € Dafixed element and f: D — R an arbitrary function. By
definition, fis continuous at @ if and only if the following property holds:

ve>0,35,(g)>0

Such that [x—a| <3, (&) and xe D=|f(x)— f(a)| <&

The last implication can be rewritten in terms of sets as follows:

£(B,(3,(g))nD)c B,(@)



Here, we use the notation B (r) : = (x —r, x + 7).
Characterization of Continuous Functions Using Preimages

Theorem 3.10: Let D < Rand f: D — R a function, then the following propositions
are equivalent:

e fis continuous (on D).
® VG c R open,f'(G)isopeninD.
e VF < R closed, f'(F)is closed in D.
Proof: a = b. Let G < R open. Pick a € f(G). Then f(a) € G and since G is

open, there must exist € > 0 such that B (@) (g ) c G . Bycontinuity, corresponding to

this &> 0 there exists 5> 0 such that f (B, (8)n D)< B /(a) (&)- But this places
the entire set B (8) N D inside /(G):
B,(3)nD< f7(G)

Writing now & = §_ to mark the dependence of 6 on @ and varying
a €f7'(G), we obtain

F UG =(V,, 1) Ba(8,)) D

Which shows that ! (G) is open in D.

b < c. Let F < R a closed set, which is equivalent to saying that
G = GF (the complement in R) is open.

Then
f_l(F)z{xeD|f(x)eF}:{xeD|f(x)¢G}=D—f71(G)
Since the complement of a D-open subset of D is D-closed, it means that f
“I(F)isclosed in Difand only if f1(G) is open in D.
¢ = a: Left as an exercise.

Using this characterization, we can prove that the composition of continuous
functions is a continuous function.

Proposition: Assume /= D — R is continuous, g : £ — R is continuous and
f (D) c E. Then the function % := gof : D — M defined by A(x) = g(f(x)) is
continuous.
Proof: Let G R an open set. Then 27'(G) =f'(g"'(G)). But g '(G) = VN E,
for some open set V' R. Butthen 47 (G) =f' (VN E)—f'(V)isopenin D. So
h 1s continuous.
Theorem 3.11: Assume f: D — R is a continuous function, such that f{x) # 0,
Vx e D. Then h : D — R given by h(x) = 1/f(x), is continuous as well.
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Proof: g : R — {0} — R g(x) = 1/x is continuous, f{D) < R — {0}, hence
h = g of s continuous.

General Properties of Continuous Functions

Theorem 3.12: A continuous function maps compact sets into compact sets.

Proof: In other words, assume f: D — R is continuous and D is compact.
Then we need to prove that the image f{D) is a compact subset of R. For that,
we consider an arbitrary open covering /(D) € U_G_of D) and we will try
to find a finite subcovering. Taking the preimage we have Dcu_f~'(G ).
But /(G,) is open in D, so there must exist /. — R open such that /(G ) =
V.nD.ThenD c U _(V D) which simply means that D c U V . We thus
arrived at an open covering of D. So there must exist finitely many indices
o,..., a, such that D < UY G, , which implies the equality
D=U4 (¥, nD)=UY, f(G,, ). Butthisimplies intumthat £ (D) < UY, G,

is compact.

Theorem 3.13: A continuous function maps connected sets into connected sets.

In other words, assume f: D — R is continuous and D is connected. Then
(D) is connected as well.

Proof: Assume (D) is not connected. Then there must exist 4, B disjoint, non-
empty subsets of f{D), both open relative to f{D), such that D) =4 U B. Being
open relative to (D) simply means there exists U, V' < R open such that 4 = (D)
N U, B=f(D)nV.So f(D) < U v V. But this implies that
D c f1(U) n (V). Since U, V are open, it follows that f(U) and f°'(V) are
open relative to D. But they are also disjoint. Since D is connected, it follows that
at least one of them, say f'(U), is empty. But 4 < U, so this forces
f1(A)=das well, which is impossible unless 4 = ¢ (note that 4 is a subset of the
image of /'), contradiction.

Theorem 3.14: A continuous function on a compact set is uniformly continuous.

Proof: Assume D compact and f/: D — R continuous. Given € > 0 we need to
find 6 (¢) > 0 such that if x, y € D and |x — y| < 8(¢), then [f{x) — f(y)| < e.

From the definition of continuity, given € > 0 and x € D, there exists
d_(¢) such that if |y — x| < 6(¢), then [f(y) — f(x)| < e. Clearly

1
Dc Y,.pB, (5 3(e/2 )j . From this open covering we can extract a finite

subcovering (D is compact), meaning there must exists finitely many x , x,, .....x,,

gD suchthat D c UL, B, (%le_ (€/2)).

Let now 8(¢) = min{ %5 &/2)}.



Take y, z € D arbitrary such that |y —z| < d(¢). The idea is that y will be
near some.x, which in turn places z near that same x. But that forces both f(y),
f(z) to be close to f(xj) (by continuity at xj), and hence close to each other.

Since y € D, there must existsomej, 1 < j<Nsuchthaty e Bx_(%fix_ (e/
j J
2)). Thus,

o r-xj< 35, @)
o but[y—z|< 5e) < %sxj (&/2)

By the triangle inequality it follows that |z—x| < 8xj (¢/2). Soy, z are within

6xj (e/2) of x.

This implies that,
o )~ fx)l< &2
o Ifi2) - fix)I< &2
By the triangle inequality once again we have | f(y) — f(z)| <e.

Alternative Proof using Sequences: Assume fis not uniformly continuous,
meaning that there exists € > 0 such that no 6 > 0 completes the proof.

Checking what this means for & = 1 , we see that for any such 37 > 1 there exist
n

x,y, € Dsuchthat |x —y | < 1 and yet [f(x ) — Ay )| > €. However D is
n

compact; in particular any sequence in D has a convergent subsequence whose
limit belongs to D. Applying this principle twice we find that there must exist 7, <

n, <... such that the subsequences (x,,k )M and (ynk ) are convergent, and x

k=1
= lim € D,y=1lim_, y, € D. We have the following:

X—>00 xn

* By construction, |x, —y,

< L < l Taking the limit, we find x = y.
n, k
¢ By continuity, lim i | ( X, ) = f(x)» sincex € D. Also
lim, . £ (5, )=/().

7 (3)=()

e Also by construction, > g. Hence in the limit,

fx) = )| >e.

We thus reach a contradiction.
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Proposition: Let D — R. Then the following propositions are equivalent:

(a) D is compact
(b) D is bounded and closed

(c) Every sequence in D has a convergent subsequence whose limit  belongs
to D.

Proof:a=b. DC R= U”:loo(—ﬂ,n) is an open covering of that D. Hence

3N >1 suchthat D < unZIOO(—n, n) = (=N, N). This shows that D is bounded.
To prove D is closed, we prove that R — D is open. Lety € R— D. Then D

o 11 ) . ) .
v, (R -y—-, —]j . This open covering must have a finite subcovering, so
n n

n=l1

N >1 such that DgR—[y—%,y+%]. But this implies that

(y - % Y+ %j < R— D . Buty was chosen arbitrary in R — D, so this set is

open, and hence D itself’is closed.

b = c. This has to do with the fact that every bounded sequence has a convergent
subsequence.

¢ = b. Here one shows D = D and this has to do with the fact that D is the set
of limits of convergent sequences of D, etc.

c=a.LetD c U} G, beanarbitrary open covering of D.

Note: A covering by a countable collection of open sets is not the most general infinite open
covering one can imagine, of course; we need an intermediate step to prove that from any
open covering of D we can extract a countable subcovering, and this has to do with the fact
that R admits a countable dense set.

We will now prove that there exists # > 1 such that D c U;”_ G, . Assume this was
not the case. Then VN > 1, there existsx, € D— U, G, . Butx isasequence

in D, so it must have a convergent subsequence; call it ( X, ) , with limitin D. So
Jz1

lim, , x, =aeD.Butabelongstooneofthe G’s,saya € G,. Since G, is

Jj—o n 7
open, it follows that X, € Gy, forj> J, (7 large enough). In particular this shows

that for / large enough (larger than j, and larger than N) we have Xy, € Gy =i,
since n,2j > N. This contradicts the defining property of x ’s.

Theorem 3.15: R is connected.

Proof: This can be restated as, ¢ and R itself are the only subsets of R which are
both open and closed. To prove this, let £ be a non-empty subset of R with this
property. We will prove that £ = R. For that, take an arbitrary ¢ € R. To prove



that ¢ € E, we assume that ¢ ¢ E and look for a contradiction. Since £ is non-
empty, it follows that £ either has points to the left of ¢ or to the right of c. Assume
that the former holds.

e Considerthe setS = {x € E|x < c}. By construction, S'is bounded from
above (c is an upper bound for §). Therefore we can consider
y =lub(S) € R.

e Input: E'isclosed. Then S= E N (—oo, c] isalsoclosed. Theny e § =S8,

soy <c.

e Input: Eisopen, y € S E and E is open. This means that there exists £>
0 suchthat (y—¢,y + ¢) < E. Choose € small enough so that e <c—y. In
that case z =y +¢e/2 € (y — ¢,y + €) < E is an element of £ with the
properties,

o z<c,hencez e S
0o z>Yy
Which is in contradiction with the defining property of y.

Theorem 3.16: The only connected subsets of R are the intervals, bounded or
unbounded, open or closed or neither.

Proof: First we prove that a connected subset of R must be an interval.

Let £ < R be a connected subset. We prove thatifa <b € E, then [a,b]
c E. In other words, together with any two elements, £ contains the entire interval
between them. To see this, let ¢ be a real number between a and . Assume ¢ ¢
E. Then E=A U B, where A = (-0, ¢) " E and B=(c, +©) N E. Note that 4
and B are disjoint subsets of D, both open relative to D. Since S is connected, at
least one of them should be empty, contradiction, since
a€Aandb € B. Thusc € E.

To show that E is actually an interval, consider inf £ and sup E. E is bounded.
Thenm =inf E, M =sup E € R, and clearly E < [m, M]. On the other hand, for
any givenx € (m, M), there exists a,b € E such that a < x < b. That is because
m, M € E and one can find elements of £ as close to m (respectively M) as
desired (draw a picture with the interval (m, M) and place a point x inside it). But
then [a,b] < E, and in particular x € E. Since x was chosen arbitrarily in (m, M),
we must have (m, M) ¢ E < [m, M], so E is definitely an interval. Case two: E'is
unbounded. With a similar argument, show that £ is an unbounded interval.

Conversely, we need to show that intervals are indeed connected sets. The
proofis almost identical to that in the case where the interval is R itself.

Theorem 3.17: Let D < R be compactand f: D — R be a continuous function.
Then there exists y,, y, € D such that f(y,) < flx) <A(y,), Vx € D.

Proof: f(D) is a compact subset of R, so it is bounded and closed. This implies
that glb({D)) € fAD) and lub(AD)) € f(D) as well. But then there must exist y, y,
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€ Dsuchthatf(y ) = glb f{AD) and f{y,) = lub A{D). But this implies f{AD) < [f(y,),
f(v,)] and we are done.

Note: We use the notation sup__ f{(x) to denote the lub of the image of D. In other words,
sup__, fix) =lub{f(y) |y € D}. The theorem says that if D is compact and fis continuous, then

sup__, flx) is finite, and moreover that there exists y, € D such that f{y,) =sup__, f(y). If the
domain is not compact, one can find examples of continuous functions such that either i) sup

Jf=+ oo or such that ii) sup f'is a real number but not in the image of 1.
For case 1), take f{x) = 1/x defined on (0,1]. For case ii), take f{x) = x defined on [0,1).

Theorem 3.18: A continuous (real-valued) function defined on an interval in R
has the intermediate value property.

Proof: Assume E'is an interval in R and f: E — R a continuous function. Let a,b €
E (say a < b) and y a number between f{a) and f(b). The intermediate value
property is the statement that there exists ¢ between a and b such that f{c) =y. But
this follows immediately from the fact that f{£) is an interval. £ is an interval in R

= FEis connected = f(E) is a connected subset of R = f(E) is an interval in R.

3.7 COMPACTNESS AND FINITE
INTERSECTION PROPERTY

The Finite Intersection Property or FIP is defined as a unique property of a collection
of subsets of a set X. A collection has this property if typically the intersection over
any finite subcollection of the collection is non-empty.

A centered system of sets is defined as a collection of sets with the specific
finite intersection property.

Let Xbeasetwith4 = {4} _,afamilyofsubsets of X. Then the collection
A has the Finite Intersection Property (FIP), if any Finite subcollection J  has

non-empty intersection (] 4; .

ieJ
Theorem 3.19: Let X be a precise compact Hausdorff space which typically
satisfies the property that every one point set is open. If X has more than one
point, then X is uncountable.

To prove the Theorem 3.19, we will first consider the following significant examples:

1. The Hausdorff condition cannot be eliminated; since a countable set together
with the indiscrete topology is considered as compact and holds more than
one point satisfying the specific property that by no means one point sets
are considered as open, however it is not uncountable.

2. The compactness condition cannot be eliminated because the set of all rational
numbers shows the properties of discrete topology.

3. The compactness condition cannot be eliminated which specifies that one
point sets cannot be considered open because a given finite space shows
the properties of discrete topology.



Proof: Consider that X be a precise compact Hausdorff space. If U is a non-
empty and precise open subset of X and also if x is precisely a point of X, then
there is a distinctive neighbourhood V' which is typically contained in U whose
closure possibly may not contain x, i.e., x may or may not be contained in U.
Initially, consider for y in Uthat is different from x, if x is contained in U, then there
must exist such a y to satisfy the condition for otherwise U would be considered
as an open one point set; alternatively, if x is not contained in U, then this is
possible because U is non-empty. Consequently, according to the Hausdorff
condition, consider the disjoint or separate neighbourhoods #and K of x and y,
respectively. Subsequently, (K m U) will be considered as a unique neighbourhood
of y which is contained in U whose closure does not precisely contains x as required.

Now suppose fis a bijective function from Z (the positive integers) to X.
Denote the points of the image of Z under f'as {x,, x,, ...}. Consider that X is
uniquely the first open set and than select uniquely a neighbourhood U, that is
contained in X' whose closure does not contains x,. Secondly, uniquely select a
neighbourhood U, contained in U, whose closure does not contains x,. Continue
analysis and evaluation by typically selecting a unique neighbourhood U | contained
in U whose closure does not contains x , . Remember, that the collection {U }
for i in the positive integers satisfies the finite intersection property and hence the
intersection of their closures is non-empty (by the compactness of X). Therefore
there is a point x in this intersection. No x, can belong to this intersection because
x, does not belongs to the closure of U. This means that x is not equal to x, for all
i and f1s not surjective; a contradiction. Therefore, X is uncountable.

Corollary 1: Every closed interval [a, b] (a < b) is uncountable. Therefore, the
set of real numbers is uncountable.

Corollary 2: Every locally compact Hausdorff space that is also perfect is
uncountable.

Proof: Assume that X is a locally compact and precise Hausdorff space which
is perfect, precise and compact. Consequently, the notion immediately follows
from the Theorem 3.19 that X is uncountable. If X is considered as a typical
locally compact Hausdorff and perfect space which is not compact, then the
one point compactification of X is uniquely a compact Hausdorff space that is
also a perfect space. It exceptionally follows that typically the one point
compactification of X is precisely uncountable. Consequently, X is uniquely
uncountable. When a point is deleted from an uncountable set then the
uncountable set yet preserves the uncountability of that precise set.

A collection 4{4,} _ of subsets of a set X is said to have the Finite
Intersection Property, abbreviated FIP, if every finite subcollection {4, 4.,...,

A} of A satisifes [ 4, #¢.

ael

Characteristically, the Finite Intersection Property (FIP) is most frequently
used for providing the following specific equivalent conditions for defining the
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unique compactness of a topological space. The following proposition may prove
this concept:

Proposition: A topological space X'is compact if and only if for every collection

C= {Ca }ae , of closed subsets of X having the finite intersection property has
non-empty intersection.

An important special case of the preceding condition specifies that
Cis a countable collection of non-empty nested sets, i.e., when we have C, = C,
> C,D.... Inthis case, C automatically has the finite intersection property and if
each C is a closed subset of a compact topological space, then by the proposition,

N.,C#9.

The Finite Intersection Property (FIP) specifications are used for the
characterization of compactness that is typically used for proving acommon typical
outcome on the uncountability of certain specific and unique compact Hausdorff
spaces which is also precisely used in a proof of Tychonoft’s Theorem.

Theorem 3.20: A topological space is considered as distinct compact space
if and only if any collection of the compact space is precisely the closed sets
having the exceptional Finite Intersection Property (FIP) which has non-empty
intersection.

The preceding Theorem 3.20 essentially states the precise definition of a
compact space which is distinctively rewritten using de Morgan’s laws. The
standard and common definition of a particular compact space is precisely and
completely based on the open sets and the unions. This characterization and
specification is alternatively written applying the closed sets and intersections.

Proof: Suppose X is compact, i.e., any collection of open subsets that
cover X has a finite collection that also covers X. Further, suppose {E }ie ,isan
arbitrary or random collection of closed subsets with the finite intersection property.
We claim that N,_, F; is non-empty.

iel

Suppose otherwise, i.e., suppose N,_, F. =¢.

iel 7

Then, X= (ﬂ , F,) , ﬂd (F). (Here, the complement of a set 4 in X is

le

writtenas 4 . Since each £’ is closed, the collection {F i }I,E , isanopen cover for
X. By compactness, there is a finite subsetJ < /such that X = ., F; . Butthen
X= (u ey Fi )c ,80 M,_, F, = ¢, which contradicts the finite intersection property
of {Fl }iel .

The proof in the other direction is analogous. Suppose X has the finite

intersection property. To prove that X'is compact, let {F,- }l.e , beacollection of

open sets in X that cover X. We claim that this collection contains a finite



subcollection of sets that also cover X. The proof'is by contradiction. Suppose
that X = u,_, F holds forall finite J < /. Let us first verify that the collection of
closed subsets {F i },-E , has the finite intersection property. If Jis a finite subset of
Lthen N, ., F G, = (ﬂ ey Fi )c # ¢ where the last assertion follows since J was
finite. Then, since X has the finite intersection property, ¢ = N, F, =(N,c, F;).

this contradicts the assumption that {F, }iE ; isacover for X.

3.8 SEQUENTIALLY AND COUNTABLY
COMPACT SETS

Theorem 3.21: A compact metric space is sequentially compact.

Proof: Let 4 be an infinite set in a compact metric space X. To prove that 4
has a limit point we must find a point p for which every open neighbourhood
of p contains infinitely many points of 4. Assume that no such point exists. Then
every point of X has an open neighbourhood containing only finitely many points
of A. These sets form an open cover of X and extracting a finite open cover
gives a covering of X meeting A has finitely many points. This is impossible since
A < X and therefore 4 is infinite.

Corollary: In a compact metric space every bounded sequence has a convergent
subsequence.

Proof: Given the above limit point p, consider that x,, to be ina 1-neighbourhood
or one-neighbourhood of p, x, to be in a 1/2 neighbourhood of p.... and we geta
subsequence converging to p.

Together with the Heine-Borel Theorem, this implies the Bolzano-Weierstrass
Theorem.

3.8.1 Compactness vs Sequential Compactness

Kis compact if every open cover of K contains a finite subcover. K is sequentially
compact if every infinite subset of K has a limit point in K.

Theorem 3.22: K is compact <> K is sequentially compact.
The proofincludes the following two auxiliary notions:
1. A space X'is separable if it admits a countable dense subset.

2. Acollection {V } of open subsets of X is said to be a base for Xif the
following is true:

For every x € Xand for every open set G — X'such that x € G, there exists
asuchthatx e V c G.

In other words, every open subset of X decomposes as a union of a
subcollection of the V. §—the Vs ‘Generate’ all open subsets. The family {V }

Separation Axioms:
Characterizations and
Basic Properties

NOTES

Self - Learning
Material 123



Separation Axioms:
Characterizations and
Basic Properties

NOTES

Self - Learning
124 Material

almost always contains infinitely many members. The only exception is if X'is
finite. However, if X happens to be separable, then countably many open subsets
are sufficient to form a base, the converse statement is also true and is an easy
exercise.

Lemma 1: Every separable metric space has a countable base.

Proof: Assume X'is separable. By definition it contains a countable dense subset
P={p,,p,....}. Consider the countable collection of neighbourhoods {N (x), r €
0,i=1,2,... }. By the definition prove that it is a base.

Consider any open set G — X and any point x — G Since G is open, there
exists >0 such that N (x) = G Decreasing r if necessary we can assume without
loss of generality that 7 is rational. Since P is dense, by definition x is a limit point

of P, so N_,(x) contains a point of P. So there exists i such that d(x, p,) < % .

Since r is rational, the neighbourhood N, (p,) belongs to the chosen collection.

r
Moreover, N ,(p,) = N (x) G Finally, since d(x, p,) < 5 we alsohavex e N

,(p))- So the chosen collection is a base for X.
Lemma 2: If X'is sequentially compact then it is separable.

Proof: Fix 8 > 0 and let x, € X. Choose x, € X such that d(x,, x,) > 9, if
possible.

Considering, x ..., X choose X (if possible) such that d(x, X, ) > dfor
alli=1,... j. We first notice that this process has to stop after a finite number of
iterations. Indeed, otherwise we would obtain an infinite sequence of points x,
mutually distant by at least 3; since X is sequentially compact the infinite subset
{x,i=1,2,..} would admita limit point y, and the neighbourhood N,,,(v) would
contain infinitely many of the x’s, contradicting the fact that any two of them are
distant by at least d. So after a finite number of iterations we obtain x ..., X, such
that N(x )u... uNs(xj) = X (every point of X is at distance less than 6 from one
of the x’s).

1
We now consider this construction for 6= — (n =1, 2,...). Forn=1 the
n

construction gives points x, ..., Xy, suchthat N (x,) L.....U Nl(xljl) =X, forn
=2 we get x,,..., Xy such that Nl/z(leu...uNl/z(xzjz) X, and so on. Let

S={x,,k>1,1<i<jk}: clearly Sis countable. We claim that Sis dense (i.e., §
= X). Indeed, if x € X'and r > 0, the neighbourhood N (x) always contains at

. . 1 ) .
least a point of S (choosing 72 so that — <7, one of the x ’s is at distance less than
n

r from x), so every point of X either belongs to S or is a limit point of S, i.e., § =
X.



At this point we know that every sequentially compact set has a countable
base. We now show that this is sufficient to obtain countable subcovers of any
open cover.

Lemma 3: If X has a countable base, then every open cover of X admits an at
most countable subcover.

Lemma 4: If {F } is a sequence of non-empty closed subsets of a sequentially

compact set Ksuchthat ¥ o F  foralln=1,2,..., then N F#6.

Proof: Take x € F foreachintegern,andlet £ = {x ,n=1,2,... }. If E'is finite
then one of the x, belongs to infinitely many F ’s. Since F, © F), ©..., this implies

thatx belongs to every F , and we get that V € Myt By is not empty.

Assume now that £ is infinite. Since K is sequentially compact, £ has a limit
point y. Fix a value of n: every neighbourhood of y contains infinitely many points
of E; among them, we can find one which is of the form x, for
i > n and therefore belongs to F(because x, € F, < F ). Since every
neighbourhood of y contains a point of F , we get that eithery € F, ory is a limit
point of ¥ ; however, since F is closed, every limit point of / belongs to F. So

in either case we conclude thaty € F . Since this holds for every n, we obtain that
¥ € M, F, which proves that the intersection is not empty.

We can now prove the Theorem 3.22. Assume that K is sequentially
compact, and let {G_} be an open cover of K. By Lemma 1 and Lemma 2, K has
a countable base, so by Lemma 3 {G_} admits an at most countable subcover
that we will denote by {G } .., . Our aim is to show that {G } admits a finite
subcover which will also be a finite subcover of {G }.If {G } only contains finitely
many members, we are already done; so assume that there are infinitely many G s
and assume that for every value of n we have G U ..... U G & K, else we have
found a finite subcover.

LetFl ={xeK,xeGU...UG}=KNG, N..NG; .Because the
G, are open, F is closed; by assumption ' is non-empty and clearly ¥ S F |
for all n. Therefore, applying Lemma 4 we obtain that " F # ¢ and there
existsapointy € Ksuchthaty ¢ G U.....U G forevery n. We conclude that
y ¢ U., G,, which s a contradiction since the open sets G, cover K.

Hence, there exists a value of n such that G ..., G, cover K. We conclude
that every open cover of K admits a finite subcover and therefore that K is compact.

3.8.2 The Bolzano-Weierstrass Property and Sequential
Compactness

We say that x is a cluster point for a sequence (x ) if for any N > 0 and any open
neighbourhood U of x, there is an n> N'such thatx e U.
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Bolzano-Weierstrass (B — W) Property
Atopological space X satisfies the Bolzano-Weierstrass (B-W) property if every
sequence (x ) from X has at least one cluster point.

¢ If X'is compact, then X satisfies B-W property.

e Suppose X is compact, but there is sequence (x, ) with no cluster point.
Then for every z € X, there is an open neighbourhood U, of zand N_> 0
such thatx ¢ U_forn > N_. Then since X< U__, U _and X 'is compact,

there is a finite set {z,}" suchthatXc {z, U - But this contradicts x,
¢ UM U_, forall n>max {Nz,- },m=1 :

Sequential Compactness

Suppose (x,) is a sequence from X. Now consider any sequence (t,) of positive

integers such thatt <t _forall n. Then (xr” ) = (xtn )jzl is called a subsequence
of (x ), for example,
e If(x )isasequence, then(x, x, x,, ...) is a subsequence of (x).
e If (x ) converges, then every subsequence of (x ) converges to the same
limit.
We say that X is sequentially compact if every sequence (x ) in X has a
convergent subsequence.
¢ Xissequentially compact if and only if it satisfies B-W property.
e Consider any sequence (x ) from X.

e Suppose X is sequentially compact. Then there is a subsequence (x; )
such that X, — x € X. Therefore, for any & > 0, there is an N> 0 such
that n > N implies d(x; , x) < e. Therefore, x € N (x) for all n > t,,
which implies that (x ) satisfies B-W property.

e Suppose X satisfies B-W property such that there is a cluster point x € X.
We may construct convergent sequence recursively as follows.

Lett, = 1. For each n choose t >t such that (xTn )eN,(x).
Then x; — x. "
e If X compact, then it is sequentially compact.
¢ Follows immediately from the fact that sequential compactness is equivalent
to B-W property, which is implied by compactness.
Completeness
e If (X, d)is a compact space, then it is a complete space.

e Suppose X'is compact and consider any Cauchy sequence (x,) from X.
Since X is compact, it is sequentially compact and therefore there is a

subsequence (X, ) suchthat x, —x.



e We need to show that x — x. Consider any € > 0. Then (x ) Cauchy
€
2
implies that we may choose N sufficiently large so that d( X, , x) < % .

impliesan N> O such thatd(x ,x ) < = forn,m>N. But x, — xalso

Then since 1, > N, we have, for any n > N, d{x , x) < d(x, X; ) +

e €
d(x, x) < ) +

528.

3.9 LOCAL COMPACTNESS AND ONE POINT
COMPACTIFICATION

Many of important spaces occuring in analysis are not compact, but instead have
alocal version of compactness. For example, Euclidean n-space is not compact,
but each point of £” has a neighbourhood whose closure is compact.

Definition: A topological space (X, T) is locally compact if each point has a
relatively compact neighbourhood.

For example, E" is locally compact; B, (x,1)is compact for each

x € E". Note that this example also shows that a locally compact subset of a
Hausdorff space need not be closed. Also, any infinite discrete space is locally
compact, but not simply compact. The set of rationals in £' is not a locally compact
space.

Theorem 3.23: If (X, 7) is a compact topological space, then X'is locally compact.
Theorem 3.24: The following four properties are equivalent:
1. Xis alocally compact Hausdorff space.

2. Foreach x € Xand each neighbourhood U(x), there is a relatively compact
open Vwithxe Ve pcU.

3. For each compact C and open U o C, there is a relatively compact open V'
withCcVc pcU.

4. Xhas abasis consisting of relatively compact open sets.
Proof:
(1) = (2) There is some open Wwithx € W< pand j compact. Since 7 is
aregular space and 7 N Uis aneighbourhood of x in jy, there isa set G

openin jysuchthatx € G G_Wc wnN U.Now G =ENn, where E

is open in X and the desired neighbourhood of x in X is
V=EnW.

(2) = (3) Foreach ¢ € C find arelatively compact neighbourhood ¥{(c) with

V(c) < U; since Uis compact, finitely many of these neighbourhoods cover

C and therefore this union has compact closure.
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(3) = (4) Let B be the family of all relatively compact open sets in .X; since
each x € X'is compact, (3) asserts that 3 is a basis.

4) = (1) istrivial.
Hence proved.

Local compactness is not preserved by continuous surjections. For example,
if (X, T) is any non-locally compact space, map f: X — X, the identity map. Then
fisa (D, T) continuous surjection, where D is the discrete topology on X. But
while (X, D) is locally compact, (X, 7) is not by choice.

However, a continuous open map onto a Hausdroff space does preserve
local compactness.

Theorem 3.25: Let (Y, U) be a Hausdroff space. Let f: X — Y be a (7, U)
continuous, open surjection. Let X be 7-locally compact, then Y is U-locally
compact.

Proof: For given y € Y choose x € X so that f{x) =y and choose a relatively
compact neighbourhood U(x). Because f1s an open map, f{U) is a neighbourhood

ofy, and because f(U) is compact, we find from £(U) c £(U) = f(U)that

f(U) is compact.
Definition: Let (X, 7) be a topological space and 4 — X. Then 4 is 7-locally
compact ifand only if 4 is 7, locally compact.

Theorem 3.26: Let (X, 7) be a local compact space and A — X. Then 4 is locally
compact if and only if for any x € A4 there exists a 7-neighbourhood V of x such

that 4 ~ (4 V)is T-compact.
Example 3.1: A subspace of a locally compact space is not necessarily compact.
For example, the set if irrationals Z is not locally compact in £, although E' is
locally compact.

To verify this, let "be any neighbourhood of 7. If 7 ~ (Z n V") 1s compact
then 7 ~n(Z nV)is bounded and closed. For some € > 0, Jn—¢, n+e[ < V.
Choose any rational y with n—e <y <m+e. Then y is a cluster point therefore
IN(ZnNV),butye Tn(ZnV)asy¢Z Thismeansthat T ~(Z nV)is

not closed after all, a contradiction. Then 7 ~(Z n V') cannot be compact,
therefore, 7 is not locally compact.

As with subspaces, a product of locally compact spaces need not be locally
compact. If, however, the coordinate spaces are Hausdorff and if sufficient of
them are compact, then the product will be locally compact.

Theorem 3.27: H {Y, :a e A} is locally compact if and only if all the Y, are

locally compact Hausdroft spaces and at the most finitely many are not compact.



Proof: Assume the condition holds. Given {y_} € H ¥, , for each of the atmost
finitely many indices for which Y_is not compact, choose a relatively compact

neighbourhood 7, (v, );then <V, ...,V >isaneighbourhood of {y } and

<VireVo, > =<V, ...V, >iscompact.

Conversely, assume that H Y. tobe locally compact; since each projection

P, 1s a continuous open surjection, each Y _is certainly locally compact. But also,
choosing any relatively compact open V' < H ¥, ,eachp (7 )iscompactand
sincep (7 )=Y_for all but atmost finitely many indices o, the result follows.

A one point compactification of a non-compact space is Hausdorft space
exactly when the space is Hausdorff and locally compact.

Theorem 3.28: Let (X, 7) be a non-compact space and (Y, U) be an Alexandroff
one point compactification of (X, 7). Then (Y, U) is a Hausdorff space if and only
if (X, 7) is Hausdorffand locally compact.

Theorem 3.29: Every locally compact Hausdorff space is completely regular.

Proof: Let (X, 7) be a locally compact Hausdorff space and the space (¥, U) be
an Alexandroff one-point compactification of (X, 7). Since (¥, U) is a compact
Hausdorff space, then U is a normal topology. By Urysohn’s lemma, (¥, U) must
be completely regular. Consequently (X, 7) is a subspace of a completely regular
space and so is also completely regular.

Check Your Progress

When D c R said to be connected?

When the propositions are equivalent in continuous function?

Define the term Finite Interaction Property (FIP).

10. When topological space is compact?

11. What s limit point in K?

12. Define the term cluster point.

13. When atopological space X satisfies the Bolzane-Weier-strass property?
14. When the topological space is locally compact?

0o 0=

3.10 STONE-CECH COMPACTIFICATION

In topological evaluations and specifically in the mathematical discipline of general
topology, the Stone—Cech compactification is a technique for constructing a
universal map from a topological space X to a compact Hausdorff space BX. The
Stone—Cech compactification X of a precisely defined topological space X is
referred as the biggest compact Hausdorff space typically generated by X,
according to the perception that any map from X to a precise compact Hausdorff
space factors is specifically done uniquely through BX. If X is considered as
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a Tychonoft space then typically the map from X to its image in X is defined as a
homeomorphism, therefore X can be considered as a ‘Dense’ subspace of B.X.
Subsequently, for the general or common topological spaces X, exceptionally the
map from X to B.X should not be injective.

Characteristically, the specific form of the ‘Axiom of Choice’ is essential
for proving that every single topological space holds a Stone—Cech
compactification. However, for relatively simple spaces X, an accessible and simple
specific description of X often continues to be ambiguous. Particularly, the precise
proof'that BX\ X is non-empty does not provide an explicit and specific description
of any particular point in BX\ X.

Theoretically, the Stone—Cech compactification was implicitly defined in a
paper by Andrey Nikolayevich Tychonoff (1930) and was given explicitly
by Marshall Stone (1937) and Eduard Cech (1937).

Theorem 3.30 (Tychonoff’s Theorem): If X_is a compact topological space
for every ouin some arbitrary index set I, then T _ X is compact in the product
topology.

Definition: Let Xbe a T, topological space. A Stone-Cech compactification of
Xis acompact T, topological space BX containing X so that:

1. The topology induced on X as a subset of BX is the original topology of X.

2. Whenever f: X —Y is a continuous map of X into some compact 7', space
Y, there exists a unique continuous map } : BX—Y whose restriction to X'
isf.
Note: A rather non-trivial theorem says that if BXis a Stone-Cech compactification of X, then
Xis dense in B.X, namely, the closure of X'in B.X is all of B.X.
Theorem 3.31: Any two Stone-Cech compactifications of the similar or equivalent
topological space X are homomorphic.

For the sake of simplicity, the analysis and definition given below only
considers the space X=N, the natural numbers together with the discrete topology.
All the outcomes in this section have analogues or equivalents for an arbitrary or
random and completely regular topological space, and particularly also for an
arbitrary or random metric space.

Definition: Let BN be the set of all ultra filters on N. We will identify N as a
subset of BN by identifying every integer n with the principal ultra filter p_at 7.

Theorem 3.32: There is a topology on BN for which it is a Stone-Cech
compactification of N. A basis for that topology is givenby B={U : 4 — N},
where forany setA N, U, = {ueBN:4 epu;.

Note: All the sets U, are actually clopen in BN.
Theorem 3.33: N is dense in BN.



3.10.1 Stone-Cech One Point Compactification

One point compactification on a topological space X is the minimal compactification
of X. The Stone-Cech compactification on X is the maximal compactification of
X. It was constructed by Marshall Stone and Eduard Cechin 1937.

Theorem 3.34: Let Xbe completely regular space. These exists a compactification
Y of Xhaving the property that every bounded continuous map f : X — R extends
uniquely to a continuous map of Y'into R.

Proof: Let {f,}

functions on X, inclosed by some index set.J. For each ¢ ¢ J. Choose a closed

be the collection of all bounded continuous real valued

aeJ

internal / in R containing £ (X). to be defined, choose
1, =[inf £,(X),sup f, (X)]
Thendefinen: X = I1,_,1, bytherule,

h (x) = (fa (x))aef

Here A refers to homeomorphism and H refers to H—field for real or hyper
real space.

By the Tychonoff Theorem, T/ is compact. Because X is completely
regular, the collection {f )} _, separates points from closed sets in X. Therefore
the map 4 is on imbedding. Let y be the compactification of X induced by the
imbedding /4. Then there is an imbedding.

H:Y— 111 thatequals 2 when restricted to the subspace X of Y. given a
bounded continuous real valued function fon X, we show it extends to Y.

The function fbelongs to the collection {f } , _ Soitequalf, for some index
B.

Letm,: I1 — 1, be the projection mapping. Then the continuous map,
m, OH: Y — [, is the desired extension of /.

Forif x € X, wehave
(%)) = my(H (x)) = 7, ((f,(0)),, ;) = f (¥)

Theorem 3.35: Let 4 — X, let f: 4 — Z be a continuous map of 4 into the
Hausdorft space Z. There is at the most on extension of fto a continous function

g A>Z.
Proof: Suppose that g,g' : A — X are two different extensions of /; choose x
so that g (x) £ g'(x)
g =g (x)
Let U and U be disjoint neighbourhoods of g(x) and g'(x), respectively.
Choose a neighbourhood V of x so that g ()< | and g'(V) < U
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Now Vintersects 4 in some point Y, then g(y) e U and g'(y) e '

But since yed, we have g () =f(y) and g'(y) =1 ().

This contradicts the fact that U and U' are disjoint.
Theorem 3.36: Let X be a completely regular space; let Y be a compactification
of X satisfying the extension property of Theorem 3.34. Given any continuous

map f: X — C of Xinto a compact Hausdorff space C the map fextends unequely
to auntinuousmap g:y — C.

Proof: Note that Cis completely regular, so that it can be imbedded in [0, 1]’ for
some J. So we may as well assume that C [0, 1]".

Then each component function f, of the map fis a bounded continous real
valued function on X; by hypothesis, /' can be extended to a continuous map g_of
Yinto R define,

g1y — R'by setting
g =€,

Then g is continous because R’ has the product topology. Now in fact g
maps Y into the subspace C of R’. For continuity of g implies that

g=gXN)cgX)=f(x)cC=c
Thus, g is the desired extension of /.

Definition: For each completely regular space X, let us choose, once and
for all, a compactification of X satisfying the extension condition of Theorem 3.33.
We will denote this compactification of X by B (X) and call it the Stone-Cech
compactification of X.

3.11 COMPACTNESS IN METRIC SPACES

By an open cover of a subset 4 of a metric space X, we mean a collection
C={GA: A € 1} of open subsets of X' such that4 U {G, : A € 4}. We then
say that C covers 4.

In particular, C is said to be an open cover of the metric space X if
X=0{G, : M edj.

By a subcover of an open cover C of 4, we mean a sub-collection C' of C'
such that C' covers 4.

An open cover of 4 is said to be finite if it consists of finite number of open
sets.

Another definition is, 4 subset of a metric space X is said to be compact if
every open cover of 4 has a finite subcover, that is, if for every collection
{G, : A € 4} of open sets for which,

AcU{GA: L\ € 4},
there exist finitely many sets G, -G, among the GA’s such that

A4cG, v..VG,



In particular, the metric space Xis said to be compact if for every collection
{G, : L € 4; of open sets for which,

X =U{G, :he 4},
there exist finitely many sets G, ,...G, among the GA’ such that
X=G, v..uG,
Theorem 3.37: Let Y be a subspace of a metric space Xand let 4 — Y. Then 4
is compact relative to X'if and only if 4 is compact relative Y.
Proof: Let A be compactrelative to Xand let {V,, L e 4} be a collection of sets,
openrelative to ¥, which covers 4 so that 4 < U{V, : . € 4}. Then there exists G,,

openrelative to X, such that ¥, =Y NG, forevery A € A. It then follows that,
AcU{G, : ke 4},

thatis, {G, : A € 4} is an open cover of 4 relative to X. Since 4 is compact
relative to X, there exist finitely many indices A ,...,A_ such that

AcG, V..UG, .
SinceAc Y,wehave A=Y N A.
Hence AcYN{G, U..UG, }=(YNG, )u.u(l NG, )
[By Distributive Law]
Since Y NG, =4, {i=12,....,n}, we obtain

Ac4 w4 . (3.5

This shows that A4 is compact relative to Y.

Conversely, let a be compact relative to Y and let {G, : A € A} be a
collection of open subsets of X which cover a so that,

AcuiG,:heAy L (3.6)
Since 4 c Y, Equation (3.6) implies that

ACYN[U{G, :Lhe A} =U{YNG, : L e A}

[By Distributive Law]

Since Y N G, : is open relative to Y, the collection

YNG, :LeA}
is an open cover of A4 relative to Y. Since a is compact relative to Y, we must

have,
AcnG)v..vu¥nG) (3.7)

for some choice of finitely many indices A,....,A, . But (Equation 3.7) implies
that

Ac G, v..VG, .
It follows that 4 is compact relative to X.
Theorem 3.38: Every compact subset of a metric space is closed.
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Proof: Let A be a compact subset of a metric space X. We shall prove that X—A4
is an open subset of X. Let p € X— 4.

For each g € 4, let N, (p) and M(q) be neighbourhoods of p and g,

respectively, of radius less than %d (p, q) so that,

N () "M (q)=2
Then the collection,
{M(q):q €A}

is an open cover of 4. (Recall that neighbourhoods are open sets. Since a is
compact, there are finitely many points g ,...,g, in a such that,

AcM()uU..UN@) .. (3.8)

IfN=N, (p) N....N N, (p) then N is a neighbourhood of p. Now,

NcN, (p) andM(g) "N (p)=D fori=1,.n

= M(g) "N=D fori=1,..n
=>UM(@)NN:i=1,..n=0
=>[U{M(g):i=1,..n}]N"N=C

[By Distributive Law]
=>YNN=Cbyl
=>NcX-Y

Thus we have shown that to each p € X— Y, there exists a neighbourhood
N of p such that N € X— Y and consequently X— Y is open. It follows that Yis
closed.

Theorem 3.39: Closed subsets of compact sets are compact.

Proof: Let Y be a compact subset of a metric space X and let /'be a subset of Y,
closed relative to X. To show that fis compact. Let,

C=1{G,: L e A}
be an open cover of F. Then the collection,
D={G, :he A} U{X-F}

forms an open cover of Y. Since Y is compact, there is a finite subcollection
D' of D which covers Y, and hence F. If X— F'is amember of D', we may remove
it from D' and still retain an open finite cover of 7. We have thus shown that a finite
subcollection of C covers F. Hence, F'is compact.

Corollary 1: Iffis closed and Y is compact then ' Y'is compact.

3.11.1 Equivalence

If Xis a topological space then the following are equivalent:

1. Xis compact.

2. Every open cover of X has a finite subcover.



3. X'has a subbase such that every cover of the space, by members of the
subbase, has a finite sub cover (Alexander’s subbase theorem).

4. Xis Lindel6fand countably compact.

5. Any collection of closed subsets of X with the finite intersection property
has non-empty intersection.

. Every net on X 'has a convergent subnet.
. Every filter on X'has a convergent refinement.
. Everynet on X has a cluster point.

O 0 3 N

. Every filter on X'has a cluster point.
10. Every ultrafilter on X converges to at least one point.
11. Every infinite subset of X has a complete accumulation point.

Euclidean Space: For any given precise subset 4 of the Euclidean space, 4 is
considered compact if and only if the Euclidean space is closed and bounded; this
notion is termed as the Heine—Borel Theorem. Consequently, because a Euclidean
space is considered as a metric space, therefore the conditions given below in the
next subsection will also be typically applied to all of'its subsets. For all of the
required equivalent conditions, it can be verified that typically a subset is closed
and bounded, for example uniquely for a closed interval or closed n-ball.

Metric Spaces: For any metric space (X, d), the following properties are
considered equivalent, assuming the ‘Countable of Choice’:

1. (X, d)is defined as compact space.

2. (X d)is defined as complete and totally bounded, i.e., it is also equivalent
to the unique compactness property for uniform spaces.

3. (X d)is defined as sequentially compact, i.e., every single sequence in X
has a convergent subsequence whose limit is in X, i.e., it is also equivalent
to the compactness specifically for the first countable uniform spaces.

4. (X d)is defined as the limit point compact, also sometimes called weakly
countably compact, i.e., every single infinite subset of X typically has at
least one limit point in X.

5. (X d) is defined as countably compact, i.e., every single countable open
cover of X typically has a finite subcover.

6. (X, d)is defined as an image of a continuous function from the Cantor set.

Additionally, a compact metric space (X, d) also uniquely satisfies the
following three relevant properties:

1. Lebesgue’s Number Lemma: Specifically for every open cover of X, there
typically exists a number 6 >0 such that every single subset of X having diameter
< isuniquely contained in certain member of the cover.

2. (X, d) is Second Countable, Separable and Lindel6f: These three conditions
are considered equivalent for the metric spaces. However, the converse is not
true, for example a countable precise discrete space can satisty these three
conditions, but it is not compact.

3. Xis Closed and Bounded: Consider that there is a subset of any metric space
whose restricted metric is (d). The converse may not be true for anon-Euclidean
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space, for example the precise real line which is equipped together with the discrete
metric is typically considered as closed and bounded but not compact, while the
collection of typically all singletons of the space is defined as an open cover which
acknowledges no finite subcover. It is defined as complete but not totally bounded.

3.11.2 Equivalence of Compactness

Compactness: A space X is said to be compact if every open cover of X admits
of a finite subcover.

Limit Point Compactness: A space X is said to be limit point compact if every
infinite subset of X'has a limit point.

Sequentially Compactness: A space X is said to be sequentially compact if
every sequence in X has a convergent subsequence.

Theorem 3.40: (Equivalance of Compactness): Let X be a metrizable space.
Then the following are equivalent.

(1) Xis compact.
(1) X'is limit point compact.
(1) X'is sequentially compact.
Proof: (i) = (ii)
Let X'be a compact space then we will show it is limit point compact. Let 4 be an
infinite subset of X then we will show it has a limit point.

Let if possible A4 has no limit point in X. Corresponding to each xe A, there
exists on open sphere S(x , 7 ) containing no point of 4, other than possibly, the
point X.

Now the collection {S(x,, r ): xe A} U(X-A4) is an open cover of X'and
this cover can not reduced to a finite subcover of X and so X is not compact. This
contradict the hypothesis of compactness of X. This contradiction arises by assuming
that an infinite subset 4 has no limit point.

Hence every infinite subset 4 of X has a limit point therefore Xis limit point
compact.

(i) = (iii)

Let us assume that X'is limit point compact then we will show it is sequentially

compact. Let <x >be an arbitrary sequence in X such that B={x : neN}. We
not have the following two possibilities.

Case (I) When B is Finite: Then there exist some xeX'suchx = x for infinitely
many values of n. Hence, <x > has a constant subsequence and therefore
convergent.

Case (II) When B is Infinite: Then B has a limit point, say b. Since b is limit
point of B. So open sphere S(b, 1) contains infinitely many points of B. Hence,
there exists n €N such that,

d(xnl, b)<1

1
As before, S (bl B j also contains infinitely many point of B.



Hence we have n,e N such that,

1
d(xnz, b) < ) forn,>n,.

Proceeding likewise we construct a sequence < x, > such that

1
d(x, ,b)< % forallKeN.

Now < x, >is a subsequence of <x > that converges to b. Hence <x >
has a convergent subsequence and so X is sequentially compact.

(iii) = (i)

Let Xis sequentially compact then we will show it is compact.

Let C= {G, : L eA} be an arbitrary. Open cover of X. Since Xis sequentially
compact, by Lebesgue covering lemma C has a Lebesgue number, say /> 0.

We take € =//3 so that €> 0. ..(3.9)
Since (X, d) is sequentially compact, it is totally bounded and hence it has
E-net, say {x, x,,...x }
Then
X={8(x,e):K=1,2,..n} ..(3.10)

Now, (S(rkl G)) <2e= 2?1 <l, VK=1,2,...., nusing Equation (3.9)
Thus foreachK=1, 2, ..., n, 8(5 (xki e)) <[ and hence by definition of
Lebesgue number there exist at least one G, such that,
S(r,e)cG, ,VK=1,2,..,n.
= u{S(rkl €):K=12,..,n} < {ka K =1,2,...,n}
= XCU{G,, :K =1,2,...,n} . using Equation (3.10)

= [G,, : K=1,2,...,n] is afinite subcover of C.

Hence X'is compact.
Countability and Product Spaces
Theorem 3.41: Countable product of first countable spaces is first countable.
Proof: Suppose X are first countable space.

Let, x=[]x
i=1

Then we will prove Xis first countable.
Let xe X, we will show that X, has a local countable basis at x.

Assume that x = H X, where xeX.

i=1
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says,

Since x, first countable space, then there is a local countable basis at x,

Bx,= {Bx,(j)| j€ N}

Define,
W= {HBxi(j):jeN}
i=1
= {Bx,(j,)XBx,(j,)X..Bx,(j,):ie N}
Clearly @ is countable.

Let o be the set of all subsets of the product space X of the following form:

H V. where there is some neN such that,

J=1

HVJ €W, andforallJ>n, V =X,

J=1

We shall show that w is a local countable basis at_X.
Clearly w is countable.

Let G be an open set containing x.

So we can assume that G = H G, , there exist some neN such that G, is

openinx, V(< n) and G, = X, for glll i>1.

Since Bx, is a local countable basis atx. So forx.€G, V e< n, there is

some Bx, (/) such thatx e Bx(J) G, Vi< n.

Let=V= H V. such that,

i=1

n

V= Vi:HBxi(ji) and Vl.:xl.‘v’l'>l’l.
i=1

i=1

Thus Vew and V' G, thus Xis first countable.

Theorem 3.42: Product of two second countable spaces is a second countable
space.

Proof: Let (X, 7)) and (¥, T,) be two second countable spaced. Let (X*Y,T) be
the product topological space.

Our assumption implies that 3 countable bases,
B, ={B:ieN} and B,= {C.ieN}
for Xand Y respectively.
Recall that
B=1{G,*G,, G T, G,eT,} is a base for the topology 7on X' x Y.
Write C= {B . xC, i, JeN} = B XB,.



B, and B, are countable = B *B, is countable.

= (s countable.

By definition of base B,

Any (x,y)eNeT =3GxHeB + (x,y) eGXHcC N

= xeGeTl, and yeHeT,

1B eB,CeB,+xeBCG,YeC cH

= (x, y)eBC,CGXHCN

Thus any (x, y)eNeT = 3B xC eC + (x,y)eB,C,c N.

By definition this proves that C'is a base for the topology 7 on X< Y. Also C
has been shown to be countable.

Hence (XY, T) is second countable.

3.12 SOLVED EXAMPLES

Example 1: Give an example of a bounded function, which is continuous
but not uniformly continuous?

Solution: Define f:(0,1) — R by f{x)= €0S (%)

We will take for granted the fact that /1s continuous assume (for contradiction)
that fis uniformly continous.

Then there is, >0

Such that, x, ye(0, 1) and |x-y|<6

Imply | f(x) - ) < 1

1 1
= — - — >—
Letx p and y P where n 5 then,
‘x—y|=l— 1 |= ! <l<6
n n+1| n(n+l) n

But | f(x) — f(y)|=| cos (nm) — cos(n + )n|=2 > 1

Example 2: Let 4 and B be disjoint subsets of R, and f: AUB > R a
continuous function Assume fis uniformly continous on A and B. Must it
be true that fis uniformly continuous on A U B? Prove it or provide a
counter example.
Solution: No, Let 4= (0, 1) and B = (1, 2) and define /> 4 U B — R by,
0,xe A4
F(x)=
LxeB

We first show fis continuous let xe 4 U B and € > 0.
If xeA, Pick >0 such that,
(x—0,x+ ) c 4, if xeB pick 6 > 0 such that (x — 5, x + d) c B
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Let YeAUB be such that |x-y|<d

Then either x and y are both in A4, or they are both in B. In either case
| f(x)—f(y)|=0< g, providing fis continous.

Now we show fis uniformly continous on 4 (The proof that fis uniformly
continous on B is analogous).

Let £ > 0 and pick any & > 0. Then x, yeA and |x-y|< & imply
@) —f(WFEO-0[=0<eg

To see that fis not uniformly continuous on AUB,

Let ¢ =1 and take any 6> 0

Let x=1-min l,ﬁ and y=1+min l,ﬁ
2°4 2°4

Then x, y eAUB and |x — y|< 4 but
) —f=10-1=1=e.

Example 3: Consider Q is a metric space with the usual distance function
d(x, y) =|x -y, and define S={xc Q: 2 <x?<3}. Show that S is closed and
bounded in Q but that .S is not compact.

Solution: Note that d°= {XeQ x*<2 or x>> 3}

Since,

LetxeS° Then x*> 3 or x*< 2 if x*> 3 and x > 0 choose d*>> 0 such that.
(x—d)y>3

If x*> 3 and x < 0 choose d > 0 such that
(x+d)y<3

If x>< 2 and x > 0 choose d > 0 such that,

(x+d)y<2

If x?<2 and x < 0 choose d > 0 such that (x — d)*<2

Then (x—d, x + d) — S¢ showing is open.

We conclude S'is closed. Now d is bounded since S — B, (2), for example
to see that §'is not compact for each neN choose g € Q M §such that,

B-Lleg <3
n

Thenitis easily to see that {¢ : n€N} is an infinite subset of d with no limit
pointin S.

Example 4: A subset A c R”is compact if and and only if it is closed and
bounded.

Solution: Every compact subset R” is obviously closed and bounded so we
need only prove the converse. Moreover every bounded subset of R” is contained
in a cube [-M, M]" For some M < o0, so we need only prove that [-M, M]" is
compact.

But this follows from the Heine-Borel Theorem for R combined with the
fact that any finite Cartesian product of compact spaces is compact.



Example 5: The direct image of a compact metric space by a continous
function is compact.

Soution: This can be formulated precisely in several slightly different, but equivalent
ways:
1. Let X and Y be metric spaces, with X compact and Let f: x — y be a
continous map that is surjective then Y'is compact.

2. Let Xand Y be metric space with X compact and let /- x — y be a continous
map then f[.X] is a compact subset of Y.

3. Let X'and Y be metric space and let f:x — y be a continous map. [f 4 is a
compact subset of X, then f[A] is a compact subset of Y.

First Proof: Let (U ) _be anopen covering of Y then the sets f'[U_] are open
and form an open covering of X. Since X is compact, there exists a finite subset
J < I'such that (f'[U_])__, still forms a covering of X. Then (U )__, forms a
coveringof Y.

Second Proof: Consider a sequence (Y)) of element of Y because fis surjective,
we can choose a sequence (x ) of points in X'such that f{x )=Y since X'is compact,
there exists a subsequence (x,, ) that converges to some point ae X But since fis
continue at a, the sequence (Y, ) covers to f{a). This proves that Yis sequentially
compact, hence compact.

Example 6: Let f be a continous mapping of a compact metric space X into
a metric space Y these fis uniformly continous.

Soution: Suppose that /is not uniformly continous then there exists a number
£> 0 and two sequences (x, ) and (y,) of points X such that,

1
dx(X, ¥,) <~

And dy(f1X,), /(Y,) > .

By compactness we can find a consequence (x,, ) covering to a point a, and

. 1. . . .
since dx(X,,, ¥,,) < it follows from the triangle inequality that the sequence (y,,)
also converges to a but since f'is continous at a there exists 6 > 0 such that

(), fla)< % where dx(x, a) < 5.
Now take & such that

dx(x,,, a)< 6 and dx(y,,, a)< & it follows that dy( f(x,,) f(y,,)) <€
Contrary to the definition of the sequence (x ) and (v, ).

ngs

Example7: Let X be a compact metric space, and let f: X—R be continous
f1X] is bounded and there exist points a,b, X such that f(a) = ilel;{ f(x) xex

and f(b) = SUP f(x).

Solution: f1.X]is a compact subset of R, hence closed and bounded. Now, any
bounded set. ACR, has a least upper bound sup 4 and a greatest lower bound inf

A and these two points belongs to the closure A .

Separation Axioms:
Characterizations and
Basic Properties

NOTES

Self - Learning
Material 141



Separation Axioms:
Characterizations and
Basic Properties

NOTES

Self - Learning
142 Material

But applying this A=f.X], which is closed, we conclude that sup f].X] and
inf /1X] belong to f1.X] itself, which is exactly what is being claimed.

Example 8: A topological space X is compact iff it satisfies the finite
interaction property.

Solution: If {C } is collection of closed subsets of X such that every finite
intersection C, N"C,, N---C, # ¢ then N, C; # 0.

Solution: Suppose X'is compact. Then given a collection {C } of closed subsets
of X'with empty intersection, we have U (X— C)=X-n,, C=X'so the open cover

{X— C} has a finite subcover. This gives a finite collection of C, with empty
intersection.

The converse is just an easy. If finite intersection property holds and {U }is
an open cover of X. Then

UU=X=>nNnX-U)=¢
By Finite Intersection Property (FIP) there is finite collection,
X-U,)Nn..nX-U )=¢soU U, =xis a finite subcover.
Example 9: If xe C, then dx is a compact subset of C, (and hence also
of ¢~)
Solution: Since 6 xis a closed subset of C, and C; is complete it follows that 6x
is complete.

Hence we need only prove that dx is totally bounded so consider any >0
because lim x = 0. There exists an integer N such that,

n—oo

£
| x, lSE forall n>N.

Now consider the subset dx™ < dx defined by,
dx™M={yedx :y =0 for all n > Nj}.

The set ox™ is isomeric to a closed founded subset of the space RN and is
thus compact. In particular it is totally bounded, so we can choose a finite,

%—netA <M

But 4 is also an g-net for x.

Example 10: Let X, Y be topological spaces and let f2X — Y be a continuous
map of A c X'is compact then F(4)cY is also compact.

Solution: Take an open cover {\. iel}of F(4) By definition of the subspace
topology, There exist open sets V<Y, iel, such that U. = V. nf(4). Since f'is
continous, /'(¥;) are open sets in X finally, {4 N f*'(V): i€l} is an open cover of

A. Since A 1s compact, there is a finite subset.J — / such that 4 = U AnfIV).
ieJ
Now, f(4)= U U,

ieJ
So we get a finite subcover {U,: ieJ} of the cover we started.
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15. What do you understand by Stone—Cech compactification?
16. State the Stone—Cech one point compactification. NOTES
17. When open cover of 4 is said to be finite?

3.13 ANSWERS TO ‘CHECK YOUR PROGRESS’

1. The separation axioms T’ specify the degree to which distinct points or
closed sets may be separated by open sets. These axioms are statements
about the richness of topology.

Definition (7, axioms): Let (X, 7') be a topological space.

T, Axiom: If a, b are two distinct and elements in X, then there exists an
open set U € 7 such that eithera € Uand b ¢ U,orb eUanda ¢U (i.e.,
U contains exactly one of these points).

T, Axiom: If a, b € X and a # b, then there exists open sets U , U, € T
containing a, b respectively, such thatb ¢ U ,anda ¢ U,.

T, Axiom: If a, b € X, a # b, there exists disjoint open sets U , U, € T
containing a, b, respectively.

T, Axiom: If 4 is a closed set and b is a point in X such that b ¢ 4, then
there exist to separate or disjoint open sets U, U, € T containing 4 and b
respectively.

T, Axiom: If 4 and B are disjoint closed sets in X, there exist disjoint open
sets U, U, € T containing 4 and B, respectively.

T, Axiom: If 4 and B are separated sets in X, then there exist to disjoint
opensets U, , U, € Tcontaining 4 and B, respectively.

If (X, T) satisfies a T, axiom, then Xis called a T, space. A T space is
sometimes called a Kolmogorov space and a 7| space is called a Frechet
space. A T, space is called a Hausdorff space.

2. Let f, g be two continuous mappings of a topological space X into a
Hausdorff'space Y. If f(x) = g(x) atall points of a dense subset of X, then
f=g
In other words, a continuous map of X into Y (HausdorfYf) is uniquely
determined by its values at all points of a dense subset of X.

3. Intopological analysis and evaluation, the Urysohn’s lemma is defined as a
lemma which states that a topological space is considered as normal if and
only if any two disjoint or separate closed subsets can be precisely separated
through a continuous function. The Urysohn’s lemma is named after the
mathematician Pavel Samuilovich Urysohn who has defined its concept.
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10.

I1.

12.

(Urysohn’s Lemma): Let X'be a topological space and let any two disjoint
closed sets 4, B in X can be separated by open neighbourhoods then there
is a continuous function /: X — [0, 1] such that f|4=1andf| B=0.

. In the field of topological analysis, the Tietze extension theorem, also

acknowledged as the Tietze-Urysohn—Brouwer extension theorem, defines
that the explicit and specific continuous functions considered on a closed
subset of a unique normal topological space can be precisely extended to
the entire or complete space by preserving the boundedness if essential.

. An open cover of a subset 4 of a metric space X, we mean a collection C

=1G, : A € 1} of open subsets of X such that4 c U {G, : L € 4}. We
then say that C covers 4.

. Anopen cover of 4 is said to be finite if it consists of finite number of open

sets.

. D c Ris connected if and only if ¢ and D are the only subsets of D which

are both open in D and closed in D.

In other words, if D=4 U B and A4, B are disjoint D-open subsets of D,
then either 4 = ¢ or B = ¢.

. Let Dc Rand f: D — R a function. Then the following propositions are

equivalent:
e fiscontinuous (on D).

® VG c R open, f!(G)isopeninD.
® VF c R closed, f'(F)isclosed in D.

. The Finite Intersection Property (FIP) is a property of a collection of subsets

of'a set X. A collection has this property if the intersection over any finite
subcollection of the collection is non-empty.

A centered system of sets is defined as a collection of sets with the specific
finite intersection property.

Let Xbeasetwith4= {4}, ,afamily of subsets of X. Then the collection
A has the Finite Intersection Property (FIP), if any Finite subcollectionJ —

I'has non-empty intersection ﬂ 4.
ieJ

A topological space X is compact if and only if for every collection
C= {Ca }ae , of closed subsets of X having the finite intersection property
has non-empty intersection.

K is compact if every open cover of K contains a finite subcover. K is
sequentially compact if every infinite subset of K has a limit point in K.

We say that x is a cluster point for a sequence (x, ) if for any N > 0 and any
open neighbourhood U_of x, there isann > N such thatx e U.



13. Atopological space X satisfies the Bolzano-Weierstrass (B-W) property if
every sequence (x ) from X has at least one cluster point.

e If X'is compact, then X satisfies B-W property.

e Suppose X'is compact, but there is sequence (x ) with no cluster point.
Then for every z € X, there is an open neighbourhood U_ofzand N_>0
suchthatx ¢ U forn>N_ Thensince XcU__ U and X'is compact,

thereis a finite set {z,}"" suchthatX {z,}7", U, . Butthis contradicts
x ¢ U U_, forall n>max {NZI_}'_1 .

14. A topological space (X, T) is locally compact if each point has a relatively
compact neighbourhood.

15. In the mathematical discipline of general topology, Stone—Cech
compactification is a technique for constructing a universal map from
a topological space X to a compact Hausdorftf space BX. The Stone—Cech
compactification BX of a topological space X is the largest compact
Hausdorff space (Generated) by X, in the sense that any map from X to a
compact Hausdorff space factors through B.X (in a unique way). If X is
a Tychonoff space then the map from X to its image in BX is a
homeomorphism, so X can be thought of as a (dense) subspace of BX. For
general topological spaces X, the map from X to X need not be injective.

16. One point compactification on a topological space X is the minimal
compactification of X. The Stone-Cech compactification on X is the maximal
compactification of X. It was constructed by Marshall Stone and Eduard
Cechin 1937.

Let Xbe completely regular space. These exists a compactification Y of X
having the property that every bounded continuousmap " : X — R extends

uniquelly to a continuous map of Y'into R. An open cover of 4 is said to be
finite if it consists of finite humber of open self.

17. Anopen cover of 4 said to be finite if it consists of finite number of open sets.

3.14 SUMMARY

e The separation axioms T’ specify the degree to which the separate and
distinct points or closed sets may be separated by means of open sets.
These completeness are statements about the richness of topology.

e Specifically a space Xis said to be regular ifand only if itisboth a 7 and a
T, space, normal if and only if it is both a 7' and T, space, completely
normal ifand only if itis both a 7' and a 7 space.

e Let /: X —> Y beamapping of a set X into a Hausdorft space Y; then it
follows immediately from Theorem 3.1 that fhas at the most one limit with
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respect to a filter 7 on X, and that if fhas y as a limit with respect to F, then
yis defined as the only cluster point of f with respect to F.

Let £, g be two continuous mappings of a topological space X into a
Hausdorft'space Y. If f(x) = g(x) atall points of a dense subset of X, then

f=g
If every point of a topological space X has a closed neighbourhood, then X
is Hausdorftf which is a Hausdorft subspace of X.

In topological analysis and evaluation, the Urysohn’s lemma is defined as a
lemma which states that a topological space is considered as normal if and
only if any two disjoint or separate closed subsets can be precisely separated
through a continuous function. The Urysohn’s lemma is named after the
mathematician Pavel Samuilovich Urysohn who has defined its concept.

The mathematicians L. E. J. Brouwer and Henri Lebesgue originally proved
a special instance of the theorem for X being a finite dimensional real vector
space. The mathematician Heinrich Tietze extended this concept and notion
for all metric spaces and hence this theorem is termed as Tietze extension
theorem. Pavel Urysohn then typically proved this theorem uniquely for
normal topological spaces.

If X'is anormal topological space and 4 is closed in X, then for any continuous
function f: 4 — R such that |f{x) <1, there is a continuous function g:

2
X — R such that [g(x)| < %forx € X, and [f(x) — g(x)| < 3 for X € A.

First suppose that for any continuous function on a closed subset there is a
continuous extension. Let C and d be disjoint and closed in X. Define f: C
U D — Rbyfix)=0forx € Cand f{x)=1 forx € D. Now fis continuous
and we can extend it to a continuous function F: X — R. By Urysohn’s
lemma, x is normal because F'is continuous function such that #(x) =0 for
x e Cand F(x)=1forx € D.

An open cover of a subset 4 of a metric space X, we mean a collection C
=1{G, : L € 1} of open subsets of X' such that A c U {G, : A € 4}. We
then say that C covers A.

Another definition is, a subset of a metric space X is said to be compact if
every open cover of 4 has a finite subcover, that is, if for every collection
{G, : \ € 4} of open sets for which

Acu{G, :\ed},
there exist finitely many sets G, ,...,G,, among the G,’s such that
AcG, V..UG, .

Let Y be a subspace of a metric space X and let A — Y. Then 4 is compact
relative to X'if and only if 4 is compact relative Y.



e Let Dbeanarbitrary subset of R. Then A — D is open in D (or relative to D,
or D-open) if and only if there exists G open subset of R suchthat D=G N
D. Similarly we can define the notion of D-closed sets. Note that D is both
open and closed in D and so is ¢.

¢ A continuous function maps connected sets into connected sets.
¢ A continuous function on a compact set is uniformly continuous.

e The only connected subsets of R are the intervals, bounded or unbounded,
open or closed or neither.

e Let D Rbe compactand f: D — R be a continuous function. Then there
exists y,,y, € D such that f(y,) < fix) <Ay,), VX € D.

o The Finite Intersection Property or FIP is defined as a unique property of a

collection of subsets of a set X. A collection has this property if typically the
intersection over any finite subcollection of the collection is non-empty.

o A centered system of sets is defined as a collection of sets with the specific
finite intersection property.

e Let X'be aprecise compact Hausdorff space which typically satisfies the

property that every one point set is open. If X' has more than one point, then

Xis uncountable.

¢ The Hausdorff condition cannot be eliminated; since a countable set together

with the indiscrete topology is considered as compact and holds more than
one point satisfying the specific property that by no means one point sets
are considered as open, however it is not uncountable.

e The compactness condition cannot be eliminated which specifies that one
point sets cannot be considered open because a given finite space shows
the properties of discrete topology.

o A collection 4{4,} _, of subsets of a set X is said to have the Finite

Intersection Property, abbreviated FIP, if every finite subcollection {4,
A,,..., A} of A satisifes ﬂ;Ai = .

¢ Animportant special case of the preceding condition specifies that C'is a
countable collection of non-empty nested sets, i.e., when we have C, 5 C,

> C,D.... Inthis case, C automatically has the finite intersection property
and if each C is a closed subset of a compact topological space, then by

the proposition, [ C, #¢.

¢ A topological space is considered as distinct compact space if and only if

any collection of the compact space is precisely the closed sets having the
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exceptional Finite Intersection Property (FIP) which has non-empty
intersection.

A compact metric space is sequentially compact.

In a compact metric space every bounded sequence has a convergent
subsequence.

In other words, every open subset of X decomposes as a union of a
subcollection of the V. s—the V5 ‘Generate’ all open subsets. The family
{V } almostalways contains infinitely many members. The only exception
is if Xis finite.

We say that x is a cluster point for a sequence (x ) if forany N > 0 and any
open neighbourhood U_of x, there isann > Nsuch thatx e U.

Atopological space X satisfies the Bolzano-Weierstrass (B-W) property if
every sequence (x ) from X has at least one cluster point.

Many of important spaces occuring in analysis are not compact, but instead
have a local version of compactness. For example, Euclidean n-space is
not compact, but each point of £” has a neighbourhood whose closure is
compact.

¢ A topological space (X, 7) is locally compact if each point has a relatively

compact neighbourhood.

H {Y, : 0 € A} is locally compact if and only if all the Y, are locally
compact Hausdroft spaces and at the most finitely many are not compact.

In topological evaluations and specifically in the mathematical discipline
of general topology, the Stone—Cech compactification is a technique for
constructing a universal map from a topological space X to
a compact Hausdorff space B.X. The Stone—Cech compactification X of
a precisely defined topological space X is referred as the biggest compact
Hausdorff space typically generated by X, according to the perception that
any map from X to a precise compact Hausdorft space factors is specifically
done uniquely through B.X.

Characteristically, the specific form of the ‘Axiom of Choice’ is essential
for proving that every single topological space holds a Stone—Cech
compactification. However, for relatively simple spaces X, an accessible
and simple specific description of X often continues to be ambiguous.
Particularly, the precise proofthat B.X\ X is non-empty does not provide
an explicit and specific description of any particular point in BX\ X.

o Let BN be the set of all ultra filters on N. We will identify N as a subset of

BN by identifying every integer n with the principal ultra filter patn.
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C={GA: X € 1} of open subsets of Xsuchthat 4 U {G, : A € 4}. We Basic Properties
then say that C covers 4.
e Xis Closed and Bounded: Consider that there is a subset of any metric NOTES

space whose restricted metric is (). The converse may not be true for a
non-Euclidean space, for example the precise real line which is equipped
together with the discrete metric is typically considered as closed and
bounded but not compact, while the collection of typically all singletons of
the space is defined as an open cover which acknowledges no finite subcover.
It is defined as complete but not totally bounded.

e A space Xis said to be compact if every open cover of X admits of a finite
subcover.

¢ Product of two second countable spaces is a second countable space.

3.15 KEY TERMS

e Separation axioms: The separation axioms T, specify the degree to which
distinct points or closed sets may be separated by open sets. These axioms
are statements about the richness of topology.

¢ Urysohn’s lemma: In topological analysis, the Urysohn’s lemma is defined
as a lemma which states that a topological space is considered as normal if
and only if any two disjoint or separate closed subsets can be precisely
separated through a continuous function. The Urysohn’s lemma is named
after the mathematician Pavel Samuilovich Urysohn who has defined its
concept.

¢ Tietze extension theorem: In the field of topological analysis, the Tietze
extension theorem, also acknowledged as the Tietze—Urysohn—Brouwer
extension theorem, defines that the explicit and specific continuous functions
considered on a closed subset of a unique normal topological space can be
precisely extended to the entire or complete space by preserving the
boundedness if essential.

e Finite Intersection Property (FIP): The Finite Intersection Property (FIP)
specifications are used for the characterization of compactness that is typically
used for proving a common typical outcome on the uncountability of certain
specific and unique compact Hausdorff spaces which is also precisely used
in a proof of Tychonoft’s Theorem.

e Lebesgue’s number lemma: Specifically for every open cover of X, there
typically exists a number & > 0 such that every single subset of X having
diameter <  is uniquely contained in certain member of the cover.

¢ Finite intersection property: The finite intersection property is a property
of'a collection of subsets of a set X. A collection has this property if the
intersection over any finite subcollection of the collection is non-empty.
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e Compact: A topological space is compact if and only if any collection ofits

closed sets having the finite intersection property has non-empty intersection.

o Stone-Cech compactification: In the mathematical discipline of general

topology, Stone—Cech compactification is a technique for constructing a
universal map from a topological space X to a compact Hausdorff
space BX.

3.16 SELF-ASSESSMENT QUESTIONS AND

EXERCISES

Short-Answer Questions

l.

—_ = e
W NN = O

A A A

What are separation axioms?

What do you understand by Hausdorft spaces?
State Urysohn’s lemma.

Define Tietze extension theorem.

Give definition of compactness.

State the basic properties of compactness.
Define the term continuous function.

What is compact set?

Why finite intersection property is used?

Define the term sequentially compactness.

. What are the countably compact sets?

. Define one point compactification.

. State the Stone—Cech compactification.
14.

What does the compactness in metric space specify?

Long-Answer Questions

1.

Describe briefly the separation axioms with the help of examples.

2. State and prove Urysohn’s lemma.

3. Give the proofof Tietze extension theorem with appropriate examples.
4.
5

. Elaborate on the continuous functions and compact sets giving relevant

Explain in detail about the compactness and their basic properties.

examples.

Discuss about the compactness and finite intersection property giving relevant
examples.

What is sequentially compact? Describe the Bolzano-Weierstrass property
giving examples.

Briefly explain about the local compactness and one point compactification
giving appropriate examples.



9. Discuss about the Stone— Cech compactification and prove that topological
space X is homomorphic.

10. Describe the compactness in metric spaces giving theorems and examples.

11. Explain in detail about the countable compactness and sequential
compactness in metric spaces.
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UNIT 4 CONNECTED SPACES

Structure

4.0 Introduction NOTES
4.1 Objectives
4.2 Connected Spaces
4.3 Locally Connected Space
4.4 Connectedness on the Real Line
4.5 Tychonoff Product Topology: Standard Subbase and Its Characterizations
4.6 Projection Maps
4.7 Separation Axioms and Product Spaces
4.8 Connectedness and Compactness of Product Spaces
4.9 Countability

4.10 Embedding and Metrization

4.10.1 Embedding Lemma and Tychonoff Embedding
4.10.2 Urysohn’s Metrization Theorem

4.11 Solved Examples

4.12 Answers to ‘Check Your Progress’

4.13 Summary

4.14 Key Terms

4.15 Self-Assessment Questions and Exercises

4.16 Further Reading

4.0 INTRODUCTION

In the mathematical analysis of topology, topological spaces and other
related or associated branches of mathematics, a connected space is defined
as a specific topological space which cannot be exemplified and characterized
as the union or association of two or more disjoint non-empty open subsets.
Connectedness is considered as the essential and principal topological
properties which are precisely and explicitly used for distinguishing the
topological spaces.

Fundamentally, we can state that a subset of a topological space X can
be defined as a connected set if and only if it appears as a connected space
when typically observed as a subspace of X. Several associated or related but
more effective conditions are defined as the path connected, simply connected,
and n-connected. Additional related notion includes the concept of locally
connected, which neither implies nor follows from connectedness.

A topological space X is considered as disconnected if it is defined as
the union of two disjoint or separate non-empty open sets. Alternatively, X is
considered to be connected. A subset of a precise topological space is defined
as connected if it is typically connected in its subspace topology. The maximal
connected subsets of a non-empty topological space are termed as the
connected components of the space.

In topological analysis, the term real line is considered as a complete
metric space which specifically states that any Cauchy sequence of points Self - Learning
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precisely considered as the extremely simple examples about the geodesic
metric space. The real line Hausdorff dimension is equal to one. In
mathematical analysis, the Tychonoft’s theorem exceptionally specifies that
the product of any collection of the compact topological spaces is also compact
with regard to the product topology.

Metrizable spaces uniquely inherit the entire topological properties
specifically from the metric spaces, for example the Hausdorff paracompact
spaces, normal spaces, Tychonoff and first countable. The most widely used
and recognized metrization theorem is referred as Urysohn’s metrization
theorem which states that every Hausdorff second countable regular space is
metrizable.

In mathematical field of topology, a projection is typically defined as a
precise mapping of a set under consideration or other mathematical structures
into a particular subset or substructure, which is uniquely equal to its square
for mapping the required composition or otherwise which is idempotent. The
separation axioms are considered as the topological means specifically used
for distinguishing between the disjoint sets and the distinct points.

In topological specifications and other related areas of mathematics, a
product space is considered as the characteristic Cartesian product of a family
of topological spaces distinctively analysing the natural topology termed as
the product topology.

A connected space is defined as a specific topological space which
cannot be characterized or exemplified as the union of two or more disjoint
or separate non-empty open subsets. Connectedness is, therefore, one of the
most significant topological properties exceptionally used to discriminate and
uniquely categorise the topological spaces. In the mathematical field of
topological analysis, specifically the term compactness is defined as a property
of topological space that specifically generalises the notion and concept about
the subset of Euclidean space is closed, i.e., it contains all of its limit points,
and bounded, i.e., all of its points typically remain within certain fixed distance
to each other. In topology, a first countable space is referred as a topological
space which uniquely satisfies the ‘First Axiom of Countability’. The term
embedding or imbedding is an instance of certain mathematical structure
particularly contained within a different instance, for example as a group or
a subgroup. A metrizable space is typically a topological space which is
homeomorphic to a metric space.

In this unit, you will study about the connected spaces, connectedness
on the real line, components, locally connected spaces, Tychonoff product,
topology in terms of standard subbase and its characterizations, projection
maps, separation axioms and product spaces, connectedness and product
spaces, compactness and product spaces { Tychonoft’s Theorem}, countability
and product spaces, embedding and metrization, embedding lemma and
Tychonoff embedding, and the Urysohn’s metrization theorem.



4.1 OBJECTIVES

After going through this unit, you will be able to:
¢ Understand about the connected spaces
e Analyse the locally connected space
¢ Explain the connectedness on real line
¢ Discuss about the Tychonoff’s product
e Comprehend on the projection map
e Interpret about the separation axioms and product spaces
¢ Analyse the connectedness and compactness of product spaces
e Elaborate on the countability
e Discuss about the embedding and metrization
¢ Know about the embedding lemma and Tychonoff embedding
o State the Urysohn’s metrization theorem

4.2 CONNECTED SPACES

In topology and the mathematical field of analysis, the topological spaces and other
related or associated branches of mathematics, a connected space is defined as a
specific topological space which cannot be exemplified and characterized as the
union or association of two or more disjoint non-empty open subsets.
Connectedness is considered as the essential and principal topological properties
which are precisely and explicitly used for distinguishing the topological spaces.
The unique and strong notion specifies the path connected space, which is a specific
space where any two points can be joined or connected by means of a path.

Fundamentally, we can state that a subset of a topological space X can be
defined as a connected set if and only if it appears as a connected space when
typically observed as a subspace of X.

Several associated or related but more effective conditions are defined as
the path connected, simply connected, and n-connected. Additional related notion
includes the concept of locally connected, which neither implies nor follows from
connectedness.

The example of a space that is not connected can be given as an infinite line
from the plane. Additional examples of disconnected spaces, i.e., the spaces that
are not connected, typically include the plane with a closed ring deleted including
the union of two disjoint or separate open disks specified in the two dimensional
Euclidean space.

Definition: A topological space X is considered as disconnected if it is
defined as the union of two disjoint or separate non-empty open sets.
Alternatively, X'is considered to be connected. A subset of a precise topological
space is defined as connected if it is typically connected in its subspace

topology.
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Connected Spaces For a topological space X the following conditions are considered as
equivalent:

1. Xis considered as connected.

NOTES 2. X cannot be further divided into two disjoint or separate non-empty closed
sets.

3. The only subset of X which specifically is both open and closed, termed as
‘Clopen Sets’ are X and the empty set.

4. The only subsets of X' having the empty boundary are X and the empty set.

5. X cannot be written in the similar way as the union of two non-empty disjoint
or separated sets.

6. The only continuous functions from Xto {0, 1} are defined as constant.
Connected Components

In topology, the maximal connected subsets or the utmost and maximum connected
subsets of a non-empty topological space are precisely termed as the connected
components of the space. Characteristically, the components or elements of any
topological space X specifically from a partition of X, are uniquely defined as disjoint,
separate and non-empty, and their union is defined as the whole or entire space.
Because we are holding that the empty topological space is connected, therefore
we essentially use the following special convention,

“The empty space does not have connected components. Every single
component is defined as a precise closed subset defined on the original space.”

It typically follows that when their number is finite, then each
component or element is also defined as an open subset. Consequently, when
their number in infinite, though this condition may not be true; for example,
the connected components or elements of the set of the rational numbers are
specifically defined as the one point sets, which are not open.

LetI"_be a connected component of x in a topological space X, and I''_
be the intersection of all open-closed sets containing x (called quasi-
component of x.) Then I’ < I'"_ where the equality holds if X is compact
Hausdorff or locally connected.

Disconnected Spaces

In topology, a space is termed as totally disconnected when all of its components
are precisely one point sets. Associated to this property of space, it can be stated
that a space Xis termed as totally separated if for any two components or elements
x and y of X, there exists disjoint or separate open neighbourhoods U of x and V'
ofy such that X'is defined as the union of U and V. Evidently any totally or entirely
separated space is totally and perfectly disconnected, however the converse does
not hold. For example, consider the two copies of the rational numbers O and then
typically identify the rational numbers Q at every point except ‘Zero’. The resultant
subsequent space, together with the quotient topology, is defined as totally and
perfectly disconnected. Consequently, when the two copies of zero are considered
then obviously that space is not considered as totally separated. Essentially, it is
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not even Hausdorff. Additionally, the condition of totally separated is precisely
stronger in comparison to the condition of being Hausdorff space.

In topology, a Hausdorff space is defined as a precise topological space
having a separation property that any two distinct points can be separated by
means of disjoint open sets.

The following are the examples:

e The closed interval [0, 2] in the standard subspace topology is
connected; although it can, for example, be written as the union of
[0,1) and [1, 2], the second set is not open in the aforementioned
topology of [0, 2].

e The union of [0,1) and (1, 2] is disconnected; both of these intervals
are open in the standard topological space [0,1)U(1, 2].

e (0,1)u{3} is disconnected.
e A convex set is connected; it is actually simply connected.

¢ A Euclidean plane excluding the origin, (0,0) is connected but is not
simply connected. The three-dimensional Euclidean space without the
origin is connected and even simply connected. In contrast, the one-
dimensional Euclidean space without the origin is not connected.

¢ A Euclidean plane with a straight line removed is not connected since
it consists of two half-planes.

e The space of real numbers with the usual topology is connected.
¢ Any topological vector space over a connected field is connected.

e Every discrete topological space with at least two elements is
disconnected, in fact such a space is totally disconnected. The simplest
example is the discrete two-point space.

e The Cantor set is totally disconnected; since the set contains
uncountably many points it has uncountably many components.

e If a space X is homotopy equivalent to a connected space, then X is
itself connected.

e The topologist’s sine curve is an example of a set that is connected but
is neither path connected nor locally connected.

e The general linear group GL(n, R)(that is, the group of n-by-n real
matrices) consists of two connected components: the one with matrices
of positive determinant and the other of negative determinant. In
particular, it is not connected. In contrast, GL(%,C) is connected. More
generally, the set of invertible bounded operators on a (complex) Hilbert
space is connected.

e The spectrum of a commutative local ring is connected. More generally, the
spectrum of acommutative ring is connected if and only if it has no idempotent
#0, ifand only if the ring is not a product of two rings in a non-trivial way.
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Path Connectedness

A path from a point x to a point y in a topological space X'is a continuous function
ffrom the unit interval [0,1] to X with /(0) =x and /(1) = y. A path-component
of X'is an equivalence class of X under the equivalence relation which makes x
equivalent to y if there is a path from x to y. The space X is said to be path
connected (or pathwise connected or 0-connected) if there is atmost one path
component, i.e., if there is a path joining any two points in X. Again, many others
exclude the empty spaces.

Every path component space is connected. The converse is not always
true: examples of connected spaces that are not path componen include the
extended long line L* and the topologist’s sine curve.

However, subsets of the real line R are connected if and only if they
are path connected; these subsets are the intervals of R. Also, open subsets
of R" or C" are connected if and only if they are path componen. Additionally,
connectedness and path componenness are the same for finite topological
spaces.

Arc Connectedness

In topology, a space X is referred as to be arc connected or arc wise connected
when any two distinct or separate points can be joined through an arc, i.e.,
consider a path fwhich is typically homeomorphism between the unit interval
[0,1] and its image f{[0,1]). It can be demonstrated that any Housdorff space
which is explicitly path connected is arc connected also. An exclusive example
of a space which is typically path connected but it is not arc connected is
obtained when the second copy 0'of 0 is added to the nonnegative real numbers
[0, ). This specific set along with a partial order can be endowed by
specifying that 0’ < a for any positive number a, but 0 and 0" are left
incomparable. One then endows this set with the order topology, that is one
takes the open intervals (a, b) = {x|a <x < b} and the half-open intervals [0,
a) = {x|0 <x < a}, [0, a) ={x]0" < x < a} as a base for the topology. The
resulting space is a T, space but not a Hausdorff space. Clearly 0 and 0" can
be connected by a path but not an arc in this space.

4.3 LOCALLY CONNECTED SPACE

In the field of topology and other disciplines of mathematics, a topological
space X is typically defined as locally connected if every single point
acknowledges or recognises a neighbourhood basis that uniquely consists of
entire or complete open connected sets.

The historical perspective of topology discusses about the two most significant
and most widely used topological properties, namely the connectedness and
compactness. Certainly, the analysis and study of these properties can be done as
the subsets of Euclidean space, and also their unique identification as being
independent from the certain specific form of the Euclidean metric helped to specify



the notion of a topological property and consequently a topological space. However,
whereas the structure of compact subsets of Euclidean space was understood
quite early on via the Heine-Borel theorem, connected subsets of R". (Forn > 1)
proved to be much more complicated. Indeed, while any compact Hausdorft space
is locally compact, a connected a space and even a connected subset of the
Euclidean plane need not be locally connected.

Even though the fundamental and essential point set of topological notions
and properties is somewhat comparatively simple and easy, but their precise
algebraic topology is typically complex. According to this contemporary perspective,
the unique and strong property that specifies the local path connectedness is
considered very significant, for example a particular space to acknowledge a
universal cover it should be connected and also locally path connected.

A space is considered as locally connected if and only if particularly for every
single open set U, the connected specific components of U should be open.
Characteristically, a continuous function specifically explained from a locally
connected space to a totally or completely disconnected space must also be locally
constant. Essentially, the openness or directness of components or elements is a
natural property and is generally not true, for example the Cantor space is
considered as totally or completely disconnected but not discrete.

The following example will make the concept clear:
Let X'be a topological space, and let x be a point of X.

We say that X'is locally connected at x if for every open set } containing x
there exists a connected, open set U withx € U V. The space Xis said to be
locally connected if it is locally connected at x for all x in X.

By contrast, we say that X is weakly locally connected at x if for every open
set V containing x (or connected im Kleinen at x) there exists a connected subset
N of V'such that x lies in the interior of N. An equivalent definition is: each open set
J containing x contains an open neighborhood U of x such that any two points in
U lie in some connected subset of V. The space X is said to be weakly locally
connected ifit is weakly locally connected at x for all x in X.

In other words, the only difference between the two definitions is that for
local connectedness at x we require a neighbourhood base of open connected
sets, whereas for weak local connectedness at x we require only a base of
neighbourhoods of x.

Evidently, a space which is locally connected at x is weakly locally connected
at x. The converse does not hold. On the other hand, it is equally clear that a
locally connected space is weakly locally connected and here it turns out that the
converse does hold. A space which is weakly locally connected at all of its points
is necessarily locally connected at all of its points.

We say that X'is locally path connected at x if for every open set /' containing
x there exists a path connected, open set U with x € U< V. The space Xis said
to be locally path connected at x for all x in X.
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Since path connected spaces are connected, locally path connected spaces
are locally connected.

The following examples will make the concept clear:

1. For any positive integer 7, the Euclidean space R” is connected and locally
connected.

2. The subspace [0,1]U[2,3] of real line R! is locally connected but not
connected.

3. The topologist’s sine curve is a subspace of the Euclidean plane which
is connected, but not locally connected.

4. The space Q of rational numbers endowed with the standard Euclidean
topology, is neither connected nor locally connected.

5. The comb space is path connected but not locally path connected.

6. Let X be a countably infinite set endowed with the cofinite topology.
Then X is locally connected (indeed hyperconnected) but not locally
path connected.

Properties
The following are the properties of connectedness:

1. Local connectedness is, by definition, a local property of topological
spaces, i.e., a topological property P such that a space X possesses
property P if and only if each point x in X admits a neighbourhood
base of sets which have property P. Accordingly, all the metaproperties
held by a local property hold for local connectedness.

2. A space is locally connected if and only if it admits a base of connected
subsets.

3. The disjoint union ]71 X ofa family {X} of spaces is locally connected

if and only if each X' is locally connected. In particular, since a single
point is certainly locally connected, it follows that any discrete space
is locally connected. On the other hand, a discrete space is totally
disconnected, so is connected only if it has at most one point.

4. Conversely, a totally disconnected space is locally connected if and only if
itis discrete. This can be used to explain the aforementioned fact that the
rational numbers are not locally connected.

4.4 CONNECTEDNESS ON THE REAL LINE

The notion of connectedness is of fundamental importance in analysis. Before
giving a formal definition of connectedness in a metric space, we introduce
the notion of subspace.



Let (X, d) be a metric space and let 4 be a subset of X. Let d* denote
restriction of d to A X A, that is,

d*(x, y)=d(x, y)
Here x, y are points of A. Then d* is a metric for 4 called the induced
metric and the set 4 with metric d* is called subspace of X.

Thus, a subset 4 of X equipped with the induced metric is a metric
space in its own right and neighbourhoods, open sets and closed sets are
defined as an any metric space. But an open set (closed set) of 4 need not be
open (closed) when regarded as a subset of X.

For example, if we regard the closed interval [0, 1] as a sub space of R,
then the semi-open interval [0, 1[ is open in [0, 1] but not in R. In fact, if 4 is
a subspace of X and B c 4, then

(1) B is open in if there exists a set G open in X such that,

B=GnA.
(11) B is closed in 4 if there exists a set H closed in X such that,
B=HnNA.

Note that the phrase ‘B is open in A’ means that B is open relative to the
induced metric on 4. Also ‘B is open in X’ means that B is open with respect
to the metric on X.

Notes: (i) If A — X is open, then B — A4 is open in A4 if it is open in X.
(i) If 4 < X is closed, then B — A is closed in 4 if it is closed in X.

Another definition is subset 4 of a metric space X is said to be
disconnected if it is the union of two non-empty disjoint sets both open in
A such that,

CnD=Zand CuD=A4.

It follows from the preceding definition that a subset of a metric space
Xis disconnected if it is the union of two non-empty disjoint sets both closed
inA.

We call C n D the separation (or disconnection) of A4.

It follows at once from definition that every singleton set is a connected
set.

Theorem 4.1: R is connected.

Proof: Suppose, if possible, R is disconnected. Then there exist two non-
empty, disjoint, closed sets 4 and B such that R =4 U B. Since 4, B are non-
empty, we can finda, e Aand b, € B. Since A U B=, a, # b , and so either
a,>b ora <b.Supposea,<b.Letl =]a,b]sothat/ isa closed

a,+b

interval. Bisect /, and observe that its mid-point must belong either to 4 or

to B but not both since 4 and B are disjoint. It follows that one of the two halves
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Connected Spaces must have its left end point in 4 and its right end point in B. We denote this interval
by l,=[a, b,]. Webisect I, and proceed as before. We continue this process ad
infinitum. Evidently /, © 1, 5 I, ©... Thus we obtain a nested sequence </ > of
closed intervals such that their length |[[|] — 0 as
n — . Hence, by the nested interval theorem, there exists a unique point ¢
which belongs to every / , that is,

NOTES

cen{ln:neN}.
It is easy to state that c is a limit point of both 4 and B.

Forif V (c, €) =] ¢ —¢, ¢ +¢[ is any e-nhd of ¢, we can find a positive
integer m so large that I — N (c, ¢) for all n > m and consequently N (c, €)
contains infinite number of points of both 4 and B. Since 4 and B are closed,
c € A and c € B which is a contradiction since A N B = .

Hence, R must be connected.
Theorem 4.2: A sebset 4 of R is connected if and only if it is an interval.

Proof: The ‘only if” part. Let 4 be connected and suppose if possible, 4 is not
an interval. Then there exist real numbers a, p, b with a < p < b such that q,
beAbutp ¢ A. Let, G=]— 0, p[ and H=]p, x[.

Then G, H are disjoint, non-empty open sets in R. They are non-empty
sincea € Gand b € H. Let

C=4nGandD=4NnH.

Then, C and D are open in 4. Further @ € C and b and D so that they
are non-empty. Also

CcG,DcHandGNnH=Y=CnD=0,
AndCuD=UANG)uU(BNH)
=AN(GUH)=ANn(R-{p})=A
[cpegA=>AcR-{p}]

Hence, C U D is a separation of 4 and consequently A4 is disconnected
which is contradiction. Hence, 4 must be an interval.

The ‘If” part. The proof of this part is exactly on the same lines and is
left as an exercise.

4.5 TYCHONOFF PRODUCT TOPOLOGY:
STANDARD SUBBASE AND ITS
CHARACTERIZATIONS

In topology, a subbase for a topological space X with topology T is a
subcollection B of T which generates T, such that T is the smallest topology
containing B. Following are some useful equivalent formulations of the definition:
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Let X be a topological space with topology T. A subbase of this topology
T is defined as a subcollection B of T satistying one of the two following equivalent
conditions:

1. The subcollection B generates the topology T. This implies that T is the
smallest topology containing B and so any topology U
on X containing B must also contain T.

2. The collection of open sets consisting of all finite intersections of
elements of B, together with the set X and the empty set, forms
a basis for T. This means that every non-empty proper open set in T can
be written as a union of finite intersections of elements of B. Clearly,
given a point x in a proper open set U, there are finitely many sets
S, ..., S of B, such that the intersection of these sets contains x and is
contained in U.

The topological space precisely for any subcollection S typically of the
power set P(X), there uniquely exists a distinctive topology with S as a subbase.
Specifically, the intersection of precisely all the topologies on X that contains
S uniquely satisfies this particular condition. However, there is generally no
unique subbases for a given specific topology. Consequently, a fixed topology
is considered for finding the subbases for the specific topology. Subsequently,
an arbitrary or random subcollection of the power set P(X) also can be formed
by using the properties of topology specifically generated by means of that
subcollection.

Even though, in most of the conditions either of the above mentioned
two equivalent definitions are generally used, while one of the two specified
conditions is more efficient than the other.

Sporadically, at times a slightly different definition of the term subbase
is also used which involves the notion that the subbase B cover X. In this
specific condition, X is considered as an open set in the topology that is
specifically generated, for the reason that it is defined as the union of all the
{Bi} where Bi ranges over B. This implies that the nullary intersections can
be used in the definition. Even though, if this definition is used then the
above defined two definitions do not remain equivalent.

In other words, there exist spaces X with topology T, such that there exists
asubcollection B of T such that T is the smallest topology containing B, yet B does
not cover X. In practice, this is a rare occurrence. For example, a subbase of a
space satisfying the T, separation axiom must be a cover of that space.

Let us consider the following example.
Example 4.1: Consider the topology 7= {¢, X, (a),(b,c)} onX=(a, b, c) and
the topology 7* = {¢, Y, ()} on Y= (u, v). Determine the defining subbase B, of
the product topology on X x Y.
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Connected Spaces Solution:

XxY={(a,u), (a,v),(b,u),b,v), (c,u),(cv)} is the product set on

which the product topology is defined. The defining subbase B, is the class

NOTES . 1 _ _
of inverse sets n;l(G) and 7, (H ) where G is an open subset of X and H is

an open subset of Y. Computing, we have

' (X)n) (Y)=Xxx7,

(o) = x'(0) = ¢

n,'(a) = {(a, u), (a, v)}

n,' (b,c) = {(b, u), (b, v), (¢, w), (¢, v)}
n, () = {(a, u), (b, w), (c, u)}

Hence, the defining subbase B, consists of the subsets of X x Y above.

The defining base B consists of finite intersections of members of the defining
subbase, that is,

B={¢, Xx 7Y, (a,u), (b,u),(c,u)}

{(a7 u)’ (a7 v)}’ {(b7 u)’ (b7 v)’ (c7 u)’ (c7 v)}

{(a,u), (b, u), (¢, u)}
Theorem 4.3: Let (X, 7)) be an arbitrary collection of topological spaces and let
X= 7;X » . Let T'be a topology for X. If 7'is the product topology for X, then T

is the smallest topology for X for which projections are continuous and conversely
also.

Proof: Let , be the A-th projection map and let G, be any T’ -open subset of X .
Then since T'is the product topology for X, = {1 (GK ) is amember of the subbase
for Tand hence &t {1 (GK ) must be 7-open. It follows that 7, is 7- 7, continuous.
Now let V'be any topology on X such that =, is V- T, continuous foreach A € A.
Then =« {1 (GX ) is V-open for every G, €T,. Since V'is a topology for X, V/
contains all the unions of finite intersections of members of the collection { & [1 (Gk ) ;
AeAand G, €T, }.

= V contains 7 'thatis 7'is coarser than V. Thus T is the smallest topology
for X'such that , is 7- T, continuous for each A € A.

Conversely, let B, be the collection of all sets of the form n[l (Gk ) where
G, isan open subset of X, for A € A. Then by definition, a topology V for X will

make all the projections w, continuous if and only if B, < V. Thus the smallest
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topology for X which makes all the projections continuous, is the topology

determined by B, as a subbase.
Theorem 4.4: A functionf: ¥ — X from a topological space Y into a product

space X=T X, is continuous if and only if for every projection my: X—> X, the
composition mapping 7t,0f : ¥ — X is continuous.

Proof: By the definition of product space, all projections are continuous. So if fis
continuous, then T, of being the composition of two continuous functions, is also
continuous.

On the other hand, suppose every composition function nﬁof Y X is
continuous. Let G be an open subset of X, Then by the continuity of nﬁof, (nﬁoj)*
(G) =" [7,'(G)] is an open set in Y. But the class of sets of the form ,”/(G)
where G is an open subset of X, is the defining subbase for the product topology
on X. Since their inverse under fare open subsets of Y, f1s a continuous function.
Note: The projection 7t_and 7t of the product of two sets X and Y are the mappings of X x Y
onto Xand ¥ respectlvely deﬁned by setting ©_(<x, y>) = x and 7 (<x, y>)=y.

Theorem 4.5: If Xand Y are topological spaces, the family of all sets of the form
V' x W with V open in X and W open in Y is a base for a topology for
XxY.

Proof: Since the set X x Yis itself of the required form, X x Y'is the union of all the
members of the family. Now let<x, y> e (V, x W) (V,x W) with V' and V,
openinXand W, and W, openin Y. Then <x,y> e (V, N V) x (W x W) =(V,
x W)V, x W)withV, "V, openin Xand W, " W, openin Y. Then the family
is a base for topology for X x Y.

Theorem 4.6: Let C, be a closed subset of a space X, fori € I. Then T Ciisa

closed subset of T X with respect to the product topology.

Proof: LetX= T X, and C= K C, . We claim X— C'is an open set in the product
topology on X. Letx € X—C. Then C= QI ;! (C; ) and so x ¢ C implies that there

exists j el such thatw(x) ¢ C.Let V. =X — C andlet V=7 jfl (VJ ) Then Vis

an open subset of X and so V'is an open subset (in fact a member of the standard
subbase) in the product topology on X. Evidently nj(x) v, and sox € V. Moreover,
CnV=¢since nj(C) N nj(V) =¢.So V' X—C. Thus, X— Cis aneighbourhood
of'each of'its point. Therefore, X— C'is open and C'is closed in X.

4.6 PROJECTION MAPS

In mathematics, in general, a projection is a mapping of a set or of a mathematical
structure which is idempotent, i.e., a projection is equal to its composition with
itself. A projection may also refer to a mapping which has a left inverse. Both
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these ideas are related. Let p be an idempotent map from a set £ into itself (thus
p°p =1d,) and F'= p(E) be the image of p. If we denote the map p viewed as a
map from £ onto F'by r and the injection of /" into £'by 7, then we get i°mt=1d..
On the other hand, i°m = Id,. implies that 7° is idempotent.

Initially, the notion of projection was introduced in Euclidean geometry to
denote the projection of the three-imensional Euclidean space onto a plane. The
two main projections of this kind are of following types:

¢ Central Projection: It is the projection from a point onto a plane. If C'is
the center of projection, then the projection of a point P distinct from C'is
the intersection with the plane of the line CP. The point C and the points P
such that the line Central Projection (CP) is parallel to the plane do not
have any image by the projection.

e The Projection Onto a Plane Parallel to a Direction D: The image of a

point P is the intersection with the plane of the line parallel to D passing
through P.

Definition 1: For each B €A, the mapping T TKEX » — X assigning to each

element <x,> of fX » its Bth coordinate, g(< X >) = X is known as the

projection mapping associated with the index f3.

Consider the set 7;71 (GB ) where G, is an open subset ofXB. It consists of
allpointsp={a, ;L € A}in TKFX 4 such that 7[}(17) € Gy Inother words, 7;71 (GB )

= fo where Y, = G and Y, = X, whenever A # 3 that is nﬁ‘l(Gﬁ) =X, x X, x
X X[H X GBXX X

FIRTRTEN

Definition 2: For each A in an arbitrary index set A, let (X, 7} ) be a topological
space and let X = TKFX » . Then the topology 7 for X, which has a subbase the

collection B, = {ngl (G, renand G, e Tx} is called the product topology or

Tichonov topology for X and (X, 7) is called the product space of the given
spaces.

The collection B, is called the defining subbase for 7. The collection B of all
finite intersection of elements of B, would then form the base for 7.

Note: The projection mappings are continuous for G, in T —open in

-1 X . -1 .
XB = g (GB) € B, which is a subbase for 7 and therefore 7BT (Gp) is T-open

inX="1X,



Theorem 4.7: Let 4 be a member of the defining base for a product space

X= TXFX » . Then the projection of 4 into any coordinate space is open.

Proof: Since 4 belongs to the defining base for X.

of X, . So for any projection my: X —> X,

Xy if B {0,050, )
() = G, if Be{o,,0,,.0,}

In either case nB(A) 1S an open set.

Theorem 4.8: Every projection m, : X — X, onaproduct space X = QX x
1s open.

Let G be an open subset of X. For every point p € G, there is a member
A of the defining base of the product topology such that p € A < G. Thus for
any projection t, : X — Xy, p e G= my(P) € my(d) < 1,(G).

But m,(4) is an open set. Therefore, every point nB(P) in n,(G) belongs
to an open set m,(A) which is contained in nB(G) is an open set.

Note: As each projection is continuous and open, but projections are not closed maps, e.g.,
consider the space R x R with product topology.

Let H={(x,y);x,y € Randxy =2}
Here H is closed in R x R but 7t (H) = R ~ (0)

This is not closed with respect to the usual topology for R where =, is
the projection in the first coordinate space R.

Check Your Progress

What is connected space?

When a subset of a topological space X is connected?
Define connected components.

When topological space termed as totally disconnected?
What do you understand by locally connected space?
When d* is called subspace of X?

Give the definition of a subbase.

Define the term projection map.

A P BRSNS A

What is central projection?
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4.7 SEPARATION AXIOMS AND PRODUCT
SPACES

In topology and related fields of mathematics, there are many limitations that we
often make on the kinds of topological spaces that we wish to consider. Some of
these restrictions are given by the separation axioms. These separation axioms
are often termed as Tychonoff separation axioms, after Andrey Tychonoft. The
separation axioms are axioms only in the sense that, when defining the notion of
topological space, one could add these conditions as extra axioms to get a more
restricted notion of what a topological space is. The separation axioms are denoted
with the letter ‘7 after the German Trennungsaxiom, meaning separation axiom.

The separation axioms are used to distinguish disjoint sets and distinct points.
It is not enough for elements of a topological space to be distinct. They have to
be topologically distinguishable. In the same way, it is not enough for subsets of
a topological space to be disjoint. They have to be separated in some way.
Suppose X is a topological space. Consequently, the two specific
points x and y in X are typically defined as topologically distinguishable or distinct
if they do not precisely possess the similar neighbourhoods or alternatively, we
can specify that at least one of the points has a neighbourhood which is precisely
not a neighbourhood of the other. Therefore, when x and y are topologically
distinguishable or distinct points, then the singleton sets {x} and {y} mustalso be
disjoint or separate.

Therefore, two points x and y are considered as separated if each of them
holds a specific neighbourhood that is not at all the neighbourhood of the other.
Additionally, the two subsets 4 and B of X are considered as separated if each
of them is disjoint or separate from the closure of other; typically, the closures
themselves are not disjoint or separate. Evidently, the points x and y are considered
as separated if and only if their singleton sets {x} and {y} are also separated.
Characteristically, remaining all conditions for sets can precisely be applied to the
points or to a specific point and also a set by using the singleton sets.

Additionally, subsets 4 and B of Xare separated by neighbourhoods if they
have disjoint neighbourhoods. They are separated by closed neighbourhoods if
they have disjoint closed neighbourhoods. They are separated by a function if
there exists a continuous function f from the space X to the real line R such that
the image f(4) equals {0} and f{B) equals {1}. Lastly, they are precisely separated
by a function if there exists a continuous function f from X to R such that
the preimage /' ({0}) equals 4 and f'({1}) equals B. Any two topologically
distinguishable points must be distinct and any two separated points must be
topologically distinguishable. Moreover, any two separated sets must be disjoint
and any two sets separated by neighbourhoods must be separated, and so on.

Theorem 4.9: A topological space X'is Hausdorff if and only if the diagonal is
closed in X x X with the product topology.



Proof: Let D denote the diagonal {(x,x)|xe X} in X x X.

Suppose D is closed. Then the complement of D is open. We want to show
that X'is Hausdorff. Let x # y . The point (x, y) lies in an open set disjoint from D.

In particular, there is a basis open set about (x, y) that does not intersect D. Let U
x V'be such abasis open set (so U and V are both open in X). Clearly, if yeU NV,

then (y,y)eUxV . But U x V does not intersect D, and hence U and V are
disjoint open sets.

Conversely, suppose X is Hausdorff. Then, we want to show that D is
closed.

We know that given x#y, there are disjoint open sets U and V
containing x and y respectively. Thus, any (x,y) lies inside an open set
U x V. Further, as U~V 1is empty, the set U x V does not intersect D.
Consequently, for every single point outside D, there is precisely a
neighbourhood of the point outside D. The union of all these neighbourhoods

are taken for concluding that the complement of D is open and therefore D is
closed.

Even though, precisely the two directions of proof appear to be
practically identical to one another, and hence there is a subtle or slight
difference. To prove that precisely the diagonal is closed from Hausdorftness,
then basically it can be said that products of open sets are open. Consequently,
the identical or similar proof will be considered that more open sets can be
added. Alternatively, the proof of Hausdorftness from the specified diagonal
being closed significantly defines that the so called open rectangles form a
basis, i.e., the products of open sets.

Theorem 4.10: The product of Hausdorff spaces is Hausdorff in the product
topology.

Proof: Let X'and Y be the two Hausdorff spaces. Then, the product space is X x
Y

Select the points (x,,y,) and (x,,y,). Now either x, #x, or y, # y,.

If x, # x, , first separate x, and x, in X. That is, choose disjoint open sets in
X :U, containing x, and U, containing x,. Clearly U, X Y and U, x Y are disjoint
open sets containing (x,,y,) and (x,, y,) respectively.

If y, # y,,then separate y andy,in Y, say, by V', and V. Then X x V', and
XV are disjoint open sets containing (x,,y,) and (x,,y,).
Theorem 4.11: Every subspace of a regular space is regular.

Proof: Let X be the regular topological space and 4 be a subset. Choose x e 4
and C closed in 4. For x € X, choose D, a closed subset of X'suchthat p ~ 4 =C.
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Such a D exists from the way the subspace topology is defined. Clearly, whatever
D is picked up for the purpose, x ¢ D because the only pointsin p ~ 4 areina
set not containing x.

Since Xis regular, we can find open sets U and V'in X'such that xc U/,
CcV,and U and V are disjoint. Now, U ~ 4 and ' ~n 4 are disjoint open
subsets of 4, with xeU~n4 and CcV 4.

The two important facts that we chose are that x being a point in the
subspace, remained a point in the whole space and every closed set in the

subspace was an intersection with the subspace of a closed set in the whole
space.

4.8 CONNECTEDNESS AND COMPACTNESS
OF PRODUCT SPACES

In topological analysis, the terms ‘Connectedness’ and ‘Compactness’
are the two most widely studied and used topological properties. Definitely,
these properties are studied for analysing the subsets of the Euclidean space
and the identification and acknowledgement of their individuality from the
specific and unique form of the Euclidean metric notion of a topological
property and consequently a topological space. However, the basic structure
and unique notion of compact subsets of Euclidean space was recognized by
the Heine-Borel theorem, who specified that connected subsets of R”? (for n >
1) proved to be very complicated and complex. Certainly, while any precise
and compact Hausdorff space is considered locally compact, therefore a
connected space — and even a connected subset of the Euclidean plane —
essentially should not be locally connected.

A connected space is defined as a specific topological space which cannot
be characterized or exemplified as the union of two or more disjoint or separate
non-empty open subsets. Connectedness is, therefore, one of the most significant
topological properties exceptionally used to discriminate and uniquely categorise
the topological spaces. In the mathematical field of topological analysis, specifically
the term compactness is defined as a property of topological space that specifically
generalises the notion and concept about the subset of Euclidean space is closed,
1.e., itcontains all of its limit points, and bounded, i.e., all of its points typically remain
within certain fixed distance to each other. In topology, a first countable space is
referred as a topological space which uniquely satisfies the ‘First Axiom of
Countability’. The term embedding or imbedding is an instance of certain
mathematical structure particularly contained within a different instance, for example
as a group or a subgroup. A metrizable space is typically a topological space which
is homeomorphic to a metric space.

In the end of the twentieth century, the locally homeomorphic properties to
Euclidean space were considered more complicated and complex. This implies
that even though the basic point set topology is relatively simple because



essential metrizable spaces were studied and according to most of the definitions
the concept of the algebraic topology is extremely complex. From this contemporary
perspective, the strong property of local path connectedness is considered more
significant, for example for a space to acknowledge a universal cover it must be
connected and also locally path connected. Characteristically, a space is termed
to be locally connected iff for every open set U, the connected components of U in
the subspace topology are open. A continuous function from a locally connected
space to a totally disconnected space must be locally constant.

Theorem 4.12: 1:[ X is locally connected if and only if each space X, is locally

connected and all but a finite number are connected.

Proof: Suppose HX » 1is locally connected, and let X, € X, be contained in
some open set Y. Choose some point z = <z, > with z,=X, and we have z

belonging to the open set ngl (YB ) By local connectedness, there must exist a

connected open set G containing z and contained in nﬁ_l (YB ).Taking the B-th

projection, we see that Zy=2x, is contained in the connected open set nB(G) which
isitself contained in Y, o and so X, is locally connected. Further, if z is any point of
the product space, it must be contained in some connected open set G. By definition,

ze TKEYx < Gwhere Y, isopenin X, forall A and Y, =X forall buta certain finite

number of values of A. But then the projections of G are connected and are equal
to X, except for that finite number of values of A.

Now suppose that X, is locally connected for old A and connected for A

BB, ..., B,. Let X=<x,> be an arbitrary point of ?Yx where Y, is openin X,

forall A and Y, =X for A= *, B *, .., B * Sincex, € ¥, forall A and Y, is
locally connected, there is a connected open set G, in X, such thatx, € G, = ¥,.

Consider the subset ?Zx where Z =G, ifA=8,B,, ..., B,, B,*,...., B,* and

Z, =X otherwise. But by the result, 1:[ X is connected if and onlyifeach X is

connected. This set is connected. Hence we have formed a connected open set

containing X and contained in 1:[ Y.

4.9 COUNTABILITY

Following are the axioms of countability specifically used for topological spaces.

First Axiom of Countability

A topological space X is said to satisfy the First Axiom of Countability if, for
every x € Xthere exists a countable collection U of neighbourhoods of x, such
that if NV is any neighbourhood of x, then there exists U € U with Uc N.
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A topological space that satisfies the first axiom of countability is said
to be First Countable.

All metric spaces satisfy the first axiom of countability because for any
neighbourhood N of a point x, there is an open ball B, (z) within N, and the countable
collection of neighbourhoods of x that are Bj.(xz)where ¢ 1y, has the

neighbourhood B, /,, (z)where + < r.

Theorem 4.13. If a topological space satisfies the first axiom of countability, then
for any point x of closure of a set S, there is a sequence {a } of points within §
which converges to x.

Proof: Let {4 } be a countable collection of neighbourhoods of x such that for
any neighbourhood N of x, there is an 4, such that 4, = N. Define,

n

B, =ﬂ,4,,.

i=1

Then form a sequence {a } suchthat 4 — B. Consequently, {a } converges
to x.

Theorem 4.14. Let Xbe a topological space satisfying the first axiom of countability.
Then, a subset 4 of Xis closed if and only if all convergent sequences {x } — 4
which converge to an element of X converge to an element of 4.

Proof: Suppose that {x } converges tox within X. The point x is a limit point of
{x } and thus is a limit point of 4, and since A4 is closed, it is contained within 4.
Conversely, suppose that all convergent sequences within 4 converge to an element
within 4, and let x be any point of contact for 4. Then by the theorem above,
there is a sequence {x } which converges to x, and so x is within 4. Thus, 4 is
closed.

Second Axiom of Countability

A topological space is said to satisfy the Second Axiom of Countability if it
has a countable base. Consequently, the topological space that satisfies the second
axiom of countability is said to be Second Countable.

Fundamentally, the topological space that satisfies the second axiom of
countable is first countable, since the countable collection of neighbourhoods of a
point can be all neighbourhoods of the point within the countable base, so that any
neighbourhood N of that point must contain at least one neighbourhood A within
the collection, and 4 must be a subset of V.

Theorem 4.15. If a topological space X satisfies the second axiom of countability,
then all open covers of X have a countable subcover.

Proof: Let ¢ be an open cover of X, and let B be a countable base for X. B
covers X. For all points x, select an element of ¢, C_which contains x, and an
element of the base B, which contains x and is a subset of C_ (which is
possible because B is abase). { B } forms a countable open cover for X. For
each B, select an element of ¢ which contains B, and this is a countable
subcover of 6.



Check Your Progress

10. What do you understand by separation axioms?
11. What are the uses of separation axioms?
12. Define connectedness and compactness?

13. When does a topological space satisfy the first axiom of countability?

14. What do you mean by a first axiom countability in topological space?

4.10 EMBEDDING AND METRIZATION

Determining if two given spaces are homeomorphic is one of the fundamental
problems in topology.

Definition 1: A one-one and onto (bijection) continuous map /: X — Yisa
homeomorphism if its inverse is continuous.

A bijection f': X — Y induces a bijection between subsets of X and
subsets of Y and it is a homeomorphism iff this bijection restricts to a bijection,

U—- fU)

Open (or closed) subsets of X
{Open ( ) su }f‘l(V)<—V

{Open (or closed) subsets of Y}

between open (or closed) subsets of X and open (or closed) subsets of Y.

Definition 2: Suppose X is a set, Y a topological space and /: X — Y an
injective map. The embedding topology on X (for the map f) is the collection,

fUT)={f"("|V <Y open} of subsets of X.

The subspace topology for A — X is the embedding topology for the
inclusion map 4 — X.

Theorem 4.16. (Characterization of the Embedding Topology): Let X
has the embedding topology for the map f: X — Y. Then,

1. X = Y is continuous.

2. For any map 4 — Xinto X,

;
A — Xis continuous iff 4 - X — Yis continuous.
The embedding topology is the only topology on X with these two
properties. The embedding topology is the most common topology on X such that
f:X— Yis continuous.

g
Proof: The reason is that 4 — Xis continuous.

g A
og'T)cl,eog'(fT)cT, <o) (1)cT, < A>X>Y
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is continuous by definition of the embedding topology. The identity map of Xis a
homeomorphism whenever Xis equipped with a topology with these two properties.

Definition: An injective continuous map f: X — Y'is an embedding if the topology
on X is the embedding topology for fi.e., 7,=f"'T,.

Any injective map /: X — Y induces a bijection between subsets of X and
subsets of /(X) and it is an embedding iff this bijection restricts to a bijection,

U->fU)

Open (or closed) subsets of X
{Open ( ) su }f‘l(V)<—V

{Open (or closed) subsets of f(X)}

between open (or closed) subsets of X and open (or closed) subsets of /(X).

Alternatively, the injective map f: X — Y 'is an embedding iff the bijective
corestriction f(X)| f: X — f(X) is a homeomorphism. An embedding is a
homeomorphism followed by an inclusion. The inclusion 4 — X of'a subspace is
an embedding. Any open (or closed) continuous injective map is an embedding.

For example, the map f(x) =3x + 1 is ahomeomorphism from R — R.

Lemma 1: If /: X — Yis ahomeomorphism (embedding) then the corestriction of
the restriction f(A)| f\A4: A —> f(4) (B| f\ A: A —> B) is a homeomorphism
(embedding) for any subset 4 of X (and any subset B of Y containing f(A)). If the
maps ]j X, — Y are homeomorphisms (embeddings) then the product map

H f H X; =Y, isahomeomorphism (embedding).
Proof: In case of homeomorphisms employ that there is a continuous inverse in

both cases. In case of embeddings, employ that an embedding is a homeomorphism
followed by an inclusion map.

S g
Lemma 2: (Composition of Embeddings): Let X — Y — Zbe continuous
maps. Then f and g are embeddings implies that g o f'is an embedding
which in turn implies that /" is an embedding.

Proof: For proving the second implication, first note that /* is an injective
continuous map. Let U — X be open. Since g o f is an embedding,
U=(gof)"' Wtorsomeopen Wc Z But(gof)'=f"g'Wwhere g'Wis
open in Y since g is contimuous. This shows that /" is an embedding.

Theorem 4.17: (Characterization of the Product Topology): Given the
product topolong Y, . Then,

1. The projections 7, : H Y, — Y, are continuous, and
v I1Y
2. Foranymap f: X— / into the product space we have,

jeJ

! s m;
Y. . . . Y . .
X g Jiscontinuous < vy j e J: X E 5= les continuous.



The product topology is the only topology on the product set with these Connected Spaces
two properties.

Proof: Let T, be the topology on X and T, the topology on Y. Then

-1 . . H Y. NOTES
S = UjE Ly (7,) is a subbasis for the product topology on /. Therefore,

jeJ

f: X—)HYJ is continuous <:>f“(UjEJ n(T))c 7,

jel

@(Ujejf_l(ﬂ;l(Tj)))cTX
Svjel (mof ) (T)cT,

< v jeJ: m;0f is continuous by definition of continuity

Now, we have to show that the product topology is the unique topology

with these properties. Take two copies of the product set ng . Provide

one copy with the product topology and the other copy with some topology
that has the two properties of the above theorem. Then the identity map between
these two copies is a homeomorphism.

Theorem 4.18: Let (Xj)jE ,be an indexed family of topological spaces with

subspaces 4, cX. Then H 4, is a subspace of g X, .

jel

L. H A4, = H 4,
2. (T4, <] 14; and equality holds if 4, = X, for all but finitely many
jed.
Proof: (1) Let (x ) be a point of [T, .Since Sy = Ujej n;'(T ;) is a subbasis
for the product topology on H X, , we have
) e []4,e vhel ' (UHN [ 14, # ¢ for all neighbourhoods
U, ofx,.
< VkeJ:U A #¢forall neighbourhoods U, of x,

<:>vkeJ:xkeA_k

e
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(2) (H 4,)° c H A; because s is an open map so that T, ((H 4,)°)c
A; for all j € J. If 4,=X for all but finitely many j € J then HAJ. c
(H A;)° because H A/ is open and contained in H 4;.

It follows that a product of closed sets is closed.

Note: A product of open sets need not be open in the product topology.

4.10.1 Embedding Lemma and Tychonoff Embedding

Theorem 4.19 (Embedding Lemma): Let F be a family of mappings where
each member /'€ F maps X — Y. Then,

1. The evaluation mapping e: X — erf Y, defined by T .0e(x) = f(x),

for all x € X, is continuous.

2. The mapping e is an open mapping onto e(X) if F distinguishes points
and closed sets.

3. The mapping e is one-to-one if and only if F distinguishes points.

4. The mappping e is an embedding if F distinguished points and closed
sets.

Proof: (1) Let m : H feF Y, — Y be the projection map to the space Y. Then

m,0€e =g S0 that o€ is continuous. Therefore e must be continuous as g is
continuous.

(2) Suppose that U is open in X and x € U. Choose f €F such that f{x)
¢ f(X\U). The set B = {z € e(X)| n,(2) ¢ f(X\U)} is a
neighbourhood of e(x) as the set is open (it is defined for components
not being in the closed set f(X \U) and clearly e(x) € B. Moreover

T f(B) c f{U) by construction. It is now claimed that {U) c T (B). This
follows trivially from the definition of a family of functions
distinguishing points and closed sets. Therefore f (U) = T, (B) and
subsequently /(U) is an open subset of ngoe(X). Therefore the evaluation
map is an open mapping.

(3) The definition of distinguishing points implies injectivity.

(4) Combining a, b and ¢, we see that X = e(X) as e is a continuous, open,
injective, surjective (as a continuous map is always surjective onto its image)
map.



Definition: If X is a space and A4, a set then by the power X* we mean the
product space Il X , where X =X, foreach a € 4. Any power of [0, 1] is called
a cube. A map e: X — Y is an embedding iff the map e: X — e(X) is a
homeomorphism. If there is an embedding e: X — Y then we say that X can be
embeddedin Y.

Theorem 4.20 (Tychonoff’s Embedding Theorem): A space is Tychonoff
iff it can be embedded in a cube.

Proof: = Let X be a Tychonoff space and let 4 = {f: X — [0, 1]/ f'is
continuous}. Define e: X — [0, 1]* by e(x)(f) = f (x).

(i) eisinjective: If x, y € X with x # y, then there is f €4 so that f{x) =0
and f(y) = 1. Then e(x)(f) # e(y)(f), so e(x) # e(y).

(if) e is continuous: This is immediate since me= f

(iii) e: X > e(X) carries open sets of X to open subsets of e(X): For let U be
openin X and letx € U. Then there is f € 4 so that f{x) =0 and f{AX— U)

=1.LetV= n}l ([0, 1)), an open subset of [0, 1]%. Then e(x) € Vand if
y € Xissuch thate(y) € V, then e(y)(f) € [0,1),s0f(y)<1landy € U.
Thus e(x) € Vn e(X) < e(U).

(9), (ii) and (iii) together imply that e is an embedding.

<: [0, 1] is clearly so [0, 1]*is Tychonoff for any A. Any subspace
of a Tychonoff space is Tychonoff. Thus if X can be embedded in a cube,
then X is homeomorphic to a Tychonoff space and so is itself Tychonoff.

Theorem 4.21: Let (T, 7) be the 3-point topological space defined by
T=1{0,1,2}and 7 = { ¢, {0}, T}. Let (X, U) be any topogical space
and suppose that &/ N X=¢. Then there is an embedding e: X — 74~

Proof: For each U € U, define f: X - T by f,(v) =0 if y € U and
f,»)=1ify ¢ U. Then f is continuous. For each x ¢ X, define f/: X —
Tbyf(y)=2ify=xandf(y)=1ify # x. Then f is also continuous.

Define e by e(y)=f/(y) for each i € &/ U X. Then

(i) eisinjective, for if x, y € X withx # y then e (y) = 1 but e (x) = 2,
so0 e (x) # e (v) and hence e(x) # e(y).

(i) e is continuous because each f is continuous.

(iii) e is open into e(X), for if U € U and x € U then V= x;} (0) is open

in T““*. Furthermore, so 7, e(x)=0, so e(x) € V' while if y € X is
such that e(y) € V'then n_e(y)=0and hence y € U. Thus V' e(X)
e(U).
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4.10.2 Urysohn’s Metrization Theorem

Theorem 4.22 (Urysohn’s Metrization Theorem): Suppose (X, 7) is a
regular topological space with a countable basis 3, then X is metrizable.

Proof: Let (X, 7) be a regular metrizable space with countable basis 5. For
this proof, we will first create a countable collection of functions {f } .,
where f :X — R for all m € N, such that given any x € X and any open
neighbourhood U of x there is an index N such that f,(x) > 0 and zero
outside of U. We will then use these functions to imbed X'in R".

Let x € Xand let U be any open neighbourhood of x. There exists B
€ Bsuchthatx € B . Now, since X has a countable basis and is regular, we
know that X'is normal. Next, as B is open, there exists some B € B such

that B_n c B . Thus we now have two closed sets B_n and X\ B , and so we
can apply Urysohn’s lemma to give us a continuous functiong, : X —R
suchthatg, ( BT’) ={l}andg,  (X\B )= {0}. Notice here that this function

satisfies requisite: g, (v) =0 fory € X\ B, and g, (x)> 0. Here, g was
indexed purposely, as it shows us that {g } is indexed by NxN, which is
countable (since the cross product of two countable sets is countable).
Considering this, relable the functions {g, .}, ..xas {/,},.x

We now imbed X in the metrizable space R". Let F: X — R where
F(x) = (f,(x), f,(x), f;(x), ...), where f are the functions constructed above.
We claim that F' is an imbedding of X into R™.

For F to be an imbedding it is required of F to be homeomorphic
onto its image. First, this needs that F should be a continuous bijection
onto its image. We know that F' is continuous as each of its component
functions f, are continuous by construction. Now we show that F is an
injection.

Let x, y € X be distinct. From the Hausdorff condition there exist
open sets U_and U, suchthatx e U,y € U, with U N U= ¢. By the
construction of our maps f* there exists an index N € N such that /(U )

>0 and F(X\ U) = 0. It follows that f,(x) # f,(y) and so F(x) # F(y).
Hence, F is injective.

Now, as it is clear that F'is surjective onto its image F(X), all that is
left to show is that F'is an embedding. We will show that for any open set U
e X, F(U)isopenin R". Let U Xbe open and let x € U. Pick an index N
such that f, (x) > 0 and f, (X \U) = 0.

Let F(x) =z € F(U). Let V= 1)} ((0, ®)), i.e., all elements of R* with
a positive Nth coordinate. Now let W = F(X) n V. We claim that



z eW < F(U) showing that F(U) can be written as a union of open sets,
hence making it open.

First we show that ¥ is open in F(X). We know that V' is an open set
in R". W=F(X) "V, and Wis open by the definition of the subspace topology.

Thereafter, we will first show that f(x) =z € Wand then W c F(U).

To prove our first claim,
F(x)=z= (F(x)) =f,(x) > 0 = -n (2) = (F(x)) =f(x) > 0

= 7w ,(z) > 0 which means thatz € n, (V) andalsoz e F(X) =z e

F(X) nV=W. Now we show that W — F(U). Let y € W. This means y €
FXymvV=w.

Now we show that W c F(U). Lety € W. Thismeansy € F(X) N V.
This means there exists some w € X such that F(w) = y. But, since
y € V'we have that:

n, () =71, (F(w))=f,(w)>0sincey € V,butf (w) =0 forallw e X\U
and so y € F(U).

In conclusion, as we have shown that F: X — R"is a map that preserves
open sets in both directions and bijective onto its image, we have shown that
F is an embedding of the space X into the metrizable space R” and X is
therefore metrizable, the metric being given by the induced metric from R*.

Example 4.2: The topology generated by the dictionary ordering on R? is
metrizable.

Proof: From previous Theorem 4.22, all we have to do for showing that R?
is metrizable in the dictionary ordering is to prove that this space is regular
with a countable basis.

Now, since the set {(a, b), (¢, d)|a<c,b<d;a,b,c,d e R}isa
basis for the dictionary ordering on R*and the set of intervals with rational
end-points are a basis for the usual topology on R, it follows that the set
{(a, b), (c,d)Ja<lc,b<d;a,b,c,de Q} isacountable basis for the
dictionary ordering.

Now we will show that the dictionary ordering is regular. Let a € R?
and B < R?such that B is closed in the dictionary ordering and a ¢ B. Let
e =1inf {d(a, b)| b € B}. We know that ¢ is greater than 0, for otherwise a
would be an accumulation point of B, which is a contradiction. It follows that

the open sets ((a, a—¢/2), (a, a+€/2)) and UbeB ((b, b—¢/2), (b, bt+e/2)) are

disjoint open sets containing @ and B, respectively. Hence, the dictionary
ordering over R?is metrizable, since it is regular and has a countable basis.

Note: In this proof we have shown that a sequence of functions {f } . with the property
that for each x € X'and each neighbourhood U of x there is some 7 € N such that f (x) >0 and
f.(») >0 for all y eX'\U, gives us an imbedding F: X — R". Notice that we have the very
similar result if we have a sequence of functions {fj}je. , with same properties as above: given
any x € X and any neighbourhood U of x there exists jeJ such that ]j(x) >0 and ];(y) =0 forall
y €X\U, then we have an imbedding from X — R/ given by F(x) = (];(x))jE - This is known as

the imbedding theorem and is a generalization of Urysohn’s metrization theorem.
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Check Your Progress

15. Define the term embedding.
16. State the Urysohn's metrization theorem.

4.11 SOLVED EXAMPLES

Example 1: The continuous image of a connected space is connected.

Solution: Let />X—Y is a continuous surjection suppose Y has a proper
simultaneously open and closed subset then /(L) is a proper simultaneously
open and closed subset of X. Thus disconnectedness of Y implies
disconnectedness of X.

Example 2: Let p denote an analytic polynomial in the complex variables
X X , and X(p) denote the zero set of p. Then C"\X(p) is path

peease
connected.

Solution: Let X, oeC"X(p).
Consider the straight line path,
rt)=(1-)x+tw(teC)

Note that {#eC. r(t) € X(p) is precisely the zero set X(por).= X. Since
por is polynomial in one variable, X is a finite subset of C thus » maps the
path connected set CLX continuously into C”\X(p). In particular, X and ® belong
to the path-connected subset (CLX) of C"\X(P).

Example 3: A metric space (X, d) is second countable if any only if the
following holds true:

(1) X has a countable dense subset.
(2) X is compact.
Solution:

1. Let {x } be a countable dense subset of X we see that the countable
1
collection {B, (xn;z) :n21,m 21} forms abasics:
1
(1) LetxeXthen there exists aninteger n > 1 such that X eB (x, ) ),
1
then xeB (x , ) )
] 1 1
(i) If¥ €Y= B,(x,,—)N B,(%, ,—) then
m, m,
1
There exists integer #> 1 such that B, (x, ;) cU
. . 1
By density of {x }, there exists x,e¢ B, (X’Z)

1 1
Then x€ B,(x,,—) < B,(x,—) cU.
2r r



2. Suppose X is compact for each integer n >/ consider the open cover

1 . . .
{B(X,;)} of X. Since X is compact, X has a finite subcover

Example 4: Every compact Hausdorff space is normal.

Solution: Let 4 and B be two closed subset of a compact Hausdorff space X. It
is already known that any closed set and a point in X can be separated by open
sets. For each ae4, there exists disjoint open sets for Ua and W such thatae a
and Bc Wa

Clearly, 4 c UaeA Ua. Since 4 is compact there exist a, ... ..... a,€A such
that

U:=U, N....NU, isanopen setcontaining 4.

Then W:=W, N.....A'W, isanopensetcontaining Band U "W = ¢

Example 5: Prove that there exists a maximal family F © C with the finite
intersection property.

Solution: F o C, here consider the collection [F of families /o C of subsets
of X with the finite intersection property with strictly partial order given by

h>hiff fc f,
Let ¥, be a simply ordered subcollection of I, i.¢, f #f,€ I, then either
fi € f,or f, C f; has the upper bound U =U ;. in F.

To see this, we must check that Ubelongs to F'that in U has finite intersection
property. If 4, ....4 euThen 4 €f for some i, and hence 4, ..... 4 F for some
J.

Since F, has finite intersection property 4, M...N A4 innon-empty. Thus
Zorn’s Lamma can be applied which ensures existance of maximal family
F o Cwith the finite intersection property.

Example 6: Let X be a connected normal space, which is also Hausdorff
and which contains at least two points then there exists a continous
surjection f:X—[0,1]. In particular, X is uncountable.

Solution: By Urysohn’s Lemma, There exists a continous function f:X—[0,1]
such that f{a)=0 and f(b)=1.

Where a,b are fixed distinct point in X suppose there is 7€ /0,1/ such that »
has no preimage. Then is O f(X) N [0, 7] is open and closed subset of /{X) which
close not contain 1.

This is not possible since f{X) is a connected set containing 1, so that fis
surjective.
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Example7: Prove that no pair of the following subspaces of R are
homeomorphic: [0,1], [0,1], [0,1]

Solution: The distinguishing property is the minimal number of connected
components when we take out two point such a procedure will always separate
(0,1) into 3 components. If we choose one of them to be a boundry point it is
2 for [0,1] but not less if we take of two boundary points from [0,1] it will remain
connected, hence this number is 1 for it.

Example 8: Given a space X, we define an equivalence relation on the
element of X as follows for all x,yeX. x~y there is a connected subset
AcX with x,yeA compute the connected components of Q.

Solution: Let ¢ = A — Q be connected of 4 contains more than one elements

say x<ye(, then for a given irrational at  between x and y (—e r) and (7, o)
separate 4 into two disjoint, non-empty open subset. Thus it cannot be
connected, so it should contain at most one element, so the connected
components are {x}, forxeQ

Example 9: Suppose X admits a family {U}jreQ of nested
neighbourhoods. Then f:X— [0, 1], given by f{(x) = inf Q(x) is continous.

Solution: Let (¢,d) be an open interval containing f(x,) where x, € X. Choose
rational number p and ¢ such that,

c<p<fix,)<q<d,
x, belongs to U, since f(x,)<q and x, ¢ U, since f{x,)>p.
Thus x,eu:= U,\U, cU,\U,. We check that f{U) c [p,q] < (c.d)

In fact, if xe U then xe (_]‘f so that f(x) <gand x ¢ U, so that f(x) > p.

Example 10: A space X is locally path-connected if and only if the path
components of open subsets of X are open.

Solution: Suppose that X is locally path connected and let W < X' be open and P
a path component of Wifxe P, then there exists a path connected neighbourhood
Vof x with V<W. As xeP N V.

P U Wis path connected and contained in . Since P is a maximal path
connected subset of W we have PUV=P.

Which implies that V' P,

Thus P is a neighbourhood of X and P is open conversely let # be an
open set in X letxe Wand let V' be the path component of x in . By hypothesis
V' is open therefore X is locally path connected.

4.12 ANSWERS TO ‘CHECK YOUR PROGRESS’

1. In topology and the mathematical field of analysis, the topological
spaces and other related or associated branches of mathematics, a
connected space is defined as a specific topological space which cannot



be exemplified and characterized as the union or association of two or more
disjoint non-empty open subsets. Connectedness is considered as the
essential and principal topological properties which are precisely and explicitly
used for distinguishing the topological spaces. The unique and strong notion
specifies the path connected space, which is a specific space where any two
points can be joined or connected by means of a path.

. A topological space X is considered as disconnected if it is defined as the

union of two disjoint or separate non-empty open sets. Alternatively, Xis
considered to be connected. A subset of a precise topological space is
defined as connected if it is typically connected in its subspace topology.

. Intopology, the maximal connected subsets or the utmost and maximum

connected subsets of a non-empty topological space are precisely
termed as the connected components of the space. Characteristically,
the components or elements of any topological space X specifically from
a partition of X, are uniquely defined as disjoint, separate and non-
empty, and their union is defined as the whole or entire space.

. In topology, a space is termed as totally disconnected when all of its

components are precisely one point sets. Associated to this property of
space, it can be stated that a space X is termed as totally separated if
for any two components or elements x and y of X, there exists disjoint
or separate open neighbourhoods U of x and V of y such that X'is defined
as the union of U and V. Evidently any totally or entirely separated space
is totally and perfectly disconnected, however the converse does not
hold.

. A space is considered as locally connected if and only if particularly for every

single open set U, the connected specific components of U should be open.
Characteristically, a continuous function specifically explained from a locally
connected space to a totally or completely disconnected space must also
be locally constant. Essentially, the openness or directness of components
or elements is a natural property and is generally not true, for example the
Cantor space is considered as totally or completely disconnected but not
discrete.

. Let (X, d) be a metric space and let 4 be a subset of X. Let d* denote

restriction of d to A X A, that is,

d*(x,y)=d (x, y)
Here x, y are points of 4. Then d* is a metric for 4 called the induced
metric and the set 4 with metric d* is called subspace of X.

. Let X be a topological space with topology T. A subbase of this topology

T is defined as a subcollection B of T satisfying one of the two
following equivalent conditions:

e The subcollection B generates the topology T. This implies that T is the
smallest topology containing B and so any topology U
on X containing B must also contain T.
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e The collection of open sets consisting of all finite intersections of elements
of B, together with the set X and the empty set, forms a basis for T. This
means that every non-empty proper open set in T can be written as
a union of finite intersections of elements of B. Clearly, given a point x ina
proper open set U, there are finitely many sets S , ..., S, of B, such that
the intersection of these sets contains x and is contained in U.

In mathematics, in general, a projection is a mapping of a set or of a
mathematical structure which is idempotent, i.e., a projection is equal
to its composition with itself. A projection may also refer to a mapping
which has a left inverse. Both these ideas are related. Let p be an
idempotent map from a set £ into itself (thus p°p = Id,) and F' = p(E)
be the image of p. If we denote the map p viewed as a map from E onto
F by m and the injection of /' into £ by i, then we get i°n = Id,. On the
other hand, i°m = Id, implies that ©°; is idempotent.

Central Projection: It is the projection from a point onto a plane. If C is
the center of projection, then the projection of a point P distinct from
C'is the intersection with the plane of the line CP. The point C and the
points P such that the line Central Projection (CP) is parallel to the
plane do not have any image by the projection.

In topology and related fields of mathematics, there are many
limitations that we often make on the kinds of topological spaces that
we wish to consider. Some of these restrictions are given by the separation
axioms. These separation axioms are often termed as Tychonoff separation
axioms, after Andrey Tychonoff. The separation axioms are axioms only in
the sense that, when defining the notion of topological space, one could
add these conditions as extra axioms to get a more restricted notion of
what a topological space is. The separation axioms are denoted with the
letter “7” after the German Trennungsaxiom, meaning separation axiom.

The separation axioms are used to distinguish disjoint sets and distinct points.
It is not enough for elements of a topological space to be distinct. They
have to be fopologically distinguishable. In the same way, it is not enough
for subsets of a topological space to be disjoint. They have to be separated
in some way.

Connectedness is, therefore, one of the most significant topological properties
exceptionally used to discriminate and uniquely categorise the topological
spaces. In the mathematical field of topological analysis, specifically the term
compactness is defined as a property of topological space that specifically
generalises the notion and concept about the subset of Euclidean space is
closed, i.e., it contains all of its limit points, and bounded, i.¢., all of its points
typically remain within certain fixed distance to each other.

In topology, a first countable space is referred as a topological space which
uniquely satisfies the ‘First Axiom of Countability’. The term embedding or
imbedding is an instance of certain mathematical structure particularly



14.

15.

16.

contained within a different instance, for example as a group or a subgroup.
A metrizable space is typically a topological space which is homeomorphic
to a metric space.

Atopological space Xis said to satisfy the First Axiom of Countability if, for
every x € Xthere exists a countable collection U of neighbourhoods of x,
such that if N is any neighbourhood of x, then there exists U € U with Uc
N.

A topological space that satisfies the first axiom of countability is said to be
First Countable.

Suppose Xis a set, Y a topological space and f: X — Y an injective map.
The embedding topology on X (for the map f) is the collection,

fNT)={f"(NIVcY open} of subsets of X.

The subspace topology for A — X'is the embedding topology for the inclusion
map 4 - X.

Urysohn’s Metrization Theorem: Suppose (X, 7) is a regular topological
space with a countable basis B, then X is metrizable.

4.13 SUMMARY

¢ Fundamentally, we can state that a subset of a topological space X can be

defined as a connected set if and only if it appears as a connected space
when typically observed as a subspace of X.

In topology, the maximal connected subsets or the utmost and maximum
connected subsets of a non-empty topological space are precisely
termed as the connected components of the space. Characteristically, the
components or elements of any topological space X specifically from a
partition of X, are uniquely defined as disjoint, separate and non-empty, and
their union is defined as the whole or entire space.

“The empty space does not have connected components. Every single

component is defined as a precise closed subset defined on the original
space.”

LetI" be a connected component of x in a topological space X, and I""_
be the intersection of all open-closed sets containing x (called quasi-
component of x.) ThenI" I where the equality holds if X'is compact
Hausdorft or locally connected.

In topology, a Hausdorft space is defined as a precise topological space
having a separation property that any two distinct points can be
separated by means of disjoint open sets.

A Euclidean plane excluding the origin, (0,0) is connected but is not simply
connected. The three-dimensional Euclidean space without the origin is
connected and even simply connected. In contrast, the one-dimensional
Euclidean space without the origin is not connected.
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¢ Every discrete topological space with at least two elements is disconnected,

in fact such a space is totally disconnected. The simplest example is the
discrete two-point space.

The topologist’s sine curve is an example of a set that is connected but is
neither path connected nor locally connected.

The spectrum of a commutative local ring is connected. More generally, the
spectrum of acommutative ring is connected if and only if it has no idempotent
#0, ifand only if the ring is not a product of two rings in a non-trivial way.

A path from a point x to a point y in a topological space X is a continuous
function ffrom the unit interval [0,1] to X with f(0)=xand f(1)=y. A
path-component of Xis an equivalence class of X under the equivalence
relation which makes x equivalent to y if there is a path from x to y.

However, subsets of the real line R are connected if and only if they
are path connected; these subsets are the intervals of R. Also, open
subsets of R" or C" are connected if and only if they are path componen.
Additionally, connectedness and path componenness are the same for
finite topological spaces.

In topology, a space X is referred as to be arc connected or arc wise
connected when any two distinct or separate points can be joined
through an arc, i.e., consider a path fwhich is typically homeomorphism
between the unit interval [0,1] and its image f{[0,1]).

The historical perspective of topology discusses about the two most significant
and most widely used topological properties, namely the connectedness
and compactness. Certainly, the analysis and study of these properties can
be done as the subsets of Euclidean space, and also their unique identification
as being independent from the certain specific form of the Euclidean metric
helped to specify the notion of a topological property and consequently a
topological space.

In other words, the only difference between the two definitions is that for
local connectedness at x we require a neighbourhood base of open
connected sets, whereas for weak local connectedness at x we require
only a base of neighbourhoods of x.

Evidently, a space which is locally connected at x is weakly locally
connected at x. The converse does not hold. On the other hand, it is
equally clear that a locally connected space is weakly locally connected
and here it turns out that the converse does hold. A space which is
weakly locally connected at all of its points is necessarily locally
connected at all of its points.

Local connectedness is, by definition, a local property of topological spaces,
i.e., atopological property P such that a space X possesses property P if
and only if each point x in X admits a neighbourhood base of sets which



have property P. Accordingly, all the metaproperties held by a local property
hold for local connectedness.

A space is locally connected if and only if it admits a base of connected
subsets.

Thus, a subset 4 of X equipped with the induced metric is a metric space in
its own right and neighbourhoods, open sets and closed sets are defined as
an any metric space. But an open set (closed set) of 4 need not be open
(closed) when regarded as a subset of X.

Note that the phrase ‘B is open in 4’ means that B is open relative to the
induced metric on 4. Also ‘B is open in X * means that B is open with
respect to the metric on X.

A sebset 4 of R is connected if and only if it is an interval.

The topological space precisely for any subcollection S'typically of the power
set P(X), there uniquely exists a distinctive topology with S as a subbase.
Specifically, the intersection of precisely all the topologies on X that contains
Suniquely satisfies this particular condition. However, there is generally no
unique subbases for a given specific topology. Consequently, a fixed topology
is considered for finding the subbases for the specific topology. Subsequently,
an arbitrary or random subcollection of the power set P(X) also can be
formed by using the properties of topology specifically generated by means
of that subcollection.

Let (X, T,) be an arbitrary collection of topological spaces and let X =

7XTX » . Let T'be atopology for X. If T'is the product topology for X, then
T'is the smallest topology for X for which projections are continuous and
conversely also.

Let C, be a closed subset of a space X, fori € I. Then T Ciis a closed

subset of T X with respect to the product topology.

Initially, the notion of projection was introduced in Euclidean geometry
to denote the projection of the three-imensional Euclidean space onto
a plane.

The image of a point P is the intersection with the plane of the line
parallel to D passing through P.

Let 4 be a member of the defining base for a product space

X= TKFX » . Then the projection of 4 into any coordinate space is open.

Consequently, the two specific points x and y in X are typically defined as
topologically distinguishable or distinct if they do not precisely possess the
similar neighbourhoods or alternatively, we can specify that at least one of
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the points has a neighbourhood which is precisely not a neighbourhood of
the other. Therefore, when x and y are topologically distinguishable or distinct
points, then the singleton sets {x} and {y} mustalso be disjoint or separate.

Therefore, two points x and y are considered as separated if each of them
holds a specific neighbourhood that is not at all the neighbourhood of the
other. Additionally, the two subsets 4 and B of X are considered as
separated if each of them is disjoint or separate from the closure of other;
typically, the closures themselves are not disjoint or separate.

A topological space X'is Hausdorft'if and only if the diagonal is closed in X
x X with the product topology.

The two important facts that we chose are that x being a point in the
subspace, remained a point in the whole space and every closed set in
the subspace was an intersection with the subspace of a closed set in
the whole space.

In topological analysis, the terms ‘Connectedness’ and ‘Compactness’
are the two most widely studied and used topological properties.
Definitely, these properties are studied for analysing the subsets of the
Euclidean space and the identification and acknowledgement of their
individuality from the specific and unique form of the Euclidean metric
notion of a topological property and consequently a topological space.

In the end of the twentieth century, the locally homeomorphic properties
to Euclidean space were considered more complicated and complex.
This implies that even though the basic point set topology is relatively simple
because essential metrizable spaces were studied and according to most of
the definitions the concept of the algebraic topology is extremely complex.

1:[ X is locally connected if and only if each space X, is locally connected

and all but a finite number are connected.

Fundamentally, the topological space that satisfies the second axiom of
countable is first countable, since the countable collection of neighbourhoods
of a point can be all neighbourhoods of the point within the countable base,
so that any neighbourhood N of that point must contain at least one
neighbourhood 4 within the collection, and 4 must be a subset of V.

A one-one and onto (bijection) continuous map f: X — Y is a
homeomorphism if its inverse is continuous.

Alternatively, the injective map f: X — Y is an embedding iff the
bijective corestriction f (X)| f: X — f(X) is a homeomorphism. An
embedding is a homeomorphism followed by an inclusion. The
inclusion 4 — X of a subspace is an embedding. Any open (or closed)
continuous injective map is an embedding.

Iff: X— Yis ahomeomorphism (embedding) then the corestriction of the
restriction f(4)| f\4: A — f(A) (B|f\ 4: A —> B) is a homeomorphism



(embedding) for any subset 4 of X (and any subset B of Y containing f(4)). Connected Spaces
If the maps ]j X — Y are homeomorphisms (embeddings) then the product

map H W H X, — Y, isahomeomorphism (embedding).

¢ The mappping e is an embedding if F distinguished points and closed sets. NOTES

e If Xis a space and 4, a set then by the power X* we mean the product
space I1 X , where X =X, for each a € 4. Any power of [0, 1] is called
a cube. A map e: X — Y is an embedding iff the map e: X — e(X) is a
homeomorphism. If there is an embedding e: X — Y then we say that X
can be embedded in Y.

e A space is Tychonoff iff it can be embedded in a cube.

4.14 KEY TERMS

e Connected Components: The empty space does not have connected
components. Every single component is defined as a precise closed subset
defined on the original space.

e Path connectedness: A path from a point x to a point y in a topological
space X is a continuous function f from the unit interval [0,1] to X with
f(0)=xand f(1)=y. Apath-component of X is an equivalence class of
Xunder the equivalence relation which makes x equivalent to y if there
is a path from x to y.

e Locally connected: In the field of topology and other disciplines of
mathematics, a topological space X is typically defined as locally
connected if every single point acknowledges or recognises a
neighbourhood basis that uniquely consists of entire or complete open
connected sets.

e Subbase: In topology, a subbase for a topological space X with topology
T is a subcollection B of T which generates T, such that T is the smallest
topology containing B.

o Central projection: It is the projection from a point onto a plane. If C'is
the center of projection, then the projection of a point P distinct from C'is
the intersection with the plane of the line CP. The point C and the points P
such that the line Central Projection (CP) is parallel to the plane do not
have any image by the projection.

¢ Second axiom of countability: All metric spaces satisfy the first axiom of
countability because for any neighbourhood N of a point x, there is an open
ball B, (z)within &V, and the countable collection of neighbourhoods of x
that are By (z)where k. e N, has the neighbourhood By, (z) where

1cr.
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4.15 SELF-ASSESSMENT QUESTIONS AND
EXERCISES

Short-Answer Questions
1. What is connected space?
. Define the term disconnected spaces.
. What do you mean by arc connectedness?
. Define the term connectedness.
. What is connectedness on the real line?
. Define the term subspace.
. State Tychonoff’s theorem.
. What do you understand by projection map?

O© 00 3 N U B~ W DN

. Give the types of projection map.

[S—
S

. When projections is continuous?
11. State the Tychonoff’s separation axioms.
12. Why connectedness is used?

13. State the compactness of product space.

14. When does a metric space satisfy the first axiom of countability?

15. What do you mean by second axioms of countability?
16. Define the term embedding.
17. State the Tychonoff’s embedding theorem.

Long-Answer Questions

1. Explain in detail about the connected spaces giving appropriate

properties and examples.

2. Describe the term connectedness on the real line with the help of

theorems and examples.

3. State and prove the Tychonoff product topology in terms of standard

subbase with the help of theorem and examples

4. Describe the projection mappings with respect to topology giving

examples.

5. Describe briefly about separation axioms and product space giving

relevant examples.

6. Explain in detail about the connectedness and compactness of

product space with the help of theorems and examples.

7. Analyse the first and second countable spaces giving appropriate

examples.



8. State and prove embedding lemma and Urysohn’s metrization theorem Connected Spaces
with the help of relevant examples.
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5.0 INTRODUCTION

In mathematical analysis and more precisely in the context of general topology and
other concerned fields the concept of ‘Net’ also known as ‘Moore—Smith
Sequence’ is defined as the simplification or generality which specifies the notion
of'asequence. The expression ‘Net’ is termed as ‘Moore—Smith Sequence’ because
the unique concept of net was originally introduced by E. H. Moore and Herman
L. Smith in the year 1922, while the term or name ‘Net’ was first coined by John
L. Kelley. Basically, a sequence is described as a specific function whose domain
holds the natural numbers. Generally, the codomain of this specific function mostly
includes certain topological spaces.

Nets are referred as the specialized tools in topology and are typically used
for generalizing specific and particular concepts, notations and theories that are
usually sufficient within the context or perspective of metric spaces.

The term °Filter’, an associated notion was developed and established by
Henri Cartan in the year 1937. In mathematical analysis, the term ‘Filter’ or ‘Order
Filter’ is defined as a unique and particular subset of a partially ordered set. In the
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field of topology, filters are defined as a subfield of mathematics which are used
for studying and analysing the topological spaces, identifying and describing all the
basic topological concepts and notions, for instance compactness, convergence,
continuity, limits, etc. The term ‘Ultrafilters’ are typically used for defining specific
types of filters which possess numerous effective technical and mathematical
properties due to which they are frequently used and preferred in place of arbitrary
filters.

Characteristically, topology when used in mathematical analysis then it
specifically studies the properties of a geometric object which are uniquely defined
in continuous deformations, for instance crumpling, stretching, bending and twisting,
i.e., without closing holes, opening holes, tearing, gluing, or passing through itself.

In topology and their related branches of mathematical analysis, a Hausdorff
space, separated space or T, space specifically defined as a topological space in
which for any two distinct points there exists neighbourhoods of each that are disjoint
from each other.

Characteristically, in the field of general topology, the compactness is defined
as a property that generalises and simplifies the concept, theory and notations of a
subset of Euclidean space being ‘Closed’, i.¢., it contains all its limit points and
‘Bounded’, i.e., it has all its points lying within certain fixed or static distance of
each other.

Fundamentally, every single net induces or generates a canonical filter and
then dually every filter induces or generates a canonical net, wherein this induced
net or induced filter converges to a point if and only if the same is true of the original
filter. An ultrafilter is a powerful tool both in set theory and in topology.

The term local finiteness, as per the mathematical field of topology, is defined
as a specific property of collections or groups of subsets of a topological space. It
is essential and significant, especially for analysing the paracompactness and
topological dimensions. A paracompact space is referred as a topological space
where every single open cover holds an open refinement which is locally finite.
Consequently, every compact space is considered as paracompact.

The Nagata—Smimov metrization theorem is distinctivelynamed after Junichi
Nagata and Yuri- Mikha-lovich Smirnov, who independently published their proofs
in 1950 and 1951, respectively. In topology, the Nagata—Smirnov metrization
theorem distinguishes and exemplifies when can a topological space is metrizable.
The Nagata—Smirnov metrization theorem states that, ““A topological space X'is
metrizable iff and only iff it is regular, Hausdorff and holds a countably locally finite,
1.e., o-locally finite basis”.

The algebraic topology includes a specific branch termed as homotopy theory
which exceptionally and distinctively studies the ‘Paths’ and ‘Loops’ considered
as the essential subjects in topology. The homotopy of paths considers the precise
and accurate notions about the continuously/constantly deforming a path while its
endpoints are kept fixed. Additionally, as per the mathematical field of algebraic
topology, the term fundamental group of a topological space specifically defines
the characteristic group of the equivalence classes typically considered under the



field of homotopy of the loops that are contained or enclosed in the space. It
documents the specific information and evidence about the basic or fundamental
essential shapes or holes of the concerned or related topological spaces. Covering
spaces has significant key role in the homotopy theory, differential topology,
harmonic analysis and Riemannian geometry.

In this unit, you will study about the nets and filters, topology and convergence
of nets, Hausdorffness and nets, compactness and nets, filters and their
convergence, canonical way of converting nets to filters and vice-versa, ultrafilters
and compactness, metrization theorem and paracompactness, local finiteness, the
Nagata-Smirnov metrization theorem, paracompactness, the Smirnov metrization
theorem, the fundamental group and covering spaces, homotopy of paths, the
fundamental group, covering spaces, the fundamental group of the circle and the
fundamental theorem of algebra.

5.1 OBJECTIVES

After going through this unit, you will be able to:
¢ Understand the significance of nets and filters
e Explain about the topology related to convergence of nets
¢ Discuss about the Hausdorffness and nets
e Comprehend on the compactness and nets
¢ Interpret about the filters and their convergence
¢ Understand the canonical way of converting nets to filters and vice versa
e Comprehend on the ultrafilters and compactness
¢ Elaborate on the local finiteness
o State the Nagata-Smirnov metrization theorem
e Define the term paracompactness
¢ Analyse the homotopy of paths
¢ Discuss about on the fundamental group
e Explain about the covering spaces

o Describe the fundamental group of the circle and the fundamental theorem
of algebra.

5.2 NETS AND FILTERS

In general topology and the related branches, a net or Moore-Smith sequence is
a generalization or simplification of the concept and notion of a sequence. A
sequence is defined as a specific function with domain of the defined set of natural
numbers and also the range which is normally defined for any topological space.
Even though, as per the perspective of topology, the sequences cannot completely
encode the entire information regarding a function that is defined between the said
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topological spaces. In particular, for a specific definite map f between topological
spaces X and Y, the two conditions that are given below are not equivalent:

1. The map f1is stated as continuous.

2. Given any point x € X and any sequence in X which converges to x, then
specifically the composition of /' with this unique sequence converges to f°

(x).

The Condition 1 stated above implies Condition 2, in the context of all
spaces. However in general, Condition 2 does not implies Condition 1 as topological
spaces are, generally, not first-countable. On imposing the first-countability axiom
to the topological spaces to be analysed, it can be stated that the above mentioned
two conditions can be equivalent. Specifically, these two given conditions are then
considered as equivalent for the metric spaces being studied.

The principle and key concept of the term ‘Net’ was originally proposed
by E. H. Moore and H. L. Smith in the year 1922. The term net was specifically
used for generalizing the notion of any sequence in order to validate the equivalence
of the specified conditions through the sequence that are replaced/changed by
means of net in the specified Condition 2. Particularly, instead of defining the net
on a countable linearly ordered set, the net can be typically defined on an
arbitrary and subjective directed form of set. Consequently, this permits to use
theorems that are analogous to the type in order to assert the equivalence of both
the specified Condition 1 and Condition 2 for holding the framework of topological
spaces which essentially do not have either a countable or a linearly ordered
neighbourhood origin about a point. Subsequently, because the sequences cannot
encode the sufficient and essential information about the functions between the
topological spaces, therefore the nets are typically used for this analysis since the
collections of open sets in the specified topological spaces are similar to directed
sets.

John L. Kelley finally coined term ‘Net’ and stated that nets are the distinctive
tools that are exceptionally used in topology for generalizing specific concepts,
notations, and theories that are sufficiently adequate in the perspective of metric
spaces. Similarly, the concept of the filter was defined and established by Henri
Cartan in the year 1937.

Since every single non-empty totally ordered set can be directed, therefore,
it can be stated that every single function that is precisely defined on such a set is
uniquely a ‘Net’. Specifically, the natural numbers having the standard and common
order typically forms or generates precise set and sequence which can be identified
and designated as a function on the natural numbers such that every single sequence
can be considered as a net.

Another significant example is given below.

Given a point x in a topological space, let N_denote the set of all
neighbourhoods containing x. Then N_ is defined as a directed set, where the
direction is specified through reverse inclusion, such that the form S > T iff S'is
contained in T. For §'in N, let x, be a point in S. Then (x,) is uniquely a net.



When the S increases or expands with respect to 2, then the points x defined in
context of the net are precisely constrained or restricted to be in decreasing or
reducing neighbourhoods of x, consequently this gives the notion that x, must
precisely tend towards x in certain perception.

Nets: In mathematics, more specifically in general topology and related branches,
anet or Moore-Smith sequence is a generalization of the notion of a sequence.
Given any point x in X, and any sequence in X converging to x, the composition of
fwith this sequence converges to f(x).

Definition 1: A directed set is defined as a set D with a relation < on it satisfying
the following;

1. <isReflexive.
2. <isTransitive.
3. <is Directed: forall a, b € D there exists ¢ € Dsuchthata<cand b < c.

Definition 2: A net in defined a set X whichisamapA: D > X. If Xis a
topological space, then we state that the net A converges to x € X and write A —
Xifand only if for every neighbourhood U of x certain specific tail,

A,={Mc):d<ceD}cU.
Now let A: D — X be anet in X with directed set D.

Definition 3: Eventually anet A is in 4 < X'ifand only if 4 contains certain tail of
A. We state that anet A is frequently in 4 if and only if for every d € D there exists
¢ >d, such that A(c) € 4.

Definition 4: If x is a cluster point or an accumulation point of a net A in Xif and
only if A is continuously in every neighbourhood of x.

Definition 5: A net is termed as maximal iff and only iff for every 4 — X, itis
ultimately defined in either 4 or X— A. Maximal form of nets are precisely termed
as ultranets.

Nets are not as completely straightforward a generalization of sequences as
one might wish. Consider the obvious naive definition of a subnet A’ of a net
A: D — Xas the restriction of A a subset D’ of D.

Definition 6: A subset D' of a directed set D is called co final in D if and only if
for every d € D there exists d' e D'with d < d'. Given such a co final subset, we
may refer to the co final subnet A’ =A/D' of any net A: D — X.

Sequence in a Topological Space

A sequence (a,, a,, ...) inatopological space V' can be considered anetin / defined
on N. The net is eventually in a subset Y of V if there exists an N in N such that for
every n > N, thepointa isin Y.

Wehavelim_ _a =L if and only if for every neighbourhood Y of L, the
netis eventuallyin Y. Thenet is frequently ina subset Y of Viff for every N in N there
exists some n > N such that a_isin Y, i.e., iff infinitely many elements of the
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sequence are in Y. Thus a point y in V'is a cluster point of the net iff every
neighbourhood Y of y contains infinitely many elements of the sequence.

Function from a Metric Space to a Topological Space

Consider a function from a metric space M to a topological space V" and a
point ¢ of M. We direct the set M \{c} reversely according to distance from c,
with the relation ‘has at least the same distance to ¢ as’, such that ‘large enough’
with respect to the relation means ‘close enough to ¢’. The function f is a net
in V' defined on M \{c}. The net f is eventually in a subset Y of V if there exists a
€ M\{c} such that for every x € M\{c} with d(x,c) <d(a,c), the point f{x) € Y.
Wehave lim__ _ f(x)= L iff for every neighbourhood Y of L, f is eventually in Y.
The net f is frequently in a subset Y of V' iff for every a € M\{c} there exists
some x € M\{c} with d(x, c¢) < d(a, c¢) such that fix) € Y. Apointy € V'is a
cluster point of the net f iff for every neighbourhood Y of y, the net is frequently
nY.

Function from a Well-Ordered Set to a Topological Space

Consider a well-ordered set [0, ¢] with limit point ¢ and a function f from [0, ¢)
to a topological space V. This function is a net on [0, ¢). It lies finally in a
subset Y of V if there exists a € [0, c¢) such that for every x > a, the point f{x)
€ Y. Wehavelim__ f(x)= L iff for every neighbourhood Y of L, f is eventually
in Y. The net f is frequently present in a subset Y of Viff for every a € [0, c) there
exists some x € [a, c¢) suchthat f(x) € Y. Apoint y € V' is a cluster point of the
net f iff for every neighbourhood Y of y, the net is frequently in Y.

Filters: Filter is a subfield of mathematics and can be used to study topological
spaces and define all basic topological notion such a convergence, continuity,
compactness, etc.

Definition 1: A filter is non-empty collection F of subsets of a topological space
Xsuch that:

l. ¢ ¢ F.

2. IfA e Fand B A, then B € F.

3.IfA € Fand B € F,thenA N B € F.
Amaximal filter is also called an ultra filter.

Definition 2: A filter Fis said to converge to x € X, denoted by F — x, if and
only if every neighbourhood of x belongs to F.

N is asub filter of F.

Definition 3: If x € f for every FF € F, we call x a cluster point or an
accumulation point of F.

Theorem 5.1: Any collection of sets F' satisfying the finite intersection property
is contained in an ultra filter /.



Proof: Partially order, by inclusion, the set of all collections satisfying finite
intersection property, which contain 7. Then each chain has its union as an upper
bound, so there exists a maximal element /4. We claim that /{is a filter; hence, an
ultra filter as it is maximal. Indeed, the first and third properties of a filter are true
by definition, so we need to consider only the second. But this follows from
maximality.

Theorem 5.2: A filter /is maximal if and only if every set A that intersects every
member of ¢/ (non emptily) belongs to U.

Theorem 5.3: If 7 — x, then x is a cluster point of . Conversely, ifx is a cluster
point of an ultra filter I/, then U — x.

Proof: If F— x, then N,  F.If 4 € F, then 4 "N = ¢ for everyN € N.. Thus
XE 4.

Conversely, if x is a cluster point of an ultra filter I/, then it follows from
definition that each neighbourhood N of x intersects (non-emptily) every member
of U. By the previous Theorem 5.2, N € Y. Therefore N < U and
U— x.

Definition 1: A filter base of a filter F'is a sub collection B such that for every
FeFthereexists BelB withBc F.

Definition 2: A filter base B in X is said to converge to x € X iff for every
neighbourhood N € ./\/; , there exists B € Bwith B < N and we write B — x.

In mathematics, a filter is defined to be a special subset of a partially ordered
set. A frequently used special case is the situation that the ordered set under
consideration is just the power set of some set and ordered by set inclusion. Filters
emerge in order and lattice theory, but can also be found in topology from where
they originate. The dual notion of a filter is an ideal.

A non-empty subset F of a partially ordered set (P, <) is a filter if the
following conditions hold:

1. Forevery x, y in F, there is some element z in F, suchthatz<xandz < y.
(F 1s a filter base).

2. Forevery x in F'and y in P, x <y implies that y is in F'(F'is an upper set).

3. Afilter is proper if it is not equal to the whole set P. This condition is
sometimes absent from the definition of a filter.

Even though the definition given above is considered as the most common
and conventional method for defining a filter for arbitrary or random posets, but
originally it was precisely defined only for lattices. In this case, the above described
definition can be characterized and distinguished by means of the equivalent
statement given below:

The lattice (P, <) having a non-empty subset F' is defined as a filter iff and
only iffit is an upper set which is typically closed under finite meets termed as
infima, i.e., forall x, y in F, we can state that x A y is also in F. Additionally, the
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smallest filter which comprises of a given element p is termed as the principal
filter and also p is defined as the principal element in this state. The principal filter
for p is simply given by the set {x € P|p <x} and is precisely denoted by
prefixing p with an upward arrows denoted as Tp. The dual notion of a filter, i.c.,
the concept and notation obtained by reversing all < and then exchanging A with
v is considered as ideal.

Consequently, in topological analysis the term filters are precisely used for
defining the convergence in a precise manner analogous to the function and
specifications of sequences on the basis of a metric space. Furthermore, in topology
and other concerned fields of mathematical analysis, a filter is uniquely defined as
a generalization or interpretation of a net. Additionally, both nets and filters provide
extremely general perspectives and framework for unifying the different notions
of limit precisely for the topological spaces that are arbitrary in type.

Subsequently, the term sequence is typically indexed by means of the natural
numbers which are precisely referred as a totally ordered set. Therefore, in the
first-countable spaces the limits can be specifically described by means of
sequences. Although, if the said space does not have properties of first-countable,
then in this case specifically the nets or filters should be used. Nets characteristically
generalize the notion and concept of a sequence simply involving the index set to
be a directed set. Filters can be further considered as the specific types of sets
precisely developed from the multiple nets. Therefore, the notion of limit of a filter
and also the notion of limit of a net both are conceptually and theoretically defined
same as the notion limit of a sequence.

5.3 TOPOLOGY AND CONVERGENCE OF NETS

Let Fbe a filter and let D be a set that is bijective with F. We shall call D an index

set for 7 and denote the bijective correspondence by subscript labeling: = {F

d € D}.

Definition 1: Let Fbe an indexed filter in X with index set D. Anynet A: D — X
with A(d) € F,is called a derived net of F.

Definition 2: Let A be a net in X with directed set D. Then F={Fc X: A is
eventually in '} and is called the derived filter of A.

Theorem 5.4: Afilter 7 in X converges tox € Xif and only if every derived net
A does.

Proof: Assume F— Xand index Fwith an index set D. If N is any neighbourhood
ofx,then N=F, 6 e F. Now, if c>dthen F, C F,s0 A(c) € F.c Nand A is
eventually in V. Thus, A — x.

Conversely, if 7 — x then there exists some neighbourhood N of x such

that // = N for every I, € F. Choose any net A with A(d) € F,— N foreachd
D. Then A is a derived net of F and does not converge to x.

Theorem 5.5: Anet A: D — X converges to x € X iff and only iff the derived
filter Fexists.



Proof: [f L — X, then A ultimately exist in each neighbourhood N of x. Consequently,
each N belongs to the derived filter F, therefore V. c Fand F — X.

Conversely, if the derived filter 7 — X then each neighbourhood N of x
belongs to F, so A is ultimately in N. Therefore, A — X.

Finally, we show that closure in any topological space is completely
determined by convergence of nets or filters.

Theorem 5.6: Given a topological space X and a subset 4 of X, a point x is in

4 ifand only if there is a net (equivalently, a filter) in 4 converging to x.

Proof: According to the two preceding results, sufficiently and essentially the nets
are considered. Considering V'=X— 4, it will be sufficient to prove that V'is
open iffand only iff there is no limit of a convergent net A in X— V=4 thatliesin
V.

When V'is open, then typically ¥ is defined as a neighbourhood of each
x € V. Therefore, no tail of A is contained in ¥, and hence A cannot converge to
anyx € V.

Conversely, consider that for every neighbourhood U of certainx € V
there typically exists a point of the net which is precisely denoted by A, e U~ V.
Then A — Xbut A was assumed to be anet in X— V, a contradiction. Therefore,
there exists some neighbourhood U of x with U— V'=¢, whence U < V'so V'is
aneighbourhood of x for every x € Vand V'is open.

5.4 HAUSDORFFNESS AND NETS

Theorem 5.7: Let X be a Hausdorft topological space. Then no net in X can have
two different limits.

Proof: Let X be a Hausdorff topological space and (x, ), _, be anet in.X. Suppose
a,b € Xand we have both x, — a and x, — ». We claim a = b must hold.

If not, by the Hausdorff property of X, there are U, V < X open, disjoint
with @ € U and b € V. By the definition of x, — a, there is A, e A so that
x, eU VA=), .Bythedefinitionof x, — b,thereis A, € A sothat x, e BVA>2,.
Since A is directed, thereis A ¢ A with A>%, and A >, . Thenboth x, e U and
x, €V hold. But this leads to the contradiction x, eU NV =6.

Theorem 5.8: Let X be a topological space in which there is no net with two
different limits. Then_Xis Hausdorff.

Proof: Take a,b € X with 4 # p . Our claim is that there exist U and J open with
acU,beV andU nV = ¢.Ilfnot, wehave U n v = ¢ foranyopen U,V c X

where ¢ cU, beV .
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Now find a net with two limits (which will be a and b). We take for the
index set A={(U,V):U,V < X open, aeU,beV} where we define the order
U,,¥,)<(U,,V,) tomeanthatboth U, o U, and ¥, o ¥, hold. It is straightforward
to check that A is then a directed set. The least trivial part is to show that
U,,¥),(U,,V,)e A implies there is (U,,V,)e A with (U,,V,)<(U,,V,) and
U,.V,) <(U,,V;). Wejusttake U, =U, nU, and ¥, =V, "V, and check U, and
V,open, aeU,, beV, and the four containments we need.

Foreach L =(U,V)e A chooseone x, e UnV.Then (x, ), , isanetin
Xand we claimboth x, > a and x, > b.

Toverify x, — a,takeaneighbourhood N, € ¢, . Then A, = ((N,)°, X) e A.
If A=(U,V)eA satisfies L >4, then x, eU NV cU < (N,)°c N, . To verify
x, — b we argue in a similar way but take A, = (X,(N,)°) .

5.5 COMPACTNESS AND NETS

Definition: We say thatanet {x, } has x e X asacluster point if and only if for
each neighbourhood U of x and for each 2, € A there exist some A >}, such
that x, eU . In this case we say that {x,} is cofinally (or frequently) in each
neighbourhood of x.

Theorem 5.9: Anet {x,} has y e X asacluster point ifand only if it has a sub

net, which converges to y.

Proof: Let y be a cluster point of {x,}. Define M ={(A,U):AeAU a
neighbourhood of y such that x, e U} and order M as follows: (A,,U,) <(%,,U,)
ifandonlyif &, <, and U, c U, . This s easily verified to be a direction on M.
Define ¢: M — A by (AL, U)=2A. Then ¢ is increasing and cofinal in A, so @
defines a subnetof {x, } . Let U, be any neighbourhood of y and find A, € A such
that x,, eU,. Then (r,,U,)e M , and moreover, (A,U)=(A,,U,) implies
UcU,,sothat x, eU c U, . It follows that the subnet defined by ¢ converges to
V.

Suppose @: M — A defines a subnet of {x,} which converges toy. Then
for each neighbourhood U of y, there is some u,,in M such that u >u,, implies
X,.y €U . Suppose a neighbourhood Uofyandapoint 1, € A are given. Since
@(M) is cofinal in A, there is some u, e M suchthat o(u,) > 2, . But there is also
some u, e M such that » >u, implies x,,, €U .Pick w*>u, and u*>u, .
Then @(u*)=r*>2,, since ou*)=o(u,),and x.=x,w*)eU, since u*>u, .
Thus for any neighbourhood U of y and any 2, € A , there is some A *> ) with
x,. € U . It follows that y is a cluster point of {x, } .

Theorem 5.10: A topological space X is compact if and only if every net on X has
a convergent subnet on_X.



Proof: Assume that X'is compact and suppose that we have anet {x, } that does
not has any convergent subnet. Hence, using the previous Theorem 5.9, the net
{x,} does not has cluster points. This means that for each x e X we can find a
neighbourhood U ofxand anindex A_suchthatx, U _forevery A > . Since
Xis compact then there existx , x,, ..., x e€X such that X = UlUxf . Take any

A=A LA L., -Then x, ¢ X whichis contradiction.

s
Assume that every net on X has a convergent subnet on X. We will show
that X'is compact. To this end take a family F = {F, :i e I} of closed subnets of X

with the finite intersection property, that is £, NF,N..NF, #=¢ for every
{i,i,,...,i, } = 1. We will prove that ﬂIF #9_Define a net as follows: Let
A={{i,i),...i } 1 0,0,....i, el and ne N} .

And order A as follows: &, ={i,i,,....i, }<A, ={ji, j,»--»Jj,} if and only if
{is0y el } S {Jis Jo»eer J, } - Thisis easily verified to be a direction on A. Since the
family Fhas the finite intersection property then for every A = {i ,i,,...,i } € A wWe
canfind x, € F, N F,N,....,N\F, . Using ourhypothesis, the net {x, } hasa convergent
subnet, letsay {x, }.Thatis, thereexists x e X suchthat x, — x.Wewill show
prove xeF, for all jeI. Fix some F. Hence, there exists m such that
A, =1{i}. Thus, for every A, ={i,i,,....i,,i}>A,,>{i} we have that
x,.,€F,NF,N..NF,NF cF.Since x,, —x and F|is closed then xeF,.
This completes the proof of the theorem.

Check Your Progress
What is net?
Define topological space.
Define the term ultra net.
What do you understand by filter?
What are the uses of filter?
What is drive filter of A?
When X is Hausdorff space?
When a net can have a cluster point?

XN kW=

5.6 FILTERS AND THEIR CONVERGENCE

Let X' be a topological space and consider a point x € X. Recall that we define a
set J'to be a neighbourhood of x if there is an open set U such thatx eU c V.

Let N_be the set of all neighbourhoods of point x. It is trivial to verify the following
properties:

l.XeN,
2.IfVeN and Vc Wthen We N_
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3. U, VeN thenUnN Ve N,
4.¢¢ N,

If Fis a collection of subsets of X which precisely satisfy the properties defined
above, then we consider it a filter. In addition, N _is called the neighbourhood filter
of x. Remember that filters are closed under finite intersection as well as pairwise
(by induction).

The significant example of a filter is the cofinite filter. Let X be an infinite set;
then F'={U c X: X\U is finite}.

Now, we will consider the methods for generating filters. It can be easily
checked that if C is a collection of filters on X then " C is also a filter on X.

Therefore, if there is a filter which continues a collection of subsets of X, G then
there exists atleast such filter 7. We will then state that filter F'is generated by G.

Clearly if there exist U,,. ...., U e G with (1} U, = ¢ then G cannot

generate a filter, as the U, would be in any filter containing G, so the empty set
would be in that filter, which is a contradiction.

Theorem 5.11: Let G be a collection of subsets of X such that for all » € Nand
U,...,U e Gwehave (N U,#¢. Then F={Uc X: 3 U,..., Ue G

(., U, cU }.Fisafilter containing G. Indeed F is the filter generated by G.

Thus, a set G generates a filter iff it satisfies this condition. Such a G is
called a subbase for . If G is closed under finite ( pair wise) intersection then it is
called a base for F'and F takes the simpler form F={Uc X:3V e G, Vc U}.

Definition: Let /7 be a filter on X. F is said to be an ultra filter if for all
Ac Xeither4 eForAc e F.

For example, ifx € Xand F'={U c X: x € U} then F is an ultrafilter.

Theorem 5.12 (The Ultrafilter Theorem): Let /" be a filter on X. Then there is
an ultra filter U such that F < U.

Proof: The proof'is very easy. Consider that the set of all filters on X precisely
contains F together with the partial ordering c.

Let Cbe a chain in this set. | C'is closed under pairwise intersection, and

therefore forms a base for a filter. This filter is then defined as an upper bound for
C. Hence, every chain has an upper bound, therefore the Zorn’s Lemma provides
us a maximal element of the set U. Consequently it can be easily checked that a
maximal filter must be an ultra filter. Therefore, U is an ultra filter which contains F.

This does not contradict our original assertion that ultra filters other than the
one generated by a single point cannot be described — the use of the axiom of
choice means that the ultra filter theorem is highly non-constructive. However, it
does prove the existence of such an ultra filter — let F'be an ultra filter containing



the cofinite filter. Then /' cannot be generated by {a}, as X\{a} € F. Such anultra
filter is called free. Note here that any ultra filter which is not free is generated by
asingleton, and if there exists an a with X\{a} ¢ F'then {a} € F. The complements
of singletons generate the cofinite filter, so if F'is not generated by a singleton then
it contains the cofinite filter and is thus free.

Definition: Let F' be a filter and x € X. We say that /' converges to x, or that x
isalimit of Fif N_c F. We shall write /' — x to mean /' converges to x.

Theorem 5.13: Let X be a topological space. X is Hausdorff iff every filter has at
most one limit.

Proof: Suppose, X is Hausdorff and let x # y. Then there are neighbourhood U
and V of x and y respectively with U m V= ¢. Thus no filter contains both U and
¥, and so no filter can converge to both x and y. Hence, all filters have at most one
limit.

Conversely, suppose that x and y do not have disjoint neighbourhoods.
Then N U N, forms a subbase for a filter which converges to both x and y.
Therefore, if every filter has at most one limit then X is Hausdorff.

Therefore, considering X to be Hausdorftf is equivalent to consider unique
limits, which is a natural condition to impose when we assume that filters are
an accurate method of describing limits. In a Hausdorff space we will write lim
F=xwhich means that x is unique limit of . However remember that all the filters
do not have limits.

Let X, Y be sets, F'afilter on Xand g: X — Y. In general the set {g(U): U
€ F} will not be a filter on Y. However because g(U "N V) < g(U) N g(V), it will
be a subbase generating some filter. We shall denote the filter it generates by g(F).
Clearly, V' € g(F) iff there exists U € F'such that g(U) c V.

Theorem 5.14: Let X, Y be topological spaces withx € Xandg: X — Y. g is
continuous at x iff whenever F'is a filter such that ' — x we have g(F) — g(x).

Proof: Suppose g is continuous at x and let ¥ — x. Let V" be a neighbourhood of
g(x). By continuity there is a neighbourhood U of x such that g(U) c V. But U € F,
so g(U) € g(F). Thus, as g(F) is a filter, V' € g(F). Hence g(F) — g(x). Then
g(N ) — g(x) by hypothesis. So for every V, a neighbourhood of g(x), we have V/
€ g(F). Thus by our observation above there exists U € N_such that g(U) = V. As
N_is the set of neighbourhoods of x, g is continuous at x.

5.7 CANONICAL WAY OF CONVERTING NETS
TO FILTERS AND VICE VERSA

Theorem 5.15: Let P: A — X'be anet and H the filter associated with it. Let x
€ X. Then P converges to x as a net iff H converges to x as filter. Also x is a
cluster point of the net P iff x is a cluster point of the filter H.
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Nets and Filters Proof: Suppose P converges to x. Let U be aneighbourhood of x in X. Then 3
A, € A such that B, = {P(X) s AEATA2 XO} . But this means U € H by the

definition of H. So every neighbourhood of x belongs to H. Hence, H converges
NOTES to x.

Conversely suppose that H converges to x. Let U be as open neighbourhood
of x. Then U eH. Recalling how H was generated, there exists A, € A such that

B, c Uwhere B, isdefined as above. This means that P(A) € Uforall L € A;
A 2L, Thus P converges to x in X.

Suppose now that the net P clusters at x. Therefore for each neighbourhood
Uofxand for each A € A, there is some A > A such that P(A) € U. But the sets

{P(K);Xe/\;%zko} form a base for H. Let F € H. Then F o
{P(\);hen;h>0,},ie., P(\) € F. Thus P(L) € F N UL

Hence, every neighbourhood of x intersects every member of H. Hence x
is a cluster point of H. Conversely suppose that x is a cluster point of H, i.e.,
every neighbourhood U of x intersects every member F of H. Thus F N U # ¢.

But F > {P(A);hen;A>},} for some A, Being a superset of
{P(X);X EAA2 7»0} let F'belongs to H. Therefore P(A) € Ufor A > A

Theorem 5.16: Let H be filter on a space X and P be the associated net in X. Let
x € X. Then H converges to x as a filter iff P converges to x as a net. Moreover,
x isa cluster point of the filter H iffit is a cluster point of the net P.

Proof: Suppose H — x. If U is a neighbourhood of x, then UeH. Pickp € U.
Then (p, U)eA,, and if (g, F) > (p, U), then g € F' < U. Thus for each
neighbourhood U of x, there exists (p, U)e A, such that (g, F) = (p, U) implies
P(q, F) =g € U. Hence, the net P converges to x.

Conversely, suppose that the net based on H converges to x. Let Ube a
neighbourhood of x. Then for some (p,, ) € A, we have (p, F) > (p,, F)
implies P(p, F) =p € U. Butthen F, c U, otherwise there is some g € F,— U
and then (¢, F)) > (p,, F,) but ¢ ¢ U. Hence U being a super set of the members
(F,) of H, belongs to H. Hence every neighbourhood U of x belongs to H. Hence
H — x.

Now we come to the result concerning cluster points.
Suppose first H has x as a cluster point. Recall that the associated net P: A
— Xis defined by taking A= {(y, F); F € H,y € F'} and putting P (v, F) =y. Let

an open neighbourhood U of x and an element (y, F) of A be given. Then F U
# ¢ by definition of the cluster point of a filter. Letz € F U. Then (z, F) € A, (z,

F)>(,F)and P(z, F) =z €U.
Thus to each neighbourhood U of x and (y, F) € A, thereis (z, F) € A such

Self - Learning that (z, F) > (y, F) implies P(z, F) e U. Hence x is a cluster point of P. Let Ube
206 Material




any open neighbourhood of x and let Fe H. We have to show that
F N U#¢. Let zbe any point of F. Then (z, F) e A. Since x is a cluster point of
P, there exists (y, G) € A such that (v, G) > (z, F)and P(y, G) €U. Buttheny
G,Gc Fand y € U (.. P(y, G) = y) showing that y € F n U and so
F n U= ¢. Hence every neighbourhood of x intersects every member of H, i.e.,
x is acluster point of H.

Theorem 5.17: A topological space is Hausdorff iff no filter can converge to
more than one point in it.

Proof: Suppose X is a Hausdorff space and a filter H converges to x as well as y.
This means p_ < Hand < H. Now ifx#y,thenthereexist U e p_and V' e M,
such that U m V'# ¢ which contradicts the fact that H has the finite intersection
property. So x =y. Thus limits of convergent filters in X are unique.

Conversely, suppose that no filter in X has more than one limit in X. If X'is
not Hausdorff, there exists x, y € X, x # y such that every neighbourhood of x
intersects every neighbourhood of y. From this it follows that the family i~ has
finite intersection property. Evidently H converges both to x and y contradicting
the hypothesis. So X'is Hausdorff.

Theorem 5.18: For a topological space X, the following statements are equivalent:
(i) X'is compact.
(if) Every filter on X has a cluster point in X.
(iii) Every filter on x has a convergent sub filter.

Proof: (ii) < (iii) has been shown in the definition of sub filter.

Moreover, if a filter H has a cluster point x in X, then the net based on H
also has cluster point x in X. Therefore (i) < (i) follows from the result already
proved for nets.

Theorem 5.19: A topological space is compact iff and only iff every ultrafilter in it
is of convergent type.

Proof: When a space is defined as compact, then every filter contained in it holds
a cluster point. Specifically, every ultrafilter holds a cluster point and consequently
it is termed convergent by a consequence or result, i.e., an ultrafilter typically
converges precisely to a point iff that point is exactly a cluster point ofit.

Conversely, assume that X'is a space having the property that every ultrafilter
on this space is precisely convergent. It can be appropriately shown that every
filter on X holds a cluster point because only then the result will follow as per the
above mentioned Theorem 5.19. Suppose H is a filter on X. Therefore 3 an ultra
filter G containing H. By hypothesis, y converges to a point, say x on X. Then x is
a cluster point of G. So every neighbourhood of x meets every member of G and
in particular every member of H, therefore, since H — G. Consequently, x is also
a cluster point of H. Thus every filter on X has a cluster point in X. Hence X'is
compact.

Nets and Filters

NOTES

Self - Learning
Material

207



Nets and Filters

208

NOTES

Self - Learning
Material

Now we are in a position to prove the following theorem which is typically
the characterization of compact sets.

Theorem 5.20: For a topological space X, the following are equivalent:
({) X'is compact.

(1) Each family C of closed sets in X with the finite intersection property has
non-empty intersection.

(zii) Each filter in X'has a cluster point.
(iv) Each netin X'has a cluster point.
(v) Each ultranet in X converges.

(vi) Eachultra filter in X converges.

Proof: (i) = (ii). Let X' be compact. Suppose on the contrary that { ' } is a family

of closed sets in X' having empty intersection, i.e., Q F=9
C
= (Q F, J = (PC
- U Fxc =X
A

Thus { F© } is aconverging of X. Then by compactness of X, there must be

a finite sub covering of X; i.e.,

n

Butthe p=X=(UF ) =NF
i=1 i=l

so that the family cannot have the finite intersection property. This contradiction
proves that (i) holds.

(it) = (iii). If H is a filter on X, then {F i FeH } is a family of closed sets

with the finite intersection property, so (if) implies that there is a point x in N

{f i FeH }, i.e., each neighbourhood of x intersects every member of H. Hence,
x is a cluster point of the filter H.

(7ii) = (iv). Suppose that the filter H has x as a cluster point. We know that
net P: A — X'based on H is defined by taking A= {(y, F); F € H; y € F'} and
putting P(y, F)=y. Let an open neighbourhood U of x and an element (y, ) of A
be given. Then ' U+ ¢ because x is a cluster point iff every neighbourhood U
of x meets every member F of H.

Ze FNnU. Then (z, F) € A;
(z, )2, F)and P(z, F)=z € U.



Thus to each neighbourhood U ofx and (v, F) € A thereis (z, F) € A such
that (z, F) > (y, F) implies P(z, F)) € U. Hence, x is a cluster point of the net P.

(iv) = (iii). If an ultra net has a cluster point then it converges to that point.

(v) = (vi). Let H be an ultra filter on X. Then the neighbourhood on H is an
ultra net which converges by (v). But the limits are preserved in satiating over from
ultra nets to ultra filters. Hence H is convergent.

(vi) = (i). Suppose L is an open cover of X with no finite sub cover. Then
X—-(U,wU,\,...,0U)=¢foreach finite collection { U....., U } from p the
sets of the form X — (U, u U, u,...,u U ). Then form a filter base (since the
intersection of two such sets has again the same form) generating a filter H. Now
since each filter is contained in an ultra filter. It follows that H is contained in some
ultra filter H*. But H* converges to x by (f). Now x € U for some U € L. Since
U is aneighbourhood of x, by the definition of convergence ultra filter, we have
U eH*. By the construction, X— U € H < H*. Since it is impossible for both U
and X— U'to belong to an ultra filter, we have a contradiction. Thus, p must have
a finite sub cover and hence X'is compact.

5.8 ULTRAFILTERS AND COMPACTNESS

Definition 1: A filter on a set Xis a collection F of subsets of X satisfying:
1) X € F,butd=F.
2) IfA e Fand4AcBc X, then B € F.
3) Afinite intersection of sets in Fisin F:if 4, € F,then4d N4, e F.

Definition 2: Let X'be a topological space, F a filter on X, and x a point in X. We
say that F converges to x and write F — x if every neighbourhood of x is in F. If
JF converges to exactly one pointx of X, then we will call that point the limit of &
and write x = lim F.

Theorem 5.21: A filter on a Hausdorff space X may converge to at most one
point in X.

Definition: Let X and Y be sets, /: X —Y be any function, and let F be a filter on
X. The collection f,F= {4 c Y: f'(4) € F} is afilter on Y, called the push
forward of'the filter F via the map /-

Theorem 5.22: Let X'and Y be topological spaces. A function f: X —Yis continuous
iff whenever a filter 7 on X converges to a pointx € X, the filter f 7 on Y converges

to f(x).
Definition: An ultra filter on a set X is a filter F on X which is maximal with

respect to inclusion, i.e., it is a filter F for which any other filter 7' on X satisfying
F o Factually satisfies F' = F.

Theorem 5.23: Every filter is contained in some ultra filter.
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Theorem 5.24: The following are equivalent for a filter  on a set X:
1) Fisanultra filter.
2) Foreveryset A — Xeither4 e ForA=X—-A4 € F.

3) For every finite cover { A }il ofasetd € F, A € Ffor some i.

Theorem 5.25: A topological space X is compact iff every ultra filter on Xis
convergent.

Theorem 5.26: If F is an ultra filter on a set Xand f/: X — Y is a function, then
1. is also an ultra filter.

Theorem 5.27: There exists a functional /: [ —R (called a generalized limit)
satisfying:
1) /is defined on all bounded sequences.

2) If (x ) is a sequence whose limit exists in the usual sense, then /((x,)) =
lim x

n—0""n'

[1s linear and multiplicative, whenever (x ) and (y,) are bounded sequences,
and a and b are real numbers, /((ax, + by )) = al ((ax,)) + bl ((y,)) and I ((

xy)) =1((x,)) ()
Theorem 5.28: Non-standard models of first order arithmetic (models containing
infinite integer and like creatures) exist.
Theorem 5.29 (Tychonoff’s Theorem): If X_is a compact topological space
for every o in some arbitrary index set I, then IT _ X is compactin the product
topology.
Definition: Let X'be a T, topological space. A Stone-Cech compactification of
Xis acompact T, topological space BX containing X so that:

1) The topology induced on X as a subset of fXis the original topology of X.

2) Whenever f: X —Y is a continuous map of X into some compact 7, space

Y, there exists a unique continuous map ]} : BX—Y whose restriction to X

isf.
Note: A rather non-trivial theorem says that if BXis a Stone-Cech compactification of X,
then X is dense in X, namely, the closure of X in B.X is all of B.X.

Theorem 5.30: Any two Stone-Cech compactifications of the same topological
space X are homomorphic.

For simplicity, we will work below only with the space X'= N the natural
numbers with the discrete topology. The results in this section all have analogues
for an arbitrary completely regular topological space, and in particular, for an
arbitrary metric space.



Definition: Let BN be the set of all ultra filters on N. We will identify N as a
subset of BN by identifying every integer n with the principal ultra filter p_at n.

Theorem 5.31: There is a topology on BN for which it is a Stone-Cech
compactification of N. A basis for that topology is givenby B={U : 4 — N},
where forany setA N, U, = {ueBN:4 epu}.

Note: All the sets U, are actually clopen in BN.
Theorem 5.32: N is dense in BN.

Check Your Progress

9. Whatis an ultrafilter?
10. State the ultrafilter theorem.
11. Give the equivalent statements for a topological space X.
12. Define the limit of a filter.

5.9 LOCAL FINITENESS

According to the mathematical analysis in the field of topology, the term local
finiteness can be defined as a unique property which satisfies the property of
collections of subsets precisely for a topological space. Fundamentally these
properties are used for studying the paracompactness and topological dimension.
A collection of subsets that are contained in a topological space X are precisely
defined as locally finite, if each point in the space uniquely has a neighbourhood
which only intersects finitely several sets in the collection. Consequently, for a
topological space a finite collection of subsets is termed as locally finite. Further,
the infinite collections of sets can also be locally finite. For example, the collection
of all subsets of R of the form (#, n + 2) with integer 7 is locally finite. A countable
collection of subsets need not be locally finite, as shown by the collection of all
subsets of R of the form (—#, ) with integer ». If a collection of sets is locally
finite, then the collection of all closures of these sets is also locally finite. The
converse of this, however, can fail if the closures of the sets are not distinct. For
example, in the finite complement topology on R, the collection of all open sets is
not locally finite, but the collection of all closures of these sets is locally finite as the
only closures are R and the empty set.

No infinite collection ofa compact space can be locally finite. Consider {G }
to be an infinite family of subsets of a space and suppose this collection is locally
finite. For each point x of this space, choose a neighbourhood U that intersects

the collection {G } at only finitely many values of a. Clearly, U  foreachx e X

is an open covering in X and hence has a finite subcover, U U *, ...... u*u,.

Since each U intersects {G } for only finitely many values of a, the union of all
such U _intersects the collection {G } for only finitely many values of a. It therefore
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follows that X intersects the collection {G } at only finitely many values of a thus
contradicting the infinite cardinality of the collection {G }.

A topological space in which every open cover admits a locally finite
open refinement is called paracompact. Every locally finite collection of subsets
of'a topological space X is also point-finite. A topological space in which every
open cover admits a point-finite open refinement is termed as metacompact. A
collection in a space is countably locally finite (or c-locally finite) if it is the
union of a countable family of locally finite collections of subsets of X. Countable
local finiteness is a significant hypothesis in the Nagata-Smirmov metrization theorem,
which states that a topological space is metrizable iff it is regular Hausdorff and
has a countably locally finite basis.

Definition 1: A collection p of subsets of X if called locally finite or (neighbourhood
finite) if and only if for every x € X'has a neighbourhood meeting only finite U €
p. We call p point finite if and only if each x € X' belongs to only finitely many U
€ . Clearly every locally finite collection is point finite.

Notes:

1. Since every point-finite may not be locally finite, e.g., consider the covering of the set
R. {{ X}; X € R} which is a covering of R. It is a defined as point finite covering of
R but it is not locally finite. Because in general topology of R, every point has
neighbourhood (an open interval) which contains uncountable number of points of
R. Therefore, every point do not has neighbourhood which intersects finite number
of members of the covering. However when the discrete topology of R is considered,
then above covering is also locally finite. Thus for any space X, {{ X };x € X } there
is a pointfinite cover, which is locally finite only under stringent conditions on X.

2. The covering of R by the sets [n, n+1], as n ranges through all integers is point finite.

Definition 2: A collection p of subsets of X is discrete if and only if each
x € Xhas aneighbourhood meeting on at most one element of .. Clearly every
discrete collection of sets is locally finite.

Lastly, for any property of collection of sets in X, there is a corresponding
o-property which we illustrate with an example.

A collection v of subsets of Xis called 5-locally finite iffv = UV, where

n=l1
each V' is alocally finite collection in X, i.e., iff v is the countable union of locally
finite collections family in X.

In the same way, a collection v of subsets of X is o-discrete iff v is the
countable union of discrete collection in X. If vis a 6-locally finite cover of X, then
the sub collections ¥, which are locally finite and make up v will not usually be
covers.

Theorem 5.33: If {4, ; A € A} is locally finite system of sets in X, then so is
{AT; A € A}



Proof: Since {4, ;A € A} is alocally finite system of sets, given p € X, find an
open neighbourhood U of p such that U M 4, = ¢ except for finitely many A.

= Un 4, = ¢ except for some A
U 4, # ¢ for some A
={ AT ; L € A} 1s locally finite. Hence the theorem is proved.

Theorem 5.34: If {4, ; A € A} is alocally finite system of sets, then UZ:

U4, -In particular, the union of a locally finite collection of closed sets is closed.
Proof: =:U 4 = U 4, (trivial).
Conversely, suppose p € U 4, . Now some neighbourhood of p meets

only finitely many of the sets 4, say 4, ..., 4, . Since every neighbourhood of p

meets U 4,, every neighbourhood of p must then meet 4, ,L....U 4, .

Hencepe 4, U4, U...U 4, sothatforsomek,p eA_M .Thus U 4, ©

U 4, proving the lemma.
Theorem 5.35: Foreach A € A {UAT; A € A} isclosed.

Proof: Let B=U { 4, ;A € A}. Wewillshow 53— p

= Bisclosed.

Suppose x ¢ B, we will show x cannot be a limit point of B.
ng:xeuA_x =>Xx¢ ZerA.

If there is a neighbourhood U which is not disjoint for finite number of

A4,
1e., UN Z fori=1,2,....,n,then X— Z is open neighbourhood of x
and so fl] {X—- A_l } is open neighbourhood of x.

Thus U {1 (X~ 4, )} is neighbourhood of x disjoint with each £_and
| ;

Un(N{XxX- Z }) is disjoint with uAT = B. Thus, x is not a limit point of B.
1 1
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5.10 THE NAGATA-SMIRNOV METRIZATION
THEOREM

The Nagata-Smirnov Metrization theorem gives a full characterization of metrizable
topological spaces. In other words, the theorem describes the necessary and
sufficient conditions for a topology on a space to be defined using some metric. As
a motivational example, consider the discrete topology on some space (every
subset of the space is open). Though it might not be apparent to the untrained
observer, this topology is actually defined by the following metric:

1 when x # y
d(xy)= 0 whenx=y

The open balls of radius 1/2 under this metric each contain only a single
point (the point around which the ball is centered); using these open balls as a
basis, we define the discrete topology. Hidden in the discrete topology is the
underlying metric defined above. The Nagata-Smirnov Metrization Theorem lists
the exact condition that any topology must have in order for there to be such an
underlying metric. Before proving the full metrization theorem, we will start with a
more specific result: the characterization of compact metric spaces.

Part 1: We will prove that a topological space X is a compact metric space if and
only if X'is compact Hausdorff with a countable basis.

We will begin with some relatively simple preliminary results that occur often
in the lemmas and theorems to follow. When used, these results will not be cited
by name.

Result 1: In a topological space X, suppose 4 1s a compact set and C < 4 is
closed. Then C'is compact.

Proof: Take any open cover of C. This cover and the open set X\C form an open
cover of 4. Because 4 is compact, there is a finite sub cover, which must also
cover C, because C < A. Thus, any open cover of C can be reduced to a finite
sub cover, so C is compact.

Result 2: Suppose f: X— Y is continuous, and 4 < X'is compact. Then f{4) is
compact.

Proof: Take an open cover C = {U} of f(4). Take x € A. Then f(x) € f(4), so
fix) € Uforsome U € C, sox € f'(U). Thus the pre-image of the sets in C,
which themselves are open because fis continuous, cover 4. Because 4 is compact,
some finite sub cover f(U)), ...., f(U,) covers 4. Take f{x) € f{4). Thenx €
A,s0x € f'(U)forsomei, 1 <i < n. Therefore f{x) € U, and the open sets
U,,..., U cover f{4). Thus any open cover of f{4) can be reduced to a finite sub
cover, so f{A4) is compact.

Result 3: Suppose X is Hausdorff and 4 — X'is compact. Then 4 is closed.



Proof: To prove that 4 is closed, we will prove that X\4 is open. Take some point
x € X\4. For every point y € A, we know that x # y because X\4 is by definition
disjoint from 4, so by Hausdorffness there exist disjoint open sets U(x, y) and

V(x,y) withxe U(x,y)andy € V(x,y). Then U,_,V(x,y) is an open cover of 4,

so because 4 is compact there is a finite sub cover, V (x),....,V (x). Each V(x) is
disjoint from an open set U (x) containing x, so U(x) is also disjoint from C, hence
U(x) < X\C. Taking the union of all U(x), for all x € X, must therefore also be
contained in X\C, but also cover X\C; therefore X\C is the union of open sets and
hence is open.

Result 4: The function f: X— Yis continuous if and only if for each xe X'and
open set U c Y containing f{x), there exists an open set /< X such thatx € Vand

N cU.

Proof: Suppose first that /s continuous. Take x € X'and an open set U containing

f(x). Then f!(U) is open by continuity, xe f'(U), and { f(U))=U c U.
Now we will prove the converse. Take an open set U — Y, and xe

f1(U). So fix)e U, therefore there is an open set V(x) € X containing x with (V)

c U.Take y € V(x) ; then f{y) € fiV(x)) c U, soy € f'(U). Therefore, V(x) C

F1(U). Therefore £1(U) = U el V(x) , which is open because it is the union

of open sets. So when U c Y is open, then f'(U) is open, proving that f'is
continuous.

Part2:

Now we will prove the Nagata-Smirnov metrization theorem, if a topological space
Xis ametric space if and only if X'is regular with a countably locally finite basis.

Lemma: Suppose A is a locally finite collection of subsets of a topological space

X Lety=U,,4.Theny=U_, 4.

Proof: First, we will show that | ,_, 4 ¥, whichis generally true. For each 4 e
A, itistruethat4 c Yy . 4is theintersection of all closed sets containing A
and y is a closed set containing 4; thus if xe 4, thenxey,so 4y thus

U, AcY asdesired.

Now we will provethat ¥ U ,_, 4.Takex € y.Bylocal finiteness, there
exists an open neighbourhood U containing x that intersects only a finite subset of
elements of A ; Denote these elements as 4 ,...,4,. Suppose that x was not

contained in any of Z,....,A_k, ie.,x¢ U'j.zl A_/ , which is a closed set. Thenx €

U\( ];':1 A_]), which is an open neighbourhood of x that is disjoint from every

element of A. Thus x itself must be disjoint from every element of A, contradicting
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the fact thatx € y . Therefore x must be contained in some A ;»1<j<k,and
YcU,, 4,implyingthat y = _, 4.

Lemma: Suppose X is a regular space with a countably locally finite basis B.
Then Xis normal.

Proof: We will prove this in two steps.

Step 1: Suppose W < Xis open. Then there is a countable collection of open sets

{U}suchthatw=U, , U, =U,_, U, -

Proof: Because B is countably locally finite, B=U,_, B, whereeachB isa
locally finite collection of subsets of X. ForeachneN,letC ={Be B |p - w’ }.

Then C =B , so C must also be locally finite. Let U = U sec, B.Because each
Bisopen, U isalso open. Furthermore, by above lemma, U_n =Upec, B, because
C, is locally finite. Each g, so U, = UBECHECW; therefore,
Upew U, U, U, W

Now we need to show that W< U,_, U,. Take x € W. Then {x} is

disjoint from X\I¥ and both sets are closed ({x} is closed by definition of regularity),
so by regularity there exist disjoint open sets U and ¥ such that {x} — Uand X\W
c V.Thenxe{x} c Uc X\Wc V. Thenx{x}c Uc X\Wc W.Forsomen € N,
there exists a basis element B € B_such thatx € B < U < X\V; because X\V'is

closed, g < X\V < W. Therefore B € C,. This means that x eB cU,_, U, .
Hence W U, _, U, , as desired.

Step 2: X'is normal.

Proof: Take disjoint closed subsets C, D — X. Then X\D is open, so by Step 1,
there exists a countable collection of open sets {U } such that X\D =

U,en U, =U,_y U_n . Of course, every U_n isdisjoint fromD,Cc U,_, U, .By
the exact same reasoning, there exists a collection of open sets { V' } that cover D
such that each Z is disjoint from C.

U,y U, and U,_, V, are open covers of C and D, respectively. But we

cannot guarantee they are disjoint. For eachne N, letU’ = U, \ (U o 7/) and

let V' =V, \(UI;-=1 U_j) These sets are open. Thenlet U'=U,_, U, and let V'

=U,_y V' ».U and V" are clearly open, because they are the union of open sets.

Our claim is that they are disjoint covers of C and D.



Takex € C. Thenx € U, for some n, because CcU,., U, . Furthermore,

X¢ Zfor all n. Therefore x €U, \(U’;.:l VJ) = U cU,soCcU' Similarly,
Dc/V.
Now suppose that U’ and V" are not disjoint. Then there exists some x € X

suchthatxe U'=U,_, U » andxe V’'=U,_, V. This implies that for some

mnxelU =U, \( " V/)B andxe V' =V, \(Uf;=1 U__/),i.e.,x ceU,V

m’ " n’

but x ¢ 71, ..... V Ul,...,U_n. Suppose m < n. Then x € U . But

2 m?>

xé¢ Ul, U U, , which is a contradiction. Similarly, we geta contradiction if

P} moeee

n <m. Therefore, U’ and V" are disjoint open covers of C and D, proving that X
isnormal.

Theorem 5.36: Suppose X'is a regular space with a countably locally finite basis
B. Then X'is metric space.

Proof: We will show that X can be embedded in the metric space [0,1]B, with the
following metric:

Suppose p, g €[0,1]. Then letd(p.q) = sup{| p(B) —q(B) |} .
BcB

We will prove this is a metric.

1. Bachterm | p(B)-¢(B)[> 0,50 d(p,q)= sup{l p(B)~q(B) |} = 0as well.

BcB

If d(p,q) = sup{| p(B)-q(B)|} =0, then for every Be B we have 0 <

B=B
|p(B)—q(B)| <0, so p(B)=q(B), hence p = q. Conversely, if
p = g, then |p(B)-¢(B)|= 0 for all Be B, so d(p, q)

_supil p(B)-q(B)I}

= BcB 0.

2. d(p,q)=sup{| p(B)—q(B)|} =sup{|q(B)— p(B)[} =d(q,p).
BcB BcB

3. Itis generally true that if W and Y are sets of real numbers, then sup (W) +
sup (Y) =sup (W+Y), where W+Y ={ W+Y |lweW,y €Y}. Itis also true
that if K < L, then sup (K) < sup (L). Therefore,

d(p,r) =sup{| p(B)—r(B)[} <sup{| p(B)—q(B)]
BcB BcB
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+1q(B)—r(B)|} <sup{| p(B)—q(B)[} +sup{|q(B)—r(B)[} =d(p,q)+d(q,r)
BcB BcB

Now we can proceed.

Fact 1: If W < X is open, then there exists a continuous function f'such that
fIW >0 and f[(X\W) = 0.

Proof: By Step 1 of Lemma 2, W= U,_, 4,, where each 4 isclosed. Each4

is disjoint from the closed set X\I¥. By Lemma 2, X'is normal, so we may apply
Urysohn’s lemma: for each 4 , there exists a continuous function f: X —[0, 1]

such thatf |4, = 1 andf|(X\IW) = 0. Forx € X, let fix)=Y_ " f,(x)/2". Thisis
well defined, because 0 <f (x) < 1,s0 0<f (x)/2"< 1/2". z; 1/2" converges,

so by the comparison test z;o:l £, (x)/ 2" also converges. In fact, by the

Weierstrass M-test it converges uniformly. Therefore, because each term f /2" is
a continuous function (/ is continuous and 2" is just a constant), /1s also continuous.
Each f is uniformly zero on X\, hence f[(X\W) = 0 and for x € W, we know that
x € A_for some n. Therefore f (x) = 1, so at least one term in the infinite sum

Z; £, (x)/2" is greater than zero. Because all the other terms cannot be less
than zero, this guarantees that f{x) > 0; so f | > 0, as desired.

Now we are ready to define the embedding g: X — [0,1]B. First, it should
be briefly noted that while Fact 1 proved the existence of a continuous function
from any open set to the closed interval [0,1], we could just as easily have replaced
[0,1] by any closed interval [a,b], a, b € R, by defining a continuous function
between [0, 1] and [a, b] and considering the composition of the function we did
define and this new function, using the fact that the composition of continuous
functions is continuous.

Because Bis countably locally finite, itis truethat B=J , B , where each

n=N n?d
B, is locally finite. We might as well assume that foreachm,n eN, B N B =0,
because if there were some basis element Be BB , B , we could define 5’ that
contained all the same elementas 5, except for B. 5’ would still be locally finite
and Bwould still be a basis, because B is still contained in 3.

If we take any basis element B, we therefore know that Be B, for exactly
one n. Because B is open, we can, by Fact 1, define a continuous function f,: X
—[0,1/n] such thatf,|(X\B) =0. Now we will define the embedding g as follows:
let g(x) = {( B,,(x))|B € B}. We must prove that this is an embedding by showing
three things: g is injective, g is continuous and g™ is continuous.

Fact 2: gisinjective.



Proof: Suppose x #y. By definition of regularity, the single point sets {x} and {y} Nets and Filters
are closed, and they are obviously disjoint. By Lemma 2, X'is normal. Therefore,
there are disjoint open sets U, V'suchthatx e{x} — Uand ye{y} V. There must
then exist a basis element B such that x € B < U. Then f,(x) > 0, but f,(y) =0
because y ¢ B. Therefore, the function g(x) contains the ordered pair (B, €) where
€> 0. But the function g(y) contains the ordered pair (B, 0). Therefore, g(x) # g(»).

NOTES

Fact 3: g is continuous.

Proof: To prove that g is continuous, we must show that for any open set V'
around a point g(x), there is an open set U — X'such thatx € Uand g(U) c V. In
particular, if we can find an open set U containing x such that
g(U) c B(g(x), €) c V, then we will be done.

Weknow that B ={J _, B, , where each BB is locally finite. Take some

B and find an open neighbourhood U, ofx that intersects only finitely many basis
elements in B . Suppose that B € 5, does not intersect U. Then it certainly does
not contain x, so f,(x) = 0. Furthermore, f,(y) =0 for all y € U . Therefore, [f,(x)

— /) =0.
Now suppose B(1U,, # ¢ . We know that f,: X—[0, 1/n] is continuous, so

given the open set (f,(x) — &/2, f,(x) +/2)N[0,1/n] < [0,1/ 1], there will be an
open set W < X containing x such that f,( W) < ( f,(x) — €/2, f,(x) +
e2)N [0,1 / n] LetV =W (U ,whichisopenbecause itis the finite intersection
of open sets, and is not empty because both /¥ and U contain x. Then for Y eV

c W, ) e(f,x)-€/2, f,(x) +e/2)N[0,1/ n], s0 [f,(x) - £,(»)| < &/2. So for y
eV, If,(x) - £,(0) < &/2 for all Be B..

Take N large enough so that 1/N<e/2. Let V=V ...N Vi which is open
asitis the finite intersection of open sets. If y eV, thenye V,...,V,,soforn< N
and Be B, [f(x) — f,(»)| < &/2. Furthermore, for n > N and Be B , we know
that |f,(x) — /,(»)| < 1/n <1/ N< &/2, because the maximum value of f, is 1/n and
the minimum value is 0. So the maximum difference between any two values is 1/
n. So fory €V, [f(x) — f,(0)| < &2 for all Be B. Therefore, d(g(x), g(v)) =

supt] f3(x) = f3(¥) |} £ /2 <e, implying that g(y) € B (g(x), €),
B=B

proving that g is continuous.
Fact 4: g”' is continuous.

Proof: To prove that g™ is continuous, we need to show that if U — X'is open,
then g(U)=(g')'(U) is open in g(x). It suffices to show that for any ze g(U) and
gisinjective by Fact 2, there exists a unique x € U such that g(x) =z. Because U
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Nets and Filters is open, there exists a basis element 3 such that x € 3 < U. Therefore fB(x) >0
and f,|(X\B) = 0.

Let V={h: B—[0,1]|Ax(B)>0} <[0,1]B, for B chosen above. Our claim
NOTES is that V' is open. To show this, we must show that any function in /" has an
open neighbourhood contained entirely within V. Take some function 7 € V'
and consider the open ball B( 4, h(B)). For any function #'€ B(h, h(p)),

sup{| 2(B)—h'(B)[} =d(h,h") <h(B) , so |h(B) — h'(B)| < h(B) for all Be B. In
BcB
particular, |A(B)—4'(B)| < A(B),so A'(B)>0. Thus, A’ Vand B( h, h(B)) =V, so
V'is open.

Let W=V () g(x). Then Wis open in g(x). By our choice of 3, fB(x) > 0.
So g(x) contains the ordered pair (3,0) for 6 = fﬁ(x) > 0. Thus g(x)e V. Itis also
true that g(x) € g(X). Therefore, g(x) €V () g(x) = W. Now we need to show
that W — g(U). Take any function p € W. Then p = g(y) for some y €X. Because
pe W=V Ngkx),p €V,sof(y)=p(B)>0. This means thaty € p c U, sop=
2(y) € g(U). Therefore W g(U), implying that g(U) is open. This shows that (g~
(V) is open whenever U is open. Hence g is continuous.

5.11 PARACOMPACTNESS

Let X be a space and Y a subspace of X. A subspace Y is said to be normal
(respectively, strongly normal) in X if for each disjoint closed subsets F, F, of X
(respectively, of Y), there exist disjoint open subsets G, G, of X'such that /', Y
c G, fori=0, 1. Asubspace Yis said to be 1- (respectively, 2-) paracompact in
Xif for every open cover U of X, there exists a collection V of open subsets of X
with X= [J V(respectively, Y < [J V) such that Vis a partial refinement of {/and
Vis locally finite at each point of Y. Here, Vis said to be a partial refinement of /
if for each V' € V), there exists a U € U containing V. The term 2- paracompact is
often shortened to paracompact.

Theorem 5.37: Every paracompact space is normal.

Proof: We shall show first that a paracompact space is regular. Suppose 4 is
closed set in a paracompact space X and x ¢ A. For each y €4, 3 open set v,

containing y such that x ¢ V_y . Then the sets Viyed together with the set X — 4,

form an open cover of X. Let w be a locally finite refinementand V'=U{ W € w;
WA+ o).

Then Vis open and contains 4, and 7 =U{p; WN A # ¢}

But each set i contained in some V/ since J¥/is refinement and hence, j

Self - Learning is contained in V_y .Hencex ¢ jy (sincex ¢ Vy ). Thusx ¢ . But V2 4. Thus
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x and 4 are separated by open sets in X, i.¢., the space is regular. Now we will
prove that the space is normal. Suppose 4 and B are disjoint closed sets in X.

Since the space is regular, to each y € 4, 3 an open set Vycontaining yand V, N

B=¢. Then the sets V together with X — 4 from an open cover of X. Let w be an
open locally finite refinement and V'={ W e w; W A#¢}. Then Vis open and

contains 4 and 7 = U{y ; W A+ ¢d}. Buteach such Wis contained in some v,

(since w is refinement) and hence each 7 is contained in ¥ . Thus there is an

open set V'such that 4 = Vand p N B = ¢. Thus Xis normal.

Note: Every normal space need not be paracompact, e.g., space of ordinals which are less
than the first uncountable rationals with respect to order topology is a normal space but not

paracompact.

Theorem 5.38: Consider /= set in a paracompact space X, where each F is
closedin X. Let {U ; o € A} be an open covering of FandeachU =F NV,
where V_is open in X. Foreach fixed n, {X—F } U {V ;o € A} is an open
covering of X'and so has an open locally finite refinement W . Let§ ={ W F
s WeWw ;.

Then each B is locally finite collection of open subsets of /" and Ug,
n=1

refines {U ;oo € A}. Thus {U_; o € A} has an open ¢ =locally finite refinement.
Thus by Michael theorem, F'is paracompact.

5.12 HOMOTOPY OF PATHS

In mathematics, a path in a topological space X is a continuous map f from the
unit interval /=[0, 1] to X given as,

fiI->X

The initial point of the path is f0) and the terminal point is f(1). In a path
from x to y, the points x and y are respectively, the initial point and terminal point
of the path. Remember that a path is not simply a subset of X resembles a curve,
but it also includes a parameterization. For example, the maps f{x) = x and g(x)
= x?precisely represent two different paths from 0 to 1 on the real line.

A loop in a space X based at x € X is a path from x to x. A loop may be
appropriately defined as amap f: I — X with f{0) = (1) or as a continuous map
from the unit circle S' to X, given as,

f:S'>X
This is because S' may be regarded as a quotient of / under the identification
0 ~ 1. The set of all loops in X forms a space called the loop space of X. A

topological space for which there exists a path connecting any two points is termed
as path-connected. Any space may be broken up into a set of path-connected
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components. The set of path-connected components of a space X is denoted by
T, (X).

We can also define paths and loops in pointed spaces that are important
in homotopy theory. If X is a topological space with basepoint x , then a path
in X is one whose initial point is x,. In the same way, a loop in X is one that is
based at x,. Paths and loops are central subjects of study in the branch of algebraic
topology known as homotopy theory. Specifically, a homotopy of paths or path-
homotopy, in X is a family of paths /' : 7 — X indexed by 7 such that

e f(0)=x,and f(1) = x, are fixed.
e Themap F: I x I — X given by F(s, £) = f(s) is continuous.

The paths £, and f, connected by a homotopy are said to homotopic.
Similarly, a homotopy of loops can be defined keeping the base point fixed. The
relation of being homotopic is an equivalence relation on paths in a topological
space. The equivalence class of a path f under this relation is called the homotopy
class of f and is precisely denoted by [f]. Assume that f'is a path
from x to y and g is a path from y to z. Than the path fg is defined as the path
obtained by first traversing f and then traversing g:

£(25) 0<s<
fg(s)=
g(2s-1)

Evidently, path composition is only defined when the terminal point of fand
the initial point of g coincide. If we consider all loops based at a point x, then
path composition is termed as a binary operation. Path composition, when precisely
defined, is not associative in general due to the difference in parametrization.
However, it is associative up to path-homotopy, i.e., [(fg)h] = [f(gh)]. Path
composition defines a group structure on the set of homotopy classes of loops
based at a point x, in X. The resultant group is termed as the fundamental
group of X based at x and is typically denoted by &, (X, x,).

In the case of associativity of path composition, a path fin X can be defined
as a continuous map from an interval [0, a] to X for any real a > 0. This path / has
a length |f| defined as a. Path composition can be defined using the following
modification:

AC) 0<s<|f]
gls=1fD [flss<[fl+lgl

Wherein, with the previous definition, f, g and fg all have length 1, this
definition makes |fg| = |f[ + |g|. The previous definition do not follow or support
associativity properly because although (fg)# and f{gh) have the same length 1,
and the midpoint of (f2)# occurred between g and 4, whereas the midpoint of f{(g#)

fg(s) ={



occurred between fand g. In this modified definition (fg)/ and f{gh) holds the
same length, namely |f[+|g|+|4|, and the same midpoint found at (|f[+|g|+|A[)/2 in
both (fg)h and f(gh). Hence (fg)h and f(gh) have the same parametrization
throughout.

Definition: Let X'and Y be topological spaces. Let X' — Xandf,f, : X— Ybe
continuous and agree on X'. £, is homotopic to f, relative to X’ if there exists a
continuous map F': X x I — Y such that F(x,0) = £ (x), F((x,1) =f,(x) forx € X,
and F(x,f) = f(x) forx € Xand ¢ € L.

Iff, and f, are homotopic relative to X," we write f, = f, rel X'. If X' = ¢ we
omit writingrel X'.

Theorem 5.39: Homotopy relative to X' is an equivalence relation in the set of
continuous maps X — Y.

Proof: Reflexivity: f= fbecause let F(x, f) = f{x).

Symmetry: Let /" be the homotopy for /= f, rel X'. Then the homotopy F”
forf = f rel X' is

F(x, )= F(x, 1-).

Transitivity: Let 7, be the homotopy for f, = f, rel X' and F, be the homotopy
forf = f rel X'. Then, F, defined as

F(x2t)0<t<1/2
D=1 Fy (v2t -1) 1721 <1

is the homotopy for f, = f, rel X". F’, is continuous because both its restrictions are
continuous and equal for 1= 1/2 (i.e., F\(x, 1) =f,(x) = F,(x, 0)).

Theorem 5.40: Composites of homotopic maps are homotopic.

Definition 1: A topological space X is said to be pointed if X'is non empty and it
has a base point x, € X. We denote such a space by (X, x,).

Definition 2: A topological space X'is said to be contractible if its identity map is
homotopic to some constant map of X to itself, i.e., f{x) =x and f= c.

Theorem 5.41: Any two maps of an arbitrary space to a contractible space are
homotopic.

Proof: Let Y be a contractible space and let its identity map be homotopic to the
map c (constant in ¥). Let f, f, : X — Y be arbitrary. By Theorem 5.2, f, = ¢f, and
f,= ¢f,. Because cf = ¢f, therefore by Theorem 5.1, we have f = .

Let (X, b) and (Y, c) be pointed topological spaces. Amap f: (¥, ¢) = (X,
b) is a continuous function fthat satisfies f(c) = b. Then the map f,: 7 (Y, ¢) —
(X, b) is defined by making the path y in ¥ correspond to the path fo y in X.
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5.13 THE FUNDAMENTAL GROUP

According to the mathematical analysis in the field of topology, the notion and
concept of fundamental group is defined by Henri Poincaré. The fundamental group
is referred as a group which is typically associated with any given pointed
topological space which provides methodology to determine that when the two
paths, namely starting path and ending path at a fixed base point, can be continuously
or constantly deformed into each other. Characteristically, it documents the
information which significantly defines the basic shapes or holes of the topological
space. The concept of fundamental group is the initial and simplest form of
the homotopy groups. Basically, the fundamental groups can be studied on the basis
of the theory of covering spaces, because a fundamental group precisely coincides
with the group of surface transformations of the related or associated universal
covering space. The abelianization of the fundamental groups can be identified and
defined with the help of first homology group of the space. The concept and notion
of fundamental group was first defined in the theory of Riemann surfaces, which
precisely was based on the work of Bernhard Riemann, Henri Poincaré and Felix
Klein, who typically described the monodromy properties of complex functions
and also provided the comprehensive topological classification for the closed
surfaces.

First consider a space, for example a surface and certain point in it, and also
all the starting and ending loops of this point. When the two loops are combined
together in a transparent manner then they move along the first loop and then along
the second loop. Any two loops can only be considered similar or equivalent if
one loop can be precisely deformed into the other loop without breaking. Eventually,
with the help of this method the set of all such loops can be combined and this
typical equivalence between them is termed as the fundamental group.

Definition: Suppose ¢ and t are two paths in X with the same end points (c(0)
=1(0)=x,and o(1) =1(1) =x,). We say that c and t are homotopic relative to
the end points (c = trel {0,1}) if there exists amap F: I x I — X such that F{(z,
0)=0c(), F(t, 1) =1(t), F(1,{)=xt,te L

We can see that the above definition is the general definition of homotopy
applied to paths and the set {0,1} I. Therefore the homotopy of paths will be an
equivalence relation in the set of paths I — X for a given space x.

We define the multiplication of two paths as,

o(26)0<r<1/2
SUD=1(2r~1)1/2 1 <1

Because homotopy is an equivalence relation, we can speak of multiply the
equivalence class of one path with the equivalence class of another path presuming
that their ends are the same.

Theorem 5.42: Let 7t (X, x,) be the set of classes of homotopy of loops in Xat
the point x. From the above definition of multiplication, 7t (X, x,) is a group. The



identity element being the constant loop in x, and the inverse of [6] being [6™']
defined 67 '(f) = o(1-¢),0< ¢ < 1.

Theorem 5.43: If X'is path connected space then for all points x, € X the groups
7, (X, x,) are isomorphic.

In the above case (Xis path connected) we call (X, x,) the fundamental
groups of X'and write it as 7 (X).

We can now look at contractible spaces as being a special case of a more
general class of spaces.

Definition: A topological space (X, 4) is defined as just a connected space if it is
typically path connected and the fundamental group of Xis trivial.

Therefore, a simply connected space is referred as a path connected space
in which all paths between two points can be continuously transformed into each
other. Examples of simply connected spaces are R> and §" (n > 2).

Theorem 5.44: A contractible space is a simply connected space.

Check Your Progress

13. State about local finiteness.

14. Give the definition of local finiteness?

15. State the Nagata-Smirnov metrization theorem.

16. Give the proof'that every paracompact space is regular.
17. What is path composition?

18. Define fundamental group.

5.14 COVERING SPACES

In algebraic topology, a covering map is a continuous surjective function p from
a topological space, C, to a topological space, X, such that each point in X hasa
neighbourhood which is evenly covered by p. This implies that for each point x
X, there is associated an ordered pair, (K, U), where U is a neighbourhood
of x and where K is a collection of disjoint open sets in C, each of which gets
mapped homeomorphically, via p to U. Particularly, this means that every covering
map is necessarily a local homeomorphism. Under this definition, C is called
a covering space of X.

Covering spaces are considered significant in the analysis and evaluation of
homotopy theory, harmonic analysis, Riemannian geometry, and differential
topology. In the Riemannian geometry, the ramification is defined as a generalization
of the concept of covering maps. Covering spaces are also considered
interconnected which was proved by the study of homotopy groups and specifically
the fundamental group. The most significant application is obtained from the result
which specifies that if X is a sufficiently appropriate topological space, then there
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is typically a bijection from the collection of all the isomorphism forms of connected
coverings of X and the subgroups of the fundamental group of X.

Let X be a topological space. A covering space of X is a space C together
with a continuous surjective map,

p:C—oX

such that for every x € X, there exists an open neighbourhood U of x, such
that the inverse image of U under p, p™'(U), is a disjoint union of open sets in C,
each of which is mapped homeomorphically onto U by p. Fundamentally, the
map p is termed as the covering map. The space X is generally characterized as
the base space of the covering while the space C is characterized as the total
space of the covering. Consider any point x in the base, then the inverse image
of x in C'is essentially and certainly a discrete space termed as the fiber over x.

The special and unique open neighbourhoods U of x as specified in the given
definition are termed as evenly-covered neighbourhoods. These evenly-covered
neighbourhoods form an open cover of the space X. The homeomorphic versions
in C of an evenly-covered neighbourhood U are typically termed as
the sheets over U. In particular, the covering maps are referred as the locally trivial
which specifies that locally each and every covering map is isomorphic to a
projection such that there is a unique homeomorphism from the pre-image of an
evenly covered neighbourhood Uto U x F, where F is termed as the fiber which
essentially satisfies the local trivialization condition. Consequently, if this
homeomorphism is projected onto U, then the derived structure or resultant
composition is equal to p.

Consider the unit circle S' < R? The map p: R —» S' with
p(t)=(cos t,sin £) is a cover where each point of S! is covered infinitely often.
For example, take the complex plane with the origin removed (denoted by C*)
and choose a non-zero integer n. Then g : C*—C" given by, g (z) = z"is a cover.
Here, every fiber has 7 elements. The map ¢ leaves the unit circle S' invariant
and the restriction of this map to S' is an n-fold cover of the circle by itself.

In fact, S" and R are the only connected covering spaces of the circle. For
proving this, first note that the fundamental group of the circle is isomorphic to the
additive group of integers Z. As follows from the correspondence between
equivalence classes of connected coverings and conjugacy classes of subgroups
of the fundamental group of the base space discussed below, a connected
covering f: C — S'is determined by a subgroup f, (n (C)) of n (§') = Z,
where £, is the induced homomorphism. The group Z is abelian and it only has
two kinds of subgroups, namely the trivial subgroup that has infinite
subgroup index in Z and the subgroups H = {kn|k € Z} forn=1,2,3, ...,
where H has index n in Z. Each of the subgroups H, of Z is realized by the
covering g : §' — §' since one can check that (¢ ),: Z — Z maps an
integer k to kn and hence, ( ¢,) (Z)= H . The trivial subgroup of Z is realized by
the coveringp: R— S', since R is simply connected and has trivial fundamental
group and hence p,( 7 (R)) = {0}, the trivial subgroup of Z. Since the total space



of the coverings ¢ is S' and the total space of the covering p is R, this shows that
every connected cover of S' is either S'or R.

Suppose X and E are topological spaces and p : E — X'is a continuous map.

Definition 1: An open subset U of X is said to be evenly covered by p if the
inverse image p~'(U) is aunion of disjoint open subsets of £, each of which is
mapped homeomorphically by p onto U.

Definition 2: The map p is said to be a covering map if p continuously maps £
onto X such that each x € X'has an open neighbourhood, which is evenly covered
by p.

In the above case, E is called a covering space over X. A covering map is
also known as a cover. The open cover elementary topology, is a special case of

a covering space, when E'is a disjoint union of a collection of open sets X with
union X.

Ifx € X, then the set p~!(x) is called the fiber over x. From the definition of
a covering map it follows that it is a discrete subspace of £ and each
x € X has an open neighbourhood U such that p~'(U) is homeomorphic to
p'(x) x U. The subsets of p~!(U) mapped homeomorphically onto U are called
the sheets of p~!(U). Of course, if U is connected, then the sheets of p~!(U)
coincide with the connected components of p~!(U) (as connectedness is preserved
by homeomorphism). Every cover p: E — X1is alocal homeomorphism which
implies that X and its covering space E always share the same local topological
properties. However, if X'is simply connected, topological properties of Xand £
are held globally as well, with p being a homeomorphism of these two spaces.

Theorem 5.45: Product of covering spaces is covering space.
Example 5.1: R” is the covering space over the n-dimensional torus
"= S'x...x S" with the covering map, p: R"— 7" given by:

pix, .., x)=(e™,.....,e

Suppose that £, X and Y are topological spaces and p: E — Xis a covering
map. Letf: Y — X'be amap. We need to determine whether there exists a map g:
Y— E such that pog =f. In this case, g is called a lift of fas shown in Figure.

f

Fig. 1 A Diagram of the Lift g
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Nets and Filters When pog =/, then the Figure commutes. The following lemma explains
about the uniqueness of lifts.

Lemma: Let p: E— X'be a covering map and let ¥ be a connected topological
NOTES space. Let /i Y - Xbe amap and let g, i: Y — E be two lifts of £. If g(y) = h(y)
for some pointy € Y, theng=nh.

5.15 THE FUNDAMENTAL GROUP OF THE
CIRCLE AND THE FUNDAMENTAL
THEOREM OF ALGEBRA

Theorem 5.46: The map ¢: Z—> n (S') sending an integer n to the homotopy
class of the loop ® (s) = (cos2nns, sin2nns) based at (0,1) is an isomorphism.

Proof: The idea is to compare paths in S' with paths in R via the map
p : R — 8" given by p(s) = (cos2ms, sin2zs). This map can be visualized
geometrically by embedding R in R? as the helix parametrized by s - (cos27s,
sin27s, 5), and then p is the restriction to the helix of the projection of R® onto R?,
(x,¥,2) > (x, ), as shown in the Figure 5.1.

)=

Fig. 5.1 Helix

Observe that the loop w, is the composition p Q;n where Q;n :I> Risthe
path ¢ . (s) = ns, starting at 0 and ending at n, winding around the helix |r| times,
upward if n > 0 and downward if n < 0. The relation o(s)=p ¢ . is expressed by

saying that Q;n isaliftof o .

The definition of ¢ can be reformulated by setting ¢(72) equal to the homotopy
class of the loop p ¢ for # anypathin R from 0 to 7. Suchan ¢ is homotopic
to Q;n via the linear homotopy (1-7) f + 0;;1 ,hence p # is homotopic to p Q;n =

o and the new definition of ¢(n) agrees with the old one.

To verify that ¢ is a homomorphism, lett_: R— R be the translationt_(x)

Self - Learning

ag role =x+m. Then 0;m (T, C‘;n ) is a path in R from m+n, so ¢(m+n) is the homotopy



class of the loop in §' that is the image of this path under p. This image is just ® Nets and Filters
0, S0 §(m+n) = d(m).¢(n).

To show that ¢ is an isomorphism we will use following two facts:

(a) For each path f: I — ' starting at a point x, € S' and each );0 e p'(x) NOTES

there is a unique lift } : I - R starting at XNO .
(b) For each homotopy f: I — §' of paths starting at x, and each

,;0 € p'(x), there is a unique lifted homotopy }; : I > R ofpaths starting
at ,;0 .
To show that ¢ is surjective, let £ I— S be a loop at the base point (1, 0),

representing a given element of t (S"). By (a) there is a lift ]} starting at 0. This
path ]} ends at some integer n since p}(l) = f(1) = (1, 0) and

p'(1,0)=Z c R. By the extended definition of ¢ we then have ¢(n) =[p } 1=
[f]. Hence, ¢ is surjective. To show that ¢ is injective, suppose d(m) = ¢p(n),
which means o, . o,. Letf, be a homotopy from o, = fto ® =/,. By (b) this

homotopy lifts to a homotopy ];t of paths starting at 0. The uniqueness part of (a)

implies that ];0 =0 . and }1 =0 L Since j, is a homotopy of paths, the endpoints

£, (1) are independent of #. For #= 0 this endpoint is m and for =1 itis n, so m
=n.

It remains to prove (a) and (b). Both statements can be deduced from the
following assertion:

(c) Givenamap F: Y xI— S'andamap .y x{0}— Rlifting /] Y x {0},

there isauniquemap g .y x I— Rlifting /" and restricting to the given F

on Y x {0}. Statement (a) is the special case that Y is a point and (b) is
obtained by applying (c) with Y =1 in the following way: The homotopy f,
in (b) gives a map F: I x I — S' by setting
F(s, ) = f(s) as usual. A unique lift 1} : I1x{0} —> R s obtained by an
application of (a). Then (c) gives aunique lift 7 :IxI— R Therestrictions
 {0}xTand g [{1} x Lare paths lifting constant paths, hence they must
also be constant by the uniqueness part of (a). So £ (5)=p (s, ) isa
homotopy of paths and f lifts f since p 1} =F.
We shall prove (c) using just one special property of the projection
p: R— S' namely:
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There is an open cover {U_} of S* such that for each o, p'( U ) can be
(*) decomposed as a disjoint union of open sets each of which is
mapped homeomorphically onto U_ by p.

For example, we could take the cover {U_} to consist of any two open
arcs in S" whose union is S'.

There is an open cover {U_} of §' such that for each o, p'( U, ) can be
decomposed as a disjoint union of open sets each of which is mapped
homeomorphically onto U by p.

For example, we could take the cover {U_} to consist of any two open
arcs in S' whose union is S'.

To prove (c) we will first construct a lift ' : N x I — R for N some
neighbourhood in Y ofa given pointy, € Y. Since F'is continuous, every point
(v,» 1) €Y x I'has a product neighbourhood N, x (a,, b)) such that F'(N,x (a,, b))
c U, for some a. By compactness of {y } x L, finitely many such products
N x(a, b)cover {y }x L. This implies that we can choose a single neighbourhood
N of ¥, and a partition 0 = ¢, < ¢ <....< ¢ =1 of I so that for each i,
F(N x [t, t]) is contained in some U_, which we denote by U. Assume

inductively that F hasbeen constructed on N x [0, 2], starting with the given F
onN x{0}. Wehave F(Nx [z, ])c U, so by statement (*) there is an open

set U i < R projecting homeomorphically onto U, by p and containing the point
F (v, t)- After replacing N by a smaller neighbourhood ofy, we may assume
that 1} (N'x {z.}) is contained in l}; , namely, replace N x{ ¢} by its intersection
with (| Nx{z})"'(y;.). Now we can define ;. on N x [z, ¢,,] to be the
composition of 7 with the homeomorphismp™: U — (}i . After a finite number of

steps we eventually getalift 5 : N xI— R for some neighbourhood N ofy,.
Next, we show the uniqueness part of (¢) in the special case that Y'is a point.

In this case we can omit Y from the notation. So suppose > and - "are two lifts of

F:1— §"such that £ (0)="(0). Asbefore, choose a partition 0 =7, < #,<.....<

t =1ofIsothatforeach L, F([z,,])is contained in some U. Assume inductively

that = "on[0, ¢ ]. Since [£, 7, ] is connected, so is r [7, £,,], which must
therefore lie in a single one of the disjoint open sets {]i projecting homeomorphically

to U, as in the statement (*). By the same token, r'([7,,,]) lies inasingle (}i ,

P i+l



in fact in the same one that contains  ([7,7,,]) since r'(¢)= - (¢). Becausep

is injective on ;; and p -=p ', it follows that .= ' on [z.¢. ], and the
J Ul F F F F 27i+1

induction step is finished.

The last step in the proof of (¢) is to observe that since the f ’s constructed

above on sets of the form N x I are unique when restricted to each segment {y} x
I, they must agree whenever two such sets N x I overlap. So we obtain a well-

defined lift 1} onall of Y x I. This }} 1S continuous since it is continuous on each

NxI,and p isunique since it is unique on each segment {y} x L.

Theorem 5.47: Every nonconstant polynomial with coefficients in C has aroot in
C.

Proof: We may assume the polynomial is of the form p(z) =z"+a, z"'+ ..+ a .
If p(z) has no roots in C, then for each real number 7 > 0 the formula,

™) )
PO =Tl ) plr)]

defines a loop in the unit circle $'  C based at 1. As r varies, f. is a homotopy of
loops based at 1. Since f; is the trivial loop, we deduce that the class [f] € 7 (")
is zero for all . Now fix a large value of , bigger than |a |+ .....+ | a | and bigger
than 1. Then for |z| = r we have |z’| = r"=r.r""' > (la,| + ..... +
la]) "' 2]a, 27"+ ...+ a

From the inequality |z"| >|a, ' + ...+ a | it follows that the polynomial

p(z)= z'+t(a, z"'+....+a ) has noroots on the circle |z]= » when 0 < ¢
< 1. Replacing p by p, in the formula for /' above and letting 7 go from 1 to 0, we
obtain a homotopy from the loop /. to the loop  (s) = e**. By Theorem 5.46,
o represents n times a generator of the infinite cyclic group nt (S'). Since we
have shown that [@ ]=[f]= 0, we conclude that n = 0. Thus the only polynomials
without roots in C are consonants.

According to the fundamental theorem of algebra, every non-constant single-
variable polynomial with complex coefficients has at least one complex root.
Equivalently, the field of complex numbers is algebraically closed. This theorem is
also stated as: every non-zero single-variable polynomial with complex coefficients
has exactly as many complex roots as its degree, if each root is counted up to
its multiplicity. In spite of its name, there is no purely algebraic proof of the theorem,
since any proof must either use the completeness of the reals or some other
equivalent formulation of completeness, which is not an algebraic concept.
Moreover, it is not even fundamental for modern algebra; its name was given during
the time when the study of algebra was mainly concerned with the solutions of
polynomial equations with real or complex coefficients.
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Theorem 5.48 (Fundamental Theorem of Algebra): Every continuous map /
: D*— D? has a fixed point, that is, a point x with A(x) = x.

Here we are using the standard notation D" for the closed unit disk in R”, all
vectors x of length [x| < 1. Thus the boundary of D" is the unit sphere S!. Shown
in Figure 5.2.

Proof:

7(x)

Fig. 5.2 Closed Unit D

Suppose on the contrary that 4(x) # x for all x e D*. Then we can define a
map r: D> — S' by letting 7(x) be the points of S where the ray in R? starting at
h(x) and passing through x leaves D?. Continuity of r is clear since small
perturbations of x produce small perturbations of /4(x), hence also small
perturbations of the ray through these two points. The crucial property of 7, besides
continuity, is that 7(x) =x ifx € S'. Thus, r is a retraction of D? onto S'. We will
show that no such retraction can exist.

Letf, be any loop in §'. In D” there is a homotopy of /; to a constant loop,
for example the linear homotopy f{(s) = (1-7) f,(s) + #(x,) where x, is the base
point of f;. Since the retraction r is the identity on S', the composition 7/ is then a
homotopy in §' from 7, =£; to the constant loop at x,. However, this contradicts
the fact that 7t (S") is nonzero.

Check Your Progress

19. What is a covering space?
20. When map p is said to be a covering map?
21. Define fundamental theorem of algebra.

5.16 SOLVED EXAMPLES

Example 1: Let (X,7) be a topological space and let AcX. Then xeA iff
there is a net w:D—>A such that w— x.

Solution: Suppose w:D-»4 is a net such that w— x we want to show that xe 4
so fix an open set P containing x. By definition of net convergence, thereisadeD
such that w(e)e P forall e>d.

Since w(e)eA for all ee D in particular P ~ A4 is non-empty.

Converse— Suppose xeA4. We need to show that there is a net w that
converges to x.



LetD_={PeT xeP},thisis adirected set P<viff PoV.

By definition of 4, for every PeD_we can fix a point x,€ PnA. Define
w:D —Abyw(P) =X, then w is a net and we claim that w— x indeed, fix an open
set P containing x. Then P eD, and so for all V> P in Dx (for VZP) we have,

wllV)y=xeVNnAcPNACP

This shows that the tail 7 = \VeD_: P<Vi={VeD_: VcZP} of the netis
contained in P

Example 2: A subset 4 of a topological space (X,7) is closed if and only if
the limit points of all convergent nets in A is again in A.

Solution: We know that the closure 4 of a set 4 is precisely the set of all limit points
ofnetsin 4.

The result then follows from the fact that 4 is closed if and only if 4=A.

Example 3: Let (X,7) be a topological space if F is a filter on X and F—
X, then x is an accumulation point of F. Conversely if x is an accumulation
point of an ultra filter U on X, then U— x.

Solution: First, suppose F'is a filter and F—x then ', < F, and so in particular
forany openset Uef andany F € F,U N [F # ¢ since F'is closed under finite
intersectionand ¢ € F'.

Second suppose x is an accumulation point of an ultrafilter U on X.

We want to show that FcU,so fix FeF. Since x is an accumulation point
of U and F' contains an open set containing x, we have that U N F # ¢ for every
UeU But then the collection U U {IF'} has the finite intersection property and so

it must be contained in some filter that filter must be U itself since U is not properly
contained in any other filter on X.

Example 3a: Assume that X # ¢ and F_e F(X), acl then NF, € F(X) is
the finest filter on X, which is converse than each F , ael

Solution: Note 1) ¢e, F, o el implies that ¢ ¢ ﬂFZX and also X'belongs to each
otej 1
F ,aelThus Xe ﬂFa and it follows that ﬂF:x =0,

oel del

(i) Now let 4,Be ﬂFoc; then 4 and B belongs to each F' . Therefore ANB

el

belongs to each I, ae/ and thus ANBe ﬂ F, .

ael

(i) Let 4 € ﬂ F,then A€ each F , a.€l. Let BoA thus B belongs to each F
oel
since Bis an over set of 4. It follows that B ﬂ F,, since (i), (i1) and (iii) are

el
satisfied, ﬂ F, is afilter clearly ﬂ F, <F, afor eachael

ael el

Now let GCF' for each a.el and let us prove that G ﬂ F, LetAegG,
ael
Thus 4 belongs toto each F , ael,and then 4 € U F_.Itfollows that Gc U F,

oel oel
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Example 4: Letf: (Xt)—>(Y,0) be a continuous function and onto. If (X, 1)
is compact then (Y,c) is compact.

Solution: Let Ube an ultrafilter on Y, F=f'(U) and there exists an ultrafilter on X.

GoF. Then G—— x, for some xe X since (X, 1) is compact.
The contunuity assumption of fimplies that /(G) —/(x) according to theorem.
Since GoF then AG)2 fAF)=Af"(U > U. Also fis onto then £ (f'(U))= U.

Hence, f(G)2U and since V is an ultrafilter f{G)=U Consequently,
AG)—f(x) implies that U—f{(x) therefore (¥,5) is compact.

Example 5: Let X, Y be topological spaces withxeX and g: X—>Y then g is
continuous at x if and only if whenever F is filter such that F— x,

8(F)—>g(x).
Solution: Suppose g is continuous at x and F—x. Let V'be a neighborhood of
g(x). By continuity there is a neighborhood U of x such that g (U)c V.

Since UeF g(U)e g(F).

And thus Veg(F) Hence g(F)— g(x).

Conversely, suppose that whenever F—x, g(F) —g(x).
Then g(U(x))— g(x) by hypothesis

Then for each neighborhood V of g(x), Veg(U(x)). Then there exists a
Ve U(x) such that g(U)V and thus g is a continous at x.

Example 6: Let A be a subset of a topological space X then for xe X, xe A
if and only if there exists a filter on X which contains 4 and converse to x.

Solution: Assume that xeA then any neighborhood of x has a non-empty
intersection with 4.

Now all the sets ANU, where U is a neighborhood of x form a filter base
and the corresponding filter converges to x.

Conversely, assume that F'is a filter containing 4 and converging to x. Choose
any neighborhood U of x then Ue F'. And thus UnA4# ¢ since A € F This prove
that xeA.

Example7: Let (X, 1) be a topological space. Then the following
statements are equivalent:

(a) (X, 1)is compact.

(b) Each ultrafilter on X converges.

(¢) N{d: g€ F} For each filter on X.
Solution: Suppose (X, 1) is compact and that there exist an ultrafilter 7 that does
not converge. Then for each xe X There exists V, ¢ F and thus C= {V :x € X}is
an open cover of X .

Hence U V. =X Since Fis an ultrafilter, implies that V' € I forxeX

i=1

and therefore X = JV¢ = ¢ e F, which is a contradiction.

i=l1



Thus, each ultrafilter on X converges Hence (a) =(b)

(b) =(c): Given any filter F on X; Let G be an ultrafilter containing F'then
G converges to x in (X, t) for some xeX given any neighborhood V' of xand A €F,
then4eGand VeG.

Hence ANV eG and thus ANV # ¢. Therefore, xeA

Suppose (X, t) is not compact Let C={Q :a.eJ} be on open cover of X
with no finite subcover.

Then UQa,;t X, for each n. Let F be the filter on X whose base

i=1

{L_JQ;, nz1,0, € C} However A{d: Ae Fyc AQ,=(|J0,) =X =0

ae

which is a contradiction. Hence (c) = (a).

Example 8: (X, 1) is 7, if and only if each filter converges to at most one

point, FF — x,y implies x = y.

Solution: Suppose that (X, t)is Hausdorff and space suppose F —r>x, y where
X #Y.
Then there exist O, Qer suchthatxeQ, ye 0, and 0NQ = )

However F —r>x, yimplies that Q €F, Q¢eF and 0N0= ¢ = F,whichis
a contradiction therefore each filter converges to at most one point conversely,
suppose that x#y and assume 0N0= ¢ foreach O, Qet,x€0,ye0,

We claim that ¥ ={0, N0, : V0, €1,0, eT,xe0,,ye(,} isabase
for some filter " observe that (meQy) (meGy)Z(meGx)(QymGy) er.

Since (Q NG ) is an open set containing x and (QymG) ) 1s an open set
containing y. Thus 7 is a base for some filter F'since Qx;(meQy) implies that each
Q. el

F converges to x likewise 02 (meQy) implies that Q €F, and thus F
converges to y, a contradiction therefore, there does not existan Q_and 0, such
that 0.NQ# ¢ wherexeQ andye 0, hence,(X, t) is Hausdorff.

Example 9: Let f: X—Y be a function and U'is an ultrafilter on X then f{U)
is an ultrafilter on Y.

Solution: Assume that 4 ef(U) then for each Ue U
AnfU)=0
Hence f7'(A)NnU # ¢ foreachUeuand f'(4°)eU

Therefore f{ /' (A°) € f(U) and thus 4° € AU)since f(f™'(A°)c A°
Hence f(U) is an ultrafilter on Y.
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Example 10: Give some examples of simple directed sets.
Solution:
1. D =N with its usual ordinary relation <,
2. Let (X, T) be atopological space and letx eX'then the set D .={Ue T xe U}

is adirected set when equipped with the either the subset relation < , or more
usually the subset relation o,

3. D={{n, n+1,n+2,....} <N}, with the subset relation  or the super set

relation o.

4. If (D,c,) and (D, < ,) are directed sets then (D x D,, < ) is a directed set

where C is defined by (a,0) < (x,y) ifand only ifa  x and b <, y.

5.17 ANSWERS TO ‘CHECK YOUR PROGRESS’

. In general topology and the related branches, a net or Moore-Smith

sequence is a generalization or simplification of the concept and notion of
a sequence. A sequence is defined as a specific function with domain of the
defined set of natural numbers and also the range which is normally defined
for any topological space. Even though, as per the perspective of topology,
the sequences cannot completely encode the entire information regarding a
function that is defined between the said topological spaces.

. In particular, for a specific definite map f'between topological spaces

Xand Y, the two conditions that are given below are not equivalent:
(1) The map fis stated as continuous.

(i) Given any point x € X and any sequence in X which converges to x,
then specifically the composition of f with this unique sequence
converges to f(x).

. Anetis termed as maximal iff and only iff for every 4 X, it is ultimately

defined in either 4 or X — 4. Maximal nets are precisely termed as ultra
nets.

. In mathematics, a filter is defined to be a special subset of a partially ordered

set. Filters are used to study topological spaces and define all basic
topological notion, such a convergence, continuity, compactness, etc. A
frequently used special case is the situation that the ordered set under
consideration is just the power set of some set and ordered by set inclusion.
Filters emerge in order and lattice theory but can also be found
in topology from where they originate. The dual notion of a filter is an ideal.

. Consequently, in topological analysis the term filters are precisely used for

defining the convergence in a precise manner analogous to the function and
specifications of sequences on the basis of a metric space. Furthermore, in
topology and other concerned fields of mathematical analysis, a filter is
uniquely defined as a generalization or interpretation of a net. Additionally,
both nets and filters provide extremely general perspectives and framework
for unifying the different notions of limit precisely for the topological spaces
that are arbitrary in type.



6.

7.

8.

9.

10.

11.

12.

13.

14.

15.

Let A be anet in X with directed set D. Then F = {F < X: A is eventually
in F'} and is called the derived filter of A.

Let X' be a topological space in which there is no net with two different
limits. Then X'is Hausdorff.

Anet {x,} has y e X asacluster point if and only if it has a sub net, which
converges to y.

Let F'be a filter on X. F'is said to be an ultrafilter if for all 4 — X either 4 eF
orAc e F.

The Ultrafilter Theorem: Let F'be a filter on X. Then there is an ultra filter U
such that Fc U.

For atopological space X, the following are equivalent:
(1) Xis compact.

(i1) Each family C of closed sets in X with the finite intersection property
has non-empty intersection.

(iii) Each filter in X'has a cluster point.
(iv) Eachnetin X has a cluster point.
(v) Each ultranet in X converges.

(vi) Eachultra filter in X converges.

Let X be a topological space, F a filter on X, and x a point in X. We say
that F converges to x and write 7 — x if every neighbourhood of x is in F.
If F converges to exactly one point.x of X, then we will call that point the
limit of Fand write x = lim F.

According to the mathematical analysis in the field of topology, the term local
finiteness can be defined as a unique property which satisfies the property
of collections of subsets precisely for a topological space. Fundamentally
these properties are used for studying the paracompactness and topological
dimension. A collection of subsets that are contained in a topological space
Xare precisely defined as locally finite, if each point in the space uniquely
has aneighbourhood which only intersects finitely several sets in the collection.
Consequently, for a topological space a finite collection of subsets is termed
as locally finite. Further, the infinite collections of sets can also be locally
finite.

A collection p of subsets of X'if called locally finite or (neighbourhood
finite) if and only if for every x € X'has aneighbourhood meeting only finite
U € u. We call p point-finite if and only if each x € X belongs to only
finitely many U € . Clearly every locally finite collection is point-finite.

The Nagata-Smirnov Metrization theorem gives a full characterization of
metrizable topological spaces. In other words, the theorem describes the
necessary and sufficient conditions for a topology on a space to be defined
using some metric. As amotivational example, consider the discrete topology
on some space (every subset of the space is open).
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16.

17.

18.

19.

20.

21.

This topology is actually defined by the following metric:

1 when x # y
d(x,y)= 0 whenx =y

The Nagata-Smirnov Metrization Theorem lists the exact condition that
any topology must have in order for there to be such an underlying metric.

We shall show first that a paracompact space is regular. Suppose A4 is closed
set in a paracompact space X and x ¢ A. For each y €4, 3 open set v,

containing y such that x ¢ Vy . Then the sets Viyed together with the set

X — A, form an open cover of X. Let w be a locally finite refinement and V/
=U{ Wew;, WnA#0b}.

Then Vis open and contains 4,and y =U{jy; WA+ o}

But each set is contained in some V' since ¥is refinement and hence, W
is contained in ¥, . Hencex ¢ jy (sincex ¢ ¥, ). Thusx ¢ 1. But V' 2 4.
Thus x and 4 are separated by open sets in X, 1.e., the space is regular.

Path composition is only defined when the terminal point of / and the initial
point of g coincide. If we consider all loops based at a point x,, then path
composition is termed as a binary operation. Path composition, when
precisely defined, is not associative in general due to the difference in
parametrization.

According to the mathematical analysis in the field of topology, the notion
and concept of fundamental group is defined by Henri Poincaré. The
fundamental group is referred as a group which is typically associated with
any given pointed topological space which provides methodology to
determine that when the two paths, namely starting path and ending path at
a fixed base point, can be continuously or constantly deformed into each
other. Characteristically, it documents the information which significantly
defines the basic shapes or holes of the topological space. The concept of
fundamental group is the initial and simplest form of the homotopy groups.

Covering spaces are considered significant in the analysis and evaluation
of homotopy theory, harmonic analysis, Riemannian geometry, and
differential topology. In the Riemannian geometry, the ramification is defined
as a generalization of the concept of covering maps. Covering spaces are
also considered interconnected which was proved by the study of homotopy
groups and specifically the fundamental group.

The map p is said to be a covering map if p continuously maps £ onto X
such that each x € X'has an open neighbourhood, which is evenly covered
by p.

According to the fundamental theorem of algebra, every non-constant single-
variable polynomial with complex coefficients has at least one complex root.

Equivalently, the field of complex numbers is algebraically closed. This
theorem is also stated as every non-zero single-variable polynomial with



complex coefficients has exactly as many complex roots as its degree, if
each root is counted up to its multiplicity.

Fundamental Theorem of Algebra: Every continuous map / : D>*— D? has
a fixed point, that is, a point x with A(x) = x.

5.18 SUMMARY

¢ In general topology and the related branches, a net or Moore-Smith
sequence is a generalization or simplification of the concept and notion
ofa sequence.

e A sequence is defined as a specific function with domain of the defined
set of natural numbers and also the range which is normally defined for
any topological space. Even though, as per the perspective of topology,
the sequences cannot completely encode the entire information regarding
a function that is defined between the said topological spaces.

e The principle and key concept of the term “Net” was originally proposed
by E. H. Moore and H. L. Smith in the year 1922. The term net was
specifically used for generalizing the notion of any sequence in order to
validate the equivalence of the specified conditions through the sequence
that are replaced/changed by means of net.

¢ Particularly, instead of defining the net on a countable linearly ordered set,
the net can be typically defined on an arbitrary and subjective directed
form of set.

e Because the sequences cannot encode the sufficient and essential
information about the functions between the topological spaces, therefore
the nets are typically used for this analysis since the collections of open
sets in the specified topological spaces are similar to directed sets.

e John L. Kelley finally coined term ‘Net’ and stated that nets are the
distinctive tools that are exceptionally used in topology for generalizing
specific concepts, notations, and theories that are sufficiently adequate
in the perspective of metric spaces. Similarly, the concept of the filter
was defined and established by Henri Cartan in the year 1937.

¢ Since every single non-empty totally ordered set can be directed,
therefore, it can be stated that every single function that is precisely
defined on such a set is uniquely a ‘Net’.

e Specifically, the natural numbers having the standard and common order
typically forms or generates precise set and sequence which can be
identified and designated as a function on the natural numbers such that
every single sequence can be considered as a net.

e When the S increases or expands with respect to >, then the
points x, defined in context of the net are precisely constrained or
restricted to be in decreasing or reducing neighbourhoods of x,
consequently this gives the notion that x, must precisely tend towards x in
certain perception.
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Eventually anet A isin 4  Xifand only if 4 contains certain tail of A.
We state that a net A is frequently in 4 if and only if for every d € D
there exists ¢ > d, such that A(c) € 4.

The net is frequently in a subset Y of V' iff for every N in N there exists
some n > N suchthat a isin Y, i.e.,iff infinitely many elements of the
sequence are in Y. Thus a point y in V' is a cluster point of the net iff
every neighbourhood Y of y contains infinitely many elements of the
sequence.

A filter Fis said to converge to x € X, denoted by F — x, ifand only
if every neighbourhood of x belongs to F.

N is asub filter of F.

Filter is a subfield of mathematics and can be used to study topological
spaces and define all basic topological notion such a convergence,
continuity, compactness, etc.

The lattice (P, <) having a non-empty subset /' is defined as a filter iff
and only iffit is an upper set which is typically closed under finite meets
termed as infima, i.e., for all x, y in F, we can state that x A y is also
in F. Additionally, the smallest filter which comprises of a given
element p is termed as the principal filter and also p is defined as the
principal element in this state.

Consequently, in topological analysis the term filters are precisely used
for defining the convergence in a precise manner analogous to the function
and specifications of sequences on the basis of a metric space.

In topology and other concerned fields of mathematical analysis, a filter
is uniquely defined as a generalization or interpretation of a net.
Additionally, both nets and filters provide extremely general perspectives
and framework for unifying the different notions of limit precisely for the
topological spaces that are arbitrary in type.

The term sequence is typically indexed by means of the natural numbers
which are precisely referred as a totally ordered set. Therefore, in the
first-countable spaces the limits can be specifically described by means
of sequences. Although, if the said space does not have properties of
first-countable, then in this case specifically the nets or filters should be
used.

Nets characteristically generalize the notion and concept of a sequence
simply involving the index set to be a directed set. Filters can be further
considered as the specific types of sets precisely developed from the
multiple nets. Therefore, the notion of limit of a filter and also the notion
of limit of a net both are conceptually and theoretically defined same as
the notion limit of a sequence.

Conversely, consider that for every neighbourhood U of certainx € V'
there typically exists a point of the net which is precisely denoted by A,



eU - V. Then A —> X but A was assumed to be anetin X — V, a
contradiction. Therefore, there exists some neighbourhood U of x with
U—-V=¢,whence U c Vso Visaneighbourhood of x for every x €
J and V'is open.

Let X'be a Hausdorft topological space. Then no net in X can have two
different limits.

If F'is a collection of subsets of X which precisely satisfy the properties
defined above, then we consider it a filter. In addition, NV _is called the
neighbourhood filter of x. Remember that filters are closed under finite
intersection as well as pairwise (by induction).

The complements of singletons generate the cofinite filter, so if 'is not
generated by a singleton then it contains the cofinite filter and is thus
free.

Let F'be a filter and x € X. We say that F' converges to x, or thatx is a
limit of Fif N_c F. We shall write ' — x to mean F converges to x.

Let X'be atopological space. X is Hausdorff iff every filter has at most
one limit.

Anultra filter on a set Xis a filter 7 on X which is maximal with respect
to inclusion, i.e., it is a filter 7 for which any other filter ' on X satisfying
F o Factually satisfies F' = F.

According to the mathematical analysis in the field of topology, the
term local finiteness can be defined as a unique property which satisfies
the property of collections of subsets precisely for a topological space.
Fundamentally these properties are used for studying the
paracompactness and topological dimension.

A collection of subsets that are contained in a topological space X are
precisely defined as locally finite, if each point in the space uniquely has
a neighbourhood which only intersects finitely several sets in the
collection. Consequently, for a topological space a finite collection of
subsets is termed as locally finite. Further, the infinite collections of sets
can also be locally finite.

A topological space in which every open cover admits a locally finite
open refinement is called paracompact. Every locally finite collection of
subsets of a topological space X is also point-finite.

A topological space in which every open cover admits a point-finite
open refinement is termed as metacompact.

A collection in a space is countably locally finite (or o-locally finite) if it
is the union of a countable family of locally finite collections of subsets
of X.

Countable local finiteness is a significant hypothesis in the Nagata-
Smirnov metrization theorem, which states that a topological space
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is metrizable iff it is regular Hausdorff and has a countably locally
finite basis.

The paths £ and f, connected by a homotopy are said to homotopic.
Similarly, a homotopy of loops can be defined keeping the base point
fixed. The relation of being homotopic is an equivalence relation on paths
in a topological space.

According to the mathematical analysis in the field of topology, the notion
and concept of fundamental group is defined by Henri Poincaré.

The fundamental group is referred as a group which is typically associated
with any given pointed topological space which provides methodology
to determine that when the two paths, namely starting path and ending
path at a fixed base point, can be continuously or constantly deformed
into each other. Characteristically, it documents the information which
significantly defines the basic shapes or holes of the topological space.

The concept of fundamental group is the initial and simplest form of
the homotopy groups. Basically, the fundamental groups can be studied
on the basis of the theory of covering spaces, because a fundamental
group precisely coincides with the group of surface transformations of
the related or associated universal covering space.

The abelianization of the fundamental groups can be identified and
defined with the help of first homology group of the space.

Covering spaces are considered significant in the analysis and evaluation
of homotopy theory, harmonic analysis, Riemannian geometry, and
differential topology.

In the Riemannian geometry, the ramification is defined as a generalization
of'the concept of covering maps.

Covering spaces are also considered interconnected which was proved
by the study of homotopy groups and specifically the fundamental group.

In particular, the covering maps are referred as the locally trivial which
specifies that locally each and every covering map is isomorphic to a
projection such that there is a unique homeomorphism from the pre-
image of an evenly covered neighbourhood U'to U x F, where F is
termed as the fiber which essentially satisfies the local trivialization
condition. Consequently, if this homeomorphism is projected onto U,
then the derived structure or resultant composition is equal to p.

According to the fundamental theorem of algebra, every non-constant
single-variable polynomial with complex coefficients has at least one
complex root. Equivalently, the field of complex numbers is algebraically
closed. This theorem is also stated as: every non-zero single-variable
polynomial with complex coefficients has exactly as many complex roots
as its degree, if each root is counted up to its multiplicity.



5.19 KEY TERMS

e Moore-Smith sequence: In general topology and the related branches,
a net or Moore-Smith sequence is a generalization or simplification of

the concept and notion of a sequence.

e Sequence: A sequence is defined as a specific function with domain of
the defined set of natural numbers and also the range which is normally
defined for any topological space.

¢ Filter: In mathematics, a filter is defined to be a special subset of
a partially ordered set.

¢ Local finiteness: According to the mathematical analysis in the field
of topology, the term local finiteness can be defined as a unique property
which satisfies the property of collections of subsets precisely for
a topological space. Fundamentally these properties are used for studying
the paracompactness and topological dimension.

e Nagata-Smirnov metrization theorem: The Nagata-Smirnov
metrization theorem gives a full characterization of metrizable topological
spaces.

¢ Fundamental group: According to the mathematical analysis in the
field of topology, the notion and concept of fundamental group is defined
by Henri Poincaré. The fundamental group is referred as a group which
is typically associated with any given pointed topological space which
provides methodology to determine that when the two paths, namely
starting path and ending path at a fixed base point, can be continuously
or constantly deformed into each other.

5.20 SELF-ASSESSMENT QUESTIONS AND

EXERCISES

Short-Answer Questions

1.

2
3
4
5

A Y

10.

‘What is net?

. Define subbase for a topology.
. Give the uses of filter in topology.
. Define convergence of net.

. State the necessary and sufficient condition for a topological space to be

Hausdorft.

Define the term compactness.

State about the filter and their convergence.

What is collection of subset?

Define the canonical way of converting nets to filters.
What do you understand by ultrafilter?
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11. Define local finiteness.

12. State the Nagata-Smirnov metrization theorem.
13. Define the term paracompactness.

14. Define the homotopy of paths.

15. Whatis the fundamental group?

16. What do you understand by covering space?
17. State the fundamental theorem of algebra.

Long-Answer Questions
1. Describe briefly about net and filter with the help of appropriate examples.
2. Discuss about the convergence of net and filter with reference to topology.
3. Describe Hausdorffness and compactness with reference to nets.
4

. Explain in detail about the canonical way of converting nets to filters and
vice versa giving relevant examples.

Elaborate on the ultrafilter and local finiteness giving appropriate examples.

o W

. State and prove Nagata-Smirnov metrization theorem.

7. Describe the paracompactness and homotopy of paths in topology with the
help of relevant examples.

8. Explain in detail about the fundamental group giving examples.

9. Prove that the product of a covering space is a also covering space giving
relevant examples.

10. State and prove the fundamental theorem of algebra giving examples.
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