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INTRODUCTION 
 

This first paper of physics  
under B.Sc. Third year demonstrates the basic structure of atom and its 
related phenomenon, in the first section of the paper, and atomic and 
molecular spectroscopy with nuclear study in remaining section of the 
paper. The paper starts with the first unit of Quantum Mechanics  I, it 
consists of phenomenon related with particle and wave nature of electron. 
It also gives the basic concept of wave function related with the electron 
and formalism of Schrodinger equation. Second unit elaborates the time 
dependent and independent nature of Schrodinger equation, tunneling of 
electron through a barrier, free particle in one dimensional box, one 
dimensional SHO and rigid rotator.  

Third unit is related to the study of atoms in electric and magnetic 
field which consists of different atomic models, different atomic quantum 
numbers under vector atom model, spin and orbital motion of electron, 
different coupling schemes under spin-orbit interaction and Zeeman Effect 
in details. The molecular spectroscopy is studied in the fourth unit which 
deals with rotational and vibrational study of linear diatomic molecule, 
isotopic effect, study of Raman effect in brief, Franck  Condon principle, 
Fluorescence and Phosphorescence in short. Finally the paper ends with 
the fifth unit of nuclear study in details, which introduce to Nuclear 
Physics, consisting basic properties of nucleus, alpha-beta decay, neutrino 
study and nuclear reaction.  

 
 Dr. D.S. Choudhary 
 Dr. A.M. Shahare  
 Prof. Y.S. Bopche 
 Prof. A.V. Bagde  
 Dr. S.R. Munishwar  
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Structure 

 1.0 Introduction 
 1.1 Objectives 
 1.2 Black Body Radiation 
 1.2.1  Failure of Classical Mechanics to Explain Black Body Spectrum 
 1.2.1.1   Distribution Law 
 1.2.1.2  Rayleigh-Jeans Law 
 1.2.1.3   Law of Black Body Radiation 
 1.3 The Photoelectric Effect 
 1.4 Compton Effect 
 1.5 De Broglie Wavelength and Matter Waves 
 1.6 Wave-Particle Duality 
 1.7 Davisson and Germer Experiment 
 1.8 Wave Packet 
 1.8.1  Group and Phase Velocity 
 1.9  Two-slit Interference 
 1.10   Uncertainty Principle 
 1.10.1  Energy-time Uncertainty Relation 
 1.11  Application of Uncertainty Principle 
 1.11.1  Non-existence of Electron inside the Nucleus 
 1.11.2 -ray Microscope (Thought Experiment) 
 1.12   Wave Equation 
 1.12.1  Time-dependent  Equation 
 1.12.2 Time-independent Schrodinger Equation (Steady State Form) 
 1.13  Properties of Wave Function 
 1.13.1  Physical Significance of  
 1.13.2  Requirements of a Wave Function 
 1.13.3  Orthogonal and Normalised Wave Function 
 1.14  Eigen values and Eigen functions 
 1.15 Probability Current Density 
 1.16 Answers to  Your  
 1.17 Summary 
 1.18 Key Terms 
 1.19 Self-Assessment Questions and Exercises 
 1.20  Solved Examples 
 1.21 Further Reading 

1.0 INTRODUCTION 

Classical mechanics, established by Galileo and Newton, with enormous 
contributions from many others, is remarkably successful. It enables us to 
calculate celestial motions to great accuracy. But difficulty arose when 
scientists tried to probe into the mysteries of smallest constituents of matter and 
systems involving them, namely, the atoms and the molecules. When 
combined with thermodynamics, classical mechanics led to the Gibbs paradox 
of classical statistical mechanics, in which entropy is not a well-defined 
quantity. Black-body radiation could not be explained without the considering 
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discrete nature of energy. As experiments reached the atomic level, the classical 
mechanics has been failed to explain, even approximately, such basic things as 
the energy levels and sizes of atoms and the photo-electric effect.  

Classical Mechanics failed to explain the following phenomenon: 
  it does not hold in the area of atomic dimensions i.e. it cannot 

explain non-relativistic motion of atoms, electrons and protons etc. 
  it could not explain the stability of atoms. 
  it could not clarify the observed variation of specific heat of metals 

and gases. 
  it could not explain the discrete nature of spectrum of hydrogen 

atom, since, according to classical theory energy changes are 
always continuous. 

  this could not clarify the observed spectra of black body radiation. 
  it could not explain observed phenomenon such as Photoelectric 

effect, Compton Effect, Raman Effect etc. 
At the beginning of the last century some scientists found explanations 

one after another for the problems, unsolved by classical physics (the 
blackbody radiation, the photoelectric effect, the specific heat of solids, the 
structure of the atom, Compton Effect). But these explanations were in 
striking contradiction with classical physics. This led to the birth of a new 
theory, Quantum Mechanics which was radically different from classical 
mechanics.  

1.1 OBJECTIVES 

After reading this unit, you will be able to: 
  understand the need of quantum mechanics and failure of classical 

mechanics in the realm of atomic dimensions.  
  understand the phenomena such as blackbody radiation, 

photoelectric effect, Compton effect whose explanation established 
the theory of quantum mechanics. 

  identify that electron (and all other subatomic particles) exhibit 
measurable wave properties when in motion. 

  derive the de Broglie relation and understand the concept of wave 
particle duality, wave packet, group velocity and phase velocity. 

  discuss the experiments like Davisson-Germer experiment and the 
two slit experiment that shed light on wave properties of electrons. 

  understand the H s uncertainty principle and wits 
applications. 

  derive the S
equation. 

  Describe the properties and probabilistic nature of wave function. 
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1.2 BLACK BODY RADIATION 

A body which absorbs all wavelength incidents on it is called as black body. 
To stay in thermal equilibrium, it must emit radiation at the same rate as it 
absorbs. In practice no material has been found to absorb all incoming 
radiation. Lamp black and platinum black are referred as practical black 
body as they absorb about 98% radiation incident on it. At a particular 
temperature the black body would emit the maximum amount of energy 
possible for that temperature. These radiation emitted are known as the 
black body radiation. Thus, Black-body radiation is the thermal 
electromagnetic radiation within or surrounding a body in thermodynamic 
equilibrium with its environment, emitted by a black body. 

 

Fig. 1.1: Black Body Spectrum 

The Fig. 1.1 shows the black body spectrum for particular black body. 
(Graph between intensity of radiation and wavelength)  

The black body, at any temperature above 0 K, emits radiations in a 
range of wavelengths. The intensity of radiation increases with the 
wavelength of radiation. At particular wavelength ( m) the intensity 
becomes maximum and beyond m the intensity decreases gradually. 

As the temperature of body is increased, the peak wavelength m shifts 
towards the smaller value. Also with increase in temperature, the total 
energy emitted also increases, because the total area of Black body 
spectrum under the curve increases.   

1.2.1 Failure of Classical Mechanics to Explain Black Body 
Spectrum 

1.2.1.1  Distribution Law 

Wien s law or (the Wien distribution law) is a law of physics used to 
describe the spectrum of thermal Blackbody radiation. This law was first 
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derived by Wilhelm Wien in 1896. Wien determined energy distribution for 
different wavelength of a black body for different temperatures.  

      where, c1 and c2 are constants. 

The equation does accurately describe the short wavelength (high 
frequency) spectrum of thermal emission from objects, but it fails to 
accurately fit the experimental data for long wavelengths (low frequency) 
emission. 

1.2.1.2 Rayleigh-Jeans Law 

During the end of the 19th century, many attempts were made to derive 
these empirical results about blackbody radiation from basic principles. In 
one attempt, the English physicist Lord Rayleigh considered the light 
enclosed within a rectangular box. Such a box, he reasoned, has a series of 
possible normal modes for electromagnetic waves. Rayleigh assumed that 
the total energy of each normal mode, by principle of equipartition of 
energy, was equal to kT.  

According to Rayleigh-Jeans law the energy distribution is given by the 
formula.  

   

  

Fig. 1.2  

Rayleigh-Jeans law hold good in the region of longer wavelength at 
higher temperature but fails for shorter wavelengths. This inconsistency 
between observations and the predictions of classical physics is commonly 
known as the ultraviolet catastrophe. 

1.2.1.3  Law of Black Body Radiation 

Max Planck (1901) came up with the idea when attempting to explain 
blackbody radiation, work that provided the foundation for quantum theory. 
Max Planck (1901) derived the formula to explain the experimental 
observed distribution of energy in the spectrum of a black body on the basis 
of following assumptions: 

Energy 
Distribution 

Wavelength 

Rayleigh-Jeans law 

Experiment 
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 1.  A black body radiator contains simple harmonic oscillators of 
molecular dimensions which can vibrate with all possible 
frequencies. 

 2.  He assumed that the oscillators of black body can emit energy in 
discrete amount equal to the integral multiple of some minimum 
energy, i.e.,  

   Where  is frequency of oscillator and n  is an integer. 
  According to this theory the energy distribution is given as:  

    

  In terms of wavelength the above formula can be written as:  

    

Derivation 

Suppose N is the total no. of  oscillators and E is their total energy. 
Then the energy per oscillator is, 

    (1) 

If N0, N1, N2, N3  Nr ......... etc. are the number of oscillators having 
the energies 0, , 2 , 3  respectively, then we get 

 N = N0 + N1 + N2 + N3  + Nr +.........  (2) 
 E = 0 +  N1 + 2  N2   Nr   (3) 
From  distribution formula, the number of particles having 

energy  will be: 

  

Then    (4) 

  

Substituting equation (4) values in equation (2) and (3), we obtain 

  

      ] 

   (5)  

Similarly,  

  

  

   (6) 
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The average energy of the particle is given as follows 

  

         (7) 

Also the no. of oscillations per unit volume in frequency range  and       
 +  will be given by  

   

The energy density ( ) will be equal to average energy multiplied 
by number of oscillations per unit volume in the frequency range  and            
 +  

   

   (8) 

This is known as  radiation law. 

Substituting  and | | = |   |  

    (9) 

This is  radiation law in terms of wavelength. 

Check Your Progress 

 1. Which surface has a higher temperature  the surface of a yellow 
star or that of a red star? 

1.3 THE PHOTOELECTRIC EFFECT 

Photoelectric effect is the ejection of electrons from a metal plate when 
light of suitable frequency incident on it. The electrons emitted are 
called photoelectrons   

Failure of Classical Theory to Explain Photoelectric Effect 

Attempts were made to explain photoelectric effect on the basis of classical 
ideas but the experimental observations of it remained unsolved. 
Calculation showed that if violet light of wavelength 4000 Å is used to free 
a photoelectron from sodium it would take 500 days. But experimentally it 
was observed that the emission of photoelectron was an instantaneous 
process. Also according to classical theory, kinetic energy of photoelectrons 
should depend on the intensity of light but in contrast velocity of emitted 
photoelectron found to be decided by the frequency of incident radiation. 
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 Theory of Photoelectric Effect 

The phenomenon of photoelectric effect was successfully explained by 
Einstein on the basis of  Quantum theory of radiation. He assumed 
that light consist of discrete quanta of energy called photons of energy , 
where  is the frequency of light.  

When a light of frequency  is incident on a metal, electrons are 
emitted from the metallic surface only when  > , here  is the work 
function, i.e., energy required to eject electron just out of the metal surface. 
When  > , the electrons are emitted with a kinetic energy  

 

The energy of the photoelectrons is independent of intensity of light. 
The explanation was provided by Einstein by assuming light consist of 
electromagnetic field particles called photons, each carrying energy, . If 

 < , this energy is not sufficient to surmount the barrier and no electrons 
ejected. If  > , electrons will be ejected with kinetic energy . 

 

Check Your Progress 

 2. In a photoelectric effect experiment, the frequency of the light is 
increased while keeping the intensity of the light constant. What 
effect does this have? 

 3. During the photoelectric effect, light knocks electrons out of 

when you turn on the lights? 

1.4 COMPTON EFFECT 

Photoelectric effect provides evidence that energy is quantized. In order to 
establish the particle nature of radiation, it is necessary that photons must 
carry momentum. In 1922, Arthur Compton studied the scattering of x-rays 
of known frequency from graphite and looked at the recoil electrons and the 
scattered x-rays. 

Arthur Compton discovered that when a beam of monochromatic       
X-rays or  rays (of shorter wavelength) are scattered by atoms of an 
element of low atomic number (such as graphite), the scattered radiation 
contains not only the original wavelength but also another new modified 
radiation of slightly longer wavelength  the satellite line. Scattering leading 
to a modified wavelength is called incoherent scattering. This type of 
incoherent X-Ray scattering is called Compton Effect. The difference 
between the wavelength of original wave and the scattered modified wave is 
called Compton shift.  
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Explanation 

The phenomenon of Compton effect could not be explained from the wave 
nature of radiation as it demands that scattered radiation should be of same 
wavelength as the incident one. This effect can only be explained 
considering quantum nature of radiation. The process is regarded as a 
collision between an incident photon and an electron of the scatterer. In this 
process both energy and momentum are conserved. If a photon of energy  
strikes an electron it will impart some of its energy to the electron in the 
form of kinetic energy. Consequently the photon undergoes a loss of 
energy. To account for the decrease of energy, the scattered radiation should 
have a smaller frequency and hence a longer wavelength. 

 

Fig. 1.3: Compton Effect 

Suppose the incident X-ray consist of photons, each of energy , 
where  is the frequency. This energy is much greater than the energy 
required to eject the electron from the scatterer. Let the photon collide with 
the electron at rest. A part of its energy is used in ejection of electron with 
velocity  in a direction making angle  with the incident photon as shown 
in the figure 1.3. The remaining energy is associated with the photon, 
having lower frequency  and moving in a direction making angle  with 
the incidence direction. 

Applying the principle of conservation of energy, we get 
 

 

Squaring above equation, we get 

   

Applying the principle of conservation of momentum in the direction of 
incident photon, we get 

    

Applying the same in the direction perpendicular the direction of 
incident photon, we get 
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By simplifying equation (2) and (3) yields 
   
    
Squaring and adding equation (4) and (5) gives 

   

Subtracting equation (6) from equation (1), 
 

By using theory of relativity, we get , squaring and 

substituting this in above equation gives 
  
  

  

  

   

 The change in wavelength i.e.,  

Above equation shows that the change in wavelength  depends only 
upon the angle of scattering and it is independent of the wavelength of 
incident radiation as well as the nature of the scattering substance. 

Case I: When  

Case II: When 

 

This quantity  is known as Compton wavelength. 

Case III: When 

. 

Check Your Progress 

 4. X rays of wavelength 22 pm are scattered from a carbon target 
making an angle of 85° to the incident beam. What is the 
Compton shift of the scattered rays? 
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1.5 DE BROGLIE WAVELENGTH AND 
MATTER WAVES 

Phenomena like the photoelectric effect, the Compton effect and the pair 
production effect provided that radiation exhibits particle-like 
characteristics in addition to its wave nature. In 1923 a French physics 
graduate student named Prince Louis-Victor de Broglie (1892 1987) made 
a radical proposal that particles of matter like electrons could be both 
particle-like and wave-like. If EM radiation has both particle and wave 
properties, then nature would be symmetric if matter also had both particle 
and wave properties.  

The wave nature of radiation has been well established by the 
phenomenon of diffraction and interference. Electrons have also been 
shown to exhibit the diffraction phenomenon like X-rays and light rays. 
That is, the wave-particle duality present in light must also occur in matter. 
The wave associated with a moving particle is called matter wave . 

According to de Broglie, an electron of mass  and with velocity v  
associated with a wave of wavelength  The wave length and velocity are 
related by an equation as follows: 

    (1) 

where, h  is  constant and mv  is momentum of the moving 
particle. Equation (1) is known as de Broglie relation which connects the 
momentum of a particle with the wavelength. 

Proof: 

 Consider a photon to be wave of frequency  then its energy is given 
as  

    (2) 
If we consider a particle of mass m  then its energy is given as  
    (3) 
From equation (2) and (3) 
    (4) 
As the photon travels with the speed of light c  its momentum is given 

as  
   

Therefore, equation (4) gives  
   

   

  [ ] 
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Or   (5) 

de Broglie generalize this relation to any material particle with nonzero 
rest mass: assumed that the above equation holds good for material particles 
like electrons, protons etc. and hence, for electrons equation (5) can be 
written as  

                                                                                               (6) 

where m  is mass, v  is velocity,  is wavelength and p  is 
momentum of electron. 

 In practice, the de Broglie wavelength is very small for a particle of 
matter and hence, difficult to measure. However, Eq. (6) implies that 
particles of lower mass have longer wavelengths, which mean the wave 
properties of the lightest particle of matter, the electron, should be the 
easiest to detect. 

Check Your Progress 

 5. For an electron and a proton that have the same speed, which 
particle has the shorter de Broglie wavelength?  

 6. What is the wavelength of a neutron at rest? Explain.  
 7. A proton has a slightly smaller mass than a neutron. Compared 

to the neutron, would a proton of the same wavelength have:     
             (i) more kinetic energy (ii) less kinetic energy  
             (iii) the same kinetic energy? 

1.6 WAVE-PARTICLE DUALITY 

Most commonly observed phenomena with light such as reflection, 
refraction, interference, diffraction, polarization etc. are the result of 
interaction of light with light. Their interpretation and moreover these 
phenomena are completely explained by the wave theory and the 
electromagnetic theory of radiation by considering wave nature of radiation.  

But the experimental observations of the phenomenon such as black 
body radiation, the photo-electric effect, Compton effect, line spectrum 
could be successfully explained only if light had a wave-particle duality. 
Albert Einstein first showed (1905) that light, which had been considered a 
form of electromagnetic waves, must also be thought of as particle-like, 
localized in packets of discrete energy. The observations of the Compton 
effect (1922) by American physicist Arthur Holly Compton established the 
wave-particle duality of light. Thus, some phenomenon can be explained by 
considering the wave nature of radiation and some other phenomenon can 
be explained by considering particle nature of radiation. Therefore, it is said 
that radiation has dual nature: particle and wave, but it never exhibits both 
characteristics simultaneously. These findings indicate that, at the 
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microscopic scale, nature display particle behavior as well as wave 
behavior. 

Further, the frequency or wavelength of radiation is a concept relevant 
to a wave, and quantum having the isolated energy ( ) or momentum 
( ) is the concept of a particle. Therefore, we conclude that radiation 
possesses dual character.  

French physicist Louis de Broglie was the first to propose (1924) that 
electron and other discrete bits of matter, which until then had been 
conceived only as material particles, also have wave properties such as 
wavelength and frequency. Therefore, by analogy with radiation, matter 
should also have wave properties under suitable conditions. He proposed 
that any particle of matter having momentum (p) has an associated 
wavelength ( ). de Broglie relation is given by  = h/p where, h is the 
Planck constant for a particle of momentum mv, the wavelength is given by 
 = h/mv. This equation is also applicable for photons too. Later (1927) the 

wave nature of electrons was experimentally established by American 
physicists Clinton Davisson and Lester Germer and independently by 
English physicist George P. Thomson. 

Microscopic systems, therefore, are neither pure particles nor pure 
waves, they are both. The particle and wave manifestations, as suggested by 
Bohr are just complementary to each other. Both concepts are 
complementary in describing the true nature of microscopic systems. Being 
complementary features of microscopic matter, particles and waves are 
equally important for a complete description of quantum systems. A 
characteristic feature that distinguishes quantum mechanics from classical 
mechanics is the wave-particle duality of atomic systems. 

1.7 DAVISSON AND GERMER EXPERIMENT 

The Davisson and Germer experiment demonstrated the wave nature of the 
electrons, confirming the earlier hypothesis of de Broglie. The experimental 
setup for the Davisson and Germer experiment is enclosed within a vacuum 
chamber. Thus, the deflection and scattering of electrons by the medium are 
prevented. The main parts of the experimental setup are as follows: 

Electron gun: The electron gun was a heated tungsten filament that 
released thermally excited electrons which were then accelerated through an 
electric potential difference, giving them a certain amount of kinetic energy, 
towards the nickel crystal. 

Electrostatic particle accelerator: Two opposite charged plates 
(positive and negative plate) are used to accelerate the electrons at a known 
potential. 

Collimator: The accelerator is enclosed within a cylinder that has a 
narrow passage for the electrons along its axis. Its function is to render a 
narrow and straight (collimated) beam of electrons ready for acceleration. 
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Target: The target is a Nickel crystal. The electron beam is fired 
normally on the Nickel crystal. The crystal is placed such that it can be 
rotated about a fixed axis.  

 

Fig. 1.4: Davisson and Germer Experiment 

Detector: A detector is used to capture the scattered electrons from the 
Ni crystal. The detector was designed to accept only elastically scattered 
electrons. The detector can be moved in a semicircular arc as shown in the 
diagram above. 

The basic thought behind the Davisson and Germer experiment was 
that the waves reflected from two different atomic layers of a Ni crystal will 
have a fixed phase difference. After reflection, these waves will interfere 
either constructively or destructively and hence, producing a diffraction 
pattern. 

In the Davisson and Germer experiment electrons were used in place of 
waves. These electrons formed a diffraction pattern. The dual nature of 
matter was thus verified. We can relate the de Broglie equation and the 

 law as shown below: 
From the de Broglie equation, we have: 
  = h/p 

    =    (1) 

where, m is the mass of an electron, e is the charge on an electron and h 
is the  constant. 

Therefore, for a given potential V, an electron will have a wavelength 
given by equation (1). 

The following equation gives  Law: 
  = 2d sin (900- /2)  (2) 
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Since the value of d was already known from the X-ray diffraction 
experiments. Hence, for various values of , we can find the wavelength of 
the waves producing a diffraction pattern from equation (2). 

Observations of the Davisson and Germer Experiment 

Surprisingly, instead of a continuous variation of scattered electron, 
intensity with angle distinct maxima and minima were observed whose 
position depended on the electron energy. The detector used can only detect 
the presence of an electron in the form of a particle. As a result, the detector 
receives the electrons in the form of an electronic current. The intensity 
(strength) of this electronic current received by the detector and the 
scattering angle is studied.  

The intensity of the scattered electrons is not continuous. It shows a 
maximum and a minimum value corresponding to the maxima and the 
minima of a diffraction pattern produced by X-rays. It is studied from 
various angles of scattering and potential difference. For a particular voltage 
(54V, say) the maximum scattering happens at a fixed angle only (50 ) as 
shown below: 

 

Fig. 1.5: Plots between I  the Intensity of Scattering (X-axis) and the Angle of 
scattering  for given Values of Potential Difference 

Results of the Davisson and Germer Experiment 

From the Davisson and Germer experiment, we get a value for the 
scattering angle  and a corresponding value of the potential difference V at 
which the scattering of electrons is maximum. Thus, these two values from 
the data collected by Davisson and Germer, when used in equation (1) and 
(2) give the same values for  Therefore, and verifies his equation as shown 
below: 

From (1), we have: Davisson and Germer experiment does provide 
direct verification of De Broglie hypothesis of the wave nature of moving 
bodies. 

   

For  V = 54 V,  

   = = 0.167 nm  (3) 

Now the value of d  from X-ray scattering is 0.092 nm. Therefore, for 
V = 54 V, the angle of scattering is 500, using this in equation (2), we have: 

   = 2 (0.092 nm) sin  
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For n = 1,  
   = 0.165 nm   (4) 
Equation (3) and (4) illustrate the experimental results are in a close 

agreement with the theoretical values got from the de Broglie equation. The 
equations (3) and (4) verify the de Broglie equation. 

1.8 WAVE PACKET 

Position and velocity of any particle can be calculated simultaneously to 
arbitrary precision in case of classical mechanics and thus a particle is well 
localized in space. Matter exhibit wave like behavior under suitable 
conditions. Thus, in case of quantum mechanics, to describe a matter wave 
associated with a particle in motion we need a quantity which is variable in 
space and time, called as    (x, t). Wave function should be 
large in the region where it likely to be find and small where, it less likely to 
be found. That means the wave function of the particle in conformity with 
uncertainty principle must be localized in a small region around it. 

The wave function of the matter wave which is localized in a small 
region of space as shown in figure below is known as wave packet or wave 
group. A wave packet therefore consists of a group of waves of slightly 
different wavelengths, with phases and amplitudes so chosen that they 
interfere constructively over a small region of space and destructively 
elsewhere. Not only are wave packets useful in the description of  
particles that are confined to a certain spatial region, they also play a key 
role in understanding the connection between quantum mechanics and 
classical mechanics. The wave packet concept therefore represents a 
unifying mathematical tool that can cope with and embody  particle-
like behavior and also its wave-like behavior. 

 

Fig. 1.6: Wave Packet 

A free particle moving along a  axis with a well-defined momentum is 
described by an infinite plane wave  is given by  

     
where, k  is the wave vector and  is angular frequency.  
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Wave packet is constructed by superposition of an infinite number of 
plane waves with slightly different k  values. 

   (2) 

For a particle to be localized, we need  to be zero everywhere 
except for the small range of  values i.e.,  
where, . Since lies in very small interval, expanding  as 
power series in  about  gives 

 

By neglecting higher order terms,  and  

gives 

    

Adding and subtracting  from the exponential term, we get 
   

  

Equation (4) describes plane wave having angular frequency , 
propagation constant and modulated by  which is function of  
and . As shown in Figure, the wave packet has an appreciable magnitude 
only over a small region and falls rapidly outside this region. 

1.8.1 Group and Phase Velocity 

It follows that the velocity with which the wave packet propagates as a 
whole is called as group velocity  and it is given as 

     

Wave packet moves with group velocity, therefore experimentally, it is 
group velocity that we measure.  

We know that  and  which gives  and 
 
Therefore, Group velocity,  

     

For a non-relativistic particle,   

Which gives   

For a relativistic particle, we have  
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Thus, from equation (7), (8) and (9) it is clear that wave packet moves 
with group velocity. 

 The individual waves that constitute wave packet, however, move with 
different speeds; each wave moves with its own phase velocity .  

 

But the particle velocity, . Therefore, it follows from above 
equation that phase velocity has no physical significance and hence, it is not 
a measurable quantity. 

1.9 TWO-SLIT INTERFERENCE 

This experiment illustrates the essential mystery of quantum mechanics. 
This mystery of the apparent ability of a system to possess properties which 
are mutually contradictory from a classical physics point-of-view. The key 
elements of a two-slit interference experiment consists a source of 
something with wave-like properties, two slits and an observation screen, as 
illustrated in Figure. 

In a two-slit interference experiment a monochromatic light passes 
through two slits,  and , and is detected on a screen. Equally spaced 
bright and dark fringes are observed when wave-like disturbances from the 
two slits interfere constructively and destructively on the screen. 
Constructive interference occurs at the point P when the path difference 

 is an integer number of wavelengths. 

 

Fig. 1.7: Two Slit Experiment 

When a classical wave passes through the slits, two waves emerge 
which combine and interfere to form a pattern on the screen. These waves 
can be described by real functions of space and time. For example, if the 
wave number is  and the angular frequency is , the combined wave at a 
point P, at distance  from slit  and  from slit , may be represented 
by 
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where  and  are amplitudes which are inversely proportional to  
and , respectively. 

The energy density and intensity of the wave at point P are proportional 
to the square of the wave. If the distances  and  are large compared 
with the slit separation we can set  then  

   (2) 

It follows that the intensity has maxima when  is an 
integer multiple of  and minima when it is a half-integer multiple of .  

When the effect of the finite width of the slits is taken into account, 
these maxima and minima give rise to an interference pattern like that 
illustrated in figure below. An interference pattern produced by a classical 
wave and by a current of quantum particles passing through two slits with a 
finite width. Constructive interference occurs at points when the difference 
in paths from the slits equals an integer number of wavelengths; the central 
maximum occurs when the path difference is zero. 

 

Fig. 1.8: Interference Pattern 

We shall now assume that the passage of a quantum particle through 
the two slits is represented by a wave function . The wave function at a 
point P will be the result of a linear superposition of two terms i.e., a wave 
from slit  and a wave from slit , of the form 

   
where  and  are complex constants having nearly the same value. 
When the particle arrives at the screen, at each point on the screen there 

is a measuring device which magnifies microscopic effects due to the 
particle so that there is a clear signal that a particle has or has not arrived at 
that point. In practice, the particle may be detected at any point on the 
screen and, as more and more particles pass through the slits, an 
interference pattern builds up on the screen. 

We will understand this process by assuming that the probability of 
detecting a particle at a particular location is proportional to the value of the 
effective intensity of the complex wave function at that location. In analogy 
with classical waves, we shall define this intensity to be a real number given 
by 
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We can find the value of  at a point P on the screen by using 
equation (3). By making approximation , we have 

     

Comparing it with Equation (2), we see that,  has maximum and 
minimum values on the screen similar to those given by the intensity of a 
classical wave. Hence, if the probability of detection is proportional to , 
an interference pattern similar to that shown in Figure will build up when 
many quantum particles pass through the two slits. 

1.10  UNCERTAINTY 
PRINCIPLE 

Statement: It is impossible to determine precisely and simultaneously the 
values of both the members of pairs of physical variables which describes 
the motion of an atomic system. 

Such pairs of variables in which uncertainty in measurement of one has 
placed limit on measurement of other are known as canonically conjugate 
variables. 

According to this principle, it is impossible to determine 
simultaneously the position and momentum of the electron with any desired 
accuracy. 

Mathematical Relation 

Considering x as the error in determining its position of the electron and 
p the error in determining its momentum at the same instant of time, then 

 uncertainty principle can be stated mathematically as 
  x p   /2. 
The product of two errors is approximately of the order of  

constant . 
Heisenberg s uncertainty principle states that the position and the 

velocity of an object cannot both be measured exactly, at the same time, 
even in theory. If x is small, p will be large and vice-versa. If one 
quantity is measured accurately the other quantity becomes less accurate.  

 1.10.1 Energy-time Uncertainty Relation 

Consider a free particle of mass m  moving with velocity v   
Its kinetic energy is  

 

where p = mv  is momentum of particle. 
Uncertainty in energy is given by 
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But, uncertainty in terms of position and momentum is 

 

That gives  

Check Your Progress 

 8. An atom in an excited state temporarily stores energy. If the 
lifetime of this excited state is measured to be 1.0 × 10 10 s, what 
is the minimum uncertainty in the energy of the state in eV? 

1.11 APPLICATION OF UNCERTAINTY 
PRINCIPLE 

1.11.1 Non-existence of Electron inside the Nucleus 

Nuclear diameter is of the order of 10 15 m. For an electron to exist inside 
the nucleus, the uncertainty in its position must be at be least of this order, 
i.e., . 

The uncertainty in the electron momentum is  

 

Energy of the electron,  

 

 

For an electron to be constituent of nucleus, it should have energy of 
the order of 98.8 MeV. However, energy of electron emitted in -decay 
experiment is of the order of 3 MeV. Hence, we conclude that electrons do 
not exist inside the nucleus. 

1.11.2  -ray Microscope  
(Thought Experiment) 

Heisenberg himself tried to understand this principle physically using the 
following thought experiment. Assume that we try to measure the position 
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and linear momentum of an electron using an imaginary microscope with a 
very high resolving power as shown in figure. 

Uncertainty in Position Measurement 

The electron can be observed if at least one photon is scattered by it into the 
microscopic lens.  

The resolving power of the microscope is given by the relation.  

    (1)  

In the above equation x is the distance between two points which can 
be just resolved by microscope. This is the range in which the electron 
would be visible when disturbed by the photon. Hence, x is the uncertainty 
in the measurement of position measurement of electron. 

 

Fig. 1.9 

Uncertainty in Momentum Measurement 

The photon will interact with the electron through the Compton effect. To 
be able to see this electron, the scattered photon should enter the microscope 
within the angle 2 . The momentum imparted by the photon to the electron 
during the impact is of the order of . 

The component of momentum along OA =  

The component of this momentum along OB = . 

The uncertainty in the momentum measurement in the x-direction is 

 .   (2) 

From equation (1) and (2), 

 

A more sophisticated approach will show that . 
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Check Your Progress 

 9. If the position of an electron in an atom is measured to an 
accuracy 
velocity? 

1.12  WAVE EQUATION 

The first step in the development of a logically consistent theory of non-
relativistic quantum mechanics is to devise a wave equation which can 
describe the covert, wave-like behavior of a quantum particle. This equation 
is called the Schrodinger equation. 

1.12.1 Time-dependent  Equation 

The quantity that characterizes the de Broglie wave is called the wave 
function. It is denoted by . It may be a complex functions assume that  is 
specified in the x-direction by 

    (1) 
If  is the frequency, then  and . 

     (2) 
Let E  be the total energy and p be the momentum of the particle. 

Since E =  it gives  

    and   

Substituting these in equation (2) gives, 

   

     (3)  
Equation (3) represents the wave equivalent of an unrestricted particle 

of total energy E and momentum p moving in +x-direction. 
Differentiating equation (3) twice with respect to x, we get 

   

    (4) 

Differentiating equation (3) with respect to t, we get  

   

    (5) 

At speeds smaller than that of speed of light, the total energy E of the 
particle is sum kinetic energy  and potential energy V(x,t). 
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Multiplying both sides of above equation by  , we get 

   (6) 

Substituting  and  from equation (4) and (5) in above equation, 
we get 

   

Or     
Equation (7) is the time dependent form of  equation in 

one dimension. 
In 3-dimension the above equation can be written as 

    

1.12.2 Time-independent Schrodinger Equation (Steady 
State Form) 

In many cases, the potential energy is independent of time explicitly and 
Potential V is function of position only. In such cases Schrodinger equation 
can be simplified to time independent form by removing all references to 
t   

The one-dimensional wave function of an unrestricted particle can be 
written as  

 

     (1) 

where . That is,  is the product of a position dependent 
and time dependent function. 

Differentiating equation (1) with respect to t, we get 

 

Differentiating equation (1) twice with respect to position x, we obtain 

 

 Substituting these values of  and  in time dependent form of 
 equation 
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Gives      

Dividing both sides by , we get 

 

Rearranging the terms we obtain 

     (2) 

Equation (2) is the steady state form of  equation. 
In 3-Dimension equation (2) can be written as 

 

But usually it is written in the form 

 

 Or 

 

Check Your Progress 

 10. 
system represents? The conservation of the (a) total energy of the 
system or (b) total potential energy of the system or (c) total 
kinetic energy of the system. 

1.13 PROPERTIES OF WAVE FUNCTION 

1.13.1 Physical Significance of  

The wave function, at a particular time, contains all the information that 
anybody at that time can have about the particle. But the wave function 
itself has no physical interpretation. It is not measurable.  
 1. The quantity whose variation make up matter waves is called the 

wave function, .  
 2. Wave function can either be real or complex. The wave function  

itself has no physical significance. 
 3. However, the square of the absolute value of the wave function has 

a physical interpretation. . Here  is the 
complex conjugate of . 

 4. , the square of the absolute value of the wave function is 
called Probability density. The probability of experimentally 
finding the body described by the wave function  at the point x, y, 
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z at the time t is proportional to the value of . The large value 
of  indicates the strong possibility of finding the particle. 

 5. The probability of finding the particle at  is 
. 

 6. The particle is certainly to find somewhere in space. 
                                 .  

The wave function satisfying above relation is called a normalized 
wave function.  

1.13.2 Requirements of a Wave Function 

Certain requirements should be obeyed by the wave function , to make 
the results consistent with the physical observations: 
 1. It must be well behaved i.e., single value and continuous at each 

and every point. 
 2. If  are solutions of Schrodinger 

equation then the linear combination 
must be a solution. 

 3. The wave function  must approach to zero as . 

1.13.3 Orthogonal and Normalised Wave Function  

Orthogonal Wave Function 

If the product of a function  and the complex conjugate  of a 
wave function  vanishes when integrated with respect to  over the 
interval  that is, if 

 

Then  and  are said to be orthogonal in the interval . 

Normalised Wave Function 

The probability of finding a particle in the given volume element 
 is given by .  

The total probability of finding the particle in the entire space is unity, 
i.e., 

 

 where, the integration extend over all space. 
 Any wave function satisfying the above equation is said to be 

normalised to unity or simply normalised. 
It is possible to multiply  by the constant  to give a new wave 

function  which is also a solution of the wave equation. Constant  
should be chosen properly so that the new wave function becomes the 
normalised wave function. It must meet the requirement 
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 is known as the normalizing constant. 

1.14 EIGEN VALUES AND EIGEN FUNCTIONS 

The values of energy  for which  steady state equations can 
be solved are called Eigen values. The corresponding wave functions  
are called Eigen functions. 

For an atom these Eigen values corresponds to energy values associated 
with different orbits in the atom. The wave function must satisfy some 
conditions in order to have physical significance, such as it should single 
valued, finite and continuous through the whole space under consideration. 

Degeneracy: If there is more than one linearly independent wave 
function belonging to the same Eigen value , the energy level is said to be 
degenerated.  

If there are  linearly independent wave functions  
belonging to the same energy state, then energy level is said to be  - fold 
degenrate. 

The degree of degeneracy is defined as the degree of linearly 
independent wave functions corresponding to the same Eigen value.  

1.15 PROBABILITY CURRENT DENSITY 

Suppose  is the state function representing one particle system. 
The probability that the particle is in the finite volume  is 

     

The rate of change of this probability is 

     

Time-dependent  equation is 

     

Assuming  to be real, complex conjugate of above equation is 

    

From equation (3),   
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From equation (4),   

  

   

We define probability current density as  

      

  

Equation (2) becomes     

According to Gauss theorem the volume integral can be transformed to 
surface integral i.e., 

      

 is the surface enclosing volume . From equation (7) it is clear that 
the integral of  over surface  is the probability of a particle to cross the 
surface going outward in unit time. 

Form equation (2) and (6),     

Above equation represents conservation of probability density. It is 
analogous to the equation of continuity of hydrodynamics and 
electrodynamics. 

1.16 ANSWERS TO  YOUR  

 1. Yellow star 
 2. The same number of electrons will be ejected. 
 3. Because the frequency of visible light we use at home is not 

enough to get electron knock out of the metal. 
 4. The Compton shift, 

    

          
 5. Since electron has less mass as compared to proton, proton will 

have shorter de Broglie wavelength.  
 6. Since, de Broglie wavelength is always associated with particle in 

motion, particle at rest indicate absence of matter wave. 
 7. More kinetic energy. 
 8.   
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 9. According to  uncertainty principle, 

 

 

  Thus, the uncertainty in the measurement of velocity will be 

 

 10. (a) Conservation of the total energy of the system. 

1.17 SUMMARY 

  Black Body Radiation: A body which absorbs all wavelength 
incidents on it is called as black body. Black-body radiation is the 
thermal electromagnetic radiation within or surrounding a body in 
thermodynamic equilibrium with its environment, emitted by a 
black body. 

  The intensity of black body radiation increases with the wavelength 
of radiation. At particular wavelength ( m) the intensity becomes 
maximum and beyond m the intensity decreases gradually. 

   distribution Law: Wien determined energy distribution 
for different wavelength of a black body for different temperatures.  

    where,  and  are constants. 

  The equation does accurately describe the short wavelength 
spectrum, but it fails to accurately fit the experimental data for long 
wavelengths emission. 

  Rayleigh-Jeans Law: According to Rayleigh-Jeans law the energy 
distribution is given by the formula: 

     

  Rayleigh-Jeans law hold good in the region of  longer wavelength 
at higher temperature but fails for shorter wavelengths. This 
inconsistency between observations and the predictions of classical 
physics is commonly known as the ultraviolet catastrophe. 

   law of black body radiation: Max Planck (1901) 
derived the formula to explain the experimental observed 
distribution of energy in the spectrum of a black body. According 
to this theory the energy distribution is given as:  

    

  In terms of wavelength the above formula can be written as  
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  The Photoelectric Effect:  effect is the ejection of 
electrons from a metal plate when light of suitable frequency 
incident on it. The electrons emitted are called   

  The phenomenon of photoelectric effect was successfully 
explained by Einstein on the basis of  Quantum theory of 
radiation. He assumed that light consist of discrete quanta of 
energy called photons of energy  where  is the frequency of 
light.  

  Compton Effect: Arthur Compton discovered that when a beam of 
monochromatic light are scattered by atoms of an element of low 
atomic number, the scattered radiation contains original 
wavelength as well as radiation of slightly longer wavelength. This 
effect is called Compton Effect. The difference between the 
wavelength of original wave and the scattered modified wave is 
called Compton shift.  

  The change in wavelength i.e.,  

  de Broglie wavelength and matter waves: In 1923 a French 
physics graduate student named Prince Louis-Victor de Broglie 
(1892 1987) made a radical proposal that particles of matter like 
electrons could be both particle-like and wave-like. The wave 
associated with a moving particle is called matter wave  

  According to de Broglie the wave length and velocity are related by 
an equation as follows: 

  
  Wave-Particle Duality: The radiation has dual nature: particle and 

wave, but it never exhibits both characteristics simultaneously. 
French physicist Louis de Broglie proposed that any particle of 
matter having momentum (p) has an associated wavelength ( ). 
Later (1927) the wave nature of electrons was experimentally 
established by American physicists Clinton Davisson and Lester 
Germer and independently by English physicist George P. 
Thomson. Therefore, it was established that matter also have wave 
properties under suitable conditions. 

  Davisson and Germer Experiment: The Davisson and Germer 
experiment demonstrated the wave nature of the electrons, 
confirming the earlier hypothesis of de Broglie. The experimental 
setup for the Davisson and Germer experiment is enclosed within a 
vacuum chamber. The main parts of the experimental setup are 
Electron gun, Electrostatic particle accelerator, Collimator, the 
target (Nickel crystal) and a detector to capture the scattered 
electrons from the Ni crystal. Davisson and Germer experiment 
does provide direct verification of de Broglie hypothesis of the 
wave nature of moving bodies. 
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  Wave Packet: The wave function of the matter wave which is 
localized in a small region of space is known as wave packet or 
wave group. A wave packet consists of a group of waves of slightly 
different wavelengths, with phases and amplitudes so chosen that 
they interfere constructively over a small region of space and 
destructively elsewhere. 

  Group and Phase Velocity: The velocity with which the wave 
packet propagates as a whole is called as group velocity  and it is 
given as . Wave packet moves with group velocity. 

  The individual waves that constitute wave packet, however, move 
with different speeds; each wave moves with its own phase 
velocity . . Phase velocity has no physical significance 
and hence, it is not a measurable quantity. 

   Uncertainty Principle: According to this principle, 
it is impossible to determine simultaneously the position and 
momentum of the electron with any desired accuracy. 

   uncertainty principle can be stated mathematically as 
x p   /2 

  Where, x is the error in determining its position of the electron 
and p the error in determining its momentum at the same instant 
of time. 

  In terms of energy and time the uncertainty relation is  
  

   Wave Equation: 

  Time Dependent  Equation 

 

  In 3-dimension the above equation can be written as 

 

  Time Independent Schrodinger Equation (Steady State Form) 

 

  In 3-Dimension equation written above can be written as 

 

  Or   

  Physical Significance of : The wave function, at a particular 
time, contains all the information that anybody at that time can 
have about the particle. But the wave function itself has no physical 
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interpretation. It is not measurable. However, the square of the 
absolute value of the wave function i.e.,  has a 
physical interpretation. 

  Requirements of a wave function: It must single value and 
continuous at each and every point. Linear combination of solution 
of wave function will also be a solution. The wave function  must 
approach to zero as . 

  Orthogonal wave function:  and  are said to be 
orthogonal in the interval , if  

 

  Normalised Wave Function: Any wave function satisfying the 
equation below is said to be normalised to unity or simply 
normalised.  

 

  Where, the integration extend over all space. 
   Eigen values and Eigen functions: The values of energy  for 

which  steady state equations can be solved are called 
Eigen values. The corresponding wave functions  are called 
Eigen functions. 

  Degeneracy: If there is more than one linearly independent wave 
function belonging to the same Eigen value , the energy level is 
said to be degenerated.  

1.18 KEY TERMS 

  Blackbody: an ideal radiator, which can radiate equally well at all 
wavelengths. 

  Blackbody radiation: the electromagnetic radiation from a 
blackbody. 

  Compton Effect: the phenomenon whereby x rays scattered from 
materials have decreased energy. 

  Compton shift: difference between the wavelengths of the incident 
X-ray and the scattered X-ray. 

  de Broglie wavelength: the wavelength possessed by a particle of 
matter, calculated by  = h/p. 

  de Broglie wave: matter wave associated with any object that has 
mass and momentum. 

  Degeneracy: A term referring to the fact that two or more 
stationary states of the same quantum-mechanical system may have 
the same energy even though their wave functions are not the same. 
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  Davisson Germer experiment: historically first electron-
diffraction experiment that revealed electron waves. 

  Eigen values: any of the possible values of a quantity derived from 
a differential or integral equation having solutions that satisfy 
certain special conditions. In wave mechanics, an Eigen value is 
equivalent to the energy of a quantum state of a system. 

  Eigen functions: wave function that corresponds to a particular 
Eigen value. 

  Group velocity: velocity of a wave, energy travels with the group 
velocity. 

   uncertainty principle: a fundamental limit to the 
precision with which pairs of quantities (momentum and position 
and, energy and time) can be measured. 

  Normalised wave function: ensure the probability that the particle 
is found somewhere in space (that is, it will be found somewhere), 
and must satisfy the relation . 

  Orthogonal wave function: two wave functions that are 
perpendicular to each other and must satisfy the following 
equation: 1 2  = 0. 

  Phase velocity: velocity of individual wave that constitute the 
wave packet. 

  Photoelectric effect: the phenomenon whereby some materials 
eject electrons when light is shined on them. 

  Photoelectron: electron emitted from a metal surface in the 
presence of incident radiation. 

  Photon: a quantum or particle of electromagnetic radiation. 
   constant: h = 6.626 × 10  34 J s. 
   law of blackbody radiation: a mathematical relationship 

formulated in 1900 by Max Planck to explain the spectral-energy 
distribution of radiation emitted by a blackbody. 

  Quantized: the fact that certain physical entities exist only with 
particular discrete values and not every conceivable value. 

  Quantum mechanics: the branch of physics that deals with small 
objects and with the quantization of various entities, especially 
energy. 

  Rayleigh-Jeans Law: an approximation in respect to thermal 
radiation: the emissive power of a blackbody at absolute 
temperature T and at a given wavelength  is directly proportional 
to T and inversely proportional to 4. 

  Two slit experiment: experiment which demonstrate that light and 
matter can display characteristics of both classically defined waves 
and particles.  
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  Wave-particle duality: the property that particles can behave as 
waves and radiation can behave as particles. 

   Law: an equation used to describe the short-wavelength 
(high frequency) spectrum of thermal radiation. 

  Work function: energy needed to detach photoelectron from the 
metal surface. 

1.19 SELF-ASSESSMENT QUESTIONS AND 
EXERCISES 

Short Answer Questions 

 1. What is the Heisenberg uncertainty principle? Does it place limits 
on what can be known? 

 2. State the physical significance of wave function. Explain the 
meaning of well-behaved function. 

 3. Define group velocity of the wave packet. 

 4. State the  uncertainty principle. 

 5. What do you mean by the degeneracy of an Eigen value? 

 6. Define wave function. Give its significance and write conditions 
for a wave function to be well behaved. 

 7. What is Eigen value and Eigen function? 

 8. What are matter waves? 

Long Answer Questions 

 1. Describe Davisson-Germer experiment and interpret its results. 

 2. State and explain Heisenberg uncertainty principle. Use this 
principle to show that electrons cannot reside inside the nucleus. 

 3. Derive and explain de Broglie relation. 

 4. Obtain time dependent and time independent Schrodinger equation. 
What do you mean by normalization and orthogonality of wave 
function? 

 5. Discuss the normalization and probability interpretation of a wave 
function. 

 6. Discuss the formation of wave packet and hence prove that particle 
velocity is equal to the group velocity. 

 7. Discuss the application of  uncertainty principle. 
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1.20 SOLVED EXAMPLES 

 1. The X-Ray beam is scattered by loosely bound electron at 45° 
from the direction of beam. The wavelength of scattered X-rays 
is 0.22 Å. What is the wavelength of incident X-rays? 

  Solution: Given data: Angle of scattering,  = 45° 
  Wavelength of scattered photon,  0.22 Å 
  The wavelength of incident X-Rays =? 
  The Compton shift is given by,  

   =  

  Therefore,     =  

     = 0.22  0.02426 (1 cos 45°) 
       = 0.213 Å 
  Thus, wavelength of incident X-rays is 0.213 Å. 
 2. A photon is Compton scattered by a free electron at rest 

through an angle of 90°. What is the energy of the scattered 
photon if the energy of incident photon is 10 MeV? 

  Solution: Given data: Angle of scattering,  = 90° 
  Energy of incident photon, E = 10 MeV = 107 eV 
    = 1.6 ×  Joule 
  Energy of scattered photon, E' = ? 
  Energy is given by, E =  
  Therefore,  = hc/E 
  For incident photon, wavelength is, 

   =  

      = 0.0012 × m 
  To calculate the wavelength of scattered photon,  

   '   =  

  or  ' =  +  

  ' = 0.0012 ×  
  ' = 0.0252 × m 
  Thus, energy of scattered photon, 

  E' =  

  E' =  

  E' = 7.956 ×  Joule 
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  E' = eV 

  E' = 4.747 x eV 
  Thus, energy of scattered photon is E'= 4.747 × eV. 
 3. A photon of initial energy 90 keV undergoes Compton 

scattering at angle of 60°, find: 

 (i)  The energy of the scattered photon and 
 (ii)  The recoil energy of the electron 
  Solution: Given data: Initial energy of photon, E = 90 keV = 90 × 

 × 1.6 ×  Joule 
   Angle of scattering,  = 90° 
    (i) The energy of the scattered photon, E  = ? 
   (ii) Recoil energy of the electron, E   = ? 
  Energy of the photon is related to wavelength by: 
  E =  
  Therefore,  = hc/E 
 (i)  For incident photon, wavelength is: 

    =  

     = 0.138 × m 
  To calculate the wavelength of scattered photon,  

       =  

  or   =  +  

  ' = 0.138 ×  + 0.02426 × (1  cos 60°) ×  
  ' = 0.150 × m 
  Thus, energy of scattered photon:  
  E' = hc/  

  E' =  

  E' = 1.32 ×  Joule 

  E' = eV 

  E' = 0.825 × 105 eV 
  Thus, energy of scattered photon is 0.825 × 105 eV 
 (ii)  Energy of recoil electron:  
  E  E' = 90 × 103  82.5 103 eV 
  E  E' = 7.5 × 103 eV 
   Thus, energy of recoiled electron is 7.5 keV. 
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 4. X-rays of 0.5 Å are scattered by free electrons in a block of 
carbon through 90°. Find the velocity of recoil of electrons.  

  Solution: Given data: Wavelength of X-rays,  = 0.5  
                                                                                          Å = 0.5 × m 
  Angle of scattering,  = 90° 
  Velocity of Recoil electron, v = ? 

  Compton shift,    =  

    0.5 = 0.02426 × (1  cos 90°) 
    0.5 = 0.02426 × (1  0) 
  '  0.5 = 0.02426 
  ' = 0.5 + 0.02426 
  ' = 0.52426 Å 
  ' = 0.5246 × m 
  Now, the kinetic energy of recoiled electron is: 

  K.E. =   

  K.E. = [6.63 × ]  

             [6.63 × ] 

  K.E. = 6.63 ×  × 3 ×  

  K.E. = 6.63 ×  × 3 ×  

  K.E. = 6.63 × × 3 ×  ×  
  K.E. = 19.89 ×  × 3 ×  × 0.09255 
  K.E. = 19.89 × 0.09255 ×  
  K.E. = 1.841 × J 
  Thus, Velocity of recoil electron is,  

  v =  

  v =  

  v =  

  v =  

  v =  
  v = 47.94 m/s 
 5. Photon of energy 0.1 MeV undergoes Compton scattering. Find 

the energy of a photon scattered at 60° and the recoil kinetic 
energy of the electron. 
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  Solution: The Compton shift is given by 
     = h(1  cos 60°)/  

    

  (1/h )  (1/h ) = ½/  
  (1/E   (1/E) = ½/  
   = 2E  
  Hence, energy of the scattered photon 

  E' =  ×  

      = 0.091 MeV 
  Recoil kinetic energy of the electron = E   = 0.009 MeV. 
 6. Calculate the de-Broglie wave length of an electron which has 

kinetic energy equal to 15 eV kg. 

  Solution: Given: kg; E = 15 eV  

  P =    

   = h/P =  

      = 3.12 ×  = 3.12 Å 
 7. Calculate the energy of a Gamma photon of wavelength 1 Å. 

  Solution: Given  = 1AU. 
  We have, E = mc²= pc. But p =  hence 
  E =  = 6.63 × J.S. × 3 ×  (m/s)/ m 
     = 19.86 × J 
      = 12.4 ×  
 8. The most rapidly moving valence electron in metallic sodium, 

at the absolute zero of temperature, has a kinetic energy 3 eV. 
Show that its De Broglie wave length is 7Å. 

  Solution: Given: K = 3 eV = 3 × 1.6 × J 
  = 9.11 × (3 × J 

   =  eV 

   = 51.2 × eV 
    = 5.12 × eV 
   The kinetic energy of the electron is small compared with . 
  Hence, the de Broglie wavelength is given by 

   =  

     =  
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     =  

     = 0.71 × = 7.1 × m = 7.1Å 
 9. Calculate the de Broglie wavelength of an electron moving with 

velocity c. 

  Solution: We have v =  or   

  Now,   =  

  Since, v is comparable with the speed of the light; m in the formula 
is the relativistic mass. Substituting m =   in the 
formula for , we get 

   =   =  

     =  

     = 0.323 ×  
 10. Calculate the wavelength of the de-Broglie wave associated 

with a ball of mass 5 g moving with a velocity 100 ms 1. This 
wave nature is not seen in our daily observations. Give reason.  

  Solution: Given m = 5 g = 5 × 10 3 kg, v = 100 ms 1 

  de-Broglie wavelengths  =  

m  
  Since, the wavelength is very small in comparison to the size of the 

ball. Hence, this wave nature is not observable in our daily 
observations.  

 11.  Calculate the de-Broglie wavelength of an electron accelerated 
through a potential difference of 1.25 kilo-volt. 

  Solution: Kinetic energy of electron (charge = e) accelerated 
through a potential difference of V volt is eV.  

   Momentum p =  

  Hence, de-Broglie wavelength  =  

  Substituting the values,  =  

   = 3.46 × 10 11 m = 0.346 Å 
 12. Calculate the de-Broglie wavelength associated with neutron of 

energy 28.8 eV. (Mass of neutron = 1.67 × 10-27 kg). 

  Solution: de-Broglie wavelength associated with neutron. 

     =  

      = 0.532 × 10-11 m = 0.0532 Å 
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 13. Calculate the de-Broglie wavelength associated with thermal 
neutron at 27°C.  

  Solution: Given: T = 27°C = (27 + 273) K = 300 K,  
              m = 1.67 ×10 27 kg. 
  de-Broglie wavelength associated with thermal neutron 

    =  

     = 1.45 × 10-10 m = 1.45 Å 
 14. A bullet of mass 40 g and an electron both travel with a velocity 

of 1000 m/s. What wavelength can be associated with them? 
Why is the wave nature of bullet not revealed through 
diffraction effect? 

  Solution: Given data: Mass of bullet,  
                                                                                   
  Mass of electron, kg 
  Velocity of bullet and electron, v = 1000 m/s. 
  Wavelength associated with bullet,  = ? 
  Wavelength associated with electron,  ? 
  The wavelength associated with bullet,  is given by: 

     

    =  

    = 1.65 x m 
  The wavelength associated with bullet,  is given by, 

     

         =  

     
  Thus, the wavelength associated with bullet is very small and is not 

measurable. But, the wavelength associated with electron is 
measurable. Hence the wave nature of bullet not revealed through 
diffraction effect. 

 15. An electron has speed of 300 m/s accurate to 0.01%. With what 
fundamental accuracy can we locate the position of the electron? 

  Solution: Given:  m/s 

  The uncertainty relation is 
     
   For the given uncertainty in the speed, the minimum uncertainty 

in the position is given by: 
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    =  

    =  

    = 3.86 × m 
 16. Find the smallest possible uncertainty in the position of an 

electron moving with velocity 3 ×  m/sec.  

              (Given: h = 1.054 × Js, kg) 

  Solution: The maximum uncertainty in the momentum is 

   

  From the uncertainty relation the minimum 
uncertainty in the position is given by: 

   

  But,  =  =  

   

    = m 

    = 0.0384 × m 
    = 0.0384 Å 
 17. The average period that elapses between the excitation of an 

atom and the time it emits radiation is sec. Find the 
uncertainty in the energy emitted and the uncertainty in the 
frequency of light emitted  

              (Given h = 1.054 × ) 

  Solution: The maximum uncertainty in the interval of time is 
     
  From the uncertainty relation , the minimum 

uncertainty in the energy is given by: 

    J 

            Now h  = E 
    The uncertainty in the frequency is given by 
     h  

                          Hz 

 18. The velocity of an electron is 3 × 104 ms-1 with 0.01% accuracy. 
Find the uncertainty in measurement of its position.  

              ( kg, h = 6.6 x 10-34 Joule x sec). 
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  Solution: Given, momentum of electron  
     p = mv  
                                                    = (9.1 × 10-31) × (3 × 104) 
                                        = 2.73 × 10-26 kg.m/s 
  Uncertainty in momentum = uncertainty in velocity 
  i.e.,  

  or     × 2.73 × 10-26 = 2.73 × 10-30  kg m/s 

  According to  uncertainty principle  

   Minimum uncertainty in position  

     = 3.85 × 10-5 m 
 19. An electron is inside a box of length 10-9 m. Calculate the 

minimum uncertainty in its velocity. ( kg,  

                                                                                 h = 6.6 × 10-34 Js).  

  Solution: The electron can be found anywhere inside the box, 
therefore, the maximum uncertainty in the position of electron 
( max = length of box = 10-9 m.  

  According to  uncertainty principle,  

   Minimum uncertainty in momentum (   

                                                                                    =  

                                                               = 1.05 ×  kg m/s 
                                                    But, ( min = m( )min 

   Minimum uncertainty in velocity ( )min =  

     = 1.15 × 105 m/s 
    20. If the uncertainty in the position of a moving particle is equal 

to the wavelength associated with it, show that the uncertainty 
in its velocity is equal to  times its velocity.  

  Solution: Given; , where  = wavelength associated with 
the particle = h/mv 

    

  From  uncertainty principle,  
       = h  

  Or  =   

  Or   

  i.e., uncertainty in velocity =   particle velocity. 
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 21. An electron and a bullet (mass = 50 gms) are travelling with the 
same velocity of 300 m/sec. Assuming an accuracy of 0.01% in 
velocity measurement, calculate the accuracy in location of 
their positions. What inference can be drawn from this result? 

  Solution: Given data: Mass of electron,  kg 
                                           Mass of bullet, kg 
  Velocities of electron and bullet,                v = 300 m/sec 
  Accuracy in measurement of velocity, v = 0.01% of v 
  v = 0.01 × 300/100 
  v = 0.03 m/sec 
  To calculate: Accuracy in measurement of position of electron and 

bullet, i.e.,  = ? and  =? 
  Uncertainty in location of electron  

   =  

   =  

   = 3.867 × m 
  Similarly, Uncertainty in location of bullet  

   =  

   =  

  m 
  From above two values of uncertainties for electron and bullet, it is 

revealed that, uncertainty in location of bullet is negligible and is 
not measurable. Whereas, for an electron uncertainty in the location 
is measurable. Thus, the wave nature is significant for micro 
particles than heavy particle.  

 22. Compute the minimum uncertainty in the location of a mass of 
object 2.5 g moving with a speed of 1.5 m/s and the minimum 
uncertainty in the location of an electron moving with a speed 
of 0.5 ×  m/s. Given that the uncertainty in the momentum 
P for both is P = P. 

  Solution: Given data: Mass of object,  
                                                                                   kg 
  Speed of object,  
  Mass of electron, kg 
  Speed of electron,  m/s 
  Uncertainty in the momentum of object and electron  
  P = 10-3 P 
  To calculate: Uncertainty in location of object:  
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  Uncertainty in location of electron:  
  For object, Uncertainty in location is given by: 

    

    

    

    

   m 
  Similarly, for electron, Uncertainty in location is given by: 

 

   

 

 

  m 
  Thus, uncertainly in measurement of location of object is  
              2.815 ×  m and of electron is 2.32 × m.  
 23. An electron and a 150 g base ball are travelling 220 m/sec, 

measured to an accuracy of 0.005 percent. Calculate and 
compare uncertainty in position of each.  

  Solution: Given data: Mass of base ball, = 150 g  
                                                                                       = 150 × kg 
  Velocity of electron and base ball,            v = 220 m/sec. 
  Accuracy in measurement of velocity of electron and baseball,  

  v = 0.05% V = 0.005 ×   = 0.011 m/s 

  To calculate:  Uncertainty in position of base ball,  
   Uncertainty in position of electron,  

    

  Uncertainty in position of base ball in given by,  

   

   

    

  m 
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  Similarly, Uncertainty in position of electron is given by:  

   

   

   

   
  Thus, comparison between two uncertainties:  

    

     

  Thus, uncertainty in position of electron is always greater than that 
for baseball.  
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 2.1 Objectives 
 2.2 Free Particle in a One-dimensional Box 
 2.3 Finite Square Well Potential 
 2.4  Rectangular Potential Well 
 2.5 Potential Step 
 2.6 Explanation of -decay 
 2.7 Quantum Phenomenon of Tunneling 
 2.8 The Potential Barrier (Tunnel Effect) 
 2.9 One-dimensional Simple Harmonic Oscillator 
             2.9.1 Three-dimensional Harmonic Oscillator (Spherically Symmetric Case) 
 2.10 Rigid Rotator 
 2.11 Answers to  Your  
 2.12 Summary 
 2.13 Key Terms 
 2.14 Self-Assessment Questions and Exercises 
 2.15  Solved Examples 
 2.16 Further Reading 

2.0 INTRODUCTION 

An important problem in quantum mechanics is how to use the time-
independent Schrödinger equation to determine the possible energy levels 
and the corresponding wave functions for various systems. The fundamental 
problem is then the following: For a given potential energy function what 
are the possible stationary-state wave functions and what are the 
corresponding energies E. 

 begin with a quantum-mechanical analysis of a free particle that 
moves along a straight line without being acted on by forces of any kind. 

 then consider particles that are acted on by forces and are trapped in 
bound states, just as electrons are bound within an atom.  see that 
solving the Schrödinger equation automatically gives the possible energy 
levels for the system. Besides energies, solving the Schrödinger equation 
gives us the probabilities of finding a particle in various regions. In this 
chapter we will use the principles of wave mechanics for explaining the 
behaviour of particles striking a potential barrier. Unlike potential wells that 
attract and trap particles, barriers repel them. Because barriers have no 
bound states, the emphasis shifts to determining whether a particle incident 
on a barrier is reflected or transmitted. One surprising result is that there is a 
nonzero probability that microscopic particles will pass through thin 
barriers, even though such a process is forbidden by Newtonian mechanics. 
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2.1 OBJECTIVES 

After reading this unit, you will be able to: 
  Calculate the wave functions and energy levels for a particle 

confined to a box. 
  Explain why the energy of a quantum particle in a box is quantized. 
  Analyze the quantum mechanical behavior of a particle in a 

potential well. 
  Describe how a quantum particle may tunnel across a potential 

barrier. 
  Identify important physical parameters that affect the tunneling 

probability. 
  Identify the physical phenomena where quantum tunneling is 

observed. 
  Use quantum mechanics to analyzethe harmonic oscillatorand rigid 

rotator.  

2.2 FREE PARTICLE IN A ONE-
DIMENSIONAL BOX 

Consider a particle of mass m moving along x-axis in a one-dimensional 
box of length a  having perfectly rigid walls. Refer Fig. 2.1. 

The particle is free inside the box i.e. there is no force acting on it so 
that in this region the potential energy V(x) is zero. 

 

Fig. 2.1: 1D box 

x) is wave function associated with the particle such that 
 x) = 0  for 0  
and  V(x) = 0  for 0  x a  

 time independent wave equation is   

    

For free particle in a box, 

     (  V(x) = 0 for 0  x a) 

where, E is total energy of particle 
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where,  k =   (1)  

The general solution of equation (1) is of the form:  
 x) = A sin kx + B cos kx   (2) 
where, A and B are constants of integration.  
Now, the boundary conditions are  
At x x) = 0, and  
At x = a x) = 0 
Applying First condition, to equation (2), we get 
 B = 0 
Therefore, equation (2) becomes,  
  x) = A sin kx  (3) 
Now, using the second condition, we have 
  a) = A sin ka = 0   (4) 
Thus, either A = 0 or sin ka = 0.  
But, A , because there will then be no solution.  
Hence, sin ka = 0 and it is only when,  
 ka =  

or  k =    (5) 

where, n  
(Note: We cannot take n = 0, because for n = 0, k = 0, E = 0 and hence 

x) = 0 everywhere in the box.) 
Hence, the wave functions for the motion of particle in the region  
0 < x < a are given by 

    (6) 

Eigenvalue of Energy 

Substituting the value of k from equation (1) in equation (6), we get  

   

On squaring and solving, we get 

 E =  

Or    

Since,  
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    (7) 

Thus, it is concluded that:  
 1. Energy of particle is inversely proportional to its mass and square 

of length of box. 
 2. The energy spectrum is not continuous, it is discrete corresponding 

to n = 1, 2,  
  The lowest energy of the particle is obtained by purring n =1 in 

equation (7) and it is 

      (8) 

  It is called the ground state energy level of the particle.  
  The values of , in terms of , are given by  
       (9) 

3. The difference between the nth energy level and the next higher 
level increases as  

    
  The wave functions  corresponding to  are called Eigen-

functions of the particle. The integer n corresponding to the energy 
 is called the quantum number of the energy-level .  

  Fig. 2.2 shows the energy-level diagram for the particle.  

 

Fig. 2.2: Energy Levels  

Normalization of the Wave-Functions 

The wave-function for the motion of the particle are:  

    (10) 

In the region 0 < x < a, the total probability that the particle is in the 
box must be unity. 

and in the region x < 0; x > a 

Therefore,    (11) 
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 A²  

   

The second term of the integrated expression becomes zero at both    
limits.  

Therefore,    

Or  A =   (12) 

Hence, the normalized wave function is  

    

 The wave-functions for the first three values of n are shown in          
Fig. 2.3(a).  

Probability of Location of the Particle 

According to quantum mechanics, the probability P(x)dx that the particle be 
found over a small distance dx at the position x is given by  

 P(x) dx = |  

              =    (13) 

The probability-density for the one-dimensional motion is 

  P(x) =   (14)  

The probability-density is maximum when,  

   

 i.e., x =    (15) 

Variation in the probability densities with x for the first three values of 
n are shown in Fig. 2.3 (b). 
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 Fig. 2.3 (a): Wave Functions     Fig. 2.3 (b): Probability Densities 

Check Your Progress 

 1. An electron confined to a box has the ground state energy of  
              2.5 eV. What is the width of the box? 
 2. If a particle in a box is in the nth energy level, what is the average 

value of its x-component of momentum px? (i)   
(ii)  (iii)  (iv) (v) zero 

 3. A particle is in a box of length L. Suddenly, the length of the box 
is increased to 2L. What happens to the energy levels shown in? 
(a) Nothing; they are unaffected. (b) They move farther apart.  
(c) They move closer together. 

2.3 FINITE SQUARE WELL POTENTIAL 

Consider a particle moving along the x-axis in a finite potential well, that is, 
a system having a potential energy that is zero when the particle is in the 
region  and a finite value  when the particle is outside this 
region as in Fig. 2.4. 

 

Fig. 2.4: Finite Square Well Potential 

In Classical mechanics, the particle is trapped (localized) in a well if 
the total mechanical energy is less than . In quantum mechanics, such a 
trapped state is often called a bound state. According to quantum 
mechanics, however, a finite probability exists that the particle can be found 



 

 

Quantum Mechanics  II 

Self-Instructional 
Material 53 

NOTES 

outside the well even if . That is, the wave function  is generally 
nonzero outside the well  regions I and III as in Fig. 2.4, so the 
probability density  are also nonzero in these regions. 

Bound and Unbound States 

For  one finds that the energy spectrum of the square well is 
continuous, with two independent energy Eigen functions for each energy, 
as is the case for a free particle. These wave functions describe unbound 
states, which are not square integrable. 

For  one finds that the energy is quantized, with one energy 
Eigen function for each of the discrete energy levels. Thus, these levels are 
non-degenerate. This is actually the case for all bound states in one-
dimensional potentials. 

The Schrödinger steady state equation for regions I and III may be 
written as 

    

Substitute  a is a positive constant in regions I and 
III) which gives:  

     

The general solution of equation (2) is 
     
 where,   and  are constants. 
The solution must remain finite as . Therefore, in region I, 

where ,  to avoid an infinite value for  for large negative 
values of x. Similarly, in region III, where , B = 0 to avoid an infinite 
value for  for large positive  values. 

Therefore, the solutions for region I and II are  
    
    
These wave functions decrease exponentially inside the barriers. 
In region II, the wave function is sinusoidal and has the general form, 
     
 where,   and  are constants. 
These functions illustrated in equation (4) and (5), together with the 

sinusoidal solution in region II, are shown in Fig. 2.5 (a) for the first three 
energy states along with corresponding probability density [Fig. 2.5 (b)]. 
The particle has a certain probability of being found outside the wall.  
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 Fig. 2.5 (a)  Fig. 2.5 (b) 

Following boundary conditions are imposed to evaluate the complete 
wave functions are  

     

     

Fig. 2.5 (b) plots the probability densities for these states. These 
conditions when applied to equation (4), (5) yields the following relations. 

     

      

     

Differentiating above equation gives 

   

From equation (9) and (10) we can write  

     

Using equation (11) and (12), equation (13) yields 

    

Or     

The values of energy E which satisfy the above relation are called as 
allowed energy states. This implies that allowed energy values are 
quantized. 

2.4 RECTANGULAR POTENTIAL WELL 

Let us consider the motion of a particle of mass  in a one-dimensional 
rectangular potential well defined by: 
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We shall first consider the case when total energy  of the particle is 
negative which means classically it is bound to remain within the well, that 
is,  as shown in Fig. 2.6. The entire allowed region for the 
motion of the particle can be divided into three regions I, II and III. 
Consider ,  and  be the wave functions in these three regions. The 
Schrodinger equations in the three regions are:  

 

Fig. 2.6  

Region I:  

    

or    1) 

Where,   is a real positive quantity.  

Region II: 
   

or    2) 

Where,   is a real positive quantity 

Region III: 
and   

or    3) 

The general solutions of Schrödinger equations in the three regions 
[Equation (1), (2) and (3)] are 

    

     

     

The boundary conditions that the wave functions and their derivatives 
be continuous at  and  are 
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These conditions give four relations between the constants . 
    
   

   

     

For set of equations given above, unique solution of physical 
significance exist only if 

     

If the above condition is satisfied, the solution is  

    

Substituting the values of  from equation (6) into set of 
equations 3a, 3b and 3c, we get 

    

     

Where,   

     
Wave function  is zero at  and at  points within the 

region . So the total number of zeros of  is .  
One example for wave function with  is shown below. The wave 

function as a whole is either an even function or an odd function of x. 
Another important feature of the wave function is that it extends beyond the 
limits of the well. 

 

Fig. 2.7 

The point of intersection led the values 
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Therefore, the energy levels are  

     

The number of energy Eigen values depend on the depth of potential. 

Check Your Progress 

 4. Particle in a box of finite potential can never be at rest. Why? 

2.5 POTENTIAL STEP 

A potential step function is described by 
 V(x) = 0 for x < 0  
         = V0 for x > 0  (1)  

   

Fig. 2.8: A Potential Step 

Let a particle with total energy E is incident on the potential step 
moving from left to right. The Schrodinger wave equation in the regions I 
and II are: 

Region I (x < 0): 

   +  = 0 

 or   +  = 0  (2)  

 where  k1 =   (3) 

The solution of equation (2) is 
  1 = A exp (ik1x) + B exp ( ik1x)   
 where A and B are arbitrary constants. 
Some particles may be reflected by the potential barrier and some may 

be transmitted. In equation (1) the first and second terms represent the 
incident and reflected particles respectively.  

Region II (x > 0):  

   +  = 0 
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or  +  = 0  (4)  

where   =   (5) 

The solution of equation (4) is 
 2 = C exp (i x) + D exp ( i x)  (6) 
 where, C and D are arbitrary constants. 
The first term in equation (6) represent transmitted wave and second 

      
x > 0, no particles can flow to left and D must be set zero. So we can write 
equation (6) as: 

 2 = C exp (i x)  (7) 

Case I: E > V0 

In this case k'2 is real and we can write 
 k'2 = k2 

The first term in the equation (6) corresponds to a wave traveling to the 
right and the second term to a wave traveling to the left. There is nothing to 
reflect the wave in region II, we must, therefore, set D = 0. Thus, equation 
(7) can be written as  

 2 = C exp (ik2x)  (8) 
The constants B and C can be determined in terms of A by using the 

following boundary conditions. 
 1 2(0)  (9) 

  =   (10) 

1 (x 2 (x), we obtain 
following equations: 

 A + B = C  (11)  
and  ik1 (A  B) =  k2  (12)  
Solving equations (11) and (12), we get 

 B =     (13) 

and  C =   (14) 

B and C represent the amplitudes of reflected and transmitted beams 
respectively in terms of the amplitude of the incident wave.  

The probability current density is defined by  

 J =   (15) 
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The probability current density in region I is given as: 

(Jx)I  =  

 = [{(A* exp (-i x) + B* exp (ik1x))
}   

] 

 = (AA* BB*) =  [ ]  (16) 

First term in the above equation proportional to 1 A 2 represent the 
incident wave and the second term proportional to 2 B 2 represent reflected 
wave.  

A 2   (17) 

The probability current of B 2   (18) 

The expression for the probability current in region II is 

 (Jx)II =  

 = [{C* exp (-i x) }   
  ] 

 =  [CC* + CC*] =  CC* 

 =  C 2  (19) 

Above equation represents transmitted current. 

Reflectance, R =  =   

Also from equation (13), R =   (20) 

Transmittance, T =  =   

 From equation (14), T =   (21) 

Case II: E < V0 

When the energy E of the particle is less than the height V0 of the 
potential step, the kinetic energy of the particle is negative in the region II. 
Classically, the particle is not allowed to enter the region II. In this case k'2 
is imaginary and we may write 

  k'2 = ik2 =  

Thus equation (7) can be written as  
  2 = Cexp ( k2x)  
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The probability current in this case is given by  

 Jx =  

     = [{C*exp (- x) }   
 ] 

     = 0 
Thus, the transmittance current is zero i.e., transmittance current 

vanishes in case E < V0. 

Transmittance, T =  = 0 

By definition, R + T = 1 
  R = 1 

2.6 EXPLANATION OF -DECAY 

The theory of -decay first given by Gamow and independently by Condon 
and Gurney in 1928. The problem of emission of -particle from radioactive 
nuclei was among the long-standing puzzle in classical physics. Those         

-particles are a disintegration product of such species as radium, thorium, 
and uranium etc. Quantum mechanics provided a natural explanation for it.  

An alpha particle consists of two protons and two neutrons (Helium 
nucleus). Such clusters of proton and neutron form naturally within larger 
atomic nuclei. An alpha particle trying to escape from a nucleus encounters 
a potential barrier that results from the combined effect of the attractive 
nuclear force and the electrical repulsion of the remaining part of the 
nucleus. The alpha particle can escape this barrier only by tunneling through 
it. Depending on the barrier height and width for a given kind of alpha-
emitting nucleus, the tunneling probability can be low or high, and the 
alpha-emitting material will have low or high radioactivity.  

 

Fig. 2.9 
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Fig. 2.9 represents the potential energy barrier for an -particle bound 
in the nucleus. To escape from the nucleus, -particle with energy E must 
tunnel across the barrier from distance R to distance R0 away from the 
center. -particle having kinetic energy of only a few MeV 
is able of surpass nuclear potential barrier of 25 MeV. Probability of 

-particle would have to strike 
the potential wall  times or more before it crosses the wall.  

The transmission  for the particle to cross the barrier is 

 

This probability is approximately given as  

 

2.7 QUANTUM PHENOMENON OF 
 TUNNELING 

Consider a particle whose potential energy has a  In classical 
mechanics particle cannot penetrate such type of barriers. But in quantum 
mechanics the particle can  through the barrier and emerge on the 
other side. The phenomenon is interesting and important because it violates 
the principles of classical mechanics. This barrier penetration, or tunneling, 
has remarkable consequences in several natural phenomena such as 
radioactive decay and the scanning tunneling microscope.  

Quantum tunneling is a phenomenon in which particles penetrate a 
potential energy barrier with a height greater than the total energy of the 
particles.  

The probability of tunneling can be understood with the help of a 
transmission coefficient  and a reflection coefficient . The transmission 
coefficient describes the probability that the particle tunnel to the other side 
of the barrier, and the reflection coefficient is the probability that the 
particle is reflected back by the barrier. Since, the incident particle is either 
reflected or transmitted, we essentially get T + R = 1. 

Quantum tunneling has a wide range of applications. A modern 
application of quantum tunneling is the scanning tunneling microscope 
(STM). Tunneling is also of great importance in nuclear physics. A fusion 
reaction can occur when two nuclei tunnel through the barrier caused by 
their electrical repulsion and approach each other closely enough for the 
attractive nuclear force to cause them to fuse. Fusion reactions occur in the 
cores of stars, including the sun; without tunneling, the sun  shine. 
The emission of alpha particles from unstable nuclei such as Uranium also 
involves tunneling. Another example is electrons going through a gap or 
insulating oxide layer between two metal conductors. 



 

 

Quantum Mechanics  II 
 

62 

NOTES 

Self-Instructional 
Material 

Check Your Progress 

 5. Is it possible for a particle undergoing tunneling to be found 
within the barrier rather than on either side of it? 

2.8 THE POTENTIAL BARRIER  
(TUNNEL EFFECT) 

A potential barrier is a region in which the potential energy of a particle 
exceeds the total energy. Consider a potential barrier defined by: 

 V = 0 for x < 0 (region I) 
 V = V for 0 < x < 0 (region II) 
  V = 0 for x > V (region III)  (1) 

 

Fig. 2.10: One-dimensional Potential Barrier 

Consider a beam of particles of kinetic energy E moving from left to 
right on a potential barrier of height V and width L (Fig. 2.10).  

Classical mechanically the behavior of particle can be described as:  
 (i) If the energy of the particle is greater than the height of the barrier 

(E > V), the particle passes over the barrier without any hindrance. 
Inside the barrier, the velocity of the particle diminishes and 
beyond it the particle acquires its initial value. 

 (ii) If E < V, the particle is reflected from the barrier and is unable to 
penetrate through the barrier. 

Quantum mechanical treatment of the above problem gives other 
results. Even if E > V, there is a finite probability that the particle will be 
reflected from the barrier. If particle with energy E < V incident on a thin 
potential barrier then there is a finite probability of a particle to penetrate the 
barrier and will be found on the other side of the barrier. Thus, the quantum 
mechanics allows the particle to leak through the barrier. This phenomenon 
is called the tunnel effect. This effect was used by George Gamow in 1928 
to explain -decay process in radioactive nuclei. 

Let 1, 2, 3 be the wave functions in region I, II, III respectively as 
shown in the Fig. 2.10. Then the corresponding  equations are 
as:  
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Region I: 

   +  = 0 (  V = 0) 

or   +  = 0   (2)  

where  k1 =     (3)  

Region II: 

   +  = 0 

or   +  = 0   (4)  

where   =    (5) 

 In this case  imaginary and can be written as: 

   = ik2, where k2 =   (6) 

Region III: 

   +  = 0 (  V = 0) 

or   +  = 0   (7)  

where  k3 =  = k1   (8) 

The solutions of equation (2), (4), (7) are 
 1 = A exp (ik1x) + B exp (-ik1x)  (9) 
 2 = C exp (-i x) + D exp (i x) 
       = C exp ( x) + D exp (- x)   (10) 
 3 = F exp (ik1x) + G exp (-ik1x)  (11)  
In region III there must be only one wave that has penetrated through 

the barrier and is propagating from left to right. We must, therefore, assume 
G = 0. 

   3 = F exp (ik1x)  (12)  
In the above equations A, B, C, D, F are arbitrary constants and are 

amplitudes of the corresponding components of each wave. 
A is the amplitude of the wave incident on barrier from left in the 

region I. 
B is the amplitude of reflected wave in region I. 
C is amplitude of the wave penetrating the barrier in region II. 
D is amplitude of the reflected wave in region II. 
F is the amplitude of the transmitted wave in region III. 
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Fig. 2.11 

Now we have to find out the transmission coefficient or transmission 
probability T, and reflection coefficient or reflection probability R. 
Transmission coefficient, T, is defined as the ratio of the current density 
associated with transmitted beam and that associated with incident beam.  

  T =    (13) 

Similarly, reflection coefficient, R, is defined as the ratio of current 
density associated with transmitted beam to that associated with incident 
beam. 

  R =    (14) 

If  E < V, i.e., potential barrier is high as compared to the total energy 
of the particle or thick compared to the wavelength of the wave function, 
then the transmission coefficient (T) becomes.  

  T = 16  exp   (15) 

Check Your Progress 

 6. What decreases the tunneling probability most: doubling the 
barrier width or halving the kinetic energy of the incident 
particle? 

 7. A proton with kinetic energy 1.00 eV is incident on a square 
potential barrier with height 10.00 eV. If the proton is to have the 
same transmission probability as an electron of the same energy, 
what must the width of the barrier be relative to the barrier width 
encountered by an electron? 

 8. When an electron and a proton of the same kinetic energy 
encounter a potential barrier of the same height and width, which 
one of them will tunnel through the barrier more easily? Why? 
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2.9 ONE-DIMENSIONAL SIMPLE HARMONIC 
OSCILLATOR 

Harmonic motion takes place when a system of some kind vibrates about an 
equilibrium configuration. The system may be an object supported by a 
spring or floating in a liquid, a diatomic molecule, an atom in a crystal 
lattice etc. This type of system will execute harmonic oscillations where 
restoring force exerted by one vibrating mass on the other is proportional to 
its respective displacement. If the oscillations of this system are confined to 
one-dimension then the system will form a linear harmonic oscillator. 

Consider a particle of mass  that is subjected to a linear restoring 
force , where  is a constant and  is the position of the particle 
relative to equilibrium . The potential energy of the system is, 

    

Where,  is the angular frequency of vibration. 

-
dimension then we obtain.  

     

We shall transform this equation into a convenient form by introducing 
a new independent variable defined by: 

   

   

and  

This turns equation (2) into 

    

Let us choose . Substituting this in equation (3) gives  

     

Introducing the dimensionless parameter  given by 

   

Ten the equation (4) becomes 

   

The function that we need should be able to satisfy the above equation 
throughout the region  to  and are acceptable wave function. 
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Suppose the solution of the equation (5) is of the form  

    
where  represent the polynomial of finite order in  
By substituting equation (6) in equation (5), we get 

     

The unknown function  obeying the above differential equation 
(7) is known as Hermite function.  

Writing , equation (7) becomes 

     

The solution of above equation is called  Polynomials, given 
by 

     

Therefore the Eigen function of the harmonic oscillator are given as 

     
Where  is normalization constant 

Energy Levels 

The Eigen values i.e., the permitted values of total energy are given by:  

     

 Where  
The energy levels obtained by equation (11) are discrete and possess 

equal spacing. The energy is quantized in steps of .  

 

Fig. 2.12: Energy Levels 

Zero Point Energy 

If we put  in equation (11) then energy of the oscillator will be equal 
to . This lowest possible value of energy an oscillator can have is called 
as the Zero point Energy.  
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Harmonic Oscillator Wave Function 

Wave function of harmonic oscillator consist of  
Polynomials  in either odd or even powers of , the exponential factor 

 and normalization constant N. 
The normalization constant found by using the normalization condition 

 is 

   

Therefore, the general formula for the nth wave function is 

    

The wave functions that correspond to the first six energy levels of a 
harmonic oscillator are shown in Fig. 2.13. 

    

  Fig. 2.13 (a)  Fig. 2.13 (b) 

 

Fig. 2.13 (c) 



 

 

Quantum Mechanics  II 
 

68 

NOTES 

Self-Instructional 
Material 

 

Fig. 2.13 (d) 

2.9.1 Three-dimensional Harmonic Oscillator  
(Spherically Symmetric Case) 

Consider a particle of mass  in the three-dimensional harmonic oscillator 
potential. 

     

A classical particle at a distance  from the origin would experience a 
central force towards the origin which is proportional to the displacement  
from the fixed point i.e., 

 

It executes simple harmonic motion with angular frequency , 

but more complicated motion occurs when the particle is displaced and at 
the same time also given a transverse velocity. 

The quantum mechanical behaviour of this system is governed by a 
Hamiltonian operator  which is the sum of three one-dimensional 
Hamiltonians given below: 

    

where  

  

   

Stationary states with definite energy are represented by wave functions 
of the form 

     
 and  in the above equation satisfy the following the three-

dimensional Eigen value equation 
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These states may be found by using the Eigen value equations for the 
one-dimensional oscillators governed by . 

  

    

   

Here, ,  and  are non-negative integers and can yield the values 
0, 1, 2 . . . . . . 

These set of equations written above denote that the function 
    

satisfies the three-dimensional Eigen value equation 
    

The Eigen values are given by: 

 

Here,  is called total quantum number. Energy of 
this system depends solely on the total quantum number. Therefore, the 
energy states are degenerated. The degree of degeneracy is  

. Fig. 2.14 shows the energy levels along with their degree of degeneracy 
for a three-dimensional harmonic oscillator.  

 

Fig. 2.14: Energy Levels of 3-D Harmonic Oscillator 

Check Your Progress 

 9. When a quantum harmonic oscillator makes a transition from the 
(n + 1) state to the n state and emits a 450 nm photon, what is its 
frequency? 

 10. Is it possible to measure energy of 0.75  for a quantum 
harmonic oscillator? Explain. 
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2.10 RIGID ROTATOR 

A Rigid rotator is a system consists of two masses, say,  and  
separated by a distance  and capable of rotating about an axis passing 
through the centre of mass and normal to the plane containing the two 
masses. Since, rotation is free, the potential . However the 
distance  between both masses is fixed, the wave function depends only on 
the coordinates  and .  

coordinates may be put as follows: 

  

Since,  is constant , the first factor . Also 
there is no force acting on the rotator, thus,  and  is replaced by . 

Now the  

     

It is possible to obtain the solution of equation (2) by the method of 
separation of variables by assuming. 

     
Substituting equation (3) in equation (2) and dividing both sides 

by , we get 

     

Let the quantity  be defined as follows 

   

   

or     

The solution of above equation is 
    
 Where is a positive integer 
 By applying normalizing condition, the value of constant  is found to 

be . 

Hence, the solution of equation (5) can be written as  
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Substituting , equation (5) becomes 

     

We can solve this equation by substituting  and the equation 
can be put as 

     

It is possible to transform the above equation in following form 

    

solution as 
, 

where  

Hence, the general solution of equation (5) can be written as 
     
The value of normalizing constant may be written as 

   

Thus, 

    

Therefore, the total wave function may be written as follows: 

  

The corresponding Eigen value of  is given as 

   

    

where  is rotational quantum number and  
Equation (14) gives allowed values of energy for the energy of a rigid 

rotator with free axis. 

2.11 ANSWERS TO CHECK YOUR PROGRESS  

 1.   

  That gives  

 2. Zero,  
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 3. If L is increased, all quantized energies become smaller. Thus, the 
energy levels move closer together. 

 4. If the particle in a box has zero energy, it will be at rest inside the 
well and it violates the  uncertainty principle. Thus, 
the minimum energy possessed by a particle is not equal to zero. 

 5. Yes. Since x) is not zero within the barrier 
 there is some probability that the particle can be found there. 

 6. Doubling the barrier width 

 7.  

 8. Electron, since a lighter particle (electron) will have more 
probability of transmission through the potential barrier than a 
heavier one. (Bigger mass leads to a smaller value of T (E)) 

  9.   

 10. No. This energy corresponds to n = 0.25, but n  must be an 
integer. 

2.12 SUMMARY 

  Free Particle in a One-dimensional Box: The energy levels for a 
particle of mass m in a box (an infinitely 
deep square potential well) with width L 
are given by  

 

  The corresponding normalized stationary-state wave functions of 
the particle are given by 

 

  Finite Square Well Potential: A 
particle is moving along the x-axis 
in a finite potential well, i.e., a 
system having a potential energy 
that is zero when the particle is in 
the region 0 < x < L and a finite 
value U when the particle is outside this region. Even though the 
particle is in bound state according to quantum mechanics, 
however, a finite probability exists that the particle can be found 
outside the well even if E < U. That is, the wave function  is 
generally nonzero outside the well regions I and III. 

  Rectangular Potential Well: For a particle of mass m in a one-
dimensional rectangular potential well. 
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  Wave functions at region I, II and III 
are given as  

  , , 

 

  Energy Eigenvalue . 

  The number of energy Eigen values depend on the depth of 
potential. 

  Potential Step: A potential step 
function is described by V(x) = 0, 
for x < 0 and V(x) = V0, for x > 0. 

  For Case I: E > V0: There is 
nothing to reflect the wave in 
region II. 

  And transmittance, T = . 

  For Case II: E < V0, When the energy E of the particle is less than 
the height V0 of the potential step, the kinetic energy of the particle 
is negative in the region II. 

  Transmittance, T =  = 0 

  R + T = 1 that gives R = 1 
  -decay: An alpha particle trying to escape from a 

nucleus encounters a potential barrier that results from the 
combined effect of the attractive nuclear force and the electrical 
repulsion of the remaining part of the nucleus. The alpha particle 
can escape this barrier only by tunneling through it. The theory of 

-decay was first given by Gamow and independently by Condon 
and Gurney in 1928. This transmission probability is 
approximately given as: 

 

  Quantum phenomenon of tunneling: Quantum tunneling is a 
phenomenon in which particles penetrate a potential energy barrier 
with a height greater than the total energy of the particles. The 
probability of tunneling can be understood with the help of a 
transmission coefficient  and a reflection coefficient . 

  Quantum-tunneling phenomena govern radioactive nuclear decays. 
They are utilized in many modern technologies such as STM and 
nano-electronics. STM allows us to see individual atoms on metal 
surfaces. 
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  The Potential Barrier (Tunnel Effect): There is a certain 
probability that a particle will penetrate a potential energy barrier 
even though its initial energy is less than the barrier height. This 
process is called tunneling.  

 
  To find the probability of quantum tunneling, we assume the 

energy of an incident particle and solve the stationary Schrodinger 
equation to find wave functions inside and outside the barrier. The 
tunneling probability is a ratio of squared amplitudes of the wave 
past the barrier to the incident wave. 

  The transmission coefficient (T) is  

   T = 16  exp   

  For One-dimensional simple harmonic oscillator 

The system may be an object 
supported by a spring or floating 
in a liquid, a diatomic molecule, 
an atom in a crystal lattice etc. 
This type of system will execute 
harmonic oscillations where 
restoring force exerted by one 
vibrating mass on the other is 
proportional to its respective displacement. 
The Eigen values i.e., the permitted values of total energy are given 
by 

 

  If we put  in above equation then energy of the oscillator will 
be equal to . This lowest possible value of energy an oscillator 
can have is called as the Zero point Energy. 

  For Three-dimensional Harmonic Oscillator 

 

  The energy states of three-dimensional harmonic oscillator are 
degenerated. The degree of degeneracy is  . 
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  Rigid Rotator: A Rigid rotator is a system consists of two masses, 
say, m1 and m2 separated by a distance r  and capable of rotating 
about an axis passing through the centre of mass and normal to the 
plane containing the two masses. 

  Energy Eigen values of Rigid rotator is given by  

 

  Where, l   

2.13 KEY TERMS 

  Alpha- Decay: type of radioactive disintegration in which some 
unstable atomic nuclei dissipate excess energy by spontaneously 
ejecting an alpha particle. 

  Bound states: quantum state of a particle subject to a potential 
such that the particle has a tendency to remain localized in one or 
more regions of space. 

  Energy levels: states of definite energy, often represented by 
horizontal lines in an energy  diagram. 

Free Particle: particle that is not subjected to any forces, its 
potential energy is constant. 

  Harmonic Oscillator: a physical system in which some value 
oscillates above and below a mean value at one or more 
characteristic frequencies. 

  Probability Density: square of the  wave function. 
  Potential Step: it is an idealized system used to model incident, 

reflected and transmitted matter waves. 
  Quantum tunneling: phenomenon where particles penetrate 

through a potential energy barrier with a height greater than the 
total energy of the particles. 

  Reflectance: the fraction of the total radiant flux incident upon a 
surface that is reflected. 

  Scanning Tunneling Microscope: device that utilizes quantum-
tunneling phenomenon at metallic surfaces to obtain images of 
nano scale structures. 

   Time Independent Equation: equation in space 
that allows us to determine wave functions of a quantum particle; 
this wave function must be multiplied by a time modulation factor 
to obtain the time-dependent wave function. 

  Rigid Rotator: It is a 3 D rigid body where the distance between 
particles does not change as they rotate. 

  Transmittance: the fraction of radiant energy that having entered a 
layer of absorbing matter reaches its farther boundary. 
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  Transmission Probability: also called tunneling probability, the 
probability that a particle will tunnel through a potential barrier. 

  Tunnel Effect: the quantum mechanical phenomenon sometimes 
exhibited by moving particles that succeed in passing from one side 
of a potential barrier to the other although of insufficient energy to 
pass over the top. 

  Unbound states: the state where the particle is not trapped and 
they represent a continuum of energies (there is no energy 
quantization). 

  Wave Function: function that represents the quantum state of a 
particle (quantum system). 

  Ground state Energy: lowest energy state in the energy spectrum 
  Potential Barrier: potential function that rises and falls with 

increasing values of position. 
  Normalizing Condition: requires that the probability density 

integrated over the entire physical space results in the number one. 
  Zero Point Energy: It is the lowest possible energy that a quantum 

mechanical system may have. 

2.14 SELF-ASSESSMENT QUESTIONS AND 
EXERCISES 

Short Answer Questions 

 1. The ground-state energy of a harmonic oscillator is 5.60 eV.  If the 
oscillator undergoes a transition from its n = 3 to n = 2 level by 
emitting a photon, what is the wavelength of the photon? 

 2. What is Tunnel Effect? Give to examples of it. 
 3. Draw the energy level diagram of simple harmonic oscillator. 
 4. Write the dimension less Schrodinger equation for simple harmonic 

oscillator. 
 5. What is rigid rotator? State the expression for its energy level 

separation. 
 6. Find the ground state energy of an electron confined to a one-

dimensional rigid box of length 1Å. 
 7. -decay? Explain in 

brief. 
 8. What is zero point energy? 
 9. If the ground state energy of a simple harmonic oscillator is 1.25 

eV, what is the frequency of its motion? 
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Long Answer Questions 

 1. Discuss quantum mechanically the problem of a particle in a finite 
square potential well. 

 2. A particle of mass m and total energy E is incident on a one-
dimensional rectangular potential barrier of height V > E and of 
finite thickness a . Show that the particle has finite probability of 
penetrating the barrier and being seen on the other side. Find the 
transmission coefficient. 

 3. Obtain the expression for the Eigen function of particle in one-
dimensional potential well (Box) of infinite height. Discuss the 
energy levels and their discreteness. 

 4. Show that the energy of an electron confined in one-dimensional 
box of length L  and infinite depth is quantized.  

 5. A harmonic oscillator absorbs a photon of wavelength 
 when it undergoes a transition from the ground state to the 

first excited state. What is the ground-state energy, in electron 
volts, of the oscillator? 

 6. Discuss the rigid rotator problem in wave mechanics and arrive at 
the Eigen value of it. 

 7. Find the solution of three-dimensional harmonic oscillators. 
 8. Discuss the motion of a particle in a square well for bound state 

and derive the admissible solutions of the time independent 
Schrodinger equations. 

 9. 
oscillator and solve it to obtain Eigen values and Eigen functions. 

 10. Explain the problem of leaking of particles through rectangular 
-particle decay. 

 11. Calculate the transmission coefficient of electron of energy E 
through one-dimensional rectangular potential barrier. 

 12. A 6.0-eV electron impacts on a barrier with height 11.0 eV. Find 
the probability of the electron to tunnel through the barrier if the 
barrier width is (a) 0.80 nm and (b) 0.40 nm. 

 13. A 5.0-eV electron impacts on a barrier of with 0.60 nm. Find the 
probability of the electron to tunnel through the barrier if the 
barrier height is (a) 7.0 eV; (b) 9.0 eV; and (c) 13.0 eV. 

 14. A simple model of a radioactive nuclear decay assumes that -
particles are trapped inside a well of nuclear potential that walls are 
the barriers of a finite width 2.0 m and height 30.0 MeV. Find the 
tunneling probability across the potential barrier of the wall for -
particles having kinetic energy (a) 29.0 MeV and (b) 20.0 MeV. 
The mass of  -particle is m = 6.64 × 10  kg. 
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2.15 SOLVED EXAMPLES 

 1. Find the lowest energy of an electron confined to move in a 
one-dimensional potential box of length 1 Å. 

  Solution: Given-: Mass of electron, kg 
  Length of box in which electron is confined, a = 1Å= m  
    constant, h =  

   The energy of the electron in a box is given by, En =   

  With n = 1, we get, E1 =  

  E1 =   

       =   

       = 37.5 eV 
 2. Find the lowest energy of a neutron confined to a nucleus of 

size  m. 

  Solution: Given  Mass of neutron, m = 1.  kg 
  Length of potential box in which neutron is confined, a = m  
   constant, h =  

   The energy of the electron in a box is given by, En =   

  With n = 1, we get, E1 =  

  E1 =   

       =   

       = 2.05 MeV 
 3. Calculate the first three energy levels for: 

 (i)  A 1 micro gram dust particle moving in a one-dimensional 
box of width 0.1 mm, 

 (ii)  An electron confined to 1 Å. 

  What conclusion can you drawn from the results obtained 
above? 

  Solution: Given data: Mass of dust particle 
kg 

  Width of box in which dust particle is moving, 1 = 0.1 mm 
   = 0.1 × m 
  Length of box in which electron is confined, a= 1Å= m 
  To calculate: First three energy levels for dust particle, E1, E2, E3 = ? 
   First three energy levels for electron E1, E2, E3 = ? 
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  For dust particle: 

  The energy of the dust moving in a box is given by, 

  En =   with n = 1, 2, 3,  

  Putting, n = 1 we get,  E1 =  

   E1 =  

   E1 = 5.49 × J 

   E1 =  

   E1 = 3.43 × eV 

  Putting, n = 2 we get,  E2 =   

   E2 =  

   E2 = 13.74 × eV 

  Putting, n = 3 we get,  E3 =  

   E3 =  

   E3 = 30.87 × eV 
  For electron: 
  The energy of the electron moving in a box is given by: 

  En =  with n = 1, 2, 3,  

  Putting, n = 1 we get,  E1 =  

   E1 =  

   E1 = 6.038 x J 

   E1 =  

   E1 = 37.73 eV 

  Putting, n = 2 we get,  E2 =  

   E2 =  

   E2 = 150.95 eV 

  Putting, n = 3 we get,  E3 =  

   E3 =  

   E3 = 339.64 eV 
  From the above results, it can be concluded that energy values for 

electron are more quantized than that of dust particle. 



 

 

Quantum Mechanics  II 
 

80 

NOTES 

Self-Instructional 
Material 

 4. A particle is moving in one-dimensional potential box of width 
25 Å. Calculate the probability of finding the particle within a 
small interval of 0.05 Å the centre of the box when it is in its 
state of least energy.  

  Solution: Given data: Width of box, a = 25 Å = 25 × m 
  Energy state of particle, n = 1 
  To calculate: Probability of finding the particle within a small 

interval of 0.05 Å at its least state =? 
  a  

  P =  

  The width of region at the centre in which particle is moving of 
width 0.5 Å is -0.25 to 0.25Å. 

  Thus, P = with n = 1 and all parameters are in Å 
unit.  

  P =  

  P =   

  P =   

  P = 0.002 
  Thus, the probability of finding the particle at the center in a given 

region is 0.002. 
 5. Find the lowest energy of an electron confined in a cubical box 

of each side 1 Å. 

  Also find the temperature at which the average energy of the 
molecules of a perfect gas would be equal to the lowest energy 
of the electron. (Given: k = 1.38 ×  J/K). 

  Solution: Given: k = 1.38 ×  J/K 
  Mass of electron, m = 9.31  kg 
  Length of sides of cube, a = b = c = m  
   constant, h =  
  The energy of the electron in a cubical box is given by:  

              E =  

  The lowest energy of electron in a cube is given by: 

  E1,1,1 =  

   =  

   = 18.03  J 
  Let T K be the required temperature. 
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  Then,  

    

     

     = 8.71   K 
 6. An -particle is confined in potential well having length 1 AU, 

1.2 AU and 1.1 AU along X, Y and Z-axis respectively. 
Calculate the first two lowest energy state of -particle. 

  Solution: Given- mass of  particle, m = 2 1.67  kg 
   a = 1 AU =  m, b = 1.2 m and c = 1.1 m 
  The energy of  particle in a box is given by: 

                                     =  

 (i) E1,1,1 =  

    = 4.11  J 

 (ii) E1,2,1 =  

    = 7.58  J 
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UNIT 3 ATOMS IN ELECTRIC AND 
MAGNETIC FIELDS 

Structure 

 3.0 Introduction 
 3.1 Objectives 
 3.2 Quantum Numbers 
 3.2.1  Principal Quantum Number (n) 
 3.2.2  Orbital Quantum Number (l) 
 3.2.3  Spin Quantum Number (s) 
 3.2.4  Total Quantum Number (j) 
 3.2.5  Magnetic Orbital Quantum Number (ml) 
 3.2.6  Magnetic Spin Quantum Number (ms) 
 3.2.7  Magnetic Total Quantum Number (mj) 
 3.3 Atomic Models 
 3.3.1  Bohr Atom Model 
 3.3.2  Sommerfeld Atom Model 
 3.3.3  Vector Atom Model 
 3.4  Stern and Gerlach Experiment 
 3.5  
 3.6 Maximum Number of Electrons in Shell 
 3.7 Quantum Numbers Associated with Many Electrons System 
 3.8 Coupling Scheme 
 3.8.1  L-S Coupling or Spin-Orbit Coupling 
 3.8.2   j-j Coupling 
 3.9 Spectroscopic Notation of Energy State 
 3.10 Selection Rules 
 3.11 Zeeman Effect 
 3.11.1 Lorentz Classical Theory of Normal Zeeman Effect 
 3.11.2 Expression for Zeeman Shift   
 3.11.3  Quantum Mechanical Explanation of Normal Zeeman Effect 
 3.11.4  Anomalous  Zeeman  Effect 
 3.12 Answers to  Your  
 3.13 Summary 
 3.14 Key Terms 
 3.15 Self-Assessment Questions and Exercises 
 3.16  Solved Examples 
 3.17 Further Reading 

3.0 INTRODUCTION 

The extra nuclear electronic structure of an atom has been primarily 
investigated due to spectral properties of an atom. For the justification of the 
experimentally observed spectroscopic facts of the elements, various 
hypotheses have been successively put forward. These hypotheses are 

 
concept of atom was put by Faraday. He discovered that in electrolysis each 
atom give up or received a fixed quantity of positive or negative charge. J.J. 
Tho
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definite idea of intrinsic nature of atom. Based on it, the Thomson atom 
model could satisfy the requirement of stability of atom and able to explain 
the origin of spectral lines to limited extent. This model seems defective due 
to its inability to justify the several series and several lines in each series of 

experimental facts of scattering of -particle. Rutherford atomic model has 
been suggested that the entire positive charge is concentrated in a small 
region at the centre of atom, called nucleus. The electrons in an atom were, 
in consequence, assumed to be situated outside the nucleus in some cost of 
configuration. It was unanimously accepted but was not free from 
limitations arisen from the consideration of the stability atom as a whole. 
Rutherford suggested that the electrons might assumed to revolve round the 
nucleus, like planets round the sun, with such a speed that the mechanical 
centrifugal force would just balance the net excess of electrostatic attraction 
between nucleus and electron. But, according to electromagnetic theory, 
every accelerated charge would radiate the energy. As a result the orbital 
motion of electron round the nucleus would become spiral with decreasing 
radius as electron steadily lose energy. The atom would become unstable 
and also would produce continuous spectrum instead of line spectrum. The 
dilemma was resolved in 1913 by Neil Bohr, a Danish Physicist. This leads 
to the consideration of the Bohr atom model. The advances in proposing 
atom model come publically in succession by resolving the limitations and 
drawbacks.  

3.1 OBJECTIVES 

The chapter involves the Bohr atomic model, Somerfield model, Vector 
atom model which comes with important concept of spin of electron and 
orbit orientation quantisation. The experimental verification of spin of 
electron is confirmed by Stern and Gerlach experiment. Moving ahead with 
the success of vector atom model, the effect of magnetic field on the 
spectral line was first observed by Zeeman in 1896. Paschen and Back in 
1913 studied the effect for different strength of magnetic field on the 
spectral lines. They observed the alteration of splitting of spectral lines from 
weak to normal strong magnetic fields. Similar to the effect of magnetic 
field, Stark in 1913, observed the effect of electric field on the spectral lines. 
He found similar resolution of lines in the spectrum of hydrogen atom as in 
Zeeman effect. The chapter deals with the spectroscopic discoveries like the 
phenomenon Zeeman effect and Stark effect in particular. 

After going through this unit, you will be able to: 
  explain the different quantum numbers on the basis of vector atom 

model. 
  understand the Stern Gerlach experiment in details. 
  identify the different atomic models on the basis of their structure. 
  describe the spin as an instric quantum number. 
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  elaborate space quantization & and spinning electron under vector 
atom model. 

  understand . 
  calculate the maximum number of electrons in shell. 
  differentiate between L-S coupling and j-j coupling. 
  understand the Zeeman effect in details. 
  . 

3.2 QUANTUM NUMBERS 

In vector atom model, quantization of orbital and spin motion of electron is 
considered. The total angular momentum is vector sum of orbital angular 
momentum and spin angular momentum. Further, the revolving (or rotating) 
electron is equivalent to a circular current due to which a magnetic moment 
is produced. Total magnetic moment is the vector sum of the orbital 
magnetic moment due to orbital motion and spin magnetic moment due to 
spin motion of electron. 

The study reveals that an electron in an atom can remain in allowed 
discrete energy state called as quantum state. On the basis of vector atom 
model, there are the following quantum numbers associated with an electron 
of the atom. 
 1. Principal quantum number (n) 
 2. Orbital quantum number (l) 
 3. Spin quantum number (s) 
 4. Total quantum number (j) 
 5. Magnetic orbital quantum number (ml) 
 6. Magnetic spin quantum number (ms) and  
 7. Magnetic total quantum number (mj) 

3.2.1 Principal Quantum Number (n) 
The principal quantum numbers (n) represents the size of the orbit of 
electron (or shell number). According to Bohr-Sommerfeld model, n can 
have any integer value 1, 2, 3, 4, ... and corresponding orbits are represented 
by K, L, M, N n also determines the energy of 
electron in that orbit (radius of nth orbit, rn  n2 and energy of electron in nth 
orbit En ). According to Pauli's exclusion principle, for a value of n, 
the maximum number of electrons in that orbit is 2n2.  

3.2.2 Orbital Quantum Number (l) 
Orbital quantum number (l) represents the shape of the electron orbit. In 
orbital motion, the orbital angular momentum of electron is an integer 
multiple of i.e.,  = , where, l is orbital quantum number which can 
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take the values from 0 to (n  1). [According to the wave mechanics,  
=  ] Thus, for a given principle quantum number n, there are total 
n possible values of l. 

As n represents shell of electron, similarly, value of l represents the 
sub-shell of electrons. For the values of l 
corresponding sub shells are labeled as sharp, principal, diffuse, 
fundamental etc. and in short they are represented by small letters s, p, d, f 
etc. For a given value of l, the maximum number of electrons in a sub-shell 
is 2(2l + 1). Higher the value of l, weaker is the binding of electron with the 
nucleus. 

3.2.3 Spin Quantum Number (s) 

In addition to the orbital motion, electron has spin motion about its own 
axis. The spin motion is also quantized. According to the quantum theory, 
angular momentum due to spin motion is  = , where, s is the spin 
quantum number. The value of s is always . [According to the wave 
mechanics,  =  ] 

3.2.4 Total Quantum Number (j)  
The vector sum of orbital angular momentum and spin angular momentum 
of electron is called its total angular momentum. According to quantum 
theory, the total angular momentum, pj = j , where, j is called the total 
quantum number and j = l ± s 

If l and s are in same direction, j= l + s and if l and s are in opposite 
directions, 

 j = l  s.  

Since,  s = j= l ±  

3.2.5  Magnetic Orbital Quantum Number (ml ) 

In presence of magnetic field, the vector  (perpendicular to the plane of 
orbit) precesses about magnetic field direction and form a cone about H 
axis. According to the rule of space quantisation, only certain definite 
orientations of  about H are possible for which the projection of orbital 
angular momentum  in the direction of magnetic field is always an integer. 
The projection  the direction of magnetic field is called magnetic orbital 
quantum number (ml) 

If the direction of  makes an angle with the direction of magnetic 
field,  

Then, ml = l cos .  
Since, ml can have only the integer values and cos is never less than  

1 and never greater than +1, hence, the value of ml will always be an 
integer  between l to +l . Thus, for a given value of l, the possible values of 
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ml are   l, (l  1), (l  2), .... 1, 0, 1, 2, ...., (l  2 ), (l  1), l i.e., for a 
given value of l, the magnetic orbital quantum number ml has total (2l + 1) 
values.  

For example, for l = 1, ml has values 1, 0 and +1. 

3.2.6 Magnetic Spin Quantum Number (ms) 
The projection of spin quantum number s on the direction of magnetic field 
is called the magnetic spin quantum number ms. Since, s = , therefore, ms 

has only two possible values  and + . 

3.2.7 Magnetic Total Quantum Number (mj) 
The projection of total quantum number j on the direction of magnetic field 
is called the magnetic total quantum number mj. For a given value of j, the 
magnetic total quantum number mj has total (2j + 1) values from  j to +j.  

For examp1e, if j = , then, mj =   ,   , +  , and +  . 

Out of above, only four quantum numbers n, l, ml and ms can represent 
the state of electron in an atom. Further, n represents the size (radius) of 
orbit of electron (or energy), l represents the shape of the electron-orbit, ml 

represents the orientation of the plane of the electron-orbit and ms represent 
the spin of electron.  

For some values of n, the possible values of l and the names of sub-
shell are given below. 

Value of n Name of the shell Possible values of l Name of sub shell 

1 K 0 1s 

2 L 
0 
1 

2s 
2p 

 
3 

M 
0 
1 
2 

3s 
3p 
3d 

 
4 

N 

0 
1 
2 
3 

4s 
4p 
4d 
4f 

3.3 ATOMIC MODELS 

3.3.1 Bohr Atom Model 

theory to Rutherford Atom Model. It is based on the following postulates: 
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 1. The electron revolves round the nucleus in certain circular orbit 
such that necessary centripetal force is provided by the force of 
attraction between electron and nucleus. 

  i.e.,    

  where, r is the radius of orbit 
            m is mass of electron  
              v is the speed of electron 
 2. Electron can revolve in certain definite stationary circular orbit 

round the nucleus for which angular momentum of electron is an 
integral multiple of  i.e., p = n.  where, n  = . 

 3. An atom has definite energy level and due to transition of electron 
from one energy level to another, the difference in energy 
corresponding to these energy levels is emitted or absorbed in the 
form of photon of frequency v, given by 

En  Ep = h  
  where, 
  En and Ep be the energy corresponding to nth and pth energy level. 
  

atoms in addition to hydrogen atom which have one electron in 
their outermost orbit.  

Drawbacks of Bohr s Theory 

 1. Bohr s theory could explain successfully the different spectral 
series (Lyman, Balmer, Paschen, Brackett and Pfund) in the 
spectrum of hydrogen atom, but it could not explain the fine 
structure of each spectral line.  

 2. It could not explain the different intensities of different spectral 
lines of an atom. 

 3. The theory could only explain the spectrum of single electron 
atoms (such as hydrogen, ionised helium etc.), but it could not 
explain the spectrum of atoms having more than one electron. 

 4. Bohr s theory could not explain the Zeeman effect. 

3.3.2 Sommerfeld Atom Model 

Bohr's atom model could not explain the fine structure of spectral lines. To 
explain the fine structure of spectral lines, Sommerfeld modified the Bohr's 
atomic model. The modified model so obtained is known as the 
Sommerfeld's atomic model. Sommerfeld assumed that the electron 
revolves around the nucleus in an elliptical orbit in spite of circular as 
shown in Fig. 3.1 with nucleus at its focus. 
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 Fig. 3.1: Elliptical Orbit  

The instantaneous position of electron can be represented by two 
independent coordinates (r, Ø), where r is the radial distance and Ø is the 
azimuthal angle. The condition of quantization corresponding to the radial 
distance r is that the radial momentum of electron must be an integer 
multiple of i.e., Pr = nr  

where, nr = 0, 1, 2....is the radial quantum number. 
Similarly, the quantum condition for the azimuthal angle Ø is  

PØ = nØ  

where, nØ = 1, 2, 3.....is the azimuthal quantum number. 
If a and b are the semi-major axis and semi-minor axis of ellipse 

respectively, then, according to Sommerfeld only those elliptical orbits are 
allowed for which   

where, n = nr + nØ. 

The principle quantum number n represents size of orbit while nØ gives 
shape of the orbit. For any value of n there are n possible sub orbits with 
different eccentricities and nØ can have n values i.e., nØ = 1, 2, 3, . n. 

The energy of any level is found to be dependent only on n  not on nØ 
and equal to just found b
obtained by the elliptical orbit concept of Sommerfeld. Hence, this model 
could not explain the fine structure of spectral lines. But, relativistic 
correction i.e. when the electron passes close to the nucleus, its velocity 
increases which makes the mass of electron to increase, could correct the 
expression for energy. Thus, resulting Sommerfeld s relativistic model 
could explain the fine structure of spectral lines in the spectrum of hydrogen 
atom, but it could not explain the existence of all the component lines 
experimentally obtained. Moreover, this model could not explain the other 
phenomenon such as Zeeman effect etc. It could not explain the spectrum of 
atoms having more than one electron. 

3.3.3 Vector Atom Model 

and Sommerfeld atomic model and 
to explain the spectrum of other than one electron system and Zeeman effect 
etc., Uhlenbeck and Goudsmit proposed new atomic model known as 

cations to the quantum theory in the 
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Bohr-Sommerfeld's model. The vector atom model is based on the two 
concepts:  
 1.  Space quantisation 
 2.  Spinning of electron. 

1. Space Quantization 

Precisely, the motion of electron round the nucleus is three dimensional and 
hence, three quantum numbers are required. Out of these, two quantum 
numbers determine the size and shape of elliptical electron-orbit in 
accordance with the Sommerfeld s theory and the third quantum number 
determines orientation of elliptical orbit of electron in three dimensional 
space. It does not alter the original Sommerfeld orbits in size and shape. 
When electron moves in 3-D orbit, only certain discrete orientations with 
respect to fixed direction are allowed. Thus, the space orientation of 
electron-orbit is also quantised. 

 

Fig. 3.2(a): Precession of  . 

To obtain fixed preferred direction, the atom is placed in the uniform 
magnetic field H. A perpendicular to the plane of orbit makes an angle . 
The angular momentum of electron in a orbit is represented by a vector 
along the axis of rotation of electron (i.e., perpendicular to the plane of 
orbit). Now, due to presence of magnetic field, the plane of orbit precesses 
about H and subsequently this precession of angular momentum vector  
generates a cone about H.  

The orbital angular momentum is given by 
 =  

where, l is orbital quantum number which can take the values from 0 to 
(n  1) for a given principle quantum number n. 

As the angular momentum is measured in the unit of , the electron-
orbit can be represented by the angular momentum vector . 

From the condition of quantisation, for the different allowed 
orientations of electron-orbit, the component of vector  along the direction 
of external magnetic field must be an integer. 
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If the component of  in the direction of external magnetic field is 
represented by the magnetic orbital quantum number ml, then,  

 
Since, minimum value of cos is 1 and its maximum value is + 1, 

therefore, the allowed values of l. 
Thus, for a given value of l, the quantum number can have integer 

values from l to +l including zero, i.e., for a given value of l, there are total 
(2l + 1) possible values of . 

Fig. 3.2 (b) shows the different allowed values of for l = 1, l = 2 and 
l = 3. 

 

Fig. 3.2 (b): Allowed Values of for  l = 1, l = 2 and l= 3 

2. Spinning of Electron 

Sommerfeld elliptical orbits with relativity correction could not explain 
fully the complexity of simplest hydrogen  lines. Further, sodium gives 
close doublet; magnesium shows triplet and other higher elements give 
more complex spectra.  

 

Fig. 3.3(a): Orbital and Spin Motion 

Also noticed that for heavier atom, greater is the wavelength separation 
(For e.g., sodium D lines is of order of 6 AU while mercury triplets extends 
over 1400 AU). To interpret such multiple characters of spectral lines and to 
account for the effect of magnetic field on spectral lines, two Dutch 
physicist, Uhlenbeck and Goudsmit in 1925, put forward concept of 
spinning of electron.  
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According to the concept, the electron not only revolves around the 
nucleus, but it also rotates on its own axis (just like the motion of planet in 
the solar system). The rotational motion of electron about its own axis is 
called the spin motion. Fig. 3.3 (a) shows the orbital motion of electron in 
an elliptical orbit and the spin motion about its own axis. The orbital motion 
is represented by the vector  and the spin motion is represented by the 
vector . 

Due to associated two motions, electron has two angular momenta: 
orbital angular and spin angular momentum. As electron bears charge, it 
gives rise two magnetic moments. 

Thus, total angular momentum is sum of orbital angular momentum 
and spin angular momentum. Similarly, total magnetic moment is the sum 
of the orbital magnetic moment and spin magnetic moment. The interaction 
between two angular momenta accounts for multiplicity of spectral lines 
and the interaction between two magnetic moments explains the fine 
structure of spectral lines. 

According to quantum theory, like the orbital motion, the spin motion 
of electron is also quantized. 

 The angular momentum of electron due to spin motion  must be  
 =  

where, s is the spin quantum number. The value of s is always  . The 
spin angular momentum of electron is expressed by the vector , in units of  

. 

 

 Fig. 3.3(b): Values of  

The projection of spin vector  in the direction of external magnetic 
field is called the spin magnetic quantum number  As in Fig. 3.3 (b), 
according to the quantum theory, there are only two possible values   and 

+  of spin magnetic quantum number  for the spin motion of electron.  

The concept of electron spin has been experimentally verified by the 
Stern and Gerlach experiment. 
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3.4 STERN AND GERLACH EXPERIMENT 

 In 1921, Stern and Gerlach performed an experiment which directly depicts 
the essential features of vector atom model.  

Principle: When the beam of atomic magnets is allowed to pass 
through perpendicular magnetic field, it moves in a straight line path 
without displacement in homogeneous field and in a curved path in a 
inhomogeneous magnetic field. 

Experimental Arrangement 

Fig. 3.4(a) shows the experimental arrangement. 

 

Fig. 3.4(a): Experimental Arrangement             Fig. 3.4(b): Shape of Pole Pieces 

It consists of an atom-source S. It is an electric oven kept at high 
temperature in which a beam of silver atoms is obtained by heating the 
silver. The beam of atoms obtained from the oven is passed through two 
slits Sl and S2 to obtain a fine pencil beam of atom. The sharp atomic beam 
then enters a perpendicular non-homogeneous magnetic field between the 
pole pieces N and S of a specially designed electromagnet as shown in Fig. 
3.4(b). The beam of atoms on emerging out of the magnetic field, strikes a 
screen P kept normal to the incident direction. The entire apparatus is 
placed in vacuum to avoid the collision of atoms with the residual gas 
molecules.  

Theory 

Suppose the beam of atomic magnets is passed through perpendicular non-
homogeneous magnetic field produce by specially designed pole pieces as 
shown in Fig. 3.4 (b). 

Let M  be the magnetic moment of each atomic magnet (or magnetic 
dipole) coming from the source, 

be the pole strength of each pole, 2l is the effective length of dipole.  

 is the field gradient along Y direction. 

Now, the force on North Pole n of the atomic magnet = B  (in the 
direction of magnetic field) 

And force on South Pole s of the atomic magnet 
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 =  (in direction opposite to the magnetic field). 

 Resultant force on an atomic magnet in the direction opposite to the 
magnetic field 

F =  

   =   (1) 

But,  2l = magnetic moment M of the atomic magnet 

 

Fig. 3.4(c): Forces on Atomic Dipole 

 Resultant force on an atomic magnet 

 F = M cos  =   (2) 

where,  = M cos  = component of magnetic moment in the direction 
of magnetic field. 

Now, if m is the mass of the atomic magnet and the atomic magnet 
enters between the pole pieces with an initial velocity v, in direction 
perpendicular to the magnetic field and the length of magnetic field is d, 
then, the time taken by the atomic magnet to cross the magnetic field t =  
and acceleration due to non-homogeneous magnetic field, in the direction of 
magnetic field. 

 a =  

From equation s = ut +  at² (where, u = 0), displacement in direction 
opposite to the magnetic field (i.e., lateral displacement) is  

 y =  at² =  

 y =   (3) 

Thus,  y  .  
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In uniform magnetic field, displacement, y = 0. The atom 
beam will directly strike the screen due to which a straight thin line will be 
obtained on the screen. 

And for greater deviation of atomic beam, the magnetic field would be 
more and more non-uniform. 

Result 

The traces for silver are shown in Fig. 3.4 (d) below. 
A straight is obtained without field. With non-uniform field, a double 

trace with some irregularities is obtained. The irregularities in the traces are 
due to some irregularities of magnetic field near the knife edges of pole of 
magnets. The double trace gets converged as the field gradient decreases 
transversely. By known d, v,  and y, the value of  can be calculated. The 
results show that there are two values of for silver.  

Without Field with Field 

 

 Fig. 3.4(d): Traces 

Thus, this experiment verifies the concept of electron spin according to 
which the magnetic spin quantum number ms can have only two values +  

and  . 

Some experimental observations are given below. 
 1. For Cu, Au, H, Li, Na, K double traces are obtained and  = .  

 2. In case of  Zn, Cd, Hg, no separation is found with  = 0. 
 3. In Ni, three distinct traces, showing separation corresponding to 

. 
 4. For Cobalt, separation is such that = 6. 
 5. In case of iron,  

With the aid of these results important features of vector atom model 
can be explained. 

In case of Ag, if the spin of electron is neglected, then its ground state 
will be L = 0, S = 0 and J = 0. Splitting of line will not take place. But, on 
considering the spin of electron S = , then,  = mJg will have two values +1 
and 1. Thus, the results obtained are in agreement with theory. 

Similar results for other elements are found close agreement with the 
concept of spin of electrons. 
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Check Your Progress 

 1. The minimum number of quantum numbers requires to identify 
the state of electron in an atom: 

 (a) 1 
 (b) 2 
 (c) 3 
 (d) 4 
 2. If we neglect the spin of electron in Stern and Gerlach 

experiment the splitting of line will take place. 
 (a)  Yes  
 (b)  No 
 (c)  Can not say anything  
 (d)  None of these 
 3.  Vector atom model based on: 
 (a)  Space quantisation only 
 (b) Spin motion of electron only 
 (c) Space quantization and spinning of electron 
 (d) None of these 
 4.  The fine structure of spectral lines was successfully explained 

by: 
 (a)   atomic model 
 (b)  Sommerfelds atomic model 
 (c)  Thompsons atomic model 
 (d)  All of these 
 5. Vector atom model proposed by:  
 (a)  Uhlenbeck and Goudsmit 
 (b)  Stern and Gerlach  
 (c)   
 (d)  None of these 

3.5 PRINCIPLE 

It is noted that the state of electron in an atom is expressed by the four 
quantum numbers n, l, ml and ms. Pauli s exclusion principle plays a vital 
role in the distribution of electron in an atom in different quantum state (in 
explaining electronic structure and atomic spectra). 
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Pauli's exclusion principle states that No two electron in an atom can 
 i.e., no two electrons in an atom can have the 

same set of four quantum numbers n, l, ml and ms. 

 1. For n = 1 (K shell), l = 0, ml = 0, ms =   and +  

  Hence, there are the following two quantum states: (1, 0, 0, ) 

and (1, 0, 0, + ) 

 2. For n = 2 (L shell), l = 0 and 1. 
  For l = 0, ml = 0 and for l = 1, ml = 1, 0, + 1 

  ms =  and +  

  Hence, there the following 8 possible quantum states of n, l, ml and 
ms: 

   (2, 0, 0, ), (2, 0, 0, + ), (2, 1, 1, ), (2, 1,  1, + ), 

   (2, 1, 0, ), (2, 1, 0, + ), (2, 1, 1, ), (2, 1, 1, + ).  

3.6 MAXIMUM NUMBER OF ELECTRONS IN 
SHELL 

For a given value of principal quantum number  n, orbital quantum number l 
can take the values from 0 to (n  1) i.e., l can have values 0, 1, 2, 3, 

n  1). 
For a given value of l, magnetic orbital quantum number ml can have l 

to +l values with difference of unity and hence, (2l + 1) values. 
And for a given value of ml, magnetic spin quantum number ms can 

have two values  . 

Thus, the total numbers of electrons with a given n are: 

 

 = 4[0 + 1 + 2  + (n  1)] + 2n 

 = 4  

 = 2  
The table given below shows the distribution of maximum number of 

electrons in shells and sub shells of an atom. 
 
 



 

 

Atoms in Electric and 
Magnetic Fields 

Self-Instructional 
Material 97 

NOTES 

n Shell l Sub-shell 
No. of 

electron in 
sub shell 

Maximum no. 
of electrons in 

shell 

Electronic 
configuration 

1 K 0 s 2 2 1s2 

2 L 
0 
1 

s 
p 

2 
6 

8 2s22p6 

3 M 
0 
1 
2 

s 
p 
d 

2 
6 
10 

18 3s2 3p6 3d10 

4 N 

0 
1 
2 
3 

s 
p 
d 
f 

2 
6 
10 
14 

32 4s2 4p6 4d10 4f14 

3.7 QUANTUM NUMBERS ASSOCIATED 
WITH MANY ELECTRONS SYSTEM 

The atomic systems are classified in the following two categories: 
 1. One-electron system  
 2. Many electrons system which have more than one valence electron. 
 1. One electron system: The atoms have only one electron in their 

outermost orbit can be termed as one electron system. For example, 
hydrogen and alkali atoms such as lithium, sodium, potassium etc. 
The angular momentum due to closed shell of atom is zero. Hence, 
state of atom is decided by one electron in outermost orbit. 
Quantum numbers l, s and j associated with the valence electron 
determine the quantum state of the atom.  

 2. Many electrons system: Atoms having more than one valence 
electron (not in the closed shells) are termed as many electron 
systems. Hence, total angular momentum of atom is the vector sum 
of angular momentum of each electron in its outermost orbit. 
Obviously, the quantum numbers L, S and J of such atoms are 
respectively equal to the vector sum of quantum numbers l, s and j 
of the valence electrons. 

  The quantum states of many electrons atom are also quantized from 
the point of view of size, shape and orientation. The total possible 
values of  L, S and J are respectively (2L + 1), (2S + 1) and                
(2J + 1). In other words, the magnetic quantum number of the atom 
are ,  and  and their total number 
of values are respectively (2L + 1), (2S + 1) and (2J + 1). 

 (a) Total Orbital Quantum Number (L): The total orbital 
angular momentum of many electrons atom is the vector sum 
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of orbital angular momentum of each individual electron. Total 
orbital quantum number L is given by   

 =   
  For example, for two electrons, if  and  respectively, 

then L can have three values L = 3, L = 2 and L = 1. 
 (b) Total Spin Quantum Number (S): The total spin angular 

momentum S of many electrons atom is equal to the vector sum 
of spin angular momentum of all the electrons in the outermost 
orbit of the atom, i.e., 

 

  For the trivalent atom, S =  and  

  For the tetravalent atom, S = 0, 1 and 2. 
 (c) Total Quantum Number J and Coupling Schemes: The total 

quantum number J of many electrons atom depends on the 
coupling between the orbital and spin angular momentum. 
There are the following two types of coupling in the atoms: 

  L-S coupling or Russel- -orbit 
coupling, and  

  j-j coupling 

3.8 COUPLING SCHEME 

3.8.1 L-S coupling or Spin-orbit coupling 

In this coupling, the total angular momentum J of the atom is the vector sum 
of total orbital angular momentum L and total spin angular momentum S of 
the atom. i.e., 

  =  

  =  

and hence,    

i.e., (   (1) 
Thus, in L-S coupling 

  L, S and J are quantized. 
  The value of L is always zero or an integer (i.e., L  
  For the atoms of even number of valence electrons, the value of S 

number of valence electrons, the value of S is an odd multiple of  

(i.e., , ,  
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  For the atoms of even number of valence electrons, the value of J is 
zero or an integer (J = 
of valence electrons, the value of J is odd multiple of 1/2 (i.e., J = 
1/2  

  If  L > S, the total possible values of J are (2S + 1) and if L < S, the 
total possible values of J are (2L + 1). For L = 0, There is only one 
possible value of J (i.e., J = S). 

  It should be remembered that J is always positive because it 
represents the total angular momentum of the atom. 

  J = L  S for less than half filled shell and J = L + S for more than 
half filled shell. 

3.8.2 j-j Coupling  

In this coupling, the total angular momentum J of the atom is obtained by 
finding the vector sum of total angular momentum j of each individual 
valence electron of the atom, i.e.,  

   ; +   

and  

i.e.,  ( ) + (   ... (2) 
j-j coupling is found only in few atoms.  

3.9 SPECTROSCOPIC NOTATION OF  
 ENERGY STATE 

The quantum number L, S and J depicts the state of an atom as a whole. The 
capital letters S, P, D, F depicts the state of the whole atom for the value of 
L  The energy state of many electrons system is 
represented by writing the value of total angular momentum J as subscript 
on the right of the notation for the value of L and writing the number of 
possible values of J for given L (i.e., the multiplicity of the energy level 
state r = 2S + 1) as the superscript on the left of the symbol for L. 

For example, the notation for the energy state L = 1, S = . 

Multiplicity, r = 2S + 1 = 2,  

For L = 1 and S = J =  . As symbol for L = 1 is P.  

The notation for the energy state, L = 1, S =  is 2  and 2  

Multiplicity: Multiplicity of energy level is the total possible values of 
J for the given values of L and S of that state.  

Multiplicity of an energy level (except ground state) is  
 r = (2S + 1), if L > S 
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 r = (2L + 1), if L < S. 
For ground state, (L = 0), r = 1. Thus, for all atoms, ground state is 

singlet.  

3.10 SELECTION RULES  

1. Selection Rules for Transition of Electrons 

The transition of atom from one energy state to the other energy state takes 
place only by obeying following selection rules. 
 1. The change in the value of  L is  L = ). 
 2. The change in the value of J is 0 or  J = 0 or ) 
 3. In presence of magnetic field, the change in the value of  is 0 or 

 (i.e.. ). 
 4. In presence of magnetic field, the change in the value of  is 0 or 

). 

2. Selection Rules for Intensities of Spectral Lines  

For the allowed transitions from one energy state to the other energy state of 
an atom, the rules regarding the intensity of spectral liens are given below. 
 1. The spectral line is maximum intense for which the changes in the 

values of L and J are the same. 
 2. If the changes in the values of L and J are the same for more than 

one spectral line, that spectral line is most intense for which the 
transition takes place from the highest value of J. 

 3. That spectral line is the least intense for which the changes in the 
values of L and J are opposite to each other (i.e., with reverse sign). 

Check Your Progress 

 6. exclusion principle 
 (a) No two electron in an atom can have the same quantum state 
 (b) Two electron in an atom can have the same quantum state 
  7. Maximum number of electrons in shell (n) is 
 (a) 2n^1 (b) 2n^0 
 (c) 2n^3 (d) 2n^2 
 8. The value of L in L-S coupling is always 
 (a) Zero only (b) Integer only 
 (c) Zero and Integer both (d) None of these 
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3.11 ZEEMAN EFFECT 

The magnetic-optical phenomenon in which the spectral lines are split up 
into several components when the excited atom emitting the spectral lines is 
placed in a magnetic field is called Zeeman Effect. 

The splitting of a single spectral line into two or three components in 
strong magnetic field is called Normal Zeeman Effect. The components 
are symmetrically distributed about the original line. The upper component 
has higher frequency while the lower component has lower frequency than 
the original frequency.  

The splitting of a single spectral line into more than three components 
in ordinary weak magnetic fields, is called Anomalous Zeeman Effect. 
This splitting is much more complicated. 

Experimental Arrangement 

 

 Fig. 3.7(a): Experimental Arrangement  Fig. 3.7(b): Spectral Lines 

The experimental arrangement of normal Zeeman Effect is shown in 
Fig. 3.7 (a). 

A source of light such as sodium vapour lamp is placed in very strong 
magnetic held produced by pole pieces N and S of the electromagnet. The 
spectral lines coming from the source are observed with a high resolving 
power spectroscope and then analyzed with the help of a Nicol prism. The 
spectral lines are viewed into two directions (i) Longitudinal or parallel to 
the direction of magnetic field B and (ii) Transverse or perpendicular to the 
direction of B. 
 1.  In absence of magnetic field, spectroscope is focused on a single 

original line of the spectra from and its position is recorded. 
 2.  Longitudinal View: Through the hole in the pole piece of 

electromagnet as shown in Fig. 3.7 (a), a spectral line in 
longitudinal direction is viewed in the presence of magnetic field. 
A single line is observed to be split into two (doublet) components 
[Fig. 3.7 (b)]. One have slightly shorter wavelength and the other 
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slightly greater than that of the original line. The original line is not 
observed. When these two lines are analyzed with a Nicol prism, 
they are found to be polarised in opposite directions. This effect is 
known as normal longitudinal Zeeman Effect. 

 3.  Transverse View: When a spectral line is viewed perpendicular to 
the direction of magnetic field B, a single line splits up into three 
(triplet) components. The two symmetrically spaced on either side 
of the original line are observed. Line in middle having same 
wavelength is found to be plane polarised with the vibrations 
parallel to the field direction. The two outer components are also 
found plane polarised with vibrations perpendicular to the field 
direction. This effect is known as normal transverse Zeeman 
Effect. 

3.11.1 Lorentz Classical theory of Normal Zeeman Effect 

Under the influence of electric discharge through spectrum tube, the 
electrons oscillating harmonically about the centre of the atoms give rise to 
light waves. The frequency of emitted light waves is equal to the frequency 
of vibration of electrons in the atom. 

A simple harmonic motion of electron may be resolved into three 
components: One a linear component parallel to the direction of magnetic 
field and other two in opposite circular motions perpendicular to the 
magnetic field. When the electron moves along the direction of magnetic 
field, a mechanical force due to the field does not act on it. Hence, linear 
component of vibration along the field direction is not affected and 
frequency of this component remains same. On the other hand, the two 
oppositely directed circular components perpendicular to the field are 
affected. One being retarded and the other accelerated. Hence, the frequency 
of one component decreases and the other increases equally. 

Longitudinal View: The unaltered linear component cannot be 
observed in the direction of the magnetic field because of transverse 
character of light the direction of vibration and propagation cannot be same. 
The other two altered circular components perpendicular to the field 
produce circularly polarized light waves. Thus, the original unpolarised 
spectral line is replaced by two lines. 

Transverse View: The unaffected linear component emits the plane 
polarized light waves. This is because the vibrations are parallel to the field 
direction and perpendicular to the direction of observations. Hence, the 
transverse character of light of the central original line is maintained. The 
two altered circular components perpendicular to the field emits light waves 
of vibrations perpendicular to the field. Thus, there are three lines i.e. triplet, 
the original central line with same frequency and two outer lines with 
altered frequency. 
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3.11.2 Expression for Zeeman Shift d  

Consider an electron of mass m moving with linear velocity v in the orbit of 
radius r in an atom. 

The centripetal force F on the electron acting towards the centre of the 
atom is given by, 

  

  ... (1) 
where,  is angular speed of electron and v = r  
When an atom is placed in an external magnetic field of flux density B, 

an additional force acts along radial direction of orbit acts on electron. If 
this force act inward, the velocity of electron increase and if it act outward, 
the velocity of electron decreases. Thus, the change in force is equal to the 
magnetic force given by, 

 dF =  =   (2) 
From equation (1) and (2), we get, 
  =  
  .... (3) 

 Frequency of vibration of electron,  

 Change in frequency, d  . (4) 

i.e.,  and  (Assuming, ) 

where, . 
Further, the original wavelength of spectral line is given by 

  

 d  

Putting for d  in equation (4), we get 

 d   (5) 

Equation (5) gives the Zeeman shift. 
If  and  be the wavelength on either side of the original line of 

wavelength , then  
  and  

The specific charge e/m of an electron is determined from Zeeman 
effect, and the value e/m = 1.757 × 1011 C/kg obtained agrees with the e/m 
by Thomson s experiment. 
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3.11.3 Quantum Mechanical Explanation of Normal 
Zeeman Effect 

Using laws of quantum mechanics, Debye interpreted the Normal Zeeman 
effect by considering only the orbital motion of an electron.  

The magnitude of orbital angular momentum of electron is,  

 L   (1) 

And the magnetic moment,  

   

      =   (2) 

where,  is Bohr magneton and l is orbital quantum number. 
When the atom is placed in an external magnetic field of flux density B, 

the vector L precesses about the direction of B, this is known as Larmor 
precession.  

The angular velocity of Larmor precession is given by: 

   (3) 

The precession of vector L gives additional energy to the electron, 
given by:  

  E =   (4) 

where, cos  =  

 is orbital magnetic quantum number,  

 

Fig. 3.8(a): Precession of L 

Hence, equation (4) gives,  

 E =  
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       =  

 E =   (5) 

From equation (3) we have, E =    
or E  
or E =   (6) 
(Since,  = )  
We know that,  has (2l + 1) values from + l to  l including zero. 

Therefore, the effect of magnetic field is to split up each energy level into 
(2l + 1) components and the separation between successive sublevels is 

. 

 

In absence of Magnetic field  In presence of magnetic field 

Fig. 3.8(b): Possible Transition between l = 2 and l = 1 

Consider the splitting of a spectral lines emitted due to transition from   
l = 2 to l = 1 (the transition from d-state to the p-state). The d-state has (2l + 
1 = 5) five sublevels and p-state has (2l + 1= 3) three sublevels [Fig. 3.8(b)]. 

Let E1 and  represent the energy of the level l = 1 in absence and 
presence of the magnetic field B respectively, then we have,  

  (7) 

Similarly, the E2 and  represent the energy of the level l = 2 in 
absence and presence of the magnetic field respectively, then we have,  

   (8) 

The energy radiated when magnetic field applied is given by,  
 

or h  =  
or  =   (9) 
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where,  and  are the frequencies of spectral lines emitted in presence 
and absence of the magnetic field respectively.  

Applying the selection rules,  or , we have three possible 
lines,  

;  
;  =  and   (10) 

; (Original line) 

where,  

Equations (10) show that there are three possible frequencies which 
agree with the classical theory. 3 = 0, is the frequency of original line,  
and  are the same two frequencies having equal separation  from . 

Figure 3.8 (b) shows nine possible transitions in normal Zeeman Effect 
but only three are given by the theoretical discussion according to equation 
(10). Thus, only the orbital angular momentum of an electron cannot 
explain all the possible transition and hence, the anomalous Zeeman Effect 
contributes the spectroscopic splitting of lines. 

3.11.4 Anomalous Zeeman Effect 

The anomalous Zeeman Effect is explained on taking the spin of electron 
into account. 

Thus, the total angular momentum of the electrons in the atom as a 
whole becomes,  

   (1) 
Here,  is vector sum of orbital and spin angular momenta  and  

respectively. The vector  and  precesses about their resultant vector J.  

The orbital magnetic moment is,   (2) 

The magnitude of the vector,  and  

the spin magnetic moment is, and  

    (3) 

and  are directed opposite to the direction of vector L and S 
respectively, this is because of the negative charge of electron. 

Since, L and S precesses about J;  and  must also precess about J 
but,  is not in the line of resultant of  and (Fig. 3.9).  

The resultant magnetic moment for the atom is vector sum of  and  
given by:  

  =   (4) 

As , the resultant magnetic moment  is not along J. This is 
shown diagrammatically.  



 

 

Atoms in Electric and 
Magnetic Fields 

Self-Instructional 
Material 107 

NOTES 

 

Fig. 3.9: Precession of Moments 

To find the resultant magnetic moment , the vectors,  and  are 
resolved into two directions: One is parallel and other is perpendicular to J. 
The perpendicular component of  constantly changes its direction. 
Therefore, its time average over a period becomes zero. Hence, only the 
parallel component remains. Thus effective magnetic moment only along J 
is given by .  

The magnitude of  is vector sum of  and  along J  

i.e.,   (5)  

where, (L, J) and (S, J) represents the angle between their respective 
directions.  

According to cosine law for vector addition, we have,  

cos (L, J) =  and cos (S ,J) =   (6) 

Substituting the values from equation (2), (3) and (6) in equations (5), 
we get, 

  

      = +  

      =  

Substituting the magnitudes of the vector J, L and S, we have,  

   

      =   (7) 

where,  g =   (8) 
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g g factor. It is determines the splitting of spectral 
lines when external applied magnetic field is weak.  

Equation (7) can be written in terms of Bohr magneton,  as 

    (9) 

In presence of a weak magnetic field which do not affect the coupling 
of L and S and hence, precession of L and S about J occur much more 
rapidly than that of J about B. 

The additional energy due to a weak field on the atomic magnet is 
given by,  

 E =  

       = . B.  

       =   (10) 

Since, cos (J,B)  

Equation (10) E . The quantity  is called the 
Lorentz unit. The splitting of energy levels are expressed in terms of this 
unit.  

  E = g.   (11) 

Since,  

Equation (10) becomes, E = 2   

 =   (12) 

The separation between the energy levels is  (frequency = ) 
whereas in normal Zeeman effect it is  (frequency = ). The difference 
between two is of o g
and spin magnetic moments  and .  

Check Your Progress 

 9. The splitting of a single spectral line into two or three 
components in strong magnetic field is called  

 (a) Normal Zeeman Effect  
 (b) Analogous Zeeman Effect 
 10. The splitting of a single spectral line into more than three 

components in ordinary weak magnetic fields, is called  
 (a) Normal Zeeman Effect  
 (b) Anomalous Zeeman effect 
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3.12 ANSWERS TO CHECK YOUR PROGRESS  

 1.  (d) 
 2.  (b) 
 3.  (c) 
 4.  (b) 
 5.  (a) 
 6.  (a) 
 7.  (d) 
 8.  (c) 
 9.  (a) 
 10. (b) 

3.13 SUMMARY 

  Total magnetic moment is the vector sum of the orbital magnetic 
moment due to orbital motion and spin magnetic moment due to 
spin motion of electron. 

  Electron in an atom can remain in allowed discrete energy state 
called as quantum state. 

  
atoms in addition to hydrogen atom which have one electron in 
their outermost orbit.  

  Sommerfeld s model could explain the fine structure of spectral 
lines in the spectrum of hydrogen atom. 

  The vector atom model overcomes s 
Sommerfeld atomic model and explains the spectrum of other than 
one electron system and Zeeman effect. 

  Stern and Gerlach experiment directly depicts the essential features 
of vector atom model.  

3.14 KEY TERMS 

   Vector atom model: The different models of atom given by 
scientists which explain the structure of atom in details. 

  Quantum number: Different quantum numbers related with the 
position and motion of the electron in an atom. 

  Hyperfine splitting: The splitting of energy levels due to the 
interaction of magnetic moments of electron and nucleus. 
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3.15 SELF-ASSESSMENT QUESTIONS AND 
EXERCISES 

Short Answer Questions 

 1. What is  atomic model? Give its drawbacks. 
 2. What is Bohr-  atomic model?  
 3. What modifications were made in it to explain the fine structure of 

spectral line? 
 4. Explain the basic concepts of vector atom model: (i) spatial 

quantization and (ii) spin quantization. 
 5. What is vector atom model? Explain the different quantum 

numbers related to it. 
 6. What is meant by the spin of electron? Describe Stern and Gerlach 

experiment for its verification.  
 7.  
 8. 

number of electrons in a shell and sub-shell.  
 9. Explain: (i) total orbital angular momentum L, (ii) total spin 

angular momentum S, and (iii) total angular momentum J, with 
reference to the many electrons system. 

 10. Discuss the quantum numbers associated with many electrons 
system of atoms.  

 11. What is meant by L-S coupling or Russel-
Explain with example. 

 12. What is meant by j-j coupling? Explain with example. 
 13. What is meant by the multiplicity of an energy state? Explain with 

example. 
 14. Write down the section rules for the spectral lines. 
 15. Write the intensity rules for the spectral lines.  
 16. What is Zeeman effect? How does anomalous Zeeman effect 

different from normal Zeeman effect? Explain.  
 17. The normal Zeeman effect occur in the atoms of only even number 

of electrons, explain why? 
 18. Explain Lorentz theory of normal Zeeman effect. Why anomalous 

Zeeman effect cannot be explained with this theory?  
 19. What is the effect of spin orientation of electron on splitting of 

spectral lines in a magnetic field? Explain. 

Long Answer Questions 

 1. brief the 
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 2. Describe the experimental arrangement of Zeeman effect. Discuss 
the Zeeman pattern of sodium D-lines. What do you understand by 
anomalous Zeeman effect? 

 3. What is normal and anomalous Zeeman effect? Explain with 
examples.  

 4. Explain normal Zeeman effect. What is the effect of magnetic field 
on electron motion in atom? How do electron spin explain the 
anomalous Zeeman effect? 

 5. Explain the experimental arrangement of Zeeman effect. 
 6. How is anomalous Zeeman effect different from normal Zeeman 

effect? 
 7. Discuss quantum mechanically the normal Zeeman Effect.  
 8. Why only the orbital motion of electron cannot explain the 

anomalous Zeeman Effect? 
 9. What spectral lines cannot be splitted in a magnetic field? 
 10. What is Stark effect? Give its experimental arrangement. 
 11. What are the salient features of Stark effect? 
 12. A spectral line of wavelength 6000 Å is placed in a magnetic field 

of 0.4 wb/m². Calculate the separation between the two 
components of lines in normal Zeeman Effect: Given e/m = 1.76 × 

 
 13. The calcium spectral line of wavelength 7326 Å splits into three 

components separated by 2.8 × Hz in a magnetic field of 2 
wb/m². Find the specific charge of electron.  

 14. A beam of hydrogen atoms in a Stern-Gerlach experiment obtained 
from an oven heated to a temperature of 400K passes through a 
magnetic field of length 1 meter and having a gradient of 10 
Tesla/m perpendicular to the beam. Calculate the transverse 
deflection of an atom of the beam at the point where the beam 
leaves the field. The value of the Bohr magneton  is 9.27 × 

 and the Boltzmann constant k is 1.38 ×  joule/K 
 15. The spectral line of wavelength 6000 Å is placed in a magnetic 

field of flux density 1 Tesla. Calculate the wavelength separation in 
a normal Zeeman Effect.  

3.16 SOLVED EXAMPLES 

 1. Calculate the speed of electron in the 1st orbit of hydrogen 
atom. 

  Given: e = 1.6 × C, h = 6.63 × Js, c = 3.0 ×  
and = 8.85 × . 
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  Solution: Let v be the velocity of electron (mass m, charge e) 
revolving in a Bohr orbit of hydrogen atom (Z = 1) of radius r. The 
condition of stable orbit of the electron is: 

   (1) 

  The quantum condition is 

  m v r = ,   (2) 

  where, n  
  Dividing equation (1) by equation (2), we get 

   v =  

  Substituting the given values for n = 1, we get, 

   v =  

      =  
 2. A beam of silver atoms in a Stern and Gerlach experiment 

obtained from an oven heated to a temperature of 150 K, 
passes through an inhomogeneous magnetic field having a field 
gradient of 20,000 gauss/cm (2 ×  gauss = 2 wb/m²) 
perpendicular to the beam. The pole faces are 10 cm long. 
What is the separation between the two components of the 
beam at the end of the magnet? 

  Solution: The displacement atoms in Stern and Gerlach experiment 
id given by:  

  y =   (1) 

  According to kinetic theory o gases,  

       (2) 

  where, k  

   

     =  

     =  

     = 0.15 cm 
 3. Compute the field gradient of a 0.4 m long Stern and Gerlach 

experiment that would produce a 2 mm separation at the end 
of the magnet between two components of a beam of silver 
atoms emitted from an over at 960°C. The magnetic dipole 
moment of silver is due to a single l = 0 electron. 

  Solution: The displacement atoms in Stern and Gerlach experiment 
id given by  
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      y =  

         or  (  )  

      

         =  

         = 44.05 (wb/m²)/m 
 4. In the Stern and Gerlach experiment, the hydrogen atom beam 

enters with a velocity of 2 ×  m/s in a direction 
perpendicular to the magnetic field, in a non-homogeneous 
magnetic field of length 20 cm and gradient 2 × 10² tesla/metre. 
Neglecting the magnetic moment of proton, calculate the 
maximum displacement of the atom beam. (h = 6.6 × Js, 

 kg). 

  Solution: Given, L = 20 cm = 0.2 m, dB/dy = 2 × 10² Tesla/metre v 
= 2 ×  m/s,  

  Mass of hydrogen atom  kg 
  The displacement atoms in Stern and Gerlach experiment id given 

by  

   y =  

  where,  = magnetic moment of atom = magnetic moment of 
electron (since magnetic moment of proton is negligible). 

  Now, magnetic moment of electron = g ×  

  where, g  is the spin angular 
momentum of electron.  

  But for the spin motion of electron g = 2, and spin angular 
momentum  

  where, s = spin quantum number = ½  

   = g ×  

        =  

        = 9.24 ×  ampere × metre² 

   Lateral displacement y =  

            = 5.44 ×  metre 
  Since, the displacement of atom beam will be upwards as well as 

downwards, hence, total displacement = 2y = 2 × 5.44 × 
. 
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 5. Calculate the two possible orientations of spin vector S with 
respect to a magnetic field direction. 

  Solution: S =  , where s =  

  While where s = ½ 
  The z-component of spin angular momentum,  

  Therefore, cos  =  

  From, , 

   cos  =    or   

  For , 

    cos  

    
  Therefore, the two possible orientation are:  
   and  = 125°15 . 
 6. Calculate the values of (a) l,s and j; (b) L,S and J for a d 

electron in a one-electron atomic system. 

  Solution: (a) For a d electron, l = 2 and s = 1/2  

  Therefore,  j = 2        i.e.,   3/2 and 5/2 

  i.e., Thus, the two possible states are denoted by 2  and 2  
or collectively as 2 . 

  (b) Since,  

   L = , S =  ,  J =  

  For  l = 2,  L=  

  For  s = ½  S =  

  For  j = 3/2  J =  

  For  j = 5/2  J =  

 7. A beam of electrons enters a uniform magnetic field of flux 
density 1.2 Tesla. Find the energy difference between the 
electrons whose spins are parallel and antiparallel to the field.  

  Solution: Given- e/m = 1.76 ×  c/kg, h =  J.s,  
B = 1.2 T. 

  The Zeeman shift is given by  =  
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  The energy difference between the electrons whose spins are 
parallel and anti-parallel to the field is:  

     =  

    =  

    = 2.4 × 9.27 × J 
   = 2.2248 × J 

   =  

    = 1.39 × eV 
 8. An electron in a particular state of hydrogen atom has a 

magnetic potential energy of about J. Estimate the 
magnitude of magnetic field acting on the spin magnetic 
moment of the electron which is of the order of 1 Bohr 
magneton. 

  Solution: Given- Vm = J, 
 

  Magnetic potential energy is given by: 

  Vm  =  

   B =  

         =  Tesla 

 9. When a calcium line of wavelength 4226.7Å is placed in 
uniform magnetic field of 4 wb/m² it exhibit normal Zeeman 
effect. Calculate the wavelength of three components and their 
separation.  

  Solution: Given:  = 4226.7Å, e/m = 1.76 ×  c/kg 

    =  

          = 1.76 x  cycles/s 

   =  

  Hence, | =  

    =  × 5.6 × m 

    = 0.33 × m = 0.33 Å 
  Thus, the wavelength of three components are  ,  and   , 

4227.03 Å, 4226.7Å and 4226.37Å respectively.  
 10. Find the separation between the adjacent components of 

wavelength 4500 Å if it is place in a magnetic field of flux 
density 0.3 T. 
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  Solution: Given:  = 4500 Å = 4500 × m, e/m = 1.76 ×  
c/kg 

  The frequency separation is given by: 

   =  

        = 4.2 ×  Hz 

   | =  m  

          = 0.028 ×  = 0.028 Å 
 11. Calculate the magnetic field in order to observe the anomalous 

Zeeman effect of D-lines of wavelength and 
. 

  Solution: m, m 
   = m and e/m = 1.76 ×  c/kg 

   =  m 

  | =  

         =  

         = 51.83 ×  Hz 

   =  

  or B  

          = 51.83 ×  × 4 × 3.14 ×  

          = 36.99 Tesla 
 12. Calculate the possible orientations of the total angular 

momentum vector  corresponding to j = 3/2 with respect to a 
magnetic field along the z-axis. 

  Solution: The magnitude of the total angular momentum and its       
z-component are quantized according to the relations 

   J =  

  and  

  For  j = 3/2, we have 

          

  The angle  between  and the z-axis is determined by  and j, 
according to it: t 

  c  

  Now,   



 

 

Atoms in Electric and 
Magnetic Fields 

Self-Instructional 
Material 117 

NOTES 

    cos  

  For we have 

      c  0.258,  0.775 
    
 13. According to vector atom model, find the value of total 

quantum number j for the f-electron.  

  Solution: For the f-electron, l = 3 and s = ½ 

   j = l  = 3  

  i.e., j = 7/2 and 5/2 
 14.  For a two-electrons system, if  and  find: (i) total 

orbital quantum number L, (ii) total spin quantum number S, 
(iii) total quantum number J in the L-S coupling and (iv) the 
multiplicity of energy state.  

  Solution: Given,  

 (i) Total orbital angular momentum  
  The five possible values of total orbital angular momentum L 

of the system are 

   and 1 (in units of  

  Hence, total orbital quantum number L = 5, 4, 3, 2 and 1 

 (ii)  Total spin angular momentum + , where = ½ and 
 = ½ 

  If the spin of both the electrons is in one direction, the total 
spin angular momentum of the system  and if the spin of 
both the electrons is in opposite direction, then  = 0. 

  Hence, total spin quantum number S = 0 and 1. 

 (ii) In L-S coupling,  
  i.e., J = (L + S), (L + S  1), (L + S  2), L  S) 
 Now, (a)  For L = 5 and S = 1, J = 6, 5 and 4 
  For L = 5 and S = 0, J = 5 
 (b)  For L = 4 and S = 1, J = 5, 4, 3 
  For L = 4 and S = 0, J = 4 
 (c)  For L = 3 and S = 1, J = 5, 4, 3 
  For L = 3 and S = 0, J = 3 
 (d)  For L = 2 and S = 1, J = 3, 2, 1 
  For L = 2 and S = 0, J = 2 
 (e)  For L = 1 and S = 1, J = 2, 1, 0 
  For L = 1 and S = 0, J = 1 
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  Hence, possible of total quantum number J are: J = 0, 1, 2, 3, 4, 
5 and 6. 

 (iv) For each value of L, multiplicity of energy state r = (2S + 1). 
For S = 1, r = 3 and for S = 0, r = 1. 

3.17 FURTHER READING 

 1. Physics of Atoms and Molecules  B.H. Bransden and C.J. 
Joachain, Pearson Education, Singapore 2003. 

 2. Concept of Modern Physics  Arthur Beiser, TATA McGRAW- 
HILL. 

 3. Atomic Physics  J.B. Rajam. 
 4. Atomic & Molecular Physics  Rajkumar. 
 5. Atomic & Molecular Physics  C. Mande, ULP Publication. 
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UNIT 4 MOLECULAR SPECTROSCOPY 

Structure 

 4.0 Introduction 
 4.1 Objectives 
 4.2   Pure Rotational Spectra (Rotational Energy Levels of a Diatomic 

Molecule) 

 4.2.1  Selection Rule 
 4.2.2  Frequency of Rotational Spectral  Lines 
 4.2.3  Intensities of Rotational Lines 
 4.2.4  Application of Rotational Spectra  
 4.2.5  Isotope Effect 
 4.3   Diatomic Molecule as a Harmonic Oscillator 
 4.3.1  Energy Levels 
 4.3.2  Selection Rule 
 4.4   The Anharmonic Oscillator 
 4.4.1  Energy Levels 
 4.4.2  Selection Rule 
 4.5   Raman Effect 
 4.5.1  Introduction     
 4.5.2  Experimental Arrangement to Study Raman Spectra 
 4.6  The Born-Oppenheimer Approximation 
 4.7   Electronic Spectra 
 4.7.1  Vibrational Coarse Structure 
 4.7.2  Franck-Condon Principle 
 4.8   Fluorescence and Phosphorescence 
 4.8.1  Fluorescence  
 4.8.2  Phosphorescence 
 4.9  
 4.10 Summary 
 4.11 Key Terms 
 4.12 Self-Assessment Questions and Exercises 
 4.13   Solved Examples 
 4.14 Further Reading 

4.0 INTRODUCTION 

The spectra emitted by the molecules containing two or more atoms are 
known as the molecular spectra. When light from a source containing a 
substance in molecular state is sent into a spectrometer, more or less broad 
wavelengths regions are observed in the spectrum. These regions are 
called bands and the spectrum is called continuous band spectrum. 
Molecular spectra under low resolving power spectroscope appear as 
continuous bands. But, under high resolving power instruments, it is found 
that, each band in the band spectra consists of a large number of closely 
spaced lines crowded together at one end of the band and get separated 
towards other end of the band. The brightness of the band is more at one 
end known as band head and decreases towards the other end of the band. 
The molecular spectroscopy can be divided into three different ranges on 
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the basis of different types of transitions of the molecules between 
different molecular energy states. 

1. Electronic Spectroscopy 

This spectroscopy is observed, both in emission and absorption, in the 
visible and the ultraviolet regions. Each spectrum consists of quite large 
no. of bands. Each individual band has a sharp edge, called band head, 
where the intensity is high and falls off gradually to the other side of the 
band. The energy of electronic spectrum (Ee) is quantized and belongs in 
the range of 1  c  (1 eV To 10 eV) which is produced due to the 
simultaneous changes in rotational, vibrational and electronic energies of 
the heteronuclear as well as for the homonuclear diatomic molecules. 

2. Vibrational-Rotational Spectroscopy  

This spectroscopy is observed in absorption, in the near infra-red region   
(1  m to 1  m). Each spectrum consists of an intense band, 
called fundamental band which is accompanied by a few weak bands. The 
energy of Vibrational-Rotational spectrum (Ev) is quantized and belongs in 
the range of 300 to 400 c  ( eV) which is produced due to the 
simultaneous changes in rotational and vibrational energies of the 
heteronuclear molecules. The homonuclear molecules like , ,  do 
not produce vibrational-rotational bands. 

3. Pure Rotational Spectroscopy 

This spectroscopy is observed in absorption, in the far infra-red (  
 m) or in the microwave (    m) region. Each spectrum is 

composed of a series of nearly equidistant lines. Like vibrational-
rotational spectra, the pure rotational spectra are observed only for the 
heteronuclear diatomic molecules. The energy of Rotational spectrum (Er) 
is quantized and belongs in the range of 1 to 300 c  ( eV) which is 
produced due to the changes in rotational energies of the heteronuclear 
molecules. 

4.1 OBJECTIVES 

After reading this unit, you will be able to: 
  explain the pure rotational spectra of a linear diatomic molecule. 
  to understand the intensity distribution in rotational spectra. 
  to identify the basic application of rotational spectra.  
  to describe the isotopic effect on the rotational energy level 

diagram. 
  to differentiate between the harmonic and an harmonic oscillator. 
  understand the concept of Raman Effect and to identify the 

Raman lines. 
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  explain the electronic spectroscopy using Born-Oppenheimer 
approximation. 

  state the vibrational course structure and Franck-Condon principle. 
  Define the fluorescence and phosphorescence. 

4.2  PURE ROTATIONAL SPECTRA 
(ROTATIONAL ENERGY LEVELS OF A 
DIATOMIC MOLECULE) 

The necessary condition of a molecule to give rotational spectra is that the 
molecule must have an intrinsic dipole moment. A molecule such as HCL 
has electric dipole moment. When it rotates, the dipole moment oscillates, 
causing an emission or absorption of radiation. But a symmetrical 
molecule such as H2 does not have an electric dipole moment and hence, it 
cannot emit or absorb radiation. 

Consider a rigid diatomic molecule consisting of atoms of masses m1 
and m2 at a distance ro apart as shown in Fig. 4.1. Let r1 and r2 are the 
distances of the two atoms from the centre of mass C of the system. 

   ro = r1 + r2  (1) 
The molecule rotates end-over-end about a point C, the centre of 

gravity 
From the definition of centre of mass, the balancing equation is 
  m1 r1 = m2 r2 (2) 
Equation (1) implies r2 = ro  r1 

 Equation (2) becomes,  
 m1 r1 = m2 (r0  r1)  
 m1 r1 = m2 r0  m2 r1 

 m1 r1 + m2 r1 = m2 r0 

 (m1 + m2) r1 = m2 r0 

 r1=  r0 

 
Fig. 4.1: A Rigid Diatomic Molecule 



 

 

Molecular Spectroscopy 

122 

NOTES 

Self-Instructional 
Material 

Multiply with m1 on both sides, we get 

m1r1 =  r0 = 0  (3) 

where,  =  = reduced mass of the molecule 

Similarly, m2 r2 = 0  (4) 
Now, the moment of inertia (I) of this molecule about an axis passing 

through its centre of mass and perpendicular to a line joining the atoms is 
given by: 

 I = m1  + m2  
 I = (m1 r1) r1 + (m2 r2) r2 = 0 r1 + 0 r2 = 0 (r1 + r2)  

   = 0r0 =  
 I =    (5) 

Above equation defines the moment of inertia in terms of the atomic 
masses and the bond length. 

Let  be the angular velocity of rotation of the molecule about the 
centre of mass. 

Magnitude of angular momentum L of the molecule is, L =  
This angular momentum L of the rotating diatomic molecule must be 

quantized according to the following quantization rule. 

L =   where,  =  

J  
Now classically, the rotational kinetic energy of a diatomic molecule                  

=  I  

Hence, its energy levels are given by: 

  =  I  =  I  =             (Since, ) 

  =  =  J (J +1) Joules 

 =  J (J +1) Joules                 (   = )  (6) 

  = J (J +1) B   (7) 

where,  = B = Rotational constant of the molecule in energy units. 

Thus, equation (7) gives the possible values of energy of the molecule 
for different values of J  

So, the rotational energy is quantized. It means that a molecule cannot 
have any arbitrary amount of rotational energy. Its energy is limited to 
certain definite values. The permitted energy values are called rotational 
energy levels of a molecule which arises from the rotation of a molecule 
as a whole. 
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Hence, allowed rotational energy levels of a rigid diatomic molecule 
are: 

For J = 0; E0 =  J (J +1) = 0 

For J = 1; E1 =  J (J +1) = 2B 

For J = 2; E2 =  J (J +1) = 6B  

For J = 3; E3 =  J (J +1) = 12B 

For J = 4; E4 =  J (J +1) = 20B 

For J = 0, the energy state is called ground state rotational level and 
no rotation occurs in this state. 

Whenever there is a transition between different rotational levels, we 
get the pure rotational spectrum of the molecule in the microwave or far 
infrared regions.  

 

Fig. 4.2: The Allowed Rotational Energy Levels of a Diatomic Molecule 
 

4.2.1 Selection Rule 

The rotational transitions are allowed or permitted for which J changes by 
unity. The selection rule for rotational transition is  J =  1 where J is 
the rotational quantum number. 

Here  J = 1 corresponds to emission of energy and  J = +1 
corresponds to absorption of energy. 

4.2.2 Frequency of Rotational Spectral Lines 

The rotational spectra are always obtained in absorption. Hence, for a 
transition from some initial state of quantum number J to the next higher 
state of quantum number (J + 1), the frequency of absorbed photon is 
given by the expression E =  

  =  =  =  
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  =  2 (J + 1)  

  = 2 (J + 1)B Hertz   (8) 

where,  = B = Rotational constant of the molecule in frequency 
units. 

Now, we have  = , where  is the wave number 

  Equation (8) implies 

  =  =  2 (J +1) 

  = 2 B (J +1)                                                       
(9) 

where, B is known as rotational constant of the molecule in wave 
number unit and is given by: 

 

Fig. 4.3: Rotational Frequency Spectrum 

B =   where, C = 3  m/sec 
 

For different values of J we get allowed values of rotational energies 
which are discrete. 

For J = 0 to J = 1 transition,  = 2B 
For J = 1 to J = 2 transition,  = 4B  
For J = 2 to J = 3 transition,  = 6B  
For J = 3 to J = 4 transition,  = 8B  
and for J = 4 to J = 5 transition,  = 10B  
Hence, from equation (9) it is clear that, as J takes up the values 0, 1, 

. The rotational energy results in the absorption spectrum 
consisting of lines at 2B, 4B, 6B, 8B and 10B  which is shown in the 
given figure. The stepwise lowering of rotational quantum number results 
into identical emission spectra. Therefore, on wave number scale, the 
spectrum of a rigid molecule consists of equally spaced lines as shown in 
Fig. 4.3. 
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4.2.3 Intensities of Rotational Lines 

In a gas, there will be different number of molecules in each energy level. 
Therefore, different total number of molecules will carry out transitions 
between the various energy levels. Spectral lines in rotational spectrum are 
not equally intense. The line intensities will be directly proportional to 
initial number of molecules (population) in each energy level. 

The probable number of molecules (population) in an energy level is 
given by the Boltzmann Distribution Law:  

N (population) = No = exp    (10) 

 where, No is the number of molecules in the J = 0 state 
N is the number of molecules occupying  Jth state of energy equal to 

EJ at absolute temperature T, k is the Boltzmann Constant. 
Thus, from equation (10) we say that the molecular population in each 

energy level decreases exponentially. 
The probable number of molecules (population) in any energy level is 

again proportional to the degeneracy of that level. But the degeneracy 
which implies the existence of more than one energy state with the same 
energy of a rotational level is found to be (2J +1). Thus, the number of 
degenerate levels available increases rapidly with J. 

N (population) = Degeneracy of the level = (2J +1) (11) 
Combining equation (10) & (11), we get 

N (population) = (2J +1) No   (12) 

 = (2J +1)    (13) 

Thus, the relative population at energy EJ  (2J +1)    (14) 

 

 

Following Fig. 4.4 show the plot of the number of molecules in a 
particular rotational level versus J for a diatomic molecules indicating that 
the population rises to a maximum and then diminishes. 
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From the graph it is clear that population initially increases with J and 
rises to a maximum and then decreases.  

Differentiation of equation (14) shows that the population is a 
maximum at the nearest integral J value to: 

Maximum Population:  

 Jmax =      (15)  

Thus, the line intensities are directly proportional to the population of 
the rotational levels; hence, it is clear that the transitions between levels 
with very low or very high J values will have small intensities while the 
intensity will be a maximum at or near the J value given by equation (15). 

4.2.4 Application of Rotational Spectra  

We can use the rotational spectra for the determination of Intermolecular 
Distance i.e. Bond Length. 

For the determination of moment of inertia (I) and hence the bond 
length (r0) of the molecule, we use the following equation: 

  = 2B (J +1)   (16)  

where, B is the rotational constant and is given by 

  B =  

    I =  kg.  (17)  

The value of B can be determined by observing the first line in 
rotational spectrum due to J = 0 to J = 1 transition. Thus by knowing B 
from equation (16), the moment of inertia (I) of the molecule can be 
calculated by using equation (17). 

For the calculation of bond length (ro), we have to find the reduced 
mass ( ) of the molecule by the formula -  =  

But, we know that, I =  ,     r0 =  (18)  

Thus, by substituting the values of I and , the distance ro between the 
nuclei of the molecule i.e. bond length can be calculated. 

4.2.5 Isotope Effect 

The reduced mass  and therefore the rotational constant B( ) is 
different for different isotopic molecules. The internuclear separation is 
same for two isotopic molecules but the reduced masses are different. If Bi 
is the rotational constants for heavier isotopic molecules as compared to 
the light isotopic molecule, then  

    < B 



 

 

Molecular Spectroscopy 

Self-Instructional 
Material 127 

NOTES 

Therefore,  

   <  

Thus, the separations of rotational levels for the heavier isotope will 
be smaller than those of the corresponding rotational levels of the lighter 
isotope. Hence, the spectral lines in the rotational spectra will also be 
closer. 

Check Your Progress 

 1. Consider the pure rotational spectrum of a diatomic rigid rotor. 
The separation between consecutive lines ( ) in the spectrum: 

 (a) Is directly proportional to the moment of inertia of the rotor 
 (b) Is inversely proportional to the moment of inertia of the 

rotor 
 (c) Depends on the angular momentum 
 (d) Is directly proportional to the square of the interatomic 

separation 
 2. The rotational spectrum of a molecule consists of series of lines 

at 6 cm 1, 12 cm 1, 18cm 1, __________ Then the rotational 
constant of the molecule is 

 (a) 6   (b) 12  
 (c) 3  (d) 1.5  
 3. The rotational energy levels of a rigid diatomic molecules are 

given by  =  J (J +1), where J is the rotational quantum 
number and  is the rotational constant. The rotational 
absorption spectrum of the molecules consists of: 

 (a) One resonance line 
 (b) Lines that are equally spaced 
 (c) Lines where the spacing increases with frequency 
 (d) Lines where the spacing decreases with frequency 

4.3  DIATOMIC MOLECULE AS A HARMONIC 
OSCILLATOR 

The vibrational spectra will be observed only in heteronuclear diatomic 
molecules like HF, HCl, HBr. But, homonuclear diatomic molecules such 
as H2, N2, O2, having no dipole moment will not show vibrational spectra. 
Pure vibrational spectra are observed only in liquids and it lies in near 
infrared region. 

Consider a diatomic molecule consisting of two atoms A & B of 
masses m1 & m2 separated by equilibrium distance ro. The atoms in a 
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molecule do not remain in fixed relative position but vibrate about the 
mean position. 

Suppose the bond is distorted from its equilibrium distance r0 to a 
new distance r. Then, the restoring force acting on each atom of a 
diatomic molecule is: 

 m1  =  k (r  r0)    (19)  

 m2  =  k (r  r0)    

where, r1 and r2 are the positions vector of atoms A and B relative to 
the centre of mass of the molecule and k is the force constant. 

But, we know that, r1 =  and r2 =  

Substituting the values of r1 in equation (19), we get 

  =  k (r  ro)   

Since, ro is constant,  =  (r  ro) 

Equation (21) becomes, 

  =  k (r  ro)  (22)  

Substituting (r  r0) = x and  

where, x is the displacement in the bond length from its equilibrium 
position. 

  Equation, (22) becomes,   =  k x  

  =   x  

  +  x = 0    

This is the differential equation of simple harmonic motion of an 
equivalent particle of reduced mass . Thus, the frequency of oscillation in 

Hertz is,  =  

In terms of wave number (m 1)  =  =  

4.3.1 Energy Levels 

According to the quantum mechanics, the vibrational energies are 
quantized and the expression for energy (joules) of a simple harmonic 
oscillator is given by: 

 Ev (Joules) = (v + )    
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where, v is the vibrational quantum number and v = 0, 1, 2, 3, ........... 

and  =  = fundamental vibrational frequency in Hertz. 

Now, v (m 1) =  = (v + )  = (v + )   

where  is the vibrational frequency in terms of wave number 
The lowest vibrational frequency (zero point energy) can be obtained 

by putting V = 0 in equation (25)  v = 0 = o =  
For v = 1, we have, v = 1 = 1 =  

Similarly for v = 2, v = 2 = 2 =  similarly for v = 3, v =3 = 3 =  

Similarly for v = 4, v = 4 = 4 =  similarly for v = 5, v = 5 = 5 =  
and so on. 

Fig. 4.5 shows the energy levels diagram for vibration of a diatomic 
molecule and from it clear that the energy levels of vibrating diatomic 
molecule are equidistant.  

 

Fig. 4.5: Vibratational Energy Levels and Allowed Transitions between them for 
Diatomic Molecule Undergoing SHM 

4.3.2 Selection Rule 

The selection rule for the simple harmonic oscillator undergoing 
vibrational changes: v =  1. 

Applying the selection rule for vibrational quantum number, we get 
the vibrational frequency in terms of wave number as:  

 v +1  v = v + 1  v = (v + 1 + )   (v + )  =  (m 1) 

From the above equation, it is clear that, all the vibrational lines 
obtained from the harmonic oscillator are of the same frequency.  
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In the figure the allowed transitions are shown by vertical lines. It is 
clear from figure that they all give rise to the same frequency. 

4.4  THE ANHARMONIC OSCILLATOR 

The real molecules do not obey exactly the laws of simple harmonic 
motion i.e., 
will be taken as perfectly elastic but for large oscillations (extensions) the 
bond is not elastic. Hence, we have an anharmonic oscillator. 

The adjacent Figure shows the energy curve for a diatomic molecule 
undergoing anharmonic extensions and compressions. The dotted curve 
shows the ideal simple harmonic parabola for perfectly elastic molecule. 

 
Fig. 4.6: Morse Energy Curve for a Diatomic Molecule Performing Anharmonic 

Oscillations 

A purely empirical expression which fits this curve to a good 
approximation was derived by P.M. Morse, and is called the Morse 
Function. 

 E = Deq.
2  (26)  

where, Deq. is the dissociation energy of the molecule a is the constant 
for a particular molecule req is the equilibrium distance of the two 
molecules and r is the interatomic distance. 

4.4.1 Energy Levels 

When the Morse Function given by equation (26) is used in Schrodinger 
equation, allowed vibrational energies are given by: 

v (m 1) = (v + ) e  eXe (27)  
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where, v is the vibration Quantum Number and v = 0, 1, 2, 3, ............. e is 
the oscillation frequency of the molecule expressed in wave number. Xe is 
the anharmonicity constant = 0.01 

4.4.2 Selection Rule 

The selection rule for the anharmonic oscillator is 
v =  1,  2,  3, ............ 

Now equation (27) is rewritten as: 

 v (m 1) = (v + ) e  

Substituting, e  =   v (m 1) = (v + )    

Thus, anharmonic oscillator behaves just like harmonic oscillator of 
frequency,  

  = e  (29)  

For ground state of anharmonic oscillator, put v = 0 in above 
equation, we get 

  = e  = e  

Thus, the ground state (i.e. Zero point energy) of anharmonic 
oscillator is slightly less than that of the harmonic oscillator. 
Note:  v = 1 state is nearly 0.01 

% of the ground state population.  So, we ignore all transitions originating at v = 1 or 
more and restrict ourselves to the three transitions. 

 1. The fundamental absorption band corresponds to v = 0  v = 1 ; 
v =  1 

    =   

   = (1 +  ) e  eXe   

    = e (1  2 Xe) m 1 
 2. The band corresponding to v = 0  v = 2; v =  2, with small 

intensity is called first overtone.  
    =   

         = (2 +  ) e  eXe   

    = 2 e (1  3 Xe) m 1 
 3. The band corresponding to to v = 0  v = 3; v =  3, with 

negligible intensity is called second overtone.  
    =   

   = (3 +  ) e  eXe   

    = 3 e (1  4 Xe) m 1 



 

 

Molecular Spectroscopy 

132 

NOTES 

Self-Instructional 
Material 

The spectral lines corresponding to these transitions lie very close to 
e, 2 e and 3 e. The line near e is called the fundamental absorption, 

while those near 2 e and 3 e are called the first and second overtone, 
respectively. 

 
Fig. 4.7: The Vibrational Energy Levels and Some Transitions between them for a 

atomic Molecule undergoing Anharmonic Oscillations 

Check Your Progress 

 4. Levels of a diatomic harmonic oscillator are: 
 (a) finite and equally spaced  
 (b) infinite and equally spaced  
 (c) Finite and unequally spaced  
 (d) infinite and not equally spaced  
 5. The energy levels of a diatomic anharmonic oscillator are: 
 (a) Finite and equally spaced  
 (b) Infinite and equally spaced 
 (c) Finite and unequally spaced 
 (d) Infinite and not equally spaced 
 6. Overtones are observed in the vibrational spectra of diatomic 

molecule when: 
 (a) Anhormonicity is large 
 (b) Anhormonicity is absent  
 (c) Vibration and rotational modes are coupled 
 (d) An alternating electric field is applied 
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4.5  RAMAN EFFECT 

When a strong beam of visible or ultra-violet light illuminates a gas, a 
liquid, or a transparent crystal, a small fraction of light is scattered in all 
possible directions. The spectrum of the scattered light is found to consist 
of lines of the same frequencies as the incident beam (Rayleigh Line), and 
also certain weak lines of changed frequencies. This phenomenon is 

phenomena and occur due to the changes in rotational and vibrational 
energy of the molecule of the scatterer.  

Raman Scattering, first time experimentally given by Indian Scientist 
C.V. Raman in 28th Feb 1928 and NATIONAL 
SCIENCE DAY ime 

Smekal  1924, but he cannot observed the 
experimental evidences of this scattering. Experimentally this Effect first 
time observed and satisfactorily explained by C.V. Raman and for this 
major contribution in scattering he received a Nobel Prize in 1930.   

 

Dr. C.V. Raman 

4.5.1 Introduction     

The Indian physicists Sir Chandrasekhara Venkata Raman in 1928 
observed a new type of scattering known as Raman Scattering. Sir. C.V. 
Raman found that, when a beam of monochromatic light was passed 
through an organic liquid such as benzene, toluene, etc; a scattered light 
contained some additional lines of higher as well as lower frequencies in 
addition to that of the frequency of the incident light. These additional 

Ram  and the spectrum formed by Raman lines 
known as the Raman Spectrum. This effect is also called as Raman 
Effect. 

The Raman lines corresponding to each exciting (Rayleigh) line occur 
symmetrically on both sides of the exciting line. The lines on low 

the high frequency side are called Anti-  lines. The anti-stokes 
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Raman lines are much weaker as compared to the Stokes Raman lines. 
The Stokes Raman lines are numerous and their intensity is higher than 
that anti-stokes Raman lines. 

 

The spectral lines having frequencies less than that of incident light are 
 

Anti-  

The spectral lines having frequencies greater than that of incident light are 
called Anti-  

 

Fig. 4.8: Rotational Raman Spectrum 

Let,  = Frequency of incident light and  = Frequency of scattered 
light. 

  Raman Shift,  =    
 1.     Raman Shift,  
 2. For Anti-    Raman Shift,  ve 

The Raman shift is the characteristic of the scattering substance. 

4.5.2 Experimental Arrangement to Study Raman Spectra 

The basic requirement to photographing Raman spectrum is a proper 
source of light, a Raman tube and a spectrograph. Apparatus shown in the 
following figure (Fig. 4.9) was first time developed by Wood and at 
present it is commonly used to study the Raman effect in liquids. 

Principle 

In the actual technique used by Raman in his experiment, dust free 
benzene liquid (sample) was strongly illuminated by an intense 
monochromatic source of light (mercury light of wavelength 4358 . The 
scattered light was examined after an exposure of 40-50 hours through a 
spectroscope in a direction perpendicular to the incident light. 
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Fig. 4.9: Experimental Arrangement for the Study of Raman Effect 

Apparatus and Procedure 

 1. The apparatus consists of a Raman tube containing the pure 
experimental liquid free from dust and air bubbles. The Raman 
tube is made up of glass tube of about 15 cm long and 2 cm in 
diameter.  One end of the Raman tube is drawn into the shape of a 
horn and blackened from the outside. The other end of the Raman 
tube is closed by an optically plane glass plate through which the 
scattered light emerges. The Raman tube is surrounded by a water 
jacket through which cold water is circulated to prevent 
overheating of the liquid in the Raman tube. 

 

Fig. 4.10: -  

 2. The light from a mercury arc is allowed to pass through a filter to 
obtain a monochromatic beam of light of wavelength 4358 . The 
semi-cylindrical aluminum reflector is used to increase the 
intensity of illumination. 

 3. The scattered light coming out of the window is focused by a lens 
and examined by a spectrograph. The spectrograph must be one 
of high light-gathering power combined with good resolution and 
used to analyse the scattered light. The spectrophotometer may 
also be used as a recorder instead of a spectrograph. 

Results 

-
and a strong unmodified line as shown in Fig. 4.10. 
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Check Your Progress 

 7. The frequency of Stokes line are: 
 (a) Less than Anti-stokes lines 
 (b) Equal to Anti-stokes lines 
 (c) More than Anti-stokes lines 
 8. Intensity of Stokes lines is:  
 (a) More than anti-stokes lines 
 (b) less than anti-stokes lines 
 (c) Equal to anti-stokes lines. 
 9. Raman lines are strongly: 
 (a) Non Polarized 
 (b) polarized 
 10. For Stokes lines the Raman shift is: 
 (a) Positive 
 (b) Negative 
 (c) Zero 
 11. For Anti-stokes lines the Raman shift is: 
 (a) Positive 
 (b) Negative 
 (c) Zero 
 12. Raman shifts falls in the region of 
 (a) far infrared region only 
 (b) near infrared region only 
 (c) far and near infrared region 
 (d) Visible Region 
 13. Raman spectroscopy is applicable for  
 (a) Solids only 
 (b) Liquids only 
 (c) Gases only 
 (d) All above three 

4.6 THE BORN-OPPENHEIMER 
APPROXIMATION 

Each individual molecule of a substance possesses different type of energy 
at a time due to different types of motion i.e., translational motion, 
rotational motion and vibrational motion as well as electronic changes 
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(transitions) within the molecule. These all types of motions are 
independent with each other and contribute to the total energy of the 
molecule. 

According to the Born-Oppenheimer Approximation, the total energy 
of the molecule is equal to the sum of individual energies due to the 
translational, rotational and vibrational motion as well as electronic 
transitions within the molecule. 

 =  +  +  +  (30) 
The above equation represents the Born-Oppenheimer Approximation 

and shows that the translational, rotational, vibrational and electronic 
energies of a molecule are completely independent of each other. 

As the energy due to the translational motion is negligible as 
compared to the other motion, we can neglect the energy term related with 
the translational motion. Therefore, equation (30) can be written as- 

 =  +  +  (31) 
A change in the total energy of a molecule is written as- 

 =  +  +  Joule   (32) 
or in the form of change in wave number, 

 =  +  +  cm 1  (33) 
The approximate orders of magnitude of these changes are: 

 (34) 
From the above equations, it is clear that vibrational change will 

the spectra of electronic transitions. 
The pure rotational spectra are shown only by molecules possessing a 

permanent electric dipole moment and vibrational spectra require a change 
of dipole moment during the motion, but electronic spectra are given by 
all molecules since, changes in the electron distribution in a molecule are 
always accompanied by a dipole moment change. Thus, homonuclear 
molecules which show no rotation or vibration  rotation spectra, do give 
electronic spectra. 

4.7  ELECTRONIC SPECTRA 

Electronic Spectra of molecules is arises due to the transfer of electrons of 
a molecule from lower energy states to higher energy states. The energy of 
electronic spectra is comparatively large as compare to the rotational and 
vibrational spectra and usually found in visible and ultra-violet region. 
Thus, electronic spectra of molecules are arising due to the change in the 
electronic distribution in the molecule and characterized by a discrete set 
of electronic energy states. 
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The pure rotation spectra are shown only by molecules possessing a 
permanent electric dipole moment and vibrational spectra require a change 
of dipole during the motion, but electronic spectra are given by all 
molecules since, changes in the electron distribution in a molecule are 
always accompanied by a dipole change. This means that homonuclear 
molecules, which show no rotation or vibration spectra, do give an 
electronic spectrum and show vibrational and rotational structure in their 
spectra from which rotational constants and bond vibration frequencies 
may be derived. 

According to the Born-Oppenheimer Approximation, the total energy 
E of the molecule in a given quantum state is equal to the sum of 
electronic, translational and rotational energy. 

 =  +  +   (35) 
This equation shows that the rotational, vibrational and electronic 

energies of a molecule are completely independent of each other. 
A change in the total energy of a molecule is written as: 

 =  +  +  Joule  (36) 
or in the form of change in wave number: 

 =  +  +  cm 1  (37) 
The approximate orders of magnitude of these changes are: 

  (38) 
or    1 eV;  0.1 eV;  0.001 eV 

Thus, each electronic energy level may have a number of vibrational 
energy levels, with each vibrational level further having a number of 
rotational energy levels. 

Thus, for a given electronic transition, the spectrum consists of many 
lines arising due to energy changes  and . These 
lines are so close to each other in frequency that the spectrum looks like a 
band. It means that, the vibrational energy changes will produce a course 
structure and rotational changes will produce a fine structure in the spectra 
of electronic transition. 

4.7.1 Vibrational Coarse Structure 

Neglecting rotational components from Born-Oppenheimer 
Approximation (Equation 2), the energy changes accompanying the 
electronic transition are given by: 

 =  +  Joule  (39) 
Following Fig. 4.11 shows the vibrational coarse structure for the 

transition for two values of ; that is from  (lower quantum number) to 
 (higher quantum number). There is no selection rule for  when a 

molecule undergoes an electronic transitions i.e., every transition  
has the same probability. 
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At room temperature, most of the molecules exist in the lowest 
vibrational state  = 0 and so the only those transitions to be observed 
with appreciable intensity are shown in the figure. Such a set of transitions 
is called a band since, under low resolution; each line of the set appears 
broad and diffuse. The lines in a band are crowded at higher frequencies 
which are due to the anharmonic vibrations of the atoms. 

 

Fig. 4.11: The Vibrational Coarse Structure of the Band 

All the molecules exhibit electronic spectra, because a change in 
dipole moment is always accompanied by a change in electronic 
configuration of the molecule. Therefore, homo-nuclear molecules like 

,  and  which do not exhibit either rotational or vibrational 
spectra, do show electronic spectra. Hence with the help of electronic band 
spectra, we can find out the moment of inertia and force constant of homo-
nuclear molecules. 

4.7.2 Franck-Condon Principle 

Franck-Condon principle is used to understand the intensity distribution of 
electronic transitions in vibrational  electronic spectra. 

Franck-Condon principle states that an electronic transition in a 
molecule takes place so rapidly that a vibrating molecule does not change 
its inter-nuclear distance appreciably during the transition.  

According to the Morse curve or function the energy of a diatomic 
molecule varies with inter-nuclear distance, which represents the energy 
when one atom is considered fixed and the other is allowed to oscillate 
between the limits of the curve. 
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Fig. 4.12: Morse Curve and Probability Densities  

Classically, the oscillating atom would spend most of its time on the 
curve at the turning point (near the extremities of curve) of its motion, 
since, it is moving more slowly there. But according to the quantum 
theory for  = 0 the atom is most likely to be found at the centre of its 
motion, i.e., at the equilibrium inter-nuclear distance ( ) which contracts 
with the concept of classical theory. 

For  
steadily approach the extremities. Thus, for high value of vibrational 
quantum number ( ), the quantum and classical pictures are same. 

If a diatomic molecule undergoes a transition into an upper electronic 
state, within its dissociation limit, then we can represent the excited 
(upper) state by a Morse curve similar to that of the ground state. 

When we examine the transitions between two electronic states, there 
are three possibilities as shown in Fig. 4.12. 
 1. In Fig. 4.13 (a), the upper electronic state having the same inter-

nuclear distance as the lower electronic state. Now Franck-
Condon principle suggests that a transition occurs vertically on 
this diagram since, the inter-nuclear distance does not change.  

  If we consider the molecule to be initially in the ground state both 
electronically and vibrationally (  = 0), then the most probable 
transition is that indicated by the vertical line in Fig. 4.13 (a), 
which is the strongest spectral line (0,0) of the  = 0 progression. 

  There is some chance of the transition starting from the ends 
(extremities) of the  = 0 states, and finishing in the  = 1, 2, 3, 

(3, 0) etc. diminishes rapidly in intensity as shown at the foot of 
Fig. 4.13(a) 

 2. In Fig. 4.13(b), the excited electronic state has a slightly greater 
inter-nuclear distance than the ground state. Hence, a vertical 
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transition from  = 0 state will occur into the upper vibrational 
state  = 2. Transitions to lower and higher values of  are less 
probable and hence, intensities diminish on both the sides, as 
shown in Fig. 4.13(b) 

 3. In Fig. 4.13 (c), the upper state separation is drawn as 
considerably greater than the ground state and the vibrational 
level to which transition takes place has a high  value. Further, 
transitions occur to a state where the excited molecule has energy 
in excess of its dissociation energy. For such excited states the 
molecules will dissociate without any vibrations. Hence, the 
transitions are not quantized and a continuum is produced, as 
shown in Fig. 4.13 (c). 

 

Fig. 4.13: Transition between Two Electronic States Showing Three Possibilities 

4.8  FLUORESCENCE AND 
PHOSPHORESCENCE 

When the molecules of a gas are raised to an excited electronic state by 
illuminating the gas with light of a definite frequency, they may revert to 
their initial state with the emission of discrete radiation of frequencies 
smaller than the frequency of the absorbed light. This phenomenon is 

luminescence
immediately after the removal of the exciting radiation called as 

nce. 
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4.8.1 Fluorescence  

Fluorescent emission is followed be electromagnetic absorption. The 
fluorescent emission of radiation is the process taking place after the 
molecule is raised to some high-energy electronic state by absorption of 
radiation. There are two different processes by which such an excited 
molecule can lose its excess energy and return to its ground state. In one, 
the excess energy may be lost as heat by repeated collisions with 
neighboring molecules. No emission of radiation is observed in this 
process which is therefore known as non-radioactive process. On the other 
hand, the excited molecule may return directly to the ground state level 
with emission of the absorbed light of lower frequencies. This process is 
known as fluorescence. The transitions from excited state to ground state 
will occur generally within about  second after excitation. 

4.8.2 Phosphorescence 

Like fluorescence, phosphorescence is also emission of radiation by 
molecules excited as a result of absorption of radiation. It is, however, a 
delayed emission and persists for periods up to seconds after the 
absorption process is ended. It has been explained as resulting from 
transitions that connects electronic states of different multiplicities. 

Initially, at normal temperatures, the molecules of a sample are 
mostly in the lowest vibrational level of the ground state, which for almost 
all diatomic molecules is a singlet state. Upon absorption of radiation they 
are excited to another singlet excited electronic state. Phosphorescence 
arises when a triplet excited state of the molecule exists between the 
singlets excited state and the ground state, and its potential energy curve 
crosses the curve of the excited singlet state. The excited molecule, by 
collisions can undergo radiation less transitions to a lower vibrational 
level that may happen to have about the same energy as one of the levels 
of the crossing triplet state. Then there is a certain probability for the 
molecule to pass on to the triplet state and reaches at lowest level of the 
triplet state. Transitions from this triplet state to the ground singlet state 
are responsible for the phosphorescent emission. Such transitions have 
very long half-lives, and the resulting phosphorescent radiation may be 
emitted seconds or even minutes after the initial absorption. 

If the intermediates (crossing) electronic state is also a singlet state 
then the above process occurs very quickly and leads to fluorescent 
emission. 

Thus, both fluorescence and phosphorescence are the emissions due 
to the returning of the molecules from the excited electronic states, 
attained by absorption, to the ground state; but whereas fluorescence arises 
from transitions between electronic states of the same multiplicity, the 
phosphorescence arises from transitions between states of different 
multiplicities. 
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4.9 ANSWERS TO  YOUR  

 1.  Is inversely proportional to the moment of inertia of the rotor 
 2.  3                                             
 3.  Lines that are equally spaced 
 4.  Infinite and equally spaced 

 5.  Infinite and not equally spaced   

 6.  Anhormonicity is large 

 7.  Less than Anti-stokes lines 
 8. More than anti-stokes lines 
 9. Polarized 
 10 Positiveb 
 11. Zero 
 12. Far and near infrared region 
 13. Gases only 

4.10 SUMMARY 

 1. The rotational spectra for linear diatomic rigid rotator is uniform 
which consists of equidistant lines with constant spacing of 2B. 

 2. The diatomic harmonic oscillator give only single line of spectra 
due to the constant spacing between the vibrational levels. 

 3. The anharmonic oscillator gives fundamental line of vibration 
along with some week lines of vibration due to the non-
uniformity between the vibrational levels. 

 4. Raman spectroscopy is superior to the rotational and vibrational 
spectroscopy due to of its following characteristics: 

  Applicable for all state of matter/molecule. 
  No need to change the source of light as per the change in 

material 
  Simple and cheaper 
 5.  Electronic spectroscopy is complex and applicable to all 

molecules and gives the more quantized form of energy as 
compare to other spectroscopy. 

4.11 KEY TERMS 

  Spectrum: the whole region of electromagnetic spectrum which 
consists of different spectra like IR, UV, Visible spectra etc.  

  Spectra: a specific finite region of electromagnetic spectrum. 
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  Fluorescence: it is quick type of Rayleigh scattering. 
  Phosphorescence: it is delayed type of Rayleigh scattering. 

4.12 SELF-ASSESSMENT QUESTIONS AND 
EXERCISES 

Short Answer Questions 

 1. What are the different kinds of molecular spectra? 
 2. Give the elementary theory of the pure rotational spectra of a 

diatomic molecule. 
 3. Write the selection rule for the pure rotational spectra of a 

diatomic molecule. 
 4. Obtain an expression for rotational energy levels of a diatomic 

molecule and frequency of rotational spectra. Show that in 
rotational spectra the lines are equidistant on the frequency scale. 

 5. Explain why HCl molecule exhibit rotational spectra and H2 
molecule does not show a rotational spectrum. 

 6. Derive an expression for intensities of rotational spectral lines. 
 7. Calculate the rotational energy of a diatomic molecule for J = 0 

.Comment on your result. 
 8. Discuss the pure vibrational spectra of a diatomic molecule. 
 9. Give the theory of rotation vibration spectra of a diatomic 

molecule. 
 10. Identify the molecules amongstthe following which will emit 

vibration spectrum on excitation: H2, HBr, N2, O2, HF and HCl 
 11. What is the difference between zero point energy of a harmonic 

and anharmonic oscillator? 
 12. What are the difference between atomic spectra and molecular 

spectra? 
 13. What is Raman Effect? What are Stokes and anti-Stokes lines in 

Raman Spectrum? 
 14. Describe an experimental arrangement for the study of Raman 

spectra in the laboratory. 
 15. What are the characteristic properties of Raman lines? 

Long Answer Questions 

 1. Obtain an expression for Raman shift for pure rotational Raman 
spectra. Sketch schematically pure rotational Raman spectra. 

 2. Describe briefly the electronic spectra of diatomic molecules. 
 3. State and explain Franck-Condon principle for the intensity 

distribution. 
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 4. The moment of inertia of the CO molecule is 1.46  kg- 
m2. Calculate the energy (in ev), and the angular velocity in the 
lowest rotational energy level of the CO molecule.  

  (h =  Js; 1 ev = 1.60  J). 
 5. The transition J = 3 to J = 4 in HCl molecule is associated with 

radiation of 83.03 cm-1. Use the rigid rotator approximation to 
calculate the moment of inertia and internuclear distance (bond
length) of HCl.  

  (Given: h =  Js, NA = 6.023  mol-1, c = 3.0 
 ms-1) 

 6. The far infra-red spectrum of H1Br79 consists of a series of lines 
spaced 17 cm-1 apart. Find the internuclear distance of H1Br79.  

  (Given: h =  Js, NA = 6.023  mol-1, c = 3.0 
 ms-1) 

 7. The force constant of the bond in CO molecule is 1870 Nm-1. 
Find the energy of the lowest vibrational level. The reduced mass 
of CO molecule is 1.14  kg. (Given: h = Js, 1 
ev = 1.60  J) 

 8. The mean of the internuclear distance for HCl35 in the v = 0 and v 
= 1 levels is 1.293 Å. Calculate the wave-number difference 
between the R(0) and P(1) lines of the fundamental band for 
HCl35. (Given: h =  Js, the reduced mass of the HCl 
molecule is1.61  kg., c = 3. 0  ms-1) 

 9. The spacing of a series of lines in the microwave spectrum of AlH 
is constant at 12.604 cm-1. Calculate the moment of inertia and 
the internuclear distance of the AlH molecule. What are the 
energy of rotation and the rate of rotation when J = 15. (Given: h 
=  Js,  = 0.9718 u, kg., c = 3. 0  ms-1&NA 
= 6.023  mol-1 ) 

 10. The 2885.90 fundamental band of HCl can be shown to fit in the 
empirical equation:  (cm-1) = 2885.90 + 20.577 m  0.3034 m2. 
Calculate the values of Be, B0 and B1. Given:  = 0.3019 cm-1. 

 11. The fundamental band for CO molecule is centered at 2143.3         
cm-1, and the first overtone at 4259.7 cm-1. Calculate , , the 
vibrational frequency and the simple harmonic force constant for 
the molecule. (The reduced mass of CO molecule is 1.14  
kg. Take c = 3. 0  ms-1) 

 12. With exciting line 4358 , a sample gives Stokes line at 4458 . 
Deduce the wavelength of the anti-Stokes line. 

 13. The Raman spectrum of gaseous HBr is produced by means of a 
mercury lamp and a filter which only transmits the mercury lines 
4358.3, 4046.6 and 4077.8 . Raman lines are found at 4513.9, 
4552.7 and 4905.1  Analyze this observation. 
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4.13 SOLVED EXAMPLES 

 1.  The carbon monoxide (CO) molecule has a bond length of 
0.113 nm and masses of the  and  atoms are 1.99 

 kg and 2.66  kg are respectively. 

 (i) Find energy in eV of the CO molecule when it is in the 
lowest rotational state. 

 (ii) Find angular velocity. 

  Solution: The reduced mass of the CO molecule is given by 

    =  =  kg = 1.14  kg 

  We know that, I =  r0
2 = (1.14  kg)  

)2 

  I = 1.46 kg-m2 

  Now the rotational energy level is given by 

    =  J (J +1)  

  For lowest rotational energy level J = 1, 

    =  =  = 7.61  J 

   =  = 4.74  eV 

  The angular velocity is given by  =  

    =  =  = 3.23  rad / sec 

 2. The J = 0 to J = 1 absorption line in carbon monoxide occurs 
at a frequencies 1.153 Hz. Calculate the moment of 
inertia and the intermolecular separation of CO molecule.  
(h =  Js, NA = 6.023  mol 1) 

  Solution: We know that,  

    =  J (J +1) (i) 

  Given that  = 1.153 Hz and J = 0  J + 1 = 1 
   Substituting the values in equation (i), we get: 1.153  = 

 

  I =  =  = 1.46  kg-m2 

   The reduced mass of the CO molecule is given by 

   =  =  
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   =  

   = 1.14  g = 1.14  kg. 
   Therefore, the intermolecular separation (bond length) r is 

   r =  =  = 1.13  m = 1.13 Å. 
 

 3. The force constant of the CO  bond is 187 N/m. Find the 
frequency of vibration of CO molecule. 

  Solution: Mass of  atom = 1.99  kg and 
   Mass of  atom = 2.66  kg  
  The frequency of vibration of CO molecule is given by: 

    =  

  where,  =  is the reduced mass of the molecule. 

    =  =  = 1.14  Hz 

    =  =  = 2.04  Hz. 

 4. Given that the spacing between the vibrational levels of CO 
molecule is 8.45  eV of energy. Find the force constant 
of the molecule. The reduced mass of CO molecule is 1.44 

 kg. (Given: 1 eV = 1.602  J) 

  Solution:  E = 8.45 eV = 8.45  1.602  
J and  = 1.44  kg 

  =  =  = 2.04  Hz. 

  Now, the frequency of vibration of CO molecule is:  =  

  k = 4  = 4 1.44  
= 187 N/m 

 5. The spectrum of HCl shows a very intense absorption at 2886 
cm 1, a weaker one at 5668 cm 1 and very weak at 8347 cm 1. 
Find the equilibrium constant and the anharmonocity 
constant. 

  Solution: For fundamental absorption band,  
   2886 cm 1 =  (1  2 Xe) (I) 
  For first overtone,  5668 cm 1 =  (1  3 Xe) (II) 
  For second overtone,  8347 cm 1 =  (1  4 Xe) (III) 
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  Dividing equation (I) by the equation (II), we get 

   =  

   = 0.0174 
  Substituting this value of in any equation, we get:  = 2990 cm 1 

 6. Calculate the spacing between vibrational energy levels for 
frequency of vibration 2.04  Hz. 

  Solution: we know that, E =  =  2.04            
                                                                                                             
                                                         = 1.35  Joules 

   E =  = 8.44 eV 

 7. The J = 1  0 transition in HCl occurs at 20.68 cm 1. 
Regarding the molecule to be a rigid rotator, calculate the 
wavelength of the transition J = 15  14. 

  Solution: The wave number of the radiation absorbed in a 
rotational transition from J to J +1 is given by:  = 2B (J + 1), 
where, J refers to the lower state. 

  For a transition from J = 0 to J = 1, we have  = 2B 
  1  2B = 20.68 cm 1 10.34 cm 1 

  Again, the wave number of the radiation absorbed in the 
transition J = 15  14 is given by  

    = 2B (J + 1), where J refers to the lower state 
    = 2B (14 + 1) = 20.68 cm 1  15 = 310.2 cm 1 

  The corresponding wavelength is  

    =  = 32   

 8. 
(2n  1) for n  1000 (2n + 1) for n 
negative. Calculate the moment of inertia of the emitter 
molecule of the spectrum. 

  Solution: Given,       = 1000 (2n  1)  
     = 1000, 3000, 5000, ..................... cm 1;  
         for n = 1, 2, 3, ...................... 

  and   =  1000 (2n + 1) 
      = 1000, 3000, 5000, ................ cm 1;  
           for n = 1, 2, 3, .......................... 

  This means that the separation between any two consecutive lines 
is 2000 cm 1; so that 2B = 2000 cm 1 

  B = 1000 cm 1 =  m 1 
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  The moment of inertia of the molecule is therefore,  

   I =  =  

    = 2.8  m2. 
 9. The population of levels greater than v = 0 is appreciably for 

I2 molecules at 300 K. Given that  = 215.0 cm 1,  = 0.61 
cm 1, and that the population of levels greater than v = 3 can 
be neglected, determine the relative population of the first 
four vibrational levels. 

  (Given: h =  Js, k = 1.38  JK 1,  
               c = 3. 0  ms 1) 
  Solution: The relative population of the vth level is 

    =  =  

   where E (v) = (v + ) e  eXe 

    = ;  

    = ; 

    =  

  Now,   =  

                                 = 4.80  m 
  Also, = 215.0 cm 1  1.22 cm 1 = 213.78 cm 1  
                = 21378 m 1 

    =  =  

                  loge  = 1.026 

   = 0.358 =0.36 

  Similarly, we can show that  = 0.13 and  = 0.05 

   N0 : N1 : N2 : N3 = 1 : 0.36 : 0.13 : 0.05 
 10. Find the most populated rotational level for the molecule HCl 

at a temperature of 600 K. The moment of inertia of the 
molecule is 2.71  kg-m2. Given: h =  Js, 
k = 1.38  JK 1. 

  Solution: The value of the quantum number J for the maximum 
populated rotational level for a molecule at a temperature T is 
given by: 

   Jmax =       (i) 
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  where B is the rotational constant for the molecule 

  Now,  B =  Substitute in equation (i), we get 

   Jmax =    , putting the given values 

  Jmax = 1.38  JK 1) (600 K)( 2.71  

kg-m2)   

   =    =    

  = 4.5  0.5 = 4 
  Jmax = 4 
 11.  While exciting line 2536  a Raman line for a sample is 

observed at 2612  Calculate the Raman shift in c . 
 

  Solution:  

     = 39432 c  

  And that of the Raman line is 

    =  = 38285 c  

  Therefore, the Raman shift is  
    =    = 39432 c   38285 c  
      = 1147 c  
 

 12.  The exciting line in an experiment is 5460  and the Stokes 
line is at 5520 . Find the wavelength of the anti-Stoke line. 

  Solution: The Stokes and the anti-Stokes lines have the same 
wave number displacement with respect to the exciting line. The 
wave number of the exciting line is  

     = 18315 c  

  and that of the Stokes line is  =   

                                              = 18116    c  
  Thus, the wave number displacement is  
    =    = 18315 c   18116 c  = 199 c  
  Therefore, the wave number corresponding to the anti-Stokes line 

would be given by 
     = 18315 c  + 199 c  = 5401 . 
 13.  A substance shows a Raman line at 4567  when exciting line 

4358  is used. Deduce the position of Stokes and anti-Stokes 
lines for the same substance when exciting line 4047  is used. 

  Solution: 
4358  is  
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     = 22946 c  

   and that corresponding to the Raman line at 4567  is 

    =  = 21896 c  

  Therefore, the Raman wave number displacement is 
   =    = 22946 c   21896 c  = 1050 c  
  The Raman displacement is the characteristic of the substance, 

whichever is the exciting line. 
  Now, the wave number corresponding to the exciting line 

4047 is 

     = 24710 c  

  Therefore, the wave number for the Stokes and anti-Stokes lines 
is 

   = 24710 c  1050 c  = 25760 c  and 23660 
c  

  The corresponding wavelengths are  

   =  =  = 4226.5  

  and  =  =  = 3882 . 

 14.  For exciting light of 4358 , the Raman spectrum of benzene 
shows Raman lines for  608, 846, 995, 1178, 1599, 3064 
c . At what wavelengths would these Raman lines appear 
if benzene is irradiated with monochromatic light of 5461 . 

  Solution: The Raman displacements  are the same, whichever 
the exciting light. The wave number corresponding to exciting 
light of 5461 is 

     = 18312 c  

  The wave numbers corresponding to the Stokes Raman lines are      = 18312 c   (608, 846, 995, 1178, 1599, 3064 c ) 
  = (17704, 17466, 17317, 17134, 16713, 15248) c  
  The corresponding wavelengths are 5648, 5725, 5775, 5836, 

5983, and 6558 . 
 15.  In an experiment in the study of Raman Effect, using mercury 

 
wavelength 554.3 m was observed. Find the Raman 
shift. (C = /s). 

  Solution: m and  = 5543            
m 

    =  =  = c  1.8312  
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   =  =  = c  1.8041  

   Raman Shift,  =    = c  1.8312   c  
1.8041  

   =  (271)   
  = 813  

4.14 FURTHER READING 

  Physics of Atoms and Molecules  B.H. Bransden and C.J. 
Joachain, Pearson Education, Singapore 2003. 

  Concept of Modern Physics  Arthur Beiser, TATA McGRAW- 
HILL. 

  Atomic Physics  J.B. Rajam. 
  Atomic & Molecular Physics  Rajkumar.   
  Atomic & Molecular Physics  C. Mande, ULP Publication. 
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UNIT 5 NUCLEAR PHYSICS 

Structure 

 5.0 Introduction 
 5.1 Objectives 
 5.2 Basic Properties of Nucleus:  Shape, Size, Mass and Charge of Nucleus 
 5.3 Stability of Nucleus and Binding Energy 
 5.3.1 Mass Defect 
 5.3.2 Packing Fraction   
 5.3.3 Binding Energy 
 5.4 Alpha Particle 
 5.4.1  
 5.4.2  
 5.4.3  
 5.4.4 Geiger-Nuttall Law 
 5.5 Beta ( ) Decay 
 5.5.1 Nature of Beta ( ) Ray Spectra 
 5.5.2 Energy Level and  Decay Schemes 
 5.5.3 Selection Rules for  Decay 
 5.6 Kurie Plot 
 5.7 Nuclear Reaction 
 5.8 Nuclear Reaction Cross-section 
 5.9 Different Types of Nuclear Reactions 
 5.9.1 Nuclear Fission 
 5.9.2 Nuclear Fusion 
 5.9.3 Nuclear Decay 
 5.9.4 Nuclear Transmutation 
 5.10 Compound Nucleus 
 5.11  
 5.12 Summary 
 5.13 Key Terms 
 5.14 Self-Assessment Questions and Exercises 
 5.15 Solved Examples 
 5.16 Further Reading 

5.0 INTRODUCTION 

The beginning of nuclear physics may be traced to the discovery of 
radioactivity in 1896 by Becquerel. He noticed that well-wrapped 
photographic plates were blackened when placed near certain minerals.  In 
1911, Rutherford proposed the existence of the atomic nucleus, the 
confirmation of which is responsible for the formation of nuclear physics. 
The nuclear  physics is dedicated in studying matter at its most fundamental 
level. Later, in 1920, the radii of a few heavy nuclei were measured by 
Chadwick and were found to be of the order of 10 14 m. The experiments 

-particles, obtained from radioactive elements, off such 
heavy elements as copper, silver, and gold, and the measured cross sections 
were found to be different from values expected of the Rutherford formula 
for Coulomb scattering off point charges.   
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Thus, atoms are made up of positively charged nucleus surrounded by 
cloud of electrons. The nucleus is extremely dense and extremely small 
which exhibit 99.9% of mass of atom. The nucleus is ten thousand times 
smaller than atom. The nucleus is a collection of particles called protons, 
which are positively charged, and neutrons, which are electrically neutral. 

5.1 OBJECTIVES 

After reading this unit, you will be able to: 
  understand some basic properties of atomic nuclei, including shape, 

size, mass and charge of nucleus. 
  discuss how the binding energy of a nucleus depends on the 

numbers of protons and neutrons that it contains. 
  understand the key concepts like mass defect, packing fraction and 

stability of nucleus. 
  know the most important ways in which unstable nuclei undergo 

radioactive decay. 
  analyze some important types of nuclear reactions 
  explain what happens in a nuclear fission chain reaction, and how it 

can be controlled. 
  explain the sequence of nuclear reactions that allow the sun and 

stars to shine. 

5.2 BASIC PROPERTIES OF NUCLEUS:  
 SHAPE, SIZE, MASS AND CHARGE OF 
 NUCLEUS 

(i) Nuclear Size 

The size and structure of nuclei can be determined by bombarding them 
with a beam of high-energy electrons and observing how the nuclei deflect 
the incident electrons. The electrons must be energetic enough (at least 200 
MeV) to have de Broglie wavelengths that are smaller than the nuclear 
structures. The nucleus, like the atom, is not a solid object with a well-
defined surface. Although most nuclides are spherical, some are notably 
ellipsoidal. Rutherford scattering experiment showed that mean radius of an 
atomic nucleus is of the order of 10 14 to 10 15. It is also found is that the 
volume of a nucleus is directly proportional to the number of nucleons it 
contains i.e. A.  

If a nuclear radius is r, the corresponding volume is    r3 and so r3 is 
proportional to A. The empirical formula for nucleus is as: 
   r = r0 A1/3 
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where,  A is mass number  and  r0 = 1.3  10 15 m = 1.3 fm (1fm = 10 15 m). 
For example, from this formula the nuclear radius of 6C12 is r 1/3 
= 3 fm and that of 47Ag107 is 6.2 fm. 

The volume of a nucleus, which is proportional to r3, is directly 
proportional to the mass number A and is independent of the separate values 
of Z and N. That is, we can consider most of the nuclei as being a sphere 
with a volume that depends on the number of nucleons, regardless of their 
type. 

(ii) Nuclear mass 

Nuclear mass is generally preferred to be reported in terms of mass defect, 
m, which is mass difference between assumed nuclear mass and actual 

mass of the nucleus. Since, nucleus consists of protons and neutrons, and 
then mass of the nucleus must be:  

Assumed nuclear mass = Zmp + Nmn 
Where, mp and mn are the mass of protons and neutrons respectively. 
However, the real nuclear mass of the nucleus, measured experimentally 
by mass spectrometer is found to be: 

Real Nuclear mass < Zmp + Nmn 
Then the difference between the masses of individual nucleons and real 

nuclear mass is called the mass defect m) and it is given as: 
m  =   Zmp + Nmn  Real Nuclear mass 

(iii) Nuclear Density 

The density of nucleons is very nearly the same in the interiors of all nuclei. 
Let N   be the nuclear density, r be the nuclear radius, mN be the mass of the 
nucleon and A be the mass number then 

                   Nuclear Density, N =  

 But   =   r3 =   (r0 A1/3)3  =    r0
3A 

  N  =  =  

       =  

       = 1.816  1017 kg/m3 
The density of solid iron is about 7000 kg/m3 the iron nucleus is more 

than 1013 times as dense as iron in bulk. Such densities are also found in 
neutron stars, which are similar to gigantic nuclei made almost entirely of 
neutrons. 

(iv)  Nuclear Charge 

The whole of the charge of the nucleus is due to positively charged protons 
contained in it. The charge of protons is 1.6  10 19 C. Since the number of 
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protons in a nucleus is the atomic number Z. Therefore the nuclear charge is 
equal to Ze. 

Check Your Progress 

 1. For the nuclide 14C calculates number of (a)  protons and  
(b)  neutrons 

 2. By what factor must the mass number increase to double the 
radius of the nucleus? 

  (a)  2     (b)        (c)  4     (d)  8 
 3. The three nuclei 12C, 13N, and 14O have the same number of what 

type of particle? 
  (a)  Protons     (b)  Neutrons     (c)  Nucleons 

5.3 STABILITY OF NUCLEUS AND BINDING 
 ENERGY 

5.3.1 Mass Defect 

The nucleons i.e., the protons and the neutrons are present inside the 
nucleus. Therefore, the expected mass of nucleus is equal to the sum of 
masses of the constituent nucleons.  But the actual mass of the nucleus is 
always less than the expected mass. This difference in total mass of the 
nucleons presents in the nucleus and the actual mass of that nucleus is 
called as mass defect. m. 

Since, the number of proton inside the nucleus of  atom is Z and 
number of neutron is (A Z), then Mass defect,  
   m = [ ]  (1) 

where,  and    be the mass of proton and neutron respectively 

M is the actual mass of nucleus. 
It is important to note that the masses of atoms, nuclei, and 

fundamental particles are expressed in some other unit called as Atomic 
Mass Unit (amu). 1 amu is defined as the 1/12

th part of the mass of the one 
carbon atom ( ) 

i.e. 1 amu  =  

                 =  

5.3.2 Packing Fraction 

The packing fraction is defined as mass defect per nucleon in the nucleus. 
If A is atomic mass number i.e., total number of protons and nucleons 

in the nucleus and M is actual mass of the nucleus, then  
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 Packing fraction,  f  =  (2) 

(Assuming that the protons and neutrons in the nucleus are of same 
masses) 

The variation of packing fraction (f) with mass number (A) is shown in 
Fig. 5.1.  

The curve is known as packing fraction curve.  

 

Fig. 5.1: Packing fraction curve 

It is clear that: 
 1. For most of the nuclei (A > 20 and A < 200), the Packing fraction is 

negative. 
 2. For few light elements and heavy nuclei (A < 20 and A > 200), the 

packing fraction is positive. 
 3. For all the nuclei from A > 60 to A < 160, packing fraction is nearly 

proportional to mass number A.  
 4. More the mass defect in formation of the nucleus, more stable is 

the nucleus. 
 5. More negative the packing fraction of the nucleus, more stable is 

the nucleus. 

5.3.3 Binding Energy 

The binding energy of a nucleus is the energy released in the formation of 
nucleus by combining its nucleons or it is that external energy which is 
required to isolate the nucleons from each other. 

Therefore, the binding energy given by 
   EB =  c2  
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The binding energy of the nucleus with atomic number Z and mass 
number A is  
    = [ ] c2 (3) 

where,  is the mass of nucleus,  is the mass of proton and  is the 
mass of neutron.  

Check Your Progress 

 4. If the binding energy per nucleon is large, does this make it 
harder or easier to strip off a nucleon from a nucleus? 

 5. Why a bound system should have less mass than its components. 
Why is this not observed traditionally, say, for a building made 
of bricks? 

5.4 ALPHA PARTICLE 

An alpha particle is a highly energetic helium nucleus consisting of two 
neutrons and two protons.  It is normally emitted from isotopes when the 
neutron to proton ratio is too low called the alpha decay. 

-decay, the mass number of the product nucleus (daughter nucleus) 
is four less than that of the decaying nucleus (parent nucleus), while the 

-decay of a parent nucleus 
A
Z X  results in a daughter nucleus 4

2
A
Z Y 4

2 2
A A
Z N Z NX Y Q  

where, He-4: 4
2 2He . 

Q is the net kinetic energy gained in the process or, if the initial nucleus 
X is at rest, the kinetic energy of the products. 

5.4.1 Particle 

 

   
4
2 2

A A
Z N Z NX Y Q  

This energy is equal to kinetic energy of the fragments. When Q > 0 
energy is released in the nuclear reaction, while for Q < 0 we need to 
provide energy to make the reaction happen. The alpha particle carries away 
most of the kinetic energy (since it is much lighter) and by measuring this 
kinetic energy experimentally it is possible to know the masses of unstable 
nuclides. The Q value can be calculated as:  

   
2Q mc  

   
2( )i fQ m m c  

According to law of conservation of momentum, Pi = 0 and Pf  = PY + P  
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Fig. 5.2: Alpha particle spectra 

 PY = P   and YP P   YQ K K  

   

2 2

2 2
Y

Y

P PQ
m m

 

   

2

[1 ]
2 Y

P mQ
m m

 

   

4[1 ]
( 4)

uQ K
A u

 

where, 1u = 1 amu = 931.4813 MeV 
4 [1 ]AK Q

A
 

This is the required expression for energy of  particle. 

5. Particle Spectra 

The peaks of particles are observed in the Fig. 5.2 from left to right due to 
209Po, 239Pu, 210Po and 241Am. The fact that isotopes such as 239Pu and  
241Am have more than one alpha line indicates that the (daughter) nucleus 
can be in different discrete energy levels. 

5.4.3 Velocity of  

 

   
21

2
K m v
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2Kv
m  

where, m   
 

5.4.4 Geiger-Nuttall Law 

Geiger Nuttall law relates the decay constant of a radioactive isotope with 
the energy of the alpha particles emitted. Alpha particle emitter with large 
disintegration energy has short half-lives. It is given as: 

ln  = +  ln A B R  

where, A and B are the constants. 

and R is range of alpha particle which is given as 
3
2R E  

5.5 BETA ( ) DECAY 

In nuclear physics, beta decay ( -decay) is a type of radioactive decay in 
which a beta fast energetic electron or positron is emitted from an atomic 
nucleus, transforming the original nuclide to an isobar of that nuclide. 

In beta decay, a nucleus spontaneously emits an electron (  decay) or a 
positron ( + decay). A common example of  decay is:   

   1 1
A A
Z N Z NX Y e v  

and that of + decay is 

   1 1
A A
Z N Z NX Y e v  

5.5.1 Nature of Beta ( ) Ray Spectra 

A typical energy spectrum for a beta-emitting nuclide is shown below. The 
maximum energy corresponds to the transition energy. The  spectrum is 
continuous. The shape of the beta energy spectrum varies from nuclide to 
nuclide. The relationship between average energy and transition energy 
depends on the value of the transition energy and the atomic number of the 
nuclide. This was explained by Pauli by postulating the existence of 

assumed to accompany the  decay but could not be detected owing to its 
extremely feeble interaction with nuclear matter.   
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Fig. 5.3:  

The neutrino 

Neutrino are elementary subatomic particle with no electric charge, very 
little mass and 1/2 unit of spin. Neutrinos belong to the family of particles 
called leptons. Neutrinos are subject to the weak force that underlies certain 
processes of radioactive decay. There are three types of neutrino, each 
associated with a charged lepton i.e., the electron e, the muon , and the tau 
 and therefore, given the corresponding names electron-neutrino e, muon-

neutrino , and tau-neutrino . Each type of neutrino also has an antimatter 
component, called an antineutrino; the term neutrino is sometimes used in a 
general sense to refer to both the neutrino and its antiparticle. 

5.5.2 Energy Level and  Decay Schemes 

Beta decay ( -decay) is a type of isobaric transition  in which a beta fast 
energetic electron or positron is emitted from an atomic nucleus, There are  
three types of isobaric transitions of interest which are observed during beta 
decay (1) beta emission, (2) positron emission, and (3) electron capture. In 

 decay, the atomic number Z of the nucleus goes up by 1, while in + 
decay Z goes down by 1. 

 decay 

 The basic nuclear process underlying  decay is the conversion of neutron 
to proton. The basic nuclear process underlying  decay is the conversion 
of neutron to proton is given as: 

      + n p e v  

Fig. 5.4 shows beta emission process. This process shows conversion 
of an internal neutron into a proton, accompanied by the emission from the 
nucleus of an electron. 

N(E) 

E  
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Fig. 5.4 -) emission 
+ decay 

In + decay, transition energy is shared between the positron and a neutrino. 
The nuclear transition resulting in the emission of a positron during the 
conversion of proton into neutron is given below: 

      + p n e v  

In this transition a proton is converted into a neutron as the positron 
particle is formed. Since, a neutron is heavier than a proton, energy is 
required for this conversion. The energy equivalent to the mass difference 
between a neutron and a proton plus the energy equivalent of the positron 
mass is approximately 1.8 MeV.  

 

Fig. 5.5: +) emission 
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Electron Capture 

In an electron capture transition, radiation is not emitted directly from the 
nucleus but results from changes within the electron shells. Electron capture 
creates a vacancy in one shell, which is quickly filled by an electron from a 
higher energy location. As the electron moves down to the K shell, it gives 
off an amount of energy equivalent to the difference in the binding energy 
of the two levels. This energy is emitted from the atom in either 
characteristic x-ray photons or Auger electrons. The electron capture 
process is given as: 

    +   p e n  

 

Fig. 5.6: Electron capture 

When the negative electron enters the nucleus shown in Fig. 5.6, the 
positive charge of one proton is canceled and the proton is converted into a 
neutron. This results in the reduction of the atomic number by one unit. 
Since, the mass number does not change, electron capture is an isobaric 
transition. 

5.5.3 Selection Rules for  Decay 

In  decay some transitions are more likely occur than other. Gamow-Teller 
gave rules for the transitions occur in  decay. He had given Gamow-Teller 
nuclear matrix element.  

   

*
n mx dx

 
Such that the integral not be zero, since the intensity of the radiation is 
proportional to it. Transitions for which this integral is finite are called 
allowed transitions, while those for which it is zero are called forbidden 
transitions.   



 

 

Nuclear Physics 
 

164 

NOTES 

Self-Instructional 
Material 

Gamow-Teller transitions are takes place when emitted electron and 
antineutrino spin are parallel i.e. S = 1.The  decay transition when emitted 
electron and antineutrino spin are anti-parallel for which S = 0 are known as 
Fermi-transitions. The transition with total angular momentum of electron 
and antineutrino pair, L = 0 are termed as allowed transitions.  

The selection rules for allowed Gamow-Teller and Fermi-transitions 
are:  

 J = 0 i f    Fermi-transition 
 J = 0, ±1      i f    Gamow-Teller transitions 

If L > 0, then these types of decay are forbidden 

Check Your Progress 

 6. In radioactive beta decay, does the atomic mass number, A, 
increase or decrease? 

5.6 KURIE PLOT 

It is difficult to determine experimentally the end point of the  decay curve. 
A greater accurate determination of Emax  is given by the Kurie plot.  A 
Kurie plot is also known as a Fermi-Kurie plot which used in studying beta 
decay. The end-point of the Kurie plot used to obtain nuclear masses, 
assuming   the mass of the less-exotic nucleus in the decay. This is known 
as the  end-point method.  

For allowed approximation, the momentum distribution of electron is 
given by: 

   
2

( )( )
( , )e

N pQ T
p F Z p  

 

Fig. 5.7: Kurie plot 
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The graph is plotted between square root of the number of beta 
particles whose momenta (or energy) lie within a certain narrow range, 
divided by the Fermi function and beta-particle energy. 

It is a straight line for allowed transitions and some forbidden 
transitions according to Fermi theory beta-decay. If Fermi-Kurie plot is 
extrapolated it gives end point energy of  decay. The energy-axis (x-axis) 
intercept of a Kurie plot corresponds to the maximum energy imparted to 
the electron or positron (the decay's Q value). With a Kurie plot one can 
find the limit on the effective mass of a neutrino. The graph in Fig. 5.7 
shows the deviation from straight line at the lower energy. This deviation 
may be due to following reasons 
 1. Scattering of  particles inside the nuclei during the radio-active 

decay. 
 2. Forbidden transitions occur during -decay. 
 3. Transition to two or more states of daughter nucleus (Fig. 5.8). 

 

Fig. 5.8  

5.7 NUCLEAR REACTION 

Nuclear reaction is the process in which on bombarding an energetic 
particle (such as neutron, proton, deuteron, -particle or -photon etc.) on a 
target nuclei, another particle is emitted and the nucleus changes into the 
nucleus of some other element.  

a X it changes into 
Y  b This nuclear reaction be expressed as: 

   a + X   Y + b + Q  
where, Q is the energy emitted or absorbed in the nuclear reaction. 

The above nuclear reaction can be expressed symbolically as X (a, b) Y. 
Here X, a, b, Y is the target nucleus, projectile particle, emergent particle 
and product nucleus respectively. If the value of Q is positive, it means that 
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the energy is emitted in the nuclear reaction and if the value of Q is 
negative, the energy is absorbed in the nuclear reaction. 

Pair Production 

The formation or materialization of electron and positron from pulse of 
electromagnetic energy in the vicinity of nucleus called pair production. In 
pair production radiant energy is directly converted to matter. 

 

Fig. 5.9: Pair Production 

The rest mass energy of an electron or positron is 0.51 MeV, hence pair 
production requires a photon energy of at least 1.02 MeV. If excess of 
energy is greater than 1.02 MeV, the nucleus de-excites by emitting e -e+ 
pair directly.  

   
+ -

  

                             +

( )*
                         

Z Z
A A

e e

X X
 

   i.e. + - +e e  

Q-value of Nuclear Reaction 

The Q-value of a nuclear reaction is defined as the total energy released or 
absorbed in the reaction. 

Consider a nuclear reaction: a + X = Y + b 
Let Mx, ma, My and mb be respectively the rest masses of nucleus X, 

projectile a, product nucleus Y and emergent particle b; the principal 
nucleus is stationary; Ea, Ey and Eb are respectively the kinetic energies of 
the projectile a, product nuclei Y and emergent particle b.  

Then by the law of conservation of energy 
   (Ea + mac2) + Mxc2 = (Myc2 + Ey) + (mbc2 + Eb) (1) 

The Q value of nuclear reaction is given by  
   Q = (Ey+ Eb)  Ea (2) 

Photon 

Electron 

Positron 
Nucleus 
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But from equation (1), we get, 
   (Ey+ Eb)  Ea = (Mxc2 + mac2)  (Myc2 + mbc2) 
 Hence, Q = [(Mx+ ma)  (My+ mb)] c2 (3) 

Thus, Q value of reaction is the difference between the kinetic energies 
of the products and that of the incident particles.  
 1. If (Mx + ma) > (My + mb), then Q value is positive and the reaction 

is exothermic or exoergic i.e. energy is released in the reaction. 
 2. If (Mx + ma) < (My + mb), then Q value is negative and the reaction 

is endothermic or endoergic i.e. energy is absorbed in the reaction. 
 3. If Mx + ma) = (My + mb), then Q value is zero. It is a case of elastic 

collision. 

Threshold energy 

The minimum amount of energy that molecules must possess in order to 
make effective collision is called threshold energy. It is given as: 

   ( ) 1 a
a threshold

x

mE Q
m

 

Example: Calculate the threshold energy of the projectiles in a 3H (p, n)3He   
reaction, given, Q = 0.74 MeV.   
Solution:  For the endoergic reaction X (a, b) Y 

   ( ) 0.987 MeVa thresholdE  

   
( )

10.74 1
3a thresholdE  

   ( ) 0.987 MeVa thresholdE  

5.8 NUCLEAR REACTION CROSS-SECTION 

The cross-section is a quantitative measure of the probability with which 
nuclear reactions and other collision processes occur. 

Consider an incident collimated beam of particles impinging upon 
target nuclei in a suitable specimen of material and interacting with them 
through the processes of scattering, absorption and/or reaction, thereby 
becoming attenuated. The attenuation may be in intensity or energy, or both, 
by an amount which can be determined by measurements effected on the 
emergent beam. 

Consider the beam of particles incident on a slab of finite thickness x. 
The majority of the bombarding particles penetrates through empty space of 
the material and only few particles actually interact with target nucleus and 
leads to nuclear reaction. The area around the nucleus facing the incident 
particle within which the incident particles will leads to an interaction with 
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nucleus called as . The nuclear cross section is 
measured in barn. 
   1 barn = 1 b = 10-28 m2 = 100 fm2 

Let dx is a very small section of rectangular slab and A is the area of the 
rectangular section. Suppose N is the number of incident particles and after 
penetrating the distance dx the decrease in number of particles is N-dN. Let 
n is the number density of target nucleus within thickness dx of the slab.  

 Number of target nucleus in dx = n (Adx) 
And total area cross sectional area of nuclei of the slab A1 = n (Adx)  

Where, 2R  (nuclear cross section) 
The nuclear cross section depends upon:  

 (a)   kind of incident particle (i.e., protons, electrons or neutrons)  
 (b)  energy of incident particles, greater the cross section more is the 

rate of reaction and larger the atom greater will be the cross 
section.   Number of interactions Total nuclear cross section

Total number of incident paricles Area cross section of the slab  

   

dN nA dx
N A

 1) 

 Or  1dN
N ndx

 

Thus, nuclear cross section can be calculated as:      dN
I

 2) 

The unit of nuclear cross section is m2. 

where, 1I
ndx

= number of collisions between particle and slab per unit 

time per unit area. 
Since, dN is decrease in number of interacting particle, we place 

negative sign:  

     dN n dx
N  

On integration 

   0 0

N x

N x

dN n dx
N  

 We get 0  n xN N e  3) 

This relation represents, the number of incident particles decays 
exponentially as it penetrates through some material and this exponential 
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decay is depends on nuclear cross section  of the material. From the 
equation, it is clear that greater the nuclear cross section greater is the 
probability of nuclear interaction. 

 

Fig. 5.10: The relationship between cross section and beam intensity 

5.9 DIFFERENT TYPES OF NUCLEAR 
REACTIONS 

Nuclear reactions are classified into four main types: 
 1. Fission 
 2. Fusion 
 3. Nuclear Decay 
 4. Transmutation 

5.9.1 Nuclear Fission 

Nuclear fission is the process in which a heavy nucleus is spitted into the 
two light nuclei nearly of the same size by bombarding it with neutrons. 

 

 

 

 

 

 

 

Fig. 5.11: Fission 

Otto Hahn and Strassmann bombarded Uranium-235 with thermal 
neutrons. It was observed that, nucleus of Uranium-235 splits into at least 
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two nuclei: barium and krypton, with the ejection of 3 neutrons and release 
of large amount of energy. The nuclear fission of U-235 is represented as: 

   92U235 
0n1  56Ba141

36Kr92
0n1 

The products formed during the nuclear fission are called the fission 
fragments. In fission, heavy nucleus is caused to disintegrate either 
spontaneously or by the bombardment of elementary particles on the heavy 
nucleus, into two parts of comparable masses.  

Chain Reaction 

A chain reaction is a self-sustaining process in which the number of 
neutrons goes on multiplying rapidly during the fission till whole of the 
fissionable material is disintegrated. 

A single neutron causing fission in a uranium nucleus produces three 
prompt neutrons. If the three neutrons produced in the reaction disintegrate 
three more 92U235 nuclei, giving 9 more neutrons, which in turn produce 
fission of nine 92U235 nuclei and so on. Thus, a chain reaction would start 
and a tremendous amount of energy will be liberated in a very short time. 
The chain reaction is diagrammatically illustrated in the figure.  

 

Fig. 5.12: Chain Reaction 

The chain reaction will go faster and faster as it is self-accelerating and 
ultimately so fast. 

Types of chain reaction 

The chain reaction is of the following two types: 
(1) Uncontrolled chain reaction and (2) Controlled chain reaction 

 1. Uncontrolled chain reaction: The chain reaction will go faster 
and faster as it is self-accelerating and ultimately the entire 
substance gets fissioned in a very short duration. A tremendous 
amount of energy is released which takes the form of a big 
explosion. This happens in an atom bomb.  

 2. Controlled chain reaction: The fission reaction is so controlled 
with the help of controllers and moderators such that out of the new 
neutrons obtained in each fission reaction, only one neutron is able 
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to fission the other new nuclei. Thus, the rate of fission becomes 
very slow and steady. The energy obtained in it is used up for the 
constructive purposes. Nuclear reactor is based on this principle. 

Check Your Progress 

 7. Should an atomic bomb really be called nuclear bomb? 

5.9.2 Nuclear Fusion 

Nuclear fusion is the process in which the two light nuclei combine to form 
a heavy nucleus.  

In fusion, huge amount of energy is released. In fact, when two lighter 
nuclei combine, the mass of the product nucleus is less than the sum of 
masses of the two combining nuclei. This loss in mass is released in form of 
energy according to the mass-energy equivalence relation: E = mc2. 

For example, when two deuteron nuclei ( ) fuse, 3·3MeV energy is 
released and the nucleus of helium isotope ( e) is formed. This helium 
isotope again get fused with one deuteron nucleus ( ) to form a helium 
nucleus ( e) and 18·3 MeV energy is released in the process.  

The nuclear reactions are - 
          +                e       +                +       3·3 Me V 
 (Deuteron)   (Deuteron)          (Helium       (Neutron) 
        isotope) 
  e              +                     +           +     18·3 MeV 
 (Helium isotope)   (Deuteron)        (Helium)    (Proton) 

Thus, in all, three deuteron nuclei fuse to form a helium nucleus with a 
release of 21·6 MeV energy. The process of nuclear fusion is not possible at 
ordinary temperature and pressure. It occur only at a very high temperature 
(107 K) and high pressure (106 atm). Hydrogen bomb and energy from the 
sun is based on the fusion process. 

Difference between nuclear fission and fusion 

Fission Fusion 

 Heavy nucleus split up into two 
lighter nuclei. 

 Two lighter nuclei are fused 
together to form heavy nucleus. 

 Fission is possible at even room 
temperature. 

 Fusion is possible at very high 
temperature. 

 The links of this process are 
neutrons.  

 The links of this process are 
protons. 

 e.g. Nuclear  reactors, explosive 
bombs etc 

 e.g. Stellar energy, hydrogen 
bomb etc. 
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Check Your Progress 

 8. Where does the energy from the Sun originate? 
 9. Which of the following is correct during fusion of hydrogen into 

helium: 
  (a) Mass is increased      (b) Mass is reduced  
  (c) Energy is absorbed    (d) Energy is released 

5.9.3 Nuclear Decay 

Nuclear decay is a nuclear phenomenon in which an unstable nucleus 
undergoes a decay and spontaneously emits energy in the form of radiation.  
In this process the nucleus changes into the nucleus of one or more other 
elements. These daughter nuclei have a lower mass and are more stable 
(lower in energy) than the parent nucleus. This is referred to as radioactive 
decay. Three types of radioactive decay occur in nature: 

1. -decay in which a helium nucleus 4
2 He is emitted;  

2. -decay in which electrons or positrons (particles with the same mass  
as electrons, but with a charge exactly opposite to that of electron)  
are emitted; 

3. -decay in which high energy (hundreds of keV or more) photons are 
emitted. 

5.9.4 Nuclear Transmutation 

The rearrangement of the constituent nucleons between the colliding pair is 
known as transmutation. A number of possibilities are open.  

Here b a, y x  
  x + a  Y1 + b1 + Q1  Y2 + b2 + Q2 
Example:  + 10B  13C + p 

             26Mg + 14N  27Mg + 13N 
             7Li + p  7Be + n 

5.10 COMPOUND NUCLEUS 

Many nuclear reactions involve two separate stages in comprising the 
formation of a relatively long-lived intermediate nucleus and its subsequent 
decay. In the first stage, an incident particle strikes a target nucleus and 
form a new nucleus, called a compound nucleus, whose atomic and mass 
numbers are the sum of the atomic numbers of the original particles and the 
sum of their mass numbers respectively. This idea was proposed by Bohr in 
1936. 

A compound nucleus has no memory of how it was formed, since its 
nucleons are mixed together regardless of origin and the energy brought into 
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it by the incident particle is shared among all of them. A given compound 
nucleus may therefore be formed in a variety of ways.  

 

Fig. 5.13: Six nuclear reactions whose product is the compound nucleus 14 *

7 N  

Fig. 5.13 shows six reactions whose product is the compound nucleus
14 *

7 N . The asterisk signifies compound nuclei which are always in excited 
state. A given compound nucleus may decay in one or more ways, 
depending on its excitation energy. Thus, 14 *

7 N  with an excitation energy of, 
say, 12 MeV can decay in any of the four ways shown in Fig. 14 *

7 N can also 
simply emit one or more gamma rays whose energies total 12 MeV. 

Bohr s Theory of Compound Nucleus 

Bohr proposed the compound nucleus theory in which a nuclear fission 
takes place in two stages: 
 1. Formation of the compound nucleus 
 2. Decay of the compound nucleus 
 1. Formation of the compound nucleus: 

  When a high energy projectile such as a neutron collides with a 
nucleus, a compound nucleus is formed where in, the neutron is 
absorbed by the initial nucleus. 

 2. Decay of the compound nucleus: 

  As the total energy of the projectile is transferred to the compound 
system, the compound nucleus is thus in an excited state. The 
average increase in energy per nucleon is not enough to free it from 
the nucleus but, there is a large probability for the compound 
nucleus to split into fragments each containing multiple nucleons. 
When this happens, the nuclear fission is completed. 

  It may also be remarked that probability of decay into a specific set 
of products is assumed to be independent of formation of the 
compound nucleus. This is known as the Bohr's independence 
hypothesis. 
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5.11 ANSWERS TO  YOUR  

 1. 6 Protons and 8 Neutrons 
 2. 8 
 3. Neutrons 
 4. Harder 
 5. A bound system should have less mass than its components 

because of energy-mass equivalence (E = mc2). If the energy of a 
system is reduced, the total mass of the system is reduced. If two 
bricks are placed next to one another, the attraction between them 
is purely gravitational, assuming the bricks are electrically neutral. 
The gravitational force between the bricks is relatively small 
(compared to the strong nuclear force), so the mass defect is much 
too small to be observed. If the bricks are glued together with 
cement, the mass defect is likewise small because the electrical 
interactions between the electrons involved in the bonding are still 
relatively small. 

 6. Neither; it remains same. 
 7. Yes. An atomic bomb is a fission bomb, and a fission bomb occurs 

by splitting the nucleus of atom. 
 8. The conversion of mass to energy 
 9. Energy is released 

5.12 SUMMARY 

  Mass defect: This difference in total mass of the nucleons presents 
in the nucleus and the actual mass of that nucleus is called as mass 

m. For the nucleus of  the Mass defect 
is given by 

   m = [ ]  

  Packing Fraction: The packing fraction is the mass defect per 
nucleon in the nucleus. It is given as 

  Packing fraction,  f =  

  Binding Energy: The binding energy of a nucleus is the energy 
released in the formation of nucleus by combining its nucleons or it 
is that external energy which is required to isolate the nucleons 
from each other. The binding energy of the nucleus with atomic 
number Z and mass number A is:  

    = [ ] c2 

   

  4
2 2

A A
Z N Z NX Y Q  
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  The net energy of this reaction is:  

   
4 [1 ]AK Q

A  
   

  : 

   
21

2
K m v

 
   

   

2Kv
m  

  Geiger-Nuttall law 

  Geiger Nuttall law relates the decay constant of a radioactive 
isotope with the energy of the alpha particles emitted. It is given 
as: 

   ln    ln A B R  

   decay: 
   decay is a radioactive decay in which a beta fast energetic 

electron or positron is emitted from an atomic nucleus, 
transforming the original nuclide to an isobar of that nuclide. 

  There are three types of isobaric transitions of interest which are 
observed during beta decay (1) beta emission, (2) positron 
emission, and (3) electron capture.  

   decay :     n p e v  

  + decay:     p n e v  

  Electron Capture:     p e n  

  Selection Rules for  decay: 

  Gamow-Teller gave rules for the transitions occur in  decay. He 
had given nuclear matrix element:  

   

*
n mx dx

 
  Transitions for which this integral is finite are called allowed 

transitions, while those for which it is zero are called forbidden 
transitions.   

  Gamow-Teller transitions are takes place when S = 1 and Fermi-
transitions takes when S = 0. The transition L = 0 are termed as 
allowed transitions.  

  The selection rules for allowed Gamow-Teller and Fermi-
transitions are  
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   J = 0            i f    Fermi-transition 

       J = 0, ±1      i f    Gamow-Teller transitions 

  If L > 0, then these types of decay are forbidden 
  Kurie Plot 

  It is used to determine the end point of the  decay curve. For 
allowed approximation, the momentum distribution of electron is 
given by: 

   
2

( )( )
( , )e

N pQ T
p F Z p    

 
  The graph is plotted between square root of the number of beta 

particles divided by the Fermi function and beta-particle energy. 
  Q-value of Nuclear Reaction 
  The Q-value of a nuclear reaction is defined as the total energy 

released or absorbed in the reaction. 
   a + X = Y + b 
  The Q value can be calculated as: 
   Q = [(Mx+ ma)  (My+ mb)] c2   
  Threshold energy: It is the minimum amount of energy that 

molecules must possess in order to make effective collision. 

   
( ) 1 a

a threshold
x

mE Q
m  

  Nuclear reaction cross section 

  The cross-section is a quantitative measure of the probability with 
which nuclear reactions and other collision processes occur. 

 
 

2

( )
( , )

N p
p F Z p

( )eQ T
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Number of interactions Total nuclear cross section
Total number of incident paricles Area cross section of the slab
 

   dN nA dx
N A

 

   1dN
N ndx

 

5.13 KEY TERMS 

   an alpha particle is a highly energetic helium 
nucleus consisting of two neutrons and two protons  

  Alpha decay: the emission of an alpha particle in which the mass 
number of the daughter nucleus is decreases by while the atomic 
number decreases by two than parent nucleus. 

  Atomic mass: total mass of the protons, neutrons, and electrons in 
a single atom 

  Atomic mass unit: unit used to express the mass of an individual 
nucleus, where 1u = 1.66054 × 10 . 

  Atomic nucleus: tightly packed group of nucleons at the center of 
an atom 

  Atomic number: number of protons in a nucleus 
  Beta ( ) rays: one of the types of rays emitted from the nucleus of 

an atom as beta particles 
  Beta decay: radioactive nuclear decay associated with the emission 

of a beta particle 
  Binding energy (BE): energy needed to break a nucleus into its 

constituent protons and neutrons 
  Binding energy per nucleon (BEN): energy need to remove a 

nucleon from a nucleus 
  Compound nucleus: an intermediate state in a nuclear reaction in 

which the incident particle combines with the target nucleus and its 
energy is shared among all the nucleons of the system. 

  Decay: process by which an individual atomic nucleus of an 
unstable atom loses mass and energy by emitting ionizing particles 

  Fission: splitting of a nucleus  
   one of the types of rays emitted from the nucleus 

of an atom as gamma particles 
  Gamma decay: radioactive nuclear decay associated with the 

emission of gamma radiation 
  Isotopes: nuclei having the same number of protons but different 

numbers of neutrons 
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  Kurie plot: a graphic means of comparing theoretical and 
observed momentum distributions in continuous beta-ray spectra 

  Mass defect: difference between the mass of a nucleus and the 
total mass of its constituent nucleons 

  Mass number: number of nucleons in a nucleus 
  Neutrino: subatomic elementary particle which has no net electric 

charge 
  Nuclear fusion: process of combining lighter nuclei to make 

heavier nuclei 
  Nuclear fusion reactor: nuclear reactor that uses the fusion chain 

to produce energy 
  Nuclear reaction: a process in which the structure and energy 

content of an atomic nucleus is changed by interaction with another 
nucleus or particle 

  Nuclear transmutation: the conversion of one chemical element 
or an isotope into another chemical element 

  Nucleons: protons and neutrons found inside the nucleus of an 
atom 

  Packing Fraction: mass defect per nucleon in the nucleus 
  Q-value of Nuclear Reaction: the amount of energy absorbed or 

released during the nuclear reaction 
  Radioactivity: spontaneous emission of radiation from nuclei 
  Threshold energy: the minimum energy required to evoke the 

sensation 

5.14 SELF-ASSESSMENT QUESTIONS AND 
 EXERCISES 

Short Answer Questions 

 1. Explain the term mass defect and packing fraction. 
 2. What is nuclear reaction? Give example of it. 
 3. Explain the meaning of endothermic and exothermic reaction.  
 4. Explain the positive and negative Q value of reaction. 
 5. What is nuclear fission and fusion? 
 6. Give examples of nuclear fission and fusion. 
 7. Why does a chain reaction occur during a fission reaction? 
 8. Why does the fusion of light nuclei into heavier nuclei release 

energy? 
 9. Write Selection rules for  decay. 
 10. What is Q-value of nuclear reaction? 
 11. Define chain reaction. 
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Long Answer Questions 

 1. What is binding energy? How is it related to the nuclear stability? 
 3. Explain the phenomenon of nuclear fission with example. 
 4. Explain the difference between nuclear fission and nuclear fusion. 
 5. Derive an expression for nuclear cross section ( ). Show that decay 

in number of incident particles on material depends on nuclear 
cross section. 

 6. What is chain reaction? What are its types? Explain in detail. 
 7. What is  decay? Explain different types of  decay with suitable 

examples. 
 8. Give physical significance of Kurie plot in  decay. 
 9. What are the different types of Chain reaction? Explain with 

examples. 
 10. Define nuclear fusion. Give its example. 
 11. Distinguish nuclear fission and fusion. 
 12. What are the necessary conditions for nuclear fusion? 
 13. (a) Find the radius of an iron-56 nucleus. (b) Find its approximate 

density in kg/m3, approximating the mass of 56 Fe to be 56 u 
 14. Calculate the Q-value of the reaction  
  Given: B = 10.0129 amu, Li = 7.0160 amu 
 15. Calculate the Q-value of the reaction:  
  Given:  ,  u 
 16. Alpha particles have a kinetic energy of 4 MeV. What is the           

Q-value of the reaction in the lab system? 
 17. Fission of one atom of U235 releases 200 MeV energy. Calculate the 

amount of energy released by 10 6 kg of Uranium. 

5.15 SOLVED EXAMPLES 

1. Find the Q value of reaction in the laboratory system needed by an 
alpha particle to cause the reaction 14 17O. The masses of 14N, 
4He, 1H, and 17O are respectively 14.00307 u, 4.00260 u, 1.00783 u, and 
16.99913 u. 

Solution: Since the masses are given in atomic mass units, it is easiest to 
proceed by finding the mass difference between reactants and products in 
the same units and then multiplying by: 

931.5 MeV/u. Thus, we have 
Q = (14.00307 u + 4.00260 u  1.00783 u  16.99913 u) (931.5 MeV/u)  
   = 1.20 MeV 
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2. The mass of deuteron which is the nucleus of heavy hydrogen is not 
equal to the sum of the masses of its constituents which are the proton 
and the neutron. Calculate the mass difference and determine energy 
equivalent. Given:  = 1.00728 u;  = 1.00866 u;  = 2.013355 u. 

Solution:  Mass defect   

  =  u 
  = 0.00239 u 
Energy equivalent (binding energy) = 0.00239 × 931.48 
  = 2.226 MeV 

3. Calculate binding energy per nucleon for the deuteron. 

Given: ; ;  

            ;   
Solution:  A deuteron nucleus consists of a proton and a neutron. 

 Mass of proton + mass of neutron = ( ) 

=  
=   
Mass of deuteron =  
Mass Defect   
          

 Binding energy  
 B.E.  

          2.25 MeV. 

 Binding energy per nucleon  = 1.125 MeV. 

4. -particle in Joules and MeV 
from the following data:  

Mass of helium nucleus = 4.002870 a.m.u. 
Mass of protons = 1.007825 a.m.u. 
Mass of neutron = 1.008665 a.m.u. 
1 a.m.u. = 14.92 ×   = 9.31.48 MeV 

Solution: -particle = 2He4 nucleus = 4.002870 a.m.u. 
As it contains two protons and two neutrons, the binding energy 

B.E. =  

        =   4.002870 
        = (2.01565 + 2.01733) = 4.03298  4.002870 
        = 0.03011 a.m.u. 
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        = 44.9  10 13 J 
        = 0.03011 931.48 = 28.047 MeV. 

5. Compute the Energy of 1 u of mass in MeV. 

Solution: 1u of mass = 1.66  10 27 kg , c = 3  108 m/s 
E = mc2 = 1.66  10 27  = 1.66 10 27  9 1016 
    = 14.9  10 11 J 

 1 J = 62.5 1015 MeV 
1 MeV = 1.  10 13 J 

E = 931.5 MeV 
6. The mass of 17  is 34.9800 amu. Calculate the mass defect and 
binding energy per nucleon?  = 1.00728 amu;  = 1.00866 amu 

Solution:  The chlorine atom has 17 protons and 18 neutrons 
   

      = (17×1.007825 + 18 × 1.008665) u  
      = (17.12376 + 18.15597) u 
      = 35.288995 u 

Mass defect =   = 34.9800 u  35.288995 u 
      M = 0.308995 u 

Binding energy = M × 931.5 MeV
                  = 0.308995 × 931.5 MeV = 288.5 MeV 
Number of nucleons = 35 

BE per nucleon =   = 8.22 MeV 

Mass defect = 0.308995 u, BE per nucleon = 8.22 MeV 
        Two isotopes of oxygen having nuclear masses 15.990523 amu and 
17.994768 amu calculate the binding energy per nucleon in the two cases in 
MeV. What do you expect the relative abundance of the two isotopes? 
Solution: Given, mass of proton = 1.007276 amu 

Mass of neutron = 1.008665 amu 
 (i) For isotope 8O16 
  Number of protons = 8 
  Number of neutrons = 8 
  mp = 1.007276 
  mn = 1.008665 
  Binding energy = 8[  
        = 8[1.007276 + 1.008665]  15.990523 
         = 16.127528  15990523
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        = 0.1375005 amu 
        = 0.1375005 × 931 MeV 
  As there are 16 nucleons, binding energy per nucleon 

        =  

        = 7.972 MeV 
 (ii) For isotope 8O18 
  Number of protons = 8 
  Number of neutrons = 10 
  Binding energy = [8mp + 10mn]  17.994768 
       = [8 × 1.007276 + 10 × 1.008665]  17.99476 
       = 8.058208 + 10.086650  17.994768 
       = 0.15009 amu  
       = 0.15009 × 931 MeV  
       = 139.73 MeV. 
  As there are 18 nucleons 

  Binding energy per nucleon   =   

                            = 7.762 MeV 
7. Find the Biding energy per nuclear when (i) two deuterons combine 
to form an alpha particle (ii) two neutrons and protons combine to 
form an alpha particle. 

Solution: 

 1. B.E. for -particle = [2 × M (1H2)  M (2He4)] × 931 MeV 
            = [2 × 2 × 2.013554  4.002604] × 931 
            = 22.8132 MeV 
  B.E./nucleon = 5.703 MeV 
 2. B.E. for -particle = [2 × Mp + 2Mn  M (2He4)] × 931 MeV 
            = [2 × 1.007825 + 2 × 1.008665  4.002604] × 931 
            = 28.28 MeV 
  B.E./Nucleon = 28.28/4 = 7.07 MeV 
Though -particle in both the cases has got the same constituents, yet the 
mass defects are unlike due to the combination of different particles.  
8. Calculate the binding energy per nucleon of helium assuming its 
atomic weight = 4.00260 amu. Assume mass of proton = 1.007895 amu 
and mass of neutron = 1.008665 amu.  

Solution: Mass of 2P + 2N = 2(1.007895 + 1.008665) 
                                     = 4.03312 amu 
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Atomic wt. of helium = 4.00260 amu 
Difference of mass  
          amu 
Since, 1 amu = 931 MeV 

 Binding energy = 0.03052 × 931 
       = 28.414 MeV 

Binding energy per nucleon =  

                       = 7.1035 MeV 
9. Find the amount of energy released when all the nuclei in 1 kg of 
deuterium fuse by the following reaction. 6(1H2) 2(2He4) + 2p + 2n + 
43 MeV 

Solution: -2 kg of deuterium contains 6.023 × 1026 atoms 

1 kg of deuterium contains  atoms 

Therefore, energy released due to 1 kg of deuterium by fusion is given 
by: 

E =  MeV 

E = 2.158 × 1027 MeV 
E = 2.158 × 1027 × 106 × 10 19 J 
E = 3.453 × 1014 J 

10. Calculate the mass of deuterium nucleus if the binding energy per 
nucleon is 1 MeV. 

Solution: In deuterium, there is one proton and one neutron. 

Now, 1 MeV =  amu 

Binding energy of two nucleons = amu 

Mass of deuterium nucleus = mass of proton + mass of neutron  binding 
energy 
 = 1.00758 + 1.00898  0.00215 
 = 2.01441 amu 

 = 2.01441 × 1.66 × 10 27 kg 
 = 3.334 × 10 27 kg 

11. Calculate the binding energy per nucleon of 28Ni64 = 63.9280 amu. 
Mass of hydrogen atom (MH) = 1.007825 amu. Mass of neutron (Mn) = 
1.008665 amu 

Solution: Given, mass of electron = 0.00055 amu 
MH = mass of proton + mass of electron 
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MP = MH  Me = 1.007825  0.000550 
MP = 1.007275 amu 
Mass of 28Ni64 atom = 63.9280 amu 
Mass of 28Ni64 nucleus = 63.9280  28 × (0.00055) 
                 = 63.9280  0.01540 
                 = 63.8126 amu 

  Difference of mass 
m = (28Mp + 36 Mn)  63.8126  
m = 28 × 1.007275 + 36 × 1.008665  63.8126 
m = 64.51564  63.8126 
m = 0.70304 amu 

But, 1 amu = 931 MeV 
Total Binding energy = 0.70304 × 931 
              = 654.53 MeV 
There are 64 nucleons,  

 Binding energy per nucleon =  

                          = 10.227 MeV 

12. Calculate the Q value of the reaction  . 

Solution:   Given that [2M (  
= [2 × 2.0.141  3.01603  1.008665] amu 
= [4.0282  3.01603  1.008665] amu 
= 0.0035 amu 

  1amu = 931.5 MeV 
Q = 0.00354 × 931.5 = 3.26 MeV 

13. What is the minimum energy required to break a 2He4 nucleus into 
free protons and neutrons? The masses of hydrogen atom, a neutron 
and the 2He4 atom in amu are 1.007825, 1.008665 and 4.002603 
respectively.  

Solution: Difference in mass  
m = 2 × 1.007825 + 2 × 1.008665  4.002603 
m = 2.01565 + 2.01730  4.002603 
m = 4.032980  4.002603 = 0.030377 amu 
But 1 amu = 931 MeV 

 Energy required, E = 0.030377 × 931 MeV 
E = 28.28 MeV 
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14. What will be the energy released if two deuterium nuclei fuse into 
an   -article? 

Solution:   Given, MH = 2.014102 amu 
MHe = 4.002603 amu 
1 amu = 931.5 MeV 
Difference in mass = 2MH  MHe 

m = [2 × 2.014102  4.002603] amu 
m   = [4.02204  4.002603] 8 = 0.025601 amu 

But 1 amu = 931.5 MeV 
Energy released E = 0.025601 × 931.5 
E = 23.847 MeV 

15. Calculate the energy in Joules required to break one gram mole of 
 

Solution: Mass of proton = 1.007825 amu 
Mass of neutron = 1.008665 amu 
Mass of helium atom = 4.002603 amu 

 N = 6.06 × 1023 per gram mole 
Difference in mass, m = 2 × 1.007825 + 2 × 1.008665  4.002603 

m = 2.01565 + 2.01733  4.002603 
m = 0.030377 amu 

Since, 1 amu = 931 MeV 
Energy required to break 1 atom of helium  

E1 = 0.030377 × 931 = 28.28 MeV 
Energy required to break 1 gram mole of helium  
E = NE1 
E = 6.06 × 1023 × 28.28 
E = 1.714 × 1025 MeV. 

16. The minimum energy required for the disintegration of the nucleus 
of stable isotope of hydrogen is 2.21 MeV. Calculate the mass of this 
nucleus in amu. Given: Mass of neutron = 1.008665 amu, Mass of 
proton = 1.007276 amu and 1 amu = 931 MeV 

Solution: Stable isotope of hydrogen is deuteron which is the nucleus of 
heavy hydrogen.  

It has one proton and one neutron.  
Mass of proton = 1.007276amu 
Mass of neutron = 1.008665 amu 
Binding energy = 2.21 MeV 
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E =  amu 

E = 0.002374 amu 
Mass of the nucleus = (mp + mn)  E 
            = (1.007276 + 1.008665)  0.002374 
            = 2.013567 amu 

17. Assuming the energy released per fission of U235 is 200 MeV, 
calculate the rate in kg per year at which fission should occur in a 
nuclear reactor in order to operate at a power level of 1 watt. Mass of 
hydrogen atom = 1.67 × 10 27 kg.  

Solution: Since, Power = 1 watt = 1 J/s 
Energy needed in one year, E = 1 × 3600 × 24 × 365 J 
                        E = 3.1536 × 107 J 
Energy release per fission = 200 MeV 
                     = 2 × 108eV 
                     = 2 × 108 × 1.6 × 10 19 J 
                     = 3.2 × 10 11 J 

Number of atoms undergoing fission per year =  

                                                  = 9.855 × 1017 
1 kg of U235 contains 6.023 × 1026 atoms. 

Mass of uranium required,    m =  

                        m = 1.636 × 10 9 kg. 
18. Fission of one atom of U235 releases 200 MeV energy. Calculate the 
amount of energy released by 10 3 kg of Uranium.  
Solution:  Number of atoms in 235 grams of uranium = 6.023 × 1023 

Number of atoms in 235 × 10 3 kg of uranium = 6.023 × 1023 

Number of atoms of 10 3 kg of Uranium =  

Energy produced by fission of one atom = 200 MeV 
Energy produced by 10 3 kg of Uranium  

E =  

   = 5.126 × 1023 MeV 
19. Find the binding energy of deuterium in electron volt.  

Given Mp = 1.00759 amu, Mn = 1.00898 amu, Md = 2.01470 amu,  
1amu = 1.66 × 10 24g . 1eV = 1.6 × 10 12 erg 
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Solution: Deuteron is the heavy isotope of hydrogen which contains one 
proton and neutrons in the nucleus. 

 Mass of one proton + Mass of one neutron 
=1.00759 amu + 1.00898 amu = 2.01657 amu 

 Mass defect  = 2.01657  2.01470 = 0.00187 amu 
We know, 1 amu = 931 MeV 
Energy E = 0.00187 × 931 
               = 1.74 MeV 

20. Energy of 37.7 MeV is needed to break the lithium nucleus (3 Li7). 
Find the B.E. per nucleon of lithium in electron volt. 

Solution: The B.E. per nucleon is given by:  

 MeV (Since, There are 7 particles) 

21. Calculate the B.E. of an alpha particle if its mass is 4.001265 amu 

Solution: Since,   particle is 2He4 
  Mass of two protons = 2 × 1.007277 = 2.014554 a.m.u 

     Mass of two neutrons = 2 × 1.008666 = 2.017332 a.m.u 
Total initial mass of two protons and two neutrons = 4.031886 a.m.u 
Mass of the helium nucleus = 4.001265 amu 

 Mass defect =  a.m.u  
B.E. of  particle = 0030621 × 931 = 28.517 MeV 
B.E. per nucleon = 28.517/4= 7.129 MeV 

22. A neutron breaks into a proton and an electron. Calculate the 
energy produced in this reaction in MeV. 

Given: Mass of an electron = 9 × 10 31 kg = 0.0009 × 10 27 kg,  
Mass of a proton = 1.6725 × 10 27 kg,  
Mass of neutron = 1.6747 × 10 27 kg 

Solution:  Mass defect,  = [mass of neutron  (mass of proton + mass of 
electron)] 

                 = 1.6747 × 10 27  (1.6734 × 10 27 + 9.1 × 10 31) 
                  0.0013 × 10 27 kg 
Energy released E =  
        = 0.0013 × 10 27 × 9 × 1016 = 1.17 × 10 13 J 

        =  0.73 × 106eV = 0.73 MeV 

23. The range of 5 MeV a   
of 10 MeV a  using Geiger-Nuttall law. 
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Solution: , R  3, or R  E3/2 

3 3
2 2

2 2

1 1

5 2 2
10

R E
R E  

2 12 2R R  

2 12 2 2 2 3.8 10.75 cmR R X  

24. The helium isotope 2

6 He is unstable. What kind of decay would you 

expect it to undergo? 

Solution: The most stable helium nucleus is 4

2 He , all of whose neutrons and 
protons are in the lowest possible energy levels Since 6

2 He has four neutrons 
whereas 4

2 He has only two,  the instability of 2

6 He  must be due to an excess 
of neutrons. This suggests that 2

6 He  undergoes negative beta decay to 
become the lithium isotope 6

3 Li  whose neutron/proton ratio is more 
consistent with stability  

6 6
2 3He Li e  
This is in fact, the manner in which 2

6 He decays. 
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