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INTRODUCTION

Mathematical physics seeks to apply rigorous mathematical ideas to problems in

physics, or problems inspired by physics. As such, it is a remarkably broad subject.

The Journal of Mathematical Physics defines the field as ‘the application of

mathematics to problems in physics and the development of mathematical methods

suitable for such applications and for the formulation of physical theories’.

Traditionally mathematical physics has been quite closely associated to ideas in

calculus, particularly those of differential equations. In recent years, however, in

part due to the rise of superstring theory, there has been a great enlargement of

branches of mathematics which can now be categorized as part of mathematical

physics.

Mathematical physics emphasizes tools and techniques of particular use to

physicists and engineers. It focuses on vector spaces, matrix algebra, differential

equations (especially for boundary value problems), integral equations, integral

transforms, infinite series, and complex variables. Its approach can be tailored to

applications in electromagnetism, classical mechanics, and quantum mechanics.

This book, Mathematical Physics is divided into five units that follow the self-

instruction mode with each unit beginning with an Introduction to the unit, followed

by an outline of the Objectives. The detailed content is then presented in a

simple but structured manner interspersed with Check Your Progress Questions

to test the student’s understanding of the topic. A Summary along with a list of

Key Terms and a set of Self-Assessment Questions and Exercises is also

provided at the end of each unit for recapitulation.
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UNIT 1 VECTORS, MATRICES, AND
TENSORS
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$

$�,�ds
%

%� ����
��%�
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)��������
����������������������� �����h
�
	�h

$
	�h

%
����
����

metrical coefficients 
����������������

%� $
� $ %	 	

dsds dsh h h
du dv dw

� � �

i.e�	 ds
�

��h
�
du	�ds

$
���h

$
dv	�ds

%
���h

%
dw� ����
��-�

������������	���������������ds
�
	�ds

$
	�ds

%
���� �
��-�����
��%�	�
�����

ds$ ��h
�

$du$�,�h
$

$dv$�,�h
%

$dw$����������������������������
��.�

Fig 1.1 Fig. 1.2

+�
����r���������������������������P	����������������������������������������
����������������� 	�������������������������������������������P��������������������
��������������e

�
	�e
$
	�e
%
�������������� ����������h

�
	�h

$
	�h

%
������������������������	

� � $ $ % %	 	 �h h h
u v w
� � �

� � �
� � �

r r re e e ����
��/�

����������	
u v
� �
�

� �
r r

���h
�
h
$

e
�
�0�e

$

��h
�
h
$

e
%

��� �
��$�

i.e�	 � $

%

h h
u v h w
� � �
� �

� � �
r r r ��� �
��/�

�� ������ $ %

�

h h
v w h u
� � �
� �

� � �
r r r

��� �
��/��������������������������������
��1�

��� % �

$

h h
w u h v
� � �
� �

� � �
r r r ��� �
��/�

'��� u v w u v w
	 
 � �� � � � � �

� � �
 �� �� � � � � �� � � �

r r r r r r
���h

�
h
$
e
%
� h

%
e
%
���h

�
h
$
h
%
�

����
��2�

Check Your Progress

�� 3��������������������������������4

$� 3����������� �������������������������4
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1.4 GRADIENT, DIVERGENCE, AND CURL

(��������������	�
��
������������������������	���������������������

The Gradient of A Scalar Field
5��������������������������i.e�	������������
�������������������������������������
������������
x	 y	 z���6�������������������������������������������#������������������
���������������������������������������������������

���������
x y z x y x

� �� � � � �� � � �
� � � � � �
 �� � � � � �� �

i j k i j k ����
��7�

���

��������������������������������
�����8del9����8nabla9���������������������
8��������9����8����9�����������3��������������� �����������������������������������

����������
�������������������������������������������������������������"������������

�� ��������	�������������������	��������	������(��������������������������������

����������������������������������������"�����������������������(����������������������

���������������� ��������������������������������� ����������������	�
��������
�������equal ���level ���������
5��������������������������� �
�����#���������������������������������������x-

y�������
�����z��#������������������� ��������������������������������������������
�����������������������������������������	�i.e�	

x
�
�
�
�

y
�
�
�
���*	

��������� ������ � �
z
�
�

k �
����
���*�

5��������������������������������z��#��	�i.e�	�������������� ���������������
��������������������"�������
7�� ������
���������

������ �
n
��
�

n ����
�����


�����n����������������������������� �������������������������������������
:�� ��"�������
������
�� ��������	�;The magnitude of grad � at any point

is rate of change of function � with distance along the normal to the level
surface at the point and is directed along unit vector n�<

Note. (���������������������������������������������"��������������������
Problem 1.1. Prove � rn = nrn –2 r�

)�?��� � ��rn��� 
 �
nr

x y z
� �� � �

� �
 �� � �� �
i j k

�
n n nr r r
x y z

� � �
� �

� � �
i j k

� � � �n n nr r rnr nr nr
x y z

� � �� � �
� �

� � �
i j k
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� �n r r rnr
x y z

� 	 
� � �
� �� �� � �� �

i j k

������r$���x$�,�y$�,�z$&����� 	 	
r x r y r z
x r y r x r
� � �

� � �
� � �

� nrn�@�$�
i x�,�j y�,�k z����nrn�@�$�r�
Problem 1.2. If r is the position vector of a point, deduce the value of grad

1/r��
'�������	 r � xi�,�yj�,�zk�

�������
�

r
� $ $ $ �A$

�


 �x y z� �
�

� �����
�Ar� � ��
�Ar�

� $ $ $ �A$

�


 �x y z x y z
� �� �� � � � �� � � �
 �� � � � �� �� � � �

i j k

� $ $ $ �A $ $ $ $ �A $

� �


 � 
 �x yx y z x y z
	 
 	 
� �

�� � � �� �� � � �� � � �
i j

,�
$ $ $ �A$

�


 �z x y z

	 
�
� �

� � �� �
k

�
$ $ $ %A $ $ $ $ % A $

� $ � $

$ $
 � 
 �

x y
x y z x y z

	 
 	 

� � � � �� � � �

� � � �� � � �
i j

,�
$ $ $ %A$

� $

$ 
 �

z
x y z

	 

� �� �

� �� �
k

� $ $ $ %A $ $ % A $ %

 � 
 �

x y z
x y z r r

� �
� � � � �

� �
i j k r r

�

The Gradient of a Scalar-Point Function
(� � 
x	 y	 z� ��������������������������������������������
x	 y	�z��������������
�������������������������������������������	�
������

�� l m n
x y z

� ��� �� ��
� �
 �� � �� �

���
li�,�mj�,�nk����
x y z

� ��� �� ��
� �
 �� � �� �

i j k ����
���$�

(���B�?���� ��� ���� ������� �������� ��� �
�� �������� 
li� ,�mj� ,� nk�� ���

x y z
� ��� �� ��

� �
 �� � �� �
i j k 	�
����������������
li�,�mj�,�nk��������������������������

�����
���������������������������l	�m	�n��������������������������������������
����������
x	�y	�z���������������������������������
���������������������������
��������������������������������������������� ���������������������

x y z
�� �� ��
� �

� � �
i j k ����������
��������������������li�,�mj�,�nk�
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��������������������
x y z
�� �� ��
� �

� � �
i j k �����������the gradient of a scalar-

point function � �������
����������������������������	

�������������� �
x y z x y z
�� �� �� �� �� ��
� � � � �

� � � � � �
i j k i j k

(��������������������������������������������������������������������

(������	����������������	����������*������� 	 	 	
x y z
�� �� ��
� � �

�����
�������C�����������

������(�������������������������

The Gradient or Sum of Two Scalar-Point Functions
(��u�����v������
�������������������������������������x	 y	 z	���������������������
�������� ������������

��
u + v� �� 
 �u v
x x x

� �� � �
� � �
 �� � �� �

i j k

� 
 � 
 � 
 �u v u v u v
x y z
� � �

� � � � �
� � �

i j k

�
u v u v u v
x x y y z z
� � � � � �
� � � �

� � � � � �
i i j j k k

�
u u u v v v
x y z x y z

� � � �� � � � � �
� � � � �
 � 
 �� � � � � �� � � �

i j k i j k

� u v
x y z x y z

� � � �� � � � � �
� � � � �
 � 
 �� � � � � �� � � �

i j k i j k

� � u�,�� v�
Showing that the gradient of sum of two scalar-point functions is equal

to the sum of their gradients.
This rule may be generalised for any number of scalar-point functions.

The Gradient of product of Two Scalar-Point Functions
(��u�����v�����
�������������������������������������������x	 y	 z	������������������
����������������������������

��
uv� � 
 �uv
x y z

� �� � �
� �
 �� � �� �

i j k

� 
 � 
 � 
 �uv uv uv
x y z
� � �

� �
� � �

i j k

�
v u v u v uu v u v u v
x x y y z z

� � � � � �� � � � � �
� � � � �
 � 
 � 
 �� � � � � �� � � � � �

i j k

�
v v v u u uu v
x y z x y z

	 
 	 
� � � � � �
� � � � �� � � �� � � � � �� � � �

i j k i j k

� u v v u
x y z x y z

� � � �� � � � � �
� � � � �
 � 
 �� � � � � �� � � �

i j k i j k

� u���v�,�v���u�
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Showing that the gradient of the product of two scalar-point functions is
obtained by the same rule as is valid for derivatives of the algebraic
functions.

The Divergence of a Vector-Point Function

If V �x, y, z� = V
�
i + V

�
j + V

�
k be a continuous differentiable vector-point

function specified in a vector field, then the divergence of V is defined as:

x y z
� � �
� � � � �
� � �

V V Vi j k

and is written as ����V�or div V�and read as divergence V.

� ����V � � �� � �V V V
x y z

	 
� � �
� � � � �� �� � �
 �

i j k i j k

�
�� � VV V

x y z
�� �

� �
� � �

	
��
�����
���
�������
������������

Note. �� ����V������
���V�������	�����Solenoidal Vector.

The Divergence of Sum of two Vector Functions
���U�����V�����	��������� ����������������! ���������

U���U
�
i�"�U

�
j�"�U

�
k

V���V
�
i�"�V

�
j�"�V

�
k�

#
��

�����U + V��
x y z

	 
� � �
� �� �� � �
 �

i j k � $�U
�
�"�V

�
� i�"��U

�
�"�V

�
� j�"��U

�
�"�U

�
� k%

� � � � � � �$ % $ % $ %U V U V U V
x y z
� � �

� � � � �
� � �

� � �� � � �U VU U V V
x y z x y z

	 
 	 
� �� � � �
� � � � �� � � �� � � � � �
 � 
 �

�
x y z

	 
� � �
� �� �� � �
 �

i j k �&��U
�
i�"�U

�
j�"�U

�
k�

"�
x y z

	 
� � �
� �� �� � �
 �

i j k ����V
�
i�"�V

�
j�"�V

�
k�

� ����U�"�����V�

� ����U�"�����V�

Showing that the divergence of the sum of two vector functions is equal
to the sum of their divergences.

#
�����
��'������(�����
���������������'������������������������

The Divergence of Product
����
��������� ��������������U�����! ���������

U � U
�
i�"�U

��
j�"�U

�
k�����V���������
��� ��������������
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#
�������UV�� � � �$� � %U U U V
x y z

	 
� � �
� � � � �� �� � �
 �

i j k i j k

� � � �$ %VU VU VU
x y z

	 
� � �
� � � � �� �� � �
 �

i j k i j k

� � � �� � � � � �VU VU VU
x y z
� � �

� �
� � �

� �� �
� � �

UU UV V VU V U V U V
x x y y z z

�� �� � �
� � � � �

� � � � � �

� �� �
� � �

UU UV V VU U U V
x y z x y z

	 
 	 
�� �� � �
� � � � �� � � �� � � � � �
 � 
 �

� � � �� �
V V V U U U
x y z

	 
� � �
� � � � �� �� � �
 �

i j k i j k

"� � � �� �V U U U
x y z

	 
� � �
� � � � �� �� � �
 �

i j k i j k

� ��V����U�"�V������U�

i.e�) �����UV� � �(����V����U�"�V�����U�

The curl or Rotation of a Vector Point Function
*���f� �x, y, z���� f

�
i�"� f

�
j�"� f

�
k�����������������������������
��������� ����

��������+��
����
�����
����f ���������������f����(�������

x y z
	 
� � �
� � � � �� �� � �
 �

f f fi j k

�������	�������������
�f������&�f��������f�

i.e�) ��&�f � x y z
	 
� � �

� �� �� � �
 �
i j k �&��f

�
i�"�f

�
j�"�f

�
k�

�
� �� � � �f ff f f f
y z z z x y

	 
 	 
 	 
� �� � � �
� � � � �� � � � � �� � � � � �
 � 
 � 
 �

i j k

�

� � �

x y z
f f f

� � �
� � �

i j k

�������
�����
���curl f����rotatioin f�����������������������������������del cross
f�

Note. ������
����)�f�������	�����Irrotatinal Vector.

Interpretation of the curl f. If a rigid body is in motion, the curl of its
linear velocity at any point gives twice its angular velocity.

,���������
��'�������������(���������������(�	��
���(�
�����
����������������
�!���OA+�O)�����(�����!��� ���������
��������*���r�����
�� ���������������������
 �����P�����
��������-��	�PQ� �� �����
������'�P�����
���!���OA��#
��)
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*��������
������V����P�������������
���'�����

�

�
�

�

Fig. 1.3

� .�V�.

� �QP����r��������� . .��
� r

i.e�) V � ��
� r

	
���) r � xi�"�yj�"�zk
��� �

� � �
�
i�"��

�
j�"��

�
k�

/���	�����	��
������
 V � ���&�V�����&� � �� �
� r

� � � �

x y z
� � � � �

i j k

� ��&�$�
�
z�0��

�
y��i�"���

�
x�0��

�
z��j�"���

�
y�0��

�
x��k%

�

� � � � � �

x y z
z y x z z x

� � �
� � �

� � � � � � � � �

i j k

� ��$�
�
i�"��

�
j�"��

�
k%

� ��
�
�	
��
� �������
�� �� ��������

Curl of the Sum of  Two Vector-Point Functions
���u�����v�����	��������� ���������������(�������

u � u
�
i�"�u

�
j�"�u

�
k

v � v
�
i�"�v

�
j�"�v

�
k

�
�� ��&��u + v� � ��&�$�u
�
�"�v

�
�%i�"��u

�
�"�v

�
��j�"��u

�
�"�v

�
��k%

�

� � � � � �

x y z
u v u v u v

� � �
� � �
� � �

i j k

� i � � � � � � � �� � � � � � � �u v u v u v u v
y z z x

� � � �� � � �
� � � � � � �� � � �� � � �� � � �

j

"�k � � � �� � � �u v u v
x y

� �� �
� � �� �� �� �
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= � �� � � �u uu u u u
y z z x x y

� � � � � �� �� � � �
� � � � �� � � � � �� � � � � �� � � � � �

i j k

� �� � � �v vv v v v
y z z x x y

� � � � � �� �� � � �
� � � � � �� � � � � �� � � � � �� � � � � �

i j k

�

� � � � � �

x y z x y z
u u u v v v

� � � � � �
�

� � � � � �

i j k i j k

� ��&�u�"���&�v� �����
�������������

i.e�) ���
��u + v�������
�u�"����
�v�
Hence curl of sum of two vector point functions is equal to the sum of

their curls.
#
������
��'������(�����
���������������'�������������� ���������������

Note. ���r�����
�� ��������������������������
�� �����	��
���� �����������!��
���(������
��
���r���xi�"�yj�"�zk��
������
�r = 0�

1��������
 r �
x y z

	 
� � �
� � � � �� �� � �
 �

i j k �&��xi�"�yi�"�zk�

� � � � � � � � � � � � �z y x z y x
y z z x x y
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[A] The Power Method or Iterative Method for Dominant Eigen
Roots
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ILLUSTRATIVE EXAMPLES
Illustration 1.1�Using the iterative method find the largest eigen value and
the corresponding eigen vector of the matrix�
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Illustration 1.2 Find all the eigen roots of�A���
1 6 1
0 2 0
0 0 3
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�and point out the

smallest eigen value.
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[B] Jacobi’s Method
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[D] The General Eigen Value Problem

&��������
"���	���
������
������A�����B���
��B����'���
�!����#���
�������

�����
���!�� ��'���������

8A����B8 � O
-�����B���������'��

��� '����B���LL�$�L���!��
���"���
����
 ������
��($


����#���

A����B � A����LL�

� � ����
�

�� �� ��	 
L L A L I L

-�

��
�P��� � ����� �L A L ����
��
�P����P$�"����!�

� �A B � � ��
�� �L P I

"������������ ����
����
���������
���!�� ���

1.6 CAYLEY–HAMILTON THEOREM

9!��	��* ������
��(���
��#�����
���"��������
����
����* �
����

����������
����
����* �
�����#����* ������
��(�A����8A����I8������������������"��

�����

p��
n�+�p��

n���+�p��
n��+���+�pn��� ���.����/

2����!��
��'��!��
��
$

p�An�+�p�An���+�p�An��+���+�pn I��� ���.����/

&��������
�����
��(�B���Adj.A����I/������������
���#�B�����'��	��������������#
��
����.n����/���������������#���$�B��������"��

������
���#���$

B = B��
n–��+�B��

n���+���+�Bn–���+�Bn�� ���.����/

2����$�B�$�B�$�Bn–�$����$�Bn���������
�������#�������n ����"�����������
�����

'��	���������#�
���������
���#�A��,
����1��"��
��
�#�����	���
��(�A.

 A Adj A = |A|I

:���
�
����'��'��
	�#���
�����
��(�.A����I/$�"��
�
$

.A����I/ Adj .A����I/ = |A����I|I

.A����I/ B = |A����I|I
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.A����I/ .B��
n–��+�B��

n���+����+�Bn–���+�Bn��/ = .p��
n�+�p��

n��+���+�pn/I

;���* �
��
�
������##�����
���#��n$���n–��"��
�
$

��B� ��p�I

AB����B� ��p�I

AB����B� ��p�I

<

<

ABn�� ��pnI

=��� �
�'�	��
�
������* �
������	�An$�An��������$ A$�I��"��
�
$

�AnB� ��p�An

AnB����An���B� ��p�An–�

An–�B����An���B� ��p�An–�

<

<

A�Bn�����ABn�� ��pn��I

ABn�� ��pnI

>����
�
������* �
�����"��
�
$

����p�An�+�p�An��+���+pnI, "�����'��!���
���
�������

Example 1.1: ?���#	�&�	��	)@����
���
�������#���
�����
��(�
� � ��

� � �

� � �

� �
� �
� �
� ��	 


���

������#����A–� ��� A��

Solution:A�
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� �
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1.7 FUNCTION OF MATRIX
A�
�F�������������	�����n$�m����
"����
�
���������>������	��#�������
��F��#�
��

	'�

�� �� �% �

�� �� �% �

� � %

���

���

���

n

n

m m m mn

a a a a
a a a a

a a a a

� �
� �
� �
� �
� �� �
� �

� � � � �

��������������
��(�F��2������
��
������
��(��	�.aij/$�i����$����$�m�����j����$����$�n��2�
��	�
��
��
������m�D�n���
��(�.�����
��(��#�������m�D�n/��,
�����m���"������n
��� �����3����(��'��$�
���#���
���"����.a

��
�a
��
����$�a

�n/�����#���
���� �����$

��

��

�m

a
a

a

� �
� �
� �
� �
� �� �
� �

�

>���$�aij�����
���
���������
��#�
�����
��(�.aij/��	��
����i
����"�����j
����� ������
"�������
����������
����
���.i$ j/
��������
��#�
�����
��(�

3����(��'��$����
�����
��($

� � %

� � �

� � �

� �
� �
� �
� �
� �

a
��
����$�a

��
����$�a

%�
����$ ����$ .�$��/
��������
�����

.�$��/
��������
�����

.%$��/
��������
�����



Vectors, Matrices, and
Tensors

NOTES

Self - Learning
30 Material

Notes:
�� ��������	
���
����	�	��������
��������
������	�
���������	
���
����C

������������������������

�� ����	�
���
���
������������������	����������	������
�����������
���

������

Example 1.2:��� A = 

� � �

�  !

" # $

% � �

� �
� �
� �
� �
� �� �
� �

,  �
��� a
��
� a

��
� a

��
� a

��
� a

���

Solution: a
��
&�'�����	����A�
���
��	����������
��	��������&��

a
��
&�'�����	����A�
�������������������������������&� 

a
��
&�'�����	����A�
��	

�����������	

����������&�$

a
��
&�'�����	����A�
��	

������������
��	��������&�"

a
��
&�'�����	����A�
������	
����������
��	��������&�%

Types of Matrices
�� Row Matrix:�����	�
���

�
�
�������	�����������
�����������row matrix.

(������������)�������*�
����������	�
��

�� Column Matrix: ����	�
���

�
�
�������	��������������
�����������column
matrix�

(������������

 

!

"

� �
� �
� �
� �
� �

�
�������������	�
��

�� Square Matrix:����	�
��
���

�
�	
�����������������
���+����	��	
��������
�����������
�����������square matrix�

(������������
� �

� �

� �
� �
� �

�
������,����+�������	�
��

�� Null or Zero Matrix: ����	�
�����
�����
����������	��
��-����
����������
null matrix����zero matrix.

(������������
% % %

% % %

� �
� �
� �

�
������,���.������	�
��

 � Diagonal Matrix:�/
��������	��aij�������������
�������������	�������square

matrix�)aij*��(������������

� � �

�  !

" # $

� �
� �
� �
� �
� �

�
����	�
��

	
���
�������������	������a
��
�&����a

��
�&� ��a

��
�&�$

���+�������	�
���
����������������	��	
���	
����
�������������	��
��-�����
�

���������diagonal matrix��(�����������
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�������������	��
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���������	�
��������������-�����(��

��������

% % % %
���

% � % %

� � � �
� � � �
� � � �

�����������
���������	�
����

!� Scalar Matrix:����
���������	�
���
�����
�������������	�������+�����
��������
��scalar matrix��(�����������

� % % % % %
 %

� % � % � % % %
%  

% % � % % %

� � � �
� � � � � �
� � � � � �� � � � � �

� � � �
��������������	�
����

"� Identity Matrix: ���
���������	�
���
�����
�������������	�����������+����	�
��)��
	�*�
���������identity matrix or (unit matrix)��(�����������

� %

% �

� �
� �
� �

�
�����
���	
	����	�
��

#� Triangular Matrix: ���+�������	�
��)aij*���
����������	��aij�&�%��
���i�0�j

�����������lower triangular matrix.
1
�
����������+�������	�
��)aij*��
����������	��aij�&�%��
�������i�2�j�
��������
���upper triangular matrix.
(�����������

� % %
� %

�  % �
� %

" # $

� �
� �� �
� �� � � �� �

� �
�����������	�
����������	�
���

���

� � �
� �

% �  �
% �

% % !

� �
� �� �
� �� � � �� �

� �
������������	�
����������	�
����

Algebra of Matrices
Equality
/�����	�
����A�����B�������
��	������+����
��

)i* A�����B�������������������
)ii* 3���������
���������	��
��A�����B�����������(������������	
��������
��

	�����	�
���������+����

� � $

�! � !�
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� �
� �

�&�
� � $

�! � !�
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4�	�	
��������
���	�����	�
����������	��+����

� � �
� � �

�  !
�  !

" # $

� �
� � � �
� � � �� � � �

� �

�����	�
��������	�
�������������,�����

�������
�
	�
	�
�������������,��

/
��������
���	�����	�
���������������	��+����

� � � � � �

" # $ � # $

� � � �
� � � �
� � � �

���)����*	
�������	�
��561���	�
��
��"��

���
��761���	�
��
	�
���

Addition of Matrices

���A�����B�����	�����	�
�������	
�������������	
������
	
������A�����B�
�����
���
	�����	
����	�
����	�
����������
���	
������������
���������	�����A�����B�

(������������
�

A�&�
� � �

�  !

� �
� �
� �

��B�&�
� � �

 ! "

� �
� �
� �

/
����A�8�B�&�
� � � � � �

�   ! ! "

� � �� �
� �� � �� �

�&�
�  "

$ �� ��

� ��� �� �� ��� �

����� A – B�&�
� � � � � �

�   ! ! "

� �� � � �� �� �� �� � � �� � �&�
� � �

� � �

� �� � � �� �� �� ��� � �� �

.�	��	
�	����
	
���)������	���	
��*����	�����	�
����
�����
����������
���A����
B��������	
�������������

Properties of Matrix Addition
)i* 9�	�
�����
	
���
�������	�	
���


���� A + B�&�B + A
(����)i� j*	
�������	����A + B�
��)aij�8�bij*��������B + A�
��)bij�8�aij*�����

	
���������������aij�����bij������������������

)ii* 9�	�
�����
	
���
�������
�	
���


���� A 8�)B�8�C*�&�)A�8�B*�8�C
(����)i� j*	
�������	����A�8�)B�8�C*�
��aij�8�)bij�8�cij*��������(A + B*�8�C

 �

)aij�8�bij*�8�cij��

�
����������

)iii* ���O�����	����������	�
�����	
����������������	
�	����A�	
���
A + O�&�A�&�O�8�A
(���)i� j*	
�������	����A 8�O�
��aij�8�O��

�
�
����������)i� j*	
�������	
���A�

)iv* /�����
���	�
��A�	
��������������������	�
��B����
�	
�	�
A�8�B &�O�&�B�8�A.
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(������	�)i� j*	
�������	����B����: aij��/
���)i� j*	
�������	����A + B�
��
aij�:�aij�&�%�

/
����	
����	����m × n���	�
�����������������
���������������	
��������
	
��
�����	�
�����
	
���

Example 1.3: ���A�&�
� � �

�  !

� � �

�  !�  !
�����B�&�

% � �

� �  

% � �

� �  � �  

;��
�� A + B = B + A.

Solution: A�8�B�&� � % � � � �

� �  � !  

� � �
� � �
�
��

�
�� �&�

� �  

" $ ��

� �  � �  

" $ ��" $ ��

B�8 A &� % � � � � �

� � �   !

� � �
� � �
�
��

�
�� �&�

� �  

" $ ��

� �  � �  

" $ ��" $ ��

1�� A�8�B�&�B�8 A

Example 1.4: ���A�����B�������	�
�������
��'�����������

��� C�&� � % �

� � �

% �� % ��

� � �� � �
�����
���)A + B*�8�C = A�8�)B + C*�

Solution: .���A�8�B�& � �  

" $ ��

� �  � �  

" $ ��" $ ��

1�� )A�8�B*�8�C�& � � � %  �

" � $ � �� �

� � � %  �� � � %  �

"" � $ � �� �� $ � �� �
��&�

% � !

# �� ��

% � !% � !

# �� ��# �� ��

���
�� B�8�C�&� % � � % � �

� � � �  �

	 � �
� � �
�
��

�
�� �&�

� � �

� ! #

� �� � ��

� ! #� ! #

1�� A�8�)B�8�C*�&� � � � � � �

� �  ! ! #

	 � �
� � �
�
��

�
�� �&�

% � !

# �� ��

% � !% � !

# �� ��# �� ��

/
���������)A�8�B*�8�C�&�A 8�)B�8�C*

Example 1.5: ���A�&�
� �

� �

 !

� �

� �� �� �

 ! !

���
�������	�
��B����
�	
�	 A + B = %�

Solution: 5�	��B�&�
�� ��

�� ��

�� ��

b b
b b
b b

��b b�� ��� �

b b
�� ��b�� �

�� ��b�� ��b b���� ��

�� ��b�� ���b b�� ��� �

/
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�� ��

�� ��

� �

� �

 !

b b
b b
b b

� ��b b������

�

� �� ��b�� ���

b b��� �� ������� ��b������ ��

  �� ���� ��� ��b b��!���
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�

�
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�
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���
��� b
��
&�: ���b

��
�&�: ���b
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�&�:���b
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b
��
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/
����������+�
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Multiplication of Matrices
/
��������	�AB����	�����	�
����A�����B�
�����
����������
���	
�����������
�����������A�
����������	
�����������������
��B�����������
�
	
���	
��������	�AB

������	�
��G����������m�,�p�
��A�����B���������������m�,�n�����n�,�p��������	
�����
/
��������
������������
����
���	
�������	�����	
����	�����	�
���<

5�	� A &�
� � �

� � �

a b c
a b c
� ��� �� �� ��� � B�&�

� �

� �

� �

d e
d e
d e

� ��� �� �� �� �� �� ���� �� �
=��������A &���,����=��������B�&���,��

1���AB 
�����
�������

G &�AB�&�
� � � � � � � � � � � �

� � � � � � � � � � � �

a d b d c d a e b e c e
a d b d c d a e b e c e
� �	 	 	 	 �� �� �� �� 	 	 	 	� �

&�
�� ��

�� ��

g g
g g
� �
� �
� �

g
��
< 9��	
����������	�����	
���
��	��������A��
	
�����������
���������	�����	
�
�
��	�����������B���������

g
��
< 9��	
����������	�����	
���
��	��������A��
	
�����������
���������	�����	
�
�����������������B���������

g
��
< 9��	
����������	�����	
����������������A��
	
�����������
���������	����
	
���
��	�����������B���������

g
��
< 9��	
����������	�����	
�������������������A��
	
�����������
���������	�
���	
������������������������

Notes: �� ������������
��A�����B�����	�����	�
����	
���AB�������	�����+����	�
BA��(������������
�

A�&� � �

% %

� �

% %% %
�� B�&� � %

% %

� %

% %% %
	
���AB�&� � %

% %

� %

% %% %

��� BA�&� � �

% %

� �

% %% %
� 1���AB 
 BA

�� ���������	�AB�
�����
�����	
���
	�
����	�����������	
�	�BA ���	��������
���
�����(������������
��A�
�������������,�������B�
�������������,����	
��
AB�����������
������	�BA������	�������
����)���	
�������������������
���B 
�	
��������������������A*�
�	�����������
������
�
���	
�	�

)i* A)BC*�&�)AB*C.
)ii* A)B + C*�&�AB + AC.
)iii* )A + B*C�&�AC + BC�

Example 1.6: ���A�&
� :�

% �

� :�

% �% �
�����B�&

" %

:� :�

" %

� �:� :�
���
	�������AB�

Solution: AB�&
� " ) �* ) �* � % ) �* ) �*

% " � ) �* % % � ) �*

� " ) �* ) �* � % ) �* ) �*) * ) * ) * ) *

%% " � ) �* % % � ) �*" � ) �* % % � ) �*

&
�! �

! $

�! �

! $! $
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Example 1.7:>?��=4���������	
�������
�� A�BC� = �AB�C �	�������	

	����
�����
���

A��
�� �

� � �

� �
� �
� �

� B = 
� �

� �

�� �
� �
� �

� C��� � �

� �

� �� �
� �
� �

Solution: AB�� � � � � � � � �

� � � � � ��  � �

� � 	 � 	� �� � � �

� �� � � �� � � 	� �� � � �

�
� �

��  �

� �� �� �� �� ���� �

BC��
� � � � � �� � � �� �

� � � � � � � � � �

� �� � � � � �� � � 	 	� � � �� � � �� � � �
 
� � � �� � � �� � � �� � � �� � � �� 	 � 	 � �� �� � � � � �

A�BC���
� � �� � �� � � �

� � � � �� �� � ��

� �� � � �� � 	 � 	� � �� � �� � �
� � �� � �� � �� � �� � �� � � 	 	� �� � � �

�
�� �

!� ��

� �� � �� �� �� ��� �

�AB�C��
� � � � � �� � �

��  � � � �� �� �� �

� �� � � �� � � � � � 	� � �� � �� � �
� � �� � �� � �� � �� � �� 	 	� �� � � �

�
�� �

!� ��

� �� � �� �� �� ��� �

"�#�� A�BC��� �AB�C
Example 1.8: $��A�������%#���������&�������A�
���'���#
��(
��)�'������
���*�����
A� = A. A����
�����
�

�)�(	����	���������&��+	�(#���A���	�������	

	����������&,

A � � �

 �

� �

 � �

Solution: A���
� �

 �

� �

 �

�
��
�
��
�
��
�
�� ���

� �

�� �-

� �
� �
� �

.���
��
������
���)������A ��A���A��������	�������%#���������&�A�

Scalar Multiplication of Matrix
$��k��������
	�(
�&��#�'�����)�A���������������&�������kA�������������&�	'�����)
��	��A�'���#
��(
�������
���
������	��A�'��k��"����#�'���k����
�

�)�Scalar�

/	���&��(
�����

A ��
� �  

� � -

�
��

�
�� ���)�k����

"���� kA ��
� � -

0 �� ��

� � -� � -

0 �� ��0 �� ��

$��
���'������
����	��������

�i� k�A 1�B����kA�1�kB �ii� �k
�
�1 k

�
�A���k

�
A�1�k

�
A

�iii� �A���A �iv� �k
�
k
�
�A���k

�
�k

�
A�
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Example 1.9: �i��$��A���
� � �

�  �

� � -

� � �

�  ��  ��  �

� � -� � -

���) k
�
 = i, k

�
 = �����������

�k
�
 + k

�
� A = k

�
A + k

�
A

�ii��$� A = � �  

� � �

� �  

� � �� � �
, B = � -  

� � �

� -  

� � �� � �
,  ���)�������
#��	���A +  B.

Solution: �i��2	� k
�
A ��

� �

�  �

� � -

i i
i i i
i i i

� �i�
�  �i �

� i i�
�i i i � � i � 

�i i i� -� � -i� -

����)�k
�
A��

� � �

� - 0

0 �� ��

� � �

� - 0

� � �

� - 0� - 0

0 �� ��0 �� ��

.	� k
�
A�1�k

�
A ��

� � � �

� � -  0 �

0 � �� � �� -

i i
i i i
i i i

� � � �i� �

�

� � i i� �

� -  0 �i-  0 �-  �� �i i i-  0 �-  � i-  0 �-  

00 �i i i�� � �� -�� �� �� � �� -i�� � �� -�� �

3
�	��������k
�
�1�k

�
��A���

� � � �

� � -  0 �

0 � �� � �� -

i i
i i i
i i i

� � � �i� �

�

� � i i� �

� -  0 �i-  0 ��� �i i i-  0 �-  � i-  0 �-  

00 �i i i�� � �� -� �� � �� -i�� � �� -

"�����	�����k
�
�1�k

�
�A���k

�
A�1�k

�
A

�ii� �A ��
� � -

� � 0

� � -

� � 0� � 0

 B ��
�� �0 !

 �� ��

�� �0 !�� �0 !

 �� �� �� ��

.	� �A�1� B ��
�� �� ��

� �� � 

�� �� ��

� �� � � �� � 

Example 1.10:�$��A��
� �

�  �

� �

 �� �
����)�A� +  A + �I ������I����#���������&�	��	�)�����

Solution: A���
� � � �

 �  �

� � � �� � � �

�� �   �  
���

� �

 -

�� ��

 - -

 A��  -

! �

 - -

��!!

I�� � �

� �

�
��
�
�� ���I���

� �

� �

� ��� �� �� ��� �

.	� A��1� A�1��I � � �  - � �

 - ! � � �

�� � � � � �
	 	� � � � � �� � �� � � � � �

�
 0

�� �

� �
� �� �� �

Example 1.11:�$� A = � �

� �

� �

� �� �
� B = �

�

i
i
� i

�i �i
��	������� AB � – BA ��)�A� = B�

= I.

Solution:�2	��  AB�� � � �

� � �

i
i

� � � i� � � i
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���
�

�

i
i
�i �i
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BA�� � � �

� � �

i
i
� � �� � �

� � �i � � �i
���

�

�

i
i
��i ��i

� i� i
.	� AB�� � BA

3
�	� A���
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� �
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� �

�
��
�
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�
��
�
�� ���

� �

� �

�
��
�
�� ���I
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� �

� �

i i
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� � i�� i i�

�i i�� �i �
���

� �

� �

�
��
�
�� ���I

"����(�	�����������#
��

Example 1.12:�$������&�������	��	��4��������
��������#)�������	��
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 ����#)�������	��
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�� �� ��
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�� �� ���� �� ��

�� � ���� � ��
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Example 1.13: 3�(#'
��������	#���������	�'���
�����$����
��'���
������������

������	���
����$����
��	���
������������� �(�	������

��6����)�����(������$��	���	���
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Solution: �i��+	���)��������	
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Example 1.14: :���A��� �� ��

 � ��

�
��

�
�� ��������������	����(�������������#�'���	����'
�
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Solution: �A��� �� ���
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Example 1.15: :���A ���
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1.9 DEFINITION OF TENSOR
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Problem 1.3. Show that the velocity of a fluid at any point is a
contravariant vector of rank one.
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Problem 1.4. Show that the law of transformation for a contravariant
vector is transitive.
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Problem 1.5. Find the components of a vector in polar coordinates whose
components in cartesian coordinates are x, y� �  and x, y�� �� .
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1.9.1 Symmetric and Anti-Symmetric Tensors
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If a tensor is such that two contravariant or covariant indices of it when
interchanged, the components of the tensor alter in sign but not in
magnitude, the tensor is said to be	anti-symmetric or skew-symmetric.
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Thus the product of a tensor with a pseudo-tensor is a pseudo-tensor. It
is called dual of a given tensor.

A useful Property of  Tensor
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Problem 1.6.�Define a tensor. Prove that the Kronecker symbol k
i�  is a

tensor where components are the same in every coordinate system.
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Problem 1.7. Prove that Kronecker delta is a mixed tensor of rank two.
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Problem 1.8. Show that symmetry properties of a tensor are invariant.
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Rules Which Govern Tensor Analysis

Rule I. The sum and difference of two tensors of the same rank result in a
third tensor of the same rank. Moreover, if F������and G������are the tensors
of the same rank, then pF�������(�qG�������is also a tensor of the same rank
)p#�q being numbers*�
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Rule II.�The direct product of two tensors gives a new tensor of rank equal
to the sum of ranks of these tensors.
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The outer product of two relative tensors is itself a relative tensor of rank and weight equal to the
sum of the ranks and the sum of weights of the given relative tensors respectively.

Rule III.�Contraction �The algebraic operation by which the rank of a
tensor may be lowered by 2 (or by any even number) is known as
contraction.
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Rule IV.�Extension of the Rank:�The differentiation of each component of
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Problem 1.9.�Show that there exists no distinction between contravariant
and covariant vectors if we restrict ourselves to trasformation of the type
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1.10 CONTRAVARIANT, COVARIANT AND
MIXED TENSORS
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Problem 1.10.�Prove that g��

� = 0, i.e., covariant derivative of fundamental
tensor vanishes identically. �Agra, 1963, 65, 68�
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Problem 1.11.�Show that the distributive law of ordinary differentation holds
good in case of covariant differentiation of a product, i.e., to show that
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Problem 1.13.�Show that the covariant derivative of an invariant is the same
as its ordinary derivative. �Rohilkhand, 1990�

8�
�I�%��	
��
�	��	

�����
$	
�IA�����	�-��	��	

���-
���

*���
$��-��	��	

�&����	
�������IA����

�IA�� � 5

� �
� � �

IA
IA

x
� �

� �
�

�
�

�

� A��
I
x�

�
�

���I 
A
x
�

�

�

�
��� �

���  IA�

� A��
I
x�

�
�

���I�
A

A
x
� �

�� �
�

�� �
��� �� ��� �

� A��
I IA
x �
�
�

�
�

�

3�
����'�9��%��'���,
�IA���� � I

���A�
��IA�

�

� I
���A����IA��� � A��

I IA
x �
�
�

�
�

�

i.e. I
���A� � A��

I
x�

�
�

�� I
� � �

I
x�

�
�

�$�-$��$����
$	
�
$��-��	��	

�&����	
�������	
��
�	��	

����
$���	'��	���
�

��&�
	� �&����	
����

1.11 CHRISTOFFEL SYMBOLS
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Christoffel symbol of the second kind
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�Agra, 1971, 77�

Problem 1.14.�Find the Christoffel’s symbols corresponding to
�a��ds2���a2�d�2�.�a2�sin2���d�2
 �Rohilkhand, 1987, 90; Agra, 1974�
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Check Your Progress
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1.12 ANSWERS TO ‘CHECK YOUR PROGRESS’
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1.13 SUMMARY
# 0���������������������������&���u ��&����
��v ��&����
��w ��&����
���������&�
�����������P ���������$����R
�*�����'�������u��v��w �������������������&��
�������&���$����P ����&�''� �����curvilinear co-ordinates �������������P
�*��
�����������&������������2��#�����co-ordinate surfaces. *��������������&��
�������&������#�������������&������2��#�����co-ordinate curves.
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1.14 KEY TERMS
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1.15 SELF-ASSESSMENT QUESTIONS AND
EXERCISES
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UNIT 2 PARTIAL DIFFERENTIAL
EQUATIONS AND GROUP
THEORY
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2.2 PARTIAL DIFFERENTIAL EQUATIONS
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Formation of Partial Differential Equation by Eliminating Arbitrary
Functions
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Example 2.8: '	�������
���
���������
������
�
��
�
�
�
��
�
��

���
(
���

Solution:
���������
�
��
�
��

���
(
��� ���

"��������������
#�����		�
 ���
���#���
�

�
���
�
 �
����

�
�
��
�
��
����
(
�����
�

���
(
���
3� ���

�
�
��
�
��
�����
(
����(���
�

���
(
���
3� �$�

'	���������

�����
(
���
��
�
������
��
���
���
�$�
 �
����

� � �

� � �

� � �
� � �

�

 �

�

� �

� �

� �

� �

� 
 � �
� 
 � �

 


 


��4�
(

���
(
���5 �
(��4�
(

���
(
���5

��
(
�
���
(
��� �
(
��
�
�
���
(
���

��
�
�� �
��
�
��

���
(
���

�
��
�
��
� �

�
� ��

� � �
��
�
��

!���
��
�
��������
������
��

Example 2.9: '	�������
���
���������
������
�
��
�
�
�
��
�

���
�
���

Solution: ���������
�
��
�

���
�
��� ���

"��������������
#�����		�
������
�
���
 ���
���#���
�

�
�����
 �
����

� �
�
�

�����
�
���
3�� ���

� �
�
�

�����
�
���
3�� �$�

'	���������

�����
�
���
��
�
������
��
���
���
�$�
 �
����

��
(
��� �
��
(
���

��
(
�� �
��
(���

��
(
�� �
��
(
��

2����
��
�
��������
������
��

Example 2.10:
'	�������
���
���������
������
��� 
������� ��
�
 ���
 ��	���
�

�
�

��
�
���
�
���
(
���



��������	�

��������

������������������

������

NOTES

���
� �� ��������
�������� 87

Solution:
"��������������
#�����		�
 ���
���#���
�

�
���
�� �
����

� �

����
�
���
�
�����
(
��� ���

� �
�
����
�
���
(
������
(
��� ���

"��������������
�����
������
 ���
���#���
�

�
���
�� �
����

�

�

�
�
	
	

�
�
�

�����
�
���
�
������
(
��� �$�

�

�

�
�
	
	 �
�
�
��

�����
�
���
�
��������
(
��� �)�

%�
�
������
��
�$�
���
�)�
 �
����

� �
���

Equations Solvable by Direct Integration
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To check for Singular Integral:

'�!!
 
��������	
�����
�	���	#� ������	����	 
�#
��	�
	�	��"	�	��"	
�������	�


(
 
�	�
	�
��

�
�
�
�

�	
�

)
� � �

� �
� �

�
� �

�
	�	* �+�

��"�
�
�
�
�

�	)	�	*

,
 
�	)	�	*	��	�
�	#
�����
%

,
��
�	��
 
	��	�
	������� 	���
� ��%

Example 2.12: -
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To find singular integral:
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Type III 3�����
�	
!	��
	!
 ��	����	��	��	�	*

Example 2.16: -
�$
	�	�	��	�	��

Solution:	;�$
��	�	�	��	�	�� �)�

<����
	�����	�	�	
��	�	���	��	�	�
����
�	
!	
�����
�	�)�% ���
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�����
�	���
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�� � �	
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Example 2.17: -
�$
	��	�	��	�	��	�	*

Solution: ;�$
��	��	�	��	�	��	�	* �)�
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Type IV �����������������������
 
��������	��

!
�������

Example 2.18: "�������������������������	������

Solution:�#������
�������������������������������������	������

$�����������	���������������	��

%���������	����������	������

�� 	�
� ��� ��
� �


 

�


 

�	����������

	����������������������
&��'�����������

� 	�
! !� � � �

! !

� � � � �� �
� �

��������������������������������(�����������������������������(����������

Example 2.19: "������!����!�	������

Solution:�)��������!����!�	������

�!���� 	������!�	��

	 �!���� 	��*������!�	��

� 	� � �� � ����	� � �� �

�� 	����������

	� � �� � ��� � � �� � ��� �

'�����������
����������������������������

� 	� +, ! +, !! !
� � � �

+ +
� � � � �� � � � �

	� +, ! +, !!
� � � �

+
� � � � �
 �� � � � �� �
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Example 2.20: "�����������	��������������

Solution:

����������&�������'���	��

	 � 	����������*���	����������

�� 	����������

	������������������������������

&���������������
������

� 	��������������������������������

� 	�������������������������������

������������������������������

Check Your Progress

 � #����������������(���������������������-

!� %�
��������������(��������������������������(-

+� .����������������/�����������������/���(�/�������������������/�

2.3 LAPLACE EQUATION

'���������������$��������������������������(���(�����������(����������������������'�

�������(�������0�����1"�����$���������(����
����������

! 2� � �

%���� !� �������$������������������(���������������������������+������3�����$������
�����������(�0���������������������4���������������������������(����������������������

�������������������5�����������������$������������������������(�������������������5�

�����������������$�����������������������������������������(���������������������

������5�����(�������������

�
����(����������3�������1�����(�����������
��������������3�����������(�����������(
���������������
��������������

'��Cartesian coordinates6

! ! !

! ! !
2
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'��Cylindrical coordinates6

! !

! ! !
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'��Spherical coordinates6

!
!

! ! ! !

   
��� 2

��� ��� !
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�� � � �

����$���������������� ! 2�� � ����������3��
���������� � 2�� � � �

'��������������������
��������������������������� 2�� � ��
�������������������$������
���������

"������������$����������������������������������������'�����������1���(���(����

��������(����������������������
�������������������
������������������3��
����������


�� �

������������0���������������������$�����������������������������(���(�������������

�5����������%�������7����������

Laplace Equation in Two Dimensions
����$��������������������
����(����(���������3�����������������

2�� ��� � � �

Analytic functions: 8���������������(���������5������������������4�����5������������
������5�����$�����������������'����	����������(���������
����	�����������(��������������
��������5����(�����������
����3������5��������������������������5�����9����51:������
�������������	�(����(�(��	������
�����������������������������(���������������
���
��������������'�������
���������������

� � � � � �� � ��� � � �� ��
� �� � � � �

���������������������$�����������������"�������5��������3�������(������(���������������
����$�����������������9��������5���������������������������������������������������

����5�������������
����
;������������������
����	����4��5�������4��5�������9����51:�������������������

��������(����

� �� � � �� � � � � �

��������������(��������(���������<��3������5����������������������	���������������)

����$����������������������������������������������3����5����(��������������������(
���<������<��*���(������<�����3��(�����(������������������������8���������������3����5

���(��������(�"��=��>���������������������������������������������������������������

�
��������������(����(��������������������������������������������������������$������

�����������������(����conjugate harmonic functions���������������������������(
���5�������5���������(�(���������������(������������������(�������������5����������

�������������������3��
��������$������������������(�����5��������������
����

���������������5�����������������$��������������������(��������������������(������(

����3���4���(�(��������
����������
��������������������(����������������������������5�

?���������������������������������3��
������
������������(�;���������������'���

���������
�����4���(�(��������
��������������(����������������(����*��������������
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������������������5�(�����(��������������
������������(���������5����������������
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����������

����������;������������������
�

Laplace Equation in Three Dimensions

?����(��������������������$������>����������������������������������

%��������.�����(����������������(��������������������������������(��������������
��������������@������������������������������������������5��'������3����=����������������
����������
����������������������������������5���(�
��������������=��������������

�����������
������������������������17�����8�������5����(���������������������������

��=���������������������
�����(�����������(�����������������������������������5��������

3���������������������������������������������(��������������������(����������������
��������������������$��������������������������(��������5�������������������������
�������������������������(�����(����

����$��������������������������������(�(����������������������(���������(������

�����(���������������������3���3�����(���������5�(����(�����������(���������
�����������������������;����4����������
�������(�������������������3���������(���

�������(������������������������)����>�(�������������������������������

'������3��(�����(����

'����������������������(������
���������������(������(������������������
�����

2.4 POISSON EQUATION

'���������������0�����������������������������(����������������������'���������(������
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����;��������������������������������(���5�������"��A��1.�����0�����������

0�������������������

%�������������$������������������(�
���(��� ������������������41�����(����������
������������(��'�������������(���������(��������������������$������������������

(�����(�����!���(�������0��������������������3��
����������

'��������(�����������9�������������(�������������=�����������6

;���(������������
����������������3�������$������������������(����(�����(����

����0������������������5�3�������(���������)����>����������*������������4��������

�������)����>�������������������0������������������������������������������������������(

0����������������������������������������(����������������������������������4�����

�����(����������������������������������4������

?������(���(�����������(������������������������������������� !� � �	���B!��
'����	�2������������(��������$�����������������'�����������3�������(���(����%�������7
(���������������������������������

! 2� "� � � � �

2.5 WAVE EQUATION

����
����������������������������������(1��(������������������(��������������������

���
������'���������5��(��������3������������(�
������������
�������(�
�����
�����

����
���������������������(���(�������5���3�������������(����������������������'�����

�������������������
������������������������������������������&,�-"��.")))"��"�/�����
����������

%���� !� ����������������$�����������(����������4�(����������������������������������
����(��������
������(���������=��
������������1(����������
��������������;����

����(�
��������������!2C9�������������������3����+B+��,�������(��������(���;����

����������������������3��������
���������������������(������(���������������������

����
���������3���(������������(����
����������������������������
����������������5

�������
���������������������������������=��
�����(�����������'����������������
�����3���������(�35������������������5�������
��3���
6

��������(����������(����(���������������(���������
����
�����
�������(�����
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General Solution of One Dimensional Wave Equation
��������������������	�
������
�������������
������������
��������
�����������������
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Check Your Progress
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2.6 HEAT CONDUCTION EQUATION
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Two Dimensional Diffusion Equation
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2.7 DEFINITION OF GROUP
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IV. Uniqueness of Solutions"�����"��
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Homomorphism and Isomorphism.

Homomorphism of Groups:��
�$����%�����$������%���������������� ������
��������
�&�������������������������������������������������������������
Homomorphism of the Group�������������������������
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�$�%��� ����������
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�����������(�))��+�
�&�������������
�$���%���
�$�%����
�$�%� � ����������

Properties of Homomorphism
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$�% ��������������
�������������������������������������
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Isomorphism of Groups:��
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Properties of Isomorphism
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Automorphism of Groups:�
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Theorem 2.11.�(Cayley’s Theorem)
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2.7.1 Classes and Invariant Subgroups
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2.8 FACTOR GROUP COMPLEXES

Complex of a group
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2.9 DIRECT SUM AND PRODUCT
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2.10 REDUCIBLE AND IRREDUCIBLE
REPRESENTATIONS
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Character of a Special Unitary Group SU(2):������������������������
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2.11 SCHUR'S LEMMAS
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2.11.1 Orthogonality Theorem
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2.12 CHARACTER OF A REPRESENTATION
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2.12.1 Application of Group Theory in Physics
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2.12.2 Classification of States and Elementary Particle

Classification of States
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Classification of Elementary Particle
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2.12.3 Splitting of Energy Levels
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2.12.4 Matrix Elements and Selection Rules
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Check Your Progress
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2.13 ANSWERS TO ‘CHECK YOUR PROGRESS’
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2.15 KEY TERMS
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2.16 SELF-ASSESSMENT QUESTIONS AND
EXERCISES

Short Answer Questions
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UNIT 3 FUNCTIONS OF COMPLEX
VARIABLE

Structure
3.0 Introduction

3.1 Objectives

3.2 Complex Number: Definition

3.3 Function of a Complex Variable
3.3.1 Conformal Mapping

3.4 Argand Diagram

3.5 Analyticity of Complex Function

3.6 Cauchy–Riemann Conditions
3.6.1 Cauchy’s Theorem

3.7 Poles

3.8 Residue and Cauchy's Residue Theorem

3.9 Contour Integration

3.10 Answers to ‘Check Your Progress’

3.11 Summary

3.12 Key Terms

3.13 Self-Assessment Questions and Exercises

3.14 Further Reading

3.0 INTRODUCTION

Cantor, Dedekind and Weierstrass etc., extended the conception of rational

numbers to a larger field known as real numbers which constitute rational as well

as irrational numbers. Evidently the system of real numbers is not sufficient for all

mathematical needs, for example, there is no real number (rational or irrational)

which satisfies x2 + 1 = 0. It was, therefore, felt necessary by Euler Gauss,

Hamilton, Cauchy, Riemann and Weierstrass, etc., to extend the field of real numbers

to the still large field of complex numbers. Euler for the first time introduced the

symbol i with the property i2 = – 1 and then Gauss introduced a number of the

form

a + ib which satisfies every algebraic equation with real coefficients. Such a

number a + ib with i = –1 and a, b being real, is known as a complex number.

In the field of complex analysis in mathematics, the Cauchy–Riemann

equations consist of a system of two partial differential equations which, together

with certain continuity and differentiability criteria, form a necessary and sufficient

condition for a complex function to be complex differentiable, that is, holomorphic.

Cauchy’s integral formula, named after Augustin-Louis Cauchy, is a central statement

in complex analysis. It expresses the fact that a holomorphic function defined on a

disk is completely determined by its values on the boundary of the disk. This unit

discusses Cauchy–Riemann equations, which gives a necessary and sufficient

condition for a complex function to be complex differentiable. The derivation of

Cauchy integral formula is given to provide integral formulas for all derivatives of a

holomorphic function. Cauchy’s formula shows that, in complex analysis,
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‘differentiation is equivalent to integration’: complex differentiation, like integration,

behaves well under uniform limits – a result denied in real analysis. A conformal

map is a function that preserves orientation and angles locally. In the most common

case, the function has a domain and an image in the complex plane.

In complex analysis (a branch of mathematics), a pole is a certain type of

singularity of a function, nearby which the function behaves relatively regularly, in

contrast to essential singularities, such as 0 for the logarithm function, and branch

points, such as 0 for the complex square root function. A zero of a meromorphic

function f is a complex number z such that

f(z) = 0. A pole of f is a zero of 1/f . A function f of a complex variable z is

meromorphic in the neighbourhood of a point z0 if either f or its reciprocal function

1/f is holomorphic in some neighbourhood of z0 (that is, if f or 1/f is complex

differentiable in a neighbourhood of z0). In this unit, you will study about the zeros

and poles, Cauchy’s Residue theorem and contour integration.

3.1 OBJECTIVES

After going through this unit, you will be able to:

� Describe the concept of conformal mapping

� State the purpose of Argand diagram

� Explain the method of analytic continuation

� Evaluate the Cauchy-Riemann conditions

� Discuss the problems using Cauchy integral formula

� Describe the meaning of zeroes and poles

� State Cauchy's Residue theorem

� Discuss the method of contour integration

3.2 COMPLEX NUMBER: DEFINITION

An ordered pair of real numbers such as (x, y) is termed as a complex number. If

we write

z = (x, y)   or   x + iy, where i = –1,  then

x is called the real part and y the imaginary part of the complex number z and

denoted by

x = Rz or R(z) or Re(z)
y = Iz or I(z) or Im(z)

Equality of complex numbers. Two complex numbers (x, y) and (x�, y�)
are equal iff x = x� and y  = y�.

Modulus of a complex number. If z = x + iy be a complex number then

its modulus (or module) is denoted by z  and given by

z = �x iy  = 
2 2x y� �

Evidently z = 0 iff x = 0, y = 0.
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3.3 FUNCTION OF A COMPLEX VARIABLE

Exponential Functions: If z = x + iy and y is used as radian measure of the

angle to define cos y, sin y etc., then the exponential function in terms of real

valued functions is defined by

ex = ex + iy = ex eiy = ex (cos y + i sin y) ...(3.1)

In case z is purely real, i.e., y = 0, we have ez = ex ...(3.2)

and if z is purely imaginary, i.e., x = 0, we have

eiy = cos y + sin y ...(3.3)

As such Maclaurin series representation of et on replacing t by iy, gives

0

( )n

n

iy
n

�

�
� =

2 2 2 1 2 1

0 0

where 0 1
2 2 1

n n n n

n n

i y i y
n n

� �� �

� �
� �

�� �

=
2 2 1

0 0

(–1) (–1)
2 2 1

n n
n n

n n

y yi
n n

�� �

� �
�

�� � ...(3.4)

which are Maclaurin series for cos y and sin y respectively.

The Exponential function given by (3.1) is an entire function since

zd e
dz

= ez ...(3.5)

Similarly
wd e

dz =
w dwe

dz
...(3.6)

w being an analytic function of z.
Polar form of Equation (3.1) is ez = r (cos � + i sin �) = rei� ...(3.7)

where r = ex, � = y.

� | |ze  = r = ex and arg ez = � = y ...(3.8)

Also | |ze  > 0 i.e. ez � 0 for every value of z ...(3.9)

So the range of the exponential function is the entire complex plane
excluding the origin where r = 0.

Now ez = – 1 = cos (	 ± 2m	) + i sin (	 ± 2m	) gives

x = 0 and y = 	 ± 2m	, m = 0, 1, 2,...

If 1ze = r
1
 (cos �

1
 + i sin �

1
) so that r

1
 = 1xe , �

1
 = y

1

and 2ze = r
2
 (cos �

2
 + i sin �

2
) so that r

2
 = 2xe , �

2
 = y

2

then, 1 2
z ze e = r
1
r

2
 {cos (�

1
 + �

2
) + i sin (�

1
 + �

2
)}

= 1 2x xe e  [cos (y
1
 + y

2
) + i sin (y

1
 + y

2
)]

= 1 2�x xe 
 1 2 1 2 1 2( ) ( )� � � ��i y y x x i y ye e

= 1 1 2 2 1 2( ) ( )� � � ��x iy x iy z ze e ...(3.10)

Similarly 1 2/z ze e = 1 2�z ze ...(3.11)

1
ze

= e–z ...(3.12)
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(ez)n = enz ...(3.13)

n being a positive integer.

(ez)m/n = em/n(z + 2	pi) ...(3.14)

p = 0, 1, 2,...., n – 1 and m, n are integers (+ ve).

Also ez + 2	i = ez e2	i = ez as e2	i = 1 ...(3.15)

From Equation (3.15) it follows that the exponential function is periodic.

Again ze = ( )
ze ...(3.16)

In polar form z = rei�, z  = ree–i� so that

z
1
z

2
= r

1
r

2
ei(�1 + �2), 

1

2

z
z  = 1 2( – )1

2

� �ir e
r ...(3.17)

Trigonometric Functions
eiy = cos y + i sin y and e–iy = cos y – i sin y yield

cos y =
–

,
2

iy iye e�
 sin y = 

–

2

�iy iye e
i

...(3.18)

sin z and cos z are entire functions as

d
dz

 sin z = cos z, 
d
dz

 cos z = – sin z etc. ...(3.19)

Now,

cos z = cos (x + iy) =
( ) ( )1

2
[ ]

� ��i x iy i z iye e

= � 
– –1
.

2

��ix y ix ye e

=
–1 1

(cos sin ) (cos – sin )
2 2

y ye x i x e x i x� �

=
– ––

cos – sin
2 2

y y y ye e e ex i x�
...(3.20)

Introducing the hyperbolic functions with the properties

sin z = 
––

,
2

z ze e
 cosh z = 

–

2

z ze e�
...(3.21)

sinh
d z
dz

 = cosh z, cosh
d z
dz

 = sinh z etc. ...(3.22)

cosh2 z – sinh2 z = 1

cos iz = cosh z and sin iz = i sinh z ...(3.23)

the Relation (3.20) becomes

cos z = cos (x + iy) = cos x cosh y – i sin x sinh y ...(3.24)

Similarly sin z = sin (x + iy) = sin x cosh y + i cos x sinh y ...(3.25)

Also sin z  = sin z  and cos z  = cos z ...(3.26)

cos (z + 	) = – cos z, sin (z + 	) = – sin z, etc. ...(3.27)

It is easy to show that

2| sin |z = sin2 x + sinh2 y ...(3.28)
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2| cos |z = cos2 x + sinh2 y ...(3.29)

A value of z for which f (z) = 0 is known as a zero of the function f.
The real zeros of sin z and cos z are their only zeros, since
sin z = 0 from Equation (3.25) gives

sin x cosh y = 0, cos x sinh y = 0

x and y being real, cosh y � 1 and sin x = 0 only when x = 0, ± 	, ± 2	,...

and for these values of x, cos x � 0 and thus sinh y = 0, i.e., y = 0.

Also

sin 0 0 or , 1, 2, 3,...

(2 –1)
cos 0 , 1, 2, 3,....

2

z z n n
nz z n

� � � � 	 � �
�

	 �
� � � � � ��

We may also show that

cosh z = cosh (x + iy) = cosh x cos y + i sinh x sin y
sinh z = sinh x cos y + i cosh x sin y

So that 2| sinh |z = sinh2 x + sin2 y
2| cosh |z = sinh2 x + cos2 y

sinh z and cosh z are periodic with period 2	i.
Logarithmic Functions and Branch Points

z = rei�, � being measured in radian, gives

log z = log log
0 and

log arg

� �� � � � � �	 � � � 	�
� � ���

ire r i
r

z i

...(3.30)

If – 	 < ����	, then z = rei(� ± 2n	), n = 0, 1, 2,...

So that log z = log r + i(� + i2n	), n = 0, 1, 2,...

We write log z for principal value of log z and Log z for its general value.

In Equation (3.30) if we put log r = u, � = v so that

1
, 0, 0,

� � � �
� � �

� �� � ��
u u v v
r r r

 = 1,

are all continuous functions of z.

Also, log
d z
dz

=
– � � �� ��� �� �� �

i u ve i
r r

=
1 1
�
�i zre

where z � 0 and – 	 < arg z < 	.

A branch F of a many-valued function f is any single-valued function which

is analytic in some domain at each point of which the value F(z) is one of the

values f (z). The Equation (3.30) gives the principal branch log z. Each point of

the negative real axis � = 	 along with the origin is a singular point of the

principal branch log z. Then (say) � = 	 is said to be a branch cut for the

principal branch and the singular point z = 0 common to all branch cuts for the

many-valued function log z is known as a branch point.
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Now if w = log z, then ew = elog z = e(log r + i�)

= elog r ei� = rei� = z
i.e. elog z = z, z � 0

and if ez = w, log w = log ex+iy = log ex + log eiy.

= x + i (y ± 2p	), p = 0, 1, 2, 3,...

= x + iy ± 2p	i
= z ± 2p	i

So log w = z when ez = w
and log ex = z for appropriate choice of logarithm

Again if z
1
 = r

1
ei�1, z

2
 = r

2
ei�2, r

1
 > 0, r

2
 > 0, then

log z
1
 + log z

2
= log r

1
ei�1 + log r

2
ei�2

= log r
1
 + log r

2
 + i(�

1
 + �

2
)

= log r
1

r
2
 + i(�

1
 + �

2
)

= log z
1
z

2

Similarly log z
1
 – log z

2
 = log 1

2

z
z

It is easy to verify that

log zm = m log z

log z1/n =
1

n
 log z

zm/n = em/n log z

In case of complex exponents, we define

zc = ec log z, z, c being complex and z � 0

cd z
dz =

logc z ce
z


  = 
log

log

c z

z
ec
e


  = ce(c – 1) log z = czc–1

Also cz = ez log c, c � 0,

zd c
dz = cz log c, c � 0

Inverse Trigonometric Functions
Defining the inverse of sine function as w = sin–1 z, we have

z = sin w = 
–

2

iw iwe e
i

�

, i.e., e2iw – 2izeiw – 1 = 0.

Being qudratic in eiw, this gives, eiw = iz + 2(1– )z .

So that w = sin–1 z = – i log  !2
1 –�iz z

Similarly cos–1 z = – i log  !2
–1�z z

tan–1 z =
1 – 1

log log
2 1 2 1–

i iz i z
iz z

�
�

�

So that –1
sin

d z
dz

= 1

22

1 1
, tan

11–

d z
dz zz

� �
�

Also

sinh–1  z =  !2log 1� �z z
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cosh–1  z =  !2log –1�z z

tan–1  z =
1 1

log
2 1 –

z
z

�

Mapping

If w = f (z) and corresponding to each point (x, y) in z-plane in a domain of

function f, there is a point (u, v) in w-plane where z = x + iy and w = u + iv, then

this correspondence between the points of two planes is said to be a mapping or

a transformation of points in the z-plane into points of the w-plane by the

function f. Corresponding points or set of points are known as images of each

other. The use of graphic terms as translation, rotation or reflection is rather

convenient in mapping, for example, the mapping w = z + c, c being a complex

constant gives the translation of every point z through the vector c, i.e., if z =

x + iy, w = u + iv, c = c
1
 + ic

2
, then the image of any point (x, y) in z-plane is

the point (x + c
1
, y + c

2
).

The mapping w = Bz where B = bei" and z = rei�

i.e., w = br ei(� + ")

maps the point (r, �) in z-plane into a point (br, � + ") into w-plane, i.e., the

mapping consists of a rotation of the radius vector of z about the origin through

an angle " = arg B and an extension or contraction of radius vector r by b =

| |B .

As an illustration the function w = z2 maps the entire first quadrant of the z-
plane, 0 ������	/2, r � 0, into the entire upper half of the w-plane.

The transformation

T : w =
az b
cz d

�
�

a, b, c, d being complex constants is termed as the linear fractional
transformation or bilinear transformation or Mobius transformation.

Here T –1 i.e. inverse of T is z = 
–

–

dw b
cw a

�

Any set of elements which satisfies all the following conditions is called a

group:

(i) There is a rule of combination such that product TT # for each distinct pair

T, T# of elements is an element of the set.

(ii) The product is associative, i.e., T (T #T $) = (T T #) T $
(iii) The set contains an identity T

0
 such that T T

0
 = T

0
T = T for each element

T.

(iv) Each element T has an inverse T –1 s.t. T T –1 = T –1T = T
0
.

It may be shown that the set of all linear fractional transformations is a group.

If besides the above four properties a group also satisfies the commutative

property then it is called as Commutative group or an Abelian group.

Problem 3.1. Show that the set of complex numbers form an abelian group
under addition.



Functions of Complex
Variable

NOTES

Self - Learning
170 Material

Take three complex numbers, z
1
 (x

1
, y

1
), z

2
 = (x

2
, y

2
), z

3
 = (x

3
, y

3
) belonging

to the set C of complex numbers. Then the addition is commutative since

z
1
 + z

2
= (x

1
 + x

2
, y

1
 + y

2
) = (x

2
 + x

1
, y

2
 + y

1
)

= z
2
 + z

1 � z
1
, z

2
� C

Also z
1
, z

2
� C � z

1
 + z

2
� C

The addition is associative since

z
1
 + (z

2
 + z

3
) = (x

1
, y

1
) + (x

2
 + x

3
, y

2
 + y

3
)

= (x
1
 + x

2
 + x

3
, y

1
 + y

2
 + y

3
)

= (x
1
 + x

2
, y

1
 + y

2
) + (x

3
, y

3
)

= (z
1
 + z

2
) + z

3
.

There exists an additive identity o = (o, o) such that

z + o = (x, y) + (o, o) = (x, y) = z
There exists an additive inverse (–z) � z such that

z + (– z) = (x, y) + (– x, – y) = (o, o) the identity element.

Hence the set of complex numbers form an abelian group.

Problem 3.2. Show that the set of complex numbers form an abelian group
under multiplication.

It is easy to show that

(x
1
, y

1
), (x

2
, y

2
) � C � (x

1
, y

1
) (x

2
, y

2
) i.e. (x

1
x

2
 – y

1
y

2
, x

1
y

2
 + x

2
y

1
) � C

(x
1
, y

1
) {(x

2
, y

2
) (x

3
, y

3
)} = {(x

1
, y

1
) (x

2
, y

2
)} (x

3
, y

3
),

(x
1
, y

1
), (x

2
, y

2
), (x

3
, y

3
) � C

� multiplicative identity (1, 0) s.t. (x, y) (1, 0) = (x, y) �  (x, y) � C

� multiplicative inverse s.t. (x, y) 
2 2 2 2

–
,

� �
� 	� 	
 
� �

x y
x y x y

 = (1, 0)

The commutative law holds, i.e.,

(x
1
, y

1
) + (x

2
, y

2
) = (x

2
, y

2
) + (x

1
, y

1
).

Hence the given set is an abelian group.

Complex Differential Operators

If z = x + iy so that z  = x – iy and F be a continuous differential function, then

F F z F z F F
x z x z x z z


 
 
 
 
 
 

� � 
 � 



 
 
 
 
 
 

 giving 

x z z

 
 


� 


 
 


and
F F z F z
y z y z y


 
 
 
 

� 



 
 
 
 

 = –


 


 

F Fi i
z z

 giving –i
y z z

� �
 
 

� � 	
 
 
� �

We then define �  (Del operator) � 2
– 2

� �
 
 
 
 
 
 


 � 
 
 �� 	
 
 
 
 
 
 
� �

i i
x y z z z z z

and �  (Del bar) � 2– – – 2i i
x y z z z z z

� �
 
 
 
 
 
 

� 
 �� 	
 
 
 
 
 
 
� �
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Now taking F(x, y) as real continuously differentiable function of scalars x, y
and A (x, y) = P (x, y) + i Q(x, y) as complex continuously differentiable

function of vectors x and y, then

F(x, y) = ,
2 2

z z z zF
i


 
� �
� 	
� �

 = ( , )G z z  say and A(x, y) = ( , )B z z  say

The Gradient of a real scalar function F is defined by

grand F = F�  = 2
F F Fi
x y z


 
 


 �


 
 

and the gradient of a complex vector function A is defined as

grand A = A�  = ( ) –
P Q P Qi P iQ i

x y x y y x
� � � �
 
 
 
 
 



 
 � 
 
� 	 � 	
 
 
 
 
 
� � � �
 = 2

B
z






Geometrically interpreted, F�  is a vector normal to the curve F(x, y) =

constant, and if B is analytic function of z  so that 
B
z






 = 0, then gradient is also

zero i.e. , –
P Q P Q
x y y x


 
 
 

� �


 
 
 

 showing that Cauchy-Riemann equations are

satisfied.

The Divergence of a complex vector function A is defined as

div A = � � A = Re { }� � A  = – ( )Re i P iQ
x y

� �� �
 
� �
� �� 	
 
� �� �� �
 = 

P Q
x y


 





 


= 2
BRe
z


� �
� �


� �
 where Re denotes real part.

It is notable that the divergence of a real or complex function is always a real
function.

The Curl of a complex vector function A is defined as

curl A = � × A = Im ( � × A) = – ( )Im i P iQ
x y

� �� �
 
� �� 
� �� 	
 
� �� �� �

= –
Q Pi
x y

� �
 

� �


 
� �
 = 2Im B

z

� �

� �

� �

The Laplacian operator is defined as the scalar or dot product of �  with
itself

i.e. 2� �� � � = ( )Re � �  = –R i i
x y x y

� � � �
 
 
 


� 	 � 	
 
 
 
� � � �

=
2 2 2

2 2
4

z zx y

 
 



 �

 

 


Here below we summarize few identities involving grad, div and curl of two

complex diffentiable functions A
1
 and A

2
.

grad (A
1
 + A

2
)= grad A

1
 + grad A

2

div (A
1
 + A

2
) = div A

1
 + div A

2

curl (A
1
 + A

2
) = curl A

1
 + curl A

2

grad (A
1

A
2
) = A

1
 (grad A

2
) + (grad A

1
) A

2
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curl (grad A) = 0, when A is real or Im (A) is harmonic

div (grad A) = 0, when A is imaginary or Re (A) is harmonic

3.3.1 Conformal Mapping
We can set a correspondence between a domain D of x-y plane and a domain

D� of u-v plane by the transformation or mapping w = f (z), i.e., u = u(x, y) and

v = v(x, y), for example, if u = x2 and v = y2, then the circular domain x2 + y2

� 1 in z-plane corresponds to the triangle in w-plane bounded by the lines u =

0, v = 0 and u + v = 1.

Fig. 3.1 Fig. 3.2

Conformal and Isogonal Transformations. If the curves in z-plane intersect at

a point z0 (x0, z0) at an angle �, then if the two corresponding curves in w-plane

intersect at w0 (u0, v0) at the same angle �, where w0 corresponds z0, the

transformation or mapping is known as Isogonal. In other words if only the

magnitude of the angle is preserved, the mapping is Isogonal, but if the sense of

rotation as well as the magnitude of the angle is preserved, the mapping is

conformal.

y

o x� x
�

x

CC CC

zzz zzz
zzz

z
x

z

v

o u
�

u
�

� www
ww www

w
u

w

�

Fig. 3.3 Fig. 3.4

Necessary and Sufficient Conditions for Conformality

I. If f (z) is analytic, then the mapping is conformal, i.e., the necessary

condition for conformality is that f (z) must be analytic.

In other words, an analytic function is necessarily conformal.

Take points z1, z2 on curves C1, C2 in z-plane near to z0 at distance r such

that tangents at z1, z2 make angles, �1, �2 with the real axes. Let the

corresponding points in w-plane be w1, w2 on curves �1, �2, near to w. Then

z1 – z0 = r ei�1, z2 – z0 = rei�2 and if as r ! 0, �1 ! �1, �2 ! �2.

Also w1 – w0 = "1ei#1, w2 – w0 = "2ei#2 and if "1 ! 0, # ! �1, #2 ! �2
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then 
0

1 0
0

1 0

–
( ) Lim

–z z

w w
f z

z z!
� �

or say, Rei$ =
1

1

1Lim
i

i
e

re

#

�
"

 or f �(z0) % 0 and it may be written as

Rei$ = 1 1( – )1Lim
ie

r
# �"

Equating moduli and arguments on either side, we get

R = 1Lim
r
"

 = |f �(z0)| and $ = Lim (#1 – �1) = Lim #1 – Lim �1 = �1 – �1

giving �1 = �1 + $ and similarly �2 = �2 + $

& �1 – �2 = �1 – �2 � The angle between the curves C1 and C2 in z-

plane is the same as the angle between the curves �1 and �2 in w-plane, i.e., the

magnitude as well as the sense of rotation of the two angles in z and w planes is

the same. This means the transformation is conformal.

II. If the mapping is conformal, then the function w = f (z) is analytic, i.e.,

the sufficient condition for conformality is that f (z) is analytic. Consider a

pair of differentiable relations

u = u(x, y), v = v(x, y)

defining a transformation from z-plane (i.e., x-y plane) to w-plane (i.e., u-v
plane). The transformation being of the form w = f (z), where f (z) is regular, is

conformal.

Take the elements of lengths d' and ds in (u, v) and (x, y) planes

respectively, so that

ds2 = dx2 + dy2 ...(3.31)

and d'2 = du2 + dv2 ...(3.32)

But 
u = and
u u v vdx dy v dx dy
x y x y


 
 
 


 
 � 



 
 
 


& d'2 =

2 2
2( ) 2

u v u u v vdx dx dy
x x x y x y

� � � �
 
 
 
 
 
� �� � � �
 
 
� � � �� 	 � 	
 
 
 
 
 
� � � � � �� �� �

2 2

2( )
u v dy
y y

� �� � � �
 
� �
 
� �� 	 � 	
 
� � � �� �� �

Mapping being conformal, the ratio d' : ds is independent of direction if

2 2

1

u v
x x


 
� � � �
� 	 � 	
 
� � � �
=

0

u v v v
x y x y


 
 
 





 
 
 

 = 

2 2

1

u v
y y

� � � �
 


� 	 � 	
 
� � � �

 by Equation (3.31)

and (3.32)

giving
2 2u v

x x

 
� � � �
� 	 � 	
 
� � � �

=

2 2
u v
y y

� � � �
 


� 	 � 	
 
� � � �

 = h2 (say) ...(3.33)

and
u u v v
x y x y


 
 
 





 
 
 

= 0 ...(3.34)
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Equation (3.33) is satisfied if

ux . .,
ui e
x


� �
� 	
� �

 = h cos �, vx = h sin �, uy = h cos �, vy = h sin �

and Equation (3.34) is satisfied if � – � = 
2

(
) .

Thus the correspondence is Isogonal if either

(a) ux = vy, ux = – uy or (b) ux = –vy, vx = uy

Here (a) are Cauchy-Riemann equations and expressed as w = f (z) i.e. u
+ iv = f (x + iy), where f (z) is regular function of z and equations (b) reduce to

(a) by writing –v for v, i.e., by taking image formed by reflection in the real axis

of the w-plane so that (b) correspond to an Isogonal but not conformal

transformation.

Hence the only conformal transformation of z-plane into w-plane is of the

form w = f (z), where f (z) is a regular function of z.
III. The case f (z) = 0. Assuming that f �(z0) has a zero of order (n – 1) at the

point z0, we have in the neighbourhood of z0 by Taylor’s theorem,

f (z) = f (z0) + an (z – z0)n + � � � where an = 0( )
0nf z

n
%

& f (z) – f (z0) = an (z – z0)n + � � �

i.e., w1 – w0 = an (z1 – z0)n + � � �

or "1ei#1 = 1( )i nn
na r e � 
$ 
 � � � �  where $ = arg an

& Lim #1 = Lim (n�1 + $) = n�1 + $

Similarly, #2 = n�2 + $.

As such the curve �1, �2 still have definite tangents at w0, but the angle

between the tangents is

Lim (#2 – #1) = n(�2 – �1) � the magnitude of the angle is not preserved,

but magnified.

Linear magnification R = 
1

Lim
r

 = 0 � the conformal property does not

hold good at such a point where f �(z) = 0.

Note. The points at which
dw
dz  = 0 or * are called critical points of the transformation defined

by w = f (z).

IV. Transformations which are Isogonal but not Conformal. In this case, the

magnitude of the angles is conserved but their sign is changed such as

w = x – iy = z

which replaces every point by its reflection in the real axis, so that angles are

conserved but signs are changed. In general it is true for the transformation of the

type

w = ( ),f z f (z) being regular..
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It is a combination of two transformations

(i) � = z , (ii) w = f (�)

In (i), angles are conserved but their signs are changed and in (ii) angles as

well as signs are conserved. Thus w = ( )f z  gives a transformation which is

isogonal but not conformal.

Linear or Bilinear or Möbius’ Transformation

Its form is w =
az b
cz d
�
�

...(3.35)

where z, w are complex variables and a, b, c, d are complex constants.

If we write Equation (3.55) in the form

cwz + dw – az – b = 0 ...(3.36)

then it is linear in z as well as w and hence it is called bilinear. It was studied by A.F.

Möbius (1790–1868) as mentioned by Caratheodory and hence bears the name

of Mobius.

Writing Equation (3.35) as w =
/

/

a z b a
c z d c

�
�

it follows that for every value of z, there is the same value of w, if , . ., –
b d i e ad bc
a c
�

= 0 and there correspond different values of w to different values of z if ad – bc
� 0.

Here the expression (ad – bc) is known as the Determinant of the
Transformation.

Equation (3.36) � For every z � – ,
d
c

 there exists a value of w ...(3.37)

Equation (3.35) can also be written is

z =
– – /

–
– – /

dw b d w b d
cw a c w a c

�
�

...(3.38)

This implies, that for every w � a
c

, there exists a value of z

Now, Equations (3.37) and (3.38) � In (3.35), the correspondence between

w and z is one-one, except that when c � 0 for z = – ,
d w
c

��  so that we may

regard the point at infinity in w-plane (or extended plane) as corresponding to

the point z = –
d
c

 in z-plane. Similarly the point at infinity in z-plane corresponds

to w = 
a
c

 in w-plane.

When c = 0, then Equation (3.35) gives w = ,
a bz
d d

�  so that for a � 0, the

points at infinity in the two planes correspond.

Again if we can write Equation (3.31) as

w =
– 1a bc ad

c c cz d
�

�
 with ad – bc � 0 and c � 0
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or w =
2

– 1a bc ad
dc c z
c

�
�

then it is obtained by a superimposition of successive mappings

(i) 	 = 
dz
c

�  of the type z + 
 known as translation

(ii) � = 
1

	
 known as inversion

(iii) w = 2

–a bc ad
c c
� �  of the type w = �z, known as magnification and

rotation.

Note. Points which coincide with their transforms under bilinear transformation are known as fixed
points of the bilinear transformation. Thus z is a fixed point of (5) if

z =
2

, . ., ( – ) – 0
az b i e cz d a z b
cz d
�

� �
�

It will have distinct roots �1, �2 if c � 0 and the discriminant �2 = (d – a)2 +

4bc � 0.

We can take �1 = 2

– – –
,

2 2

a d s a d s
c c
�

� � .

Conversely if c � 0, each of these points is mapped onto itself, but if � = 0,

there is only one fixed point.

If c = 0, but d � 0, we have w = 
a bz
d d

� ...(3.39)

In bilinear transformation � is also a fixed point and another possible fixed

point is given by Equation (3.39), i.e., by

(d – a)z = b

Hence, if d – a � 0, the transformation has the two fixed points � and 
–

b
d a

and if d = a, it has only one fixed point, viz., �.

Conclusively, the mapping or transformation of a simple analytic (regular)

function w = f (z) can be performed in three manners:

1. Translation. w = z + 
, where 
 is a complex consant; or u + iv = x +

iy + (p + iq), where 
 = p + iq
� u = x + p and v = y + q
or x = u – p and y = v – q
Thus a point P (x, y) in the z-plane is mapped onto the point Q (x + p, y
+ q), in the w-plane, which is merely a translation of the coordinate axes.

2. Inversion. w = 
1

z
 or Rei
 = 

1 1 i
i e

rre
� �

�
�  in polar coordinates

� R =
1

and –
r


 � �

Thus a point P(r, �) in the z-plane is mapped onto the point 
1

, –Q
r
� ��� �
� �

 in

the w-plane, representing a reflection into real axis. As such the interior of
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a unit circle  |z| = 1 in the z-plane is mapped onto the exterior of the unit

circle in the w-plane.

3. Magnification and Rotation. w = �z, where w, z are complex numbers

and � is a complex constant.

Taking w = Rei
, z = rei� and � = bei
, we have

Rei
 = brei(� + 
) � R = br and 
 = � + 

Thus the modulus is magnified as R = br and the angle is rotated through 
.

Example 3.1. To find all the Möbius transformations which transform the
half plane I (z) � 0 into the unit circle |w| � 1 (one).

Möbius transformation is

w =
/

/

az b a z b a
cz d c z d c
� �

�
� �

...(1)

which transforms I(z) = 0 into |w| = 1, i.e., real axis in z-plane transforms into the

unit circle in w-plane.

It is observed that points w, 
1

w
 inverse w.r.t. the unit circle in w-plane

transform into points z, z  symmetrical (inverse) w.r.t. the real axis in z-plane. In

particular  w = 0, � correspond z = 
, 
  (say).

Fig. 3.5 Fig. 3.6

� (1) � – , – ,
b d
a c
� 
 � 
 , so that Equation (1) reduces to

w=
–

–

a z
c z






or |w| = 
–

–

a z
c z






...(2)

The point z = 0 must correspond to a point in the circle |w| = 1, so that

Equation (2) gives

1=
0 –

0 –

a
c




 or 1 = 

a a
c 


or 1 = 
a
c  as |
| = 


We may write 
a
c

 = ei�, � being real, then

(2) � w=
–

–

iz e
z

�




...(3)

Since z = 
 gives w = 0, 
 must be a point in the upper half plane, i.e., I(
)

> 0. With this condition, Equation (3) gives the required transformation.

Again, we have from Equation (3)

ww  – 1 = –– –
–1 as

– –

i iz ze e
z z

� �
 

� 
 � 
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or |w|2–1 =
2( – ) ( – )

–1 as
( – ) ( – )

z z ww w
z z


 

�


 


=
2

– – – –
as – –

–

zz z z zz z z z z
z


 
 � 

 � 
 � 
 



 � 





=
2 2

( – ) ( – ) 2 ( ) 2 ( )

– –

z z i Im z i Im
z z


 
 � 

�


 


=
2

4 ( ) ( )
–

–

Im z Im
z






...(4)

� (4) � |w|2 – 1 < 0 for I(z) > 0

� |w| < 1 corresponds to I(z) > 0

� upper half plane in the z-plane corresponds to interior of the unit circle in

w-plane.

Hence Form (3) is the required transformation.

Check Your Progress

1. What are complex numbers?

2. What is an exponential function?

3. What is the polar form of exponential function?

4. What is the necessary condition for conformality?

3.4 ARGAND DIAGRAM
Consider a point P in xy-plane. Let an ordered pair of values of x and y
correspond to the coordinates of the point P. Then a complex number z may be

made to correspond to the point P, where

z = x + iy,

Here z is called the complex coordinate of the point P.

Fig. 3.7

In the adjoining figure, the x-axis is called the real axis or axis of reals and

y-axis is called the imaginary axis or the axis of imaginaries.

Here |z| = |x + iy| = 2 2( )x y�  is the measure of length OP.

If (r, �) be the polar coordinates of the point P, the polar form of the complex

number z is

z = r (cos � + i sin �) = rei�.
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Here the number r (being taken +ve) is called the modulus or absolute
value of the complex number z and � is called the angle or argument of z and

usually written as arg z, i.e., | z | = r and arg z = �.

Now the coordinates of a point P� which is conjugate of z are z  = (x, –y) or

(r, –�) in polars.

Fig. 3.8

Since z  = r{cos (–�) + i sin (–�)},  geometrically the points P and P�
represent z and z  respectively and their situations are symmetrical about the axis

of reals, i.e., x-axis. The conjugate of z is called the reflection or image of z in
the real aixs.

O

r z

r
z

�
�

P rP r �

P r� �� �r

Fig. 3.9

Note 1. The plane whose points are represented by complex numbers is

known as Argand Plane or Argand diagram or Complex plane or

Gaussian plane.

Note 2. The complex number z representing the point (x, y) is sometimes

called Affix of the point (x, y).

Geometrical Representation on the Argand Plane.
The sum, difference, product and quotient of complex numbers can be

geometrically represented on the Argand pland as follows:

[1] Sum. Taking z
1
 and z

2
 two complex numbers represented by the points P

and Q on Argand Plane and completing the parallelogram OPRQ, we observe

that mid-points of its diagonals OR and PQ coincide, since they bisect each

other, i.e., if
z

1
= (x

1
, y

1
), z

2
 = (x

2
, y

2
),

then mid-point of PQ is 1 2 1 2,
2 2

x x y y� �� �
� �
� �

 which is also the mid-point of OR

showing that coordinates of R are (x
1
 + x

2
, y

1
 + y

2
).

But z
1
 + z

2
 = (x

1
 + x

2
,  y

1
 + y

2
)
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Therefore, the sum z
1
 + z

2
 corresponds to a vector whose components are x

1

+ x
2
 and y

1
 + y

2
. As such the sum of two complex numbers z

1
 and z

2
 can be

represented by a vector (z
1
 + z

2
).

i.e., if OP
����

 = z
1
, OQ
����

 = z
2
 then OR

����
 = OP PR�
���� ����

 = OP OQ�
���� ����

 = z
1
 + z

2
.

Hence the point R on Argrand Plane corresponds to the sum of two complex

numbers z
1
 and z

2
 as shown in Fig. 3.10.

O
X

Y

Q

R

zz

zz
P

z zz zzzz

Fig. 3.10

[2] Difference. Taking z
1
 = (x

1
, y

1
) and z

2
 = (x

2
, y

2
) two complex numbers

represented by the points P and Q on Argand Plane and completing the

parallelogram OQPR, we see that the point R represents the complex number z
1

– z
2
, since z

1
 – z

2
 = (x

1
 – x

2
, y

1
 – y

2
) being a complex number corresponds to

a vector whose components are x
1
 – x

2
 and y

1
 – y

2
 and

if OP
����

= 1,z OQ
����

 = z
2

then QO
����

= – z
2
, so that

z
1
 – z

2
= –OP OQ
���� ����

 = OP QO�
���� ����

= QO OP�
���� ����

 = QP QR�
���� ����

i.e., the difference of two complex numbers can be represented by a vector.

O
X

Y

Q

R

zz

zz
P

z zz zzzz

Fig. 3.11

[3] Product. If z
1
 = (x

1
, y

1
), z

2
 = (x

2
, y

2
) are two complex numbers, then z

1
z

2

= (x
1
x

2
 – y

1
y

2
, x

1
y

2
 + x

2
y

1
) = (x

1
x

2
 – y

1
y

2
) + i(x

1
y

2
 + x

2
y

1
)

Changing to polars by putting

x
1

= r
1
 cos �

1
, y

1
 = r

1
 sin �

1

x
2

= r
2
 cos �

2
, y

2
 = r

2
 sin �

2

where r
1
, r

2
 are moduli and �

1
, �

2
 are arguments of z

1
 and z

2
 respectively, we

have

z
1
z

2
= r

1
r

2
 [(cos �

1
 cos �

2
 – sin �

1
 sin �

2
)

+ i(cos �
1
 sin �

2
 + cos �

2
 sin �

1
)]
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= r
1
r

2
[cos (�

1
 + �

2
) + i sin (�

1
 + �

2
)]

� 1 2z z = r
1
r

2
 = 1 2z z ...(3.40)

and arg (z
1
z

2
) = �

1
 + �

2
 = arg �

1
 + arg �

2

i.e., the modulus of product of two complex numbers is equal to the product
of their moduli and argument of the product of two complex numbers is the
sum of their arguments.

In general if there are n complex numbers z
1
, z

2
 ,....., zn with moduli r

1
, r

2
,.... rn

and arguments �
1
, �

2
,...., �n respectively, then repeated application of the above

result yields,

z
1
z

2
...zn = r

1
r

2
...rn [cos (�

1
 + �

2
 + .... + �n) + i sin (�

1
 + �

2
 + ... + �n)]

so that 1 2... nz z z =r
1
r

2
...rn = 1 2 ... nz z z

and arg (z
1
z

2
 ....zn) =�

1
 + �

2
 + ... + �n = arg z

1
 + arg z

2
 + ... + arg zn

i.e., the modulus of the product of any number of complex quantities is
equal to the product of the moduli and the argument of the product of these
complex numbers is equal to the sum of their arguments.

Geometrically represented on an Argand Plane the product of n complex

quantities z
1
, z

2
, ...., zn as shown in Fig. 3.12 follows that the length of the vector

(z
1
z

2
...zn) is the product of the lengths of the vectors z

1
, z

2
 ....., zn, i.e.,

1 2... nz z z = 1 2 ... nz z z  and the amplitude of (z
1
z

2
...zn) is equal to the sum of

the amplitudes of z
1
, z

2
, ...., zn.

Fig. 3.12

In a particular case when z
1
 = z

2
 = ... = zn = z (say), the above results may

be summarised as

zn = rn (cos n � + i sin n �) under the assumptions

r
1

= r
2
 = ... = rn = r (say)

�
1

= �
2
 = ... = �n = � (say)

i.e., nz = rn = 
nz

and amp zn = n� = n. (amp z)

Also if r = 1, we get the De Moivre’s theorem for positive integral exponents

such as

zn = (cos � + i sin �)n = cos n � + i sin n � ...(3.41)

[4] Quotient. Consider two complex numbers z
1
 and z

2
 such that

z
1

= x
1
 + iy

1
 = r

1
 (cos �

1
 + i sin �

1
)

z
2

= x
2
 + iy

2
 = r

2
 (cos �

2
 + i sin �

2
)
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The quotient of complex numbers z
1
 and z

2
 is given by

1

2

z
z = 1 1 1

2 2 2

(cos sin )

(cos sin )

� � �
� � �

r i
r i

 = 1
1 2 1 2

2

[cos ( – ) sin ( – )]� � � � �
r i
r

� 1

2

z
z = 1

2

r
r

 = 
1

2

z
z

and arg 1

2

z
z
� �
� �
� �

= �
1
 – �

2
 = arg z

1
 – arg z

2

i.e., the modulus of the quotient of two complex numbers is the quotient of
their moduli and the argument of the quotient  of two complex numbers is
the difference of their arguments.

As a particular case defining the division as the inverse of multiplication, we

have

1

z
 = 

1

r
 [cos (–��) + i sin (–��)] = 

1

r
 [cos � – i sin �]

so that 
1
nz

 = z–n =
1
nr

 (cos n � – i sin n �) = 
1

n

z
� 	
� �
� �

...(3.42)

which shows that De Movire’s theorem is valid when the exponent is any negative

integer.

Geometrical representation of 1

2

z
z

 may be shown as below:

Let OP
����

 and OQ
����

 represent the vectors z
1
 and z

2
 in an Argand Plane such that

1z  = OP, 2z   OQ and arg g z
1
 = �

1
, arg z

2
 = �

2
.

Rotate the line OP in clockwise direction through an angle �
2
 (= arg z

2
) such

that its new position is OP
 and �POP
 = �
2
. Take OA = 1 (unit length) on OX

and draw a line AR to meet OP
 in R such that �OAR = �OQP.

Fig. 3.13

The point R thus obtained corresponds to the quotient 1

2

z
z

 and it may be

justified as follows:

In similar triangles OAR and OQP have

OR
OA

=
OP
OQ , i.e., OR = 

OP
OQ

, � OA = 1
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=
1

2

z
z

 = 1

2

z
z

which shows that the radius vector of the point R is 1

2

z
z

.

Also �AOR = �POR – �POX = �
2
 – �

1
 = – (�

1
 – �

2
)

i.e., vectorial angle of R is – (�
1
 – �

2
) which, when measured in positive sense is �

1

– �
2
.

Hence the point R represents the quotient 1

2

z
z

.

Multiplication of a Complex Number by i
Let z be a complex number with its modulus r and amplitude �
i.e., z = r (cos � + i sin �)

and i = cos sin
2 2

� �

 i

� cos sin (cos sin )
2 2

� �� 	� 
 �
 �� �
� �

iz i r i

= cos sin
2 2

r i� � � �� 	 � 	
 � 
 
 �� � � �� �� � � �� �
                      ...(3.43)

which follows that iz represents a vector obtained by rotating the vector z
through a right angle in the positive direction.

Extraction of Roots

Suppose that n
oz  = z, n being positive integer                                 ...(3.44)

We can express z = r (cos � + i sin �)

so that zo = ro (cos �o + i sin �o) provided z � 0 and ro, �o, are unknown.

� (3.44) gives, n
or (cos n �o + i sin n �o) = r (cos � + i sin �) by (3.41)

Measuing the angles in radians, we therefore, have

n
or  = r, n � = � ± 2m�, m being zero or any positive integer which follow

that r, ro being positive, ro is the positive nth root of r and �o = 
2m

n n
� �
�  has n

distinct values for m = 0, 1, 2...., n – 1.

�

�

O

Y

X

i

�

�

O

Y

XX

ii
�

�

�
XO

Fig. 3.14

As such there are n distinct solutions of (3.40), given by
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z1/n = zo = 1/ 2 2
cos sin ,n m mr i

n n
�
 � �
 �� 	
� �

� �
m = 0, 1, 2,....., n – 1.  ...(3.45)

which are distinct values of 1/ nz .

Here the length of each of the n vectors 1/ nz  is the positive number 1/ nr  and

argument of one of these vectors is 
n
�

 while the other arguments are obtained by

adding multiples of 
2

n
�

 to 
n
�

.

In particular z = 0, (12) has the only solution zo = 0.

But 1 = cos 0 + i sin 0, then nth roots of unity are given by

11/n = 
2 2

cos sin ,
m mi

n n
� �


 m = 0, 1, 2,...., n – 1 ...(3.46)

Taking m = 1, the root of unity being a complex number and denoted by �, is given

by

�� =
2 2

cos sini
n n
� �

 ...(3.47)

According to De Moivre’s theorem, the n, nth roots of unity are given by

1, �, �2,...., �n–1           ...(3.48)

which are the vertices of a regular polygon in complex plane of n sides inscribed

in the unit circle | z | = 1 with one vertex at the point z = 1.

The case (i) of Fig. 3.14 shows for n = 3 and case (ii) for n = 6.

Now if � is a particular nth root of z, then we have the n roots of z as

�, ��, ��2,...., ��p,... ��n–1 ...(3.49)

since � multiplied by �p implies the increment of arg � by the angle 
2 p

n
�

.

If m, n be two positive integers prime to each other, then (3.45) and (3.49)

yield

1/( )m nz  =
1/( ) cos sin ,

� �� 	
 �� �
� �

m n qm mr i
n n q = 1, 2,...., n – 1            ...(3.50)

1/( )n mz  =
1/

( ) cos sin
� � � �� 	
 �� �� �� �� �

m
n m lr i

n n

    =  
1/( ) cos sin ,

� �� 	
 �� �
� �

m n lmm mr i
n n l = 0, 1, 2, ..., n – 1               ...(3.51)

The two sets of n numbers will be identical if the set �q and �lm coincide and
then n numbers in  either set can be written as zm/n, i.e.,

zm/n =
1/

( ) cos ( 2 ) sin ( 2 )
� �� � � ��
 � 
 �
 �� � � �� �� � � �� �

m n m mr m i m
n n

m = 0, 1, 2,..., n – 1                            ...(3.52)

We may similarly define,

z–m/n = (z1/n)–m = (z–m)1/n
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3.5 ANALYTICITY OF COMPLEX FUNCTION
If there exist two functions f1(z) and f2(z), such that they are analytic (regular) in

domains D1 and D2 respectively and that D1 and D2 have a common part,

throughout which f1(z) = f2(z), then the aggregate of values of f1(z) and f2(z) at

the interior points of D1 or D2, can be regarded as a single regular function (say)

F(z). It is obvious that F(z) is regular in the common part say � of the two

domains and F(z) = f1(z) in domain D1 and F(z) = f2(z) in domain D2. We thus

regard the function f2(z) as one, extending the domain in which f1(z) is defined

and so it is called an Analytic Continuation of f1(z).

Fig. 3.15

The method of analytic continuation. Its standard method is the method of

power series, which can be summarised as below.

Suppose that there is a point P(z0) in the neighbourhood of which f (z) is analytic;

then the function f (z) can be expanded by Taylor’s theorem, in a series of ascending

powers of (z – z0), the coefficients of which involve the successive derivatives of f (z)
at z0.

Let there be a singularity S of f (z) which is nearest to P. Then a circle of

centre P and radius PS is the circle of convergence within which the Taylor’s

expansion is valid. If we now take any point P� (not on PS) within this circle then

we can find the values of f (z) and all its derivatives at P�, from the series by

applying the method of term by term differentiation. We thus find the Taylor’s

series for f (z) with P� as origin and this series will define a function which is

regular in the circle whose centre is P. Such a circle will extend as far as the

singularity of the function defined by the new series, which is nearest to P�, and

this may or may not be S. In either case the new circle of convergence may lie

partly outside the old circle and for points in the region which is included in the

new circle but not in the old one, so that the new series may be utilized in defining

the values of f (z) while the old series failed to do so.

P

S

P �

Fig. 3.16

In  a similar manner, we can take another point P�� in the region for which the

values of the function are known and form the Taylor’s series with P�� as origin

which will, in general, still further extend the domain of definition of the function

and so on and so forth.
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N
M

C�

P�
P�

L

P C

Fig. 3.17

By this method of continuation, starting from a representation of a function by

any one power series, we can find any number of other power series, which

between them define the value of the function at all points of a domain, any point

of which can be reached from P without passing through a singularity of the

function f (z).
It is easy to show that continuation by two different paths PLN and PMN

gives the same power series provided the function is analytic and has no

singularity inside the closed curve PLNMP. To show it, let us suppose that S, S�,
S��,... be the power series with P, P�, P��,... as origin. Then S� = S� (for, each is

equal to S) over a certain domain which contains P�, when P�� is taken

sufficiently near to P�, and therefore S� will be the continuation of S��. Continuing

this process we can deform the path PLN into PMN provided no singular point

lies inside the path PLNMP.

Note. Weierstrass defined an Analytic function of z as one power
series together with all the other power series derivable from it by
anlaytic continuation.
An important remark. There must be at least one singularity of the analytic

function on the circle of convergence C0 of the power series 0

0

( – ) .n
n

n
a z z

�

�
�

Fig. 3.18

Assuming that there is no such singularity, we can construct by the method of

continuation, a function equal of f (z) within C0 and regular in a larger concentric

circle �0. The expansion of this function in Taylor series in powers of (z – z0)

would then converge everywhere within the larger circle �0. But this is not

possible, since the series would be the original series which has got C0 as its

circle of convergence. Let there be a point z1 within C0 and let C1 be the circle

of convergence of the power series,

1

0

( – ) ,n
nA z z

�

�



Functions of Complex
Variable

NOTES

Self - Learning
Material 187

where An = 1( )

!

nf z
n

 (by Taylor’s expansion).

Let �1 be the circle of centre z1, touching the circle C0 internally. Then the

new power series defined by (1) is certainly convergent within �1 and has the

sum f (z) there.

Since the radius of C1 cannot be less than that of �1, there are these

possibilities:

(i) C1 has a larger radius, then �1, in the which case C1 lies partly outside C0

and the new power series provides an analytic continuation of f (z). Then taking

a point z2 within C1 and outside C0, the process can be repeated.

(ii) C0 is a natural boundary of f (z). In this case we cannot continue f (z)

outside C0 and the circle C1 touches C0 internally, wherever the point z lies

within C0.

Note. A closed curve is called a natural boundary of a function if the function is
such that it cannot be analytically continued to any point of the same.
(iii) C1 may touch C0 internally, though C0 is not a natural boundary of f (z).

In this case the point of contact of C0 and C1 is a singularity of the analytic

function which has been found by continuation of the original power series: for,

there is necessarily one singularity on C1 and this cannot lie within C0.

Natural Boundary Theorem [Lambert’s Series]

If f (z) = 
0

( ) , (| | 1),
n

n
d n z z

�

�
	�  d(n) being the number of divisors of n, then the

unit circle is a natural boundary of this function.                (R.U., 1990)

Taking the double series

1 1

ml

m l
z

� �

� �
�� ...(3.53)

We can find f (z) by considering this series as a single power series and

summing up by rows, i.e.,

f (z) =
2 3

1

( )
m m m

m
z z z

�

�


 
 
 � � ��� ,

on putting l = 1, 2, 3,...

in (3.53) and taking |z| < 1

=
1

; 1
1–

m

m
m

z z
z

�

�
	� ...(3.54)

The series (3.53) being absolutely convergent for |z| < 1, we can take the

transformation,

z =

2 pi
qr e
�

...(3.55)

where p, q are positive integers s.t. p > 0, q > 1 and p, q are prime to each

other.

We, now claim

(1 – r) f (z) 
�� as r 
 1
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Assuming

f (z) =
1 21– 1–

m m

m m
z z

z z

� � ...(3.56)

where in 
1
,� m takes all values � 0 (mod q) and in 2� all other values, and

setting m = tq in 1
,�  we obtain

zm = 2 /
tqip qr e �� �

� �  = rtq or e2�ip

so that (1 – r)
1� =

1 1

1– 1–
(1– )

1– 1– 1–

tq q
tq

tq q tq
t t

r r rr r
r r r

� �

� �
� �� �

= � �2 –1 –1
1

1

1 1

tq

q t qq
t

r
r r r r r

�

�
 
 
 ��� 
 
 
 ���

�

�
=1

1 1 1
log as 1

1 –

tq

q
t

r r
q t q r

�
� 
� 
�

( ) 1
Here for 1, – log (1 – ) log

1 –

k t
k

k
t

xr x
t x

� �

 � �� �

� �� �
�

Now, if m �  0 (mod q), then

|1 – zm|2 =

2
2

/ 2 2
– – cos sin

m p im q m pm pmr e r i
q q

� � �� �
� 
� �

� �

=

2

2 22 2
1– cos sin

m mpm pmr r
q q

� �� �

� �

� �

= 2
1– 2 cos

m mpmr r
q
�




=
2 2

(1 – ) 2 1 – cos
m m pmr r

q
� ��


 � �
� �

= 2 2
(1– ) 4 sin

m m pmr r
q
�




� 2
4 sin

m pmr
q
�

 as (1 – rm)2 � 0

� 2
4 sin

mr
q
� .

Since the inequality does still hold as 2
sin 1

pm
q
�

�  as well as 2
sin 1

q
�
�

 |1 – zm| � / 2
2 sin

mr
q
�

...(3.57)

so that 2
(1 )r! � =

2 2
(1– ) (1– )

1– 1–

mm

m m

zzr r
z z
�� �

�
/ 20

(1– )

2 sin

m

mm

rr
r

q

�

� �� by (3.57)

� / 2

0

1 –

2sin

m

m

r r

q

�

�� �
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� / 2

1/ 2
0

1– 1
as

1 –2sin

m

m

r r
r

q

�

�
�
� �  = 1 + r1/2 + r2/2 +�������

�� 1/ 2

1

1 r!

� � � � � � �
1/ 2 2

2 1/ 2 1/ 2 1/ 21
as 1 – 1 – 1 1

2sin

r r r r r

q



� � ! 


�

� 1
as 1

sin

r

q



�

Thus (1 – r) f (z) = " #1 2(1– )r � 
 �

=
1 2

(1– ) (1 – )r r
� �

=
1 1 1

log
1– sin

qq r
q



�


�� as r�
 1

showing that z = e2�ip/q is a singularity of f (z). But the points of such types are

dense everywhere round the unit circle |z| = 1 and hence an arc, however small,

on f (z) cannot be found to be regular. As such f (z) cannot be continued across

the unit circle so that the unit circle is a natural boundary of the function.

As an example, we claim that the power series 2

0

1
n

n
z

�

�

 � cannot be

continued analytically beyond the circle |z| = 1 which forms a natural
boundary.(R. U., 2006)

OOZ

ree
�pi/z

2

P

Fig. 3.19

We have f (z) = 2 2 4 8

0

1 1
n

n
z z z z z

�

�

 � 
 
 
 
 
 �����

=
–12 4 2 2

1
q n

n q
z z z z

�

�

 
 
 ��� 
 
 �

=
–1

2 2

0

n n
q

n n q
z z

�

� �

� �

= f1(z) + f2(z) (say)

But Lim |un(z)|1/n =
1/

2
Lim

n n
z  = |z2| = |z|2

$ the series converges for |z| < 1



Functions of Complex
Variable

NOTES

Self - Learning
190 Material

� |z| =1 is the circle of convergence.

Now, take a point P outside the circle |z = 1 with complex coordinate (affix)

2 / 2qpir e � , with r > 1 and p, q are integers, also assume that P tends to move to

the circle of convergence along the radius vector through P.

At P,

f1(z) = � � � �
2–1 –1 –1 2

2 2 / 2 2 2 / 2

0 0 0

n
n

n q n q
q q q

pi pi

n n n
z re r e� �

� � �
� �� � �

which is a polynomial in r of degree 2q–1 and so will tend to a unique limit when

r � 1.

and f2(z) = � �2
2 2 2 / 2

n
n n qpi

n q n q
z r e

� �
�

� �
�� �

= 2 ,
n

n q
r

�

�
�  since 2 / 2 2( )

q npie �  = 1

for n = q, q + 1,....

Hence f (z) = f1(z) + f2(z)

= � �
–1 2

2 2 / 2 2

0

n
n q n

q
pi

n n q
r e r

�
�

� �
	� �

�
� as r � 1.

Conclusively |z| = 1 is a singularity of f (z) and it forms a natural boundary so

that f (z) cannot be continued analytically beyond the circle of convergence, i.e.,
|z| = 1.

Problem 3.3. Show that the two power series
2 31 1z z z

2 3
	 	 	 � � � ...(1)

and – ( – ) ( – ) –21i z 2 z 2
2

� 	 � � � ...(2)

have no common region of convergence, but they are analytic continuations
of the same function.

O ZZ

Fig. 3.20

Here the series (1) defines the function –log (1 – z), whose circle of

convergence is |z| = 1, i.e., a circle with centre z = 0 and radius 1. The only

singularity is z = + 1.

The series (2) defines the function i� – log [1 + (z – 2)]; where |z – 2| � 1

is a circle with centre z = 2 and radius 1. It touches the first circle externally as

shown in the adjoining figure.

The function i� – log [1 + (z – 2) = i� – log (z – 1)

= i� – log [– (1 – z)]

= i�
– log (– 1) – log (1 – z)
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= i� – log e�i – log (1 – z)

= i� – �i – log (1 – z)

= – log (1 – z).

It is clear that the two functions defined by the given power series have no

common region of convergence, but they are analytic continuations of the same

function – log (1 – z).

Problem 3.4. Show that the series
2 3

2 3 4
1 z z z
a a a a

	 	 	 	 � � �

represents the function which can be continued analytically outside the
circle of convergence.

Let the given series define a function f (z), i.e.,

f (z) =
2 3

2 3 4

1 z z z
a a a a

	 	 	 	 ���

=

1

being an infinite geometric series if 1

1 –

za
z a
a


 �
�� �

� �

=
1

,
–a z

only for points within the circle of convergence |z| = |a|.

If we consider a series
2

2 3

1 – ( – )
where is real,

– ( – ) ( – )

z a z a b
a b az b z b

	 	 	 �� �

then f (z) =
2

1 – –
1

– – –

z b z b
a b a b a b


 �� �	 	 	 �� �� �� �
� �� �� �

=
–1

1 –
1–

– –

z b
a b a b


 �
� �� �

provided the circle of convergence say C1 is |z – b| = |a – b|, when a and b both

are real and positive and also 0 < b < a, the circle of convergence C1 of the

second series touches the first circle (say) C internally at its only singularity z =
a. If follows that there is no analytic continuation.

In case 
b
a

 is not real and |b| < |a| and positive, the second series converges

at points inside a circle which is partly inside and partly outside the circle |z| = a.

In fact the two series represent the same function 
1

–a z
 at points outside the

circle |z| = |a| and hence can be continued analytically.

Check Your Progress

5. What is Argand plane?

6. State Natural Boundary theorem.
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3.6 CAUCHY–RIEMANN CONDITIONS

Before going into the details of Regular or Analytic functions, we first define

some terms which are used frequently.

Neighbourhood of a Point: Neighbourhood of a pint z
0
 in the Argand

diagram means the set of all points z such that |z – z
0
| < �, where � is an

arbitrarily chosen small positive number.

Limit Point: A point z
0
 is said to be a limit point of a set of points S in the

Argand plane, if every neighbourhood of z
0
 contains a point of S other than zero.

The limit points of a set may not necessary be the points of the set. There are

two types of limit points:

(i) Interior Points: A limit point z
0
 of the set S is said to be the interior or

inner point if in the neighbourhood of z
0
 there exists entirely the points of

the set S.

(ii) Boundary Points: A limit points z
0
 is said to be the boundary point if all

the points in the neighbourhood of z
0
 do not belong to the set S.

Closed Set: If all the limit points of the set belong to the set, then the set

is said to be a closed set.
Open Set: A set which consists entirely of interior points is known to be an

open set.
Bounded and Unbounded Sets: A set of points is said to be bounded if

there exists a constant number k, such that |z| � k for all points z of the set. If

there does not exist such number k the set is said to be unbounded.

Domain: If every pair of the points of a set of points in the Argand

diagram can be joined by a polygonal arc which consists only of the points of the

set, then the set of points in the Argand diagram is said to be connex (means

connected) or domain or region.

Open Domain is an open connex set of points.

Closed Domain: When the boundary points of the set are also added to

an open domain, it is then called a closed domain.

Functions of a Complex Variable: If w = u + iv and z = x + iy are two

complex numbers, then w is said to be the function of z and written as w = f (z),
if to every value of z in a certain domain D, there correspond one or more values

of w. If w takes only one value for each value of z in the domain D, then w is

said to be uniform or single-valued function of z and if it takes more than one

values for some or all values of z in the domain D, then w is known as a many-
valued or a multiple-valued function of z.

Since u and v both are functions of x, y
� w = f (z) = u (x, y) + iv (x, y).

It is however notable that the path of a complex variable z is either a straight line

or a curve.
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Continuity: The function f (z) of a complex variable z is continuous at the point

z
0
 if, given a positive number � > 0, a number � can be so found that

0( ) ( )� � �f z f z

for all points z of the domain D satisfying |z – z
0
| < �, where � depends upon �

and also, in general, upon z
0
, i.e.,

� = � (�, z
0
).

If � is independent of z
0
 or rather say that if a number h (�) can be found

independent of z
0
 such that | f (z) – f (z

0
)| < � holds for every pair of points z, z

0

of the domain D for which |z – z
0
| < h, then f (z) is called uniformly continuous

in D.

It should be noted that if a function f is continuous at z = z
0
, i.e., if f = u

+ iv is continuous at z = z
0
 then it will be so iff its real and imaginary parts

are separately continuous functions of x and y at the point (x, y) = (x0, y0)

Since if f is continuous at z = z
0
 then u(x

0
, y

0
) and v(x

0
, y

0
) both are uniquely

defined such that

0 � |u(x, y) – u(x
0
, y

0
)| � | f (z) – f (z

0
)| ...(3.58)

for, | f (z) – f (z
0
)| =+ [{u(x, y) – u(x

0
, y

0
)}2 + {v(x, y) – v(x

0
, y

0
)}2}1/2

as    z � z
0
, u(x, y

0
) � u(x

0
, y

0
), i.e., u(x

0
, y

0
) =

0 0( , ) ( , )
Lim ( , )

x y x y
u x y

�
...(3.59)

This limit exists independent of the manner in which x � x
0
, y � y

0
. Equation

(3.59) shows that u(x, y) is continuous at (x
0
, y

0
).

Similarly v(x, y) is continuous at (x
0
, y

0
).

Thus continuity of u and v for f to be continuous at z = z
0
, is a necessary

condition.

Conversely if u(x, y) and v (x, y) are continuous, then

u(x, y) � u(x
0
, y

0
) and v (x, y) � v(x

0
, y

0
) as z � z

0

so that f (z) = u(x, y) + iv(x, y) � u(x
0
, y

0
) + iv(x

0
, y

0
) = f (z

0
)

So the condition is also sufficient.

Differentiability: If f (z) be a single-valued function defined in a domain D of the

Argand diagram, then f (z) is said to be differentiable at z = z
0
 at a point of D if

0

0

( ) – ( )

–

f z f z
z z

 tends to a unique limit when z � z
0
, provided that z is also a point of

D.

A function f (z) is said to be differentiable at a point z
0
, if

0

0

0

( ) – ( )
Lim

–z z

f z f z
z z�

 exists and is a finite quantity provided by whatever path

z � z
0
; then f (z) is differentiable at z = z

0
. The finite limit when exists is denoted

by f  (z
0
) and termed as the differential coeffficient or derivative of f (z) at z = z

0
,

i.e.,

f  (z
0
) =

0

0

0

( ) – ( )
Lim

–z z

f z f z
z z�

Precisely if for a given � > 0, there exists a number � such that
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0
0

0

( ) – ( )
– ( )

–

f z f z f z
z z

  < � whenever 0 < |z – z
0
| < �

i.e., writing z – z
0
 = !z if for an � > 0, there exists a number � such that

0 0
0

( ) – ( )
– ( )

f z z f z
f z

z
 	 !  

!
 < � whenever 0 < |!z| < � then f  (z

0
) is known as

the derivative of f (z) at z
0
.

Clearly the limiting value of 0

0

( ) – ( )

–

f z f z
z z

 is independent of the path in D along

which z � z
0
.

Consider f (z) = z2, for example, then f  (z
0
) = 2z

0
 at any point z

0

since f  (z
0
) = 

2 2
0 0

0

( ) –
Lim
! �

	 !
!z

z z z
z

 = 0
0

Lim (2 )
! �

	 !
z

z z  = 2z
0

In view of the relation f  (z
0
) = 0 0

0

( ) – ( )
Lim
! �

	 !
!z

f z z f z
z

 whenever f  (z
0
) exists

at any point z
0
, we have

0 0
0

Lim[ ( ) – ( )]
! �

	 !
z

f z z f z  = 0 0

0 0

( ) – ( )
Lim Lim
! � ! �

	 !
!

!z z

f z z f z
z

z
 = 0

which follows 
0

0Lim ( ) ( )
�

�
z z

f z f z

i.e., f is necessarily continuous at any point z
0
 where its derivative exists.

But the converse is not true, i.e., if a function is continuous, it is not
necessarily differentiable as is evident from the following example:

Consider the function w = |z|2 which is differentiable at every point. It will be

shown that its derivative exists only at the point z = 0 and nowhere else, since

w
z

!
!

=

2 2

0 0 0 0 0 0
– ( ) ( ) –	 ! 	 ! 	 !

�
! !

z z z z z z z z z
z z

2 �� z zz

= 0 0

zz z z
z

!
	 ! 	

!
...(3.60)

0
Lim

z

w dw
z dz! �

!
�

!
= 0 0

0
Lim

z

zz z z
z! �


 �!
	 ! 	� �!� �

= 0 when z
0
 = 0

But if z
0

" 0, then taking # = arg !z = arg (z – z
0
) we have

–i

i
z e
z e

#

#

!
�

!
= e– 2i #

= cos 2 # – i sin 2 #.

So that
0

Lim
z

w
z! �

!
!

= 0 0
0

Lim [ (cos 2 – sin 2 )]
! �

	 ! 	 # #
z

z z z i

Here the 
0

Lim
z

z
z! �

!
!

 does not exist as !z � 0 in any manner, since if !z is real,
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$z = $x, i.e., z$ = $x = $z then limit of Equation (3.60) is 0 0�z z .

Also if $z is imaginary, i.e., $z = i $y so that z$ = – $z, then limit of Equation

(3.60) is 0 0–z z . As such the limit does not exist when z
0
� 0 and hence |z|2 has

no derivative at z
0
.

Analytic or Regular or Holomorphic or Monogesic Functions

A function f (z) which is single-valued and differentiable at every point of a

domain D, is said to be regular in the domain D.

A function may be differentiable in a domain D save possibly for a finite

number of points. Such points are called singularities or singular points of f (z)

The Necessary and Sufficient Conditions for f (z) to be Regular
Necessary Conditions: If w = f (z), where w = u + iv and z = x + iy.

As such u and v both are the functions of x and y and therefore we can write

w = f (z) = u(x, y) + iv(x, y).

Now if f (z) = u(x, y) + iv(x, y) is differentiable at a given point z, the ratio

( ) – ( )f z z f z
z

� �
�

 must tend to a certain finite limit as �z � 0 in any manner..

From the relation z = x + iy, we get �z = �x + i�y.

If we take �z to be wholly real, so that �y = 0, then

0 0

( , ) – ( , ) ( , ) – ( , )
Lim Lim

x x

w u x x y u x y v x x y v x yi
x x x� � � �

� �� � � � �
� �	 
� � �� �

must exist and tend to a definite limit.



dw
dx =

u vi
x x

� �
�

� �
= ux + ivx (say),

i.e., the partial derivatives ux, vx must exist at the point (x, y) and the limiting value is ux +

ivx.

Similarly again if �z be taken wholly imaginary, so that �x = 0, we find that

the partial derivatives uy, vy must exist at the point (x, y) and the limiting value is

vy – iuy.

Since the function is differentiable, the two limits so obtained must be identical,

i.e., ux + ivx � vy – iuy.

Equating real and imaginary parts, we get

ux = vy and uy = – vx

or and
� � � �

� � �
� � � �
u v u v
x y y x

These two relations, which are necessary conditions for a function to be analytic,

are called the Cauchy Rieman Differential Equations.

Sufficient Conditions: The continuous single-valued function f (z) is regular in

a domain C if the four partial derivatives ux, uy, vx, vy exist, are continuous and

satisfy the Cauchy-Riemann equations at all points of the region D.

Assuming ux = vy and uy = – vx and these partial derivatives are continuous,

we have to show that they exist and are finite.
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By the mean value theorem, we have

f (x + �x, y) – f (x, y) =
( , )f x x yx

x
� � � �

�
�

,

where 0 < � < 1

and f (x, y + �y) – f (x, y) =
( , )f x y yy

y
�� � � �

�
�

, where 0 < �� < 1.

Now if w = f (z) and f (z) = u(x, y) + iv(x, y),

w + � w = f (z + �z).

and f (z + �z) = u(x + �x, y + �y) + iv(x + �x, y + �y),


 �w = f (z + � z) – f (z);

Also if z = x + iy, then �z = �x + i�y.

Thus

w
z

�
�

=
( ) – ( )f z z f z

x i y
� �
� � �

=
( , ) ( , ) – ( , ) – ( , )

.
�� � � � � � ��

� � �
u x x y y iv x x y y u x y iv x y

x i y

Now u(x + �x, y + �y) – u(x, y)

= { ( , ) – ( , )} { ( , ) – ( , )}� � � � �� � � �u x x y y u x x y u x x y u x y

=
( , ) ( , )u x x y y u x x yy x

y x
�� � � � � � � � � �

� � �
� �

[by mean value theorem]

= 1 2

( , ) ( , )u x y u x yx y
x y

� � � �� �
� � � � � � �	 
 	 
� �� � � �

[� if the function is continuous

| f (z) – f (z
0
)| < �; 
 f(z) = f (z

0
) + �

1

when |z – z
0
| < � where |�

1
| < �]

= 1 2

u ux y
x y

� �� �� �� � � � � � �	 
	 
� �� � � �

0

( , )
Lim etc.

x

u x y u
x x� �

� �� �
�	 
� �� �

�

Hence

0
Lim

z

w dw
z dz� �

�
�

�
 = 

0

( ) – ( )
Lim

z

f z z f z
x i y� �

� �
� � �

=
1 2 1 2

� � � �� � � �� � � �� �� � � � � � � � � � � � � � �� � � � � � � �� � � �� � � �� � � �
� � �

u u v vx y i x i y
x y x y

x i y

=
1 1 2 2( ) ( )

� �� � � �� � � �� � � � � � � � � � � � � � �� � � �� � � �� � � �
� � �

u u u vx i y i x i y i
x x y y

x i y
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=
( ) ( )

� � �� � � � � � � ��� �� �
� �

� � �

u vx i y i x i y x y
x x

x i y

[By applying Cauchy-Riemann’s equations and putting

� = �
1
 + 1,��i �� = �

2
 + 2 ;��i also i2 = – 1]


 dw
dz

= .
u v x yi
x x x i y x i y

� � � ��� � � � �
� � � � � � � �

Now
x

x i y
�

�
� � �

=
� �

� � �
x

x i y

=
2 2{( ) ( ) }

� �

� � �

x

x y

� � 2 2{{ } { } }�� � � � �x x y

� � �2 2
1 1

�� � � 1 1i �� � � � ��

� 0 when �x � 0; �
1
 and 1�� � 0.

But by definition the modulus of any quantity is always +ve or zero and it is
never negative.


 0,
x

x i y
��

�
� � �

 when �x � 0

Similarly 0,
�� �

�
� � �

y
x i y

 when �y � 0.

Hence
dw
dz

= ,
u vi
x x

� �
�

� �

i.e., the limit exists and is finite and unique.

Therefore the sufficient conditions for the function f (z) to be regular require

the continuity of the four first partial derivatives of u and v.

Condition for a Function when it Ceases to be Analytic
If w = F( ) and z = f (z), then w is said to be function of a function of z and

we have 
dw
dz  = ,

dw d
d dz

 
 

F( ) and f (z) both being analytic.

Also if w = f (z) be an analytic function of z such that corresponding to each

point w
0
 there exists a point w

0
 and z = F(w) is such that to each value w

0
 of w

there corresponds a value z
0
 of z, then the function z = F(w) is said to be the

Inverse function of w = f (z). Clearly, if f �(z
0
) � 0, then w

0
 is a regular point of

z = F(w) i.e. z is analytic in the neighbourhood of w
0
.

On account of functions being inverse we have F �(w0) = 
( )� 0

1
f z

and

hence the function z = F(w) ceases to be analytic where f �(z) = 0, i.e.,
dw
dz

= 0 also that w = f (z) where z = F(w) ceases to be regular when
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dw
dz = 0.

Evidently when z = x + iy, w = f (z), we have 
dw
dz  = 

w
x

�
�

So that if w = u + iv, z = f (w), then 
dz
dw  = .

�
�

z
u

As an illustration if w = e–v (cos u + i sin u), then 
dz
dw

 = 
z
u
�
�

 gives

dz
dw

 = e–v (–sin u + i cos u) = –ie–v (cos u + i sin u) = – iz.


 w ceases to be analytic when 
dz
dw  = 0 i.e. z = 0.

To prove that if a function is regular, it is independent of z  and is function
of z.

z = x + iy,

z = x – iy.

Adding and subtracting, we get

x =
1

( )
2

z z�    and   y = 
1

( – ).
2

z z
i

.


 x
z

�
�

=
1

2
   and   

y
z

�
�

 = 
1

–
2i

 etc.

Now w = f (z) = u + iv.



x
z

�
�

=
du dvi
d z d z

�

=
u x u y v x v yi
x z y z x z y z

� � � �� � � � � � � �
! � ! � ! � !	 
 	 
� � � � � � � �� � � �

=
1 1 1 1

– –
2 2 2 2

u u v vi
x i y x i y

� �� � � �
! � !	 
� � � �� �

= 0 by Cauchy-Riemann’s equations.

Thus if the function is regular, it is independent of ,z as its differential is zero.

Laplace’s Functions
Cauchy-Riemann’s equations are

u
x

�
�

=
v
y
�
�

   and   
u
y

�
�

 = – ;
v
x
�
�



2

2

u
x

�
�

=
2v

x y
�
� �

   and   
2

2

u
y

�
�

 = 
2

–
v

x y
�
� �

Adding,
2 2

2 2

u u
x y

� �
�

� �
= 0

              
2 2

� � �
�

� � � �
v v

x y y x

i.e., 2u" �
2 2

2 2

u u
x y

� �
�

� �
 = 0 ...(3.61)



Functions of Complex
Variable

NOTES

Self - Learning
Material 199

Similarly, 2v" =
2 2

2 2

v v
x y
� �

�
� �

 = 0 ...(3.62)

These are known as Laplace’s equations, in which both u and v satisfy

Laplace’s equation in two dimensions.

Harmonic Functions
A function of x, y is said to be a harmonic function if it possesses continuous

partial derivatives of the first and second orders and satisfies Laplace’s equation.

Two harmonic functions u and v as satisfying (3.61) and (3.62) are known as

Conjugate harmonic functions or simply conjugate functions.

Determination of Conjugate Functions
If f (z) = u + iv is an analytic function such that u and v are conjugate
functions then being given one of them say u, we have to determine v.

We have

dv =
v vdx dy
x y

� �
�

� �
� v is a function of x, y.

= –
u udx dy
y x

� �
�

� �
by Cauchy-Riemann equations.

The R.H.S. of this equation being of the form Mdx + Ndy will be exact if

M
y

�
�

=
N
x

�
�

 where M = –
u
y

�
�

 and N = 
u
x

�
�

i.e., –
u

y y
� �� �
� �� �� �

=
u

x x
� �� �
� �� �� �

or
2

2
–

u
y

�

�
=

2

2

u
x

�
�

i.e.,
2 2

2 2

u u
x y

� �
�

� �
= 0.

As u satisfies Laplace’s equation, it is harmonic and hence its conjugate v can

be found out by integrating the equation.

dv = – .
u udx dy
y x

� �
�

� �

As an illustration if u = y3 – 3x2y, then 
u
x

�
�

 = – 6xy, 
u
y

�
�

 = 3y2 – 3x2

2

2

u
x

�
�

=
2

2
– 6 ,

uy
y

�

�
 = 6y so that u satisfies Laplace’s equation

and hence is harmonic.

Now v =
v vdx dy
x dy

� �
�

�

= –
u udx dy
y x

� �
�

� �
 by Cauchy-Riemann equations

= – (3y2 – 3x2) dx – 6xy dy
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= – (3y2 dx + 6xydy) + 3x2dx
Integrating v = –3xy2 + x3 + c which is harmonic conjugate to u.

Corresponding analytic function f (z) = u + iv
= y3 – 3x2y + i(3xy2 + x3 + c)

= i(x + iy)3 + ic
= iz3 + c�

Using an alternative method, 
u
x
�
�  = – 6xy = 

v
y
�
�

 by Cauchy-Riemann

equations.

Integrating 
v
x
�
�

 = – 6xy, we get v = – 3xy2 + � (x), � (x) being arbitrary..

But
v
x

�
�

= –
u
y

�
�

 gives

–3y2 + �� (x) = –3y2 + 3x2

i.e., ��(x) = 3x2 and so � (x) = x3 + c
Construction of a function f (z) when one conjugate is given (due to Milne-
Thomson)

If z = x + iy, z  = x – iy so x = 
–

,
2 2

z z z zy
i

�
�

� f (z) = u(x, y) + iv(x, y)

=
– –

, ,
2 2 2 2

z z z z z z z zu iv
i i

� �� 	 � 	�
 � 
 �
� 
 � 


Treating it as a formal identity in two independent variables z and z  and

putting z = ,z  we get x = z, y = 0, so that

f (z) = u(z, 0) + iv(z, 0)

Taking f (z) = u + iv to be analytic, we have

f �(z) =
u vi
x x

� �
�

� �

= –
u ui
x y

� �
� �

 by Cauchy-Riemann equations.

Writing � (x, y) � , ( , ) ,
u ux y
x y

� �
� �

� �
 we have

f �(z) = � (x, y) – i� (x, y)

= � (z, 0) – i� (z, 0)

Integrating, f (z) = { ( ,0) – ( ,0)} ,� � �� z i z dz c c being arbitrary constant.

Similarly if v(x, y) is given then we can find

f (z) = { ( ,0) – ( ,0)}� � �� z i z dz C

where �(x, y) =
v
y

�
�

 and �(x, y) = 
v
x

�
�

As an illustration if u = ex (x cos y – y sin y), then
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u
x

�
�

= ex (x cos y – y sin y + cos y) = � (x, y) (say)

and
u
y

�
�

= ex (–x sin y – y cos y – sin y) = � (x, y) (say)

So that �(z, 0) = ez(z + 1) and � (z, 0) = 0

� f �(z) = � (z, 0) – i� (z, 0)

= ez (z + 1)

Integrating f (z) = zex + c.

Problem 3.5. Prove that the function u + iv = f (z) where

f (z) = 
( ) – ( – )

( )
�

�
�

3 3

2 2
x 1 i y 1 i z 0 ,

x y f (0) = 0

is continuous and that the Cauchy-Riemann equations are satisfied at the
origin, yet f �(0) does not exist.

Here u + iv = f (z)

=
3 3

2 2

(1 ) – (1– )x i y i
x y
�

�
Equating real and imaginary parts on either side, we get

u =
3 3

2 2

–x y
x y�

 and v = 
3 3

2 2

x y
x y

�
�

 when z � 0.

Obviously both u and v are rational and finite for all values of z � 0. Thus u and

v are continuous at all those points for which z � 0. Hence f (z) is continuous when

z � 0.

Given that f (0) = 0, therefore at the origin u = 0, v = 0. Hence u and v both

are continuous at the origin. As such f (z) is continuous at the origin.

Conversely f (z) is continuous everywhere.

Now,
at 0

0
�
�

�� 	

 ��� 
 x

y

u
x

=
( ,0)u x

x
�

�
 at x = 0

=
3

20

( ,0) – (0,0) – 0
Lim ( ,0)

0h

u h u hu h
h h�

�
�

�  = h etc.

=
0

Lim
h

h
h�

 = 1.

at 0
0

�
�

� 	�

 ��� 
 x

y

u
y =

0 0

(0, ) (0, ) – (0,0)
Lim Lim
y k

u y u k u
y k� �

�
�

�

=
3

20

– 0 –
Lim –1 (0, )

0k

k ku k
k k�

� �
�

�  = – k etc.

at 0
0

�
�

�� 	

 ��� 
 x

y

v
x

=
0

( ,0)
Lim
x

v x
x�

�
�

=
0

( ,0) – (0,0)
Lim
�h

v h v
k

 = 
0

Lim
h

h
h�

 = 1

and
at 0

0
�
�

� 	�

 ��� 
 x

y

v
y

=
0

(0, )
Lim
y

v y
y�

�
�
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=
0 0

(0, ) – (0,0)
Lim Lim
k k

v k v k
k k� �

�  = 1.

Thus we have found that at the origin

u
x

�
�

= 1 = 
v
y

�
�

 and 
u
y

�
�

 = –1 = – ,
v
x

�
�

which clearly satisfy the Cauchy-Riemann equations at z = 0. Again differential

coefficient of f (z) at z = 0, i.e.,

f �(0) =
0

( ) – (0)
Lim

– 0z

f z f
z�

=
3 3

2 20
0

(1 ) – (1– )
Lim

( ) ( )�
�

�
� �x

y

x i y i
x y x iy

� z = x + iy

=
3 3 3

2 2 20

(1 ) – (1– )
Lim

( ) ( )x

x i m i x
x m x x imx�

�
� �

by putting y = mx

=
3

2

(1 ) – (1– )

(1 ) (1 )

i m i
m im

�
� �

which is not unique, as it is different for different values of m. Therefore f (z) is
not continuous at z = 0.

Hence f �(z) does not exist at the origin, i.e., z = 0.

Problem 3.6. Show that the function f (z) = � �xy is not regular at the
origin although the Cauchy-Riemann equations are satisfied at that point.

Let the function be

f (z) = � �xy  = u (x, y) + iv (x, y).

Equating real and imaginary parts, we have

u(x, y) = � �xy  and v(x, y) = 0

Thus,
at 0

0
�
�

�� 	

 ��� 
 x

y

u
x

=
( ,0)u x

x
�

�
  at x = 0

=
0 0

( ,0) – (0,0) 0 – 0
Lim Lim
h h

u h u
h h� �

�  = 0.

Similarly at x = 0, y = 0,

v
x

�
�

= 0, 
u
y

�
�

 = 0, 
u
y

�
�

 = 0.

These values clearly satisfy the Cauchy-Riemann equations

�
� �

0 0
0

– 0( ) – (0)
Lim Lim
� �

�

�
�z x

y

xyf z f
z x iy

Again f �(0)

=
0

Lim
(1 )x

x m
x im� �

 by putting y = mx
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= ,
1

m
im�

which is not unique as its values are different for different values of m. So f (z)
is not continuous at z = 0. Hence it is not regular there.

3.6.1 Cauchy’s Theorem
If f (z) is a regular function of z and if f �(z) is continuous at each point within and

on a closed contour C, then ( )
C

f z dz�  = 0. (i.e., the integral of the function

round a closed contour is zero).

Elementary Proof

Green’s theorem states that if P(x, y), Q(x, y), ,
Q P
x y

� �
� �

 are all continuous

functions of x and y in the domain D, then

( )
C

P dx Q dy�� = –
Q P dx dy
x y

� 	� �

 �� �� 


� �D
...(3.63)

Let us now assume that f (z) = u + iv, where z = x + iy.

� dz = x + i dy.

Substituting these values in ( ) ,
C

f z dz�  we get

( ).
C

f z dz� = ( ) ( )
C

u iv dx idy� ��

= ( – ) ( )
C

udx vdy i vdx udy� �� �

= – – –
D D

v u u vdx dy i dx dy
x y x y

� 	 � 	� � � �
�
 � 
 �� � � �� 
 � 


� � � �

[by Result (3.63) of Green’s theorem]

= 0

     – and
u v u v
y x x y

� � � �
� �

� � � �
�

(Cauchy-Riemann equations)

Rigorous Proof of Cauchy’s Theorem

If f (z) is analytic (regular) at all points within and on the closed contour, C then
( )

C
f z�  = 0.

To prove this theorem let us first consider two lemmas.

Lemma I. If C is a closed contour, then we must have

C
dz� = 0   and   also 

C
z dz�  = 0.

It follows from the definition of integral that

( )
C

f z dz� = –1

1

Lim ( – ) ( ).
n

r rn r
z z f z

�� �
�

Taking f (z) = 1, we have
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C
dz� = –1

1

Lim {( – )1}
n

r rn r
z z

�� �
�

= 0 as max. (zr – zr–1
) � 0, when n ���.

Also
C

z dz� = –1

1

Lim {( – ) }
�� �

�
n

r rn r
z z z

= –1 –1

1

Lim { ( – )}
n

r r rn r
z z z

�� �
�  = –1

1

Lim { ( – )}
n

r r rn r
z z z

�� �
�

= –1 –1 –1

1 =1

1
Lim { ( – )} Lim { ( – )}

2

n n

r r r r r rn nr r
z z z z z z

�� ���

� �
�� �

� �
� �

= –1 –1

1
Lim {( ) ( – )}

2
r r r rn

z z z z
��

��

=
2 2

–1

1
Lim ( – )

2
r rn

z z
��

�
= 0 (for a closed curve).

Lemma II. (Goursat’s Lemma). Given  , it is possible by suitable transversals,

to divide the interior of C into a finite number of meshes, either complete squares

or parts of squares, such that within each mesh there is a point z
0
, such that

0
0

0

( ) – ( )
– ( ) ,

–
� !  

f z f z f z
z z

i.e., f (z) – f (z
0
) = f � (z

0
) (z – z

0
) + "(z – z

0
) ...(3.64)

for all values of z in the mesh when " <  .
[Note. Unless the contour is a square, the sum of the meshes will not be a perfect square].

Fig. 3.21 Fig. 3.22

Let us suppose that the lemma is false and however the interior of C be sub-

divided. Then there will be at least one mesh for which Equation (3.46) is not

true. We have to show that this necessarily implies the existence of a point within

or on C at which f (z) is not differentiable.

Suppose that we enclose C in a large square #, of area A and apply the

process of repeated quadrisection. When # is quadrisected there is at least one

of the four quarters of the square # for which Equation (3.64) is untrue. Let it

denoted by #
1
. We quadrisect #

1
 and take its quarter say #

2
 for which Equation

(3.64) does not hold. This process is carried on indefinitely. Let the infinite

sequence of squares so obtained be #
1
, #

2
, #

3
,...#n.... each contained in the

preceding, for which the lemma is not true. Let this sequence of squares

determine a limiting point $ which clearly lies within C.
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Now f (z) being analytic everywhere and so at z = �, it is differentiable at �
and therefore, we have

( ) – ( )
– ( ) ,

–

f z f f
z

� � � � �
�

i.e.,  f (z) – f (�) = f � (�) (z – �) + �� (z – �), where z � �  < �	
��	�� < �.

With centre � let us draw a circle of radius �
1
 < � and let

z � � � �
1
 < �,

which contradicts our hypothesis, for, by taking � to be z
0
, Equation (3.64) is

satisfied and thus it follows Goursat’s lemma.

Proof of the Theorem

It is obvious that some of the meshes obtained by the subdivision of the interior

of C will be squares and others will not be squares. Let C
1
, C

2
, ....Cm .... be the

complete squares and D
1
, D

2
, .... Dn,... be the partial squares, then

Fig. 3.23

( )
C

f z dz
 = ( ) ( )
m nC D

f z dz f z dz�� �
 
 ...(3.65)

Also we have form (3.64) of the Goursat’s lemma

f (z) = f (z
0
) + f � (z

0
) (z – z

0
) + �(z – z

0
), where |�| < �, ...(3.66)

Now ( )
nC

f z dz
  = 0 0 0 0[ ( ) ( ) ( – ) ( – )]�� � �

nC

f z f z z z z z dz

= 0 0 0 0 0[ ( ) ( ) ] ( ) ( )
n n nC C C

f z f z z dz f z z dz z z dz� �� � � � �
 
 


= 0( – )
nC

z z dz�
  as 0
n nC C

dz z dz� �
 
  from lemma 1.

� ( )
nC

f z dz
 � 0–
nC

z z dz�


� 2�

n

nC
l dz , side of square being ln; and

Max |z – z
0
| = 2 nl , where 2 nl  is the length of the

diagonal of square.

� 2 ,� 

n

n C
l ds s  being the entire perimeter of the square

� 2 . 4� n nl l

� 24 2 nl� �

� 24 2 ,n nA l� �  = An, the area of the square.
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Similarly,

( )
nD

f z dz
 � 2
n

n D
l ds�� 


� 2 (4 )n n nl l s�� �

sn being length of arc forming the curved boundary of Dn

� 4 2 2 ,n n n nA s l A� � �� � �  is the area of square Dn of side l�n.
Hence Equation (3.47) gives

( )
C

f z dz
 �
1

2 {4( ) }n n n n
n

A A s l
�

�

� �� � ��

� 2 (4 ),A SL� � S being perimeter of contour C, L is the

length of a side of some square enclosing C and A the total

area.

�0 as � � 0, S and L both being finite.

So that ( )
C

f z dz
 = 0.

This proves the theorem.

Extension of Cauchy’s Theorem

For this purpose, we define some terms which have not yet been introduced.

Connected Region: A region is known as a connected region if any two

points of the region D can be connected by a curve lying wholly within the

region.

Simply-Connected Region: A connected region is known as a simply-

connected region if all the interior points of a closed curve C described in the

region D, are also the points of D.

Multiply-Connected Region: A connected region is known as a multiply-

connected region if all the points enclosed by two or more closed curves

described in a region D are also the points of D.

Cross Cut or Simply Cut: The lines drawn in a multiply-connected region,

without intersecting any curve, such that the multiply-connected region is

converted to a simply-connected region, are said to be cross-cuts or cuts.

If the function f (z) is not analytic in the whole region enclosed by a closed

contour but it is analytic in the region enclosed between two closed contours then

also Cauchy’s integral theorem can be applied.

Fig. 3.24
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Let the nearly equal and parallel lines AB and A�B� as shown in Figure 3.24,

be used as cross-cuts by connecting the points A and B (very near to each other)

on outer contour C with points A� and  B� on inner contour �. Let the simply

connected contour so obtained be denoted by �. The function f (z) being analytic

in this region, the Cauchy’s integral formula can be applied for this contour, i.e.,

( )f z dz
�
 = 0 which gives here.

( )f z dz
�
 = ( ) ( ) ( ) ( )

C AB A B
f z dz f z dz f z dz f z dz

� � �
� � �
 
 
 
  = 0

= ( ) ( )
C

f z dz f z
�

�
 
  = 0, other two integrals being equal

and opposite in sense, cancel each other.

i.e., ( )
C

f z dz
 =
–

– ( )f z dz
�


where minus sign shows that the integral is traversed in clockwise direction.

Therefore, taking the integral along � in anti-clockwise direction, we get

( )
C

f z dz
 = ( )f z dz
�
 .

Note. In general if C be a closed curve and C1, C2, C3..., Cn be the other n closed curves lying inside

C and f (z) is analytic within these curves, then 
1

( ) ( )
C C

f z dz f z dz� �
 


2

( ) ( )
nC C

f z dz f z dz� � � � � � �
 
 integrals being taken in anti-clockwise direction.

Cauchy’s Integral Formula

If the function f (z) is regular within and on a closed contour C and if � be a point

within C, then

f (�) =
1 ( )

.
2 C

f z dz
i z� ��


Let us describe about the point z = � a small circle � of radius � lying entirely

within C. Now consider a function

�(z) =
( )

– �
f z
z

which is regular in the region between C and �.

By making a cross-cut joining any point of � to any point of C by two almost

equal and parallel lines, let us form a closed contour LMCM�L��L = � (say)

within which the function �(z) is regular, so that by Cauchy’s theorem, we get

( )z dz
�
�
 = 0, where �(z) = 

( )
.

–

f z
z �

The function is analytic within and on the boundary of the contour and as

points M, M� are very near,

LM = L�M�   and   LM ||L�M� approximately.
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�
�

���

�
�

Fig. 3.25

It follows that if the contour � is described in anti-clockwise direction (i.e.,

positive sense), the cross-cut is traversed twice, once in each sense, and hence we

have

( ) ( )
C

z dz z dz
�

� � �
 
 = 0

or ( )
C

z dz�
 = ( ) ,z dz
�
�


i.e.,
( )

C

f z dz
z � �
 =

( )
.

� � �

f z dz
z

...(3.67)

Fig. 3.26

Referring to the adjoining figure,

����
OP = �

���� ����
QO OP  = – � + z = z – �.

�Complex coordinate of QP is z – � = �ei�. ... (3.68)

  [� if z = x + iy, � z = r (cos � + i sin �) = reei�]

where � is the argument and � is the magnitude of QP which is very small.

Differentiating Equation (3.68) partially, we get dz = i�ei� d�.

Now Equation  (3.67) may be written as

( )

–C

f z dz
z �
 =

( ) ( ) – ( )

– –

f f z fdz dz
z z� �

� �
�

� �
 


=
2

0
( )

i

i
i e df I

e

��

�
� �

� �
�
  (say)

= 2�if (�) + I,

where | I | =
( ) – ( )f z f dz

z�

�
� �


�
( ) ( )

.
f z f dz

z�

� �
� �
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But from the definition of continuity, the function f (z) is continuous at z = �,

when

     1( ) ( ) if | .f z f z� � � � � � � �

Also if z = x + iy,

dz = dx + i dy.

� dz = 2 2[( ) ( ) ]dx dy�  = ds.

So, I � 1�
� 
r

ds  where ds
�
  means the entire circumference of the circle �

� 1 2
�

� ��
�

� 2��
1

� 0 as �
1
� 0 which is so when �	� 0.

But we know that modulus of any quantity cannot be negative; therefore |I| =
0 as �

1
 = 0, i.e. when z coincides with �.

Hence
( )

C

f z dz
z � �
 = 2� if (�),

i.e., f (�) =
1 ( )

.
2 –C

f z dz
i z� �


Some Results Based on Cauchy’s Integral Formula
1. If (z) is regular in a domain D, then its derivative at any point z = � of the
region D is also regular in that domain and is given by

f �(�) =
( )

.
( – )

2C

1 f z dz
2 i z� �


where C is any single closed contour in D surrounding the point z = �.

Now, f �(�) =
0

( ) – ( )
Lim
�

� � �
h

f h f
h

=
0

1 ( ) 1 1
Lim –

2 – – –Ch

f z dz
i h z h z�

� �
� �

� � � !



applying Cauchy’s integral formula.

=
0

1 ( )
Lim

2 ( – ) ( – – )� � � �
Ch

f z dz
i z z h

=
0

1 ( )
Lim

2 ( – ) ( – – )�� � �
Ch

f z dz
i z z h

 = 20

1 ( ) ( )
Lim

2 ( ) ( )Ch

z h h f z dz
i z z h�

� � � �
� � � �� �


= 2 20

1 1
Lim ( )

2 ( ) ( ) ( )Ch

h f z dz
i z z z h�

� �" "�� �� � � � � �� �" " !



= 2 20

1 ( ) 1 ( )
Lim

2 2( – ) ( – ) ( – – )C Ch

f z dz hf z dz
i iz z z h�

�
� �� � �
 


= 2

1 ( )

2 ( – )C

f z dz I
i z

�
� �
  (say),
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where I = 20

1 ( )
Lim .

2 ( – ) ( – – )Ch

hf z dz
i z z h�� � ��

� I �
20

( )
Lim

2 ( – ) ( – – )Ch

h f z dz

z z h� � � �
�

�
20

Lim
2 ( – )�

�
�h

h Ml
d d h

� 0 as h � 0

i.e. I = 0 as h � 0

Hence f 	(z) = 2

1 ( )
.

2 ( )C

f z dz
i z� 
 �� ...(3.69)

Similarly the second order derivative of f (z) at z = � of domain D may be found

as

f �(�) =
0

( ) – ( )
Lim
�

	 	� � �
h

f h f
h

Applying Cauchy’s integral formula, in the form (3.51)

f �(�) =
2 20

1 1 1 1
Lim – ( )

2 ( – – ) ( – )�


 �� �
� �

� � �� �� �h
f z dz

i h z h z

= 3 0

1 ( )
2 Lim ( ) ( )

2 ( – )C Ch

f z dz h R z f z dz
i z �

�
� �� �

Since 
2 2

1 1 1
–

( – – ) ( – )

� �
 �� �
� �� �

� �� �� �� �� �

d
dz h z h z

=
3

2
( )

( – )
�

�
h R z

z
 is bounded on C so that ( ) ( )

C
f z R z�  is finite.

= 3

2 ( )

2 ( – )C

f z dz
i z� ��

= 3

2 ( )

2 ( – )C

f z dz
i z� ��

Proceeding similarly we can show that

f 	�(�) =
4

3 ( )

2 ( – )C

f z dz
i z� ��  etc.

Here below the general result follows:

2. If a function f (z) is regular in a domain D then f (z) has at any point
z = � of the domain D, derivatives of all orders, values being given by

f (n) (�) = 1

2 ( )
.

2 ( – )
nC

f z dz
i z �� ��

Let us suppose that the theorem is valid for n = m and then consider

f (m+1) (�) =
( )

0

( ) – ( )
Lim
�

� � �m m

h

f h f
h
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=
2

( 1)! ( )

2 ( – )
mC

m f z dz I
i z �

�
�

� ��  by the last result,

where I = 20

( 1)! ( )
Lim .

2 ( ) ( )
mCh

m hf z dz
i z z h��

�
� 
 � 
 � 
�

It is easy to show as in the previous result that

I � 0   as   h � 0.

� f (m+1) (�) =
2

( 1)! ( )
,

2 ( – )
�

�
� �� mC

m f z dz
i z

which shows that the result is true for n = m + 1 and hence we have in general

f (n) (�) = 1

( )
.

2 ( – )
�� �� nC

n f z dz
i z

Check Your Progress

7. What is a closed set?

8. What is a regular function?

9. Define harmonic function..

3.7 POLES

A pole is a certain type of singularity of a function, nearby which the function behaves

relatively regularly, in contrast to essential singularities, such as 0 for the logarithm

function, and branch points, such as 0 for the complex square root function. A

function f of a complex variable z is meromorphic in the neighbourhood of a point

z0 if either f or its reciprocal function 1/f is holomorphic in some neighbourhood of

z0 (that is, if f or 1/f is complex differentiable in a neighbourhood of z0).

A zero of a meromorphic function f is a complex number z such that

f(z) = 0. A pole of f is a zero of 1/f . This induces a duality between zeros and

poles, that is obtained by replacing the function f by its reciprocal 1/f . This duality

is fundamental for the study of meromorphic functions. For example, if a function

is meromorphic on the whole complex plane, including the point at infinity, then the

sum of the multiplicities of its poles equals the sum of the multiplicities of its zeros.

A zero of a meromorphic function f is a complex number z such that

f(z) = 0. A pole of f is a zero of 1/f. If f is a function that is meromorphic in a

neighbourhood of a point  of the complex plane, then there exists an integer n
such that (z – z

0
)n f(z).

This is holomorphic and non-zero in a neighbourhood of z
0
 (this is a

consequence of the analytic property). If n > 0, then z
0
 is a pole of order (or

multiplicity) n of f. If n < 0, then z
0
 is a zero of order |n| of f. Simple zero and

simple pole are terms used for zeroes and poles of order |n| = 1. Degree is

sometimes used synonymously to order.

This characterization of zeros and poles implies that zeros and poles are

isolated, that is, every zero or pole has a neighbourhood that does not contain any

other zero and pole.
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3.8 RESIDUE AND CAUCHY'S RESIDUE
THEOREM

If the function f (z) be single-valued, continuous and regular within and on
a closed contour C, except a finite number of poles (singularities) within C,
then

( )
C

f z dz� = 2 �i�R

where �R represents the sum of the residues say R1 , R2 , R3....Rn of f (z) at
the poles �1 , �2 , �3.....�n (say) within A.

(Vikram, 1969; Rohilkhand, 1985)

Let us draw a set of circles �
1
, �

2
....�n with centres �

1
, �

2
,....�n and radius

�, such that they do not intersect each other and lie entirely within the closed

curve C. Then f (z) is regular within the region enclosed between C and the small

circles �
1
, �

2
,....�n. The entire region C may be deformed to consist of these small

circles and the polygon P. Now by Cauchy’s theorem, we have

( )
C

f z dz�  = 
1

( ) ( )
�

�
��� �

r

n

P
r

f z dz f z dz

a

� ��

�

�
�

�

P

Fig. 3.27

But the integral round the polygon P vanishes since f (z) is regular within and

on the closed contour P. Therefore

( )
C

f z dz� =
1

( ) .
r

n

r
f z dz

�
�
� �

Let us now consider z = a, a pole of order m; then by Laurent’s expansion,

f (z) =
0 0

( – )
( – )

n m
n s

n s
n s

b
a z a

z a� �
�� �

=
1

( ) .
( – )

m
s

s
b

z
z a

� ��

where �(z)
0

( – )
n

n
na z a


 �� ��� �
� �� �
�  is regular within and on �r and has no pole.

� ( )
r

f z dz
�� =

1

( )
( )r r

m

s s
dzz dz b

z a� �
� �



�� �
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where ( )
r

z dz
�
��  = 0 by Cauchy’s fundamental theorem.

� ( )
r

f z dz
�� =

1

.
( – )r

m

s s
dzb

z a�� �
Putting z – a = �ei , where   varies from 0 to 2�,

dz = �iei d .

As the point z makes a circuit which consists of the circle �r , therefore

( )
r

f z dz
�� =

2

0
1

im

s s is
s

e db i
e

 �

 
�

 
�

�
� �

=
2(1– ) (1– )

0
1

.
m

s i s
sb i e d

�  �  � �

Now   
2 (1– )

0

i se d
�   �  = 

2
(1– )

0
(1 – )

i se
i s

� � �
� �
� �

= 0 if s ! 1.

But if s = 1, all the terms will be zero except one.

� ( )
r

f z dz
�� =

2

1
0

b i d
�

 �  = 2�ib
1
,

where b
1
 is called the residue for the function.

Let the residues for r = 1, 2, 3,... n be respectively R
1
, R

2
, R

3
, ...., Rn; then

1

( )f z dz
�� = 2�iR

1
,

2

( )f z dz
�� = 2�iR

2
,

�"�"� �"�"� �"�"�
�"�"� �"�"� �"�"�

( )
n

f z dz
�� = 2�iRn.

Hence ( )
C

f z dz� =
1

( )
r

m
f z dz

�� �
= 2�i�R.

3.9 CONTOUR INTEGRATION
The residue of a function f (z) at the pole z = a is defined to be the coefficient of

(z – a)–1 in the Laurent’s expansion of the function f (z), i.e.,

f (z) = –

0 1

( – ) ( – ) ,
#

�� �
m

n n
n na z a b z a

where z = a is a pole of order m.

If z = a be the pole of order one, then the residue is

b
1

= Lim( – ) ( ),
�z a

z a f z

i.e., in case of a simple pole z = a.

Residue = Lim( – ) ( ).
�z a

z a f z

Now consider the integral bn = 
2

–11
( – ) ( )

2

n
C

z a f z dz
i� �  which is the value of

bn in Laurent’s expansion. Here the circle C
2
 is arbitrary and may therefore be

replaced by any closed contour C containing within it no other singularities

except z = a. Thus
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2

1
( )

2 C
f z dz

i� � =
1

( ) ,
2 C

f z dz
i� �

where n = 1, i.e., pole is of order one,

i.e., b
1

=
1

( ) .
2 C

f z dz
i� �

Hence as an alternative, the residue of a funciton f (z) at the pole z = a is equal

to 
1

( ) ,
2 C

f z dz
i� �  where C is a closed contour containing within it the only

singularity z = a and integration being taken round C in anti-clockwise direction,

i.e., the positive sense.

Similarly the residue of f (z) at infinity, i.e., at the point z = # is 
1

( )
2 C

f z dz
i� �

taken round C in clockwise direction, as it is negative w.r.t. the interior of C and

positive w.r.t. the exterior of C, provided the value of this integral is definite.

Check Your Progress

10. What is pole?

11. State Cauchy's Residue theorem.

3.10 ANSWERS TO ‘CHECK YOUR PROGRESS’
1. An ordered pair of real numbers such as (x, y) is termed as a complex

number.

2. If z = x + iy and y is used as radian measure of the angle to define cos y, sin

y etc., then the exponential function in terms of real valued functions is defined

by ex = ex + iy = ex eiy = ex (cos y + i sin y).

3. ez = r (cos q + i sin q).

4. The necessary condition for conformality is that f (z) must be analytic.

5. The plane whose points are represented by complex numbers is known as

Argand Plane or Argand diagram or Complex plane or Gaussian plane.

6. If d(n) being the number of divisors of n, then the unit circle is a natural

boundary of this function.

7. If all the limit points of the set belong to the set, then the set is said to be a

closed set.

8. A function f (z) which is single-valued and differentiable at every point of a

domain D, is said to be regular in the domain D.

9. A function of x, y is said to be a harmonic function if it possesses continuous

partial derivatives of the first and second orders and satisfies Laplace’s equation.

10. A pole is a certain type of singularity of a function, nearby which the function

behaves relatively regularly, in contrast to essential singularities, such as 0

for the logarithm function, and branch points, such as 0 for the complex

square root function.

11. If the function f (z) be single-valued, continuous and regular within and on a

closed contour C, except a finite number of poles (singularities) within C,

then where SR represents the sum of the residues say R1 , R2 , R3....Rn of

f(z) at the poles a1 , a2 , a3.....an (say) within A.
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3.11 SUMMARY

� An ordered pair of real numbers such as (x, y) is termed as a complex

number. If we write z = (x, y) or x + iy, where i = –1, then x is called the

real part and y the imaginary part of the complex number z.
� If the function f (z) is regular within and on a closed contour C and if z be a

point within C, then

f (z) = 
1 ( )

.
2 C

f z dz
i z� � ��

� Let three be an annulus between two concentric circles C1 and C2 of centre

z = a and radii r1 and r2 (r1 > r2); then if f (z) be regular within the annulus

between C1 and C2, as well as on the circles, and z be any point of the

annulus,

f (z) = 
–

0 1

( – ) ( – ) ,
� �

� �

� � �� �n n
n n

n n
a a b a

     where an = 
1

( )

( )
n 1C

1 f z dz
2 i z a �	 �� and bn = 

2

( ) ( ) .n 1
C

1 z a f z dz
2 i

��
	 �

� If z = x + iy and y is used as radian measure of the angle to define cos y, sin

y etc., then the exponential function in terms of real valued functions is defined

by

ex = ex + iy = ex eiy = ex (cos y + i sin y)

� If w = f (z) and corresponding to each point (x, y) in z-plane in a domain of

function f, there is a point (u, v) in w-plane where z = x + iy and w = u + iv,

then this correspondence between the points of two planes is said to be a

mapping or a transformation of points in the z-plane into points of the w-

plane by the function f.

� If the sense of rotation as well as the magnitude of the angle is preserved,

the mapping is conformal.

� The plane whose points are represented by complex numbers is known as

Argand Plane or Argand diagram or Complex plane or Gaussian plane.

� The modulus of product of two complex numbers is equal to the product of

their moduli and argument of the product of two complex numbers is the

sum of their arguments.

� If there exist two functions f1(z) and f2(z), such that they are analytic (regular)

in domains D1 and D2 respectively and that D1 and D2 have a common

part, throughout which f1(z) = f2(z), then the aggregate of values of f1(z)
and f2(z) at the interior points of D1 or D2, can be regarded as a single

regular function (say) F(z).

� If w = u + iv and z = x + iy are two complex numbers, then w is said to be

the function of z and written as w = f (z), if to every value of z in a certain

domain D, there correspond one or more values of w. If w takes only one
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value for each value of z in the domain D, then w is said to be uniform or

single-valued function of z and if it takes more than one values for some or

all values of z in the domain D, then w is known as a many-valued or a

multiple-valued function of z.

� If f (z) be a single-valued function defined in a domain D of the Argand

diagram, then f (z) is said to be differentiable at z = z0 at a point of D if

tends to a unique limit when z ® z0, provided that z is also a point of D.

� A function f (z) which is single-valued and differentiable at every point of a

domain D, is said to be regular in the domain D.

� The two relations, which are necessary conditions for a function to be analytic,

are called the Cauchy Rieman Differential Equations.

� The continuous single-valued function f (z) is regular in a domain C if the

four partial derivatives ux, uy, vx, vy exist, are continuous and satisfy the

Cauchy-Riemann equations at all points of the region D.

� A pole is a certain type of singularity of a function, nearby which the function

behaves relatively regularly, in contrast to essential singularities, such as 0

for the logarithm function, and branch points, such as 0 for the complex

square root function.

� A zero of a meromorphic function f is a complex number z such that f(z) =

0. A pole of f is a zero of 1/f. This induces a duality between zeros and poles

that is obtained by replacing the function f by its reciprocal 1/f. This duality

is fundamental for the study of meromorphic functions.

� The residue of a function f (z) at the pole z = a is defined to be the coefficient

of (z – a)–1 in the Laurent’s expansion of the function f (z),

3.12 KEY TERMS

� Complex number: Gauss introduced a number of the form a + ib which

satisfies every algebraic equation with real coefficients. Such a number

a + ib with i = –1 and a, b being real, is known as a complex number.

� Cauchy–Riemann equations: The Cauchy–Riemann equations consist of

a system of two partial differential equations which, together with certain

continuity and differentiability criteria, form a necessary and sufficient

condition for a complex function to be complex differentiable, that is,

holomorphic.

� Conformal map: A conformal map is a function that preserves orientation

and angles locally. In the most common case, the function has a domain and

an image in the complex plane.

� Residue: In mathematics, more specifically complex analysis, the residue

is a complex number proportional to the contour integral of a

meromorphic function along a path enclosing one of its singularities.
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3.13 SELF-ASSESSMENT QUESTIONS AND
EXERCISES

Short Answer Questions

1. What are trigonometric functions?

2. What are the properties of hyperbolic functions?

3. What are conformal and isogonal transformations?

4. Write in brief about Laplace’s functions.

5. State and prove Cauchy’s theorem.

6. What do you mean by the term ‘residue’?

7. What conditions are satisfied by an analytic function of a complex variable?

Long Answer Questions

1. Discuss necessary and sufficient conditions for conformality.

2. Illustrate the concept of linear or bilinear or Möbius’ transformation.

3. Show that the transformation changes the circle x2 + y2 – 4x = 0 into the

straight line 4u + 3 = 0.

4. How can the sum, difference, product and quotient of complex

numbers be geometrically represented on the Argand plane? Explain.

5. Describe the method of analytic continuation.

6. Explain the necessary and sufficient conditions for f (z) to be regular.

7. Discuss polar form of Cauchy-Riemann equations.

8. Prove that the function:

u = x3 – 3xy2 + 3x2 – 3y2 + 1

satisfies Laplace’s equation and determine the corresponding regular function

u + iv.

9. State and prove Cauchy’s Residue theorem for a complex function.

Explain how it is extended for the case of an isolated first order pole lying

on the contour of integration. Using this theorem show that

10. If m > 0, a > 0, prove by contour integration

11. Show by contour integration
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UNIT 4 SPECIAL FUNCTIONS AND
SPHERICAL HARMONICS
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4.2 LEGENDRE FUNCTION

Legendre’s Differential Equation
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4.2.3 Orthogonality
Orthogonal Properties of Legendre’s Polynomials of the First Kind
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4.3 BESSEL FUNCTIONS

Bessel’s Differential Equation
������A��������	��
�����
�
�

� �

� �

�
��

� � �� � �
� ���� �

� �
� � � �� �

� �
����� ���������

���
���	�	������
���������������������	��	������		��������
�
���������	������
���
��������������������� ��������������	���������������������
�	�
��	������
�����

�	�����!������"�	�������
���

#���
��
���������
������������	��
�	��
��	��������$�!�
	��
�%�������	��		��������

��	�	�
��	�	���������	

� �
�

� �
�

�

 �

�
�

�
	



��
�� � ��

�

� � �� �
�

�

 � � �

�
�

�
�	

�

�

� �
��

� ��

�

� � � ��� �� �
�

�

 � � � � �

�
�

�
� �	

&��	������������	�������	������������!�����

�
�� �� �

�
�

�
� � � ��� � � ��� � � � �

�
�

�� � � � � � � � � 

� �

�
� � �

�

� �
 �
� � � � �� �� �� �� �� �� �

	 ����

�

� ��

�

� � � � �� '� � � ( � � � �
�

�
� � � � � � � � � 


�
� �

�

� �� � � � �� �	 ����

�
 � � ��

�

'� � � (
� � � �

�
�

� � � � � 

�

� �

�

� �� �� �	 ����� ���������

����
���������������������������������������	�� ������������

������	��
���
���	

$�!�
	��
������)�
��
* ����������)�
���������

��������
���!�	��$�!�
��
������������������$����������

�������������!������

����������

�
� ��

+������������

��������
�
�
	����
���

�
�����


 �����������������������,�� �������-�

.�!�� ����������)�
���������

��������
���������$������������������������!�����
'���/���������(�


��
����

+���

�������-������/��������������
�

�
����� �������0�

* ����������)�
���������

��������
�����
�����
������������������������!��
���
'���/���/���������(�
�/��/�
�����

�
 
�/� � � �
� � � � � � �

�

� � � � � �� � � � �

�������1�




����
������������
��

������
���
�������

NOTES


���� �� ��
�����
232 �
����
�
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4.3.1 Generating Functions
Generating Function for Jn(x), i.e. to show that
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4.3.2 Recurrence Relation
Recurrence Formulae for J��x��
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4.3.3 Orthogonality
Orthogonal Properties of Bessel’s Polynomials.

To prove that 
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� � �� J r J r r dr ���0 where A�and A��are different roots
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4.4 HERMITE FUNCTIONS
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4.4.1 Recurrence Relation and Generating Functions
Recurrence Formulae for Hn�x�
and to show that Hn�x�
is a solution of

Hermite Equation
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4.4.2 Orthogonality
Orthogonal Properties of Hermite Polynomials.
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4.5.1 Generating Functions
Laguerre Polynomials with Their Representation in Terms of Confluent

Hypergeometric Series
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4.5.2 Recurrence Relation
Recurrence formulae for Laguerre Polynomials
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4.6 SPHERICAL HARMONICS
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4.7 SERIES SOLUTIONS OF HERMITE AND
LAGUERRE POLYNOMIALS
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4.8 ASSOCIATED LAGUERRE POLYNOMIALS

8��������
��
���
����
�����
%� �����
������������
��������
����
 ���
 ��

���� ��
���

�����
����
�����
%� �����
���'�������
 	
0���
�����
%� �����

���'�������
���
�����������
��
���
6������
%�� �� �
��
%� �����%9��
��
�:	
��
�����
��
���
������
�����
%� �����
���'��������


���
7���� ���
��������������
���
���
����
�����
%� �����
���'�������
��

�����


��
�
6�����;��
���
����	

���
����
�����
%� �����
���'�������
���
�
8������
������
�
����


 �!�� 
���
 �������� 
���
����








�����
���
�����
��
���
��
��
���
�����������
���
"���
����������	
<��'

���������� 
����������
��
���
����
�����
%� �����
���'�������
������
����
���

��
�
����
 	




����
������������
�	

������
���
�������

NOTES


���� �� ��
�����
254 �
����
�

���
����
�����
%� �����
���'�������
���
 �!��
�#���
���'
"'
���
�������

�����
 ��
�
"�������

�����
�����
���
��!�
8������
�������'

���
����
�����
%� �����
���'�������
���
����� ����
�!��
 ����

�����
�
��
���
��� ���� 
���
����
 �

�����
 ��
���
=����
;��
�����	
���'
����
������'

0
 �������������
��
���
����
�����
%� �����
���'������
��
 
���
��
�������'

��
���� ��
��

�����
�
%� �����
���
����
��
�
 ����������
%� �����
���
����	

 4.9 HYPERGEOMETRIC FUNCTION
[A] ‘Hypergeometric or Gauss’ Differential Equation
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[B] Paritcular Cases of Hypergeometric Series

���	#�	��%�	��	
	���	$	 � ,� ��� � ��� � � ��
�

� � � � ,

� � � � ��� � �� � � � 

 


 
 


$ ����"	�"	�"	�	��

����	)��	��	
	��	$	
, �

��
� �

� , �

� �� � � � 

 


$ � ,� � �
�� �

� , �
� � � �� �� � 


� �� �

$ ���	��"	�"	�"	�	��

�����	 �����	$	
, � / � �

&, , /

, / &

� �� �
 

� � � � 




$ � �

� � � , � ,

� � � � � ��
, , /

� � �
� � �

� � �

� �
 
 
 
� �
� � � 


� �

� �
 
 
 
� �� �

$ �� � ,
" : :

� � �
�� �� �

� �� �

�� �	�����	�	$	
, / &

� �
, / &

� � �� � � 




$
� � �

�� �
, / &

� � ��
� �

� � 

 
� �
� �

$
� � �

� � ,
� � �

� � �� �� � �� �
, , /

� � �
� � �

� � �

� �
 
 
 
� �
� � � 
 
 
� �

� �
 
 
 

� �� �



�
�������������������
�
��
�������
������

NOTES

����� �� ���
����
258 ����
���

$
�� ,

�" : : �
� �

�� �� �
� �� �

� �	��$
� ,

�
� ,

� ��� � � � 




$
�

� � �� � �
<�! �

� � � � � ��

� � � � �
� ���

� �
 � 
� �� �� � � 

 
 !� �
 
 
 
 � �� �" #

$ <�! " �: �: �
�

�� �
���

� �
� �� �

[C] Simple Properties of Hypergeometric Function
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Corollary 3.�Gauss Theorem or Gauss Formula
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Corollary 4.��Vandermond’s theorem
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Corollary 5.�Kummer’s theorem
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[D] Linear Relationships of Hypergeometric Functions.
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[E] Various Representations in Terms of Hypergeometric Functions
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4.9.1 Representation of Bessel Functions In Terms Of
Hypergeometric Functions
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4.9.2 Representation of Laguerre Function In Terms
Of Hypergeometric Functions
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4.10 ANSWERS TO ‘CHECK YOUR PROGRESS’
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4.12 KEY TERMS

� Differential equations)�#�!���������
	����
��
�����
��
����
���
	����
��
�
��
����	
�����
���������
��"��������!����
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� Functions)�*�����
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� Polynomial)��
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� Arbitrary constant)�(�����
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� Coefficient)�(����������
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� Finite series)�#������������������
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� Recurrence Relation)�#��������������	
��
�����
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��!�������

����������
��!�
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� Singularity)�#������	
��������
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����
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�������
��!
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���
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�����

� Method of series integration)���������
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� Laguerre polynomials:������
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� Orthogonality)�(��������������
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4.13 SELF-ASSESSMENT QUESTIONS AND
EXERCISES

Short Answer Questions
2� $�����
���
����
���
�������!��0��!���������
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��
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Long Answer Questions
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UNIT 5 INTEGRAL TRANSFORM

Structure
5.0 Introduction

5.1 Objectives

5.2 Introduction to Integral Transform

5.3 Fourier Transform And Its Properties

5.4 Application of Fourier Transform to Dirac Delta Function and Potential

Problems

5.5 Laplace Transform

5.6 Properties of Laplace Transform

5.7 Applications of Laplace Transform to Potential and Oscillatory Problems

5.8 Evaluation of Simple Integrals Using Fourier Transforms

5.9 Evaluation of Simple Integrals Using Laplace Transforms

5.10 Answers to ‘Check Your Progress’

5.11 Summary

5.12 Key Terms

5.13 Self-Assessment Questions and Exercises

5.14 Further Reading

5.0 INTRODUCTION

In this unit, you will learn how Fourier and Laplace transformations are an important

operational method for solving linear differential equations. These are of practical

use in solving initial value problems connected with linear differential equations.

The theory of Laplace transforms will help you to understand graphically how a

continuous function will be continuous except for a finite number of jump-type

discontinuities in the interval in which it is defined. You will also study about the

applications of Laplace transform to potential and oscillatory problems and the

evaluation of simple integrals using Fourier and Laplace transforms.

5.1 OBJECTIVES

After going through this unit, you will be able to:

� Describe Fourier and Laplace transforms along with their properties

� Discuss the application of Fourier transform to Dirac delta function and

potential problems

� Explain the applications of Laplace transform to potential and oscillatory

problems

� Evaluate simple integrals using both Fourier and Laplace transforms

� Discuss the applications of Laplace transform to potential and oscillatory

problems

� Evaluate simple integrals using Fourier and Laplace transforms
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5.2 INTRODUCTION TO INTEGRAL
TRANSFORM

There are many classes of problems which are not easy to work out in their original

representation. The fundamental idea behind integral transforms is to map these

functions from their original domain to some other domain. Integral transform is a

type of mathematical operator that results when a given function, f(x), is multiplied

by a kernel function, K(p,x), and the product is integrated between suitable limits.

2

1

( ) ( , ) ( ) ,

t

t

F p K p x f x dx
2

K p x( ,( ,K

It converts the function into sums of much simpler functions that are much

easy to solve. After solving the problem the solution is mapped back to its original

domain.

Transform of Integrals

The following results show that the Laplace transforms of the derivatives and

integrals of a function f(t) can be expressed in terms of the Laplace transform of

f(t). These results are important in solving differential equations using the methods

of Laplace transformation.

Theorem 5.1: If f(t) is continuous and f �(t) is piecewise continuous in the interval

0 � t � T for any finite T, and f(t) and f �(t) are of exponential order as t ���,

then,

L[f �(t)] = sL[f(t)] – f(0).

Proof: Under the conditions stated in the theorem, the Laplace transforms of f(t)
and f �(t) exist and,

L[f �(t)] = 
0

'( )ste f t dt
�

��

=
0

[ ( )]ste d f t
�

��

=
0

0

( ) ( ) ( )
st ste f t f t s e dt

�
�� �	 
 � 	 �
 � �

On integration by parts, we get L[f �(t)] to be,

=
0

Lim ( ) (0) ( )st st

t
e f t f s e f t dt

�
� �

��
� � �  = – f(0) + sL[f(t)]

Since Lim ( )
st

t
e f t�

��
 = 0, as shown below (see Notes).


 L[f �(t)] = sL[f(t)] – f(0)

Notes:
1. As f(t) is of exponential order at t ���, there exist constants � and M

such that,

| f(t)| � Me�t, for t � t
0

[| f(t)|/est] � Me[(s–�)t], for t � t
0
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Now, e–(s–�)t � 0, as t ���, if s > �

� | ( ) |
Lim stt

f t
e��

, as also ( )
Lim stt

f t
e��

 vanishes if, s ��

2. Although f(t) is of exponential order, it cannot be said that the derivatives

of f(t) will also be of exponential order. However, in most practical cases,

the functions considered and their derivatives are all of exponential order.

Theorem 5.2: If f(t) and f �(t) are continuous and f ��(t) is piecewise continuous in

0 � t � T, for any finite T, and f(t) and f �(t) are of exponential order as t ���,

then

L[f ��(t)] = s2L[f(t)] – sf(0) – f �(0)

Proof: By applying the previous theorem to the function f �(t), we have,

L[f ��(t)] = s2L[f(t)] – sf(0) – f �(0)

Again applying the previous theorem to write L[f ��(t)] in terms of L[f �(t)], we

get,

L[f ��(t)] = s[sL{f(t)} – f(0)] – f ��(0)

L[f ��(t)] = sL[f �(t)] – f �(0)

Notes:
1. Conditions stated in the above theorem ensure that the Laplace transforms

of f(t), f �(t) and f ��(t) exist.

2. The result concerning the Laplace transforms of f n(t) is as follows:

If f(t), f �(t),..., f (n–1)(t) are continuous and f n(t) is piecewise continuous in

the interval   0 � t � T for any finite T and all these functions are of

exponential order as t ���, then,

L[f (n)(t)] = snL[f(t)] – s(n–1)f(0) – s(n–2)f �(0) – s(n–3) f ��(0) – ... – sf (n–2)(0) – f
(n–1)(0)

This result is obtained by successive application of the result,

L[f �(t)] = sL[f(t)] – f(0)

Example 5.1: Given that L[t sin at] = [(2as)/(s2 + a2)2], find L[at cos at + sin at].
Solution:

L[at cos at + sin at] = ( sin )
dL t at
dt
	 

	 
� �

= sL[t sin at] – [t sin at]t=0
 = 

2 2 2

2

( )

ass
s a


� L[at cos at + sin at] = 
2

2 2 2

2

( )

as
s a


Example 5.2: Using the result L[f �] = sL[ f ] – f(0) and L[f ��] = s2L[f ] – sf(0) –

f �(0), find L[eat], L[sin at] and L[cos at].
Solution:
To find L(eat), take f(t) = eat in the result L(f �) = sL(f ) – f(0). Then, L(eat) =

sL(eat) – 1 i.e.,aL(eat) – sL(eat) = –1
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� L(eat) = 
1

s a�

Taking f(t) = sin at in the result L[f ��] = s2L[f ] – sf(0) – f �(0), we get,

L[–a2 sin at] = s2L[sin at] – s(0) – a(1)

i.e., – a2L(sin at) – s2L(sin at) = – a

� L(sin at) = 2 2

a
s a


Finding L(cos at) in a similar manner is left as an exercise for the students.

If L[f(t)] = f (s), prove that,

L[tf �(t)] = – [sf �(s) + f(s)]

Theorem 5.3: If f(t) is of exponential order as t ��� and piecewise continuous

in the interval 0 � t � T, for any finite T, then,

0

( )
t

L f u du
	 

	 

� �
� =

1
[ ( )]L f t

s

Proof: This result can be proved using the result,

L[g�(t) = sL[g(t)] – g(0) ...(5.1)

Let 
0

( )
t

f u du�  be denoted as g(t). Then,

g�(f) = f(t)   and  g(0) = 
0

0

( )f u du�  = 0

It can be shown that g(t) is continuous in 0 � t �T and is of exponential order as

t���. Therefore, Laplace transforms of both f(t) and g(t) exist and by equation

(5.1),

L[f(t)] = 
0

( ) 0
t

sL f u du
	 


�	 

� �
�

�
0

( )
t

L f u du
	 

	 

� �
� =

1
[ ( )]L f t

s
Notes:

1. Replacing the dummy variable u by t, the above result is written in form

0

( )
t

L f t dt
	 

	 

� �
� =

1
[ ( )]L f t

s
2. Under the conditions stated in the theorem,

0 0 0

( )( )
t t t

nL f t dt
	 


� � �	 

� �
� � � = 

1
[ ( )]n L f t

s
, for any positive integer n.

3. ( )
t

a

f u du�  = ( ) ( )

t t

a a

f u du f u du�� �

� ( )
t

a

L f u du
	 

	 

� �
� =

0

( )
t

L f u du
	 

	 

� �
� –

0

( )
a

L f u du
	 

	 

� �
�
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=
0

1 1
[ ( )] ( )

a

L f t f u du
s s

� �

Since, 
0

( )
a

f u du�  is a constant.

� ( )
t

a

L f u du
	 

	 

� �
� =

0

1 1
[ ( )] ( )

a

L f t f u du
s s


 �

Example 6.3: Find
0

[(sin ) / ]
t

L x x dx�

Solution: sin tL
t

	 

	 
� �

= (sin )
s

L t ds
�

�  = 
2

1

1s

ds
s

�


�  = 1tan ( )
s

s
��	 
� �

= 1
tan

2
s� ��  = cot–1s

�
0

sin
t xL dx

x
	 

	 

� �
� =

1 sin tL
s t
	 

	 
� �

 = 
1

s
cot–1s

5.3 FOURIER TRANSFORM AND ITS
PROPERTIES

In this section, we will study about Fourier transforms and its properties.

[A] Fourier Sine Transforms.
They can be subdivided in two, namely, the infinite Fourier sine transform and

the Finite Fourier sine transforms.

[a
1
] The Infinite Fourier sine Transform of a function F(x) of x such that 0

< x < � is denoted by fs (n), n being a positive integer and is defined as

fs (n) =
0

( ) sinF x nx dx
�
� ... (5.2)

Here F(x) is called as the Inverse Fourier sine transform of fs (n) and

defined as

F(x) = 
0

2
( ) sinsf n nx dx

�

� � ... (5.3)

Thus if   fs (n) = fs [F(x)], then F(x) = fs
–1 [fs (n)] ... (5.4)

where f is the symbol for Fourier transform and f –1 for its inverse.

Problem 5.1. Find the sine transform of e–x.
We have

fs (n) = 
2 20

0

sin ( sin cos ) .
1 1

x
x e ne nx dx nx n nx

n n

��� � 	 

� � � �	 



 
� �
�

Problem 5.2. Find the inverse sine transform of e–�n.
We have

1

2 20
0

2 2
sin ( sin cos

n
n n

s
ef e e nx dx nx x nx

x

����� �� �� 	 

	 
 � � �� �	 
� � � � � 
� �

�

=
2 2

2
.

x
x

�
� � 
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[a
2
] The Finite Fourier sine transform of a function F (x) of x such that 0

< x < l is denoted by fs (n), n being a positive integer and is defined as

fs (n) = 
0

( ) sin
l n xF x dx

l
�

� ... (5.5)

In case l = �, this becomes

fs (n) = 
0

( ) sinF x nx dx
�

� ... (5.6)

and the inversion formula is

F (x) = 
1

2
( ) sins

n
f n nx

�

�� � ... (5.7)

whence an is the coefficient of sin nx in the expansion of F(x) in a sine series and

is given by

an =
0

2
( ) sinF x nx dx

�

� �

=
2

( ) by (5)
� sf n ... (5.8)

Problem 5.3. Find the Fourier sine transform of F(x) = x such that 0 < x
< 2.

We have fs (n) = 
2

0
( ) sin

2

�
�

n xF x dx

����� l = 2 in the existing case.

=
2

0
sin

2

�
�

n xx dx

=

2

2

0

0

cos
22 cos

2

2

�	 
�	 
 �
� 
	 
� �	 


	 
� �

�
n x

n xx dxn n

(on integrating by parts)

=

2

2 2
0

2 4 4
cos sin cos .

2 2

x n x n x n
n nn

	 
� � �

 � � �	 
� ��� �

[B] Fourier Cosine Transforms.
They can also be subdivided into two, namely, Infinite and Finite cosine

transforms.

[b
1
] The Infinite Fourier Cosine Transform of F (x) for 0 < x < �, is

defined as

fc (n) = 
0

( ) cos ,F x nx dx n
�

�  being a positive integer.. ... (5.9)

Here the function F (x) is called as the Inverse cosine transform of fc (n)

and is defined as

F (x) = 
0

2
( ) coscf n nx dx

�

� � ... (5.10)

Thus if  fc (n) = fc [F(x)], then F(x) = fc
–1 [fc (n)] ... (5.11)

Problem 5.4. Find the cosine transform of xn e–ax.
We have 

2 20
cosax ae nx dx

a n
� � �


�  and fc (n) = 
0

cosn axx e nx dx
� ��

Differentiating the first relation n times w.r.t. ‘a’ we find

2 20
cos ( 1)

n
n ax n

n
d ax e nx dx
da a n

� � � �
� � � �� �
� �

�
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=
� �

1

( 1) / 2
2 2

cos ( 1) tan

n

nn n
a

a n

�




� �
�  
! $



 by usual method.

Hence fc (n) = 
� �

1

( 1) / 2
2 2

cos ( 1) tan

n

nn n
a

a n

�




� �
�  
! $




Problem 5.5. Find fc
–1 {e–�n}

We have " #1

0

2
cos

n n
cf e e nx dx

�� �� ���
� �

=
2 2 2 2

0

2 2
( cos sin )

ne nx x nx
x x

���	 

� � 
 �	 


� � 
 � 
� �
[b

2
] The Finite Fourier cosine transform of F(x) for 0 < x < l is defined as

fc (n)=
0

( ) cos
l n xF x dx

l
�

� ... (5.12)

When l = �, this becomes

fc(n) =
0

( ) cosF x nx dx
�

� ... (5.13)

and the inversion formula is

F(x) =
1

1 2
(0) ( ) cosc c

n
f f n nx

�

�



� � � ... (5.14)

when fc (0)=
0

( )F x dx
�
� ... (5.15)

Also bn the coefficient of cos nx in the expansion of F(x) in a cosine series is

given by

bn =
0

2 2
( ) cos ( ) by (12)cF x nx dx f n

�
�

� �� ... (5.16)

Problem 5.6. Find the finite Fourier cosine transform of x.
We have fc (n)= 

0
cosx nx dx

�

�

= 
0

0

sin 1
sin

x nx nx dx
n n

�
�	 
 �	 
� � �  (on integrating by parts)

=
0

1 cos
0

nx
n n

�
	 


� 	 
�� �

= " #2

1
( 1) 1 ,

n

n
� �

n = 1, 2, 3,...

But if n = 0, fc (0) = 
2 2

0
0

.
2 2

xx dx
�

� 	 
 �
� �	 

� �

�
Note. On the next page are tabulated some useful Fourier sine and cosine

transforms in a concise form.

[C] The Complex Fourier Transforms.
The Complex Fourier Transform of a function F(x) for – � < x < �, is

defined as

f (n) = ( ) inxF x e dx
�

��� ... (5.17)

where einx is said to be the Kernel of the transform.
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The inversion formula is F(x) = 
1

( )
2

inxf n e dn
� �
��� � ... (5.18)

Problem 5.7. Find the Fourier Complex Transform of

F(x) = � 2 , | |
, | |

1 x x 1
0 x 1
� �

�

We have f (n) = 
1 12 2

1 1

2
(1 ) (1 )

inx
inx inxex e dx x x e dx

in in� �

� $
� % � 	
 �

� 

� �
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(on integrating by parts)

=

1
1

2 1
1

2 2
0

( )

inx
inxx e e dx

in in in �
�

� $
	 �
 �

� 

�

=

1

2 2 2 3

1

2 2 2 2
( ) ( )

inx
in in in in in inee e e e e e

inn n n in
� � �

�

� $
� $	 	 % � 	 	 �
 �� 
� � 
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=
2 3 3

4 4 4
cos sin ( cos sin ).n n n n n

n n n
� 	 % � �

Problem 5.8. Find the Complex Fourier transform of e–| x | and then invert
it.

(Rohilkhand, 1982, 86)

We have f (n) = 
0| | (1 ) (1 )

0

x inx in x in xe e dx e dx e dx
� �� 	 � �
�� ��

% 	� � �

= 2

1 1 2

1 1 1in in n
	 %

	 � 	

so that the inversion formula gives,

F (n) = 2 2

1 2 1

2 1 1

inx
inx ee dx dx

n n

�� �

�� ��
%

� �	 	� �  which may be integrated by

contour Integration.

Note. Several other Complex Fourier Transforms have been tabulated

on the next page.

[D] Parseval’s Identity for Fourier Integrals.

It is stated as 
2 21

| ( ) | | ( ) |
2

F x dx f n dn
� �

�� ��
%

�� � ...(5.19)

where f (n) is the Fourier transform of F(x).

Problem 5.9. Find the Fourier transform of

F (x) = � , | |
, | |

1 x a
0 x a

�
�               (Agra, 1982; Kanpur, 1970)

Hence or otherwise evaluate
2

20

sin
.

nx dx
n

�

�

We have f (n) = ( ) 1
ainx inx
a

F x e dx e dx
� � �
�� �

% �� �

=
2 sin

for 0

ainx ina ina

a

e e e na n
in in n

� 	 �

�

� $ �
% % �
 ��� 


For   n = 0, f (n) = 
3 3

0 0

sin 1 1
2 Lim 2 Lim ... 2

3n n

na na n a a
n n� �

� $
% � 	 %
 �

� 

Now using Parseval’s identity, we find

2
2

2

1 4 sin
1 when 0

2

a

a

nadx dn n
n

�

� ��
� % �

�� �

i.e., � �
2

20

1 4 sin
2 2

2

a
a

na dn x a
n

�

�
� % %

� �

�
2

20

sin
.

2

nx xdx
n

� �
%�

[E] Relation between the Fourier Transform of the Derivatives of a
Function.

If f (n) be the Fourier transform of F(x), then we have to express the Fourier

transform of the function 
m

m
d F
dx

 in terms of f (n).
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We have by the definition of Fourier-transform,

( ) (say)
�

��

� $
% %
 �

� 

�

m m
inx m

m m
d F d Ff e dx f n
dx dx

... (5.20)

so that f m (n)=
1 1

1 1
( )

m m m
inx inx inx

m m m
d F d F d Fe dx e in e dx
dx dx dx

�� �� �

� ��� ��
��

� $
% �
 �
� 


� �

(on integrating by parts)



Integral Transform

NOTES

Self - Learning
290 Material

=
1

1
,

m
inx

m
d Fin d dx
dx

��

���
� �

under the assumption 
1

1
0

m

m
d F
dx

�

�
�  as | x | ���

= – in f n – 1 (n) by (5.20) ... (5.21)
Repeating the same process under the assumption

0
r

r
d F
dx

�  as | x | ���, r = 1, 2, 3,... (m – 1)

we get after (m – 1) operations,

f m (n) = (–in)m f (n) ... (5.22)

which follows that the Fourier transform of 
m

m
d F
dx

 is (–in)m times the

Fourier transform of F (x) subject to the condition that 0
r

r
d F
dx

�  when | x
| ���, for r = 1, 2, 3,...(m – 1).

By similar procedure we can find a relation between the sine and cosine

Fourier transforms of the derivatives of a function, such as

1 1

1 10 0
0

( ) cos cos sin

�� �� �

� �

� $
% % 	
 �

� 

� �

m m m
m

c m m m
d F d F d Ff n nx dx nx n nx dn
dx dx dx

integrating by parts

= – �n – 1
 + fs

m–1 (n) ... (5.23)

Under the assumptions,
1 1

11 1
0 as and as 0.

m m

nm m
d F d Fx x
dx dx

� �

�� �
� �� �� �

Similarly, integrating, fs
m (n) = 

0
sin

m

m
d F nx dx
dx

�

�
= – n fc

m–1 (n) ... (5.24)

(5.23) and (5.24) yield,

fc
m (n) = – �n – 1

 – n2 fc
m – 2 (n) ... (5.25)

Repeating the procedure fc
m (n) may be expressed as the sum of ��s and

either fc (n) or fc� (n) or fc� (n) or fc� (n). fc(n) will occur when x is odd and in

that case we can write �
0
 + n fs (n) place of fc� (n). We thus have

1
2 2 2

2 2 1

0

( ) ( 1) ( 1) ( )
m

m r r m m
c m r c

r
f n n n f n

�

� �
%

% � � � 	 �� ... (5.26)

and
2 1 2 2 1

2 2

0

( ) ( 1) ( 1) ( )
m

m r r m m
c m r s

r
f n n n f n	 	

�
%

% � � � 	 �� ... (5.27)

Similar procedure with the help of (5.23) and (5.24), will yield
2 2

2( ) ( )m m
s n sf n n n f n�

�% � � ... (5.28)

2 2 1 1 2
2 2

1

( ) ( 1) ( 1) ( )
m

m r r m m
s n r s

r
f n n n f n� 	

�
%

% � � � 	 �� ... (5.29)

and 2 1 2 1 1 2 1
2 2 1

1

( ) ( 1) ( 1) ( )
m

m r r m m
s n r s

r
f n n n f n	 � 	 	

� 	
%

% � � � 	 �� ... (5.30)
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Note 1. The following results are easily deducible

(i)
2

2

20
cos ( )

�
� �� c

d F nx dx n f n
dx

(ii)
4

4

40
cos ( )

�
� �� c

d F nx dx n f n
dx

(iii)
2

2

20
sin ( )s

d F nx dx n f n
dx

�
��

(iv)
4

4

40
sin ( )

�
�� c

d F nx dx n f n
dx

(v)
0 0

sin
� �� � �

� �
� � �� �
F fsin nx dx F nx dx
t t t ... (5.31)

Note 2. In case the transforms are finite, then consider

� �
00 0

( ) sin ( )
� ���

� �
�� �

F sin nx dx F x nx n F x
x

cos nx dx, integrating by parts

 = – n fc (n) ... (5.32)

under the assumption that F (0) and F (�) both are finite.

Similarly, � �
00 0

( ) cos ( ) sin
� ���

� 	
�� �

F cos nx dx F x nx n F x nx dx
x

  = (– 1)n F (�) – F (0) + n fs (n) ... (5.33)

Assuming that F (x) 
 0 at x = � and at x = 0, (5.33) reduces to

0
cos ( )

� �
�

�� s
F nx dx n f n
x ... (5.34)

and (5.32) reduces to

2

20 0
sin cos

� �� �
� �

��� �
F Fnx dx n nx dx

xx

= n [(– 1)n + 1 F (�) + F (0)] – n2 fs (n) by (5.33) ... (5.35)

If F (0) = F (�) = 0, then (5.35) yields,

2
2

20
sin ( )

� �
� �

�� s
F nx dx n f n
x

... (5.36)

Similarly (5.33) yields
2

2

20
cos ( 1) ( ) (0) ( )

� �
� � � � � � �

�� n
c

F nx dx F F n f n
x ... (5.37)

In case 
2

2

�
�

F
x

 vanishes at x = 0 and at x = �, it is easy to see that

4 2
2 4

4 20
sin sin ( )

� � �
� � �

� �� � s
F Fnx dx n nx dx n f n
x x ... (5.38)

and when 
3

3
,

F F
x x

� �
� �

 vanish at x = 0 and at x = �, (5.37) gives

2
2

20
cos ( )

� �
� �

�� c
F nx dx n f n
x ... (5.39)

So that
4

4

40
cos ( )

� �
� �

�� c
F nx dx n f n
x

 ... (5.40)
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Problem 5.10. Determine the function F such that
2 2

2 2

F F
x y

� �
	

� �
 = 0, 0 < x < �,

with the boundary condition F =  0 when x = 0 and x = �
= 0 when y = 0
= F0 (const.) when y = �.

F being given to be zero when x = 0 and x = �, we have to use the finite sine

transform, i.e., f (n) = 
0

( ) sinF x nx dx
�

�
Applying it to the given differential equation we have

2 2

2 20 0
sin sin 0

F Fnx dx nx dx
x y

� �� �
	 �

� �� �

with the condition, f = 0 when y = 0 and f = 0
0

sinF nx dx
�

�  when y = �

By (5.36) we have, 
2

2

20
sin

F nx dx n f
x

� �
� �

��

�
2 2 2

2

2 2 20
0 where sin

F f Fn f nx dx
y y y

�� � �
� 	 � �

� � ��

or
2

2

2
0.

f n f
y

�
� �

�

Its general solution is f = A sinh ny
But   f= F

0 0
sin whennx dx y

�
� ��

= 0

0

cos
0

nxF
n

�

 �� �� �� �

 when n is even

= – 2 F
0
/ n when n is odd.

So that considering the two solutions for f we conclude

f = 0 when n is even and  f = 02 F
n

 cosech n� sinh ny when n is odd.

Hence the inversion formula will give on replacing n by 2m + 1,

F = 
10

0

4
(2 1)

m

F
m

�
�

�
	

� �  cosech (2m + 1) � sinh (2m + 1) y sin (2m + 1) x

[F] Multiple Fourier Transforms.
If F (x, y) be a function of two variables x and y, then assuming it to be the

function of x only, its fourier transform � (n, y) is given by

� (n, y) = ( , )
inxF x y e dx

�

��� ... (5.41)

Now if f (n, l) be the Fourier complex transform of f (n, y) which is regarded

as function of y only then

f (n, l) = ( , )
ilyn y e dy

�

��
�� ... (5.42)

These two results when combined, give

f (n, l) = 
( )

( , )
i nx lyf x y e dx dy

� � 	
�� ��� � ... (5.43)

and the inversion formula is

f (x, y) = ( )

2

1
( , )

4

i nx lyf n l e dn dl
� � � 	
�� ��� � � ... (5.44)
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Similarly in case of three variables x, y, z, we have

f (n, l, m) = ( )( , , ) i nx ly mzf x y z e dx dy dz
� � � 	 	
�� �� ��� � � ... (5.43 A)

and f (x, y, z) = ( )

3

1
( , , )

8

i nx ly mzf n l m e dn dl dm
� � � � 	 	
�� �� ��� � � � ... (5.44 A)

Note 1. The result may be generalized for any number of variables.

Note 2. In case the Fourier transforms are finite such that F (x, y) is a function

of two independent variables x, y where 0 � x ��� and 0 � y ���, then the sine

transform of F (x, y) is given by

fs (n, l) = 
0 0

( , ) sin sin
� �
� � F x y nx ly dx dy ... (5.45)

and the inversion formula is

F (x, y) = 2
1 1

4
( , ) sin sin

� �

� ��
�� s
n l

f n l nx ly ... (5.46)

[G] Convolution or Faltung Theorem for Fourier Transforms.
If F (x) and G (x) are two functions such that – � < x < � then their Faltung

or Convolution F*G is defined as

H (x) = F*G = ( ) ( )F n G x n dn
�

��
�� ... (5.47)

It is worth noting that the Fourier Transform of the Convolution of F (x) and

G (x) is the product of their Fourier transforms, i.e.,

f [F*G] = f [F] f [G] ... (5.48)

Since f [F*G] = ( )
inxH x e dx

� �
���  by definition

= ( ) ( )inx inxF x e dx G x e dx
� �� �
�� ��� �

= f [F]. f [G].

[H] Evaluation of Integrals with the help of Fourier Inversion Theorem.

Let I
1
 = 2

0 0
cos and sin .ax axe nx dx I e nx dx

� �� ��� �
Integrating by parts, we have

I
1
 = 2

0
0

1 1
cos sin .ax axn ne nx e nx dx I

a a a a

�
�� �
 � �� � � �� � �� � ��

Similarly I
2
 = 1

n I
a

These give on solving I
1
 = 22 2 2 2

and
a nI

a n a n
�

	 	

Thus taking F (x) = e–ax, its sine and cosine Fourier transforms are 
2 2

a
a n	

and 
2 2

n
a n	

 respectively, so that the inversion formula gives

e– ax =
2 20

2
cos

a nx dn
a n

�

� 	� ... (5.49)

and e– ax = 2 20

2
sin

a nx dn
a n

�

� 	� ... (5.50)

i.e.,
2 2 2 20 0

cos sin
and

2 2

ax axnx n nxdn e dn e
aa n a n

� �� �� �
� �

	 	� � ... (5.51)
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5.4 APPLICATION OF FOURIER TRANSFORM
TO DIRAC DELTA FUNCTION AND
POTENTIAL PROBLEMS

Here, we will discuss the application of Fourier transform to Dirac delta

function and potential problems.

The Dirac delta function

Let us insert the expression  for the Fourier coefficients

back into the Fourier series   for a periodic function f(x):

Interchanging the order of summation and integration, we find

where we have introduced the Dirac delta function

Despite its name, the delta function is not a function, even though it is a limit
of functions. Instead it is a distribution. Distributions are only well-defined when
integrated against sufficiently well-behaved functions known as test functions. The
delta function is the distribution defined by the condition:

In particular,

Hence it depends on the region of integration. This is clear from the above

expression which has an explicit dependence on the period L. In the following

section, we will see another delta functions adapted to a different region of

integration: the whole real line.

5.5 LAPLACE TRANSFORM

If f(t) is a function of t defined for t � 0 and if the integral 
0

( )
ste f t dt

0

e f t(st fst exists, then it

is a function of the parameter s.
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This function of s, denoted as ( )f s is called the Laplace Transform of f(t) over

the range of values of s for which the integral exists.

Laplace transform of f(t) is also denoted as L[f(t)] or simply L(f) or F(s) (i.e.,

using the upper case letter corresponding to the letter used to denote the function).

� L[f(t)] = 
0

( ) ( )
ste f t dt F s

�
� ��

When the integral exists.

The function f(t) is called the Inverse Laplace Transform of ( )f s or simply

the Inverse Transform of ( )f s  and is denoted by,,

� �–1
( )L f s or –1[ ( )]L F s

The symbol L is called the Laplace Transformation Operator and the

determination of L[f(t)] is called Laplace Transformation of f(t).

Note: Let f(t) be a function defined in the interval a � t � b. Let us associate with f(t), a
function ( )f s  by the formula,

( )f s = ( ) ( , )

b

a

f t K s t dt� ...(5.52)

The function ( )f s is called the integral transform of f(t) over the interval (a, b)

corresponding to the function K(s, t). The function K(s, t), is called the kernel of the

integral transform as defined in equation (5.52).

The function f(t) is called the inverse transform of ( )f s .

It may be noted that Laplace transform is an integral transform over the interval

0 � t � � with kernel e–st.

5.6 PROPERTIES OF LAPLACE TRANSFORM

Laplace transform is one of the most widely used integral transform.

Change of Scale Property of Laplace Transforms

If L[f(t)] = ( ),f s then

L[f(at)] = 
1 sf
a a

� �
� �
� �

and ( )
tL f af as
a


 �� � �� �� �� �� �
This simple property is proved as,

By definition, 
0

[ ( )] ( ) ( )stL f t e f t dt f s
�

�� �� ...(5.53)

� L[f(at)] = 
0

( )
ste f at dt

�
�� ...(5.54)

Putting at = u, we have dt = (1/a)du.
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Changing the limits of the integral in equation (5.54), we have

L[f(at)] = ( / )

0

1
.( )

s a ue f u du
a

�
��

On replacing the dummy variable u by t, we get

=
( / )

0

1
( )

s a te f t dt
a

�
�� ...(5.55)

Now, comparing the integrals in equations (5.53) and (5.55), we find that the

integral in equation (5.55) is similar to the integral in (5.53) with (s/a) appearing in

the place of s. Therefore, the integral in (5.55) must be ( / )f s a

Thus,

L[f(at)] = 
1 sf
a a

� �
� �
	 


...(5.56)

Changing a to (1/a) in equation (5.56), we have

tL f
a

� �� �
� �
 �	 
� �

= ( )af as ...(5.57)

Resultant equations (5.56) and (5.57) are called the change of scale property of

the Laplace transform.

Existence of Laplace Transforms

We now consider a sufficiently general set of conditions for the existence of Laplace

transforms.

A function f(t) is said to be sectionally continuous or piecewise continuous in
the finite interval, a � t ��b, if this interval can be divided into a finite number of

subintervals such that,

(i) f(t) is continuous at every point inside each of the subintervals.

(ii) f(t) has finite limits as t approaches the end points of each subinterval from

the interior of the subinterval.

i.e., for each subinterval � � t � �,
0

Lim ( )
h

f h(
00

)  and  
0

Lim ( – ),( 0)
h

f h h–
0

Lim
0

0)  both

exist finitely.

The graph of a piecewise continuous function will be continuous except for a

finite number of jump-type discontinuities in the interval in which it is defined.

A graph of a piecewise continuous function is given below.

A function which is continuous in a � t � b, is piecewise continuous in this

interval.

A function f(t) is said to be of exponential order �(>0) as t���, if there exist

finite positive constants t
0
 and M such that,

( )
tf t Me��   or  ( )te f t M� � , for all t � t

0
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t = a t1 t2 t3 t = b

a1  A

Fig. 5.1 Graph of a Piecewise Continuous Function

When f(t) is of exponential order � as t ���, we write

f(t) = O(e� t)

If 0Lim | ( ) |s t

t
e f ts t00 exists finitely, then it can be proved that f(t) is of exponential

order s
0
 at t ���.

If |f(t)| � K, for 0 � t � N, for any large N and if f(t) is of exponential order as
t ���, then it can be proved that,

|f(t)| � Pe� t,   for t � 0

Where, P is a positive constant.

Sufficient Conditions for the Existence of Laplace Transforms

Theorem 5.4: If the function f(t) defined for t � 0 is,

(i) piecewise continuous in the interval 0 � t �N, for every finite N(> 0), and

(ii) of exponential order � (> 0) at t���,

then the Laplace transform of f(t) exists for s > �.

Proof: Since f(t) is piecewise continuous in 0 � t � N, e–st f(t) is integrable in
0 � t � N and |f(t)| � K, for 0 � t � N. Further, f(t) being a function of exponential
order as t ���, there exists a positive constant P such that, |f(t)| � Pe��t, for t � 0.

� –
( )

0

st

N

e f t dt� � –

0

| ( ) |
N

ste f t dt�

� –

0

N
st te Pe dt��
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� ( )

0

s tP e dt�
�

� ��

As the integral is positive for t � 0

=
( )

0

s te PP
s s

�

� �

�� �� �
�
 �� �� �

   if  s > � ...(5.58)

� –

0

( )
N

ste f t dt�  exists, however large N might be,

� –

0

( )ste f t dt
�

� exists and ( )

0

,s t Pe dt s
s

� �
�

�
� � �

�� ...(5.59)

Thus, Laplace transform of f(t) exists for s > �.

Notes: 1.The conditions stated above are only the sufficient conditions, i.e., if these

conditions are satisfied by a function, then its Laplace transform exists. However, the

conditions are not necessary for the existence of Laplace transform, i.e., Laplace transform

of a function may exist even if these conditions are not satisfied by the function.

2. The function e–at, eat, cos h at, sin h at, tn (where n is a positive integer), sin at,
cos at are all continuous functions in 0 � t � N, for any large N and all of them are of

exponential order as t ���. Therefore, their Laplace transforms exist and we have

already found them.

3. By far most of the functions that represent physical quantities (variables) satisfy the

conditions stated in the theorem and therefore have Laplace transforms.

Other Properties of Laplace Transforms

We now consider some of the properties of Laplace transform using which the

Laplace transform of the product f(t) g(t) can be expressed in terms of the Laplace

transform of f(t) when g(t) is a simple exponential function or a polynomial in t.

The first theorem called the first shifting property of Laplace transform enables

us to find the Laplace transform of eat f(t) and e–at f(t) in terms of the Laplace

transform of f(t).

Theorem 5.5: (First Shifting Property)

If L[f(t)] = F(s),  then  L[e–at f(t)] = F(s + a)

Proof: By definition, 
0

[ ( )] ( ) ( )
stL f t e f t dt F s

�
�� �� ...(5.60)

Also, –

0

[ ( )] ( )
at st atL e f t e e f t dt

�
� �� �

=
( )

0 0

( ) ( ) ,
s a pte f t dt e f t dt

0 0

f (
( ) ptf t dt e f( ) pte f t dt( ))( ))  Where  p = s + a = F(p) ...(5.61)
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Comparing the integrals on the RHS of equations (5.60) and (5.61), we get,

F(s + a)

Thus, L[e–at f(t) = F(s + a)

Notes:

1.   The first shifting property stated above may also be expressed as below:

L{e–atf(t)} = [L{f(t)}]s�(s + a)

Where, s� (s + a) means that s is replaced by (s + a) in L{f(t)}.

2. Changing a to –a in the above result, we have,

L{eatf(t)} = [L{f(t)}]s�(s – a)

3. The results,

L{e–atf(t)} = [L{f(t)}]s�(s + a)

L{eatf(t)} = [L{f(t)}]s�(s – a)

These are called shifting properties, because the multiplication of f(t) by e–at

(or eat) shifts the argument s by a (or –a).

Example 5.4: Find the Laplace transforms of

(i)  e–at sin bt (ii) eat tn (iii) et sin t cos t

Solution:

(i) [ sin ]atL e bt�
= [ ( )][ (sin )] s s aL bt � �

= 2 2 2 2

[ ( )] ( )s s a

b b
s b s a b� �

� � �
 �� � �� �

(ii) L[eattn] = [ ( )][ ( )]
n

s s aL t � �

= ( 1) ( 1)

[ ( )]

! !

( )
n n

s s a

n n
s s a� �

� �

� � �
 � �� �

(iii) L[et sin t cos t] = 
[ ( 1)][ (sin cos )] s sL t t � �

=
[ ( 1)]

1
sin 2

2 s s

L t
� �

� �� �
� �
 �	 
� �

= 2 2

[ ( 1)]

1 2 1
.

2 4 ( 1) 4s ss s� �

� � �
 �� � �� �

Example 5.5: Find the Laplace transforms of,

(i) cos h at sin bt (ii) eat sin3 bt (iii) e3t (2t + 3)3

Solution:

(i)L[cos h at sin bt] = � �1
sin

2

at atL e e bt�� ��
 �� �
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=
1 1

sin sin
2 2

at atL e bt L e bt�� � � ��� � � �

= � � � �
[ ( )] [ ( )]

1 1
(sin ) (sin )

2 2s s a s s a
L bt L bt

� � � �
�

= 2 2 2 2

[ ( )] [ ( )]

1 1

2 2s s a s s a

b b
s b s b� � � �

� � � ��
 � 
 �� �� � � �

=
2 2 2 2

1 1

2 ( ) 2 ( )

b b
s a b s a b

�
� � � �

(ii) 3sinatL e bt�� �� � =
3 1

sin – sin 3
4 4

atL e bt bt�� �� �
� �
 �	 
� �

=
[ ( )]

3 1
sin – sin 3

4 4 s s a

L bt bt
� �

� �� �
� �
 �	 
� �

= 2 2 2 2

[ ( )]

3 1 3
–

4 4 9 s s a

b b
s b s b � �

� �

 �� �� �

= 2 2 2 2

3 3
–

4 ( ) 4 ( ) 9

b b
s a b s a b� � � �

= 2 2 2 2

3 1 1
–

4 ( ) ( )

b
s a b s a b

� �

 �� � � �� �

(iii) L[e3t(2t + 3)3] = L[e3t(8t3 + 36t2 + 54t + 27)]

= [L(8t3 + 36t2 + 54t + 27)]
[s�(s – 3)]

= 4 3 2

[ ( 3)]

48 72 54 27

s ss s s s � �

� �� � �
 �� �

= 4 3 2

48 72 54 27

( 3) ( 3) ( 3) ( 3)s s s s
� � �

� � � �

Example 5.6: Find the Laplace transform of [(2et + e–2t)t]2

Solution: The given function of t is (4e2t + e–4t + 4e–t)t2

The Laplace transform of the given function,

= � � � � � �2 2 4 2 24 4t t tL e t L e t L e t� �� �

=
� �33 3

2 2 2. .4 4
( 2) ( 1)4s ss

� �
� ��
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=
� �33 3

8 2 8

( 2) ( 1)4s ss
� �

� ��

The following theorem enables us to express the Laplace transform of tn f(t) for

any positive integer n, in terms of the Laplace transform of f(t).

Theorem 5.6: If, L[f(t)] = F(s), then

L[t f(t)] = 
d
ds

F(s),     and     L[tn f(t)] = ( 1)
n

n
n

d
ds

� F(s)

Proof: F(s) is the Laplace transform of f(t) and so,

F(s) = 
0

( )
ste f t dt

�
�� ...(5.62)

Differentiating equation (5.62) with respect to s,

d
ds F(s) = 

d
ds

0

( )ste f t dt
�

��

Assuming that the conditions for interchanging the order of two operations of

integration with respect to t and differentiation with respect to s are satisfied for the

integrand e–st f(t), we have,

d
ds F(s) = 

0 0

[ ] ( ) ( ) ( )st std e f t dt e t f t dt
ds

� �
� �� �� �

= –
0

( ) [ ( )]
ste tf t dt L tf t

�
� � ��

	 L[tf(t)] = – ( )
d F s
ds

To prove the second result, we differentiate equation (5.62) n times with respect

to s. Then,

( )
n

n

d F s
ds = � �

0 0

( ) ( ) ( )
n

st n st
n

d e f t dt t e f t dt
ds

� �
� �� �� �

=
0

( 1) ( ) ( 1) [ ( )]n st n n ne t f t dt L t f t
�

�� � ��

	 L[tn f(t)] = ( 1) ( )
n

n
n

d F s
ds

�

Note: The results of the theorem can also be written as,

L[tf(t)] = – [ ( )]
d L f t
ds

L[tn f(t)] = (–1) [ ( )]
n

n
n

d L f t
ds
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Example 5.7: Find the Laplace transform of,

(i)  t sin at (ii) t cos at (iii) sin at – at cos at   (iv)  sin at + at cos at.
Solution:

(i)  L[t sin at]= 2 2 2 2 2

2
–

( )

d a as
ds s a s a

 � �� 
� �� �

(ii)  L[t cos at]= � � 2 2
– cos –

d d sL at
ds ds s a

�
�

Completing differentiation and simplifying,

L[t cos at] = 
2 2

2 2 2( )

s a
s a

�
�

(iii)  L[sin at – at cos at] = L(sin at) – aL(t cos at)

=
2 2

2 2 2 2 2
.
( )

a s aa
s a s a

�
�

� �
, from equation (ii)

� 	L[sin at – at cos at] = 
3

2 2 3

2

( )

a
s a�

(iv) L[sin at + at cos at] = L(sin at) + aL(t cos at)

=
2 2

2 2 2 2 2
.

( ) ( )

a s aa
s a s a

�
�

� �
, from equation (ii)

Notes: The first two results may also be obtained as follows:

L[teiat] = L(t)
[s�s – ia]

= 

2

2 2 2 2

1 ( )

( ) ( )

s ia
s ia s a

�
�

� �

= 

2 2

2 2 2 2 2 2

2
.

( ) ( )

s a asi
s a s a

�
�

� �

  L[teiat]= L[t(cos at + i sin at)]
 = L[t cos at] + iL[t sin at)]

	 L[t cos at] + iL[t sin at)] = 

2 2

2 2 2 2 2 2

2

( ) ( )

s a asi
s a s a

�
�

� �
...(5.63)

Equating real parts on both sides of equation (5.63), we get,

L[t cos at] = 

2 2

2 2 2( )

s a
s a

�
�

Equating imaginary parts on both sides of equation (5.63), we get,

L[t sin at)] = 2 2 2

2

( )

as
s a�

Note: Results of equations (i), (ii), (iii), and (iv) above are often taken as formulae and are

used particularly in finding the inverse Laplace transforms.

The following results which can all be proved using the first shifting property,

are often remembered as formulae and are used in finding inverse Laplace transforms.
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L[t sin h at)] = 2 2 2

2

( )

as
s a�

L[t cos h at] = 
2 2

2 2 2( )

s a
s a

�
�

L[at cos h at – sin h at] = 
3

2 2 2

2

( – )

a
s a

L[sin h at – at cos h at] = 
2

2 2 2

2

( )

as
s a�

Example 5.8: Find the Laplace transforms of (t cos 2t)2.

Solution:
L[(t cos 2t)2] = L[t2 cos2 2t]

=
2 2

2 2

2 2

1
(–1) [cos 2 ] (1 cos 4 )

2

d dL t L t
ds ds

� �� �� �� �

=
2 2

2 2 2 2 2

1 1 1 1 16
–

2 16 2 ( 16)

d s d s
ds s s ds s s

� ��� �� � �� �� �� �� � � �

=
2

3 2 3

1 2 2 ( 48)

2 ( 16)

s s
s s
� ��

�� ��� �

	 L[(t cos 2t)2] = 
3

3 2 3

1 ( 48 )

( 16)

s s
s s

�
�

�

Example 5.9: Find the Laplace transform of et(t2 – 2t + 4) sin t.
Solution:

L[et(t2 – 2t + 4) sin t] = [L(t2 – 2t + 4) sin t]
[s�(s–1)]

Now, [L(t2 – 2t + 4) sin t] = (–1)2

2

2

( )

( )

d
ds

� �
� �
� �

L(sin t) –2.(–1)
d
ds
� �
� �� �

L(sin t) + 4.L(sin t)

=
2

2 2 2 2

1 1 4
2 .

( 1) ( 1) 1

d d
ds s ds s s

� �
� � �

= 2 2 2 2 2

2 2 4
2.

( 1) ( 1) 1

d s s
ds s s s
� �
� � �� �� � �� �

=
2

2 3 2 2 2

6 – 4 4 4

( 1) ( 1) 1

s s
s s s

� �
� � �

	 L[et(t2 – 2t + 4) sin t] = 
2

2 3 2 2 2

6( –1) 4 4( 1) 4

[( 1) 1] [( 1) 1] ( 1) 1

s s
s s s

� �
� �

� � � � � �

The following theorem is concerned with the Laplace transform of [f(t)/t]
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Theorem 5.7: If, L[f(t)] = F(s) and 
0

Lim[ ( )/ ]
t

f t t
0

Lim
0

exists, then

( )f tL
t

� �
� �� �

= ( )
s

F s ds( )F s ds( )

Proof:

L[f(t) = 
0

( ) ( )
stF s e f t dt

�
�� ...(5.64)

Integrating the above equation with respect to s between the limits s and �, we

have,

0

( )F s ds
�

� =
0

( )st

s

e f t dt ds
� �

�� �
� �
� �
� � ...(5.65)

Assuming that the condition for changing the order of integration on the right

side of equation (6.65) is satisfied, we have,

( )
s

F s ds
�

� =
0 0

( ) ( ).st st

s s

e f t ds dt f t e ds dt
� � � �

� �� � � �
�� � � �

� � � �
� � � �

On removing  f(t) outside the inner integral which is with respect to s, we get,

=

( )

0 ( )

( ) – ( ) 0

sst st

ss s

e ef t dt f t dt
t t

��� �� �

�

� � � �
� �� � � �

� � � �
� �

Since, Lim[( )/ ] 0,
st

s
e t)

st
)Lim[( 0, if s > 0,

=
0

( )st f te dt
t

�
��

	
0

( )F s ds
�

� =
( )f tL
t

� �
� �� �

Notes:
1. We may state the above result as follows:

( )f tL
t

� �
� �� �

= [ ( )]
s

L f t ds
�

�
2. Division of f(t) by t corresponds to the integration of Laplace transform of f(t) with

respect to s between the limits s and a. By repeated application of the result, we

have,

( )
n

f tL
t

� �
� �� �

= ( )( )
n

s s s s

F s ds
� � � �

� � � ��

or,
( )
n

f tL
t

� �
� �� �

= [ ( )]( )n

s s s s

L f t ds
� � � �

� � � ��

provided that Lim[ ( )/ ]n

t
f t tLim[ f exists, n being a positive integer..

Example 5.10: Find the Laplace transforms of,

(i) [(e–bt – e–at)/t], where (a � b) (ii) [(1 – e–at)/t] (iii) [(sin �)t/t]
Solution:
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(i)
bt ate eL

t

� �
 ��
� 

� �

=
1 1

[ ] –bt at

s s

L e e ds ds
s b s a

� �
� � � �� � � �� �� �� �

= � � � �log – log log
s

s s
s

s bs b s a
s a

�
��

�

�� �� � �� �� � � ��� �

= Lim log log
s

s b s b
s a s a

Lim lo
b s b

loglogl
a s a

log

Now, Limlog
s

s b
s a

Limlo
s bs b
ss aa

=
1 /

Lim log log1 0
1 /s

b s
a s

o
11 //s////

og1 0llolo
11

lo
/s///s//

	
bt ate eL

t

� �
 ��
� 

� �

= log
s a
s b
�
�

(ii)
1 ateL

t

�
 ��
� 

� �

= [1 ]at

s

L e ds
�

���

= � �1 1
log log( )

s

s s
s

ds s s a
s s a

�
��

�

� �� � � �� ��� ��

= log Lim log log

s

s
s s

s s s
s a s a s a

l

ss
Lim log log

s
lloglog g

s s a s a
Lim log logLim lo

s
log

s sa sa

=
1

Limlog log
1 ( / )s

s a
a s s

Limlo
a

log
( ///

= 0 + log log
s a s a

s s
� �

�

Note: Putting, b = 0 in the first example, we get the Laplace transform of [(1 – e–at)/t].

(iii)
sin tL

t
�� �

� �� �
= (sin )

s

L t ds�
�

�

=
1

2 2
tan

s s

sds
s
�
� �

��
�� �
 �� � 
� �� � �� ��

=
1 1 –1

tan ( ) tan tan
2

s s�
� �

� � 
 � 
 �� � � �� 
 � 

� � � �

	
sin tL

t
�� �

� �� �
=

1 –1cot or tan
s

s
�

�
� 
 � 
 �
� 
 � 

� � � �

Using the results, we get,

tan–1 x + cot–1 x = (�/2)  and tan–1 x = cot–1 (1/x)

Example 5.11: Evaluate L[(cos at – cos bt)/t], where (a � b).

Solution: cos cosat btL
t
�� �

� �� �
= 2 2 2 2

(cos cos )
s s

s sat bt ds ds
s a s b

� �
 �� � �� 
� �� �� �

=
2 2 2 21 1

log( ) – log( )
2 2 s

s a s b
�

� �� �� �� �
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=
2 2

2 2

1 ( )
log

2 ( ) s

s a
s b

�
� ��
� ��� �

=
2 2 2 2

2 2 2 2

1 ( ) 1 ( )
Limlog log

2 ( ) 2 ( )s

s a s a
s b s b

mloLimm
2 2 2) 1 ( )2 2 2

og
)) 1 () 1 (

lolo
1

2 2
og

2 ) 2 ( )2 2) 2 (2 2
glo

2

=
2 2 2 2

2 2 2 2

1 1 [( ) /( )] 1 ( )
log log

2 1 [( ) /( )] 2 ( )

a s s b
b s s a

� �� �
�� �� �� �

=
2 2

2 2

1 1 ( )
log1 log

2 2 ( )

s b
s a

�
�

�

�
cos cosat btL

t
�� 


� �
� �

=
2 2

2 2

1 ( )
log

2 ( )

s b
s a

�
�

Example 5.12: Find the Laplace transforms of [(1 – cos at)/t] and [(1 – cos at)/
t2].

Deduce the Laplace transform of ((2t + 3)/t2) sin2 t.

Solution: (i) 1 cos atL
t

�� �
� �� �

= 2 2

1
(1 cos ) –

2s s

sat ds ds
s a

� � � �� � � ��� �� �

=
2 2

2 2

1
log log( ) log

2 s s

ss s a
s a

�� � �� �� � � � �� �� � �� �

=
2 2 2 2

Lim log log
s

s s
s a s a

Lim lo log
2 2 22a s a

log

=
2 2

2 2

1
Lim log log

1 /s

s a
sa s

Lim lo
2a

log
2
/

2 s//

=
2 2

log1 log
s a

s
�

�

�
1 cos atL

t
�� �

� �� �
=

2 2

log
s a

s
�

...(1)

2

1 cos atL
t

�� �
� �� �

=
1 cos

s

atL ds
t

� �� �
� �� ��

=
2 2

log ,
s

s a ds
s

� �
�  using equation (1)

On integrating by parts, we get,

=
2 2 2 2

log log
ss

s a d s as s ds
s ds s

2s2 2 2 2a d s a2 2

logs l
s

log dsdlogl
s a

l
a

log dslogs
d

g

s ss
s ds ss s s

d
lll

d
lss l

d
s

ddsdsd

=
2 2 2 2

Lim log log
s

s a s as s
s s

Lim
2 2 2

og
a s a

los lols
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2 21
log( ) – log

2s

ds s a s ds
ds

� � �� �� �� ��

=
2 22 2

1
log

s

s sA s s ds
s a ss a

� � �� � �� ��� ��
� ...(2)

Where, A = 2 2Lim log[ / ]
s

s s s a2 ]2

=
2 2

log (1/2) log( )
Lim

(1/ )s

s s a
s

log )
2 2

(1/2) log( )
2 2

(1/2) log( )log (1/2) log( )(1/2) log(

(1/ )//(1/ )/

=
2 2

2

(1/ ) [ /( )]
Lim

(1/ )s

s s s a
s

Lim
(1/ ) [ /( )])

2 2
[ /( )

2 2
[ /(/(

2

(1/ ) [ /( )]) [ /( )[ /(/(
2
)

2
)

2
(1///

2
(1/

2
/

Again by applying L’Hospital’s rule,

=

2 2

2 2
Lim Lim

2s s

a s a
s a s

2 2a s aa s a
2

Lim
2

Lim
a s a

22 2s sss 2ss2s2 22 aa2a2

Therefore, from equation (2) above, we get,

2

1 cos atL
t

�� �
� �� �

=
2

2 22 2
log

s

s as ds
s as a

�

�
��

�

=

2
1

2 2
log tan

s

s a ss
a as a

�
�� ��  � � �� �� �� ��

=
1

2 2
log tan

2

s ss a
as a

� �� ��  � � � �� �� �� ��

� 2

1 cos atL
t

�� �
� �� �

=
1

2 2
log cot

s ss a
as a

� �  � � �
� ��

...(3)

(ii) 2

2

2 3
sin

tL t
t

� � ��  
� �� �� �� �

= 2

2 3 1
(1 cos 2 )

2
L t

t t
� ��  � �� �� �� �� �

= 2

2 1 3 1
(1 cos 2 ) (1 cos 2 )

2 2
L t L t

t t
� � � �� � � � �� � � �� � � �

= 2

1 cos2 3 1 cos 2

2

t tL L
t t

� �� � � ��� � � �� � � �

=
2

1

2

4 3
log log 2cot

2 24

s s ss
s s

�� �� �  � �� �� �
� ��� �

Using equations (1) and (3),

=
1

2

3 2
log 3cot

2 24

s s s
s

���  �  �� � � �
� � � ��
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Laplace Transforms and Results

For ready reference for students, the Laplace transforms of some useful functions

and important results on Laplace transforms are tabulated below.

Table 5.1 Laplace Transforms of Some Useful Functions

f(t) L[f(t)]

1
1

s

t 2

1

s

tn(n is a positive integer) ( 1)

!
n

n
s �

e–at
1

s a�

eat
1

s a�

sin at 2 2

a
s a�

cos at 2 2

s
s a�

sinh at 2 2

a
s a�

cosh at 2 2

s
s a�

t sin at 22 2

2

( )

as
s a�

t cos at
2 2

22 2( )

s a
s a

�
�

sin at + at cos at
2

22 2

2

( )

as
s a�

sin at – at cos at
3

22 2

2

( )

a
s a�

t sin h at 22 2

2

( )

as
s a�

t cos h at
2 2

22 2( )

s a
s a

�
�

sin h at + at cos h at
2

22 2

2

( )

a
s a�

at cos h at – sin h at
3

22 2

2

( )

a
s a�
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Table 5.2 Important Results of Laplace Transform

If f(t) is periodic function of period p,

� �
( )

( ) ( )
at

s s a
L e f t Lf t�

� �
� � �� �

� �
( )

( ) ( )
at

s s a
L e f t Lf t

� �
� � �� �

� �( ) [ ( )]
dL tf t L f t
ds

� �

( ) ( 1) [ ( )]
n

n n
n

dL t f t L f t
ds

� � � �� �

( )
[ ( )]

s

f tL L f t dx
t

�� � �� �� � �

( )
[ ( )]( )n

n
s s s

f tL L f t ds
t

� � �� � � � � �� �� � � � �

L[f�(t)] = sL[f(t)] – f(0)

( ) ( 1) ( 2) ( 2) ( 1)[ ( )] [ ( )] (0) '(0) (0) (0)n n n n n nL f t s L f t s f s f sf f� � � �� � � � � � �� �

0

1
( ) [ ( )]

t

L f u du L f t
s

� �
�� �

� �
�

0 0 0

1
( )( ) [ ( )]

t t t
n

nL f t dt L f t
s

� �
� � � �� �

� �
� � �

0

1
[ ( )] ( )

1

p
st

spL f t e f t dt
e

�
��

� �

5.7 APPLICATIONS OF LAPLACE
TRANSFORM TO POTENTIAL AND
OSCILLATORY PROBLEMS

In this section, we will discuss the applications of Laplace transform to potential

and oscillatory problems.

The damped harmonic oscillator

Stability is not the only property of a system that can be detected by studying the

poles of the transfer function. With some experience one can detect change in the

qualitative behaviour of a system by studying the poles. A simple example is provided

by the damped harmonic oscillator. This system is defined by two parameters m

and w, both positive real numbers. The differential equation which governs this

system is 
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The transfer function is 

which has poles at 

We must distinguish three separate cases:

(a) (overdamped)  !"!#

In this case the poles are real and negative:

(b) (critically damped)  !�!#

In this case there is a double pole, real and negative: s+ = s¡ = - .

(c) (underdamped)   !�!#

In this case the poles are complex:

Hence provided that m is positive, the system is stable.

Suppose that we start with the system being overdamped so that the ratio

w/m is less than 1. As we increase this ratio either by increasing w or decreasing

m, the poles of the transfer function, which start in the negative real axis, start

moving towards each other, coinciding when #$ = 1.

If we continue increasing the ratio, so that it becomes greater than 1, the

poles move vertically away from each other keeping their real parts constant. It is

the transition from real to complex poles which offers the most drastic qualitative

change in the behaviour of the system.

5.8 EVALUATION OF SIMPLE INTEGRALS
USING FOURIER TRANSFORMS

If f (x) satisfies the Dirichlet’s condition in – �! % x %!�, and ( )f x dx
�

���
converges, i.e., is integrable in – � < x < �, then we have the Fourier series
expansion for f (x) as

f (x) = 0

1 1

cos sin ,n n
n n

a a nx b nx
� �

� �

� �& & ... (5.66)

where a
0
 = 

1
( )

2
f x dx

�

��� �

an = 
1

( ) cos ,f x nx dx
�

��� � ... (5.67)
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and bn = 
1

( ) sin .f x nx dx
�

��� �
This function of x may be developed into a trigonometric series for all values

of x between x = – c and x = c by putting

z = ,x
c
�

 where z = – � when x = – c

and  z = � when    x = c,

i.e., f (x) = 
cf z� �

� ��	 

Then the series (5.66) may be developed in terms of z as

cf z� �
� ��	 


 = a
0
 + a

1
 cos z + a

2
 cos 2z + a

3
 cos 3z +...

+ b
1
 sin z + b

2
 sin 2z + b

3
 sin 3z +...     ... (5.68)

where a
0
 = 

1
,

2

cf z dz
�

��

� �
� �� �	 
�

an = 
1

cos ,
cf z nz dz

�

��

� �
� �� �	 
� ... (5.69)

and bn = 
1

sin .
cf z nz dz

�

��

� �
� �� �	 
�

Now if we replace z by ,x
c
�

 then (5.68) becomes

f (x) = a
0
 + a

1
 cos 2 3

2 3
cos cos ...

x x xa a
c c c
� � �

� � �

+ 1 2 3

2 3
sin sin sin

� � �
� � �

x x xb b b
c c c

     ... (5.70)

Its coefficients being the same as those of (5.68) is therefore valid from x =

– c to x = c, where

a
0
 = 

1 1
( ) ( )

2 2

c c

c c
f x dx f x dx

c c� �

�
� 


� � �    � when z = ,x dz dx
c c
� �




=
1

( ) (say)
2

c

c
f t dt

c ��

an = 
1

( ) cos
c

c

n xf x dx
c c�

� �
�

� �

=
1

( ) cos
c

c

n tf t dt
c c�

�
� ... (5.71)

and bn = 
1

( ) sin
c

c

n xf x dx
c c�

� �
�

� �
=

1
( ) sin .

2

c

c

n tf t dt
c c�

�
�

Now if we substitute the values of the coefficients a
0
, a

1
, a

2
, a

3
...b

1
, b

2
, b

3
...

given by (5.71) in (5.70), then we get

f (x) = 
1 1 1 2 2

( ) ( ) cos ( ) cos cos ...
2

c c c

c c c

x t xf t dt f t dt f t dx
c c c c c c� � �

� � �
� � �� � �

+
1 1 2 2

( ) sin sin ( ) sin sin ...
c c

c c

t x t xf t dt f t dt
c c c c c c� �

� � � �
� �� �

=
1 1 2 2

( ) cos cos cos cos ...
2

c

c

t x t xf t
c c c c c�

� � � �� � � ����

+
2 2

sin sin sin sin ...
t x t x dt

c c c c
� � � � �� � ��
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=
1

( ) cos cos sin sin
2

c

c

t x t xf t
c c c c c�

� � � � � �� �� �� �� � ��
�

+
2 2 2 2

cos cos sin sin ...
� � � � �� �� �� � �� � �

t x t x dt
c c c c

=
1 1 2

( ) cos ( ) cos ( ) ...
2

c

c
f t x t x t dt

c c c�

� �� �� � � � �� �� ��

=
1 2

( ) 1 2cos ( ) 2 cos ( ) ...
2

c

c
f t x t x t dt

c c c�

� �� �� � � � �� �� ��

=
1 0 2

( ) cos ( ) cos ( )
2

c

c
f t x t x t

c c c c�

� � � �� � � ��� ��

   + 
2 2

cos ( ) cos ( ) cos ( ) ...x t x t x t dt
c c c c c c
� �� � � � � � �� � � �� � � � � �� � � � �	 
 	 
 �

since 2 cos � = cos � + cos (– �)

=
1 2

( ) ... cos ( ) ... cos ( ) cos ( )
2 �

� � � � � � �� � � � � �� � � � � � � � �� � � � � ��� 	 
 	 
 	 
�
�

c

c

nf t x t x t x t
c c c c c c

+
0. 2

cos ( ) cos ( ) cos ( ) ...x t x t x t
c c c c c c
� � � � � �

� � � � � �

+ cos ( ) ...
n x t dt

c c
� � �� � ��

=
1

( ) Lim cos ( )
2

r nc

c n r n

rf t x t dt
c c




� �� 
�

� �� �
�� �

� � �� �
��

=
1 1

( ) Lim cos ( ) .
2 / /

r nc

c n r n

rf t x t dt
c c




� �� 
�

� �
�� �

� � �� �� �
��

If c becomes indefinitely large, i.e., as c ���, 
c
�
���, we have

1
Lim cos ( ) cos ( )

/ /c r

r x t u x t du
c c

� �

���� 
��

� 
 �
� �� �

(by the definition of integral as the limit of a

sum).

Hence f (x) = 
1

( ) cos ( ) .
2

f t dt u x t du
� �

�� ��
�

� � � ... (5.72)

This double integral is known as Fourier’s Integral and holds if x is a point

of continuity of f(x).

Aliter. We have f (x) = 
0

1

cos sin
2

�




� �� �� �� �
	 


� n n
n

a n x n xa b
l l ... (5.73)

where an =
1 1

( ) cos and ( ) sin
� �

� �

� �

l l
nl l

n u n uf u du b f u du
l l l l

.. (5.74)

so that
1

cos sin ( ) cos ( )
�

� � �
� 
 �

� �
l

n n l

n x n x na b f u u x dx
l l l

and
0 1

( )
2 2

l

l

a
f u du

l �

 �

� (5.73) gives
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f (x) = 
1

1 1
( ) ( ) cos ( )

2

l

l
n

nf u du f u u x du
l l l

�

�



�
� ��� ... (5.75)

Assuming that | ( )|f u du
�

���  converges, the first term on R.H.S. of (5.75)

approaches zero as l ��� and hence (5.75) yields

f (x) = 
1

1
Lim ( ) cos ( )
l n

nf u u x dx
l l

� �

���� 


�
�� � ... (5.76)

Putting ,t
l
�

   (11) can be written as

f (x) = 
0

1

Lim ( )
t n

t F n t
�

 � 


  � ... (5.77)

where F (t) = 
1

( ) cos ( )f x t u x du
�

��
�

� � ... (5.78)

Thus (5.77) gives

f (x) = 
0 0

1
( ) ( ) cos ( )F t dt dt f u t u x du

� � �

��

 �
�� � � ... (5.79)

which is Fourier’s Integral formula.

Note. The complex form of Fourier’s integral is

f (x) = 
1

( )
2

� �

�� ��� � �i t x i t ue dt f u e du

=
( )1

( )
2

� � �
�� ��� � � i t x uf u e du dt ... (5.80)

5.9 EVALUATION OF SIMPLE INTEGRALS
USING LAPLACE TRANSFORMS

By definition, we have

L{F(t)} =
0

( ) ( )ste F t dt f s
� � 
� ... (5.81)

Assuming that the integral is convergent and proceeding to the limit s� 0, this

reduces to

0
( ) (0)F t dt f

�

� ... (5.82)

(5.81) and (5.82) are sometimes used to evaluate integrals.

Problem 5.11. Evaluate the following integrals

(a) 2

0
sintt e t dt

� �� (b) 0
0

( )J t dt
�
�

(c) 
0

erf .te t dt
� ��

(a) We have L {sin t} = 
2

1

1s �

� L {t2 sin t} =
2

2

2
( 1) {sin }

d L t
ds

�

=
! "

2 2

2 2 2 2 3
2

1 2 2(1 )

1 (1 )1

d d s s
dxds s ss

� �
� �� � � �
 
 �� � � �� �	 
 � ��	 


so that 
2

2

2 30

2(1 )
sin .

(1 )

st se t t dt
s

� � �
� 
 �

��
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Putting s = 1, we find 2

0
sin 0te t t dt

� � 
�
(b) We have L {J

0
(t)} = 

2

1

1s �

i.e., 0
0 2

1
( )

1

ste J t dt
s

� � 

�

�
Proceeding to the limit as s � 0, we get

0
0

( ) 1.J t dt
�


�
(c) We have, L # $erf t

i.e.,
0

1
erf

1

ste t dt
s s

� � 

�� .

Proceeding to the limit s � 1, we find

0

1
erf .

2

xe t dt
� � 
�

Check Your Progress

1. Which transformation is used to solve linear differential equations?

2. Find the Laplace transform of 1.

3. If f(t) is of exponential order, what is the order of f %(t).
4. In the equation L[f(t)] = F(s), what is the symbol L called?

5. Write the equation for change of scale property of Laplace transforms.

6. Write the condition for the function f(t) to be sectionally continuous.

7. Write the sufficient condition for the existence of Laplace transforms.

8. State the first shifting property of Laplace transforms

5.10 ANSWERS TO ‘CHECK YOUR PROGRESS’

1. Laplace transformation is an important operational method for solving linear

differential equations.

2. Transform of f(t) = 1,  t & 0

L{f(t)} = 
0 0

–
st

st ee dt
s

�� �
� � �


 � �
� �

�

e–st � 0  as  t ��,  if s > 0

� L(1) = 
1 , 0s
s

'

3. Nothing can be said about the order of f %(t).
4. Laplace transformation operator.

5. L[f(at)] = 
1 sf
a a

ss
aa

L ( )
tf af as
a
t f (
tff afaftt aaaaf af
aaa

a

6. A function f(t) is said to be sectionally continuous or piecewise
continuous in the finite interval, a ( t (�b, if this interval can be divided

into a finite number of sub-intervals such that,
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(i) f(t) is continuous at every point inside each of the subintervals.

(ii) f(t) has finite limits as t approaches the end points of each subinterval

from the  interior of the subinterval.

7. If the function f(t) defined for t & 0 is,

(i) piecewise continuous in the interval 0 ( t (N for every finite N(> 0), and

(ii) of exponential order )(> 0) at t���,

then the Laplace transform of f(t) exists for s > ).

8. If L[f(t)] = F(s),

then  L[e–at f(t)] = F(s+a)

5.11 SUMMARY

+ Integral transform is a type of mathematical operator that results when a given

function, f(x), is multiplied by a kernel function, K(p,x), and the product is

integrated between suitable limits.

+ If f(t) is a function of t defined for t & 0 and if the integral 
0

( )ste f t dt
0

e f t(st fst  exists,

then it is a function of the parameter s. This function of s, denoted as ( )f s  is

called the Laplace Transform of f(t) over the range of values of s for which

the integral exists.

+ A function f(t) is said to be sectionally continuous or piecewise continuous
in the finite interval, a( t(�b, if this interval can be divided into a finite number

of subintervals such that, (i) f(t) is continuous at every point inside each of

the subintervals. (ii) f(t) has finite limits as t approaches the end points of

each subinterval from the interior of the subinterval.

+ If f (x) satisfies the Dirichlet’s condition in – ��(�x (��, and  converges, i.e., is

integrable in – ��< x < �, then we have the Fourier series expansion for f (x) as.

+ Despite its name, the delta function is not a function, even though it is a limit of

functions. Instead it is a distribution. Distributions are only well-defined when

integrated against sufficiently well-behaved functions known as test functions.

+ Stability is not the only property of a system that can be detected by studying

the poles of the transfer function. With some experience one can detect

change in the qualitative behaviour of a system by studying the poles. A

simple example is provided by the damped harmonic oscillator. This system

is defined by two parameters m and w, both positive real numbers.

5.12 KEY TERMS

+ Fourier transformation: A Fourier transform is a mathematical transform

that decomposes functions depending on space or time into functions

depending on spatial or temporal frequency, such as the expression of a musical

chord in terms of the volumes and frequencies of its constituent notes.
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� Laplace transformation: Laplace transformation is used for solving linear

differential equations, both ordinary and partial. If f(t) is a function of t defined

for t � 0 and if the integral  exists, then it is a function of the parameter s.

5.13 SELF-ASSESSMENT QUESTIONS AND
EXERCISES

Short Answer Questions

1. Write the definition of Laplace transformation.

2. What are the Laplace transforms of simple functions?

3. Define the change of scale property of Laplace transforms.

4. Mention the silent conditions for the existence of Laplace Transform.

5. What do you mean by shifting property of inverse transform?

6. State the theorem which proves the property of transforms of integrals.

7. Mention the the application of Fourier transform to Dirac delta function.

Long Answer Questions

1. Discuss various Fourier transforms with examples.

2. If F1 (k) and F2 (k) are Fourier transforms of f1 (x) and f2 (x) respectively,

show that the Fourier Transform of f1 (x) f2 (x) is given by

.

3. Apply Fourier series solution method to solve the wave equation

  for a stretched string fastened to fixed supports at its two

ends and initially plucked at its midpoint, giving it initial displacement h. If

initial velocity be zero at all points of the string, prove that the displacement

d at  a point  distant  a from a fixed end is given by

, where l denotes the length of the

string.

4. Find the Laplace transforms of the following:

(i) 2t3 + 3t2 – 5t + 2 (ii) 3( 1)te �

(iii) (e3t + e–2t)2 (iv) sin at cos at
(v) sin3 bt (vi) 3t2 + cos3 bt
(vii) sin at cos bt

5. Find the Laplace transforms of the following:

(i) t3e5t (ii) e–t sin(2t + 3)

(iii) cosh at cos bt (iv) sinh at sin bt
(v) 3t2e–3t + 5e3t cos 2t

6. Find the Laplace transforms of the following:
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(i) (2t + 1)sin 2t (ii) (t + 2)cos 3t
(iii) t2 sin at (iv) t2 cos at
(v) te–t cos2t (vi) te–at sin at

7. Find the Laplace transforms of:

(i) 
cosate at
t

� �
(ii)

2sin t
t

(iii)
2

sin 2t
t

� �
� �
	 


(iv) 
2

sin at
at

� �

 �
� �

(v)
1 ate

t

��

8. Find

(i)
0

sin
t atL dt

t
� �
� �
	 

� (ii) Prove that 

0

( ) 1
[ ( )

t

s

f tL dt L f t ds
t s

�� �
� �� �

	 

� �

(iii) Find 
2

0

sin
t tL dt

t
� �
� �
	 

� (iv) Find 

0

t att eL dt
t

�� ��
� �
	 

�

(v) Find 
0

[ cos ]

t
tL e t t dt� �

9. Find the Laplace transform of the following periodic functions:

(i) f(t) = E sin �t, for 0 � t � (� / �) and f(t + (� / �) = f(t), for all t.
(ii) f(t) = | cos �t|

(iii) f(t) = 0, for 0 < t < (� / �) = –sin �t, for (� / �) < t <
2�
�

 and f(t + 2(� /

�))

  = f(t), for all t.
10. Find the Laplace transforms of the following functions given that f(t) is a

periodic function of period 2�.

(i) f(t) = et, for 0 < t < 2� (ii) f(t) = ��– t, for 0 < t < 2�
(iii) f(t) = t2, for 0 < t < 2� (iv) f(t) = t, for 0 < t < ��= 0, for ��< t <2�
(v) f(t) = t, for 0 < t < ��= 2� – t, for ��< t <2�

11. Find the inverse transform of the following:

(i) 5

1

(3 4)p � (ii) 3

1

(2 3 )s�

(iii)
2

4

2 5 2

( 1)

s s
s
� �
� (iv) 2

2 1

( 4)

s
s
�
�

(v) 2

4 1

( 1)

s
s
�
� (vi) 2 2( 4)

s
s �

(vii)
2

2 2

3 2

( 4)

s s
s
� �
�

12. Find the inverse transform of the following functions:

(i) 2

1

( 4)s s � (ii) 2 2 2

1

( )s s a�

(iii)
1

( 2)( 2)s s s� � (iv)
( 2)( 7)

s
s s� �
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(v)
(2 3)(3 5)

s
s s� �

13. Find the Laplace transforms of:

(i) L(2t2 – e–t) (ii) L(t2 + 1)2

(iii) L(sin t – cos t)2 (iv) L(cosh2 4t)

(v) L{f(t)} if f(t) = 
0 when 0 2

4 when 2

t
t
� ��

� ��

(vi) L{t3 e–3t} (vii) L{(t + 2)2 et}

14. Show that the Laplace transform of 
3

0

3
sin

50

tte t dt
�

� ��

15. Solve using 
( )

( )
s

f tL F u du
t

�� � �� �
� � �

(i) Find 
2sin tL

t
� �
� �
	 


(ii) Find 
1 teL

t
� ��
� �
	 


(iii) Evaluate 
3

cos
t

s

te t dt
�

��

16. Explain Fourier’s integral.

5.14 FURTHER READING

Dass, HK. 2008. Mathematical Physics. New Delhi: S. Chand

Chattopadhyay, PK. 1990. Mathematical Physics. New Delhi: New age
International

Hassani, Sadri. 2013. Mathematical Physics: A Modern Introduction to Its
Foundations Berlin: Springer Science & Business Media

Khanna, V.K. and S.K. Bhambri. 2008. A Course in Abstract Algebra, 3rd
edition. New Delhi: Vikas Publishing House

Grewal, B.S. 1998. Higher Engineering Mathematics, 34th edition. New Delhi:
Khanna Publishers

Narayan, Shanti. 1996. Differential Calculus, 14th edition. New Delhi: S. Chand
and Company

Kreyszig, Erwin. Advanced Engineering Mathematics, 7th edition. Mumbai:
Wiley Eastern Ltd

Bali, N.P. 2007. A Textbook of Engineering Mathematics. New Delhi: Laxmi
Publications (P) Ltd

Narayan, Shanti. 2010. A Text Book of Vector Analysis. New Delhi: S. Chand
and Sons

Spiegel. 1959. Vector Analysis (Schaum’S Outline). New York: McGraw Hill
Professional

Gupta, B. D. 2009. Mathematical Physics, 4th Edition. Noida: Vikas Publishing
House Pvt. Ltd.



NOTES



NOTES




