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INTRODUCTION

Quantum Mechanics (QM), also known as quantum physics, quantum theory, the
wave mechanical model, matrix mechanics or quantum field theory, is a fundamental
theory in physics which describes nature at the smallest scales of energy levels of
atoms and subatomic particles. Principally, the quantum mechanics differs from
classical physics in that energy, momentum, angular momentum and other quantities
of a bound system are restricted to discrete values (quantization); objects have
characteristics of both particles and waves (wave-particle duality); and there are
limits to the precision with which quantities can be measured, uncertainty principle.

The foundations of quantum mechanics were established during the first half
of the 20th century by Max Planck, Niels Bohr, Werner Heisenberg, Louis de
Broglie, Arthur Compton, Albert Einstein, Erwin Schrödinger, Paul Dirac, David
Hilbert, and others. The modern theory is formulated in various specially developed
mathematical formalisms. In one of them, a mathematical function, the wave
function, provides information about the probability amplitude of position,
momentum, and other physical properties of a particle. The Schrödinger equation,
applied to the free particle, predicts that the centre of a wave packet will move
through space at a constant velocity.

This book, Quantum Mechanics is divided into five units that follow the
self-instruction mode with each unit beginning with an Introduction to the unit,
followed by an outline of the Objectives. The detailed content is then presented in
a simple but structured manner interspersed with Check Your Progress Questions
to test the student’s understanding of the topic. A Summary along with a list of Key
Terms and a set of Self-Assessment Questions and Exercises is also provided at
the end of each unit for recapitulation.
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UNIT 1 TIME – INDEPENDENT 
PERTURBATION THEORY AND 
VARIATIONAL METHOD

Structure 
 1.0 Introduction
 1.1 Objectives
 1.2 Ehrenfest Theorem
 1.3 Expansion of Wave Function in Eigen Function

 1.3.1  Orthogonality, Normality and Closure Properties of Eigen Function
 1.4 Dirac Delta Function
 1.5 Time-Independent Perturbation Theory

 1.5.1  Application of Perturbation to Theory Ground State of Helium Atom
 1.5.2 Degenerate Time Independent Perturbation Theory
 1.5.3  Application of Perturbation Theory to Zeeman Effect
 1.5.4 Application With and Without Electron Spin in Hydrogen Like Atom

 1.6 Variational Method and its Application to Ground State of Helium Atom
 1.7 Answers to ‘Check Your Progress’
 1.8 Summary
 1.9  Key Terms
 1.10  Self-Assessment Questions and Exercises
 1.11 Further Reading

1.0 INTRODUCTION
The Ehrenfest theorem is a special case of a more general relation between 
the expectation of any quantum mechanical operator and the expectation of 
the commutator of that operator with the Hamiltonian of the system. Wave 
function expansion, a very abstractly method, is the fundamental importance 
in physics. This calculation, transferred to the process of the molecule’s 
decomposition, it is identical to an approach where the ground state wave 

The Dirac delta function is the name given to a mathematical structure, 
i.e., intended to represent an idealized point object, such as a point mass or 
point charge. The condition for two eigen functions to be orthogonal is that 
their inner product is zero.

Time-independent perturbation theory is one of two categories of 
perturbation theory, the other being time-dependent perturbation. Time-
independent Perturbation theory is a mathematical tool for treating quantum 
systems whose Hamiltonian involves small static perturbing terms which do 
not induce transitions to other quantum states.

The spin quantum number has only two possible values of +1/2 or -1/2. 
n = 1,  = 0, m

beam splits into two beams.
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approximations to the lowest energy eigen state or ground state, and some 
excited states. This allows calculating approximate wave functions, such 
as molecular orbitals. The basis for this method is the variational principle.

In this unit, you will study about the Ehrenfest theorem, expansion 
of wave function in eigen function, orthogonality, normality and closure 
properties of eigen function, Dirac delta function, time-independent 
Perturbation theory, with and without electron spin in hydrogen like atom, 
variational method and it’s applications to ground state of helium atom.

1.1 OBJECTIVES
After going through this unit, you will be able to:

  Explain the Ehrenfest theorem

  Discuss the expansion of wave function in eigen function

  State the Dirac delta function

  Interpret the orthogonality, normality and closure properties of eigen 
function

  Describe the time-independent Perturbation theory for degenerate and 
non-degenerate cases

  Elaborate on the variational method and its applications to ground state 
of helium atom

1.2 EHRENFEST THEOREM
P. Ehrenfest in 1927 stated, in regard to the correspondence between the 
motion of a classical particle and the motion of a wave packet representing 
the particle, the following theorem.

The averages or the expectation values of the quantum mechanical 
variables satisfy the same equations of motion as the corresponding classical 

states that, 

 x
d lx p
dt m

· Ò = · Ò  

 
( )

–x
d dV xp
dt dx

· Ò =  

provided that the wavefunction ψ x, t

2 2

2

( , )
( ) ( , )

2

x ti V x x t
t m x

È ˘∂y ∂= + yÍ ˙∂ ∂Î ˚
or 

 
( , ) ˆ ( , )
x ti H x t
t

∂y = y
∂
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Proof of Ehrenfest’s Theorem 

Consider a particle of mass m moving along the x-axis under the action of a 
V x ψ x, t

the wave function describing the state of the particle at the instant t we have 
the expectation value of the coordinate x of the particle in the state given by,

 

The time derivative of  is, 

 
–

* ( , ) ( , )
d x x t x x t dx
dt t

+ •

•

· Ò ∂= y y
∂ Ú

ψ x, t

 
2 2

2

( , ) –
( ) * ( , )

2

x ti V x x t
t m x

È ˘∂y ∂= + yÍ ˙∂ ∂Î ˚
The above gives, 

 
2 2

2

( , ) – –
( ) * ( , )

2

x t i V x x t
t m x

È ˘∂y ∂= + yÍ ˙∂ ∂Î ˚

 
2 2

2

* ( , ) –
( ) * ( , )

2

x t i V x x t
t m x

È ˘∂y ∂= + yÍ ˙∂ ∂Î ˚

 
– –

* ( , ) ( , )
( , ) * ( , )

d x x t x tx x t dx x t x dx
dt t t

+ • + • +•

• •

· Ò ∂y ∂y= y + y
∂ ∂Ú Ú

 

2 2

2
–

–
( ) * ( , ) ( , )

2

d x i V x x t x x t dx
dt m x

+ •

•

È ˘· Ò ∂= + y yÍ ˙
∂Î ˚

Ú

 

2 2

2
–

– –
* ( , ) ( ) ( , )

2

ix t x V x x t dx
m x

+ •

•

È ˘∂Ê ˆ+ y + yÍ ˙Á ˜Ë ¯ ∂Î ˚
Ú

Simplifying, we get, 

 
2 2

2 2
–

( , ) * ( , )
* ( , ) – ( , )

2

d x i x t x tx x t x x t dx
dt m x x

+ •

•

È ˘· Ò ∂ y ∂ y= y yÍ ˙
∂ ∂Î ˚

Ú
Let, 

 I = 
2

2
–

* ( , )
( , )

x tx x t dx
x

+ •

•

∂ yy
∂Ú
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Integrating by parts, we get, 

 I = 
–

– –

* ( , ) * ( , )
( , ) – [ ( , )]

x t x tx x t x x t dx
x xx

+ •+ •

•
• •

∂y ∂y ∂Ï ¸y yÌ ˝∂ ∂∂Ó ˛ Ú
For a localized wave packet we have the boundary conditions, 

 
( , ) 0 as

( , ) * ( , )
and 0 as

x t x
x t x t x
x x

y Æ Æ ± •¸
Ô

∂y ∂y ˝Æ Æ ± • Ô∂ ∂ ˛

 I = 
–

* ( , )
– [ ( , )]

x tx x t
x x

+ •

•

∂ ∂yy
∂ ∂Ú

Integrating once again by parts, we get 

 I = 
2

2
–– –

– [ ( , )] * ( , ) * ( , ) [ ( , )]x x t x t x t x x t dx
x x

+ • + •+ •

•• •

∂ ∂Ï ¸y y + y yÌ ˝∂ ∂Ó ˛Ú Ú

 I = 
2

2
–

* ( , ) [ ( , )]x t x x t dx
x

+ •

•

∂y y
∂Ú

 = 
–

( , )
* ( , ) ( , )

x tx t x t x dx
x x

+ •

•

∂ ∂yÈ ˘y y +Í ˙∂ ∂Î ˚Ú
 = 

2

2
–

( , ) ( , ) ( , )
* ( , )

x t x t x tx t x dx
x xx

+ •

•

È ˘∂y ∂ y ∂yy + +Í ˙∂ ∂∂Î ˚
Ú

or 

 I = 
2

2
–

( , ) ( , )
* ( , ) 2

x t x tx t x dx
x x

+ •

•

È ˘∂y ∂ yy +Í ˙∂ ∂Î ˚
Ú

2 2

2 2
–

,
( , ) ( , ) ( , )

* ( , ) – 2 * ( ) – * ( , )
2

t
d x i x t x t x tx x t x x t x dx
dt m xx x

+ •

•

È ˘· Ò ∂ y ∂y ∂ y= y y yÍ ˙∂∂ ∂Î ˚
Ú

or

 
–

( , )
–2 * ( , )

2

d x i x tx t dx
dt m x

+ •

•

· Ò ∂y= y
∂Ú

or

 
–

1
* ( , ) – ( , )

d x x t i x t dx
dt m x

+ •

•

· Ò ∂Ê ˆ= y yÁ ˜Ë ¯∂Ú
or

 
–

ˆ, since * ( , ) ( , )x
x x

pd x p x t p x t dx
dt m

+ •

•

· Ò· Ò = · Ò = y yÚ
or

 x
d xp m
dt
· Ò· Ò =

In the limiting case if the wave packet reduces to a point, i.e., the 
particle becomes completely localized, we get, 
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 px = m dx
dt

We have the expectation value of px in the state described by the 
wavefunction ψ x, t

 
–

* ( , ) – ( , )xp x t i x t dx
x

+ •

•

∂Ê ˆ· Ò = y yÁ ˜Ë ¯∂Ú
Taking time derivative of the above we obtain, 

 
–

* ( , ) – ( , )xd p
x t i x t dx

dt t x

+ •

•

· Ò ∂ ∂Ê ˆ= y yÁ ˜Ë ¯∂ ∂Ú
or

 
–

* ( , ) ( , )
–xd p x t x ti dx

dt t x

+ •

•

· Ò ∂y ∂y=
∂ ∂Ú

 
–

( , )
– * ( , )

x ti x t dx
x t

+ •

•

∂ ∂yÊ ˆy Á ˜Ë ¯∂ ∂Ú
Substituting for * ( , ) ( , )

and
x t x t

t t
∂y ∂y

∂ ∂in the above we obtain, 

 
2 2

2
–

. – ( , )
– ( ) * ( , )

2
xd p i x ti V x x t dx

dt m xx

+ •

•

È ˘· Ò ∂ ∂y= + yÍ ˙ ∂∂Î ˚
Ú

 
2 2

2
–

– –
– *( , ) ( ) ( , )

2

ii x t V x x t dx
x m x

+ •

•

È ˘∂ ∂Ê ˆy + yÍ ˙Á ˜Ë ¯ ∂ ∂Î ˚
Ú

 = 
2 2

2
–

– ( , )
( ) * ( , )

2

x tV x x t dx
m xx

+ •

•

È ˘∂ ∂y+ yÍ ˙ ∂∂Î ˚
Ú

 
2 2

2
–

* ( , ) ( ) ( , )
2

x t V x x t dx
m x x

+ •

•

È ˘∂ ∂+ y + yÍ ˙∂ ∂Î ˚
Ú

 = 
2 2

2
– –

* ( , ) ( , ) ( , )
( ) * ( , )

2

x t x t x tdx V x x t dx
m x xx

+ • + •

• •

∂ y ∂y ∂y+ y
∂ ∂∂Ú Ú  

 
2 2

2
– –

( , )
* ( , ) – * ( , ) [ ( ) ( , )]

2

x tx t dx x t V x x t dx
m x xx

+ • + •

• •

Ê ˆ∂ ∂ y ∂+ y y yÁ ˜∂ ∂∂Ë ¯Ú Ú

 
2 2 2

2 2 2
–

( , ) * ( , ) ( , )
* ( , ) –

2

x t x t x tx t dx
m x x x x

+ •

•

È ˘Ê ˆ∂ ∂ y ∂ y ∂y= yÍ ˙Á ˜∂ ∂ ∂ ∂Ë ¯Í ˙Î ˚
Ú

 + 
–

( , )
( ) * ( , ) – * ( , ) [ ( ) ( , )]

x tV x x t x t V x x t dx
x x

+ •

•

∂y ∂È y y yÍ ∂ ∂ÎÚ

=
2 2 2 2 2

2 2 2 2
–

( , ) * ( , ) ( , ) * ( , ) ( , )
* ( , ) – –

2

x t x t x t x t x tx t dx
m x xx x x x

+ •

•

È ˘Ê ˆ∂ ∂ y ∂y ∂ y ∂ y ∂ yyÍ ˙Á ˜∂ ∂∂ ∂ ∂ ∂Ë ¯Í ˙Î ˚
Ú

 + 
–

– ( )
* ( , ) ( , )

V xx t x t dx
x

+ •

•

∂È ˘y yÍ ˙∂Î ˚Ú
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 = 
2 2

2
–

– ( , ) * ( , ) ( , )
* ( , ) –

2

x t x t x tx t dx
m x x x xx

+ •

•

È Ê ˆ∂ ∂ y ∂ ∂y ∂yÈ ˘yÍ Á ˜ Í ˙∂ ∂ ∂ ∂∂Ë ¯ Î ˚ÍÎ
Ú  + 

– V
x

∂
∂

 – ( )xd p V x
dt x
· Ò ∂=

∂
 

The force Fx 
corresponding to the potential energy function V x

 Fx = – V
x

∂
∂

 

The above two equations give, 

 x
x

d p
F

dt
· Ò

= · Ò

In the limiting case of the wave packet reducing to a point, i.e., the 
particle being completely localized we get, 

 Fx = xdp
dt

 

Which is Newton’s second law of motion.

1.3 EXPANSION OF WAVE FUNCTION IN 
EIGEN FUNCTION

of separation of variables. 

        

1 1 2
2

2

2 2
0

2sin
sin

sinθ θ
θ ψ

θ θ
ψ
φ

ψ∂
∂

∂
∂

⎛
⎝⎜

⎞
⎠⎟

+ ∂
∂

+
T

h
E

 = 0  

 We can write Equation 1.12 , 

where  and  are respectively functions of  alone and  alone.

 
2

0
2 2 2

21 1
sin

sin sin

∂ Q FÊ ˆF q + Q + QFÁ ˜Ë ¯q ∂q q q f
I Ed d

d d
 = 0

Dividing the above throughout by 
2sin

QF
q

, we get

 
2

20
2 2

21 1
sin sin sin –

Q FÊ ˆq q + q =Á ˜Ë ¯Q q q F f
I Ed d d

d d d

Th  while the right 
hand side depends only on 
side of it must separately be equal to a constant. For convenience we set 

 
2

2

1
–

d
d

F
F f

 = m2 m
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 Or 
2

2

d
d

F
f

 + m2

Let us call it  equation.

We also have 

  

20
2

21
sin sin sin

I Ed d
d d

QÊ ˆq q + qÁ ˜Ë ¯Q q q
 = m2

Dividing the above by 
2sin q

Q
 we obtain 

 
2

0
2 2

21
sin

sin sin

I Ed d m
d d

QÊ ˆq + Q = QÁ ˜Ë ¯q q q q
or

 
2

0
2 2

21
sin –

sin sin

I Ed d m
d d

Ê ˆQÊ ˆq + QÁ ˜ Á ˜Ë ¯q q q qË ¯

Let us call it  equation.

Solution of the  Equation

  = Ae im

where A is an arbitrary constant, and can be evaluated using the 
requirement of the normalization of  

p

F F fÚ
2

0

* d

 
p

fÚ
2

2

0

| |A d  = 1

 Or

 |A|2 2  = 1

 Or

 |A|2 = 
p
1

2
 Or

 A = 
p

1

2

 For  to be a factor in the total wavefunction of the rotator, the single 
valuedness of demands 
  + 2

 Ae im  = Ae im 2  

or
 e im  = e im  e 2 mi

or
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 e 2 mi = 1

or
 cos 2 m  i sin 2 m = 1

The above demands m to be zero or an integer positive as well as 
negative, i.e.,
 m = 0, 1, 

 
1

2
ime f

p

The integer m magnetic quantum number.

Note: The Lagrangian function L
 L = T – V.
Or L = E   V = 0 and E = T 

 Using the expression for the total energy E so we get

 L = 2 2 21
( sin )

2
I q + q f

 We observe that  does not appear explicitly in the Lagrangian function 
and hance  is a cyclic or ignorable coordinate.

Solution of the  Equation

Putting  = 0
2

2I E

the 

 
2

2

1
sin –

sin sin

d d m
d d

Ê ˆQÊ ˆq + l QÁ ˜ Á ˜Ë ¯q q q qË ¯

Let us introduce a new variable  as
  = cos 

Now

 –sin
d d d d
d d d d
Q Q x Q= = q
q x q x

or

 –sin
d d
d d

= q
q x

1.24

 
2

2
2

– –(1 – ) –
1 –

d d m
d d

È ˘È ˘Qx + l QÍ ˙Í ˙x x xÎ ˚ Î ˚
 = 0

or

 
2 2

2
2 2

(1 – ) –2 –
1 –

d d m
dd

È ˘Q Qx x + l QÍ ˙xx xÎ ˚

For mathematical convenience let us substitute



NOTES

Time – Independent 
Perturbation Theory and 

Variational Method

Self - Learning
Material  11

 2   m __ 
2
    X

where X .

Substituting for 
2

2
and

d d
d d
Q Q
x x

e obtain

 x + x + l +
xx

2
2

2
(1 – ) –2 ( 1) [ – ( 1)]

d X dXm m m X
dd

 
express the function X as a power series in  as 

 X = 
•

=

xÂ
0

,n
n

n

a  n = 0, 1, 2,... 

The above gives

 –1

0

n
n

n

dX n a
d

•

=

= x
x Â

and

 
2

–2
2

2

( – 1) n

n

d X n n
d

•

=

= x
x Â

Su
yields

μ • •

= = =

x x + xÂ Â Â–2

2 2 1

( – 1) – ( – 1) – 2( 1)n n n
n n n

n n n

n n a n n a m n a  

•

=

+ l + xÂ
0

[ – ( 1)] n
n

n

m m a

, the 
 must separately vanish. 

n 

n n an + 2
 – n n an m nan + [  – m m an = 0

or

 an + 2
 = 

( – 1) 2 ( 1) ( 1) –

( 1) ( 2)

n n n m m m
n n

+ + + + l
+ +

 an

or

 2 ( – 1) 2 ( 1) ( 1) –

( 1) ( 2)
n

n

a n n n m m m
a n n

+ + + + + l=
+ +

Eq Recursion formula for the 
X X represents a 

satisfactory part of the total wavefunction of the rotator, the series for X must 

Considering that polynomial breaks off after the nth term we get,

 an + 2
 = 0
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 n n n m m m  = 0

or          n + m n + m

m = 0, 1, 2, ... and n = 0, 1, 2,..., Hence we may write
 n + m = l

  = l l

Using the above values of 

 
2 2

2
2 2

(1 – ) –2 ( 1) –
1 –

d d ml l
dd

È ˘Q Qx x + + QÍ ˙xx xÎ ˚

 It is well known that the associated Legendre function pl
|m|

l and order |m| where l = 0, 1, 2,... and m = 0, 1, 2,..., l
Legendre polynomial Pl

 Pl 
|m|

| | | |
2 2

| |
(1 – ) ( )

m m

lm
d P
d

x x
x

Pl a

 2 ( )
(1 – ) ( 1) ( )l

l
dPd l l P

d d
È ˘x

x + + xÍ ˙x xÎ ˚

Di m| times with respect to  and using 

 
2 | | | | 2

2 | |
2 2

( )
(1 – ) –2 ( 1) – ( )

1 –

m m
ml l

l
d P d P ml l P

dd
Ï ¸x Ô Ôx x + + xÌ ˝xx xÔ ÔÓ ˛

Co

Pl
|m| Pl

|m|

Thus we can express the general solution of the  equation as,
B Pl

|m|

In the above the constant B is determined by requiring 
normalized, i.e.,

 
0

* ( ) ( ) sin d
p

Q q Q q q qÚ  = 1

Usi

 
1

2 | | * | |

–1

{ (cos )} { (cos )} (cos )m m
l lB P P d

+

q q qÚ  = 1

or

 2 2( | |)!

2 ( – | |)!

l mB
l l l m

+
+

 = 1
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 The above gives

 B = 
2 ( | |)!

2( | |)!

l l l m
l m

+ -
+

 Thus the general solution of the 
becomes

 | |2 ( | |)!
( ) (cos )

2( | |)!
m

l
l l l m P

l m
+ -Q q = q

+

wavefunction  for the rigid rotator with free axis as

 | |
,| |

1 2 ( | |)!
( ) ( ) (cos )

2( | |)!2
m im

l m l
l l l m P e

l m
f+ -y = Q q F q = q

+p

 Set of values of l and |m| give the different energy eigenfunctions for 
the rotator.

The corresponding energy eigenvalues are obtained from 

  = l l
or

 0
2

2 lI E
 = l l

or

  
2

0

[ ( 1)]
2lE l l

I
= +

1.3.1  Orthogonality, Normality and Closure Properties 
of Eigen Function

Orthogonality Eigen Function

The condition for two eigen functions to be orthogonal is that their inner 
product is zero. In Dirac notation this would mean:

n m =0,            m n,

following equation:

n|ψm =∫- n(x) m(x)dx=0,            m≠n                      

Hamiltonian corresponding to different values of n n

You could also infer this from the fact that since  is Hermitian its eigen 
functions corresponding to different eigenvalues are necessarily orthogonal. 

energy value they must be pairwise orthogonal.

Orthogonality Theorem: Eigen functions of a Hermitian operator are 
orthogonal if they have different eigenvalues. Because of this theorem, we 
can identify orthogonal functions easily without having to integrate or conduct 
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an analysis based on symmetry or other considerations.

Proof:  and  are two eigen functions of the operator Â with real eigen 
values a1 and a2, respectively. Since the eigenvalues are real, a 1=a

1
 and 

a 2=a2.

                                                
 and the second by and integrate.

 

 

 

Â is Hermitian 
yielding

If a
1
 and a

2
This result proves that non-degenerate eigen functions of the same operator 
are orthogonal.

Normality of Eigen Function

Principles of Quantum Mechanics
eigen values and eigen functions of the operator K iD = i d/dx. For 
context, he does this:

 K|k K|k
Following to standard procedure

k(x) = x|k This is equation could have been 
written directly had we made the immediate substitution K i d/dx in the 
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X basis. The solution of the above equation simply form are following:
                                             k(x) = Aeikx  

Where A
value problem. So the eigen value K is a fully solved: any real number of K 
is an eigen value and the corresponding eigen value is given by Aeikx . A usual 
the freedom in scale will be used to normalised the solution. We choose to 
A to be (1/2π)-1/2  so that   

And 

   

Equation 1.60 is also are equal to Fourier transform,

The eigen functions of an operator are orthogonal functions. We will 
as well assume that they are normalized. Consider two eigen functions un, 
um of an operator A f|g  = ∫d3x f (x)g(x).
Then we have

Closure of Eigen Function

found using the orthonormality relation:

n m = dmn

function m we ge

   
Considering the case of one particle system, we write explicitly
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 And therefore      

                                                       

   This is the closure relation of eigen function.

1.4  DIRAC-DELTA FUNCTION
Consider a function x x = 0 and 

tends to  in such a manner that 

with  t t 
    =  if t = 0

 This is known as Dirac-delta function and used in mathematical phys-
ics wherever functions exist with non-zero values in very short interval, 
e.g. x – 

,

where the constant C a  = 1

and hence using the mean value theorem of integral calculus, we have

   = f
 Let us again consider a function

  a x
   = 0, |x| > a

 Then,  = 

   = 

 In case f x a, a
theorem,

 =  f  a |  1

x
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  x x 

and 

 Further, since we have

   =  = f  a  |  1

   = f 
which by change of variable, reduces to

   = f a
 or symbolically, f x x – a f a x – a
 In case f x x x x
 In a similar manner we can show
  x x

  ax

  2 – x2

 Now assuming that x i.e., differential of x
x x

we have

   = 

   = 0 – f 
   = – f 
 If n  be the nth derivative of x
this process n times,

  n f n

COROLLARY: Heaviside unit function
H x

  H x x 

   = 0 for x < 0

 For a > 0, we can write this result as

  H x – a x  a 
   = 0 for x < a
 It is evident that

  x H x
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Illustrations

 1. To show that  = x – a
  We have,

   = 

    = 

    = y by x  
      which follows that

    = x – a
 2. To show that

   = 

where y > 0, y  > 0 and y – y is the Dirac-delta function.

  Noting that  as x  0 and  as x  0, but it 

Dirac-delta function if divided by x, so that taking xy = Y – X and xy  = 
Y  – X, we have

   cos xy Y – X Y – X
 and  cos xy X – Y X – Y
 In view of Illustration 1,

  = 

 as Y – Y

   = x  Y – Y

   = x xy – xy Y – Y  = xy – xy

   = 

        = 

   = 

Check Your Progress
 1.  State the Ehrenfest theorem.

 4.  State the orthogonality theorem.
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1.5 TIME-INDEPENDENT PERTURBATION
THEORY
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1.5.1 Application of Perturbation to Theory Ground State
of Helium Atom
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1.6 VARIATIONAL METHOD AND ITS
APPLICATION TO GROUND STATE OF
HELIUM ATOM
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�������"�����#�������%�����E
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1.8 SUMMARY

� 3���������"����������� ��m� ����%�����%�����x1�$���������������������
�������1�����������#���#������"�������������%��V�x����������"��������

� 4���#���������������������""�����$"���������������5�%���%����������������
�����������������������%����#��������������

� ����Recursion formula�������������������������������������X�������������
���������"����� ����X���"�������������������"�����������������������������
��������������!��������������X� ���#������������� ������������������������ #��
������ �������������������%���

� �����$"������"��������#��"�����#����������������������$���!�#�������
��������������������������������%��������$"������"��� ����!�����!��

����� �������"������!����������������$"����������� �����������"���������

������������ ����������%����������$����������������  ��������%���

������

� �������$��������������������� ������������%��������!�����������#�
�����������������%���$"������"��� ����!� ���������������#�����������������

 ������

� �� ������"�������"�����#������������������������������%��������"�����#�����
������!�����������#���%��� ����"�������"�����#������������ ������"������

"�����#�����������������"�����#�������� ����������������!�����!�"������

�� ����"��������

� ���� �� �� ����"������� "�����#������ ���������� "�������� #�� 6����
*���7���%��������.,-��"�"��!�����������������"��������������������������

 ��������

� 3������������"�����#����� ��������!��
!��������������� ����������
����� ����"�������������������������%��������������%������!������%

��� ������� ������"�������*���7���%������������

� ���������������������$��������%�������!����������������������������%����
��� ����H



��0� �� ����� ��������%������ ���� ����� �$���� ����

��� !����������� ����� �� ��������"�����#�����!� ��������
�����%������������������������

�������
	��
�������������� �$���#�����
���������������

� 0�"�����������%�������������"���������"����������������n��)������������
����%�������������n!����%�������������������������%���������8����������������!
���������������������������������� ��� #��!�i.e.9n! l! m.! ms:!����%����

���������%��������5��(����������$� "������ ��������������"��������

� *������"�����������������%������������%������ ������������%�����������
��degenerate states���������������������������%��������n�	�-���8-fold
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degenerate��*� ������!�����������������n�	�;�����%����������.+1����
��%��������

� ���������������� �����������������""��$� ���� �����<������������"������
���� ��� ������ � ��������� 3� "����� ��� "�����#������ ������!� ���

������������ ����������#�� ������#���������������������������������

����� ������%������"�����#����� ��������!�����!����������� �������

"�����#������ ����#��������������#���

� =�������� ���� '������4�����������(� ���� ����"��#�� ������� ��� � �
��2���#���"��� ��������������� ���������'������������"��� ����(������

"��� �����������2����������� ��������%����� ���� ������������������� �

 ��� �/���������������%��������������������������������"�����%�����%�

���������������� �������""��$� ��������������$��������������������

����%��

� &������������������� ���/��!� �����%��������������� ������������.�
8�����%�����%�����%��� "�����������������������������������"����� 

���H!��""��������#���������� �#�����������������%�������������#����
��E



�

� 0�����%��%����������� ���������������������������%���������������%�!����
 ����������#���""���������������������������������������$����������

���������������%�������������������������������!��������#������ �����

����������������#��������������������!����#�������������#����"��������#�

�������������������%������������%������������������������

� �����������%� ��� � �����������������������������������%����������!

�����������������#����������������%��������������� � ����������

�������$����������%������������������������������������%�����$�����

�����

� ��������� ���� ���������������������������� ��m�������������
����%��–e!�����������������������$������������� ��M����m����
����%��>-��

� �������� � ��� �����%��1-!� � #��� �� ��� -�!� ���� ������ �� �����
�����%��!����������������#�������"����������%��������������#���%

"����� !���������%��1.������������������������� !������������������!

������������"���������������������!���������������� ������  ��

"����� �����������������������������

1.9 KEY TERMS
� Perturbation theory:���������������""��$� ��������� ������������������
��� ���� �������"�����#���������������#��%����� "�������������� ���� 

������ ������� "��������
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� Time independent perturbation:�����������������������������%�������
"�����#������������!�����������#���%��� ����"�������"�����#������������ �

����"�������"�����#�����������������"�����#�������� ����������������!�����!

"��������� ����"��������

� Electron spin theory:��������������"���������������#������������������
������ �"����������������������� "���"���������������������������������

����������������������������"����������������������������������������

"��"��������������� �%������"��"���������������� �

� Variational principle:������������������"�����"����������������������������
���������!�������������"�%������� ����������������%���������������

�$��� �/��������������������������������"�����"�����������������

� Hermitian:�0���"���������������������#���$"��������������������
"�����"��������#�������1��2������"������������������������� ������

� Variational parameters:��������������������������������"��#�� ������
���� ����2���#���"��� ��������������� ���������������������"��� �����

1.10 SELF-ASSESSMENT QUESTIONS AND
EXERCISES

Short-Answer Questions

.� 4��������6�������������� �����?

-� @�������������%��������"��"����������%������������

;� 4���������������������#����������������������?

A� @���������""������������&�����#����������������������������� ���� �

B� 4������C�� ���������?

�� 4������"�����#��������������������������?

�� �������������������������������%������ �

Long-Answer Questions

.� �����#�������$"����������������������������%������������

-� 0���������������%�������!���� �����������������"��"�����������%������������

;� ����������%�������������"�����#���������������������� � ��������

A� ����������������#���������� �1����"�������&�����#�������������#��%����%

����""������������%������������������� �����C�� ����������

B� ����������� ������"�������"�����#�������������#��%����%��""��"�����

�$� "���

�� ��������������������� ������#��%����%��""��"�������$� "���

�� 6$"�������������������������������$"����%��������������%�����%�����������

+� ���������%������������������� ���� ��������������
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1.11 FURTHER READING

D�2�����!�*������D��E���� ���-
.A��Quantum Mechanics I: The
Fundamentals!�.��6��������F������*����G�3D3�&���
��!��H��-

+��Mathematical Physics��I��������G�*��3�����
J�����!�&��J������H��E����������.,�+��A Textbook of Quantum Mechanics�

I��������G������J�@���1�����

����������!�E��-

B��Quantum Mechanics��8$����G�0�"���*��������������������
5���

*�����!�5�������5��.,�+��Quantum Mechanics!�;���6��������I���K���G�J�@���
�����
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UNIT 2 APPROXIMATION METHODS
AND TIME-DEPENDENT
PERTURBATION THEORY

Structure
��� ����	
���	�

�� ���������

��� �	������������������	����	��	������

�� !��"����	�
	��$��	�#�	��!#
�	$���%	"���"�
�� � !��"����	�
	��$��	�#�$����������	��!#
�	$���%	"���"�

��& '(������	����	����
�������"���	���	��"����)���#
��&� ���"���	����	��"����)���#

��* $���)����
����+��������	�����	�#���
�,���-��.	"
���/�"�

��0 1���	����
����	���	��	��/�
��	�

��2 1�����-����3����	��������

��4 1�����$��)�$������#�	����
���$�����"��+����"��
��4� 5#�����6��	��+	���"���

��4�� �	�������$�5#���������
�����#�������'����,����	�

��4� 5#�����	���
�����"�7	�����������$���
���$�����"��+����"�

��4�* '����,����	��	��$�����+����"��5#����

��4�0 '����,����	��	��%��#�+����"���5#����

��4�2 +��"�1��"��	��+����"�

��8 '����,����	���	��%��#�1"����	��5#����
��8� ,	����	��	��1���$#����
����5	"
�

��� ���9�����	�:����;�<	���+�	$����-

�� 5�����#

��� (�#�$����

�� 5�"�������������=����	�����
�1�������

��& ,�������/��
�$

2.0 INTRODUCTION

���>��������������#���
��	"���"�����#���?������	��������������@��A

����	����	�������������;�	9������������"�����	����	�����	"���"���
#������

5������""#?����������������	�����������9���������	���	����	������"����
��"����	��

�����	"���"���������������
���������"#?�����
�	�����������������������"����������

�����������������"����	����$���!��"����	�
	��@!�A����	�#��	��!�����������"���

�����"��	��B�"������	�
�@B�A����	�#����"�
��	������	��"���������	������9���

�����	���	��!��

$���'(������	����	��	��'(��@'���6�"�(���������""	��A�����	


��������	
��	����
�$�����	�������	"��	����	�"�����
��������"��>���	���9��

�����""#����#�$��	����������������#���""#����
��	���������"�����"���"��"��	���

>������������������9��������9���������	��������������������	�����"������	�?

�����"�����""#������
�
?���
�������������������"��
��	����������������;����	

�������$�$��"	9"#�
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2.2 BORN-OPPENHEIMER APPROXIMATION
OF LCAO
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Formation of Molecular orbitals in H2 molecule by LCAO method/
Formation of bonding and anti bonding molecular orbitals by LCAO
method
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between the nuclei leads to an increase in the energy of the anti-bonding molecular
orbital in the event of its being occupied by electrons. In other words, the anti-
bonding molecular orbital has higher energy than each of isolated atomic orbitals

from which this molecular orbital is derived (Refer Figure 2.2). Since 
2

*
H�  molecular

orbital opposes the formation of any bond, it is called anti-bonding molecular
orbital.

2.3 HEITLER-LONDON THEORY OF
HYDROGEN MOLECULE

Walter Heitlor and Fritz London proposed the theory called Heitler-London theory
in 1927 and it talks about exchange of electron in orbital of H

2 
molecule and it was

the first quantum-mechanical system which explains chemical bonding hydrogen
molecule. Understand the Heitler-London theory; first we need to know about
hydrogen molecule bonding as well as interaction between their electron and nuclei.

The Hydrogen Molecule

When two atoms brought together and form a covalent bond then their combine
energy will be lower than the sum of individual hydrogen atom it shows that when
two hydrogen atoms form a bonding then their dynamical system changed

A hydrogen molecule H
2
 has a simplest electron bond pair, and it has a

covalent bond. The hydrogen molecule is a four-particle system, two electron and
two nucleons.

We have drowned hydrogen molecule in coordinate’s term as shown in
Figure (2.3):

Fig. 2.3 Hydrogen Molecule in Term of Coordinates

The Hamiltonian four-particle Hydrogen molecule system is given by

2 2 2 2
1 2

1 1 2 2 12

1 1 1 1 1 1 1 1 1 1ˆ
2 2 2 2A B

A B A B A B AB

H
M M r r r r r r

� � � � � � � � � � � � � � �

Since the masses of nuclei are much greater than compare with electron
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2.3.1 Heitler-London Theory Treatment for Hydrogen
Molecule
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2.4 WKB APPROXIMATION AND ITS
APPLICATION TO ALPHA DECAY
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2.4.1 Applications to Alpha Decay
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2.5 TIME-DEPENDENT PERTURBATION
THEORY AND FERMI’S GOLDEN RULE
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2.6 EMISSION AND ABSORPTION OF
RADIATION
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2.8 EXCHANGE DEGENERACY OF
INDISTINGUISHABLE PARTICLES
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2.8.2 Constricting Symmetric and Antisymmetric Wave
Function
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2.8.3 System of Identical Non-Interacting
Indistinguishable Particle
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2.8.4 Wave Function of Two Particle System
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2.8.5 Wave Function of Three Particle System
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2.8.6 Wave Function of Many Particles System
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Check Your Progress

)$" ����%��������%	����%�����	 �2�����������������<

))" +�	��	��	 �2�����������	���"

)�" +�	�'���� ��	���������%�����<

)*" �������1���	��=����	�����	��������������<

)#" +�	��	���  	��>�����������	"

)." ?	���	��	����	��������"

)0" ����%��������%	����%����	�	�������%<

2.10 ANSWERS TO ‘CHECK YOUR PROGRESS’
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2.12 KEY TERMS

� Born–Oppenheimer (BO) approximation:,��������	�����������
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2.13 SELF-ASSESSMENT QUESTIONS AND
EXERCISES

Short-Answer Questions

�� D��������#����8������������������������
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G� +����
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Long-Answer Questions
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UNIT 3 ANGULAR MOMENTUM AND 
SPIN

Structure 
 3.0 Introduction
 3.1 Objectives
 3.2 Eigenvalues And Eigenvectors of Angular Momentum

 3.2.1 Angular Momentum Operator Algebra
2

z
2

z
2

z

 3.3.1   Spectrum of L2 and L
z
   

 3.4 Angular Momentum and Rotation Operator

 3.4.2  Rotational Degeneracy
 3.5  Electron Spin and Spin 1/2

 3.5.1  Pauli Matrices
 3.5.2  Observable and Wave Function Of Spin ½ Particles
 3.5.3  Vector Fields and Particles of Spin 1
 3.5.4   Spin Independent Interaction of an Atom

 3.6   Addition of Angular Momenta
 3.6.1  Eigenvectors of Total Angular Momentum

 3.8 Summary
 3.9  Key Terms

3.0 INTRODUCTION

measured.

An electron spin refers to a form of angular momentum of electrons. 
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protons and neutrons of atoms.

2
z

2
z

2
z
, orbital angular momentum 

rotational invariance and conservation of angular momentum, rotational 
degeneracy, electron  spin, Pauli matrices, observable and wave function 

interaction of an atom, addition of angular momenta, eigenvectors of total 

3.1 OBJECTIVES
 

 

 2
z

 2 

z

 2
z

 

 

 

 

 
momentum
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interaction of an atom

 
angular momentum

 

 

3.2 EIGENVALUES AND EIGENVECTORS 
OF ANGULAR MOMENTUM

eigenvalues

2
z
2 = L 2 + L

y
2

                                      L2
z
2 

β, β  

α, β >

  L
+

α, β > = 0

                                 L L
+

α, β > = 0

And

                         L L
+
= L2L2

z
L

z                                                               
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We get,

        

In addition to a β β
Min

, we get zero

  

And you can apply L
+

 

 

We get

                         β β
Min
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α, β
Min  

>

By n
                         L α, β

                          β = β
Min

 + n

                          β  = n/2

β
n

                                 l = β , m = b

And n
                                 m 

m >.

z m.

m 

z 

Fig.3.1 L is the Total Angular Momentum and Lz is the Projection of Total Angular 
Momentum on the z Axis
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3.2.1 Angular Momentum Operator Algebra

      

Because

by 

       

      

 

     

, because 

          

Â.  Â
at least one degenerate eigenvalue.

2
z

negative, because

2
z

 2   =   †   =  
    

2

 † =   is an eigenvector of 2 

eigenvalue 2 (
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number j 
                                                                             

Fig. 3.2 

           

Since 2
z

And,

Only , 
y 

and 
z
, it is not possible to build an additional 

 2
z

 
y 
and 

z
2 is compatible 

y 
and 

z
, but 

y 
and 

z
, are reciprocally incompatible, we 

 2 to be degenerate.

2
z

2 2
z
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                         j m j                             

+
  and 

m 

  = (Ĵ
+

 †.  

                

              

                            

                            

                     

j m 

j m j + 1
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 to be a null vector, 

                 
+

                           
+

                  

                           

                          
±

 = 0 

± ±
 = 0 and 

using we obtain

2
z
 associated 

2 2, respectively.

+
2

z
2 2, respectively.

2.
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 is an eigenvector of 2

2

 is an eigenvector of 
z
 If we multiply from 

z
 we obtain

 is an eigenvector of 
z

2

 

+

of 
± ±

n

n   is an eigenvector of 2
z
 

2 2, respectively.

+
n  is an eigenvector of 2

z
 

2 2, respectively.

+
n 2

2 

 we obtain,
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±
n   

z

2
z

2
z

2
z
} is 

2
z

2
z
 

2

eigenvalues of 2
z

 We do not 

+
p (

 2
z

2

+
p  

2
z

2



Angular Momentum and 
Spin

NOTES

 Self - Learning 
94 Material

2
z z

 
proportional to 

           

+
p ( we can calculate 

and (
 eigenvector of 

z

An analogous argument yields to (
+

p+1
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3.3 ORBITAL ANGULAR MOMENTUM AND 
THE SPHERICAL HARMONICS

Angular Momentum’ is 

L= r × p

represented by 
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. 

atom problem.

result.

group or a non-Abelian group.

                      

2
z   
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So,  

 

     

     

 

 

We get,      

Also,     

              

       

 and 
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. 

  and  in 

ψ.

                

Similarly, for 
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So, 

Putting m=l in , 

     

        

orbital angular momentum operators 

 

       

       

so on.
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.

3.4 ANGULAR MOMENTUM AND 
ROTATION OPERATOR

L×L=i L L does not 

Also, 
eigenfunction of and any component of L.

Angular momentum operators depend only on angular coordinates so 

rotation. Let ψ, 
ψ will become ψ, i.e. 

 ( s i n c e 

  represents rotation of coordinate system. 
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Since, 

                                                    

.

                                                 

   

RO 2

−
⎛ ⎞
⎜ ⎟⎝ ⎠

zièL
h
ðe
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Angular Momentum

Suppose, for an arbitrary operator, 
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fundamental levels respectively.

 

( ) 1
100

2

 −ψ r and ( ) 1
100

2

 ψ r

gn = 8.
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3.5 ELECTRON SPIN AND SPIN 1/2
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3.5.1 Pauli Matrices
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Two Nucleon System

7
�������!����
�����
�����!���$�����$���!���������������������
�"������

.��
�����!������������0�������
"���'������
���
����������'
�������!



NOTES

Angular Momentum and
Spin

Self - Learning
Material 119

���
�������������
����"����
��������
���!���"���
�����$���!������$������

�������
�������
����������������������������
������������������
�"�
������

#����������'��������
������������������
���"�!���������+���!����
����"��������

��"�������������������
�����
���
���
����������!�������'�
���������!�$"���!"���

����������������������
��������������
����	�����"�������'
�'�
���������������

���������"������#������
����������������
�����������������������$��!���
�$�!

����������'������'��������>4?����������!����������
"�������!���
�$�����

���
��������������������������#������
�����������$����������!��
������'�"����

���������.��
�����!���������<���������������'
�$�������������"���!�������

��!���������������'
��
�������!�����
������(��'
����'���������
��#��
���
�����

�
�����������������'
�"����!��''
������������������������,�3�
��"�����������

�+
���������
�����������������������������
�������
����!�����������������

���������
������������'
�'�
���������������������!����
������������
"�������

���'
�!���������
��
���
����������
����"�$�!"��"����$"�����������������

��������
������������
!�
���'
����!�������!�����������������������
���
���

��
��"������������������'��������������!����
������$�������������
���������

�������!��������������������������

#���!���
���'
�'�
��������
���'
������!����'
����'
��������
���

����$����!��!���������$������������������"����������������
��
�$����!��!

��
�������"�$�!"��"�������,

#���!���
��,

7
�'�
���,

4�������� 1 proton 1 neutron
-��� 2.014732 u
/��!�������
�" 2.224589 +/- 0.000002 MeV
'�����
�������� 1 (h-bar)
-������������ 0.85741 +/- 0.00002 nuclear magnetons
@���
���.��!
�'�������� +2.88 x 10-3 barn
A-����'�
���� 4.2 fm



Angular Momentum and
Spin

NOTES

Self - Learning
120 Material

#����$��������
��������������������������"�����������
�����

'������'�����������������+��'���������������������"����&T = 0)��
����
�'��
&T = 1)�

����'���
�'�� �����������������������������'���������

&���$���������'�
��������
�����'������") &���$������������'�
�����

��
�����'������")

T = 1  T = 0

T3 = 1 (pp)

T3 = 0 (pn + np) T3 = 0 (pn - np)

T3 = -1 (nn)

�����������

=�
�����
�!��

����!��������'
�������!����$�����

��������������

���
������!����
��'���������
����!����!�$"�����

��������
�������!�������

�������
�'��$����������������������
��������������������������������

'���������������������������!�������'�
����������+���������!�������������

�
����''���!����������
�$����,



NOTES

Angular Momentum and
Spin

Self - Learning
Material 121

Check Your Progress
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J�K The quantum-mechanical spin operators can be represented as simple 2 × 2
matrices. These matrices are called the Pauli matrices.

11. Spin field may refer to: Spinor field, assignment of a spinor to every point in
space, used in quantum mechanics and quantum field theory. A kind of
Torsion field, used in pseudophysics. In differential geometry, given a spin
structure on an n-dimensional orientable Riemannian manifold (M , g), a
section of the spinor bundle S is called a spinor fieldK��������	�
�������
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3.10 SELF-ASSESMENT QUESTIONS AND
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4.0 INTRODUCTION

In mathematics and physics, scattering theory is a framework for studying and
understanding the scattering of waves and particles. In physics, the cross section
is a measure of the probability that a specific process will take place when some
kind of radiant excitation intersects a localized phenomenon.�Standing wave, also
called stationary wave, combination of two waves moving in opposite directions,
each having the same amplitude and frequency.�A wave packet refers to the case
where two (or more) waves exist simultaneously.�The centre of mass is a position
defined relative to an object or system of objects.

They are the systems that have a central potential, i.e., a potential energy
that depends only on the distance r from the origin: V (r) = V (r).�Partial-wave
analysis, in the context of quantum mechanics, refers to a technique for solving
scattering problems by decomposing each wave into its constituent angular-
momentum components and solving using boundary conditions. With the method
of partial waves the scattering amplitudes are then obtained from the phase shifts
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for spherically symmetric potentials.�The impact parameter perpendicular distance
from the original centre of a set of scattering particles to the original line of motion
of a particle being scattered.

Elastic scattering of a particle by an atomic nucleus at an energy of the
incident particle for which the scattering cross-section is large compared with that
for adjacent values of the energy; also called resonant scattering.�The finite potential
well (also known as the finite square well) is a concept from quantum mechanics.
It is an extension of the infinite potential well, in which a particle is confined to a
‘Box’, but one which has finite potential ‘Walls’.�Metastable state, in physics and
chemistry, particular excited state of an atom, nucleus, or other system that has a
longer lifetime than the ordinary excited states and that generally has a shorter
lifetime than the lowest, often stable, energy state, called the ground state.

Generally in scattering theory and in particular in quantum mechanics, the
Born approximation consists of taking the incident field in place of the total field as
the driving field at each point in the scatterer.�Effective range may describe a
distance between two points where one point is subject to an energy release at the
other point.�The Bethe formula or Bethe-Bloch formula describes the mean energy
loss per distance travelled of swift charged particles (protons, alpha particles,
atomic ions) traversing matter (or alternatively the stopping power of the material).

In this unit, you will study about the scattering theory, cross section, stationary
wave, wave packet, laboratory system and centre of mass, scattering by central
potential, partial wave analysis and phase shift method, impact parameter, relation
between phase shift and logarithmic derivatives, behaviour of phase shift at low
energies scattering by hard sphere, scattering resonance, scattering by deep square
well, metastable state, integral representation of phase shift, dependence upon
potential, sign of phase shift, Born approximation, effective range theory, Bethe
formula.

4.1 OBJECTIVES

After going through this unit, you will be able to:

� Explain the scattering theory

� Describe the laboratory system and centre of mass

� Discuss the scattering by central potential

� Explain the partial wave analysis and phase shift method

� Explain the impact parameter

� Describe the relation between phase shift and logarithmic derivatives

� Discuss the behaviour of phase shift at low energies scattering by hard
sphere

� Elaborate on the scattering resonance and scattering by deep square well

� Analyse the Born approximation

� State the effective range theory and Bethe formula
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4.2 AN INTRODUCTION TO SCATTERING
THEORY

The ‘Scattering Theory’ is significantly used for studying and understanding
the scattering of waves and particles in mathematics and physics. Typically the
wave scattering corresponds to the collision and scattering of a wave with some
material object, for example formation of rainbow is resultant of sunlight scattered by
rain drops. Latest technology of ultrasonic testing is another example of scattering
theory which is used in medical imaging, non-destructive testing of metals and
quantum field theory.

Rayleigh scattering is one commonly known type of scattering which mainly
consists of scattering from atmospheric gases, it occurs when the particles causing
scattering are smaller in size than the radiation wavelengths in contact with them.

Mie scattering, and non-selective scattering are the two other types of wave
scattering. Principally, the Mie scattering is considered to be elastic scattered light
of particles that have a diameter similar to or larger than the wavelength of the
incident light. The Mie signal is proportional to the square of the particle diameter,
where as in case of non-selective scattering also known as Raman scattering, it
occurs in all wavelengths of electromagnetic radiation equally in the atmosphere
and is usually caused by particles which are much larger than the energy wavelengths.

Definitions of Scattering
1. Scattering, in physics, is defined as a change in the direction of motion of a

particle because of a collision with another particle. As defined in physics, a
collision can occur between particles that repel one another, such as two
positive (or negative) ions, and need not involve direct physical contact of
the particles.

2. Scattering occurs when light or other energy waves pass through an
imperfect medium, such as air filled with particles of some sort, and are
deflected from a straight path. The light is deflected off of its straight path
and scatters in many directions.

3. Scattering is a general physical process where some forms of radiation, such
as light, sound, or moving particles, are forced to deviate from a straight
trajectory by one or more paths due to localized non-uniformities in the
medium through which they pass.

4. As per the Encyclopaedia Britannica, the ‘Scattering, in physics, a change
in the direction of motion of a particle because of a collision with another
particle. A collision can occur between particles that repel one another,
such as two positive (or negative) ions, and need not involve direct physical
contact of the particles.

The physicist Ernest Rutherford passed a stream of alpha particles through a thin
sheet of gold foil. The alpha particles were emitted by a radioactive material and
had enough energy to penetrate an atom; although most passed right through the
gold foil, some were deflected in a way that indicated that the scattering was
produced by a Coulomb force. Because the alpha particles are positively charged
and the electrons in the atom are negatively charged, it followed that there must be
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a large positive charge inside the atom to create the Coulomb force by interacting
with the alpha particles. In this way the nucleus of the atom was discovered.

Elastic and Inelastic Scattering

The term ‘Elastic Scattering’ implies that the internal states of the scattering particles
do not change, and hence they emerge unchanged from the scattering process. In
inelastic scattering, by contrast, the particles’ internal state is changed, which may
amount to exciting some of the electrons of a scattering atom, or the complete
annihilation of a scattering particle and the creation of entirely new particles.

When two atoms are scattered off one another, one can understand them
as being the bound state solutions of some differential equation. Thus, for example,
the hydrogen atom corresponds to a solution to the Schrödinger equation with a
negative inverse-power, i.e., attractive Coulombic, central potential. The scattering
of two hydrogen atoms will disturb the state of each atom, resulting in one or both
becoming excited, or even ionized, representing an inelastic scattering process.

4.2.1 Rayleigh Scattering
Rayleigh scattering is named after the nineteenth-century British physicist Lord
Rayleigh (John William Strutt). It is the predominantly elastic scattering of light or
other electromagnetic radiation by particles much smaller than the wavelength of
the radiation. Rayleigh scattering does not change the state of material and is,
hence, a parametric process. The particles may be individual atoms or molecules.
It can occur when light travels through transparent solids and liquids, and is most
prominently seen in gases. Rayleigh scattering results from the electric polarizability
of the particles. The oscillating electric field of a light wave acts on the charges
within a particle, causing them to move at the same frequency. The particle therefore
becomes a small radiating dipole whose radiation we see as scattered light. This
radiation is an integral part of the photon and no excitation or de-excitation occurs.

Rayleigh scattering of sunlight in Earth’s atmosphere causes diffuse sky
radiation, which is the reason for the blue colour of the daytime and twilight sky, as
well as the yellowish to reddish hue of the low Sun.

For wave frequencies that are below the resonance frequency of the
scattering particle (normal dispersion regime), the amount of scattering is inversely
proportional to the fourth power of the wavelength.

Rayleigh scattering of molecular nitrogen and oxygen in the atmosphere
includes elastic scattering as well as the inelastic contribution from rotational Raman
scattering in air, since the changes in wavenumber of the scattered photon are
typically smaller than 50 cm–1. This can lead to changes in the rotational state of
the molecules. Furthermore, the inelastic contribution has the same wavelengths
dependency as the elastic part.

Scattering by particles similar to, or larger than, the wavelength of light is
typically treated by the Mie scattering theory, the discrete dipole approximation
and other computational techniques. Rayleigh scattering applies to particles that
are small with respect to wavelengths of light, and that are optically ‘soft’ (i.e.,
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with a refractive index close to 1).

In 1871, Lord Rayleigh published two papers on the colour and polarization
of skylight to quantify Tyndall’s effect in water droplets in terms of the tiny
particulates’ volumes and refractive indices. In 1881 with the help of James Clerk
Maxwell’s 1865 proof of the electromagnetic nature of light, he exhibited that his
equations followed from electromagnetism.

Small Size Parameter Approximation

The size of a scattering particle is often parameterized by the ratio,

       

Where r is its characteristic length (radius) and � is the wavelength of the
light. The amplitude of light scattered from within any transparent dielectric is
proportional to the inverse square of its wavelength and to the volume of material
that is to the cube of its characteristic length. The wavelength dependence is
characteristic of dipole scattering and the volume dependence will apply to any
scattering mechanism. Objects with x >> 1 act as geometric shapes, scattering
light according to their projected area. At the intermediate x �  1 of Mie scattering,
interference effects develop through phase variations over the object’s surface.
Rayleigh scattering applies to the case when the scattering particle is very small,
i.e., x << 1, with a particle size < 1 /10 wavelength, and the whole surface re-
radiates with the same phase. Because the particles are randomly positioned, the
scattered light arrives at a particular point with a random collection of phases; it
is incoherent and the resulting intensity is just the sum of the squares of the
amplitudes from each particle and therefore proportional to the inverse fourth
power of the wavelength and the sixth power of its size.

In detail, the intensity I of light scattered by any one of the small spheres of
diameter d and refractive index n from a beam of unpolarized light of
wavelength » and intensity I

0
 is given by,

Where R is the distance to the particle and � is the scattering angle. Averaging
this over all angles gives the Rayleigh scattering cross-section,

The fraction of light scattered by a group of scattering particles is the number
of particles per unit volume N times the cross-section. For example, the major
constituent of the atmosphere, nitrogen, has a Rayleigh cross section of 5.1×
10–31 m2 at a wavelength of 532 nm (green light). This means that at atmospheric
pressure, where there are about 2×1025 molecules per cubic meter, about a fraction
10–5 of the light will be scattered for every meter of travel.
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The strong wavelength dependence of the scattering (~�–4) means that
shorter (blue) wavelengths are scattered more strongly than longer (red)
wavelengths.

From Molecules

The above expression can also be written in terms of individual molecules by
expressing the dependence on refractive index in terms of the molecular polarizability
‘�’, proportional to the dipole moment induced by the electric field of the light. In
this case, the Rayleigh scattering intensity for a single particle is given in CGS
units by,

                  

The Rayleigh scattering gives the atmosphere its blue colour as shown in
Figure (4.1).

Fig. 4.1 Blue Light Scattered by the Atmosphere Relative to Red Light

The Rayleigh scattering is mostly seen occurring in nature, and therefore it is
considered to be one of the most commonly observed optical phenomena. Foremost
example for this phenomena is that the sky looks blue because of the intensity of
light scattered by a molecule is inversely proportional to the fourth power of the
wavelength of the incident light, which means that 10 times more blue light than
red light gets scattered from a molecule. As such, sunlight incident on gas molecules
in the air gets scattered as blue light in every direction, and the sky looks blue.
Therefore, the Rayleigh scattering is the elastic scattering of light by particles which
are much smaller than the wavelength of the light.

Figure (4.1) illustrates the greater proportion of blue light scattered by the
atmosphere relative to red light. This phenomena occurs when radiation or beam
of light interacts with molecules and particles in the atmosphere which happen to
be smaller in diameter than the wavelength of the incoming radiation. Shorter
wavelengths are more quickly and promptly scattered than the longer wavelengths.
Light at shorter wavelengths (blue and violet) are scattered by small particles that
include NO

2
 and O

2
. Since blue light is at the short wavelength end of the visible
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spectrum, it is more strongly scattered in the atmosphere than longer wavelength
red light. This results in the blue colour of the sky. Rayleigh scatter is also responsible
for haze in the photographic images. In aerial photography special filters are used
to filter out the scatter blue light to reduce haze. In digital images there are different
techniques used to minimize the impacts of Rayleigh scatter.

Effect of Fluctuations

When the dielectric constant —— of a certain region of volume V is different from the
average dielectric constant of the medium , then any incident light will be scattered
according to the following equation,

  

Where represents the variance of the fluctuation in the dielectric constant ——.

Rayleigh Scattering Theory
Rayleigh scattering theory refers to the scattering of light off of the molecules of the
air, and can be extended to scattering from particles up to about a tenth of the
wavelength of the light. It is Rayleigh scattering off the molecules of the air which
gives us the blue sky. Lord Rayleigh calculated the scattered intensity from dipole
scatterers much smaller than the wavelength to be:

Fig. 4.2 Rayleigh Scattering Theory

Figure (4.2) illustrates Rayleigh scattering theory considering an air molecule. The
Rayleigh scattering can be considered to be elastic scattering since the photon
energies of the scattered photons is not changed. Scattering in which the scattered
photons have either a higher or lower photon energy is called Raman scattering.
Usually this kind of scattering involves exciting some vibrational mode of the
molecules, giving a lower scattered photon energy, or scattering off an excited
vibrational state of a molecule which adds its vibrational energy to the incident
photon.

Advantages of Rayleigh Scattering

� It is an easy technique.

� Arbitrary laser wavelength can be used, but shorter wavelengths leads to
stronger signal (the ��4-dependence).

� Signal is proportional to number concentration � N and/or 1/T.
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� Signal is proportional to laser pulse energy, i.e., no quenching or saturation
effects.

Limitations of Rayleigh Scattering

� The technique is not species selective, since all atoms/molecules/particles
scatter at the same wavelength.

� For accurate thermometry, the Rayleigh cross-sections for individual species
must be taken into account, since the mole fraction distribution must be
known in every point.

� It is an incoherent technique.

� Stray light from particles, optics and surfaces can interfere with the Rayleigh
signal.

4.2.2 Raman Scattering
Raman scattering or the Raman effect is the inelastic scattering of a photon by
molecules which are excited to higher energy levels. The effect was discovered in
1928 by C. V. Raman and hence named as Raman scattering or the Raman effect.

When photons are scattered by a material, most of them are elastically
scattered (Rayleigh scattering), such that the scattered photons have the same
energy (frequency and wavelength) as the incident photons but different direction.
However, a small fraction of the scattered photons (approximately 1 in 10 million)
are scattered in-elastically, with the scattered photons having an energy different
from, and usually lower than, those of the incident photons—these are Raman
scattered photons. Because of conservation of energy, the material either gains or
loses energy in the process. Typically this is vibrational energy and the incident
photons are of visible light, although rotational energy (if gas samples are used)
and electronic energy levels (if an X-ray source is used) may also be investigated.
The Raman effect forms the basis for Raman spectroscopy which is used by
chemists and physicists to gain information about materials.

It is also possible to observe molecular vibrations by an inelastic scattering
process. In the inelastic (Raman) scattering, an absorbed photon is re-emitted
with lower energy; the difference in energy between the incident photons and
scattered photons corresponds to the energy required to excite a molecule to a
higher vibrational mode.

Typically, in Raman spectroscopy high intensity laser radiation with
wavelengths in either the visible or near-infrared regions of the spectrum is passed
through a sample. Photons from the laser beam produce an oscillating polarization
in the molecules, exciting them to a virtual energy state. The oscillating polarization
of the molecule can couple with other possible polarizations of the molecule,
including vibrational and electronic excitations. If the polarization in the molecule
does not couple to these other possible polarizations, then it will not change the
vibrational state that the molecule started in and the scattered photon will have the
same energy as the original photon. This type of scattering is known as Rayleigh
scattering.
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When the polarization in the molecules couples to a vibrational state that is
higher in energy than the state they started in, then the original photon and the
scattered photon differ in energy by the amount required to vibrationally excite the
molecule. In perturbation theory, the Raman effect corresponds to the absorption
and subsequent emission of a photon via an intermediate quantum state of a material.
The intermediate state can be either a ‘Real’, i.e., stationary state, or a virtual
state.

Stokes and Anti-Stokes

The Raman interaction leads to following two possible outcomes:

1. The material absorbs energy and the emitted photon has a lower energy
than the incident photon. This outcome is labeled Stokes Raman scattering
in honour of George Stokes who showed in 1852 that fluorescence is due
to light emission at longer wavelength, now known to correspond to lower
energy, than the absorbed incident light.

2. The material loses energy and the emitted photon has a higher energy than
the absorbed photon. This outcome is labeled anti-Stokes Raman scattering.

The energy difference between the absorbed and emitted photon corresponds to
the energy difference between two resonant states of the material and is independent
of the absolute energy of the photon.

The spectrum of the scattered photons is termed the Raman spectrum. It
shows the intensity of the scattered light as a function of its frequency difference
”½ to the incident photons. The locations of corresponding Stokes and anti-Stokes
peaks form a symmetric pattern around �v = 0.

The frequency shifts are symmetric because they correspond to the energy
difference between the same upper and lower resonant states. The intensities of
the pairs of features will typically differ, though. They depend on the populations
of the initial states of the material, which in turn depend on the temperature. In
thermodynamic equilibrium, the lower state will be more populated than the upper
state. Therefore, the rate of transitions from the more populated lower state to the
upper state, the ‘Stokes Transitions’ will be higher than in the opposite direction,
the ‘Anti-Stokes Transitions’. Correspondingly, Stokes scattering peaks are
stronger than anti-Stokes scattering peaks. Their ratio depends on the temperature,
and can therefore be exploited to measure it.

Raman Spectroscopy

Raman spectroscopy is named after Indian physicist Sir C. V. Raman. It is a
spectroscopic technique used to observe vibrational, rotational, and other low-
frequency modes in a system. Raman spectroscopy is commonly used in chemistry
to provide a structural fingerprint by which molecules can be identified.
Figure 4.3 illustrates the Energy-level diagram showing the states involved in Raman
spectra.
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Fig. 4.3 Energy-Level Diagram Showing the States Involved in Raman Spectra

Raman spectroscopy relies on inelastic scattering, or Raman scattering, of
monochromatic light, usually from a laser in the visible, near infrared, or near
ultraviolet range. The laser light interacts with molecular vibrations, phonons or
other excitations in the system, resulting in the energy of the laser photons being
shifted up or down. The shift in energy gives information about the vibrational
modes in the system. Infrared spectroscopy yields similar, but complementary,
information.

Distinction from Fluorescence

The Raman effect differs from the process of fluorescence in that it is a scattering
process. For fluorescence, the incident light is completely absorbed, transferring
the system to an excited state. After a certain resonance lifetime, the system de-
excites to lower energy states via emission of photons. The result of both processes
is in essence the same.

A photon with a frequency different from that of the incident photon is
produced and the molecule is brought to a higher or lower energy level. But the
major difference is that the Raman effect can take place for any frequency of
incident light. In contrast to the fluorescence effect, the Raman effect is therefore
not a resonant effect. In practice, this means that a fluorescence peak is anchored
at a specific frequency, whereas a Raman peak maintains a constant separation
from the excitation frequency.

Selection Rules

A Raman transition from one state to another is allowed only if the molecular
polarizability of those states is different. For a vibration, this means that the derivative
of the polarizability with respect to the normal coordinate associated to the vibration
is non-zero:

   

In general, a normal mode is Raman active if it transforms with the same

symmetry of the quadratic forms,  which can be verified

from the character table of the molecule’s symmetry group.
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The specific selection rules state that the allowed rotational transitions are

, where ‘J’ is the rotational state.

The allowed vibrational transitions are , where ‘u’ is the vibrational

state.

Advantages of Raman Effect

� Organic and inorganic materials are suitable for Raman analysis. These can
be solids, liquids, polymers or vapours.

� No sample preparation is required.

� It is not interfered by water.

� It is a non-destructive application.

� It is highly specific like a chemical fingerprint of a material.

� Raman spectra are acquired quickly within seconds.

� Samples can be analyzed through glass or a polymer packaging.

� Laser light and Raman scattered light can be transmitted by optical fibers
over long distances for remote analysis.

� In Raman spectroscopy, the region from 4000 cm-1 to 50 cm-1 can be covered
by a single recording.

� Raman spectra can be collected from a very small volume (< 1 ¼m in
diameter).

� Inorganic materials are easily analysable with Raman spectroscopy.

Disadvantages of Raman Effect

� This cannot be used for metals or alloys.

� Raman effect is very weak. The detection needs a sensitive and highly
optimized instrumentation.

� Fluorescence of impurities or of the sample itself can hide the Raman
spectrum. Some compounds fluoresce when irradiated by the laser beam.

� Sample heating through the intense laser radiation can destroy the sample
or cover the Raman spectrum.

4.3 DEFINITION AND CALCULATION OF
CROSS SECTION

Let us consider a beam of particles having a mass m and it is travelling along the z
direction with velocity v. A target has a potential V centred at the origin. The
travelling beam experience a force only when they are in the range of potential V.
When the beam of particles interact with the scattering potential, the incident beam
of particles get scattered in all the directions. After leaving the target again they
travel in a straight line. The angle is measured between incident and the scattered
lines and it is known as scattering angle � (Refer Figure 4.4).



Scattering Theory

NOTES

Self - Learning
138 Material

 Fig. 4.4 Incident and the Scattered Lines Scattering Angle è

Let N number particles is crossing unit area normal to the beam in unit time.
In that, n is the number of particles scattered into the solid angle d�  in the direction

( ,� � ). Experimental results on scattering are expressed in terms of differential

cross section. Let, ( , )� � �  represents the differential scattering cross section and
it is defined as

/
( , )

n d
N

� � �
�

� …(4.1)

The numerator term in the Equation (4.1) gives the number of particles
scattered per unit solid angle.

The solid angle is defined using spherical coordinate.
2

2

sin
sin

r d dd d d
r
� � �

� � �� � � … (4.2)

The total cross section can be found by integrating the differential cross
section.

( , )d� � � �� �	
2

0 0

sin ( , )d d

 


� � � � � � �� 	 	 … (4.3)

Here �  is the total cross section.
Total cross section and the differential cross section have the dimension of

area. If the potential is spherically symmetric, then differential cross section is

independent of� . The total cross section becomes

0

2 ( )sin d



� 
 � � � �� 	                                                    … (4.4)

The Equation (4.4) shows that, when the targets potential is spherically
symmetric, the cross section depends only on scattering angle. The scattering
cross section gives the idea of the nature of target. It is not equal to the exact
spatial area of the target. Usually, cross sections are measured in barns,

where 24 21 barn 10  cm�� .
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4.4 LABORATORY AND CENTRE OF MASS
SYSTEM

Experimental observations are done using laboratory coordinate system. But centre
of mass coordinate system reduces the two body problem into one body problem.
In these way degrees of freedom reduces by half. Thus centre of mass coordinate
system is more convenient for the calculation of scattering problem. In the laboratory
coordinate system scattering centre is initially at rest. In the centre of mass coordinate
system, the two interacting particles are always at rest. So the coordinate systems
move relative to each other and its velocity is equal to the velocity of centre of
mass in the laboratory coordinate system. Hence the total momentum is always
zero.

Let us consider a particle of mass m is moving in the positive z direction with
the velocity Lv  and it is colliding with another particle of mass M at rest at the
origin. After the collision, incident particle gets scattered in the direction( , )L L� � .

Fig. 4.5 Centre of Mass Before and After Collision

The velocity of the centre of mass is given by

         .
L

C M
mvv

m M
�

�
                                                                      … (4.5)

When the observer is at centre of mass, he sees the particle M approaching

him from right with the velocity Lmv
m M

�
�

 and the particle m approaching him

from left with velocity

               .C L C Mv v v� �

           L
C L

mvv v
m M

� �
�

L
C

Mvv
m M

�
�

                                                             … (4.6)

To keep the centre of mass at rest, the two particles must be scatter in
opposite direction just after the collision in opposite directions. The speed of the
particles must be unchanged.
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                   Fig. 4.6 Two Particles Scattered in Opposite Direction

From the above Figure 4.6, the two systems move relative to one another

with .C Mv

.' cos cosL L C C C Mv v v� �� �

' sin sinL L C Cv v� ��

L C� �� … (4.7)

And it follows that

.

sin
tan

cos ( / )
C

L
C C M Cv v

�
�

�
�

�

sin
tan

cos
C

L
C

�
�

� �
�

�  … (4.8)

Here, /m M� � . If M is infinitely large in comparison with m, then L C� ��

In this condition, the scatterer behaves like a fixed one.

Let ( , )C C C� � � and ( , )L L L� � � are the differential cross sections in centre

off mass and the laboratory systems respectively. The relations can be obtained
by imposing the condition that the number of particles scattered into the given
solid angle must be the same in both the systems.

( , ) ( , )C C C C L L L LN d N d� � � � � �	 � 	 … (4.9)

By substituting for solid angle we get,

( , )sin ( , )sinC C C C C C L L L L L Ld d d d� � � � � � � � � � � �� … (4.10)

From Equation (4.7) and Equation (4.8),

22

2 2

sinsin

cos (cos )
CL

L C

��
� � �

�
�

By simplifying we get,
2 2

2 2

sin (cos )1

cos (cos )
C C

L C

� � �
� � �

� �
�

�
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2

2 2

1 2 cos1

cos (cos )
C

L C

� � �
� � �

� �
�

�


 �1/22

cos
cos

1 2 cos

C
L

c

� �
�

� � �

�
�

� �

By differentiating, we get


 �3/22

cos
sin sin

1 2 cos

C
L L C C

C

d d
� �

� � � �
� � �

�
�

� �


 �3/221 2 cos
( , ) ( , )

1 cos
C

L L L C C C
C

� � �
� � � � � �

� �

� �
� �

�
… (4.11)

The Equation (4.11) gives the relation between differential scattering cross
section of centre of mass and the laboratory system.

If M m , 0� �

( , ) ( , )L L L C C C� � � � � ��

If M m� , 1� �

From Equation (4.7), / 2L C� �� ,

( , ) 4 (2 , ) cosL L L C C C L� � � � � � �� .

4.5 SCATTERING BY A CENTRAL POTENTIAL

The method of partial wave is best for the analysis of elastic scattering. The
Schrodinger equation which represents the scattering is given by

2
2 ( )

2
V r E� � �

�
� � � �
�

… (4.12)

Solution of the Schrodinger equation will have radial and angular part. Central

potential is a symmetric one. So, angular part must be independent of� , as the
incident wave is along the z-axis. By variable separable method, the solution of the
equation (4.12) is

( , ) ( ) (cos )l lr R r P� � �� ,     where, 0,1,2,....l � … (4.13)

Here, ( )lR r  is the radial part and it satisfies the radial equation

2
2 2 2 2

1 2 2 ( 1)
0l

l
dRd E V l lr R

r dr dr r
� � �� � � �� � � �� � � �� �� � � � … (4.14)

When the wave is far away from the central potential, the equation reduces
to the free particle equation.

2
2

2 2

2 ( 1)
0l l

l
d R dR l lk R
dr r dr r

�� � � �� � � �� � � �� �� �
… (4.15)
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Where, 
2

2

2 Ek �
�
� … (4.16)

The differential equation (4.15) has two independent solutions. One

is ( )lj kr , is spherical Bessel function and another one is ( )ln kr , is spherical

Neumann function.
So, the general solution to the equation (4.15) is given by

' '( ) ( ) ( )l l lR kr A j kr B n kr� � … (4.17)

Here 'A  and 'B  are constants. When the wave is far away from the
central potential ( r �� ), asymptotically, the radial part of the free particle
wave equation is given by

' '
( ) sin cos

2 2l
A l B lR kr kr kr
kr kr

  � � � �� � � �� � � �
� � � �

… (4.18)

Now the wave enters the potential region where ( ) 0V r ! . The value of

ratio of the constants 
'

'

B
A

must be determined using equation (4.14) by applying

the boundary conditions. Then the value is matched with the asymptotic
solution, equation (4.18). We can write,

' cosl lA A "�  and ' sinl lB A "� , where  and l lA "  are constants.

Now we can write the asymptotic solution of equation (4.14) as

'
( ) sin ,    0,1, 2,...

2l l
A lR kr kr l
kr

 
"� �� � � �� �

� �
… (4.19)

Here, lA  is the asymptotic amplitude and l"  is called phase shift. It is

measures the phase shift of the radial function for angular momentum quantum

number l  for the case between ( ) 0V r !  and ( ) 0V r � . From the equation

(4.13), the general asymptotic solution is given by

0

( , ) sin (cos )
2

l
l l

l

A lr kr P
kr

 
� � " �

�

�

� �� � �� �
� �

# … (4.20)

We know that, when particle is far away from the central potential its
asymptotic solution can be found using Schrödinger equation (4.12) and that is
given by

( , ) ( )
ikr

ikz er e f
r

� � �� � … (4.21)

The two asymptotic solutions, equation (4.20) and (4.21) are equal.

0

( ) sin (cos )
2

ikr
ikz l

l l
l

Ae le f kr P
r kr

 
� " �

�

�

� �� � � �� �
� �

# … (4.22)

Replacing the ikze , we get

0 0

(2 1)
sin (cos ) ( ) sin (cos )

2 2

l ikr
l

l l l
l l

Al i l e lkr P f kr P
kr r kr

  � � " �
� �

� �

� � � � �� � � � �� � � �
� � � �

# #
… (4.23)
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By rewriting the sin function in terms of exponential form and comparing
the coefficient of exponential terms we get,

2/2
/2

0 0

(2 1) ( ) (2 1)
(cos ) (cos )

2 2

lil il l
il

l l
l l

l i e f l i eP e P
ikr r ikr

" 
 �

� �
�� �

�

� �

� �
� �# #

… (4.24)

$ %/2

0

1
( ) (2 1) exp(2 ) 1 (cos )

2
l il

l l
l

f l i e i P
ik

 � " �
�

�

�

� � �# … (4.25)

We know that, 2

il
li e

 

�

And, exp(2 ) 1 exp( )[exp( ) exp( )]l l l li i i i" " " "� � � �

exp(2 ) 1 2 exp( )sinl l li i i" " "� � … (4.26)

Thus equation (4.25) can be written as

0

1
( ) (2 1) exp( ) (cos )sinl l l

l
f l i P

k
� " � "

�

�

� �# … (4.27)

Here equation (4.27) represents the result of partial wave analysis. The
wave equation contains an exponential term which allows us to do the physical
interpretations. The scattering potential shift the phase of scattered waves
relative to the incident waves.

The differential cross section is given by, 
2

( ) ( )f� � ��

From equation (4.27) we get
2

2
0

1
( ) (2 1)exp( ) (cos )sinl l l

l
l i P

k
� � " � "

�

�

� �# … (4.28)

By using orthogonal property of Legendre polynomial we can find total
cross-section.

0

( )d
 

� � �� 	&

0

( )(2 sin )d
 

� � �  � �� &
2

2
0

4
(2 1)sin l

l
l

k
 

� "
�

�

� �# … (4.29)

The differential cross section (Equation (4.28)) and total cross section

(Equation (4.29)) depends on phase shift l"  of the partial wave.

4.6 PARTIAL WAVE ANALYSIS AND PHASE
SHIFT METHOD

In scattering experiment the detector is far away from the target. The intensity of

scattered wave depends only on � and �  in spherical coordinate, the spherically

diverging scattered wave amplitude is denoted by ( )f �  and it is called as scattering
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amplitude. Scattering amplitude depends on. This can be found using partial wave
analysis.

We know that the plane wave can be rewritten by expanding as a linear
combination of spherical waves as

            
0

(2 1) ( ) (cos )ikz l
l l

l

e i l j kr P
0

lj1) l
l 0

li l(2l )                 … (4.30)

Here,  are the Legendre polynomials and is the spherical Bessel function.
So each term in the Equation (4.30), that is and  represents the spherical waves.
Thus, the plane wave is equivalent to the linear combination of infinite number of
spherical waves. The each individual waves are known as partial waves.

Here,  and when, it is called s-wave,  is known as p-wave and  gives the d-
wave and so on. Asymptotically we can write the spherical Bessel function as

1
( ) sin( )

2l
lj kr kr

kr
1

sin( )
2

l
sin(

1

k
)

l
)

l
                                … (4.31)

We can write the sin function in terms of exponentials.

1
( ) exp( ) exp(

2 2 2l
l lj kr ikr i ikr i

ikr
l11

2ik
(

l
exp( ikr i) exp(exp( ikr i) exp(

2 22 2
exp( ) exp(

2 2
ikr i) exp(

l l
) (

l lik i) ( ikr i) exp(               … (4.32)

Then substitute spherical Bessel function into the Equation (4.30), we get

0

(2 1) 1
(cos ) exp( ) exp(

2 2 2

l
ikz

l
l

i l l le P ikr i ikr i
ik r0

1) l1
(coslPPlik
(l

1)P (
lk l

exp( ikr i) exp(exp( ikr i) exp(
2 22 2

exp( ) exp(
2 2

) p( ikr i) exp(
2l i

i (2li
0

(

2

i (2

i
i l ll lik i) (

l
) ( ikr i) exp(

1
)

1
)   … (4.33)

The Equation (4.33) shows that every partial wave can be represented as
sum of incoming and a scattered spherical wave. The second exponential term
indicates the incoming wave and the outgoing wave is indicated by the first
exponential term in the bracket.

0

1
(cos ) exp( ) exp(

2 2
ikz

l l
l

l le A P ikr i ikr i
r0

l
(cos (

lk l
exp( ikr i) exp(exp( ikr i) exp(

2 22 2
exp( ) exp(

2 2
ikr i) exp(

l 0

(l lA Pl ll
l ll lik i) (
l ikr i) exp(

1
)
1

   … (4.34)

Where, 
(2 1)

2

l

l
l iA

ik
) li1)(2

2

Momentums of the incoming and outgoing partial wave are conserved (equal)
and the wavelength of the oscillation does not change in this process. So we can
multiply the amplitude of each outgoing partial waves in the Equation (4.34) by a
complex number, that is. Here  represents the phase shift of the outgoing wave and
it is depends only on. So, the scattered wave is shifted by an amount of  when
compared it to the incident wave.

4.7 IMPACT PARAMETER

According to the classical scattering theory, let us say particle incident on some
scattering centre (we can say target), it comes with some enrgy E and it will get
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deviated. We can assume that the target is heavy and recoil of target substance is
negligible.

                       Fig. 4.7 Tanget to the Trajectory of Scattered Particle
In the  Figure 4.7 we have a target and particle’s trajectory is shown. When

we draw a tanget to the trajectory of scattered particle, it will cut the horizontal
line and makes an angle . This angle is known as scattering angle. The distance
between two horizontal line (as shown in the figure, one line is going through the
centre of the target) is called impact parameter. The particles which are moving in
this regoin will only get scattered. The particle’s which are moving above this
region will not get deviated. The imapact parameter is denoted by . In general, the
scattering angle increases when impact parameter decreases.

Let us find the relation between scattering angle and the impact parameter.

®

Fig. 4.8 Incident within the Small Patch of Cross Sectional Area

In the above Figure 4.8, let us say particles incident within the small patch of
cross sectional area (Refer Figure 4.8) will scatter into the small angle  and we call
it as a solid angle. Obviously larger  will lead to the greater in the. So we can write

       d d�d d
So here we can define a proportionality factor,

          ( )d D dd ( )D d( ) … (4.35)

By referring to the above Figure 4.8 we can write cross sectional area and
solid angle using spherical coordinate as

           d bdbdd bdbdbdb                                                                   … (4.36)

And,   sind d dssin d d … (4.37)

By substituting Equations (4.36) and (4.37) in Equation (4.35), we get

     ( ) sinbdbd D d d)s d d)sind (D(
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         ( ) sinbdb D d(D( )s d)sin((

  ( )
sin

b dbD
d

(
i

bD( )
d  … (4.38)

Equation (4.38) gives the relation between impact parameter and the
scattering angle. Here angle  is decreasing function of. So its derivative will have a
negative sign, hence the absolute value sign is used.

4.8 RELATION BETWEEN PHASE SHIFT AND
LOGARITHMIC DERIVATIVE

Radial wave equation is given by 
2

2
2 2

2 ( 1)
[ ] 0l l

l
d R dR l lk R
dr r dr r

1)
2[ ] 02

l
l

dR l22 (
[l ]]2

2

(l2 (2 (

d
[

1)1)
]

1)

We can write above equation for r RR

2
2

( 1)
'' 2 ( ) 0l l

l lk mV r
r

(l( 1)
0

r 2r
''l 02 (

2 ( )
l(k (

1)
2 )k ((2 (
2 ( )k ((

)
2

2 ( ) lk (( , l lrRlrRl r         … (4.39)

The wave function and its derivative on the sphere  are continuous. Hence,
we can write the equation for wave function continuity as

       
(1)1

( , ) ( ) ( )
2l l l lR k R j kR h kR1

2lj ( )(
1

2l
(1

l l
(1

l l  … (4.40)

By deriving the wave at ,

      
(1)( , ) 1

' ( ) '( )
2

l
l l l

r R

dR k r k j kR h kR
dr R

1)1
'( )'(1)k 1j ' ( )

1
)( )'(1)j ( )j ' ( )

2
)

2
(

2lj kR( )
2l

(1(1(1
l ll l    … (4.41)

Prime notation in the Equation (4.41) denotes the derivative with respect to
the argument of the function.

Divide Equation (4.41) by Equation (4.40) we get,

    

(1)

(1)

1( , ) ' ( ) '( )
2

1( , ) ( ) ( )
2

l
l l l

l
l l l

r R

dR k r k j x h x
dr

R k R j x h x
R

)1
'( )j ' ( ) '()11

)j ( ) () ( )'()j ' ( )
2

)
2l (j x( )l 22

1

2

11

2

(1(1(1
l ll l

(1
l lh (1(1
l l

,   x kRkR … (4.42)

By considering logdr rd rrd l
We can rewrite the above Equation (4.42) as

         

(1)

(1)

1
' ( ) '( )

log ( , ) 2
1log ( ) ( )
2

l l l
l

l
r R

l l l

x j x h x
d R k rL

d r j x h xR

)1
'( )j '()' ( )

11
)(j ( ) )'()j ' ( )

2
)

2l (j ( )l 22log ( , )ld log ( ,

d log 1

2

11

2

(1(1(1
l ll l

(1
l lh (1(1
l l

… (4.43)

Here is the logarithmic derivative. Rewrite the above Equation (4.43) in
terms ofby considering
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                  2 1li
l e2 1ie li
l … (4.44)

                    

(1)

(1)

1
' ( ) '( )

2
1

( ) ( )
2

l l l

l

l l l

xj x x h x
L

j x h x

)1
( )j ' ( ) '()11xj ( ) )( )'()xj ' ( )

2
)

2lxj x x h x( ) ()l 22

2

111

2

(1(1(1
l ll l

l l
(1h (1(1

l l

    … (4.45)

(1) (1)1 1
( ) ' ( ) '( ) ( )

2 2l l l l l l l lL j x xj x x h x L h x
2l
1j ' ( )
1

2l
(1

l l l
(1

l l l2l l 2
(1) 1

'( )(1) 1
l l ( )( )

2

By solving for  we get

                                                                             … (4.46)

Hence, the Equation (4.46) shows the relation between phase shift and the
logarithmic derivative. If logarithmic derivative is known, we can find the phase
shift using the Equation (4.46).

4.8.1 Behaviour of Phase Shift at Low Energy
Scattering By Hard Sphere

Consider a wave is scattering by a hard sphere of radius.

The potential is given by  at r aa , and 0  at r aa .

When potential is infinity, the wave function will be zero.

At r aa , ( , ) 0a 0( , ) 0 … (4.47)

The wave function from the partial wave analysis is given by

1 (1)

0

( , ) (2 1) ( ) (cos )ikz l
l l l

l

r A e k i l a h kr P
0l 0

( ) (cos )l l l( )( )( )(1) ( ) (cos )( )( )(1)) l2 1)1)2 1)1)( , ), ) A e kike kikze (i (2(22lil 11(2 … (4.48)

The wave function in the exterior region (that is, r aa ) is

(1)

0

( , ) (2 1)[ ( ) ( )] (cos )l
l l l l

l

r A i l j kr ika h kr P
l 0l 0

(cos )l l l( )]( )]( )
l l l

(1) ( )] (cos )( )]( )](1)
l lj1)[ ( )( )l l1)[ ( )( )( , ), ) (2(2l (2(2

So, (1)

0

( , ) (2 1)[ ( ) ( )] (cos ) 0l
l l l l

l

r i l j kr ika h kr P 00
l 0

0
l 0

(cos )l l l lj1)[ ( ) ( )]( ) ( )]( )
l l l l

(1) ( )] (cos )1)[ ( ) ( )]( ) ( )](1)( , ), ) (2(2l (2(2

... (4.49)

Here, is the partial wave amplitude. By using orthogonal property of Legendre
polynomials, the coefficients with different values of l must separately vanish. So in
this situation partial wave amplitude is

      (1)

( )

( )
l

l
l

j kaa i
kh ka

ji
kh … (4.50)

From partial wave analysis, the total cross section is given by

      

2

2 (1)
0

( )4
(2 1)

( )
l

l l

j kal
k h ka0

1)
h2

4

k l 0

(2
4

k  … (4.51)
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At low energy scattering, 1ka 1. Here the wavelength is much greater
than the radius of the sphere.

We know that, (1)

( ) ( )

( ) ( ) ( )
l l

l l l

j z j z
h z j z in z( l (l

… (4.52)

For a small, Neumann function is larger than the ( )lj z .

    
( ) ( )

( ) ( ) ( )
l l

l l l

j z j zi
j z in z n z(

lj (li
((l (l

                           

2

2 1
1

2 ! / (2 1)! 2 !

(2 )! / 2 ! 2 1 (2 )!

l l l
l

l l

l z l i li z
l z l l l

1

2

2!l
l21)!2 ! / (2 1! / (2 1)!! / (2 1)!i )!1)! z22 ! l2 z

(2 )! / 2 ! 2 1)! / 2 ! 2 1)! / 2 ! 22//1(2 )! l)! / 2 ! 2)! / 2 ! 22l 1 /1 /1 (2 )!(2(2 )!
z

(2((((

Thus,

4

4 2
2

0

4 1 2 !
( )

2 1 (2 )!

l
l

l

l ka
k l l

2

00 2

4
2 !l l

2

4

k 2
(

2 !
(

1 ( )!(2
(

)!l(2(((

1

l2l 0 2

444

k      … (4.53)

For low energy scattering 1ka 1, so the higher order powers are too

small and it is negligible. In this situation 0l 0 terms is dominating and it is called
S-wave scattering.

Hence, 0l 0 in the Equation (4.53) gives

          

40
2

2

4 2
( )

(0)!
ka

k

402
2

4

k
(

2
(

(0)!
(

(0)!

224

k

         
2

2

4
( )ka

k 2

4

k
(

4

k
Thus total cross section is

           24 a2a4 a … (4.53)

Here total cross section is equal to the total surface area of the hard sphere.
In quantum scattering, waves feel their way around the whole sphere. But in case
of classical scattering, the particles can see the head on cross section or a head on
surface area.

Check Your Progress

1. State the scattering theory.
2. Define the elastic scattering.
3. State the Rayleigh scattering theory.
4. What do you mean by Raman scattered photons?
5. Define the scattering angle.
6. What do you understand by scattering cross section?
7. What is centre of mass coordinate system?

8. Define the scattering amplitude.
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4.9 RESONANCE SCATTERING

By solving the radial part of the Schrödinger equation we can explain the s-wave
scattering by an attractive square well potential. Let us consider an equation from
the scattering by an attractive square well potential

   0 1
1

tan( ) tan( )
kka k a
k

) t
k
k0 )0 … (4.55)

Let us consider the situation of very low energy scattering by attractive
square well potential. By expanding tan function and rearranging, we get

      1 0 1
1 1

1 tan( ) tan( ) tan tan( ) tan( )
k kka k a k a ka
k k
k

1tan( ) tan1

k
) tan1k

k
11 tan( ) tan( ) tan1) tan(tan 1tan( ) tan( ) tan

k
) tan() tan(

1k1k 1( ) ( )1k 00  … (4.56)

When the potential is shallow, the ratio 1/k k  is very small (if potential is

shallow, 1k is large) for very low energy scattering. So 1ka 1 then tan( )ka kaka

If 1/k k  is too small, then the factor in square bracket (in Equation (4.56))

is nearly equal to 1. So we can rewrite the Equation (4.56) as

         
1

0
1

tan( )
tan 1

k aka
k a

tan( )ka tan( )11 11tan( )1 11

1k a1k ak0 k … (4.57)

The value of 1k a  will be less than / 2/ 2 . By increasing the value of 1k  we

can increase the value of 1k a  to / 2/ 2 . If depth of the potential is increased to a

certain stage, 1k  increases and angle 1k a  will be equal to / 2/ 2 .

As, 1 / 2k a / 2/ 0tan 0  (because, tan90 )

In this case total cross section can be found using the formula from the
central potential scattering.

So, the total cross section is given by

           2

4

k
4

2k
4

k … (4.58)

Equation (4.40) is the maximum value of the total cross section. If there is a

bound state then phase shift 00  will take the value / 2/ 2  and the cross section will

attain the maximum value. This is known as resonance. The total cross section at

the resonance depends on 2k  (where, 2

2 Ek
2

2

�
EE

). The Breit-Wigner formula will

talk about the behaviour of the cross section near resonance.
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4.10 SCATTERING BY A DEEP SQUARE WELL
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Asymmetric Square Well
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Fig 4.18 A finite sgnare step of height V0 < E0

�	���������
����������
������	���	
�7
�
����

���������	
�"������������������

"	��	����	����
�����	����������%
�
�E�7

�
����	����
	�����
������"�������
�����������


��
	�����	
���
�"�����������������	�"�������
��������
	������
�!�5����&	��
������

��

���
�������������"���������������
	���������!�E�������	����
������	���������������

��
��
���������������	���������������8���
�����������&	����
����
��������	��������


	��������
����
	���������������������
������
	�����������
	�����
���������
	�


����

��"#$���%�#��&'(!�$�

6 6

* � ,6

* � , * � ,
:
6

x x t
r t x ti V
t m x

6 6* � , * �6 6��
* � ,

,
: x * ��Vx

* ���
6t m x6 6

:
66

�� ���*����F,

7
!
�5�����
���1������
�����
��
���������������
�����
�
��������
�
������
���

� A

* � , * ,

iE t
x t x e* � , * ,� , *� , * e �

%
�
�5���!����������������	���������
�������������
	��
��������������


��	����������1��
����

6 6

� * ,6
:
6

xE
m x

6

� * ,E�E
6x

�
����!� � ���*����9,

6 6

� * , � * ,6
:
6

x x
d V E

m x � * , � * ,V E� * , �V
6x

�
����!� � ���*����G,

)��������������������
������

6

�

6 6

6
x

mE
x

6 6 �

6

6
x

mE�6
6x �

5�� ����!� �

6
� �

6 6

6 :
x

m E V
x

6 6 � �

6

6
x

m E V� �:�6
6x �

5�� ����!�� �

H�������'���
����

� �:ik x ik x
x Ae Be� 
 	 �����! ���+������� ���*����3,

6 6:ik x ik x
x Ce De� 
 	 �����!����+������6 ���*��� �,



�����

Scattering Theory

Self - Learning
Material �+�

�	��������������	�
���������������������������������	���������

��������������������	��������������������������

 

�

�mE
K

�

�
��	�

  

�

� ! " #m E V
K

�

�
###!$#�%�#

�����������������������������������������	���������!����&�������'�������#

()�������$#�$%*���	�$#�% ������������������������������+���������	����

��+�����	���	�����������	�����#

, " "
jkx jkx jkx jkxPx e j e j e e

x x
jkxjkxjkx j e j e e" "

jkxj e j e ej jkxjkx je j ejkx j

x x
e j e"� � �

������ xP �����������������������������������	��������#

-�������+����+������������������������������������.���������������	�����

�������������������������	��������	� k m� #

/�����	�����������+�����������������+����	�����������	�������

���������	����������������������������������������.������+���

� � � �� �

! � #

" "

x t

j K x t j K x tAe Be� ��� � � �+���� � ###0$#�%��!�#1

� � � �� �

! � #

" "

x t

j K x t j K x tCe De� ��� � � +�����2  ###0$#�%��!#1

������  E E � #�-	����+���������+�����+�����3�!.��"��#��������������4������������
�����������������5	�����������������������+�����+�����"3�!.��'���#��������������������������

�����������������5	��������#�7�����+��������������������������������	���������

�������	���������	���	������������������	��������������	�������+����������

�
!����#

�	������������������+�����������������

6�
!����#

6���������������������������	�������+����������������#

-����������	���������������������������������������������������	���������

�����+���������
!����#

�	������������	��������+����������������6�
!����#

6������������	���

�����������+����������������������������������������������������	��������+����������#

/��������+������������������������������	���������������	���������+��������

��������	������������	���	�+�����������������+����	��������+������������	������+���

�������������+�������������+����������#

(������������������������������������������������������	� incV k mk� ���	

����������������������	��������+������������������������

� � � �� �

� �
" "� �6 6 6 6

j K x t s K x t
incn Ae A e A� �� � �

/�����+�����	�����������������!���� ##�/�������������������������+������

����	� �refV k m�k�� ����	������������������	������

�
��+
�&�6�6�

()�������$#�%��!#��+������������������������������������������������	����

������������!��2� ##�/���������������������������������������	� �transV k m�k�� ���	

�����������������	��������
�����

�&�6�6�#�/��������	��������������������+��)������



Scattering Theory

�����

Self - Learning
�+� Material

$#�%�!#�����	���������������+�����	����������������������������2� #�7����������

�����	�����������������������������������������������������������
�&� 8

9���������������������������������������������������

� � �� � �6 6 � 6 6 � 6 6inc ref tran
k k kJ A J B J C
m m m

� �� � �6 6 � 6 6 �
� �� �

ref tran
k� k�� k��� 6 6 � 6 6 �6 � 6 6 �

� �� �k� � �� � �

(�����������+���������+����������	�����������������++�������

��

�

6 6

6 6

ref

inc

J B BR
J A A

� � �

��

� �

�

� �

6 6

6 6

trans

inc

J k C k CT
J k A k A

� � �

(����������+�����������������������++������������	������������������.
�

��	�.
�
������������������������������������	���+�������������������������	��#�/��

�������������������������������������+���������+�����������++�����������������

����	������	���+�����	�����������������������������������#�/����������������	�/�

���	����+��	������������:����	��:�#�/���������������������������������	��������

��������#

������� �������	�� �
�������� ���� ����������� ������
�����	������������������+�����������������������;���4�!+�������������	����������#�

��������	�������������������������
�
���	��

�
���������<���������������.�����	�

����(�&� 

Fig 4.19 De Broglie wave amplitudes near a one dimentional scatterer
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Fig 4.20 : Double Barrier System
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Fig 4.22 Metastable state’s decay in the simple model of a one dimensional potential
well formed by two low transparent walls.
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UNIT 5 RELATIVISTIC QUANTUM
MECHANICS
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5.2 CLASSICAL RELATIVISTIC DYNAMICS
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5.4 DIRAC EQUATION
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5.6.3 Properties of the Radial Wave Function of
Hydrogen Atom
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Fig. 5.1 Radial Wavefunctions of Hydrogen Atom
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5.7 LARGE AND SMALL COMPONENTS OF
THE DIRAC WAVEFUNCTION
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5.10.1 Difficulties with the Hole Theory
�	�*�����+��	��	���������������������	,�������	��	����%	�	�	�������������

����	�*�����	-�������������	����	�����������	������	���	%������	�������.	

�����	���/�����	�����������0��������	������/�����	����'	,���	��	������������

����������%	��	���������*���������	��	�������	��	����%	����������������������	�

����	�	���������	������������������������������!����	�1���

Fig5.2 Illustration for the Spectrum of Energy Eigenvalues of the Free Particle Dirac
Equation

Fig 5.3 Illustration of the Occupation of the Negative Energy States
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Fig 5.4  Illustration of the transitions in the hole theory: a) Pair production
b) Pair annihilation.
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5.11 IDENTICAL PARTICLES
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5.11.1 Similar Particles and Symmetrical Representation
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Fig. 5.5 Symmetries of the Objects
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5.12 BOSON AND BOSE–EINSTEIN STATISTICS

���particle physics����6Boson’����������������������
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Case – 2 (T > 0 K)
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5.16 KEY TERMS
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5.23 SELF-ASSESSMENT QUESTIONS AND
EXERCISES
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