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INTRODUCTION

Discrete mathematics is the study of mathematical structures that are fundamentally

discrete rather than continuous. In contrast to real numbers that have the property

of varying smoothly, the objects studied in discrete mathematics, such as integers,

graphs, and statements in logic, do not vary smoothly but have distinct and

separated values. Discrete mathematics, therefore, excludes topics in continuous

mathematics, such as calculus or Euclidean geometry. Discrete objects can often

be enumerated by integers. More formally, discrete mathematics has been

characterized as the branch of mathematics dealing with countable sets, i.e., finite

sets or sets with the same cardinality as the natural numbers. However, there is no

exact definition of the term ‘Discrete Mathematics’. Indeed, discrete mathematics

is described less by what is included than by what is excluded: continuously varying

quantities and related notions.

Principally, the discrete mathematics includes the fundamental concepts of

sets, relations and functions, mathematical logic, group theory, counting theory,

probability, mathematical induction, and recurrence relations, graph theory, trees

and Boolean algebra. In addition, De Morgan’s laws are also applicable in many

fields of discrete mathematics. In discrete mathematics, countable sets (including

finite sets) are the main focus. The beginning of set theory as a branch of mathematics

is usually marked by Georg Cantor’s work distinguishing between different kinds

of infinite set, motivated by the study of trigonometric series. Set theory studies

sets, which are collections of objects, such as {blue, white, red} or the (infinite)

set of all prime numbers.

Graph theory, the study of graphs and networks, is often considered part of

combinatorics, but has grown large enough and distinct enough, with its own kind

of problems, to be regarded as a subject in its own right. Graphs are one of the

prime objects of study in discrete mathematics. They are among the most ubiquitous

models of both natural and human-made structures. They can model many types

of relations and process dynamics in physical, biological and social systems. In

computer science, they can represent networks of communication, data organization,

computational devices, the flow of computation, etc. In mathematics, they are

useful in geometry and certain parts of topology, for example knot theory. Algebraic

graph theory has close links with group theory.

Several fields of discrete mathematics, particularly theoretical computer

science, graph theory, and combinatorics, are important in addressing the challenging

bioinformatics problems associated with understanding the tree of life. Research

in discrete mathematics increased in the latter half of the twentieth century partly

due to the development of digital computers which operate in discrete steps and

store data in discrete bits. Concepts and notations from discrete mathematics are

useful in studying and describing objects and problems in branches of computer

science, such as computer algorithms, programming languages, cryptography,

automated theorem proving, and software development. Although the main objects

of study in discrete mathematics are discrete objects, analytic methods from

continuous mathematics are often employed as well.
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This book, Discrete Mathematics, is designed to be a comprehensive and

easily accessible book covering the basic concepts ofdiscrete mathematics. It will

help readers to understand the basics of Boolean functions, disjunctive and

conjunctive normal forms, Boole’s expansion theorem, relations, binary relation,

inverse relation, composite relation, equivalence relation, equivalence classes and

its properties, partial order relation, partially ordered sets, totally ordered sets,

Hasse diagram, maximal and minimal element, first and last element, lattices,

bounded lattice, distributive lattice, complemented lattice, graphs, types of graphs,

subgraphs, walk, path, circuit, connected and disconnected graphs, Euler graph,

Hamiltonian path and circuit, Dijkstra’s algorithm for shortest path, trees and its

properties, rooted tree, binary tree, spanning tree, rank and nullity of a graph,

Kruskal’s algorithm, Prim’s algorithm, matrix representation of graphs, incidence

and adjacency matrix, cut-set and its properties, planar graphs and Kuratowski’s

two graphs.

The book is divided into five units that follow the Self-Instruction Mode

(SIM) with each unit beginning with an Introduction to the unit, followed by an

outline of the Objectives. The detailed content is then presented in a simple but

structured manner interspersed with Check Your Progress to test the student’s

understanding of the topic. A Summary along with a list of Key Terms and a set of

Self-Assessment Questions and Exercises is also provided at the end of each unit

for understanding, revision and recapitulation. The topics are logically organized

and explained with related theorems and examples, analysis and formulations to

provide a background for logical thinking and analysis. The examples have been

carefully designed so that the students can gradually build up their knowledge and

understanding.
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UNIT 1 BOOLEAN FUNCTIONS

Structure
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1.8 Summary
1.9 Key Terms
1.10 Self-Assessment Questions and Exercises
1.11 Further Reading

1.0 INTRODUCTION

In mathematics and logic, a ‘Boolean Function’ is a function whose arguments, as
well as the function itself, assume values from a two-element set, which is usually
{0, 1}. Therefore, it is also sometimes referred to as a ‘Switching Function’.

Fundamentally, a Boolean function can be utilized to evaluate any Boolean
output in relation to its Boolean input by logical type of calculations. Such functions
play a basic role in questions of complexity theory as well as the design of circuits
and chips for digital computers. The properties of Boolean functions play a critical
role in cryptography, particularly in the design of symmetric key algorithms. Boolean
functions are often represented by sentences in propositional logic, but more efficient
representations are Binary Decision Diagrams (BDD), negation normal forms,
and Propositional Directed Acyclic Graphs (PDAG). In order to optimize electronic
circuits, Boolean functions can be minimized using the Quine–McCluskey algorithm
or Karnaugh-map (K-map).

A Boolean expression is an expression involving variables each of which
can take on either the value true or the value false. These variables are combined
using Boolean operations, such as AND (conjunction), OR (disjunction), and NOT
(negation). The theorem states that any Boolean function may be written using
only two levels of logic and possible negation of variables termed as literals. In
Boolean logic, a Disjunctive Normal Form (DNF) is a Canonical Normal Form
(CNF) of a logical formula consisting of a disjunction of conjunctions; it can also
be described as an OR of ANDs, a sum of products, or a cluster concept. In
Boolean logic, a formula is in Conjunctive Normal Form (CNF) or clausal normal
form if it is a conjunction of one or more clauses, where a clause is a disjunction of
literals; otherwise it is a product of sums or an AND of ORs.
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In mathematics, a binary relation over sets X and Y is a subset of
the Cartesian product X × Y; that is, it is a set of ordered pairs (x, y) consisting of
elements x in X and y in Y. Typically, a binary relation is the most studied special
case n = 2 of an n-ary relation over sets X

1
, …, X

n
, which is a subset of the

Cartesian product X
1
 × … × X

n
. A function may be defined as a special kind of

binary relation. 

When the elements of some set S have a notion of equivalence (formalized
as an equivalence relation) defined on them, then naturally we can split the
set S into equivalence classes. These equivalence classes are constructed so that
elements a and b belong to the same equivalence class if, and only if, they are
equivalent. An equivalence relation is a binary relation that is reflexive,
symmetric and transitive. The relation ‘is equal to’ is the canonical example of an
equivalence relation, where for any objects a, b, and c,

a = a (Reflexive Property), if a = b then b = a (Symmetric Property) and
if a = b and b = c, then a = c (Transitive Property). As a consequence of the
reflexive, symmetric, and transitive properties, any equivalence relation provides
a partition of the underlying set into disjoint equivalence classes. Two elements of
the given set are equivalent to each other, if and only if they belong to the same
equivalence class.

In this unit, you will study about the Boolean functions, disjunctive and
conjunctive normal forms (canonical and dual canonical), Boole’s expansion
theorem, relations, binary relation, inverse relation, composite relation, equivalence
relation, equivalence classes and its properties, and partition of a set.

1.1 OBJECTIVES

After going through this unit, you will be able to:

� Understand the basic concepts of Boolean function

� Analyse the basic Boolean algebra laws

� Draw Karnaugh-map and simplify Boolean expressions

� Describe the disjunctive and conjunctive normal forms

� Explain the Boole’s expansion theorem

� Discuss about the relations and binary relation

� Elaborate on the properties of binary relations and operations on relations

� Explain about the closures of relation, equivalence relations, equivalence
classes and partitions

� Estimate and approximate the inverse relation and the composite relation

1.2 BOOLEAN FUNCTIONS

Let B be a non-empty set with two binary opertions + (or �) and, (or �), a unary
operation, and two distinct elements 0 and 1. Then B is called a Boolean Algebra
if the following axioms hold where a, b, c are any elements in B.
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(i) a + b =  b + a ; a . b =  b . a (Commutative Laws)

(ii) a + (b . c) = (a + b).(a + c) ; a.(b + c) = (a . b) (a . c) (Distributive Laws)

(iii)a + 0 = a ; a .1 = a (Identity Laws)

(iv)a + a� = 1 ; a . a��= 0 (Complement Laws)

Notes:

1. Boolean algebra is a lattice which contains a least element and a greatest
element and which is both complemented and distributive.

2. We denote the Boolean algebra B by (B, +, ., �, 0, 1). Here we call 0 as the
zero element, 1 as the unit element, and a� is complement of a, + and . are
called sum and product.

For example, Let B = {0,1}, the set of binary digits with the binary operations of
+ and . and the unary operation � are defined by

+ 1 0
1 1 1
0 1 0

. 1 0
1 1 0
0 0 0

� 1 0

0 1

Then B is a Boolean algebra.

For example, Let B = {1, 2, 5, 7, 10, 14, 35, 70}the divisions of 70. Define +,.
and on B by a + b = lcm (a, b),   a .b = gcd (a, b), a�, b�, 1, 70.

Then B is a Boolean algebra with 1, the zero element and 70 the unit element.

For example, Let B be a collection of set closed under the set operation of union,
intersection, and complement. Then B is a Boolean algebra  with the empty set �
as the zero element and the universal set U as the unit element.

Subalgebra: Suppose C is a non-empty subset of a Boolean algebra B. We say
C is a subalgebraof B if C itself is a Boolean algebra with respect to the operations
of B.

Note: Here C is a subalgebra of B if and only if C is closed under the three
operations. +,. and’ of B.

For example, Let C = {1,  2,  3, 35, 70}. Then C is a subalgebra of B = {1, 2, 5,
7, 10, 14, 35, 70}, the divisions of 70.

Isomorphic: Two Boolean algebras B and 
�
B  are said to be isomorphic if f:

B�
�
Bpreserves

(i) f (a + b) = f (a) + f (b)

(ii) f (a. b) = f (a) . f (b)

(iii) f (a�) = f (a))� for any a,b,	B

Duality: The dual of any statement in a Boolean algebra B is the statement obtained
by interchanging the operations + and . , and interchanging their identity elements
0 and 1 in the original statement.
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Example 1.1: Write the dual of the following statements

(i) (0. a) + (b . 1) = b

(ii) (a + 0) + (1 + a�) = 1

(iii)a.(a�+ b) = a.b

Solution:

(i) (1+ a) . (b + 0) = b

(ii) (a + 1) + (0 + a�) = 0

(iii)a + (a�.b) = a + b.

Basic Boolean Algebra Laws

Let a, b, c be any elements in a Boolean algebra B. Then

(i) a + b = b + a ; a . b = b . a (Commutative Law)

(ii) a + (b + c) = (a + b) + c; a . (b . c) = (a . b) .c (Associative Law)

(iii) a. (b + c) = (a . b) + (a . c); a + (b . c) = (a + b) . (a + c) (Distributive
Law)

(iv) a + 0 = 0 + a = a ; a . 1= 1 . a = a (Identity Law)

(v) a + a = 1 ; a . a = 0 (Complement Law)

(vi) a + a = a ; a . a = a (Idempotent Law)

(vii) a + 1 = 1 ; a . 0 = 0 (Null Law)

(viii) a + (a . b) = a ; a . (a + b) = a (Absorption Law)

(ix) (a + b)� = a�.b�; (a + b)� = a� + b�  (De Morgan’s Law)

(x) (a�)� = a (Involution Law)

Note: If a + x = 1 and a . x = 0, therefore x = a�. Therefore, .01and10 
�
�

Atom: A non zero element ‘a’in a Boolean algebra ),,.,( ��B  is called an atom if for
every x	B, x ��a = a or x ��a = 0.

Note: Here the condition x � a = a means that x is a successor of a and
x � a = 0 is true only when x and a are ‘not connected’. So, in any Boolean
algebra, the immediate successors of the 0-element are called atoms.

For example, Let A be any non-empty set and P (A) the power set of A. In
Boolean algebra (p(A), � , ,´) over �, the singleton sets are the atoms since
each element p(A) can be described completely and uniquely as the union of
singleton sets.

For example, Let B = {1, 2, 3, 5, 6, 10, 15, 30} and let the relation � be divides.
The operation � is GCD and � is LCM. The 0-element is 1. Then the set of atoms
of the Boolean algebra is {2,3,5}.

Notes:

1. Let ),,.,( ��B  be any finite Boolean algebra and let A be the set of all atoms.

Then ),,.,( ��B  is isomorphic to ).,,),(( ��Ap
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2. Every finite Boolean algebra ),,.,( ��B  has 2n elements for some positive
integer n.

3. All Boolean algebras of order 2n are isomorphic to each other. Finite Boolean
algebras as n- tuples of s0�  and s1� .

The simplest nontrivial Boolean algebra is the Boolean algebra B = {0,1}, the
set of binary digits with the binary operations of + and . and the unary
operation ́  by

+ 1 0
1 1 1
0 1 0

. 1 0
1 1 0
0 0 0

� 1

1 0
0 1

If we form B2 = B × B, we obtain the set B2 = {(0,0), (0,1), (1,0), (1,1)}.
Define +, and � by

(0,1) + (1,1) = (0 + 1, 1+ 1) = (1,1)

(0,1).(1,1) = (0.1, 1.1) = (0,1)

and (0,1)��= (0�,1�) = (1,0)

Then B2 is a Boolean algebra.

Note: Here B2 is a Boolean algebra of order 4 under component wise opertions.
Since all Boolean algebra of order 4 one isomorphic to each others, this is a
simple way of describing all Boolean algerbras of order 4. In general, any Boolean
algebra of order 2n  are isomorphic to Bn.

Example 1.2: Find the atoms of the Boolean algebra (i) B2 (ii) B4 (iii) Bn for
n �1.

Solution:

(i) (0,1) and (1,0)

(ii) (1,0,0,0), (0,1,0,0), (0,0,1,0) and (0,0,0,1)

(iii)The n-tuples with exactly one 1.

Boolean Expressions

In this section we will develop a procedure for simplifying Boolean expressions.
Let ),,.,( ��B be any Boolean algebra. Let x1,x2...,xn be the variables in B. A Boolean
expression E in these variables use the Boolean operations E1.and E2.

For example, followings are the Boolean expresions in x,y and z.

(i) )()(1 ��������
 yxzxyzyxE

(ii) ))((2 ������
 zyxyzxE

Literal: A literal is a variable or complemented variable or fundamental product.
A fundamental product is a literal or a product of two or more, literals in which no
two literals involve the same variable.

For example, followings are the fundamental products.
x, y�, xyz�, x�yz, xz�
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Followings are not the fundamental products.

xyx�z, xyzy, xyzx�.

Note:Any product of literals can be reduced to either 0 or a fundamental product.
For example, xyx�z = 0 = xyzx�, since xx� = 0 and xyzy = xyz since yy = y.

Contain: A fundamental product p1 is said to contain in another fundamental
product p2 if the literals of p1are also literals of p2.

Sum of Products: A Boolean expression E = E (x1,x2,...,xn) is said to be in a
sum of products form a minterm form if E is a fundamental product or the sum of
the two or more fundamental products none of which is in included in another.

Algorithm for Minterm Form (Transforms E into Sum of Products)

Step 1. Use De Morgan’s laws and involution to move the complement operation
into any  parenthesis.

Step 2. Use the distributive law to transform E into a sum of products.

Step 3. Use the commutative, idempotent, and complement laws to transform
each product in E into 0 or a fundamental product.

Step 4. Use the absorption and identity laws to put E in to a sum of products
form.

Example 1.3: Transform ((a� + c)(b� + c�))� into a sum of products form.

Solution: bccacbcacbca ��
�������
������ )()())()((

A Boolean expression E = E (x1,x2,...,xn) is called the complete sum-of-
products form (or) a minterm normal form (or) full disjunctive normal  formor
minterm form . If E is a fundamental product or the sum of two or more fundamental
products none of which is included in another and each product involves all the n-
variables.

Note: We usually drop the symbol and juxtapose instead. For example, a.(b + c)
= a (b + c) and a + (b * c)   = a + bc, etc.

Algorithm for Finding Complete Sum of Products Forms

Step 1. Use De Morgan’s laws and involution to move the complement operation
into any parenthesis until  the complement operation applies to variables
only. Then E will consist of only form and product of literals.

Step 2. Use the distributive operation next to transform E into a Sum of Products
(SoP).

Step 3. Use the commutative, idempotent and complement laws to transform each
product in E into 0 or a fundamental product.

Step 4. Use the absorption and identity laws to transform E into a sum of products
expression.

Step 5. Find a product p in E which does not involve the variable x
i
and then

multiply  P by ,�� ii xx  deleting any repeated products.

Example 1.4: Express )( ��
 zyxE in its full disjunctive normal form.
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Solution:

Example 1.5:Express E in its complete Sum-of-Products (SoP) of form.

(i) )( zyyxyxxE �����
 (ii) yyxzE ����
 )(

(ii) yxyxE �����
 )( (iv) )( ��
 yzxyE

(v) ).( yxxyxyxE ����


Solution:

(i)

.zy xz y x

zy xzy xz y x

zy xzz y x

zy xy x

xxzy xy x xy xx

zyyxyx x E

����

������

�����


���


������


�����


)(

0
)(

�

(ii)

.zyxz yxyz xzy xz y x xyz 

zyxz yxzy xz y xyz x xyz z yxyz x

zz xx yxx  yz yy z x

y yz z x

yyx z E

��������������

������������������


������������

����

����


)()()()(

)(

(iii)

(iv)

(v)

.zyxzyxzxy xyz

zzyxzz xy 

y x xy 

yxxyx xxy

yxyxy xE

�������

������


��

����

����


)()(

)(
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Example 1.6:Express the following Boolean expressions E, in terms of its minterm
canonical form:

(i) )( zyyxyxxE �����
 (ii) )()( zyzyxE ����


(iii) zyyxE �����
 )( (iv) )()( zxyxyxE �����


(v) )()( ����
 yxyxE (vi) )( ��
 yzxyE

Solution:

(i)

.zyxzy x

zyxzzy x

zyxy x

zyyxxy x E

����

�����


���

����


)(

)(

(ii)

.zyxzxy xyz

yyzxzz xy 

zx xy

zyzyxE

�����

������


��

����


)()(

)()(

(iii)

z.yxzyxzy x

xxz yzzy x

zyy x

zyyxE

�������

�������


���

�����


)()(

)(

(iv)

.zyxzyxz xy

zzyxz xy

yxz xy

zxyxyx

zxyxyxE

��������

������


����

�����


�����


)(

)()(
)()(

(v)

.zyxzyx

zzyx

yx

yxyx

yxyxE

������

����


��

����


����


)(

)(
)()(

(vi)

.zyx

zxyx y

zyx y 

yzx y 

zyx yE

��

�����

����


��

���


)(
))((

))((
)(

Karnaugh-Map Representation of Logical Functions

Introduction

Karnaugh-map is one of the techniques that employs Boolean graphical
representation of logical functions. This technique proves to be very useful in
simplifying Boolean expressions. In this method, the information contained in a
truth table is available in PoS (Product of Sum) or SoP (Sum of Product) form
and represented on Karnaugh-map (K-map). The following Figure. Illustrates K-
map in two, three and four variables.
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Fig. 1.1 Karnaugh Map

In a K-map each block is referred to as a cell.

In a n - variable K-map there are 2n cells. Each cell corresponds to one of the
combinations of ‘n’ variables. As each variable can take 2 possible values, for ‘n’
variables there are 2n combinations. Hence there is a cell designated for each of
the minterms or maxterms of the truth table.

In the above illustration, the variables have been named as ‘A’, ‘B’, ‘C’, and
‘D’ and the binary numbers formed by them are taken as AB, ABC and ABCD for
2, 3, and 4 variables, respectively.

In each map, each of the cells have been assigned values taking into account
all posssible values. It has been assumed that the first bit corresponds to the first
variable and the second bit corresponds to the second variable.

Fig. 1.2 Possible Values in K-Map
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The above process can be reversed by making use of the truth table for the given
K-map.

Simplifying Logical Functions Using K-Map

K-map finds extensive usage in simplifying Boolean expressions purely on the
ease of computation involved. The following list describes the steps involved in
deducing an expression.

1. Draw the skeleton K-map based on the given expression. [A ‘skeleton’
K-map refers to a K-map in n variables without any values filled with
respect to the given expression.]

2. Prepare the truth table of the given Boolean expression.

3. Fill in the cells of the K-map based on the values obtained from the truth
table.

4. Group the adjacent ones in the K-map and cancel out variables that undergo
a change of state.

While grouping the adjacent ones it should be noted that they can be done in
only horizontal or vertical directions and not diagonally.

The grouping of adjacent ones are tabulated for ease of understanding.

Example 1.7: Decipher the truth table for the given K-map.

Solution:

Table 1.1 Grouping of Adjacent Ones

A B C D Y
0 0 0 0 0 0
1 0 0 0 1 0
2 0 0 1 0 0
3 0 0 1 1 1
4 0 1 0 0 0
5 0 1 0 1 1
6 0 1 1 0 0
7 0 1 1 1 0
8 1 0 0 0 0
9 1 0 0 1 1
10 1 0 1 0 0
11 1 0 1 1 0
12 1 1 0 0 1
13 1 1 0 1 0
14 1 1 1 0 0
15 1 1 1 1 1

(i)
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Table 1.2

Decimal Number of Adjacent Cells Cell with 
Decimal 
No. 2 – Variable 3 – Variable 4 – Variable 

0 1,2 1,2,4 1,2,4,8 
1 0,3 0,3,5 0,3,5,9 
2 0,3 0,3,6 0,3,6,10 
3 1,2 1,2,7 1,2,7,11 
4  0,5,6 0,5,6,12 
5  1,4,7 1,4,7,13 

6  2,4,7 2,4,7,14 
7  3,5,6 3,5,6,15 
8   0,9,10,12 

(ii)

Decimal Number of Adjacent Cells Cell with 
Decimal 
No. 2 – Variable 3 – Variable 4 – Variable 

9   1,8,11,13 

10   2,8,11,14 

11   3,9,10,15 

12   4,8,13,14 

13   5,9,12,15 

14   6,10,12,15 

15   7,11,13,14 

(iii)

Note: Grouping of ‘ones’ result in SoP form whereas grouping of ‘zeros’ result in
PoS form.

Grouping of Four Adjacent Ones: In case of a 4 variable K-map, there are 6
possible groupings of 4 variables involving any cell.

Table 1.3

Cell with 

Decimal No. 

Decimal Number of Cells Forming 
Groups of Adjacent Fours 

0 (0,2,6,4) (0,1,2,3) (0,1,4,5) 

1 (1,0,2,3) (1,3,7,5) (1,0,4,5) 

2 (2,0,6,4) (2,3,1,0) (2,3,6,7) 

3 (3,1,7,5) (3,2,1,0) (3,2,6,7) 

4 (4,6,2,0) (4,5,6,7) (4,5,0,1) 

5 (5,1,3,7) (5,4,6,7) (5,4,0,1) 

6 (6,0,2,4) (6,7,4,5) (6,7,2,3) 

7 (7,1,3,5) (7,6,4,5) (7,6,2,3) 
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Grouping of Eight Adjacent Ones: Decimal number of cells forming groups of
adjacent eights in a 4-variables K-map.

0, 4, 12, 8, 1, 5, 13, 9

0, 4, 12, 8, 2, 6, 14, 10

0, 1, 3, 2, 4, 5, 7, 6

0, 1, 3, 2, 8, 9, 11, 10

1, 5, 13, 9, 3, 7, 5, 11

4, 5, 7, 6, 12, 13, 15, 14

12, 13, 15, 14, 8 9 11 10

3, 7, 15, 11, 2, 6, 14, 10

Grouping of Adjacent Zeros: As against the earlier procedure of grouping ones,
the zeros of a K-map can also be grouped. In such cases,Group of two adjacent
zeros result in the literal which is same in the two maxterm to get eliminated.Similar
behaviour can be extended to grouping of 4, 8 or 2n zeros in an n - variable
K-map.

Example 1.8: Minimize the logical function in PoS form.

Solution:

Example 1.9: Minimize the logical expression in SoP (minterm) form (f (A, B, C,
D)  = ��m  (0, 3, 5, 7, 8, 11, 15).
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Solution:

Minimization of Logical Functions not Specified in Minterms/Maxterms

In cases where the given logical expression is not there in standard SoP or PoS
form, we can proceed to resolve using K-map either by converting the given
expression into standard form and then proceeding further or by directy plotting
the K-map. Once the values have been entered, then it can be easily solved using
the earlier mentioned technique.

For example,

1.  f (A, B, C, D) = AB C  D AC ABC B� � �

Table

ACDBDCBAfY

BCBACADCABDCBAf

�


���


),,,(

),,,(

2. )().().(),,,( CBADADCBADCBAf ������


Table
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)()( CBADAY ���


3. f (A, B, C, D) = � � m (2, 3, 8, 9, 10, 14)

Table

)()()( CBADCACBAY ������


4. f (A, B, C, D) = ( ) ( )A C B D C D� � � � �

Table

)()()().().( DCDBAADBDCY ��
��


Note: The term implicant may denote the set of adjacent minterms or the simplified
product term obtained from the minterms of the set.

Prime Implicant: An implicant is called a prime implicant if it is not a subset of
another implicant of the function.

Essential Implicant: A prime implicant which includes a ‘1’ cell that is not included
in any other prime implicant is called an essential prime implicant.

Do Not Care Conditions: Generally, there are certain cases wherein the outputs
of function for certain combination of inputs does not matter.

In such cases, the designer is free to assume a ‘0’ state or ‘1’ state for that
particular combination of input. This is generally represented by an X and is referred
to as a do not care condition.

This condition comes in handy in grouping adjacent zeros and adjacent ones
in a K-map. These may assume the respective values while grouping in both SoP
as well as PoS forms, while completing a 2, 4, or 8 block.
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Drawback of K-Map: The  much easier looking K-map becomes complicated
and tedious while extending the variables size to more than 4. Hence other methods
are preferred over this method when the number of variables are large.

Quine - McCluskey Algorithm

The Karnaugh-map method is applicable to solve a given Boolean function of
upto 4 variables and it is highly difficult to solve functions having more variables
using this method. The reason for this is, as the number of variables are increased,
the number of cells in K-map are also increased by the power of 2.

Quine - McCluskey method is used to solve a Boolean of n - variables. In this
method every minterm and a set of 2k minterms ( k < n), forming a set of adjacent
minterms or the simplified product term, is obtained by minterms of the set.

Quine - McCluskey Minimization Procedure

1. Find the prime implicant of the function.
2. Construct the prime implicant table and find the essential prime implicant ( i.e.

essential  rows) of the function.
3. Include the essential prime implicant in the minimal sum.
4. After all the prime implicants are deleted from the prime implicant table,

determine the dominated rows and columns in the table. Delete them and find
the secondary essential prime applicants.

5. Repeat step 3 and 4 as many times as they are applicable until a minimal cover
of the function is found.
Index number representation of minterm
0000 �  0      0011 �  2        0111 1 �  3        1011 �  3

0001 �  1      0100 �  1        1000 �  1        1100 �  2
0010 �  1      0101 �  2        1010 �  2        1110 10 �  3

Two rows (or columns ) i and j of a prime implicant table which have x’s  in
exactly the same rows (or columns) are said to be equal and written as i = T if
columns i be two columns of a prime implicant table. Column i is said to dominate
the column j, i.e.,  i > j)

If column i has x’s in all the rows in which the column j has x’s then column i
and j are called dominating and dominated columns respectively. Similarly, if rows
i and j are of the prime implicant table, row i is said to  dominate row j. If row i
has x’s in all the columns in which row j has x, then i and j are called dominating
and dominated rows respectively.

All the dominating rows and columns of a prime implicant can be removed to
obtain a minimal sum without affecting the table.

In minimal sum, we include dominating rows and dominated columns and
exclude dominated rows and dominating columns.
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M

Fig. 1.3 Flowchart showing Quine-McCluskey Minimization Procedure

Example 1.10: Consider a function with five variables whose canonical Sum of
Products (SoP) form is

f (x1, x2,....,x5) = � ( 0, 1, 2, 8, 9, 15, 17, 21, 24, 25, 27, 31)

Solution:We have to find out prime and essential prime implicants. We obtain 11
prime implicants, which are designated A, B, ...,K. From the prime implicant table,
columns 2, 15, and 4 are covered by rows J, E, and H ; thus they are essential
prime implicants (indicated by *) which must be selected for inclusion in the minimal
sum. After removing the three essential prime implicants the relations are,

Column Dominance

9 > 8
25 > 24

Row Dominance

A > G
F > D
B > I
B > K

The columns 9 and 25 can be removed. Since all the dominated rows G, D, I
and K have a cost that is not lower than their respective dominating row, they can
also be removed from the table. Therefore columns 24 and 27 are only covered
by rows A and F respectively. Thus they must be included in the minimal sum.

Rows A and F are sometimes referred to as secondary essential prime implicants
(indicated by *). After rows A and F are removed all that minterm 1 has not been
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covered. However it can be covered by row B or row C. Suppose that row B is
selected, the minimal sum of the function is E + H + J + A + F +B.

To obtain all the prime implicants, refer to the Table 1.4 below.

Table 1.4

Index 
Decimal 

Number 

Binary 

Representation of 
each Mintern 

Decimal 

Numbers 
1st Reduction 

Decimal 

Numbers 

2nd 

Reduction 

0 0 00000  0,8,1,9 0 – 00 – C 0,1 

0,2 

0,8 

0000 – K 

000 – 0 J
0 – 000  

1 
1,9,17,25 

8,9,24,25 

– 001  – B 

– 100 – A 

2 

1 

2 

8 

00001  

00010  

01000  
1,9 

1,17 

8,9 

8,24 

0 – 001  

– 0001  
0100 –   

– 1000   

3 

9 

17 

24 

01001  

10001  

11000  

4 
21 

25 

10101  

11001  

9,25 

17,21 

17,25 

24,25 

– 1001   

10 – 01  H 

1–001   L 

11 00 –  G 

25,27 110 – 1  F   
5 

15 

27 

01111  

11011  

 31 11111  

15,31 

27,31 

– 1111  E 

11 –11  D 

Prime - implicant table with essential prime implicants E, H and J indicated by *

Prime Implicant Table (Prime Implicants E, H and J Indicated by *)

Table 1.5

 0 1 2 8 9 15 17 21 24 25 27 31 
A    × ×    × ×   
B  ×   ×  ×   ×   
C × ×  × ×      × × 
D           * * 

*   E        *      × 
F          * *  
G        * *    

*   H       * *     
I  ×     *      

*    J ×  *          
K × ×           

Check Your Progress

1. What are Boolean algebra laws?

2. Define the term subalgebra.

3. What do you mean by duality?

4. Explain the term atom on the basis of Boolean algebra.

5. Define the term literal.

6.  Define the Karnaugh-map representation of logical functions.

7. Give the procedure of Quine-McCluskey minimization.
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1.3 DISJUNCTIVE AND CONJUNCTIVE

NORMAL FORMS

Normal Forms

A statement formula is said to be in the normal form (or canonical form) if

(i) Only the three connections ~, �, � have been used
(ii) Negation has not been used for a group of letters

(iii) Distributive law has been applied.

(iv) Paranthesis has not been used for the same connective (e.g., p� (q � r)
is p � q � r).

Note: In this section we use word ‘product’ in place of ‘conjunction’  and ‘sum’
in place of ‘disjunction’.

Elementary Product and Sum: A product of the variables and their negations in
a formula is called an elementary product and a sum of the variables and their
negations is called an elementary sum. Any part of an elementary product or sum
which is itself an elementary product or sum is called a factor of the elementary
product or sum.

Some examples are,

1. p, ~ p, ~ p � q, ~ q � p � ~ p, p � ~ p are some elementary products of
the two variables p and q.

2. p, ~ p, ~ p � q, ~ q � p � ~ p, p � ~ q are some elementary sums.

3. ~ p, q � ~ q, ~ p � q, ~ p are some of the factors of ~ p � q � ~ q.

Theorem 1.1: A necessary and sufficient condition for an elementary sum to be
tautology (or identically true) is  it contains atleast one pair of factors in which one
is the negation of the other.

Proof: Suppose an elementary sum contains a pair p � ~ p for any variable p.
Since p � ~ p � 1 and 1� p � 1 the sum is a tautology. Conversely, if an
elementary sum is a tautology and does not contain atleast one pair of factors of
type  p� ~ p, we can assign truth values 1 and 0 to variables and negated variables
respectively that appear in the sum. This mean that the elementary sum has the
truth value 0. But it is contrary to our assumption. Hence the proof.

We can prove the following theorems in a similar way.

Theorem 1.2: A necessary and sufficient condition for an elementary product to
be a contradiction (or identically false) is that it contains atleast one pair of factors
in which one is the negation of the other.

Disjunction Normal: A formula which is equivalent to a given formula and which
consists of a sum of elementary products is called a disjunctive normal form of the
given formula.

Conjunctive Normal: A formula which is equivalent to a given formula and which
consists of a product of elementary sums is called a conjunctive normal form of the
given formula.
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Note:The disjunctive normal form or conjunctive normal form of a given formula
is not unique. In fact, we can obtain different disjunctive (or conjunctive) normal
forms for a given formula if the distributive laws are  applied in different ways. For
example, the formula p� (q� r) is in disjunctive normal form. However,

)()()()(
)()()(

rqrpqppp

rpqprqp

��������
������

Example 1.11: Obtain the disjunctive normal form and conjunctive normal forms
of

(i) p � (p � q) (ii) ~ (p � q) �  (p � q)
Solution:Distributive normal form

(i) p � (p � q)� p � (~ p � q)

(ii)

)~()~()~()~()~(~
law)vedistributiby )~)(())~)(()~(~

LawsMorgan'Deby ))~(~)(())(~(~
)~(~)(since))(~)(()()((~

)()(~

qqqppqqpqpqp

qqppqpqpqp

qpqpqpqp

qpqpqpqpqpqpqp

qpqp

������������
���������

��������
�������������

���

Conjunctive normal form

(i) p � (p � q)� p � (~ p � q)

(ii) ~ (p ��q)� (p � q)

)~~()(
)~~(~)~~()(

lawsMorgan'Deby))~(~)~((~)()(
law)vedistributiby ))(~)((~)()(

~since))(~)((~)()((
)()(since))(~)(()()((~

qpqp

qqppqpqp

qpqpqqppqp

qpqpqqppqp

qpqpqpqpqpqp

pqqppqpqpqpqp

����
��������

����������
����������

�����������
������������

Note: A formula is a tautology if every elementary sum appearing in its conjunctive
normal form is identically true or a tautology. For the assumption to be true, every
elementary sum should have atleast two factors, of which one is the negation of
the other.

Example 1.12: Show that the formula q� (p� ~ q) � (~ p� ~ q) is a tautology.

Solution:First we reduce the given formula into a conjunctive normal form.
q � (p � ~ q) � (~ p � ~ q)

Since both the elementary sum is a tautology, the given formula is a tautology.

Minterm: For a given number of variables, the minterm consists of conjunctions
in which each variable or its negation, but not both, appears only once.

For example, for two variables p and q, p � q, p � ~ q, ~ p � q are called
minterms. From the truth table of these minterms, it is clear that no two minterms
are equivalent. Each minterm has the truth value 1 for exactly one combination of
the true values of p and q.
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Table 1.6

p q p � q p � ~ q ~ p � q ~ p � ~ q
0 
0 
1 
1 

0 
1 
0 
1 

0 
0 
0 
1 

0 
0 
1 
0 

0 
1 
0 
0 

1 
0 
0 
0 

Principal Disjunctive Normal: For a given formula, an equivalent formula
consisting of disjunctions of only minterms is known as its principal disjunctive
normal form. It is also known as the sum of products caononical form.

Note: For every truth value 1 in the truth table of the given formula, select the
minterm which also has the value 1 for the same combination of the truth table of
p and q. The disjunction of these minterms will then be the equivalent to the given
formula.

Example 1.13: Obtain the principal disjunctive normal forms of
(i) p� q (ii) p � q (iii) ~ (p � q)

Solution: The truth table for p � q, p � q and ~ (p� q) are given in Table 1.7.

Table 1.7

p q p � q p � q ~ (p � q) 
0 
0 
1 
1 

0 
1 
0 
1 

1 
1 
0 
1 

0 
1 
1 
1 

1 
1 
1 
0 

Using Table 1.7,

)~(~)(~)~()(~

)(~)~()(

)(~)(~)(

qpqpqpqp

qpqpqpqp

qpqpqpqp

�������

�������

�������

Note: If a formula is a tautology, then clearly all the minterms appear in its principal
disjunctive normal form.

The method to obtain the principal disjunctive normal form of a given formula
without constructing its truth table is given below.

1. Replace � and � by �,� and ~.

2. Use De Morgan's Law and Distributive Law.

3. Drop any elementary product which is a contradiction.

4. Introduce the missing factors to obtain minterms.

5. Delete the identical minterms.

Example 1.14: Obtain the principal disjunctive normal forms of

(i) ~ p � q (ii) (p � q) � (~ p � r) ��(q � r)

Solution:

(i)
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(ii) (p � q) � (~ p � r) � (q � r) (three variables)

since

by  Distributive law

(p  q  (r   ~ r ))  (~ p  r   (q  ~ q ))  (q  r   (p  ~ p ))  p  1  p

(p  q  r )  (p  q  ~ r )  (~ p  r   q ) 

 (~ p  r  r   ~ q )  (q  r   p )  (q  r  ~ p ) 

� � � � � � � � � � � � � �

� � � � � � � � �

� � � � � � � � � �

� by(p  q  r )  (p  q  ~ r )  (~ p  r  r )  (~ p  ~ q  r )  p  p  p� � � � � � � � � � � � �

Example 1.15: Show that the following are equivalent formulae:
(i) p � (p � q) � p (ii) p � (~ p � q) � p ��q

Solution:We write the principal disjunctive normal form of each formula and
compare these formulae.

(i) 

)~()(
)()~()(

)())~(()(

qpqp

qpqpqp

qpqqpqpp

����
������

�������

                             (i)

)~()(
)~(

qpqp

qqpp

����
���

(ii)

From Equations (i) and (ii), p� (p� 1)� p

(ii) 
)(~)~()(

)(~))~(()(~
qpqpqp

qpqqpqpp

������
�������

(iii)

)(~)~()(
)~()()~()(

))~(())~((

qpqpqp

qqpqqpqp

ppqqqpqp

������
��������

�������

(iv)
From Equations (iii) and (iv), p � (~ p � q) � p � q

Example 1.16:Obtain the principal disjunctive normal form ofp� ((p � q) �
~ (~ q � ~ p))
Solution:

by Distributive Law

by Distributive Law

by Commutative Law

Maxterm: For a given number of variables, the maxterm consists of disjunctions
in which each variable or its negation, but not both, appears only once.

Note: The maxterms are the duals of minterms. Either from the duality principle or
directly from the truth tables, it can be ascertained that each of the maxterms has
the truth value 0 for exactly one combination of the truth values of the variables.

Principle Conjunctive Normal: For a given formula, an equivalent formula
consisting of conjunctions of the maxterms only is known as its principal conjunctive
normal form. It is also called the Product of sums (SoP) canonical forms.
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Notes:

1. The method for obtaining the principal conjunctive normal  form for a given
formula is similar to the principal disjunctive normal form.

2. If the principal disjunctive normal form of a given formula A containing n
variables is known, then the principal disjunctive normal form of ~ A will
consist of the disjunction of the remaining minterms which do not appear in
the principal disjunctive normal form of A. From A� ~ ~ A, one can
obtain the principal conjunctive normal form of A by repeated applications
of De Morgan's laws to the principal disjunctive normal of ~ A.

Example 1.17: Obtain the principal conjunctive and disjunctive normal of the
formula S given by,

(~ p � r) � (q� p)

Solution:

)~(~)(~)~()~()(

)~(~)(~)~(~)(~)~()(

.0since))~((~))~((~))~((

))(~)((~)(

))()(()(

)()(~

rqprqprqprqprqp

rqprqprpqrpqqrpqrp

pprrqprrpqqqrp

qppqrp

qppqrp

pqrpS

���������������

������������������

��������������

������

������

���


Which is the required principal conjunctive normal form.

Now ~ S� ( p � q �  ~ r) � (~ p � ~ q � r) � (~ p � ~ q � ~ r) (remaining
maxterms) is also a principal conjunctive form of ~ S. So,

by De Morgan’s law

Which is the principal disjunctive normal of S.

Example 1.18: Obtain the principal conjunctive normal forms (or products of
sums of canonical forms) for

(i) (p � q � r) � (~ p � r � q) � (~ p � ~ q ��~ r)

(ii) (p � q) � (~ p � q) � (p � ~ q)

(iii) (p � q) � (~ p � q � r)
Solution:

(i) Let A = (p ��q � r) � (~ p � r � q) � (~ p � ~ q ��~ r)

minterms)(remaining)(~)~~(~
)~~()~()~(~

rqprqp

rqprqprqpA

������
���������

Now,

by De Morgan’s Law.

by De Morgan’s Law
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(ii) Let, 

)()~(~~~~So
minterms)(remaining)~(~~

)~()(~)(

qpqpAA

qpA

qpqpqpA

�����
��

�����


(iii)Let

)(~)~()(

1by )(~)~((

)(~)(

rqprqprqp

pprqprrqp

rqpqpA

���������

���������

����


So ~ A � ( p � ~ q � r) � (p � ~ q � ~ r) � (~ p � ~ q � ~ r) � (~ p � ~
q � ~ r)�����p�� ~ q ����r�

Since A� ~ ~ A,

r)q(p)~()~()(~)(~

)~~(~~)~(~~)~(~~)~~(~)~(~

���������������

���������������

rqprqprqprqp

rqprqprqprqprqpA

Example 1.19: Obtain the principal disjunctive and conjunctive normal forms of
the following formulae.

(i) q � (p � ~ q) (ii) p� (p � (q � p))

(iii) (q � p) � (~ p � q) (iv)p � (~ p� (q � (~ q � p)))

(v) (p ��q) � (~p � r)

Which of the above formulas are tautologies?
Solution:

(i) Let

)~()(~)(

)~()~()(

0since)~())~((

)~(

qpqpqp

qppqpq

ppqpppq

qpqA

������

������

�������

��


This is the principal conjunctive normal form. But ~ A� ( ~ p� ~ q)
So, A � ~ ~ A � ~ (~ p � ~ q) � (p � q)

Which is the principal disjunctive normal form. Clearly A is not a tautology.

(ii) Let

)()~()~(~)(~

)~()()~()~(~)~(

since))~(()~())~((~

))()~(((~

))(~(~

))((

qpqpqpqp

qpqpqpqpqp

pTpqqpqpqqp

ppqpp

pqpp

pqppA

��������

����������

����������

�����

����

���


Which is in principal disjunctive normal form. Since the formula contains all
the minterms, the formula is a tautology. Further the principal conjunctive normal
form does not exist.

(iii)Let

)()~(~)(~)~(
)~()()~(~)(~)(~
0since))~(())~((~)(~

)(~)(~
)(~)(

qpqpqpqp

pqpqqpqppq

ppppqqqppq

qppq

qppqA

��������
����������

����������
����
���
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Which is in principal conjunctive normal form. Since the formula contain all
the maxterms, it is a contradiction. Further, the principal disjunctive normal
form does not exist.

(iv)Let
)()))(((

)))(~((~

rqprqqpp

rqqppA

��������

����


Which is in principal conjunctive normal form.

Now,

)~~(~)~(~)~(~)(~

)~~()~()~(~

rqprqprqprqp

rqprqprqpA

������������

���������

So

)()~()~()~~(

)(~)~(~)~(~

)~~(~~)~(~~

)~(~~)(~~

)~~(~)~(~)~(~~

rqprqprqprqp

rqprqprqp

rqprqp

rqprqp

rqprqprqpAA

������������

���������

������

������

�����������

Which is in principal disjunctive normal form, further the formula is not a
tautology.

(v) Let

)~()()~(~)~(~

)~()()~(

)()~~()~(

0since))~((

))~(())~(~(

))~(())~(~(

)()()~()~(

))(()~)((

)(~)(

rqprqprqprqp

prqprqqrp

qrprpqrpq

pppprq

qqrprrpq

qqrprrpq

rqrppqqp

rqppqp

rpqpA

������������

���������

���������

������

��������

��������

��������

������

���


Which is in principal conjuctive normal form. But

)()~()(~)~(~

)~~(~~)~(~~)~~(~)~(~~~

)~~(~)~(~)~~()~(~

rqp rqprqprqp

rqprqprqprqpAA

rqprqprqprqpA

������������

�������������

������������

Which is in principal disjunctive normal form. Here also A is not tautology.

1.4 BOOLE’S EXPANSION THEOREM

George Boole presented this expansion as his Proposition II, “To expand or
develop a function involving any number of logical symbols”, in his “Laws of
Thought (1854)”, and it was widely applied by Boole and other nineteenth-century
logicians.

Claude Shannon mentioned this expansion, among other Boolean identities,
in a 1948 paper, and showed the switching network interpretations of the identity.
In the literature of computer design and switching theory, the identity is often
incorrectly attributed to Shannon.
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Boole’s expansion theorem is therefore often referred to as the Shannon
expansion or decomposition. It is the identity F = x . F

x
 + x�. F

x�, where F is any
Boolean function, x is a variable, x� is the complement of x and F

x
 and F

x� are F
with the argument x set equal to 1 and to 0, respectively.

The terms F
x
 and F

x� are sometimes called the positive and negative Shannon
cofactors, respectively, of F with respect to x. These are functions, computed by
restrict operator, restrict (F, x, 0) and restrict (F, x, 1). It has been also called
the ‘Fundamental Theorem of Boolean Algebra’.

Statement of the Theorem

The theorem states that,

Variations and Implications

XOR-Form

The statement also holds when the disjunction “+” is replaced by the XOR operator,

Dual Form

There is a dual form of the Shannon expansion (which does not have a related XOR
form):

Repeated application for each argument leads to the Sum of Products (SoP)
canonical form of the Boolean function f. For example for n = 2 that would be,

Likewise, application of the dual form leads to the Product of Sums (PoS)
canonical form (using the Distributivity Law of ‘+’ over ‘����’:

Properties of Cofactors

Linear Properties of Cofactors:For a Boolean function F which is made up of
two Boolean functions G and H the following are true:



Boolean Functions

NOTES

Self - Learning

28 Material

Characteristics of Unate Functions: Following are the characteristics of unate
functions:

Operations with Cofactors

Boolean Difference: The Boolean difference or Boolean derivative of the function
F with respect to the literal x is defined as,

Universal Quantification: The universal quantification of F is defined as,

Existential Quantification: The existential quantification of F is defined as,

Check Your Progress

8. What is normal form?

9. Explain the terms elementary product and sum.

10. What is necessary and sufficient condition for an elementary product to
be a contradiction?

11. Differentiate between disjunction normal and conjunctive normal.

12. When is the formula a tautology?

13. Differentiate between minterm and maxterm.

14. What is principal disjunctive normal?

15. Define the term principal conjunctive normal.

16. Explain the Boole's expansion theorem.

1.5 RELATIONS

A relation is a set of ordered pairs. Basically, any group of numbers is a relation if
these numbers come in pairs. Thus, a ‘relation’ is only a defined relationship between
sets of information. In mathematics, a relation is only a set of ordered pairs. It is a
generalization of arithmetic relations which include ‘=’ and ‘<’. In representation
of set relations, { } symbol is used.

The following are certain examples of set relations:

� {(0,1), (55,22), (3,–50)}

� {(0, 1), (5, 2), (–3, 9)}

� {(–1,7), (1, 7), (33, 7), (32, 7)}
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Let A and B be any two sets. The Cartesian product or product set of A and B is
defined as follows:

A � B = {(a, b) : a 	A; b 	B}

i.e., the set of all ordered pairs (a
i 
, b

j
) for every a

i
	A;  b

j
	B.

For example, A = {1, 2},  B = {a, b, c}

A � B = { (1, a), (2, a), (1, b), (2, b), (1, c), (2, c)}

B � A = { (a, 1), (a, 2), (b, 1), (b, 2), (c, 1), (c, 2)}

Clearly this shows that A � B � B �A.

Note: We can represent the Cartesian product as a rectangular array having n rows and
m columns labelled in order as a1, a2,..., an and b1, b2, ....,bn, respectively.

1.5.1 Binary Relation

A binary relation R from a set A to a set B is a subset R of the Cartesian product
A � B.

For example,

1. Let A = B = N, the set of natural numbers.

(i)Define the relation R as ‘=’

Now, R = { (1, 1), (2, 2), (3, 3),....}�N ��N

�R is a binary relation.

(ii) Define R as ‘<’

Then, R = { (1, 2), (2, 3), (3, 4),..... (1, 3), (2, 4), (3, 5), ....}�N�N

�R is a binary relation.
2. Let A be the set of all people on earth and a, b 	 A, and a R b iff a and b were

born on the same day of the same year.

Domain and the Range of a Relation

Let R be a binary relation. The set D(R) of all elements x such that, for all y, (x,
y)	R is called the domain of R.

i.e., D (R) = { x : (x, y) 	 R, for all y}

Similarly, Rg(R) of all elements y such that, for all x, (x, y)	R is called the
range of R.

i.e., Rg(R) = {y : (x, y)	R, for all x}

Operations on Relations

Let R and S be relations from a set A to a set B. Now the union and intersection of
R and S is defined as follows:

(i) R ��S = { (a, b) : (a, b) 	  R or (a, b)	S}

(ii) R �S = {(a,b) : (a, b) 	R and (a, b)	S}
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Example 1.20: Let X = {1, 2, 3, 4, 5, 6}

Let R and S be relations from X to X as,

R = { (x, y) : (x + y) is a multiple of 2}

S = { (x, y) : (x + y) is a multiple of 3}

Find R ��S and R �S.

Solution: R = {(1, 3), (1, 5)} and  S = {(2, 4), (1, 5)}

R ��S = {(1, 3), (2, 4), (1, 5)}

R �S = {(1, 5)}

Inverse of R: Let R be a relation from a set A to set B. The inverse of R is relation
from B to A and is given by  R–1 = {(y, x): (x, y) 	 R}.

Representation of a Solution

(i) A binary relation R from a set A with n elements to a set B with m elements is
represented as an n � m array M

R
by marking the positions in M

R
. The positions

which correspond to the pairs belong to R with 1 and 0 elsewhere.

1if th element of is related to th element of
i.e., [ ]

0, otherwise.R ij

i A j B
M a

�

 �

�

Example 1.21: Let A = B = X = {1, 2, 3, 4, 5, 6}. Define R as ‘<’ on X.

Solution: R = {(1, 2), (1, 3), (1, 4), (1, 5), (1, 6), (2, 3), (2, 4), (2, 5), (2, 6), (3,
4), (3, 5), (3, 6), (4, 5), (4, 6), (5, 6)}.

 
 
 
 
 
 
 
 

!

"

#
#
#
#
#
#
#
#

$

%




000000

100000

110000

111000

111100

111110

RM

(ii) The relation array can be viewed graphically as elements of sets represented
by models and an ordered pair is represented by an edge between the vertices
that correspond to the paired elements, with an arrow pointing to the second
element of the pair.

Example 1.22: Let A = {1, 2, 3, 4}, B = {1, 4, 9, 16} and the relation
R = {(1, 1), (2, 4), (3, 9), (4, 16)}.  Draw the relation graph.

Solution: First we shall write the relation matrix M
R
:

 
 
 
 

!

"

#
#
#
#

$

%




1000

0100

0010

0001

RM
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Now we shall draw the relation graph G
R
:

Example 1.23: Let A = {a, b, c, d}, B = {a, e, f, d}and let R = {(a, e), (a, f),
(b, e), (c, f), (b, d), (d, d), (d, a)}. Draw the relation graph.

Solution: First we shall write the relation matrix M
R
:

 
 
 
 

!

"

#
#
#
#

$

%




1001

0100

1010

0110

RM

The relation graph G
R
is given as follows:

Composition of Two Relations

Let R be a binary relation from the set A to the set B and S be a binary relation
from the set B to the set C, then the ordered pair (R, S) is said to be composable.
If (R, S) is a composable pair of binary relations, the composite R O S and R and
S, is a binary relation from the set A to the set C, such that , for a 	 A and c 	 C,

a (R O S)c if for some b 	 B, both aRb and bSc are binary relations.

Example 1.24: A = {1, 2, 3, 4}, B = {1, 3, 9, 10}  C = {5, 6, 7, 8}, R = {(1, 1),
(1, 3), (2, 9), (2, 10), (3, 3), (4, 10)}  S = {(1, 5), (3, 7), (9, 7), (10, 8)}. Find
R O S and its relation graph.

Solution:

R O S = {(1, 5), (1, 7), (2, 7), (2, 8), (3, 7), (4, 8)}
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The corresponding matrix is as follows:

 
 
 
 

!

"

#
#
#
#

$

%




1000

0100

1100

0101

SRM
�

and the corresponding relation graph G
R � S

 is as follows:

1.5.2 Properties of Binary Relations

In mathematics, a binary relation is defined as a relation on a set A which is a
collection of ordered pairs of elements of A. It can also be defined as a subset of
the Cartesian product A2 = A × A. Basically, a binary relation between two sets A
and B is a subset of A × B. The term 2-place relation is synonym for binary relations.
A binary relation is the exceptional case n = 2 of an n-ary relation R� A

1
 × … × A

n

which is a set of n-tuples where the jth component of each
n-tuple is taken from the jth domain A

j
 of the relation. In certain specific systems

of axiomatic set theory, relations can be extended to classes which are generalized
from sets. In set theory, this extension is required to model the concepts of ‘is an
element of’ or ‘is a subset of’. The following are the properties of binary relations:

Let R be a relation on a set A (i.e., R� A × A).  R is called:

(i) Reflexive: If aRa, a	A.

(ii) Symmetric: If aRb then bRa a, b	A.

(iii) Transitive: If aRb and bRc then aRc a,b, c	A.

(iv) Irreflexive: If a /Ra, and a	A.

(v) Antisymmetric: If aRb then b /Ra, and a = b for a, b	A.

(vi) Connected: A relation R in A is connected iff for every two distinct elements
x and y in A, <x,y> 	 R or <y,x> 	 R or both.

Based on these properties, other combinations can be defined using certain
classes of relations such as equivalence, tolerance or ordering.

���� Equivalence: A relation R on a set A is called an equivalence relation
if R is reflexive, symmetric and transitive. Examples of equivalence
relations are a set of parallel lines in a plane.

���� Tolerance: A relation R in A × A is called a tolerance or a tolerance
relation if it is reflexive and symmetric. Tolerance is weaker than
equivalence. The notion of tolerance relation is an explication of similarity
or closeness.

���� Ordering: An ordering is a binary relation which is basically transitive
and further it can either be reflexive and antisymmetric or irreflexive and
asymmetric.
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1.5.3 Closures of Relation

Let R be any relation on a set A. R may be or may not be symmetric, reflexive and
transitive. Let S be any other relation on A such that S contains R, and S is a subset
of every relation containing R. Then S is called closure of R.

Reflexive Closure

Let R be a relation on a set X. The reflexive closure S of R is obtained by adding
to R all pairs of the form (a,a) which are not in R, a	A. Now S is reflexive,
contains R and is in any reflexive relation containing R.

Example 1.25: R = {(a, a), (a, b), (b, a), (c, b)} on the set A = {a, b, c}. Find
the reflexive closure of R.

Solution: By inspection, we can see that (b, b), (c, c) are not in R.

� S = {(a, a), (a, b), (b, a), (c, b), (b, b), (c, c)}

Then, S is the reflexive closure of R.
Note: To obtain a reflexive closure of a relation R, just add the diagonal relation elements
to R, i.e., Let D = {(a,c) / a	A}, the diagonal relation S is the reflexive closure of R,
then S = R ��D.

Symmetric Closure

Let R be a relation on set A. The symmetric closure S of R is obtained by adding
to R all pairs of the form (b, a), if (a, b)	R and (b, a)�&R.

In other words, symmetric closure of R can be obtained as S = R�R–1

Example 1.26: Let R = {(a, a), (a, b), (b, b), (c, c), (c, b)} on {a, b, c}. Find
the symmetric closure of R.

Solution: Clearly R is not symmetric.

Now S = R�R–1  = {(a, a), (a, b), (b, b), (c, a), (c, b), (b, a), (a, c), (b, c)}

Clearly S is symmetric and it contains R and is in any symmetric relation
containing R.

Connectivity Relation

Let R be a relation on set A. The connectivity relation R* consists of the pairs (a,b)
such that there is a path between a and b in R.

i.e., n

n
RR

'




( �

1

Result: The transitive closure of a relation R equals the connectivity relation R*.
Let R be a relation on a set A.

Claim: R* is the transitive closure of R. To prove that,

(i) R* is transitive and
(ii) S is a transitive relation on A with R� S. Then R*� S.

By definition, i

i
RR

'




( �

1

� R* contains R.



Boolean Functions

NOTES

Self - Learning

34 Material

(i) If (a,b)	R* and (b,c)	R*, then there are paths from a to b and from b to
c in R. Thus, we obtain a path from a to c by starting with the path a to b
and following it with the path b to c.

� (b,c)	R*.

i.e., R* is transitive.

(ii) Let S be a transitive relation containing R.

Since S is transitive, Sn is transitive.

Further Sn � S. Since, ,
1

i

i
SS

'




( �
 and Si� S, S*� S.

Since any path in R is also a path in S, R*� S*, if R� S.

Now we have, R*� S* and S*� S.

����������) R*� S*

i.e., any transitive relation that contains R must also contain R*.

�R* is the transitive closure of R.
Transitive Closure

Let M
R
be the relation matrix of a relation R on the set A of n elements. Then the

transitive closure matrix M
R* is given by:

n

Example 1.27:

(i) Find the transitive closure of a relation R on the set {a,b,c}, whose relation
matrix M

R
 is given as follows:

 
 
 

!

"

#
#
#

$

%




111

011

101

RM

Solution: Let R* be the transitive closure of R. The relation matrix M
R* of R

* is as
follows:

M
R*
 = M

R
 M

R2
 M

R3

Now,

R
M

(ii) Find the transitive closure matrix of the relation R whose relation matrix is as
follows:

 
 
 

!

"

#
#
#

$

%




011

010

101

RM
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Solution: Let R* be the transitive closure of R and M
R
* be the corresponding

relation matrix.

We have M
R*
 = M

R
 M

R2
 M

R3

R
M

Note: The transitive closure can be obtained by the following algorithm:

Transitive closure (M
R
; 0 –1  n���n matrix)

A*M
R

B* A

for i* 2 to n

begin

A * A . M
R

B* B A

end (B is the required matrix R*)

1.5.4 Equivalence Relations

A relation R on a set A is called an equivalence relation if R is reflexive, symmetric
and transitive.

Example 1.28:  Let N be the set of natural numbers. Define R on N as,

R = {(x,y) : x + y is even, x, y	N}
Solution: Let x	N.  Now x + x = 2x.

  Clearly 2x is even. Therefore R is reflexive. Let x, y	N and x + y is even.
  Clearly y + x is also even and hence R is symmetric.

   Now, if x + y is even and y + z is even then we have to prove that x + z
is even.

   Since, x + y and y + z are even, both (x + y) and (y + z) are divisible by 2.

� (x + y) + (y + z) is also divisible by 2, i.e., x + (y + y) + z is divisible by 2.

� (x + z) is divisible by 2.

Hence, R is transitive. So, R is an equivalence relation.

Note: From the relation graph or relation matrix, the kind of relation can be identified.



Boolean Functions

NOTES

Self - Learning

36 Material

Example 1.29: The relation R on a set is represented by the following:

 
 
 

!

"

#
#
#

$

%




110

111

011

RM

Is R reflexive, symmetric or antisymmetric?

Solution: In the matrix M
R
, the diagonal elements are 1. Therefore, R is reflexive.

Since the matrix M
R
is symmetric, the relation R is also symmetric.

Example 1.30: The relation R and R1 on a set is represented by the following:

(i) M
R
= (ii) M

R1
= 

 
 
!

"

#
#
$

%

111
101
111

Are the relations R and R
1 
reflexive, symmetric, antisymmetric, and/or

transitive ?

Solution:

(i) Since, the matrix M
R
is symmetric and its diagonal entries are 1. The relation

R is symmetric and reflexive. Since R is not antisymmetric, R is transitive.
(ii) The relation R1 is not reflexive.

R1 is symmetric.

�  M
R1
is symmetric

and  R1 is transitive.

Example 1.31: Draw the relation graph for the following relations:

(i) R = {(1, 1), (1, 3), (2, 1), (2, 3), (2, 4), (3, 1), (3, 2), (4, 1)}on the set
X = {1, 2, 3, 4}.

(ii) R1 = {(1, 1), (1, 2), (1, 3), (2, 2), (2, 3), (3, 3)}on the set Y= {1, 2, 3}.

Solution:

(i) The relation graph G
R
 of R is drawn as:

The vertices of G
R
 are 1, 2, 3, 4.

(ii) The relation graph G
R1
of R1 is drawn as:
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Example 1.32: Let R be the relation represented by:

 
 
 

!

"

#
#
#

$

%




101

011

110

RM

Find the relation matrices representing (i) R –1 (ii) Rc (iii) R2.

Solution:

(i) To get the inverse relation matrix 
R

M  of a relation matrix (M
R
) just write

the transpose of M
R
.

�
R

M

(ii) To find the complement relation matrix, replace 0 by 1 and 1 by 0 in the given
relation matrix.

�
 
 
 

!

"

#
#
#

$

%




010

100

001

c
R

M

(iii) To find the relation matrix of R2 when R2 = R O R.

If the relation matrix M
R
 is known, then .2 RR

MM 
 M
R
 (the matrix

multiplication)

� 2

0 1 1 0 1 1 2 1 1

1 1 0 1 1 0 1 2 1

1 0 1 1 0 1 1 1 2
R

M

% " % " % "
#  #  #  � 
 
#  #  #  
#  #  #  $ ! $ ! $ !

Example 1.33: Find whether the relations for the directed graphs shown in the
following figures are reflexive, symmetric, antisymmetric and/or transitive.

Solution:

(i) In G
R
, there are loops at every vertex of the relation graph and hence it is

reflexive.

It is neither symmetric nor antisymmetric since there is an edge between 1
and 2 but not from 2 to 1, but there are edges connecting 2 and 3 in both
directions.

Moreover, the relation is not transitive, since there is an edge from 1 to 2
and 2 to 3, but no edge from 1 to 3.
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(ii) Since loops are not present in G
S
, this relation is not reflexive. Further, it

is symmetric and not antisymmetric.

Moreover, the relation is not transitive.

1.5.5 Equivalence Classes and Partitions

Let R be an equivalence relation on a set A. Let x	A. The equivalence class a is
given by,

[a]
R
 = {x	A: (a, x)	R}

Note: [a]
R
���, because a	[a].

Example 1.34:Prove that any two equivalence classes are identical or disjoint.

Solution: First we shall prove that (a,b)	R. This implies that [a]
R
 = [b]

R

Suppose (a, b)	R

Case I: [a] = [b]

Let x	[a] ) (x, a)	R

) (x,b)	R [� (x,a)	R and (a,b)	R and R is transitive]

) x	[b]

) [a] = [b]

� [a] = [b]

Now suppose [a], [b] are two equivalence classes.

Case II: [a] = [b] or [a][b] = �

If [a][b] = � then nothing to prove.

Suppose [a][b] � �+ then x	[a][b]

)�x	[a] and x	[b]

)�(x, a)	R and (x, b)	R

)�[x] = [a] and [x] = [b]

)�[a] = [b]

� [a][b] = � or [a] = [b]

i.e., any two equivalence classes are identical or disjoint.
Example 1.35:Prove that an equivalence relation induces a partition and a partition
induces an equivalence relation.

Solution: Let {A
i
: i	Z} is a partition of a set A. Define a relation R on A by

(a,b)	R if a, b	A
i
for some i.

Case I: R is an equivalence relation on A.

Let, a	A

) a	A
i 
for some i

) a, a 	 A
i
for some i
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) (a, a)	R.

�R is a reflexive relation on A.

Suppose (a, b)	R, then by the definition of R,

a, b	A
i
 for some i

� b, a	A
i
for some i

) (b, a)	R.

� R is a symmetric relation on A.

Suppose (a, b)	R and (b, c)	R,   then a, b 	  A
i
 and b, c 	  A

j
 for some i

and j.

Here, b	A
i
and b	A

j

� A
i
A

j
����) A

i
= A

j
, otherwise IiiA 	}{  is not a partition and hence

a, b, c 	 A
i

� (a, c)	R

�R is a transitive relation on A.

R is also an equivalence relation on A.

Further, we can also show that [ ]i a AA a 	


Conversely, we can assume that R is an equivalence relation on set A.

Case II: R induces a partition for A.

Let, x	A, [x] = {y	A / (y, x)	R}and for any x, y	A, we have

[x][y] = � or [x] = [y]

�  A = �
x	A

 [x]

i.e., {[x] : x	A} is a partition for A.

1.6 INVERSE RELATION AND COMPOSITE

RELATION

Functions

A function or mapping from a set A to a set B is a ‘method’ which pairs elements
of the set A with unique elements of the set B and we denote f: A� B to indicate
that f is a function from the set A to the set B.

B is called the codomain of the function f and A is called its domain. Also, for

each element a of A,  f defines an element b of B. We write a ,�, f f(a)  or   a

,�, f b, a	A, b	B
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For example,

(i) The relation f  = {(1, d), (2, c), (3, a)} from A = {1, 2, 3} to B = {a, c, d}
is a function from A to B. The domain of f is A and the codomain of f is B.

(ii) The relation f = {(a, b), (a, c), (b, d),} from A = {a, b} to B = {b, c, d}
is not a function.

Range of Function: Let f: A� B be a function. The range of the function,

R(f) = { f (a) | a	A}. (Note that R(f) < B).
Notes:

(i) From example above:  R(f) is {d,c,a}

(ii) Let f: IR+ � IR be f (x) = x2  (R+, the set of + ve real numbers). Clearly f
is a function, whose domain is the set of positive real numbers and the
codomain is the real numbers.

R (f) = {x2 | x 	R+} = {1, 4, 9,....}

Let f : A� B be a function. f is said to be

(i) One-to-One  (1-1) Function. If x1 � x2 then f (x1) � f(x2), - x1,
x2 	A.

or

Whenever f(x1) = f(x2), x1 = x2. This function is also known as injective
function.

(ii) Onto (Subjective) Function. If for every element y in the codomain B,
atleast one element x in the domain A such that f (x) = Y.

or
If R (f) = codomain B.

(iii)Bijective Function. If f is both 1–1 and onto function.

(iv)Constant Function. If every element of the domain is mapped to unique
element of the domain or the domain consists of only one element.

(v) Into Function. If atleast one element of the codomain is not mapped by
any element of the domain.

(vi) Identify Function. If f(x) = x, - x 	B, in this case A <B.

(Some times it is defined as f : A� A & f (x) = x, - x 	A.

For example,

(i) Let f : R+� R be a function defined as f (x) = 2(x + 2) clearly f is 1–1
because if 2(x + 2) = 2(y + 2)

) 2x + 4 = 2y + 4

) 2x = 2y ) x = y

� f is 1–1

(ii) Define f : R� R+ by f (x) = ex, - x 	R. Clearly f is 1–1. Because if
f(x1) = f (x2)

) 21 xx
ee 


) 121 
�xx
e

) x1–x2 = 0
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) x1 = x2
� f is 1–1

(iii) Let A = {5, 6, 7} and B = {a, b}. Then the mapping f : A � B is defined
as f(5) = a; f(6) = b; f (7) = a. Clearly f is not 1–1. But f is onto.

(iv) Consider the example (ii). if f : R � R+, defined by f(x) = ex is onto. Let
x be any element IR+ then  log y	IR such that f(log y) = elogy= y

(v) Define f: Z+� Z+ as f(n) = n
2, - n 	Z+. Clearly f is an into mapping (for

example 3 is not mapped by any element of Z+) and 1–1 mapping but f
is not onto.

(vi) Define f : Z � Z by f(n) = n + 1,- n	z. Clearly f is 1–1 and onto For
if, (i) f(n) = f(m) ) n + 1, =  m + 1 ) n = m �f is 1–1

(vii) If n is any element of Z then n – 1	Z such that f(n – 1) = n – 1+1 =
n.  Hence f is onto.

Note: A one-one mapping of a set S onto itself is sometimes called a permutation
of the set S.

Inverse Functions and Compositions of Function

Let f be a bijective function from the set A to the set B.  The inverse function of f is
the function that assigns to an element b 	  B the unique element a in A such that
f(a) = b. The inverse function of f is denoted by f –1.  Hence  f–1(b) = a when
f(a) = b.

The function f –1 is the inverse function of f.

Note: A bijective function is called invertible since we can define an inverse of this
function.

Example 1.36:

(i) Define f : Z� Z by f(n) = n + 1. Is f invertible, and if it is, what is its
inverse?

Solution: The function f has an inverse, since it is a bijective function.

Let y the image, of x, so that y = x + 1. Then x = y – 1, i.e., y – 1 is the
unique element of Z that is sent to y by f. Hence f –1 = y–1.

(ii) Let A = {a, b, c}, and B = {5, 6, 7}. Define f: A� B as f(a) = 5; f(b) =
6; f(c) = 7. Is f invertible, and if it is, what is its inverse?

Solution: Clearly the given function is bijective. The inverse function
f –1of f is given as f –1 (5) = a;  f –1(6) = b; f –1(7) = c.

(iii)Define f : Z� Z by f(x) = x2. Is f invertible?

Solution: Since f(–2) = f(2) = 4, f is not 1–1. If an inverse function were
defined, it would have to assign two elements to 2. Hence f is not invertible.
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Definition: Let g be a function from the set A to the set B and let f be a function
from the set B to the set C. The composition of the functions f and g denoted by
(f o g) is given by

(f o g) (x) = f(g(x)),- x	A

Example 1.37: Let f : Z� Z be a function defined by f(x) = 2x + 3: Let g:Z� Z

be a function defined by g(x) = 3x + 2. Find (i)  f o g   (ii) g o f.

Solution: Both f o g and g o f are defined. Further,

(i) (f o g) (x) = f(g(x)) = f(3x+2)

                           = 2(3x+2) + 3 = 6x + 7
(ii) (g o f) (x) = g(f(x)) = g(2x + 3)

                   = 3(2x + 3) + 2 = 6x + 11
Eventhough f o g and g o f are defined, f o g and g o f need not be equal, i.e., the
commutative law does not hold for the composition of functions.

Example 1.38: Let A = {1, 2, 3}, B = {x, y}, C = {a} Let f: A� B be defined by
f(1) = x;  f(2) = y; f(3) = x. Let g: B� C be defined by g(x) = a; g(y) = a. Find
(i) f o g if possible  (ii) g o f, if possible.

Solution:

(i)  (f o g) (x) = f(g(x)) (by defenition) But f cannot be applied on C and
hence f o g is meaningless.

(ii) (g o f) : A� C is meaningful. Now (g o f) (x) = g(f(x)),- x 	A.

� (g o f) (1) = g(f(1)) = g(x) = a

(g � f) (2) = g(f(2)) = g(y) = a

(g o f) (3) = g(f(3)) = g(x) = a

Result: If f : A� B, g: B� C and b: C� D, then (h o g) of = h o (g o f).

Proof: By the definition, [(h o g) o f] (x) = (h o g) (f(x))

       = h(g(f(x)) �  (i)

     and  [h o (g o f)] (x) = h[(g o f) (x)]

       = h[g(f(x))] �   (ii)
From Equations (i) and (ii), (h o g) of = h o (g o f)

Result: Let f : A� B and g : B� C. Then,

(i) g o f is onto if both f and g are onto.

(ii) g o f is 1–1 if both f and g are 1–1.



Boolean Functions

NOTES

Self - Learning

Material 43

Proof:

(i) Let Z 	C. Since g : B� C is onto, F an element y 	B such g(y) = Z.
Since f: A� B is onto, for an element x	B, such that f(x) = y

�  (g o f) (x) = g(f(x)) = g(y) = Z

�(g o f) is onto.

(ii) Let x1 � x2 be two elements in A. Since f : A� B is one-one, and f(x1)
� f(x2), g(f(x1)) = g(f(x2)). Thus g o f is one-one. In B, since g:B� C is
one-one and ,xfxf )()( 21 � .

Some Important Functions

Greatest Integer Function:The greatest floor function assigns to the real number
x the largest integer that is less than or equal to x. and the values of this function is
denoted by [x] xor

Ceiling: The ceiling function assigns to the real number x the smallest integer that
is greater than or equal  to x. The value of this function is denoted by .x

The following are the examples of denoting ceiling function.

(i) 12/1;02/1 



 xx

(ii) 66.5;56.5 



(iii) 51.4;41.4 



(iv) 33;33 



Example 1.39: Data stored on a computer disk or transmitted over a data network
are represented as a string of bytes. How many bytes are required to encode 500
bits of data?

Solution:To find the number of bytes needed, we determine the smallest integer
that is atleast as large as the quotient when 500 is divided by 8, the number of bits
in a byte.

635.62
8

500


  

"
##

%
 bytes is required.

Example 1.40: In ATM (Asynchronous Transfer Mode), data are organized into
cells of 53 bytes. How many ATM cells can be transmitted in 2 minutes over a
connection that transmits data at the rate of 200 KB per second?

Solution: In 2 minutes, this connection can transmit 200000 × 60 × 2 =
2,40,00,000 bits. Since each ATM cell is 53 bytes long 53× 8 = 424 bits long.

Numbers of ATM cells that can be transmitted in 2 minutes in the given
connection is,

2,40,00,000
56603.77 56604

424
% " 
 
% "#  #  #  

Modulus Operator: If x is a non-negative integer and y is a positive integer, we
define x mod y to be the remainder when x is divided by y.
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For example, 11 mod 2 = 1; 5 mod 1 = 0; 365 mod 7 = 1.

Another important application of mod operator is ISBN (International Standard
Book Number). ISBN is a code of 10 characters separated by dashes such as
0-333-40733-7. It consists of four parts, a group code, a publisher code, a code
that identifies the books among those books published by the particular publisher
uniquely and a check character. This check character is used to validate an ISBN.
For example, 0-333-40736-7, the group code is 0, which identifics the book as
one from an English speaking country. The publisher code 333 identifies the book
as one published by Macmillan. The code 40736 uniquely identifies the book
among those published by Macmillan. The check character is n mod 11, where n
is the sum of the 1st digit plus two times the 2nd digit plus three times the 3rd
digit,... nine times the ninth digit. If the value is 10, the check characters is x. In our
example,

n = 0 + 2.3 + 3.3 + 4.3 + 5.4 + 6.0 + 7.7 + 8.3 + 9.6 = 0 + 6 + 9 + 12 + 20
+ 0 + 49 + 24 + 54 = 174

�n mod 11 = 174 mod 11 = 7.

Example 1.41:

(i) What day of the week will it be 365 days from friday?
Solution:

365 mod 7 = 1. Thus 365 days from friday, it will be saturday. [since 7
days after friday is friday. In general if K>0, K	Z, after 7K days it is
friday again].

(ii) Find x in ISBN 0-07-003575-x.
Solution: ISBN is 0-07-003575-x. Here 0-stands for the book as one from an
English-speaking country. The publisher code 07 identifies the book as one
published by McGraw Hill. The code 003575 uniquely identifies the book as one
published by McGraw Hill. The check character is n mod 11, where

n = 0 + 2.0 + 3.7 + 4.0 + 5.0 + 6.3 + 7.5 + 8.7 + 9.5 = 0 + 0 + 21+ 0 +
0 + 18 + 35 + 56 + 45
n = 175

� n mod 11 = 175 mod 11 = 10.

�  The check character is 10, i.e, it is represented as x.

Set, Relations and Functions

Recursive Functions

In this section we first define a class of functions inductively and show that any
such function can be evaluated in a purely mechanical manner. We shall restrict
ourselves to only those functions whose arguments and values are natural numbers.

Total and Partial Functions: Any function f: Nn = N × N × ......� N is called
total if it is defined for every  n-tuple in Nn. If f: D �N is defined, where D�  Nn,
then f is called partial.

For example, If f: N × N� by f(x, y) = x + y, then f is a total function. If g: N ×
N�N by g(xy) = x–y, then g is a partial function, since it is defined only for x, y
when x, y	N.



Boolean Functions

NOTES

Self - Learning

Material 45

Zero Function: A function Z: N� N by Z(x) = 0, for all x	N, is called a zero
function.

Successor Function: A function S: N � N by S(x) = x + 1 for all x	N, is
called successor function.

Projection Function: A function NNU
nn

i �:  by
n
iU  (x1, x2, ..., xi, ... xn) = xi, for all xi 	N, i = 1, 2, ... n, is called projection
function.

These three functions are known as initial functions.

Now we extend the definition of composition of functions for more than one
variable.

Let f1 : N × N � N, f2: N × N � N and g: N × N � N be any three functions.
When h: N × N � N, the composition of g with f1 and f2 is given by,,

h(x, y) = g(f1 (x, y),  f2(x, y)) for all x, y 	N.

Here we assume that R
f1 × Rf2 � Dg

andD
h 
= D

f1 �D
f2

For example, Define f1: N × N� N by f1(x, y) = x + y,

f2: N × N� N by f2 (x,y) = xy + y
2 and g: N × N� N by g(x,y) = xy. Then

h: N × N� N is

h(x, y)  = g(f1(x, y)), (f2(x, y))

     = g(x + y, x, y + y2)  = (x + y) (x, y + y2)

Similarly, we can extend this for more variables.

Given a function f(x1, x2,..., xn) of n-variables, it is convenient to consider
n – 1 of the variables as fixed and vary only the remaining variable over the set
of N. For example, suppose f: N × N � N is a function defined by f(x, y) = x
+ y. To compute f(x, y), we treat x as fixed and vary f. Suppose f(2, 0) = 2 is
given, to find f(2, 3),

f(2, 3) = [(f(2, 0) + 1) + 1] + 1

= [(2 + 1) + 1] + 1 = [3 + 1] + 1

= 4 + 1 = 5

In general, given a function f(x1, x2,...,xn) of n-variables, consider n – 1 of the
variables as fixed and vary only the remaining variable over N. The fixed
n – 1 variables are called parameters.

Recursive Function: Consider the known functions g(x1, x2,...xn) and h(x1,
x2,...,xn, y, z) of n and n + 2 variables. Define a function f(x1, x2,..., xn, y) of
n + 1 variables by f(x1, x2,..., xn,0) = g(x1, x2,...,xn).

and f(x1, x2,..., xn, y + 1) = h(x1, x2,..., xn, y, f(x1, x2,..., xn, y).

Then, f is called a recursive function or recursion.

Note: Here the value of f at y + 1 is expressed in terms of the value of f at y. The
variables x1, x2..., xn are treated as parameters.

Primitive Recursive: A function f is called primitive recursive if it can he obtained
from the initial functions by a finite number of operations of composition and
recursion.
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Example 1.42: Show that the function f(x, y) =  x + y is primitive recursive. Use
it to compute f(2, 3).

Solution: Since,

x + (y + 1) = (x + y) + 1,

f (x, y +1) = f(x, y) + 1 = S(f (x, y))

Also, f (x, 0) = x.

Now, we define f(x,y) as,

f(x, 0) = x = 1�� (x)

f(x, y + 1) = S(�3
3(x, y, f(x, y))

Therefore, f is primitive recursive. Now,

f (2, 3) = S(f(2, 2))

= S(S(f(2, 1))

= S(S(S(f(2, 0))))

= S(S(S(2))) Since, f(2, 0) = 2.

= S(S(3))

= S(4)

= 5

Example 1.43: Using recursion, define the multiplication function ‘*’ given by
g(x, y) = x * y.

Solution: We have,
     g(x, 0) = 0

g(x, y + 1) = x * (y + 1)

    = (x * y) + x = g(x, y) + x

So we define,
g(x, 0) = 0 = z(x)

g(x, y + 1) = f(��3
3 (x, y, g(x, y), �.

3 (x, y, g (x, y))),

Where, f(x, y) = x + y is primitive recursive. (see previous example).

Example 1.44: Show that the function f(x) = k, where k a constant, is primitive
recursive.

Solution: Suppose k = 0, Then,

f(x) = 0 = z(x)
Otherwise,

f(x + 1) = k = f(x)

 = �2
2 (x, f(x))

so f(x) is primitive recursive.

Example 1.45: Show that the function x! is primitive recursive, where 0! = 1 and
n! = n* (n – 1)!.

Solution: Let f(x) = x! Then,

f(0) = 0! = 1 = S(0) and  f(x + 1) = (x + 1)!

  = (x + 1) * x! = (x + 1) * f(x)
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  = (x * f(x) + f(x)

  = �1
2 (x, f(x)) * = �2

2 (x, f(x)) + = �2
2 (x, f(x)

Since the sum (+) and product (*) are primitive recursive, f(x) is primitive
recursive.

The following are some of the primitive recursive functions which are used
frequently.

Sign Function (S
g
)

S
g
 (0) = 0, S

g
(y + 1) = 1

(Since S
g
(0) = Z(0), S

g
(y + 1) = S(Z�2

2 (y, S
g
(4)))

Zero Test Function )( gS

0)1(1)0( 
�
 yS,S gg

(Since gS  (0) = s(0), gS  (y + 1) = Z(�2
2(Sg(y))

Predecessor Function (P)

P (0) = 0; P (y+1) = y = �1
2 (y,p(y))

(Since P(0) = 0, P(1) = 0, P(2) = 1, P(3) = 2, ...)

Odd and Even Pparity Function (Pr)

Pr (0) = 0, Pr (y + 1) = gS (�2
2 (y, Pr(y)))

(Since Pr (0) = 0, Pr(1) = 1, Pr (2) = 0, Pr(3) = 1, ...)

Proper Subtraction Function ( .)

x  . 0 = x, x  . (y + 1) = P(x  . y)

(Since  x  . y = 0 for x<y and x  . y = x – y for x >, y).

Absolute Value Function (II)

yx � = (x  . y) + (y  . x)

Minimum of x and y (Min (x,y))

Min (x, y) = x  .  (x  . y).

Maximum of x and y (Max (x,y))

Max (x, y) = y + (x  . y)

Square Function (y2)

)()()( 11
2 yyyyf ��(��



Example 1.46: Show that f(x, y) = xy is a primitive recursive function.

Solution: Note that, x0= 
�
�
�




�

0.for  0

0.for  1

x

x

Also,  xy+1 = xy * x, we know

 = f(x, y) * x,
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f(x, 0) = S
g
(x)

  f(x, y + 1) = �3
3 (x, y, f(x, y) *��1

3 (x, y, f (x,y))).   Therefore, f (x, y) is
primitive recursive.

Example 1.47: Show that the function  !

"
#$

%
2

x
which is equal to the greatest integer is

primitive recursive.

Solution: Note that,

 !

"
#$

%
2

x
 = 

2

x
 when x is even,

  = 
2

1�x
 when x is odd.

So we define, [0/2] = 0 = z(x)

 !

"
#$

% �

2

1y
=  !

"
#$

%
2

y
+p

r
 (y). Therefore  !

"
#$

%
2

x
is primitive recursive.

Example 1.48: Show that the function
/
�

/
�

�

�



oddiswhen 
2

1

eveniswhen 
2)(

x
x

x
x

xf is primitive

recursive.

Solution: Since,

f(0) = 0 = z(x)

f(y + 1) = f(y) + P
r
(y)

f is primitive recursive. (see the previous example).

Example 1.49: Show that f(x, y) = xy + yx is primitive recursive.

Solution: We know that xy is primitive recursive (refer Example 1.46). Similarly
yx is also primitive recursive, by Example, the sum xy + yx is also a primitive
recursive function.

Example 1.50: Show that if f(x + y) defines the remainder upon devision of y by
x, then it is a primitive recursive function.

Solution: Consider the following case for f(x, y).

f(5, 11) = Remainder of 0
1

2
3
4

5
5

11
=1

Similarly,  f(5,12) = 2

          f(5,13) = 3

          f(5,14) = 4

          f(5,15) = 0

For y = 0, f(x,0) = 0 and the value of f(x, y) increases by 1 when y is increased
by 1, until the value becomes equal to x; in which case it is put equal to 0, and the
process continuous. We therefore build a function which increases by 1 each time y
increases by 1, i.e., S(f(x,y). Now we multiply this function by another primitive
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recursive function which becomes 0 whenever S(f(x, y))´ x, but S(f(x, y)) is always
< x and hence, such a function is

S
g
 (x  . S(f(x, y))

Therefore, f(x, 0) = 0

f(x, y + 1) = S(f(x, y) * Sg(x  . S (f(x, y)))

Hence,  f(x, y) is a primitive recursive function.

Characteristic Function: The characteristic  function of a relation R is defined
as

�
�
�

&

	



Rx,...x,x

R...x,x,xi
x...,,x,xX

n

n
nR )(if0

)(f1
)(

21

21
21

Here, X
R
 is a function from R to N and R <Nn, an n-ary relation.

Primitive Recursive: A relation R is saidto be primitive recursive if its characteristic
function is primitive recursive.

Example 1.51: Show that {x, x) / x	N} which defines that the relation of equality
is primitive recursive.

Solution: Let R = {(x, x)/x	N}. Here, we have to find a function f(x, y) such
that f(x, y) = 1 y(x, y)	R and 0 if (x, y)&R. Such a function is,

f(x, y) = gS yx �

for x = y, xxSg �  = gS (0)=1 and for x� y, yxSg � = 0. Therefore, f(x, y) is

the required characteristic function, which is primitive recursive. Hence, R is primitive
recursive.

Example 1.52: Show that for any fixed k the relation given by R = {(k, y)/y>k}
is primitive recursive.

Solution: We have to find a function such that it is equal to 1 if y > k and 0 if
y < k. Such a function is S

g
(y . k), since y . k = 0 for y < k and y . k = y – k for y

> k. Therefore, of R(x, y) = S
g
(y . k) is primitive recursive and hence R is primitive

recursive.

Example 1.53: Show that the function f(x1, x2, y) defined by,

�
�
�

��

6



yxxyx

y xx
yxxf

11

12
21 for)*(

for
),,(

is primitive recursive.

Solution: Here we have to show that,

f(x1, x2, y) = x2+ (x1*y) * (a function)

and that function is zero when x1>y and 1 when x1< y. Such a function is

gS (x1  . y), since x1  . y = 0 for, x1< y and x1 – y for x1>y .

Hence, f(x1, x2, y) = x2 + (x1 * y) * gS (x1  .  y) is primitive recursive.

Regular Function: Let g(x1, x2,...,xn,y) be a total function. If there exists atleast
one value of y, say Ny	  such that the function g (x1,x2,...,xn, y ) = 0 for all
(x1, x2,...,xn)	N

n, then g is called a regular function.
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For example, Consider the function g(x, y) = y  .  x. Since g(x, 0) = 0  .  x = 0 for
all x, g (x, y) is regular.

For example, Consider the total function g(x, y) = xy �2 . Here g(x, y) = 0 for

only those values of x which are perfect squares. Therefore, no values of y in N is

such that 02 
� xy for all x. Hence g is not regular..

Total Function: A function f(x1, x2,...,xn) is said to be defined a total function
g(x1,x2,...,xn, y) by minimization if,

�
�
� 




undefined

0,
)...,,,( 21

21

,y)x,...,xg(xμ
xxxf

ny
n Otherwise, if there exists such a

y.

Where, yμ means the least y greater than or equal to zero.

Recursive Function: A function is said to be recursive if it can be obtained from
the initial functions by a finite number of applications of the operations of composition,
recursion and minimization over regular function.

Partial Recursive Function: A function is said to be partial recursive if it can be
obtained from the initial functions by a finite number of applications of the operations
of composition, recursion and minimization.

Example 1.54: Show that the function f(x)= 
2

x
is a partial recursive function.

Solution: Let, g (x, y) = xy �2 . It is not regular because 02 
� xy only for even

values of x.

Define,  f(x) = )02( 
� xyy7

    =
2

x
 for x is even.

Here, the smallest y for which 
2

is02
x

xy 
�

Therefore, g is partial recursive.

Example 1.55: Let x  be the greatest integer < x . Show that x  is

primitive recursive.

Solution: We know that,

(y + 1)2  .  x =
2

2

0 for ( 1)

not zero for ( 1)

 y x

 y x

� � 8
�

� ��

Therefore, 2(( 1)gs y �  . x =
2

2

1 if ( 1)

0 if ( 1)

y x

y x

� � 8
�

� ��

The smallest value of y for which (y + 1)2 > x is x
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Since .]1,[ 2 xx 6� , gy S(x, 7
][ (y + 1)2  . x) = 0)

and since x  is defined for all x, x  is a recursive function.

Characteristic Function:Let U be an universal set and A be a subset of U9�The

function Y
A
 : ����[0,1] is defined by 

�
�
�

&

	



A x

Ax
xYA if0

if1
)( is called the characterstic

function of the set A.

Recursive: Any set A is called recursive (partial recursive) if its characteristic
function Y

A
 is recursive (partial recursive).

Note: If a set A is recursive, then Y
A
 is recursive. Since

A
Y = 1  . Y

A 
= gS (Y

A
), A  is

also recursive. If A and B are recursive, then AB and A�B are also recursive
since, BABA *YYY 
  and )( BABA YYY �
�

 . 
BAY 

Example 1.56: Show that the set of even and odd natural numbers are both
primitive recursive.

Solution: Let E be the set of odd natural numbers.

since )(
if0

if1
)( xP

 E x

E x
xY rE 


�
�
�

&

	



Y
E
(x) is the required characteristic function which is primitive recursive. Hence

the set E is primitive recursive. Since E  is the set of even natural numbers, it
is also primitive recursive.

Example 1.57: Show that the set of divisors of a positive integer n is recursive.

Solution: If x divides n then .1, nii
x

n
��


i.e., x*i = n. So x < n is a division of n if 0
�( nix for one fixed value of i,

and if x is not a divisor, 0��( nix  for all 1 < i <n. Let B be the set of divisors

of n. Consider,

/�

/
�
�







� �(


 divisoranot isif0zero)non (a

divisoraisif1(0)

1 xS

xS
nixS

g

g
n

i
g

�
�
�

&

	



Bx

Bx

if0

if1

)(xYB


Where, B is the set of divisors of n. Hence the set B is recursive.

Example 1.58: Let D(x) devote ‘number of divisors of x.’ Show that D(x) is
primitive recursive.
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Solution: We know that, the function which defines the remainder upon division
of y by x is primitive recursive. we shall denote such a function by rm(x, y). If a

number x divides y, then rm(x, y) = 0 and gS rm(x, y) = 1. So that the number of

divisors for y is given by,

)()(
1

yx,rmSyD

y

x

g�






Therefore, D(y) is primitive recursive.

Example 1.59: Show that the predicate ‘x is a prime’ is primitive recursive.

Solution: A number x(� 0, � 1) is a prime if it has only two divisors 1 and x. Let

rp  be the set containing non primes. Since

S
g
 (D(x) . 2) + gS (|x – 1|) + gS (|x – 0|)

/�

/
�
�

&

	



prx 

prx 

if0

if1

xY )(
Pr




rP
Y  is primitive recursive. But 1)(

rP

xY  . ),(Pr xY

)(
rP
xY is also primitive recursive. Therfore P

r
is primitive recursive.

Ackermann’s Function: The function A(x, y) defined by,

             A(0, y) = y + 1

       A(x + 1, 0) = A(x, 1)

A(x + 1, y + 1) = A(x)A(x + 1, y))

This is known as Ackermann’s function.

Note:A(x, y) is well defined and total. Further, A(x, y) is not primitive
recursive but recursive.

Now we demonstrate how the above definition can be used in finding the
value of A(3, 3).

A(3, 3) = A(2, A (3, 2))

A(3, 2) = A(2, A (3, 1))

A(3, 1) = A(2, A (3, 0))

= A(2,  A(2, 1)) = A(2, A(0, 4)) = A(2, 5)

Since, A(2, 1) = A(1, A (2, 0))

 = A(1, A (1, 1))

    A(1, 1) = A(0, A(1, 0))

 = A(0, A(0, 1)) = A(0,  2) = 3

Now,  A(2, 1) = A (1, 3)

= A(0, A (1, 2))

  A(1, 2) = A(0, A (1, 1))
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= A(0, 3) = 4

So,      A(2, 1) = A(0, 4) = 5

Again,    A(2, 2) = A(1, 5) = A(0, A(1, 4))

        A(1, 4) = A(0, A(1, 3))

        A(1, 3) = A(0, A(1,2)) = A(0, 4) = 5

        A(1, 4) = A(0, 5) = 6

        A(2, 2) = A(0, 6) = 7

Again,    A(2, 5) = A(1, A(2, 4))

        A(2, 4) = A(1, A(2, 3))

        A(2, 3) = A(1, A(2, 2)) = A(1, 7)

        A(1, 7) = A(0, A(1, 6))

  A(1, 6) = A(0, A(1, 5))

  A(1, 5) = A(0, A(1, 4)) = A(0, 6) = 7

   A(1, 6) = A(0, 7) = 8

   A(1, 7) = A(0, 8) = 9

So,         A(2, 3) = 9

Similarly,

        A(2, 4) = 11

                A(2, 5) = 13

So,           A(3, 1) = 13

Now,       A(3, 2) = A(2,13) = 29 by similar method.

Finally,  A(3, 3)  = A(2, 29) = 61

Since,      A(2, n) = 2n + 3

Note that A(0, n) = n + 1

                  A(1, n) = n + 2

                  A(2, n) = 2n + 3

Check Your Progress

17. Explain the term relation and give its representation.

18. What is binary relation?

19. State the properties of binary relations.

20. Explain the terms reflexive closure and symmetric closure.

21. What is connectivity relation?

22. Describe the equivalence relations.

23. What is function? What is its domain and codomain?

24. What is inverse function?

25. Explain the terms zero function and successor function.

26. Elaborate on the terms recursive function and partial recursive function.
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1.7 ANSWERS TO ‘CHECK YOUR PROGRESS’

1. Let B be a non-empty set with two binary opertions + (or �) and, (or �), a
unary operation, and two distinct elements 0 and 1. Then B is called a
Boolean Algebra if the following axioms hold where a, b, c are any elements
in B.

(i) a + b =  b + a ; a . b =  b . a (Commutative Laws)

(ii) a + (b . c) = (a + b).(a + c) ; a.(b + c) = (a . b) (a . c) (Distributive
Laws)

(iii) a + 0 = a ; a .1 = a (Identity Laws)

(iv) a + a� = 1 ; a . a��= 0 (Complement Laws)

We denote the Boolean algebra B by (B, +, ., �, 0, 1). Here we call 0 as the
zero element, 1 as the unit element, and a� is complement of a, + and . are
called sum and product.

2. Suppose C is a non-empty subset of a Boolean algebra B. We say C is a
subalgebraof B if C itself is a Boolean algebra with respect to the operations
of B.

3. The dual of any statement in a Boolean algebra B is the statement obtained
by interchanging the operations + and . , and interchanging their identity
elements 0 and 1 in the original statement.

4. A non zero element ‘a’in a Boolean algebra ),,.,( ��B  is called an atom if for
every x	B, x ��a = a or x ��a = 0.

Here the condition x � a = a means that x is a successor of a and
x �a = 0 is true only when x and a are ‘not connected’. So, in any Boolean
algebra, the immediate successors of the 0-element are called atoms.

5. A literal is a variable or complemented variable or fundamental product. A
fundamental product is a literal or a product of two or more, literals in
which no two literals involve the same variable.

6. Karnaugh-map is one of the techniques that employs Boolean graphical
representation of logical functions. This technique proves to be very useful
in simplifying Boolean expressions. In this method, the information contained
in a truth table is available in PoS or SoP form and represented on Karnaugh-
map (K-map).

7. Quine - McCluskey Minimization Procedure

(i) Find the prime implicant of the function.
(ii) Construct the prime implicant table and find the essential prime implicant

( i.e., essential  rows) of the function.
(iii) Include the essential prime implicant in the minimal sum.
(iv) After all the prime implicants are deleted from the prime implicant

table, determine the dominated rows and columns in the table. Delete
them and find the secondary essential prime applicants.
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8. A statement formula is said to be in the normal form (or canonical form)
if
(i) Only the three connections ~, �, � have been used
(ii) Negation has not been used for a group of letters

(iii) Distributive law has been applied.
(iv) Paranthesis has not been used for the same connective (e.g., p �
(q � r) is p � q � r).

9. A product of the variables and their negations in a formula is called an
elementary product and a sum of the variables and their negations is called
an elementary sum. Any part of an elementary product or sum which is itself
an elementary product or sum is called a factor of the elementary product
or sum.

10. A necessary and sufficient condition for an elementary product to be a
contradiction (or identically false) is that it contains atleast one pair of factors
in which one is the negation of the other.

11. A formula which is equivalent to a given formula and which consists of a
sum of elementary products is called a disjunctive normal form of the given
formula.

A formula which is equivalent to a given formula and which
consists of a product of elementary sums is called a conjunctive normal
form of the given formula.

12. A formula is a tautology if every elementary sum appearing in its conjunctive
normal form is identically true or a tautology. For the assumption to be true,
every elementary sum should have atleast two factors, of which one is the
negation of the other.

13. For a given number of variables, the minterm consists of conjunctions in
which each variable or its negation, but not both, appears only once.

For example, for two variables p and q, p� q, p � ~ q, ~ p � q are called
minterms.
For a given number of variables, the maxterm consists of disjunctions in
which each variable or its negation, but not both, appears only once.

14. For a given formula, an equivalent formula consisting of disjunctions of only
minterms is known as its principal disjunctive normal form. It is also known
as the sum of products caononical form.

15. For a given formula, an equivalent formula consisting of conjunctions of the
maxterms only is known as its principal conjunctive normal form. It is also
called the Product of sums (SoP) canonical forms.

16. Boole’s expansion theorem is also referred to as the Shannon expansion or
decomposition. It is the identity F = x . F

x
 + x�. F

x�, where F is any Boolean
function, x is a variable, x� is the complement of x and F

x
 and F

x� are F with
the argument x set equal to 1 and to 0, respectively. The terms F

x
 and F

x�

are sometimes called the positive and negative Shannon cofactors,
respectively, of F with respect to x. These are functions, computed by restrict
operator, restrict (F, x, 0) and restrict (F, x, 1).
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17. In mathematics, a relation is only a set of ordered pairs. It is a generalization
of arithmetic relations which include ‘=’ and ‘<’. In representation of set
relations, { } symbol is used.

18. A binary relation R from a set A to a set B is a subset R of the Cartesian
product A � B.

19.  The following are the properties of binary relations:

Let R be a relation on a set A (i.e., R� A × A).  R is called:

(i) Reflexive: If aRa, a	A.

(ii) Symmetric: If aRb then bRa a, b	A.

(iii) Transitive: If aRb and bRc then aRc a,b, c	A.

(iv) Irreflexive: If a /Ra, and a	A.

(v) Antisymmetric: If aRb then b /Ra, and a = b for a, b	A.

(vi) Connected: A relation R in A is connected iff for every two distinct
elements x and y in A, <x,y> 	 R or <y,x> 	 R or both.

20. Let R be a relation on a set X. The reflexive closure S of R is obtained by
adding to R all pairs of the form (a,a) which are not in R, a	A. Now S is
reflexive, contains R and is in any reflexive relation containing R.

Let R be a relation on set A. The symmetric closure S of R is obtained by
adding to R all pairs of the form (b, a), if (a, b)	R and (b, a) ÏR.

In other words, symmetric closure of R can be obtained as S = R�R–1

21. Let R be a relation on set A. The connectivity relation R* consists of the
pairs (a,b) such that there is a path between a and b in R.

i.e., n

n
RR

'




( �

1

22. A relation R on a set A is called an equivalence relation if R is reflexive,

symmetric and transitive.

23. A function or mapping from a set A to a set B is a ‘method’ which pairs
elements of the set A with unique elements of the set B and we denote f:
A� B to indicate that f is a function from the set A to the set B.
B is called the codomain of the function f and A is called its domain. Also,

for each element a of A,  f defines an element b of B. We write a ,�, f f(a)

or   a ,�, f b, a	A, b	B

24. Let f be a bijective function from the set A to the set B.  The inverse function
of f is the function that assigns to an element b 	  B the unique element a in
A such that f(a) = b. The inverse function of f is denoted by f –1.  Hence  f–
1(b) = a when f(a) = b.

25. Zero Function: A function Z: N� N by Z(x) = 0, for all x	N, is called a
zero function.

Successor Function: A function S: N � N by S(x) = x + 1 for all x	N, is
called successor function.
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26. Recursive Function: A function is said to be recursive if it can be obtained
from the initial functions by a finite number of applications of the operations
of composition, recursion and minimization over regular function.

Partial Recursive Function: A function is said to be partial recursive if it
can be obtained from the initial functions by a finite number of applications
of the operations of composition, recursion and minimization.

1.8 SUMMARY

� Let B be a non-empty set with two binary opertions + (or �) and, (or �), a
unary operation, and two distinct elements 0 and 1. Then B is called a
Boolean Algebra if the following axioms hold where a, b, c are any elements
in B.

(i) a + b =  b + a ; a . b =  b . a (Commutative Laws)

(ii) a + (b . c) = (a + b).(a + c) ; a.(b + c) = (a . b) (a . c) (Distributive
Laws)

(iii) a + 0 = a ; a .1 = a (Identity Laws)

(iv) a + a� = 1 ; a . a��= 0 (Complement Laws)

� Boolean algebra is a lattice which contains a least element and a greatest
element and which is both complemented and distributive.

� We denote the Boolean algebra B by (B, +, ., �, 0, 1). Here we call 0 as the
zero element, 1 as the unit element, and a� is complement of a, + and . are
called sum and product.

� Suppose C is a non-empty subset of a Boolean algebra B. We say C is a
subalgebraof B if C itself is a Boolean algebra with respect to the operations
of B.

� Two Boolean algebras B and 
�
B  are said to be isomorphic if f:

B�
�
Bpreserves

(i) f (a + b) = f (a) + f (b)

(ii) f (a. b) = f (a) . f (b)

(iii) f (a�) = f (a))� for any a,b,	B

� The dual of any statement in a Boolean algebra B is the statement obtained
by interchanging the operations + and . , and interchanging their identity
elements 0 and 1 in the original statement.

� A non zero element ‘a’in a Boolean algebra ),,.,( ��B  is called an atom if for
every x	B, x ��a = a or x ��a = 0.

Here the condition x � a = a means that x is a successor of a and
x � a = 0 is true only when x and a are ‘not connected’. So, in any Boolean
algebra, the immediate successors of the 0-element are called atoms.

� Let ),,.,( ��B  be any finite Boolean algebra and let A be the set of all atoms.

Then ),,.,( ��B  is isomorphic to ).,,),(( ��Ap
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� Every finite Boolean algebra ),,.,( ��B  has 2n elements for some positive
integer n.

� All Boolean algebras of order 2n are isomorphic to each other. Finite Boolean
algebras as n- tuples of s0�  and s1� .

� A literal is a variable or complemented variable or fundamental product. A
fundamental product is a literal or a product of two or more, literals in
which no two literals involve the same variable.

� A fundamental product p1 is said to contain inanother fundamental product
p2 if the literals of p1are also literals of p2.

� Sum of Products: A Boolean expression E = E (x1,x2,...,xn) is said to be in
a sum of products form a minterm form if E is a fundamental product or the
sum of the two or more fundamental products none of which is in included
in another.

� Karnaugh-map is one of the techniques that employs Boolean graphical
representation of logical functions. This technique proves to be very useful
in simplifying Boolean expressions. In this method, the information contained
in a truth table is available in PoS (Product of Sum) or SoP (Sum of Product)
form and represented on Karnaugh-map (K-map).

� An implicant is called a prime implicant if it is not a subset of another implicant
of the function.

� A prime implicant which includes a ‘1’ cell that is not included in any other
prime implicant is called an essential prime implicant.

� The  much easier looking K-map becomes complicated and tedious while
extending the variables size to more than 4. Hence other methods are
preferred over this method when the number of variables are large.

� Quine - McCluskey method is used to solve a Boolean of n - variables. In
this method every minterm and a set of 2k minterms ( k < n), forming a set
of adjacent minterms or the simplified product term, is obtained by minterms
of the set.

� A formula which is equivalent to a given formula and which consists of a
sum of elementary products is called a disjunctive normal form of the given
formula.

� A formula which is equivalent to a given formula and which consists of a
product of elementary sums is called a conjunctive normal form of the given
formula.

� For a given number of variables, the minterm consists of conjunctions in
which each variable or its negation, but not both, appears only once.

For example, for two variables p and q, p� q, p � ~ q, ~ p � q are called
minterms.

� A relation is a set of ordered pairs. Basically, any group of numbers is a
relation if these numbers come in pairs. Thus, a ‘relation’ is only a defined
relationship between sets of information.

� A relation R on a set A is called an equivalence relation if R is reflexive,
symmetric and transitive. Examples of equivalence relations are a set of
parallel lines in a plane.
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���� An ordering is a binary relation which is basically transitive and further it can
either be reflexive and antisymmetric or irreflexive and asymmetric.

����  Let R be a relation on a set X. The reflexive closure S of R is obtained by
adding to R all pairs of the form (a,a) which are not in R, a	A. Now S is
reflexive, contains R and is in any reflexive relation containing R.

���� Let R be a relation on set A. The symmetric closure S of R is obtained by
adding to R all pairs of the form (b, a), if (a, b)	R and (b, a) ÏR.

In other words, symmetric closure of R can be obtained as S = R�R–1

���� Let R be a relation on set A. The connectivity relation R* consists of the
pairs (a,b) such that there is a path between a and b in R.

i.e., n

n
RR

'




( �

1

���� Let M
R
be the relation matrix of a relation R on the set A of n elements. Then

the transitive closure matrix M
R* is given by:

n

���� A relation R on a set A is called an equivalence relation if R is reflexive,
symmetric and transitive.

���� Let R be an equivalence relation on a set A. Let x	A. The equivalence
class a is given by, [a]

R
 = {x	A: (a, x)	R}

[a]
R
���, because a	[a].

���� A function or mapping from a set A to a set B is a ‘method’ which pairs
elements of the set A with unique elements of the set B and we denote
f: A� B to indicate that f is a function from the set A to the set B.

B is called the codomain of the function f and A is called its domain. Also,

for each element a of A,  f defines an element b of B. We write a ,�, f f(a)

or   a ,�, f b, a	A, b	B

���� Let f: A� B be a function. The range of the function,

R(f) = { f (a) | a	A}. (Note that R(f) < B).
���� If for every element y in the codomain B, atleast one element x in the domain
A such that f (x) = Y.

or
if R (f) = codomain B.

� Constant Function. If every element of the domain is mapped to unique
element of the domain or the domain consists of only one element.

� Into Function. If at least one element of the codomain is not mapped by
any element of the domain.

� Zero Function: A function Z: N� N by Z(x) = 0, for all x	N, is called a
zero function.

� Successor Function: A function S: N � N by S(x) = x + 1 for all x	N, is
called successor function.
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� A function f is called primitive recursive if it can he obtained from the initial
functions by a finite number of operations of composition and recursion.

� Recursive Function: A function is said to be recursive if it can be obtained
from the initial functions by a finite number of applications of the operations
of composition, recursion and minimization over regular function.

Partial Recursive Function: A function is said to be partial recursive if it
can be obtained from the initial functions by a finite number of applications
of the operations of composition, recursion and minimization.

� Any set A is called recursive (partial recursive) if its characteristic function
Y
A
 is recursive (partial recursive).

� The function A(x, y) defined by,
             A(0, y) = y + 1

       A(x + 1, 0) = A(x, 1)

A(x + 1, y + 1) = A(x)A(x + 1, y))

This is known as Ackermann’s function.

1.9 KEY TERMS

���� Boolean algebra: Boolean algebra is a lattice which contains a least element
and a greatest element and which is both complemented and distributive.

���� Subalgebra: It is defined considering C as a non-empty subset of a Boolean
algebra B. We say that C is a subalgebraof B if C itself is a Boolean algebra
with respect to the operations of B.

���� Duality: The dual of any statement in a Boolean algebra B is the statement
obtained by interchanging the operations ‘+’ and ‘.’, and interchanging their
identity elements 0 and 1 in the original statement.

���� Literal: A literal is a variable or complemented variable or fundamental
product. A fundamental product is a literal or a product of two or more,
literals in which no two literals involve the same variable.

���� Contain: A fundamental product p
1
is said to contain inanother fundamental

product p
2
if the literals of p

1 
are also literals of p

2
.

���� Sum of products: A Boolean expression E = E (x
1
, x

2
,...,x

n
) is said to be

in a sum of products form a minterm form if E is a fundamental product or
the sum of the two or more fundamental products none of which is in included
in another.

���� Karnaugh-map or K-map: Karnaugh-map or K-map is one of the
techniques that employ Boolean graphical representation of logical functions.
This technique proves to be very useful in simplifying Boolean expressions.
In this method, the information contained in a truth table is available in PoS
(Product of Sum) or SoP (Sum of Product) form and represented on
Karnaugh-map (K-map).

���� Do not care conditions: Generally, there are certain cases wherein the
outputs of function for certain combination of inputs does not matter. In such
cases, the designer is free to assume a ‘0’ state or ‘1’ state for that particular
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combination of input. This is generally represented by an X and is referred
to as do not care condition.

���� Disjunction normal: A formula which is equivalent to a given formula and
which consists of a sum of elementary products is called a disjunctive normal
form of the given formula.

���� Conjunctive normal: A formula which is equivalent to a given formula and
which consists of a product of elementary sums is called a conjunctive normal
form of the given formula.

���� Maxterm: For a given number of variables, the maxterm consists of
disjunctions in which each variable or its negation, but not both, appears
only once.

���� Binary relation: A binary relation R from a set A to a set B is a subset R of
the Cartesian product A �B.

���� Equivalence: A relation R on a set A is called an equivalence relation if R is
reflexive, symmetric and transitive. Examples ofequivalence relations are a
set of parallel lines in a plane.

���� Function: A function or mapping from a set A to a set B is a ‘method’ which
pairs elements of the set A with unique elements of the set B and we denote
it as f: A � B to indicate that f is a function from the set A to the set B.

���� Bijective function: If f is both 1–1 and onto function.

���� Constant function: If every element of the domain is mapped to unique
element of the domain or the domain consists of only one element.

���� Into function: If at least one element of the codomain is not mapped by
any element of the domain.

���� Primitive recursive: A function f is called primitive recursive if it can he
obtained from the initial functions by a finite number of operations of
composition and recursion.

���� Recursive function: A function is said to be recursive if it can be obtained
from the initial functions by a finite number of applications of the operations
of composition, recursion and minimization over regular function.

���� Partial recursive function: A function is said to be partial recursive if it
can be obtained from the initial functions by a finite number of applications
of the operations of composition, recursion and minimization.

1.10 SELF-ASSESSMENT QUESTIONS AND

EXERCISES

Short-Answer Questions

1. What is Boolean function?

2. What is duality?

3. State the basic Boolean algebra laws.

4. What is a Boolean expression?
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5. Write the algorithm for finding complete sum of products forms.

6. What is Karnaugh-map?

7. What is a normal form?

8. Differentiate between the disjunctive and conjunctive normal forms.

9. Explain the principal conjunctive normal form.

10. Differentiate between maxterm and minterm.

11. State the Boole’s expansion theorem.

12. What are relations?

13. What is the domain and the range of a relation?

14. Define the closures of relation.

15. Explain binary relation and inverse relation with the help of examples.

16. Define the terms composite relation and equivalence relation.

17. State the equivalence classes and its properties.

Long-Answer Questions

1. Briefly discuss about the Boolean functions giving appropriate examples.

2. Explain the disjunctive and conjunctive normal forms with the help of
appropriate examples.

3. Give the statement of the Boole’s expansion theorem and also its variations
and implications.

4. Elaborate on relations giving appropriate examples.

5. Discuss briefly on the terms relations, binary relation, inverse relation,
composite relation and equivalence relation with the help of appropriate
examples.

6. Explain equivalence classes and its properties giving appropriate examples.

7. Find whether the relation R on the set of people is reflexive, symmetric,
antisymmetric and transitive, where (a, b) Î R iff,

(i) a is smaller than b

(ii) a and b have a common grandparent

(iii)  a and b were born in the same hospital

8. Give an example of a relation which is symmetric and antisymmetric.

9. Let R and S be two relations which are reflexive, symmetric and transitive.
Then show that R �S is also reflexive, symmetric and transitive.

10. Find whether each of the following functions from {1, 2, 3, 4} to itself
is 1–1.

(i) f(1)=2; f(2)=1; f(3)=3; f(4)=4

(ii) f(1)=2; f(2)=2; f{3)=4; f(4)=3

(iii) f(1)=4; f(2)=2; f(3)=3; f(4)=4
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11. Which functions in problem 2 are onto?

12. Find whether each of the following functions from Z to Z is 1–1.

(i) F(x) = x–1 (ii) F(x) = x2 + l

(iii) F(x) = x3 (iv) F(x) = 
x

2
L
NM
O
QP

13. Which functions in problem 4 are onto?

14. Find whether each of the following functions is a bijection from R to R.

(i) f(x) = –3+4 (ii) f(x) = –3x2+7

(iii) f(x) = (x+1)/(x+2) (iv) f(x) = x5 + 1

(v) f(x) = 2x + 1 (vi) f(x) = x2 + 1(g)f(x) = x3

15. Show the following equivalences.

(i) p ��(q ��r) � (p ��~ q) ��r

(ii) (p ��q) ��(r ��q) � (p ��r)��q

(iii) ((p ��q) � r) ��(q ��(s ��r)) ��(q ��(s ��p)) � r

(iv) ((p ��q ��r) ��s) ��(r��(p ��q ��s) ��(r ��(p ��q)) � s)

16. Show that (p ��q) ��r and (p��(q ��r)) are not equivalent.

17. Obtain the principal conjunctive normal form of,
(i) ~ (p ��q) (ii) ~ (p ��q)
(iii) ~ (p ��q)

18. Obtain the principal conjunctive normal forms of,
(i) (p ��q ��r) � (~ p ��r ��q) ��(~ p ��~ q ��~ r)
(ii) (p ��q) ��(~ p ��q) ��(p ��~ q)
(iii) (p ��q) ��(~ p ��q ��r)

19. Obtain the principal disjunctive normal forms of,
(i) (p ��(q ��r)) ��(~ p ��(~ q ��~ r))
(ii) (~ p ��~ q) ��(p ��~ q)
(iii) (p ��(~ p ��(q ��(~ q ��r)))

20. Obtain the principal disjunctive normal forms of,
(i) p ��(p ��q) (ii) p ��(~ p ��q)
(iii) (p � q) � (~ p ��q) ��(q ��r)

21. Obtain the principal disjunctive and conjunctive normal forms of the following
formulas and hence state which of the formulas are tautologies?

(i) q ��(p ��~ q) � (~ p � ~ q) (ii) q � (p ��~ q)

(iii) (q ��p) ��(~ p ��q) (iv) p ��(p ��(q ��p))

22. Simplify the following functions using Karnaugh diagrams.

(i)  f ( x
1
, x

2
, x

3
, x

4
 ) = x

1
, x

3
, 1

1x , x3 x4 + x2
1
3x x

4
 + 1

2x x
3
x
4

(ii)  f = 1
1x

1
2x  + x1 x3 x4 + x1 x2 x4 + x1 x2

1
4x  + 

1
2x x

3
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23. Simplify the Boolean functions represented by the following K-maps.
(i) (ii)
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2.0 INTRODUCTION

In mathematics, especially order theory, a partially ordered set, also termed as

poset, formalizes and generalizes the intuitive concept of an ordering, sequencing,

or arrangement of the elements of a set. A poset consists of a set together with a

binary relation indicating that, for certain pairs of elements in the set, one of the

elements precedes the other in the ordering. The relation itself is called a ‘Partial

Order’. The word partial in the names ‘partial order’ and ‘partially ordered set’ is

used as an indication that not every pair of elements needs to be comparable. That

is, there may be pairs of elements for which neither element precedes the other in

the poset. Partial orders thus generalize total orders, in which every pair is

comparable.

A poset can be visualized through its Hasse diagram, which depicts the

ordering relation. In order theory, a Hasse diagram is a type of mathematical diagram

used to represent a finite partially ordered set, in the form of a drawing of its

transitive reduction. Concretely, for a partially ordered set (S, d”) one represents

each element of S as a vertex in the plane and draws a line segment or curve that

goes upward from x to y whenever y covers x, i.e., whenever x < y and there is no

z such that x < z < y). These curves may cross each other but must not touch any

vertices other than their endpoints. Such a diagram, with labeled vertices, uniquely

determines its partial order.

The Hasse diagrams are named after Helmut Hasse (1898–1979); according

to Garrett Birkhoff (1948), they are so called because of the effective use Hasse

made of them. Although Hasse diagrams were originally devised as a technique

for making drawings of partially ordered sets by hand, they have more recently

been created automatically using graph drawing techniques

A lattice is an abstract structure studied in the mathematical subdisciplines

of order theory and abstract algebra. It consists of a partially ordered set in which
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every two elements have a unique supremum (also called a Least Upper Bound

(LUB) or join) and a unique infimum (also called a Greatest Lower Bound (GLB)

or meet). Lattices can also be characterized as algebraic structures satisfying certain

axiomatic identities. Since the two definitions are equivalent, lattice theory draws

on both order theory and universal algebra. Semilattices include lattices, which in

turn include Heyting and Boolean algebras.

In this unit, you will study about the partial order relation, partially ordered

sets, totally ordered sets, Hasse diagram, maximal and minimal element, first and

last element, lattice - definition and examples, dual lattice, bounded lattice, distributive

lattice, and complemented lattice.

2.1 OBJECTIVES

After going through this unit, you will be able to:

Understand what partial order relation is

Analyse the partially ordered sets

Describe the totally ordered sets

Explain the Hasse diagram

Discuss about the maximal and minimal elements

Elaborate on the properties of lattices

Define the bounded lattice, distributive lattice and complemented lattice

2.2 PARTIAL ORDER RELATION

In mathematics, especially order theory, a partially ordered set, also termed as

poset, formalizes and generalizes the intuitive concept of an ordering, sequencing,

or arrangement of the elements of a set. A poset consists of a set together with a

binary relation indicating that, for certain pairs of elements in the set, one of the

elements precedes the other in the ordering. The relation itself is called a ‘Partial

Order’. The word partial in the names ‘partial order’ and ‘partially ordered set’ is

used as an indication that not every pair of elements needs to be comparable. That

is, there may be pairs of elements for which neither element precedes the other in

the poset. Partial orders thus generalize total orders, in which every pair is

comparable.

A binary relation R in a set P is called a partial order relation or a partial

ordering in P if and only if  R is reflexive, antisymmetric and transitive. It is denoted

by the symbol � . If �  is a partial ordering on P, then the ordered pair (P, � ) is

called a partially ordered set or a poset. If for any x,y�p, if x� y or y� x, then

(p, � )called a totally ordered set.

Example 2.1: Let R be the set of  real numbers. The relation “Less Than or Equal

To” or “Greater Than or Equal To” is a partial order on R.
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Note: The symbol �  should not be confused with the standard “less than or equal to”

relation on real numbers.

Example 2.2: Prove that “Being a subset of is a partial order on the power set of

a non-empty set of A”.

Solution: Let P(A) = 2A= X  be the power set of A, i.e., X is the set of all subsets

of A. For any u,v,w in x, set U�V � U � V.

(i) Reflexive: Since U � U, U � U.

U � V and V � U. Then U � V and V�U.

This implies that U  V.

(iii) Transistive: Suppose U � V and V� W. Then U � V and V � W. ThisThis

implies that U � W.

Hence U �W.

Thus (x, � ) is a partial order..

Example 2.3: Let X be the set of positive integers. Prove that the relation “divides”

and “intergral multiples of” are partial orderings on X.

Solution: If a and b are positive integers, then we say, “ a divides b” written a/b

if and only if there is an integer c such that ac = b (or b is an integral multiple of a).

For any a,b �x, set a �b� a/b (=) ac = b.

(i) Reflexive: Since a.1= a, a/a and hence a�a.

(ii) Antisymmetric: Suppose a�b and b�a. Then there exist c,d�x such that

ac = b and bd = a. Since a = bd = acd � cd = 1, c =1 and d = 1.

Therefore a = b.

(iii) Transitive: Suppose for any a,b,c�x, a�b and b � c. Then there exist x,

y�x such that ax = b and by = c. Now a xy = by = c.

and since xy �X, a/c. Therefore a� c. Thus (X, � ) is a partial order.  

Example 2.4: Consider the set Z of integers. Define a �b if there is a positive

integer r such that b = ar. Prove (z, � ) is a partial ordered set.

Solution:Let a,b,c �Z.

(i) Reflexive: Since a = a1 , a �a.

(ii) Antisymmetric: Suppose a�b and b�a. Then there exist positive integers

r, s such that b = ar and a = bs.Since a = bs = (ar)s= ars implies rs =1. But

rs �z � r = 1 and s = 1. Hence, a = b.

(iii) Transitive: Suppose a�b and b�c. Then there exist positive integers r,s

such that b = ar and c = bs. Now c = bs = (ar)s  = ars and rs �Z implies

that a �c. Thus (Z, � ) is a partially ordered set.

Example 2.5: If R is a partially ordered relation on a set x and A� x, show that

R�  (A×A) is a partial ordering relation on A.

Solution: Denote R�  (A×A) by R1.

(i) Reflexive: Let x �A. Then (x, x) �A×A.

Since R is reflexive, (x, x) �R. (Note that x, x)�R means xRx. Therefore

(x, x)�R�  (A × A) = R1.
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(ii) Antisymmetric: Suppose (x, y)�R1 and (y, x)�R1. This implies that

(x, y)�R� (A × A) and (y, x) �R�  (A × A). Since R is antisymmetric,

(x, y)�R and (y, x) �R� x = y.

(iii) Transitive: Suppose (x, y)�R1 = R�  (A × A) and

(y, z) �R1 = R�  (A × A). Such R is transitive.

(x, y) �R and (y,z)�R�  (x, z)�R  clearly..

(x, z) �A × A and hence (x, z)�R� (A × A) = R1.

Thus R1 = R� (A × A) is a partial ordering relation on A. 

2.3 HASSE DIAGRAMS

The Hasse diagrams are named after Helmut Hasse (1898–1979); according to

Garrett Birkhoff (1948), they are so called because of the effective use Hasse

made of them. Although Hasse diagrams were originally devised as a technique

for making drawings of partially ordered sets by hand, they have more recently

been created automatically using graph drawing techniques.

A poset can be visualized through its Hasse diagram, which depicts the

ordering relation. In order theory, a Hasse diagram is a type of mathematical

its transitive reduction. Concretely, for a partially ordered set (S, ) one represents

each element of S as a vertex in the plane and draws a line segment or curve that

goes upward from x to y whenever y covers x, i.e., whenever x < y and there is

no z such that x < z < y). These curves may cross each other but must not touch

any vertices other than their endpoints. Such a diagram, with labeled vertices,

uniquely determines its partial order.

Although Hasse diagrams are simple as well as intuitive tools for dealing

with finite posets, it turns out to be rather difficult to draw ‘Good’ diagrams. The

reason is that there will in general be many possible ways to draw a Hasse diagram

for a given poset. The simple technique of just starting with the minimal elements

of an order and then drawing greater elements incrementally often produces quite

poor results: symmetries and internal structure of the order are easily lost.

2.3.1 Hasse Diagram of Partially Ordered Sets

The Hasse diagram of a poset P is a picture of P. So it is very useful in describing

types of elements of P. Some times we define a partially ordered set by simply

presenting its Hasse diagram.

Define a relation < on P by x < y (=) x y but x � y. Let (p,� ) be a partially

ordered set. An element y�p is said to cover an element x�p if x < y and if

there does not exist an element z�p such that x � z and z � y; that is

y cover x �  (x < y and x � z � y � x = z or z = y)

Here we say that y is an immediate predecessor of x or x is an immediate

successor of y.
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A partial ordering �  on a set P can be represented by means of a diagram

known as a Hasse diagram or a partially ordered set diagram of (p, � ).

Procedure

1. Represent each element of p by a small circle or a dot.

2. The circle for x�p is drawn below the circle for y�p if x < y, and a line is

drawn between x and y if y covers x.

3. If x < y but y does not cover x, then x and y are not connected directly by a

single line. However, they are connected through one or more elements of p.

Notes:

1. The Hasse diagram of a part p need not be connected. Also, there can be no

directed cycles in the diagram of p since the partial order relation is antisymmetric.

2. For a totally ordered set (p, � ), the Hasse diagram consists of circles one below
the other.

3. It is possible to obtain the set of ordered pairs in �  from such a Hasse diagram.

Example 2.6: Let p = { ,(a), (a,b), (a,b,c)} and the relation �  be such that

A�B if A�B, the inclusion relation on p. Draw Hasse diagram of (p,� ).

Solution:

Example 2.7: Let x = {2,3,6,12,24,36} and the relation �  be such that x�y if x

divides y. Draw the Hasse diagram of (x, � ).

Solution:Here,

�  = {(2,2), (2,6), (2,12), (2,24), (2,36), (3,3), (3,6),

      (3,12), (3,24), (3,36), (6,6), (6,12), (6,24),

      (6,36), (12,12), (12,24), (12,36), (24,24), (36,36)}

So the corresponding  Hasse diagram is as follows:
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Example 2.8:Let A = {a,b,c} and p (A) be its power set. Let �  be the inclusion

relation on p(A). Draw Hasse diagram.

Solution: Here p (A) = { ,(a), (b), (c), (a,b), (a,c), (b,c), (a,b,c)} and the

corresponding  Hasse diagram is:

Example 2.9: Let A = {1,2,3,4} and p (A) be its power set. Let �  be the

inclusion relation on p (A). Draw the Hasse diagram.

Solution: Let (p, � ) be a poset and let A� P. An element x�p is an upper

bound for A if for all a�A, a�x. Similarly, any element x�p is a lower bound for

A if for all a�A, x� a.

In other words, x�p is an upper bound of a and b if a� x and b�x. Similarly,,

x�p is called a lower bound of a and b if x � a and x� b.

An element x�p is a least upper bound (LUB) for A, if x is an upper bound

for A and x� y, where y is any upperbound for A. In otherwords x�p is LUB of a

and b if a � x and  b�  x and if for y�p, a �  y, b� y� x�  y.

Similarly the greatest lower bound (GLB) for A is an element x�p such that

x is a lower bound and y�x for all lower bounds for y. In otherwords x�p is GLB

of a,b if x�  a, x �  b and if y�p, y�a, y�b� y�x.

Note: Some authors use the term supremum instead of LUB and infimum instead of

GLB.
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Example 2.10: Let p = {1, 2, 3,5,6,10,15,30} and let �  be the relation “divides”

on p. Then show that (p,� ) is a poset. Given the set of upper bounds of 2 and 3

is {x�p : 2� x,  3� x} = {x�p : 2/x, 3/x} = {6,30}. Draw the Hasse diagram.

Solution: The least element of this set is 6. So LUB of 2 and 3 = 6. The set of

lower bounds of 6 and 15 is {1, 3}. The greatest element of this set is 3. Hence,

GLB of 6 and 15 = 3.

The Hasse diagram for this example is as follows:

Example 2.11: Draw the Hasse diagram for (N, � ) where A  = {1,2,3,4,12} and

x� y if and only if x/y.

Solution:

Example 2.12: Let A be the set of factors of a particular positive integer m and

e, �  be the relation “divides”, i.e., �  = {(x, y)|x�A and y�A and (x divides y)}.

Draw Hasse diagrams for (a) m = 12, (b) m = 30, (c) m = 45.

Solution:

Example 2.13: Show that there are only five distinct Hasse diagrams for partially

ordered sets that contain three elements.

Solution: Let us assume that a� b if a/b and consider the sets A = {2,3,5},

B = {2,3,4}, C = {2,3,6}, D = {2,4,6}, and E = {2,4,8}. Then its Hasse diagrams

are as follows:
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These are the only distinct Hasse diagrams for poset that contain three

elements.

Greatest (Maximal) and Smallest (Minimal) elements: An element x�p is

called the Greater (Maximam) element if for all a�p, a� x. An element x�p is

called the Smallest (Minimum) element or least element if for all a�p, x�a. The

greatest element will be denoted by 1 and the smallest element by 0.

Theorem 2.1: If a poset (p, � ) has a least element, then this element is unique.

Similarly, if a poset (p,� ) has the greatest element, then it is unique.

Proof:Suppose x
1
 and x

2
 are any two least elements. Since x

1 
is a least element,

x
1 � x2 and  x2 is a least element, x2� x1. However �  is antisymmetric we get

x
1
= x

2
. Thus, the least element, if  it exists, is unique. Dually, the other result

follows.

Example 2.14: Draw the Hasse diagram for (X,� ) where X = {2,3,6,12,24,36}

and x� y if x/y. Find the following:

(i) The LUB and the GLB of A = {2,3,6}

(ii) The LUB and the GLB of B = {2,3}

(iii) The LUB and the GLB of C = {6,12}

Solution:

(i) LUB of A = 6; GLB of A does not exist

(ii) LUB of B = 6; but there is no GLB

(iii) LUB of C = 12; GLB of C = 6

Example 2.15: From the Hasse diagram:

(i) Find all lower bounds 8 and 12 (ii) Find all upper bounds 8 and 12

(iii)  Find the GLB of 8 and 12 (iv) Find the LUB of 8 and 12

Solution:

(i) Lower bounds of 8 and 12 are 1,2,4.

(ii) Upper bound of 8 and 12 is 24.
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(iii) GLB of 8 and 12 is 4.

(iv) LUB of 8 and 12 is 24.

2.4 LATTICES

A lattice is an abstract structure studied in the mathematical subdisciplines of order

theory and abstract algebra. It consists of a partially ordered set in which every

two elements have a unique supremum (also called a Least Upper Bound (LUB)

or join) and a unique infimum (also called a Greatest Lower Bound (GLB) or

meet). An example is given by the natural numbers, partially ordered by divisibility,

for which the unique supremum is the least common multiple and the unique infimum

is the greatest common divisor.

Lattices can also be characterized as algebraic structures satisfying certain

axiomatic identities. Since the two definitions are equivalent, lattice theory draws

on both order theory and universal algebra. Semilattices include lattices, which in

turn include Heyting and Boolean algebras.

A lattice is a partially ordered set (L,� ) in which every pair of elements a,

b�L has a greatest lower bound (GLB) and a least upper bound (LUB).

a, b}� L will be denoted

by a b and the least upper bound (LUB) by a b. So GLB {a, b} = a b,

called the meet of a and b and LUB {a, b} = a b, called the join of a and b.

Note that  and 

(A, , ). From the definition of  and , the following is denoted:

(i) a� a b; b� a b (i.e., a b is an UB of a and b).

(ii) a b� a; a b� b (i.e., a b is a LB of a and b).

(iii) If a � c and b� c then a b� c (i.e., a b is the LUB of a and b).

(iv) If c�a and c�b then c� a b. (i.e., a b is the GLB of a and b).

For example, the following are Lattices:

For example, the following are Posets but not Lattices:

For example, let A be any set and L = P (A L,� ) is

a lattice in which for any x, y,�L, x y = x � y and x y = x � y..
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x, �I, x�y if x/y. Define x

y = LCM (x, y) and  x y = GCD� (x, y). Then (I, , ) is a lattice.

Theorem 2.2: Let (L, � ) be a lattice in which  and  denote the operations of

meet and join respectively. For any a, b, c�L, we have

(i) a a = a ; a a = a (Idempotent)

(ii) a b = b a; a b = b a (Commutative)

(iii) (a b) c = a (b� c); (a b) c = a (b c) (Associative)

(iv) a (a b) = a; a  (a b) = a (Absorption)

Proof:

(i) Since a� a, we know that a is a lower bound of {a, a} = {a}. If b is also

a lower bound and if a� b then we have b�a and a�b ,

a = b. So a is the GLB of {a}. Therefore, a a = a. Dually, a a = a

follows.

x = a b = GLB {a, b a, b} = {b, a b, a} = x. So

b a =  x. Hence x = a b = b a.  Dually, a b = b a follows.

(iii) Let x = a  (b c) and y = (a b) c.

Now x = a (b c) � x �a,  x �b c

� x �a, x �b, x� c

� x � a b, x � c

� x�  (a b) c = y.

� x follows. By antisymmetry, x = y and hence, a (b c) =

(a b) c.

Dually, a (b c) = (a b) c follows.

(iv) By definition, for any a�L, a�a and a�a b

Therefore, a �a  (a b). But a  (a b) � a. Hence a  (a b) = a.

Dually, a  (a b) = a follows.

Theorem 2.3: Let (L, � ) be a lattice in which  and  denote the operations of

meet and join respectively. For any a, b �L,

a �b � a b = a

� a b = b

Proof:Assume that a �a. Since a �  b, it follows that a�a b

of , a b �a. Therefore a b = a a b = a. Then

a �  b. Hence a �b� a b = a. Similarly a �  b� a b = b follows.

Isotonicity Law

Theorem 2.4: Let (L, � ) be a lattice in which  and  denote the operations of

meet and join respectively. For any a, b, c,�L,

b � c �
	


�

���
�
caba

caba

Proof: Assume that b� c. Since a b �  b, by transitivity, , a b � c. Since

a b� a, it follows that,

a b � a c
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Now, b� c and c�a c implies b � a c. But a� a c. Hence a b �
a c.
Note: For any a, b, c�L, by Isotonicity Law,,

a � b a � c � a � b c

a � b a � c � a � b c

c � b a � a � b c � a

c � b a � a � b c � a.

Distributive Inequality

Theorem 2.5: Let (L,� ) be a lattice. For any a, b, c,�L, the following inequalities

are hold.

(i) a b c � a b) a c)

(ii) (a b) a c) � a b c)

Since a � a b and a � a c, we have

a �  (a b)  (a c) ... (1)

Since b c � b � a b and b c � c � a c,

b c �  (a b)  (a c) ... (2)

From Equations (1) and (2) we have

a  (b c) �  (a b)  (a c).

Similarly, Case (ii) follows.

Modular Inequality

Theorem 2.6: Let (L, � ) be a lattice. For any a, b, c�L,

a � c � a  (b c) �  (a b) c

Proof: Suppose a � c. Then a c = c.

By distributive inequality, a  (b c) �  (a b) (a c)

Since a c = c,

a  (b c) �  (a b) c.

Conversely, let us assume that a  (b c) �  (a b) c.

Since,

c

cba

cbaa

�
��
��
)(

)(

we get a � c. Hence proved.

L, � a, b, c�L, if a �b � c

� a b = bc, and  (a b)  (b c) = b = (a b)  (a c).

Solution: Since a �b and a � c, a � b c. Again b �b and b � c implies b�b c.

Now a � b c and b �b c � a b �b c                           ... (i)

Again, b c� b � a b ... (ii)

From Equations (i) and (ii), a b = b c.
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Hence, a b �b and b c�b, we get (a b  (b c �b. Since b � c and

b � b implies b � b c b � (b c)  (a b). Hence, (a b)

(b c) = b. Similarly, (a b) (a c)  = b follows.

L, � ), for any a, b, c, d,�L, if a �b and

c� d then a c � b d.

Solution: Since a c �a �b and a c � c �d, a c � b d.

Distributive Lattice

A Lattice (L,� ) is said to be distributive lattice if for any a, b, c,�L,

a  (b c) = (a b) (a c)

a  (b c) = (a b)  (a c).

Theorem 2.7: Let a, b, c�L L, � ) is a distributive lattice. Then

a b = a c and a b = a c � b = c.

Proof: We know that,

           b = b  (b a) (Absorption)

= b  (a b) (Commutative)

= b  (a c) (�  a b = a c)

= (b a)  (b c) (Distributive)

= (a b)  (c b) (Commutative)

= (a c)  (c b) (�  a b = a c)

= (c a)  (c b) (Commutative)

= c  (a b) (Distributive)

= c  (a c) (� a b = a c)

= c  (c a) (Commutative)

= c (Absorption)

Hence proved.

Modular Lattice L, � ) is said to be modular lattice if a� c � a

(b c) = (a b) c.

Bounded Lattice: A lattice (L, � ) which has both, a least element denoted by 0

and the greatest element denoted by 1 is called a bounded lattice.

Note: If  L = {a
1
,a
2,
...,a

n
} with 0

1
�

�
i

n

i
a  and .1

1
��

�
i

n

i
a  It satisfies a  0 = a, a  1 = 1,

a  1 = a and a  0 = 0.

Complement of an Element: L,� b�L is

called a complement of an element a�L if a b = 0 and a b = 1, we denote b

by a.

Complement Lattice: A lattice (L,� ) is said to be complemented lattice if every

element of  L has at least one complement.

Example 2.18: Show that De Morgan’s laws hold in a complemented distributive

lattice.



Partial Order Relation

and Lattices

NOTES

Self - Learning

Material 77

Solution: To process that baba ����� )(  and

),()( baba �����  consider

( ) ( ) ( ) ( ) (Distributive)

( ) ( (Commutative)

( ) ( ) (Associative)

( 0) ( 0)

0 0 0

a b a b a b a a b b

b a a a b b

b a a a b b

b a

� � � � �  � �   �  

� ��   �   

� ��   �  

�  � 

� � �

Again,

( ) ( ) ( ( ) (Distributive)

( ) ( ) (Commutative)

( ) ( ) (Associative)

(1 ) (1 )

1 1 1

a b a b a a b b a b

a a b b b a

a a b b b a

b a

� � � � � � �  � � � �  � �

� � � �� � �  � �

� � � �� � �  � �

� �� �  �

�  �

Hence, ba ���  is the complement of (a b). So )( ����� baba . Similarly,,

baba ����� )( follows.

Example 2.19: Show that in a complemented lattice (L,� ),

abbababa ������������ 01

Solution: Consider   a� b�  a b = a

1

1)(1

1)()(

1)(

����
����

������
�������

ba

ba

baaa

baaaa

Again,       a� b � a b = b

.0

00)(

1)()(

0)(

���
����

�����
������

ba

ba

bbba

bbabb

To prove the last one,

( )

(Commutative)

.

a b a b b

a b b

a b b

a a b

b a

� � � �

� �� � �

� � ��  �

� � ��  �

� �� �

Example 2.20: Consider the lattice L = {1, 2, 3, 4, 6, 12}, the divisions of 12

ordered by divisibility. Find the following:

(i) The lower bound and upper bound of L.

(ii) The complement of 4.

(iii) Is L a complemented lattice?

Solution:

(i) The lower bound of L is 1and the upper bound is 12.
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(ii) Since 4 3 = gcd (4,3) = 1 and

4 3 = lcm (4,3) = 12, then the complement of 4 is 3.

(iii) Since 6 x = gcd (6, x)

� 1 for x � 1 and 6 1 = lcm (6,1)

� 12, 6 has no complement and hence L is not a complemented lattice.

Sublattice: Let M be a non-empty subset of a Lattice (L, � ). We say that M is a

sublattice of L if M itself is a lattice with respect to the operations of L.

Note: So M is a sublattice of L if and only if M is closed under the operations  and 

of L.

Example 2.21: Consider the following lattice L.

Determine whether each of the following is a sublattice of L.

M = {a, b, c, g}

N =  {a, b, f, g}

O = {b, d, e, g}

P = {a, d, e, g}

Solution: Since b c = d, and d�M, M is not a sublattice. Since d e = b and

b�p, p is not a sublattice. But N and O are sublattices.

Example 2.22: Suppose M is a sublattice of a distributive lattice L. Show that M

is a distributive lattice.

Solution: For a distributive lattice L, a  (b c) = (a b)  (a c) and a

(b c) = (a b)  (a c) for all a, b, c � L. Since M is closed, each element of

M is also in L, the distributive laws hold for all elements in M. Hence M is a

distributive lattice.

Example 2.23: Prove that in a distributive lattice (L, � ), if an element has a

complement then this complement is unique.

Solution: a�L b and c in L. Then

a b = 1; a b = 0 and v a c = 1; a c = 0.

Consider 1 ( )

( ) ( ) (Distributive)

0 ( ) ( ) ( )

( ) (Distributive)

1

b b b a c

b a b c

b c a c b c

a b c

c c

�  �  �

�  � 

� �  �  � 

� � 

�  �
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Check Your Progress

1. What is partially ordered set?

2. Define the term partial order relation.

3. What is Hasse diagram?

4. Give the procedure of Hasse diagram of partially ordered sets.

5. Define the terms greatest and smallest elements.

6. What is a lattice?

7. Define the terms modular lattice and bounded lattice.

8. What is complement of an element?

2.5 ANSWERS TO ‘CHECK YOUR PROGRESS’

1. A partially ordered set, also termed as poset, formalizes and generalizes the

intuitive concept of an ordering, sequencing, or arrangement of the elements

of a set. A poset consists of a set together with a binary relation indicating

that, for certain pairs of elements in the set, one of the elements precedes

the other in the ordering.

2. A binary relation R in a set P is called a partial order relation or a partial

ordering in P if and only if  R is reflexive, antisymmetric and transitive. It is

denoted by the symbol � .

3. The Hasse diagrams are named after Helmut Hasse (1898–1979. A poset

can be visualized through its Hasse diagram, which depicts the ordering

relation. In order theory, a Hasse diagram is a type of mathematical diagram

used to represent a finite partially ordered set, in the form of a drawing of its

transitive reduction.

4. 1. Represent each element of p by a small circle or a dot.

2. The circle for x�p is drawn below the circle for y�p if x < y, and a

line is drawn between x and y if y covers x.

3. If x < y but y does not cover x, then x and y are not connected

directly by a single line. However, they are connected through one or

more elements of p.

5. An element x�p is called the Greater (Maximam) element if for all a�p,

a� x. An element x�p is called the Smallest (Minimum) element or least

element if for all a�p, x�a. The greatest element will be denoted by 1 and

the smallest element by 0.

6. A lattice is an abstract structure studied in the mathematical subdisciplines

of order theory and abstract algebra. It consists of a partially ordered set in

which every two elements have a unique supremum (also called a Least

Upper Bound (LUB) or join) and a unique infimum (also called a Greatest

Lower Bound (GLB) or meet).   A lattice is a partially ordered set (L,� ) in
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which every pair of elements a, b�L has a greatest lower bound (GLB)

and a least upper bound (LUB).

a, b}� L will be denoted

a b and the least upper bound (LUB) by a b a, b} = a

b, called the meet of a and b and LUB {a, b} = a b, called the join

of a and b.

L, � ) is said to be modular lattice if a� c � a  (b c) =

(a b) c.

A lattice (L,� ) which has both, a least element denoted by 0, and the greatest

element denoted by 1 is called a bounded lattice.

L,� b�L is called a complement of an

element a�L if a b = 0 and a b = 1, we denote b by a.

2.6 SUMMARY

In mathematics, especially order theory, a partially ordered set, also termed

as poset, formalizes and generalizes the intuitive concept of an ordering,

sequencing, or arrangement of the elements of a set. A poset consists of a

set together with a binary relation indicating that, for certain pairs of elements

in the set, one of the elements precedes the other in the ordering. The relation

itself is called a ‘Partial Order’.

A binary relation R in a set P is called a partial order relation or a partial

ordering in P if and only if  R is reflexive, antisymmetric and transitive. It is

denoted by the symbol � .

The symbol �  should not be confused with the standard “Less Than or

Equal to” relation on real numbers.

The Hasse diagrams are named after Helmut Hasse (1898–1979).

A poset can be visualized through its Hasse diagram, which depicts the

ordering relation. In order theory, a Hasse diagram is a type of mathematical

diagram used to represent a finite partially ordered set, in the form of a

(S, ) one represents each element of S as a vertex in the plane and draws

a line segment or curve that goes upward from x to y whenever y covers x,

i.e., whenever x < y and there is no z such that x < z < y). These curves may

cross each other but must not touch any vertices other than their endpoints.

Such a diagram, with labeled vertices, uniquely determines its partial order.

The Hasse diagram of a poset P is a picture of P. So it is very useful in

describing types of elements of P. Some times we define a partially ordered

set by simply presenting its Hasse diagram.

Define a relation < on P by x < y (=) x y but x � y. Let (p, � ) be a

partially ordered set. An element y�p is said to cover an element x�p if

x < y and if there does not exist an element z�p such that x� z and z� y;

that is

y cover x �  (x < y and x � z � y � x = z or z = y)
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The Hasse diagram of a part p need not be connected. Also, there can be

no directed cycles in the diagram of p since the partial order relation is

antisymmetric.

For a totally ordered set (p,� ), the Hasse diagram consists of circles one

below the other.

It is possible to obtain the set of ordered pairs in �  from such a Hasse

diagram.

An element x�p is called the Greater (Maximam) element if for all a�p,

a� x. An element x�p is called the Smallest (Minimum) element or least

element if for all a�p, x�a. The greatest element will be denoted by 1 and

the smallest element by 0.

If a poset (p,� ) has a least element, then this element is unique. Similarly, if

a poset (p, � ) has the greatest element, then it is unique.

A lattice is an abstract structure studied in the mathematical subdisciplines

of order theory and abstract algebra. It consists of a partially ordered set in

which every two elements have a unique supremum (also called a Least

Upper Bound (LUB) or join) and a unique infimum (also called a Greatest

Lower Bound (GLB) or meet). An example is given by the natural numbers,

partially ordered by divisibility, for which the unique supremum is the least

common multiple and the unique infimum is the greatest common divisor.

A lattice is a partially ordered set (L,� ) in which every pair of elements a,

b�L has a greatest lower bound (GLB) and a least upper bound (LUB).

a, b}� L will be denoted

a b and the least upper bound (LUB) by a b a, b} = a

b, called the meet of a and b and LUB {a, b} = a b, called the join

of a and b.

A Lattice (L,� ) is said to be distributive lattice if for any a, b, c,�L,

a  (b c) = (a b) (a c)

a  (b c) = (a b)  (a c).

L,� ) is said to be modular lattice if a� c � a  (b c) = (a b)

c.

A lattice (L,� ) which has both, a least element denoted by 0, and the greatest

element denoted by 1 is called a bounded lattice.

L,� b�L is called a complement of an

element a�L if a b = 0 and a b = 1, we denote b by a.

A lattice (L,� ) is said to be complemented lattice if every element of  L has

at least one complement.

Let M be a non-empty subset of a Lattice (L,� ). We say that M is a sublattice

of L if M itself is a lattice with respect to the operations of L.

M is a sublattice of L if and only if M is closed under the operations  and

 of L.
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2.7 KEY TERMS

Partially ordered set: The partially ordered set, also termed as poset,

formalizes and generalizes the intuitive concept of an ordering, sequencing,

or arrangement of the elements of a set.

Poset: A poset consists of a set together with a binary relation indicating

that, for certain pairs of elements in the set, one of the elements precedes

the other in the ordering.

Hasse diagrams: Hasse diagrams are named after Helmut Hasse (1898–

1979. A poset can be visualized through its Hasse diagram, which depicts

the ordering relation. In order theory, a Hasse diagram is a type of

mathematical diagram used to represent a finite partially ordered set, in the

form of a drawing of its transitive reduction.

Lattice: A lattice is an abstract structure studied in the mathematical

subdisciplines of order theory and abstract algebra. It consists of a partially

ordered set in which every two elements have a unique supremum (also

called a Least Upper Bound (LUB) or join) and a unique infimum (also

called a Greatest Lower Bound (GLB) or meet).

Bounded lattice: A lattice (L, ) which has both, a least element denoted

by 0, and the greatest element denoted by 1 is called a bounded lattice.

2.8 SELF-ASSESSMENT QUESTIONS AND

EXERCISES

Short-Answer Questions

1. What is partial order relation?

2. Explain the partially ordered sets.

3. What are totally ordered sets?

4. What is Hasse diagram?

5. Differentiate between maximal and minimal elements.

6. Explain the term lattice.

7. What are the Greatest Lower Bound (GLB) and the Least Upper Bound

(LUB)?

8. Define the terms distributive lattice and bounded lattice.

9. What is complemented lattice?

Long-Answer Questions

1. Briefly discuss about the partial order relation giving appropriate examples.

2. Explain the partially ordered sets and totally ordered sets with the help of

appropriate examples.
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3. Elaborate on Hasse diagram giving appropriate examples.

4. Discuss briefly on the terms maximal and minimal elements and first and last

elements with the help of appropriate examples.

5. Explain about the lattice giving its definition, properties and appropriate

examples.

6. Discuss briefly on the terms bounded lattice, distributive lattice and

complemented lattice with the help of appropriate examples.

7. Draw the Hasse diagrams of the following sets under the partial ordering

relation “divides” and indicate those which are totally ordered.

{2,6,24}, {3,5,15}, {12,3,6,12}, {2,4,8,16}, {3,9,27,54}

8. Give a relation which is both a partial ordering relation and an equivalence

relation on a set.

9. Let X = {1,2,3,5,6,10,15,30} and the relation “divides” be a partial ordering

on x.

(i) Fnd all lower bounds of 10 and 15

(ii) Find the GLB of 10 and 15

(iii) Find all upper bounds of 10 and 15

(iv) Determine the LUB of 10 and 15

(v) Draw the Hasse diagram for (X, � )

10. Consider the relation of divisibility on the set Z of integers. Is this relation a

partial  ordering of Z?

(Hint: No, for example 3/ – 3 and – 3/3 but 3� – 3, that is, the relation is not

antisymmetric).

11. Let x = {1,2,3,4,6,8,9,12,18,24} be ordered by divisibility. Draw the Hasse

diagram.

12. For a given set A, consider the relation, R = {(C, D)\C�P (A), D�P (B),

and C�D}. Show that R is a partial ordering relation.
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3.0 INTRODUCTION

In mathematics, graph theory is the study of graphs, which are mathematical

structures used to model pairwise relations between objects. A graph in this context

is made up of vertices, also called nodes or points, which are connected by edges,

also called links or lines. Graphs are one of the prime objects of study in discrete

mathematics.

The history of graph theory may be specifically traced to 1735, when the

Swiss mathematician Leonhard Euler solved the Königsberg bridge problem. The

Königsberg bridge problem was an old puzzle concerning the possibility of finding

a path over every one of seven bridges that span a forked river flowing past an

island—but without crossing any bridge twice.

The term graph in the graph theory refers to a set of vertices, i.e., points or

nodes, and of edges or lines that connect the vertices. When any two vertices are

joined by more than one edge, then the graph is termed as a multigraph. When the

graph is without loops and with at most one edge between any two vertices then it

is termed as a simple graph. Fundamentally, the term graph is assumed to be a

simple graph. When each vertex is connected by an edge to every other vertex,

then the graph is termed as a complete graph. When the graph is appropriate, then

a direction may be allocated or assigned to each edge to yield a directed graph or

digraph. Graphs are typically represented visually by drawing a point or circle for

every vertex, and drawing a line between two vertices if they are connected by an

edge. If the graph is directed, the direction is indicated by drawing an arrow. A

directed graph or digraph is a graph in which edges have orientations. A distinction

can be made between undirected graphs, where edges link two vertices

symmetrically, and directed graphs, where edges link two vertices asymmetrically.

A walk in a graph is a sequence of vertices such that for all consecutive vertices in

the sequence are adjacent in the graph. A trail is a walk that does not repeat any

edges. If the trail starts and ends at the same vertex then it is called a circuit. A path

is a sequence of vertices with the property that each vertex in the sequence is adjacent
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to the vertex next to it. A path that does not repeat vertices is called a simple path.

A circuit is path that begins and ends at the same vertex. A circuit that does not

repeat vertices is called a cycle.

In graph theory, an Eulerian trail or Eulerian path is a trail in a finite graph

that visits every edge exactly once, allowing for revisiting vertices. Similarly, an

Eulerian circuit or Eulerian cycle is an Eulerian trail that starts and ends on the same

vertex.

Hamiltonian circuits are named for William Rowan Hamilton who studied

them in the 1800’s. A Hamiltonian circuit is a circuit that visits every vertex once

with no repeats. Being a circuit, it must start and end at the same vertex. A

Hamiltonian path also visits every vertex once with no repeats, but does not have

to start and end at the same vertex. The Hamiltonian path (or traceable path) is a

path in an undirected or directed graph that visits each vertex exactly once. A

Hamiltonian cycle (or Hamiltonian circuit) is a Hamiltonian path that is a cycle.

Determining whether such paths and cycles exist in graphs is the Hamiltonian path

problem, which is NP-complete.A graph is Hamiltonian-connected if for every

pair of vertices there is a Hamiltonian path between the two vertices.

Dijkstra’s algorithm (or Dijkstra’s Shortest Path First algorithm, SPF

algorithm) is an algorithm for finding the shortest paths between nodes in a graph.

It was conceived by computer scientist Edsger W. Dijkstra in 1956 and was

published three years later. The Dijkstra’s original algorithm found the shortest path

between two given nodes, but a more common variant fixes a single node as the

‘Source’ node and finds shortest paths from the source to all other nodes in the

graph, producing a shortest path tree. A widely used application of shortest path

algorithm is network routing protocols, most notably IS-IS (Intermediate System

to Intermediate System) and Open Shortest Path First (OSPF).

In this unit, you will study about the graph - definition, types of graphs,

subgraphs, walk, path, circuit, connected and disconnected graphs, Euler graph,

Hamiltonian path and circuit, shortest path in weighted graph, and Dijkstra’s

algorithm for shortest path.

3.1 OBJECTIVES

After going through this unit, you will be able to:

Understand what graphs are and why they are used

Analyse the path and circuits of a graph

Describe the types of graphs, such as simple graph, multigraph and subgraph

Explain about the directed, undirected and bipartite graphs

Discuss about the isomorphism, distance, cut-vertices and cut-edges in a

graph

Elaborate on the graph connectivity and operations on graphs

Define the Euler path and Euler circuits

Explain the Hamiltonian path and Hamiltonian circuit

Understand the Dijkstra’s algorithm for shortest path
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3.2 GRAPHS: AN INTRODUCTION

In mathematics, and more specifically in graph theory, a graph is a structure

amounting to a set of objects in which some pairs of the objects are in some sense

‘Related’. The objects correspond to mathematical abstractions called vertices,

also called nodes or points, and each of the related pairs of vertices is called an

edge, also called link or line. Typically, a graph is depicted in diagrammatic form

as a set of dots or circles for the vertices, joined by lines or curves for the edges.

The edges may be directed or undirected.

A walk in a graph is a sequence of vertices such that for all consecutive

vertices in the sequence are adjacent in the graph. A trail is a walk that does not

repeat any edges. If the trail starts and ends at the same vertex then it is called a

circuit. A path is a sequence of vertices with the property that each vertex in the

sequence is adjacent to the vertex next to it. A path that does not repeat vertices is

called a simple path. A circuit is path that begins and ends at the same vertex. A

circuit that does not repeat vertices is called a cycle.

A graph G, a triplet (V(G), E(G), G

V(G) of vertices, a set E(G) of edges, and a function G assigns to each

edge, a subset {u, v} of G) (u, v need not be distinct). If e is an edge and

u, v are vertices such that G(e) = uv, then e is a line (edge) between u and

v and vertices u and v are the end points of the edge e.

For example,

(i) G = (V(G), E(G), G)

Where, V(G) = {v1, v2, v3, v4}

E(G) = {e1, e2, e3, e4, e5, e6}

G(e1) = {v1v2}, G(e2) = {v2v2}, G(e3) = {v2v3}

G(e4) = {v1v3}, G(e5) = {v4v5}, G(e6) = {v1v4}

(ii) G = (V(G), E(G), G)

Where, V(G) = {v1, v2, v3}, E(G) = {e1, e2, e3}

G(e1) = {v1v2}, G (e2) = {v2v3}, G(e3) = {v3v1}

Every graph has a diagram associated with it. These diagrams are useful for

understanding problems involving such a graph. In the pictorial representation, we

represent the vertices by small circles and the edges by lines whenever the

corresponding pair of vertices forms an edge.

The pictorial representation of Examples (i) and (ii) are shown in Figure 3.1.

Fig. 3.1 Pictorial Representation of Graphs
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Notes:

1. In Example (i), e2 joins the vertex v2 to itself. Such an edge is called self

loop.

2. If there is more than one edge between a pair of vertices in a graph, then

these edges are called parallel edges.

3. Hereafter, the graph will be denoted as G = (V, E) for simplicity.

4. A graph which consists of parallel edges is called a multigraph.

Simple Graph: A graph with no self loops and parallel edges is called a simple

graph.

Pseudograph: A graph with self loops and parallel edges is called a pseudograph.

Note: Every simple graph and every multigraph is a pseudograph, but the converse

is not true.

For example,

Fig. 3.2 Pseudograph

The graph G in Figure 3.2 is neither a simple graph nor a multigraph hence it is

termed as pseudograph.

Degree of a Vertex: The degree of a vertex v is the number of edges incident

with that vertex. In other words, the degree of a vertex is the number of edges

having that vertex as an end point and is denoted by d(v) (Refer Figure 3.3).

For example,

Here,d(v1) = 2

d(v2) = 3

d(v3) = 2

d(v4) = 3

Fig. 3.3 Degree of a Vertex

A loop contributes 2 to the degree of vertex.

Isolated Vertex: A vertex with degree zero is called an isolated vertex.

Pendant Vertex: A vertex with degree one is called a pendant vertex.

Adjacent Vertices: A pair of vertices that determine an edge are called adjacent

vertices.

Note: A vertex is even or odd based on its degree being even or odd.

Example 3.1:Let G be a simple graph with n vertices. Prove that the number of

edges E(G) is almost nC
2
.
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Solution: Let G = (V(G), E(G), q
G
) be a simple graph with ( )V G  = n.

Since, G assigns to each edge a 2-element subset {u, v} of V(G), there are

almost nC2, 2-element subsets.

Hence, E(G) 
2

n n

Theorem 3.1: Let G be a graph with n vertices and e edges. Then,

n

i

i

d v = 2e.

Proof: Let G be a graph with n vertices and e edges.

Since, every edge contributes degree 2 to this sum, 
n

i

i

d v  = 2e.

Theorem 3.2: In a graph G, the number of odd vertices is an even number.

Proof: Let G be a graph with n vertices and e edges.

By Theorem 3.1, we have:

n

i

i

d v = 2e = Even number ...(1)

Among n vertices, some are even vertices and some are odd vertices. Let Ve

and V0 be the even and odd vertices respectively.

Now, Equation (1) can be written as,

0

( ) ( )
� �

�� �
e

n

v V v V

d v d v = Even number

0

( )
�

�
v V

d v = Even number – 

ev V

d v ...(2)

Since every term in the right side of Equation (2) is even, the sum on the left

side must contain an even number of terms, i.e., the number of odd vertices

in G is even.

Minimum and Maximum Degrees: Let G

maximum degrees of G are respectively (G) and (G) and are given as,

(G) = min {d(v); v V(G)}

And, (G) = max {d(v); v V(G)}

k-Regular: A graph G is k-regular or regular of degree k if every vertex of

G has degree k.

Complete Graph: A simple graph in which each pair of distinct vertices is

joined by an edge is called a complete graph. A complete graph on n vertices

is denoted by kn.



Graphs

NOTES

Self - Learning

90 Material

Figure 3.4 shows the various types of complete graphs.

Fig. 3.4 Complete Graphs

Notes:

1. Every complete graph kn is a (n – 1) regular graph.

2. There is no 1-regular or 3-regular graphs with 5 vertices, since no graph

has an odd number of vertices.

 The complement G  of a graph G is that graph

with V(G) = V G  and such that uv is an edge of G  if and only if uv is not

an edge of G.

Figure 3.5 shows the various types of complement of a graph:

Fig. 3.5 Complement of a Graph

There are also some useful terminologies for graphs with directed edges.

Graphs with Directed Edges: When (u, v) is an edge of the graph G with

directed edges, u is said to be adjacent to v and v is said to be adjacent from

u. The vertex u is called the initial vertex of (u, v) and v is called the terminal

or end vertex of the edge (u, v).

Figure 3.6 shows the various types of graphs and directed edges:

Fig. 3.6 Graphs with Directed Edges
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In-Degree and Out-Degree: In a graph with directed edges the in-degree

of a vertex v denoted by d–(v) is the number of edges with v as their terminal

vertex. The out-degree of v denoted by d+(v) is the number of edges with

v as their initial vertex.

Note: Self loop at a vertex contributes 1 to both in-degree and out-degree

of this vertex.

Example 3.2: Find the in-degree and out-degree of the following graphs:

Solution:

(i) d–(a) = 3; d – (b) = 1; d – (c) = 1; d– (d) = 2; and d – (e) = 1

d +(a) = 2; d + (b) = 2; d + (c) = 1; d + (d) = 2; and d + (e) = 1

(ii) d–(u) = 1; d – (v) = 1; d – (w) = 1 and

d +(u) = 1; d+ (v) = 1; d+ (w) = 1

Notes:

1. Let G = (V, E) be a graph with directed edges. Then, ( )
�

�

�
v V

d v = ( )
�

�

�
v V

d v = e.

2. By ignoring directions of edges in a graph with directed edges, we will get

an undirected graph. Such graphs are called underlying undirected graphs.

Check Your Progress

1. What is a simple graph?

2. What do you mean by a pseudograph?

3. What is degree of a vertex?

4. Define an isolated vertex and a pendent vertex.

5. What are minimum and maximum degrees?

6. What do you mean by complement of a graph?

7. What is in-degree and out-degree of a graph?

3.3 TYPES OF GRAPHS

Fundamentally, the term graph in the graph theory refers to a set of vertices, i.e.,

points or nodes, and of edges or lines that connect the vertices. When any two

vertices are joined by more than one edge, then the graph is termed as a multigraph.

When the graph is without loops and with at most one edge between any two

vertices then it is termed as a simple graph. Fundamentally, the term graph is

assumed to be a simple graph. When each vertex is connected by an edge to



Graphs

NOTES

Self - Learning

92 Material

every other vertex, then the graph is termed as a complete graph. When the graph

is appropriate, then a direction may be allocated or assigned to each edge to yield

a directed graph or digraph. Graphs are typically represented visually by drawing

a point or circle for every vertex, and drawing a line between two vertices if they

are connected by an edge. If the graph is directed, the direction is indicated by

drawing an arrow. A directed graph or digraph is a graph in which edges have

orientations. A distinction can be made between undirected graphs, where edges

link two vertices symmetrically, and directed graphs, where edges link two vertices

asymmetrically.

Different Types of Graphs

Simple Graph

A graph with no self loop and parallel edges is known as simple graph. Figure 3.7

shows a simple graph.

Fig. 3.7 Simple Graph

Multigraph

A graph which has loops and parallel edges is a multigraph. Figure 3.8 shows a

multigraph.

Fig. 3.8 Multigraph

Subgraph

(i) A graph H = ( E G = (V(G),

E(G)) if (a) V(H) V(G) and (b) E(H) E(G).

(ii) A subgraph H of a graph G is called a spanning subgraph if V(H) =

V(G).

The followings are the examples of subgraphs:

Fig. 3.9 Subgraphs
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Directed and Undirected Graph

In a directed graph every edge has a direction (Refer Figure 3.10). If there is

movement from a vertex to its adjacent vertex, the direction is notified. If movement

is from vertex v
1
 to vertex v

2
, then v

1
v
2
 and v

2
v
1
 are different. Here, movement is

in one direction only. But in undirected graph, if there is movement in between v
1

and v
2
, then movement in both the direction is possible. Such graphs are known as

undirected graphs (Refer Figure 3.11).

Fig. 3.10 Directed Graph Fig. 3.11 Undirected Graph

Bipartite Graph

A simple graph G is called bipartite if its vertex set V can be partitioned into two

disjoint non-empty sets V
1
 and V

2
 such that every edge in the graph connects a

vertex in V
1
 and a vertex in V

2
. Note that no edge in G connects either two

vertices in V
1
 or two vertices in V

2
.

Fig. 3.12 Bipartite Graph

For example, G is bipartite, because its vertex set V = {v
1
, v

2
, v

3
, v

4
, v

5
,

v
6
} is partitioned into two non-empty sets V

1
 = {v

1
, v

3
, v

5
} and V

2
 = {v

2
, v

4
, v

6
}

(Refer Figure 3.12). Also every edge in G connects a vertex in V
1
 and a vertex in

V
2
.

Complete Bipartite Graph

The complete bipartite graph k
m, n

is the graph that has its vertex set partitioned

into two non-empty subsets of m and n vertices, respectively. There is an edge

between two vertices, if one vertex is in the first subset, then the other vertex is in

the second subset.
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Figure 3.13 represents the various types of complete bipartite graphs:

Fig. 3.13 Complete Bipartite Graphs

Isomorphism

Two graphs G and H are said to be isomorphic if there exists bijections

: V(G V(H) and : E(G) E(H) such that iff G (e) = uv iff H ( (e))

= (u) (v).

, ) is called an isomorphism between G and H

and is written as G H.

G and 

bijection  : V(G) V(H) such that uv E(G) iff (u) (v) E(H).

Figure 3.14 represents the various types of isomorphic graphs:

Fig. 3.14 Isomorphic Graphs

Here, G and H are isomorphic.

The correspondence which gives isomorphism between G and H is as follows:

v1 v2 E(G) dc = (v1) (v2) E(H)

v1 v3 E(G) da = (v1) (v3) E(H)

v3 v6 E(G) ab = (v3) (v6) E(H)

v6 v5 E(G) be = (v6) (v5) E(H)

v3 v4 E(G) af = (v3) (v4) E(H)

v6 v2 E(G) bc = (v6) (v2) E(H)

v4 v2 E(G) fc = (v4) (v2) E(H)

G H

Notes:

1. Two graphs G1 = (V1, E1) and G  = (V2, E2) are said to be isomorphic

 exists from V1 to V2 such that u and

v are adjacent in G1 iff (u) and (v) are adjacent in G2.

2. If G H, then degrees of corresponding vertices are equal.



Graphs

NOTES

Self - Learning

Material 95

Example 3.3: Prove that the following graphs G and H are isomorphic.

Solution: Clearly, G and H are isomorphic.

In G, V1 is adjacent to the vertices V3, V4, V5, V2 is adjacent to the vertices

V3, V4, V5.

In H, u1 is adjacent to u3, u4, u5 and u2 is adjacent to u3, u4, u5.

Here, the function defined by (vi) = ui 1 i  5 gives the isomorphism.

Example 3.4: Prove that the following graphs G and H are non-isomorphic.

Solution: Clearly, G and H are non-isomorphic graphs.

In G, these two vertices (u1 and u2) are adjacent with three other vertices

(u3, u4, u5) whereas in H, the vertex w2 is adjacent to w1, w3, w4 and the

vertex w3 is adjacent to w1, w2, w5, w2 and w3 are adjacent to each other.

In G, u1 and u2 are non-adjacent. Hence, G is not isomorphic to H.

Note: From the above example, it is clear that two graphs are isomorphic

if they have same number of vertices and same number of edges and the

degrees of the corresponding vertices are equal, but the converse is not true.

Distance in a Graph

For a non-trivial graph G and a pair u, v of vertices of G, the distance dG
(u – v) is defined as the length of a shortest (u – v) path in G

exists). If G contains no (u – v) path, then we define dG (u – v) = .

Figure 3.15 illustrate the distance in a graph:

(i) d
G1
(u, v) = 2 (ii)  d

G1
(x, y) = 

Fig. 3.15 Distance in a Graph
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If G be a connected graph and v be an arbitrary vertex in G.

(i) The eccentricity of v is defined as the length of the longest path in G

u and is denoted by e(v). Aslo, e(v) = max {d(u,

v): u v(G)}

(ii) The diameter of G

the vertices of G, i.e., diam (G) = max {e(v): v V(G)}

(iii) The radius of 

vertices of G, i.e., rad (G) = min {e(v): v V(G)}

(iv) The centre of G

eccentricity among all the vertices of G, i.e., cent (G) = {v V(G):

e(v) = rad (G)}

Notes:

1. rad (G)  diam (G)  2 rad (G), G is a graph.

2. The median of a connected graph G is defined as the set of vertices having

minimum distance.

Cut-Vertices and Cut-Edges

Cut-Vertex: A vertex v in a graph G is said to be a Cut-Vertex if (G –

v) > (G), where (G) is the component of G and component is a maximal

connected subgraph of G, i.e., a vertex v of a connected graph is a Cut-

Vertex, iff (G – v) is disconnected.

For example, in figure 3.16 the Cut-Vertices and Cut-Edges of graph G is

shown.

Fig. 3.16 Cut-Vertices and Cut-Edges

G1 contains one cut-vertex v and G2 contains no cut-vertices.

Theorem 3.3: A vertex v in a connected graph G is a cut-vertex iff there

exists vertices u and w (both are different from v) such that every path

connecting u and w contain v.

Proof: Let G be a connected graph and v be a cut-vertex.

Corollary 1: There exists vertices u and w such that every path between u and w

contains v.

Since v is a cut-vertex, (G – v) is disconnected and (G – v) contains two

components say G
1
 and G

2
. Let u and w be the vertices of G

1
 an G

2
, respectively.

Clearly, there is no (u – w) path in (G – v). Hence, every path connecting u and w

must contain v.
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Conversely, let us assume that there exist vertices u and w such that every

(u – w) path contains v.

Corollary 2: v is a cut-vertex.

Suppose v is not a cut-vertex. Then (G – v) is connected. Since u, w are vertices

in G – v, there is a path between u and w in G – v, which does not contain the

vertex v. This is a contradiction. Hence, v is a cut-vertex.

Cut-Edge: An edge e in a graph G is said to be a Cut-Edge, if (G – e) is

disconnected.

For example, in Figure 3.17 the graph G
1
 contains one Cut-edge and graph G

2

contains no Cut-edge.

Fig. 3.17 G
1
 contains One Cut-Edge and G

2
 has No Cut-Edge

As in Cut-vertex, a similar result can be furnished.

Theorem 3.4: An edge e in a connected graph G is a cut-edge iff there

exists vertices u and w such that every path connecting u and w must contain

the edge ‘e’.

Proof: Let G be a connected graph and e be a cut-edge.

Corollary 1: There exist vertices u and w such that every (u – w) path must

contain the edge e, since e is a cut-edge in G, (G – e) is disconnected and

(G – e) contains atleast two components say G1 and G2.

Let u and w be the vertices respectively in G1 and G2. Thus, there is no path

between u and w in (G – e). Hence, every path connecting u and w must

contain the edge e.

Conversely, suppose that there exist vertices u and w such that every path

connecting u and w must contain the edge e.

Corollary 2: e is a cut-edge.

Suppose e is not a cut-edge. Then (G – e) is connected and hence, e is some

circuit in G. Therefore, there exists a path connecting u and w, which do not

contain the edge e. This is a contradiction. Hence, e is a cut-edge.

Graph Connectivity

In this section, we study the structure of graphs. A walk in a graph G is an alternating

sequence.

W : v0, e1, v1, e2,..., vn–1, en, vn (n  0) of vertices and edges, beginning and

ending with vertices, such that ei = vi – 1 vi, i = 1, 2,..., n. It is denoted by

(v0 – vn) walk. The number of edges (not necessarily distinct) is called the

length of walk. In graph G, u, e1, v, e2, w, e6, x, e4, u is a walk of length 4

(Refer Figure 3.18).
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The following Figure 3.18 illustrates the path and walk in a graph:

Fig. 3.18 Path and Walk in a Graph

A trail is a walk in which no edge is repeated and a path is a trail in which

no vertex is repeated. Thus, a path is a trail, but not every trail is a path. In the

above graph G, x, e
6
, w, e

3
, v, e

1
, u, e

2
, w, e

7
, y is a trail that is not a path, and

u, e
4
, x, e

6
, w, e

3
, v is a path.

Theorem 3.5: Every (u – v) walk in a graph contains a (u – v) path.

Proof: Let W be a (u – v) walk in a graph G. If u = v, then w is the trail

path, i.e., walk of length zero.

Suppose u v and W : u = u0, u1, u2,..., un = v. If no vertex of G appears

in W more than once, then w itself is a (u – v) path. Otherwise, there are

vertices of G that occur in w twice or more. Let i and j be distinct positive

integers such that i < j with ui = uj. Then, say, ui, ui + 1,...,uj – 2, uj – 1 are

removed from w, and the resulting sequence is (u – v) walk w1 whose length

is less than that of w. By induction hypothesis, this w1 contains a (u – v) path

and hence, w has a (u – v) path. If no vertex of G appears more than once

in w1, then w1 is a (u – v) path. If not, apply the procedure, until we get a

(u – v) path.

Cycle: A cycle is a walk. v0, v1,..., vn is a walk in which n  3, v0 = vn and

the ‘n’-vertices v1, v2,..., vn are distinct. We say that a (u – v) walk is closed

if u = v and open if u v.

Connection: Let u and v be vertices in a graph G. We say that u is connected

to v if G contains a (u – v) path. The graph G is connected, if u is connected

to v for every pair u, v of vertices of G.

Disconnection: A graph G is disconnected, if there exists two vertices u and

v for which there is no (u – v) path.

Component: A subgraph H of a graph G is called a component of G if H

is a maximal connected subgraph of G and component is denoted by (G).

Note: If (G) > 1, then G is disconnected.

For example,

Fig. 3.19 Connected and Disconnected Graphs
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Graph (i) is connected and Graph (ii) is disconnected (Refer Figure 3.19).

Note that in Figure 3.19 Graph (ii) has 3 components.

Connectedness in Directed Graph

Strongly Connected: A directed graph is strongly connected if there is a path

from u to v and v to u, whenever u and v are vertices in the graph.

Weakly Connected: A directed graph is weakly connected if there is a path

between any two vertices in the underlying undirected graph.

Unilaterally Connected: A directed graph is said to be unilaterally connected if

in the two vertices u and v, there exists a directed path either from u to v or from

v to u.

For example, Figure 3.20 represents the various types of connected graphs.

Fig. 3.20 Connected Graphs

G
1
 is weakly connected; G

2
 unilaterally connected and G

3
 is strongly

connected.

Check Your Progress

8. What is a multigraph?

9. Define a subgraph.

10. What is a bipartite graph?

11. When two graphs are called isomorphic?

12. How is the distance in a graph defined?

13. What is a cut-vertex?

14. Define the terms cycle, connection, disconnection and component with

reference to graph.

15. What are the various types of connectedness in a directed graph?

3.4 EULER GRAPH

In this section, we will study special graphs and also about the origin of the graph

theory.
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The Koingsberg town in Russian Republic was separated into four lands by

the river Pregel. These islands were connected by seven bridges. The problem

was, could people walk from one island, travel across all the seven bridges and

return to the island where they had started without using any bridge more than

once? For almost two centuries, nobody was in a position to state whether such a

walk was possible or not.

In 1736, the great mathematician Leonhard Euler concluded that such a

walk was impossible. He used multigraph to study and solve this problem. Euler,

today, is considered as the father of the graph theory.

Fig. 3.21 Euler Path

The four lands and the seven bridges are represented by vertices and edges

respectively in G. This problem is called as Koingsberg bridge problem.

Euler Circuits

A trail that traverses every edge of G is called an Euler trail of G (Refer Figure

3.21). A circuit (tour) of G is a closed walk that traverses each edge of G

exactly once. An Euler tour  is a tour which traverses each edge exactly once.

A graph is Eulerian if it contains an Euler tour.

Theorem 3.6: A connected graph is Eulerian iff it has no vertices of odd

degree.

Proof: Let G be Eulerian and let C be an Euler tour of G, which begins and

ends at some vertex u.

Corollary 1: G

vertex of G is even. Consider a vertex w u. Since w is neither the first nor

the last vertex of C, each time w is encountered, it is reached by some edge

and left by another edge. Hence, each occurrence of w in C contributes 2

to its degree. Thus, w is of even degree. This is true for all internal vertices

of C. The initial occurrence and final occurrence of the vertex u in C contributes

1 to the degree of u. Therefore, every vertex of G is of even degree.

Conversely, let us assume that every vertex of a connected graph G is even.

Corollary 2: G is Eulerian.

Suppose G be a connected non-Eulerian graph with no vertices of odd

degree.

Among such graphs, choose one, say G having least number of edges.

Since each vertex of G has atleast two edges, G contains a trail. Let C be

a closed trail of maximum possible length in G. By assumption, C is not an

Euler circuit of G and hence, G – E(C) has edges.
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Therefore, G – E(C) has some component G  with edges. Since C itself is

Eulerian, degree of every vertex in

in G – E( G  is even.

Since E(G ) < E(G G in (1)], G  is Eulerian and hence,

G  has an Euler circuit (tour) say .

Since G is connected, there is a vertex v in V(C) V( ) and we may

v is the initial and the terminal vertex

of both circuits C and . Now, (C ) is a closed trail of G with

E(C ) > E(C). This contradicts the choice of C. Hence, every non-

empty connected graph with no vertices of odd degree is Eulerian. The

following are the examples of Eulerian graphs:

Fig. 3.22 Eulerian Graphs

G and H are Eulerian graphs.

Theorem 3.7: A connected graph G has an Eulerian trail iff G has exactly

two odd vertices.

Proof: Let G be a connected graph with an Eulerian (u – v) trail. By the

similar argument in the previous theorem, we conclude that all the vertices on

the trail except u and v G be connected

graph with two odd vertices u and v. Let  be the graph obtain from G by

e = uv between u and v. By applying the previous

theorem to , we can obtain an Eulerian tour in which the edge e is the first

edge. Hence, this Eulerian trail of G can be obtained that starts at v and ends

at u. Therefore, G has an Eulerian trail.

Eulerian Digraphs

An Eulerian trail of a connected directed graph D is a trail of D that contains

all the edges of D; while an Eulerian circuit of D is a circuit which contains

every edges of D. A directed graph that contains an Eulerian circuit is called

Eulerian digraph.

For example,

Fig. 3.23 Eulerian Digraphs
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Theorem 3.8: Let D be a connected directed graph. D is Eulerian iff

d+(v) = d –(v), v  G, then G is called balanced digraph.

Proof: Let D be an Euler directed graph. Then D contains an Euler circuit

Cwith common initial and terminal vertex v. Let bu be the number of occurrence

of an internal vertex u in C.

Whenever C enters u through some edge incident into u, there is another

edge incident out of u through which C leaves u. Thus, each occurrence of

u contributes one in-degree and one out-degree. Moreover, C contains all

the edges of D. Thus,

d+(u) = d–(u) = bu

Similarly, d +(v) = d–(v)

 Hence, d +(v) = d–(v), v V(D)

D is balanced. Then, for each

vertex u, d+(u) = d–(u)  0. Start with an arbitrary vertex u1, d
+(u1)  0.

u1. Let u2 be the terminal vertex of this

edge, d+(u2)  0. Hence, there exists an edge incident out of u2. Continuing

like this we reach a vertex which has been traversed directly. Thus, we obtain

a directed circuit C1 in D. If E(C1) = E(D), then C1 is the required Euler

circuit. If not, i.e., E(C1) E(D), then remove all the edges of C1 from D

to obtain a spanning subgraph D1. Since D is balanced, D1 is also balanced.

D1, we will obtain a circuit C2 in D1. If

E(D) = E(C1) E(C2), then C1 and C2 can be combined to obtain an Euler

circuit in D1. Otherwise, we remove the edges of C2 from D1 to obtain a

spanning subgraph D2 of D. We repeat the above process in D2 and after a

C1, C2, ..., Ck such

that E(D) = E(C1) E(C2) ... E(Ck). Since D is connected, any two of

these cycles have a common vertex and the circuits C1, C2, ... ,Ck can be

combined to obtain an Euler circuit in D. Hence, D is an Euler graph.

3.5 HAMILTONIAN PATH AND CIRCUITS

In 1859, Sir William Rowan Hamilton invented a game called Around the World.

In this game, a solid regular dodecahedron (20 vertices, 30 edges and 12 faces)

and a supply of string is given. Every vertex is given the name of an important city.

The objective of the game is to find a route along the edges of dodecahedron that

visits every city exactly once and terminates where it started.

Fig. 3.24 Hamiltonian Graphs
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The graph D is a dodecahedron.

Another famous problem is ‘The Knight’s Puzzle’ Is it possible for a

knight to tour the chess board, i.e., visit each square exactly once and return

to its initial square?

It can be represented by a graph G, where the vertices ui corresponds

to squares Si of the chess board and uj is adjacent to ui iff it is possible for

a knight to proceed from Si to Sj in a single move.

To solve ‘Around the World’ and ‘Knight’s Puzzle’, we must determine

if the given graph is Hamiltonian.

A path that contains every vertex of G is called a Hamilton path of G.

Similarly, a Hamilton cycle of G is a cycle that contains every vertex of G in

other words spanning cycle. A graph is Hamiltonian if it contains a Hamilton

cycle or spanning cycle.

Example 3.5: Prove that kn has a Hamiltonian circuit, n  3.

Solution: Let us construct the Hamiltonian circuit in kn (n  3) as follows:

Choose a vertex arbitrarily in kn and begin the Hamiltonian circuit at this

vertex. Such a circuit can be built by traversing vertices in any order, as long

as the path begins and terminates at the same vertex and visits other vertices

exactly once. This is possible in kn, since every vertex is adjacent to all other

vertices. k1, k2 has only Hamiltonian path, not circuit.

Graphical: A sequence d = (d1, d2, ...., dn) is graphical if there exists a simple

undirected graph on n vertices with the degrees of the vertices d1, d2, ..., dn,

respectively.

For example, a graph with degree sequence of vertices v1 to v6 (4, 4, 3, 2,

2, 1) is shown in the following Figure 3.25.

Fig. 3.25 Vertices

Closure: A closure C(G) of a n-vertex graph G is a graph from G by

recursively joining pairs of non-adjacent vertices whose degree sum is atleast

n until no such pair remains.

For example,

Fig. 3.26 Constructing Closure of a Graph
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The above of Graph showns in Figure (3.26) explains one way of constructing

a closure of a graph.

Important Theorems

Theorem 3.9: Let G be a n-vertex graph. Suppose G1 and G2 are two

graphs obtained from G by recursively joining pairs of non-adjacent

vertices whose degree sum is atleast n. Then, G1 = G2. In other words,

C(G), the closure of a graph G is unique.

Proof: Let e1, e2, ..., ek and f1, f2, f3, ..., fe G to

obtain G1 and G2 ei (1 i k)

is an edge of G2 and fj (1 j l) is an edge of G1. Suppose that some edge

in the sequence e1, e2, ..., ek does not belong to G2. Let p be the smallest

positive integer such that ep+1 is not an edge of G2. Let ep+1 = uv and

H = G + {e1, e2, ..., ep}. Then, H is a subgraph of G1 and G2. By the

construction of G1, we get

dH(u) + dH(v) n

Therefore, dG2
(u) + dG2

(v) dH(u) + dH(v) n

This is a contradiction since u and v are non-adjacent in G2. Therefore, each

ei is an edge of G2. Similarly, each fj belongs to G1. Hence, G1 = G2.

Theorem 3.10: A graph G is Hamiltonian iff its closure C(G) is Hamiltonian.

Proof: Let e1, e2,...en be edges added to G to obtain its closure C(G). Let

Gi be the graph obtained from G by adding the edge ei.

By repeated application of Example (3.5).

G is Hamiltonian C(G) is also Hamiltonian.

 Let G be a graph with atleast 3 vertices. If C(G) kn,

(n  3), then G is Hamiltonian.

Proof: By corollary 1, kn is Hamiltonian. Since C(G) kn, C(G) is Hamiltonian

and hence, G is also Hamiltonian.

Let G be a graph with atleast 3 vertices iff d(u) + d(v) 

n(n  3), for all pairs u and v of non-adjacent vertices of G, then G is

Hamiltonian.

Proof: Let G be a graph with atleast 3 vertices. Given that d(u) + d(v) n

(n  3) for all pairs of non-adjacent vertices of G. Hence, we can add edges

between such pair of vertices to obtain C(G). Since, C(G) is complete by

corollary, G is also Hamiltonian. Figure 3.27 illustrates the Hamiltonian and

Non-Hamiltonian Graphs.

For example,

Fig. 3.27 Hamiltonian and Non-Hamiltonian Graph

G, Hamiltonian graph and H, non-Hamiltonian graph.



Graphs

NOTES

Self - Learning

Material 105

Theorem 3.11: If G

subset S of V, w(G – S)  |S|.

Proof: Let G be a Hamiltonian graph and S be a proper subset of V. Since

G is Hamiltonian, G has a Hamiltonian cycle C. Suppose w(G – S) = n,

where G1, G2,... Gn are the components of G – S. Let ui (1 i v) be the

last vertex of Gi and let vi
follows ui on C. Clearly, vi S for each i and vj vk for j k. Hence, there

are atleast as many vertices in S as components in G – S.

i.e., w(G – S) S .

Weight Graph: A graph G is called a weight graph if every edge of G is

assigned with a real number.

Travelling Salesmen Problem (TSP)

of n cities (n  3). What route should he take to minimize the total distance

travelled? This can be represented as a weight graph. Let G be a connected

weight graph whose vertices represent the cities to be visited and let the

weight of an edge vi vj be the distance between the cities vi and vj. Now,

TSP is equivalent to finding a minimum Hamiltonian cycle in a connected

weight graph.

3.6 SHORTEST PATH IN WEIGHTED GRAPH:

DIJKSTRA’S ALGORITHM

This problem deals with ways of finding the minimum path distance form a selected

node, say s which is source to a destination node d. Such problems arise in our

real life and also in the field of computer science. For example, vertices of a

weighted graph may represent cities and weights on edges represent costs of

driving distances between pairs of cities connected by a direct road or rail link.

Edsger Dijkstra, a Dutch computer scientist, devised an algorithm to solve

this problem and is known as Dijkstra’s algorithm, on his name. It is an algorithm

for graph search solving the single-source shortest path problem for a weighted

graph having non-negative edge path costs, producing a tree that gives the shortest

path. This algorithm is of great use in routing. The concept of ‘Shortest Path First’

finds extensive use in network routing protocols, like IS-IS (Intermediate System

to Intermediate System) and OSPF (Open Shortest Path First).

The Algorithm

We take a node as initial node or starting node. We select a destination X and find

it’s the distance from the initial node. This algorithm will assign some initial distance

values and then will go step-by-step. These are as below:

1. Assigning every node, a distance value. For initial node, it is zero and for all

other nodes, it is infinity.

2. Initially all unvisited nodes are marked. Initial node is set as current.

3. For current node, distance from the initial node to every unvisited neighbour

is calculated. For example, if current Node (A) has distance of 7, and an
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edge connecting it with another Node (B) is 3, the distance to B through A

will be 7 + 3 = 10. If it is less than the previously recorded distance which

is infinity in the beginning as in Step 1. The distance is overwritten.

4. When all neighbours of the current node are done with, it is marked as

visited so that it is not visited node again and the distance recorded is final

and minimal.

In the Figure 3.28 below problem of shortest path is presented. There are

10 nodes and starting node is Node 1.

Fig. 3.28 Shortest Path

It is required to find the set of paths which is minimum from the source node

to another node in the network. This problem of shortest path is a tree which is

solved as below:

This has m number of nodes, starting with the source node alone, this

procedure makes the number of iterations one less than the number of vertices,

i.e., m – 1 for finding shortest path and construct a shortest path tree. In the above

example, there are 10 number of nodes and will require 9 iterations.

Let S be the the set of nodes already visited. Nodes that are not solved are

not in S. In each iteration, a number is assigned to each node. A node d
i
denotes

the length of minimum distance or shortest path from source node to i
th
 node.

After finishing the traversal d
i
 shows the shortest path to that node. algorithm

assigns numbers di to each node in the network, where di 

shortest path to node i from the source node. At the end of the algorithm i is the

length of the shortest path to Node i. Let M be the set of all edges which is also

called arcs.

In the beginning, at source node S = {s} and d
s
 = 0.

Repeat until all nodes are in set S.

Find the edge, p(i, j), where i is the solved node and j is the unsolved node

and arc moves from a node already solved to those not yet solved.

p(i, j) = arcmin{di’ + cp’ : p’(i’, j’) M, i’ S, j’ Sc}

Add node j and arc p to the tree. Add node j to the solved set S.

Let dj = di + cp.
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In each iteration this algorithm computes the length of path, (which is path-

length) from solved node to unsolved nodes. Node having the shortest length is

included in the set of solved nodes. After the spanning tree is created, the process

terminates.

The spanning tree is obtained as shown below in Figure (3.29).

Fig. 3.29 Spanning Tree

The numbers in bold, put under brackets indicate the value of length which

is associated with nodes . For example shortest path of Node 6 is 10. The numbers

in the bracket for the nodes in S
c
 indicates the shortest path length to unsolved

S. After this the arc is selected

with the smallest dj Sc. Hence, choice is made from minimum of 18,

22, 14, 13 and is expressed as min{18, 22, 14, 13}. So, Node 9 and Arc 14 are

included in the spanning tree.

Tabular Presentation of this Algorithm

The algorithm creates a table of seven columns as shown here. Column 1 shows

the value of h which shows the number of nodes in the set S. Second column lists

the members of the set S which contains solved nodes having minimum one arc

connected to a node which is not yet traversed and called unsolved node. Third

Column shows the closest unsolved node for each node listed in Column 2. Column

4 contain every i, which is the index of nodes listed in Second Column, Third

Column lists j as the index of the node which is listed in Third Column. We set d as

the index of the path or arc oining nodes i and j and carrying out computation for

each case dj’ = di + pk.

Fifth Column selects the least number from Fourth Column. Second Column

has nodes denoted by i and j is that for node in Third Column from where, this

number was calculated. Fifth Column contains node j and sixth Column lists the

length of the shortest path to the node which is added. This is the minimum and is

obtained from fourth Column. Seventh Column 7 has the arc p(i, j). Shortest path

tree is formed by adding the node j and arc p and j is added to the set S.
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h Solved 

Nodes 

Unsolved 

Node, Closest 

to Solved 

Node 

Path 

Length to 

Unsolved 

Node 

Node Added 

to the Set of 

Solved Node 

Shortest 

Path 

Arc 

Added 

to Tree 

1 1 3 8 3 8 2 

2 1 4 10 

 3 6 10 4 10 3 

3 1 2 40 

 3 6 10 

 4 6 11 6 10 6 

4 1 2 40 

 3 2 12 

 6 9 13 2 12 7 

5 2 5 18 

 6 9 13 9 13 14 

6 2 5 18 

 6 8 14 

 9 10 15 8 14 13 

7 2 5 18 

 8 5 14 

 9 10 15 5 14 17 

8 2 7 22 

 5 7 18 

 8 10 34 

 9 10 15 10 15 20 

9 2 7 22 

 5 7 18 7 18 11 

Check Your Progress

16. What are Euler circuits?

17. What is a Eulerian digraph?

18. Define Hamiltonian path and cycle.

19. What is a closure in Hamiltonian graph?

20. What is weight graph?

21. What is Dijkstra's algorithm?

22. When and why the neighbours of the current node are marked visited?

3.7 ANSWERS TO ‘CHECK YOUR PROGRESS’

1. A graph with no self-loops and parallel edges is called a simple graph.

2. A graph with self-loops and parallel edges is called a pseudograph.

3. The degree of a vertex v is the number of edges incident on that vertex. In

other words, the degree of a vertex is the number of edges having that

vertex as an end point and is denoted by d(v).

4. A vertex with degree zero is called an isolated vertex. A vertex with degree

one is called a pendant vertex.
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5. Let G are respectively

(G) and (G) and are given as,

(G) = min {d(v); v V(G)}

And, (G) = max {d(v); v V(G)}

6. The complement G  of a graph G is the graph with V(G) = G  such that

uv is an edge of G  if and only if uv is not an edge of G.

7. In a graph with directed edges the in-degree of a vertex v denoted by d–(v)

is the number of edges with v as their terminal vertex. The out-degree of v

denoted by d+(v) is the number of edges with v as their initial vertex.

8. A graph which has loops and parallel edges is a multigraph.

9. (i) A graph V(H), E G = (V(G),

E(G)) if (a) V(H) V(G) and (b) E(H) E(G).

(ii) A subgraph H of a graph G is called a spanning subgraph if V(H)

= V(G).

10. A simple graph G is called bipartite if its vertex set V can be partitioned into

two disjoint non-empty sets V
1
 and V

2
 such that every edge in the graph

connects a vertex in V
1
 and a vertex in V

2
. Note that no edge in G connects

either two vertices in V
1
 or two vertices in V

2
.

11. Two graphs G and H are said to be isomorphic if there exist bijections

: G) V( : E(G) E(H) such that iff G (e) = uv iff

H ( (e)) = (u) (v).

Such a pair of mappings ( ) is called an isomorphism between G

and H and is written as G H.

12. For a non-trivial graph G and a pair u, v of vertices of G, the distance d
G

(u – v) is defined as the length of a shortest (u – v) path in 

exists). If G contains no (u – v) path, then we define d
G
 (u – v) = 

13. A vertex v in a graph G is said to be a cut-vertex if (G – v) > (G),

where (G) is the component of G and component is a maximal connected

subgraph of G, i.e., a vertex v of a connected graph is a cut-vertex, iff

(G – v) is disconnected.
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14. Cycle: A cycle is a walk. v0, v1,..., vn is a walk in which n  3, v0 = vn and

the ‘n’-vertices v1, v2,..., vn u – v) walk is

closed if u = v and open if u v.

Connection: Let u and v be vertices in a graph G. We say that u is

connected to v if G contains a (u – v) path. The graph G is connected,

if u is connected to v for every pair u, v of vertices of G.

Disconnection: A graph G is disconnected, if there exists two vertices

u and v for which there is no (u – v) path.

Component: A subgraph H of a graph G is called a component of G

if H is a maximal connected subgraph of G and component is denoted

by (G).

15. Strongly Connected: A directed graph is strongly connected if there is a

path from u to v and v to u, whenever u and v are vertices in the graph.

Weakly Connected:A directed graph is weakly connected if there is a path

between any two vertices in the underlying undirected graph.

Unilaterally Connected:A directed graph is said to be unilaterally connected

if in the two vertices u and v, there exists a directed path either from u to v

or from v to u.

16. A trail that traverses every edge of G is called an Euler trail of G. A circuit

(tour) of G is a closed walk that traverses each edge of G exactly once. An

Euler tour  is a tour which traverses each edge exactly once. A graph is

Eulerian if it contains an Euler tour.

17. An Eulerian trail of a connected directed graph D is a trail of D that contains

all the edges of D; while an Eulerian circuit of D is a circuit which contains

every edges of D. A directed graph that contains an Eulerian circuit is called

Eulerian digraph.

18. A path that contains every vertex of G is called a Hamilton path of G.

Similarly, a Hamilton cycle of G is a cycle that contains every vertex of G. A

graph is Hamiltonian if it contains a Hamilton cycle or spanning cycle.

19. A closure C(G) of a n-vertex graph G is a graph from G by recursively

joining pairs of non-adjacent vertices whose degree sum is atleast n until no

such pair remains.

20. A graph G is called a weight graph if every edge of G is assigned with a real

number.

21. Edsger Dijkstra, a Dutch computer scientist, devised an algorithm to solve

this problem and is known as Dijkstra’s algorithm, on his name. It is an

algorithm for graph search solving the single-source shortest path problem

for a weighted graph having non-negative edge path costs, producing a tree

that gives the shortest path. This algorithm is of great use in routing. The

concept of ‘Shortest Path First’ finds extensive use in network routing

protocols, like IS-IS and (Intermediate System to Intermediate System) and

OSPF (Open Shortest Path First).
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22. When all neighbours of the current node are done with, it is marked as visited

so that it is not visited node again and the distance recorded is final and

minimal.

3.8 SUMMARY

A graph is a structure amounting to a set of objects in which some pairs of

the objects are in some sense ‘Related’. The objects correspond to

mathematical abstractions called vertices, also called nodes or points, and

each of the related pairs of vertices is called an edge, also called link or line.

Typically, a graph is depicted in diagrammatic form as a set of dots or

circles for the vertices, joined by lines or curves for the edges. The edges

may be directed or undirected.

A walk in a graph is a sequence of vertices such that for all consecutive

vertices in the sequence are adjacent in the graph.

A trail is a walk that does not repeat any edges. If the trail starts and ends at

the same vertex then it is called a circuit.

A path is a sequence of vertices with the property that each vertex in the

sequence is adjacent to the vertex next to it. A path that does not repeat

vertices is called a simple path.

A graph G, a triplet (V(G), E(G), q
G
) consisting of a non-empty set V(G)

of vertices, a set E(G) of edges, and a function q
G
 assigns to each edge, a

subset {u, v} of V(G) (u, v need not be distinct). If e is an edge and u, v

are vertices such that q
G
(e) = uv, then e is a line (edge) between u and v

and vertices u and v are the end points of the edge e.

If there is more than one edge between a pair of vertices in a graph,

then these edges are called parallel edges.

A graph which consists of parallel edges is called a multigraph.

A graph with no self-loops and parallel edges is called a simple graph.

A graph with self-loops and parallel edges is called a pseudograph.

The degree of a vertex v is the number of edges incident with that vertex. In

other words, the degree of a vertex is the number of edges having that

vertex as an end point and is denoted by d(v).

A vertex with degree zero is called an isolated vertex.

A vertex with degree one is called a pendant vertex.

A pair of vertices that determine an edge are called adjacent vertices.

A simple graph in which each pair of distinct vertices is joined by an

edge is called a complete graph. A complete graph on n vertices is

denoted by kn.

The complement G  of a graph G is that graph with V(G) = V G  and

such that uv is an edge of G  if and only if uv is not an edge of G.
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In a graph with directed edges the in-degree of a vertex v denoted by

d–(v) is the number of edges with v as their terminal vertex. The out-

degree of v denoted by d+(v) is the number of edges with v as their

initial vertex.

Self-loop at a vertex contributes 1 to both in-degree and out-degree

of this vertex.

A graph with no self-loop and parallel edges is known as simple graph.

A graph which has loops and parallel edges is a multigraph.

Fundamentally, the term graph in the graph theory refers to a set of

vertices, i.e., points or nodes, and of edges or lines that connect the

vertices.

When any two vertices are joined by more than one edge, then the

graph is termed as a multigraph.

When the graph is without loops and with at most one edge between

any two vertices then it is termed as a simple graph.

When each vertex is connected by an edge to every other vertex, then

the graph is termed as a complete graph. When the graph is appropriate,

then a direction may be allocated or assigned to each edge to yield a

directed graph or digraph.

In a directed graph every edge has a direction. If there is movement

from a vertex to its adjacent vertex, the direction is notified.

Two graphs G1 = (V1, E1) and G  = (V2, E2) are said to be isomorphic

 exists from V1 to V2 such that u and

v are adjacent in G1 iff (u) and (v) are adjacent in G2.

A vertex v in a graph G is said to be a Cut-Vertex if (G – v) > (G),

where (G) is the component of G and component is a maximal connected

subgraph of G, i.e., a vertex v of a connected graph is a Cut-Vertex,

iff (G – v) is disconnected.

An edge e in a graph G is said to be a Cut-Edge, if (G – e) is

disconnected.

A directed graph is strongly connected if there is a path from u to v

and v to u, whenever u and v are vertices in the graph.

A directed graph is weakly connected if there is a path between any two

vertices in the underlying undirected graph.

A directed graph is said to be unilaterally connected if in the two vertices u

and v, there exists a directed path either from u to v or from v to u.

A trail that traverses every edge of G is called an Euler trail of G. A circuit

(tour) of G is a closed walk that traverses each edge of G exactly once. An

Euler tour  is a tour which traverses each edge exactly once. A graph is

Eulerian if it contains an Euler tour.

An Eulerian trail of a connected directed graph D is a trail of D that contains

all the edges of D; while an Eulerian circuit of D is a circuit which contains
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every edges of D. A directed graph that contains an Eulerian circuit is called

Eulerian digraph.

In 1859, Sir William Rowan Hamilton invented a game called Around the

World. In this game, a solid regular dodecahedron (20 vertices, 30 edges

and 12 faces) and a supply of string is given. Every vertex is given the name

of an important city. The objective of the game is to find a route along the

edges of dodecahedron that visits every city exactly once and terminates

where it started.

A path that contains every vertex of G is called a Hamilton path of G.

Similarly, a Hamilton cycle of G is a cycle that contains every vertex of

G in other words spanning cycle. A graph is Hamiltonian if it contains

a Hamilton cycle or spanning cycle.

A graph G is called a weight graph if every edge of G is assigned with a real

number.

Edsger Dijkstra, a Dutch computer scientist, devised an algorithm to solve

this problem and is known as Dijkstra’s algorithm, on his name. It is an

algorithm for graph search solving the single-source shortest path problem

for a weighted graph having non-negative edge path costs, producing a tree

that gives the shortest path. This algorithm is of great use in routing. The

concept of ‘Shortest Path First’ finds extensive use in network routing

protocols, like IS-IS and (Intermediate System to Intermediate System)

and  OSPF (Open Shortest Path First).

When all neighbours of the current node are done with, it is marked as

visited so that it is not visited node again and the distance recorded is final

and minimal.

3.9 KEY TERMS

Graph: A graph is a structure amounting to a set of objects, the objects

correspond to mathematical abstractions called vertices, also called nodes

or points, and each of the related pairs of vertices is called an edge, also

called link or line.

Degree of vertex: It is known as number of edges incident with the vertex.

Isolated vertex: A vertex with degree zero is an isolated vertex. It is an

unconnected vertex.

Pendent vertex: A vertex with degree one is known as pendent vertex.

Adjacent vertices: Pair of vertices that determine an edge is known as

adjacent vertices.

Edge: Two vertices are connected by an edge.

Graph: A graph denoted as G is a triplet containing a set of vertices V(G),

a set of edges E(G) and a function qG that assigns each edge to two vertices

that need not be distinct.



Graphs

NOTES

Self - Learning

114 Material

Walk: It is a sequence of vertices and edges starting from any vertex and

travelling through edges to a destination vertex such that no edge appears

more than once.

Path: A path is a walk through a sequence of vertices each adjacent to the

next without repetition of any vertex.

Circuit: It is a closed walk of non-zero length which contains no repeated

edge and starts where it ends.

Directed graph: In a graph, if movement from one vertex to another follows

a direction, then it is called directed graph.

Simple graph: A graph with no self-loop and parallel edges is known as

simple graph.

Complete graph: It is a loop-free undirected graph where an edge exists

between every two vertices. Thus every vertex is connected to every vertex.

Pseudograph: A graph with self-loops and parallel edges is known as a

pseudograph.

In-degree: In-degree of a vertex in a directed graph is the number of edges

falling at it.

Out-degree: Out-degree of a vertex in a directed graph is the number of

edges starting from it.

Bipartite graph: A simple graph G is bipartite if the set of its vertices can

be partitioned into two disjoint non-empty sets of vertices such that every

edge is in the graph connects a vertex in first set and a vertex in second set.

Euler graphs: Depending on the nature of traversal a graph is called Euler

graph. This contains a circuit or tour such that every edge is visited exactly

once.

Hamiltonian path: If there is path in a graph that uses each vertex of the

graph exactly once and terminates at the starting vertex, then it is a

Hamiltonian path and the graph so formed is called Hamiltonian graph.

3.10 SELF-ASSESSMENT QUESTIONS AND

EXERCISES

Short-Answer Questions

1. What is a graph?

2. What are the various types of graphs?

3. Define the term subgraph.

4. Explain the terms walk, path, circuit, connected and disconnected graphs.

5. Draw a simple graph with four vertices.

6. How is the distance of a graph measured?

7. Draw a pseudograph with three vertices.
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8. What is Euler graph?

9. When a connected graph is Eulerian?

10. What is the significance of travelling salesman problem?

11. Explain about the Hamiltonian path and Hamiltonian circuit.

12.  What is Dijkstra’s algorithm? Why is Dijkstra’s algorithm used for the

shortest path?

Long-Answer Questions

1. Briefly discuss about the graphs and the types of graphs giving appropriate

examples.

2. Explain the terms subgraph, walk, path, circuit, connected and disconnected

graphs with the help of appropriate examples.

3. Elaborate on Euler graph, Hamiltonian path and Hamiltonian circuit giving

appropriate examples.

4. Discuss briefly on the terms Dijkstra’s algorithm and Dijkstra’s algorithm

for the shortest path with the help of appropriate examples.

5. Prove that every graph with n vertices (n  2) has atleast two vertices with

the same degree.

6. (i) Construct an r-regular graph on 8 vertices for each r, 0 r < 8.

(ii) Find the complement of each graph constructed in (i).

(iii) Prove that if G is a regular graph, G  is also regular..

7. Draw all eleven non-isomorphic graphs on 4 vertices.

8. Prove that two graphs G1 and G2 are isomorphic iff their complements

are isomorphic.

9. Determine which pair of graphs G1, G2 and G3 shown below is isomorphic:

10. Find G1 G2 and G1 G2, where G1 and G2 are shown below:
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11. Draw all spanning subgraphs of G shown below:

12. A simple graph G G . Prove that if G is

self complementary, then V(G)  0,1 (mod 4).

13. Draw a self complementary graph on 5 vertices.

14. Give an example of a graph G with w(G) = (G) = (G) = 2.

15. Let G1 and G2 be isomorphic graphs. Prove that if G1 is connected,

then G2 is connected.

16. If G is a n-vertex graph with (G) n/2, then prove that G need not

be connected.

n vertices (n  2) contains

a cycle of length k, for some k  2.

18. Prove that a directed graph is strongly connected iff D has a closed

(directed) spanning walk.

19. Find all cut-vertices and cut-edges in the graph G shown below:

20. Prove or disprove:

(i) If G is a connected graph, then G + k1 contains no cut-vertices.

(ii) If G is bipartite graph, then every edge of G lies on an even cycle.

21. Prove or disprove that a connected digraph is Eulerian iff each edge

lies on odd number of cycles.

22. Prove that if G is a connected graph with 2n(n  1) odd vertices, then

edge set of G can be partitioned into n-edge disjoint trails.

23. Prove that no bipartite graph with odd number of vertices is Hamiltonian.

24. Let G be a n-vertex graph (n  3), if (v) n/2. v V(G), then

G is Hamiltonian.

25. Let G be a n-vertex graph (n u and v are non-adjacent

vertices of G such that d(u) + d(v) n, then G is Hamiltonian iff G +

uv is Hamiltonian.

(Hint: if d(v)  (n – 1)/2, v V(G), then G contains a Hamiltonian

path).
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26. Prove that the graphs kn,n are Hamiltonian for every n  2.

27. Let G d ,

d2, ..., dn, where d1, d2 , ...,  dn. If for every k < n/2, dk k

dn – k – k. Find if G is Hamiltonian.

28. Prove that if a graph with atleast 3 vertices has an isolated vertex or

an end vertex, then its closure is not complete.
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UNIT 4 TREES AND ITS PROPERTIES
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4.0 INTRODUCTION

In graph theory, a tree is an undirected graph in which any two vertices are connected

by exactly one path, or equivalently a connected acyclic undirected graph. The

term ‘Tree’ was coined in 1857 by the British mathematician Arthur Cayley. A

forest is an undirected graph in which any two vertices are connected by at most

one path, or equivalently an acyclic undirected graph, or equivalently a disjoint

union of trees. A polytree or directed tree or oriented tree or singly connected

network is a Directed Acyclic Graph (DAG) whose underlying undirected graph

is a tree. A rooted tree may be directed, called a directed rooted tree, either

making all its edges point away from the root—in which case it is called an

arborescence or out-tree or making all its edges point towards the root in which

case it is called an anti-arborescence or in-tree. In a directed tree (every edge

assigned with a direction), a particular vertex is called a root if that vertex is of

degree zero. A tree together with its root produces a graph called a rooted tree.

Note that in the rooted tree, every edge is directed away from the root.

A binary tree is a tree data structure in which each node has at most two

children, which are referred to as the left child and the right child. Binary search

tree is a binary tree in which each child is either a left or right child; no vertex has

more than one left child and one right child, and the data are associated with

vertices. The nullity of the graph is the nullity of its oriented incidence matrix, given

by the formula m – n + c, where n and c are as above and m is the number of

edges in the graph. The sum of the rank and the nullity is the number of edges.

Kruskal’s algorithm finds a minimum spanning forest of an undirected edge-

weighted graph. If the graph is connected, it finds a minimum spanning tree. It is a

greedy algorithm in graph theory as in each step it adds the next lowest-weight

edge that will not form a cycle to the minimum spanning forest. Prim’s algorithm is

a greedy algorithm that finds a minimum spanning tree for a weighted undirected
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graph. This means it finds a subset of the edges that forms a tree that includes

every vertex, where the total weight of all the edges in the tree is minimized.

In this unit, you will study about the trees and its properties, rooted tree,

binary tree, spanning tree, rank and nullity of a graph, Kruskal’s algorithm and

Prim’s algorithm.

4.1 OBJECTIVES

After going through this unit, you will be able to:

Understand about the trees and its properties

Describe what the rooted tree are

Explain about the binary tree

Discuss about the spanning tree

Elaborate on the rank and nullity of a graph

Explain the Kruskal’s algorithm and Prim’s algorithm

4.2 ROOTED TREES

In graph theory, a tree is an undirected graph in which any two vertices are connected

by exactly one path, or equivalently a connected acyclic undirected graph. The

term ‘Tree’ was coined in 1857 by the British mathematician Arthur Cayley.

A forest is an undirected graph in which any two vertices are connected by

at most one path, or equivalently an acyclic undirected graph, or equivalently a

disjoint union of trees. Equivalently, a forest is an undirected graph, all of whose

connected components are trees; in other words, the graph consists of a disjoint

union of trees. As special cases, the order-zero graph (a forest consisting of zero

trees), a single tree, and an edgeless graph, are examples of forests. A polytree or

directed tree or oriented tree or singly connected network is a Directed Acyclic

Graph (DAG) whose underlying undirected graph is a tree. A polyforest or directed

forest or oriented forest is a directed acyclic graph whose underlying undirected

graph is a forest.

The various kinds of data structures referred to as trees in graph theory are

generally rooted trees. A rooted tree may be directed, called a directed rooted

tree, either making all its edges point away from the root—in which case it is

called an arborescence or out-tree or making all its edges point towards the root

in which case it is called an anti-arborescence or in-tree. A rooted tree itself has

been defined by some authors as a directed graph. A rooted forest is a disjoint

union of rooted trees.

In this section we shall study the characteristics of a tree.

Acyclic Graph: A graph G which has no cycles is called an acyclic graph.

Tree: A connected acyclic graph G is called a tree.

For example,
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Notes:

(i) Trees are often known as open graphs.

(ii) Any organizational hierarchy is also an example of tree.

Theorem 4.1: Every two vertices in a tree, are joined by a unique path.

Proof: By contradiction: Let G be a tree and assume that there are two distinct

(v,w) paths P
1
 and P

2
 in G.  Since P

1
P
2
, there is an edge e = V

1
V
2
 of P

1 
that

is not in P
2
. Clearly (P

1 
P
2
) –e is connected. Therefore, it contains a (V

1
–V

2
)

path P. Now P + e is a cycle in the acyclic graph G, which is a contradiction to the

fact that G is a tree.

Theorem 4.2: If G is a tree on n vertices, then G has (n –1) edges.

Proof: By induction on the number of vertices.

When n = 1, )(10)( 1KGnGE ����

When n = 2,  )(11)( 2KGnGE ����

Let us assume that this theorem is true for all trees of G with fewer than n

vertices.

Now, let G be a tree on n vertices. Let e = uv be an edge in G. Then, G – e

is disconnected and G has two components say G
1
 and G

2
 of G – e. Since G is

acyclic, G
1
 and G

2
 are also acyclic and hence G

1
 and G

2
 are also trees. Moreover

G
1 
and G

2
 has fewer than n vertices say n

1
 and n

2
 respectively. Therefore, by

induction hypothesis,

G
1
 has (n

1
– 1) edges and G

2 
has (n

2 
– 1) edges.

1)()()( 21 ���� GGEGE

(Here, 1 in the sum corresponds to the edge e)

1

1

1)1()1(

21

21

��

���

�����

n

nn

nn

Therefore, a tree with n virtex has (n – 1) edges.

Theorem 4.3: Every tree has atleast two vertices of degree one or in a tree, there

are atleast two pendant vertices.

Proof: Let G be a tree on n vertices. Then,

)(,1)( Gvvd ���	 (1)

Already we have,      eGEvdvv .2)(.2)( ��
 �  (2)

Since G is an n-vertex tree, it has (n –1) edges.

( )
( ) (2 2)

v v G
d v n

�
� �
  (3)

From Equations (1) and (3), it follows that d(v) = 1 for atleast two vertices.
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Note: In a tree, every edge is a cut-edge.

Rooted Tree: In a directed tree (every edge assigned with a direction), a particular
vertex is called a root if that vertex is of degree zero. A tree together with its root
produces a graph called a rooted tree. Note that in the rooted tree, every edge is
directed away from the root.

For example,

Suppose T is a rooted tree. If a vertex u is a vertex in T other than the root,
the parent of u is the unique vertex u

1 
such that there is a directed edge from u

1
 to

u. Here, u is called as a child of u
1
. Vertices of the same parent are called as

siblings. A vertex of a rooted tree is called a leaf if it has no children and those

vertices which have children, are called internal vertices.

If v is a vertex in a tree, the subtree with v as its root is the subgraph of the tree
consisting of v and its children and all edges incident to these children.

For example,

k-Ary Tree: A rooted tree is called a k-ary tree if every internal vertex has, not
more than k-children. The tree is called a full k-ary tree if every internal vertex
has, exactly k-children. A k-ary tree with k = 2 is called a binary tree.

For example,
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T
2 
is not a 2-ary tree. (vertex u has only one child, whereas all the other

vertices have two children)

A tree T is called as a binary tree if there is only one vertex with degree 2 and

the remaining vertices are of degree 1 or 2.

Example 4.1 Prove that a full k-ary tree with i-internal vertices contains k
i+1

vertices.

Solution: In a full k-ary tree, every internal vertex has k children and hence a full

k-ary tree with i-internal vertices can have ki vertices. If we include the root, the

tree has ki + 1 vertices. By looking at the fall k-ary tree, we can observe the

following.

(i) n vertices has i = (n –1)/k internal vertices and p = [(k –1)n + 1]/k leaves.

(ii) i internal vertices has n = ki + 1 vertices and p = (m –1)i + 1 leaves.

(iii)p leaves has n = (kp –1)/(k –1) vertices and i = (p –1)/(k – 1) internal

vertices.

Level and Height in a Rooted Tree: The level of a vertex v in a rooted tree is

the length of the path from the root to this vertex. The height of a rooted tree is the

length of the longest path from the root to any vertex.

For example,

The figure shows a rooted tree T with its levels. Height of T is 4.

Balanced Tree:A rooted k-ary tree of height h is balanced if all the leaves are at

level h or (h – 1).

Check Your Progress

1. Define the term tree.

2. What is acyclic graph?

3. What is meant by a 'root' of a tree? What is a rooted tree?

4. When a rooted tree is called a k-ary tree?

5. What is the level and height in a rooted tree?

6. What is the level of node 5?

7. What is a balanced tree?
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4.3 BINARY TREES

A binary tree is a tree data structure in which each node has at most two children,

which are referred to as the left child and the right child. A recursive definition

using just set theory notions is that a (non-empty) binary tree is a tuple (L, S, R),

where L and R are binary trees or the empty set and S is a singleton set containing

the root.

Binary Search Trees

Binary search tree is a binary tree in which each child is either a left or right child;
no vertex has more than one left child and one right child, and the data are associated
with vertices.

Example 4.2: Build a binary search tree for the words banana, peach, apple,
pear, coconut, mango and papaya using the alphabetical order.

Solution:

For, if apple < peach, coconut < pear;

Further, mango is the right child of coconut and papaya is the right child of

mango.

Decision Trees

A rooted tree in which each internal vertex is assigned to a decision with a sub-

tree at the vertices, then each possible outcome of the decision is called a decision

tree.

Traversal of a Tree

A systematic method for visiting every vertex of an ordered rooted tree is called as

a ‘Traversal algorithm’.

Pre-Order:Let T be an ordered rooted tree with root r. Suppose T has one and

only vertex say r, then r is the pre- order traversal of T. Suppose that T
1
, T

2
, ..., T

k

are the subtrees at r from left to right in T, then pre-order traversal begins by

visiting r. It continues by traversing T
1
 in pre-order, then T

2
 in pre-order and so

on, until T
k
 is reached.
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Step 1. Visit the root r

Step 2. Visit T
1
 in pre-order

Step 3. Visit T
2
 in pre-order

Step k+1 . Visit T
k
 in pre-order

Let us try to understand the above with an example.

Let T be an ordered root tree. The steps of the pre-order traversal of T are as

follows:

We traverse T in pre-order by listing the root r, followed by the pre-order list

of subtree with root a, the pre-order list of subtree with root b, and the pre-order

list of subtree with root c.
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Algorithm: Pre-Order Traversal

Step 1. Visit root r and then list r.

Step 2. For each child of r from left to right, list the root of first subtree then

next sub-tree and so on until we complete listing the roots of subtrees

at Level 1.

Step 3. Repeat Step 2, until we arrive at the leaves of the given tree.

Step 4. Stop.

In-Order Traversal: Let T be an ordered rooted tree with its root at vertex r.

Suppose T consists only root r, then r is the in-order traversal of T. If not, i.e.,

suppose T has subtrees T
1
,T

2
,...,T

k
 at r from left to right. The in-order traversal

begins by traversing T
1
 in-order, then visiting r. It continues by traversing T

2

in-order, then T
s 
inorder and so on and finally T

k
 in-order.

Step 1. Visit T
1
 in-order

Step 2. Visit root

Step 3. Visit T
2
 in-order

Step k+1. Visit T
k
 in-order

Example 4.3: Determine the order in which the vertices of the following rooted

tree is visited using an in-order traversal.

Solution: The in-order traversal begins with an in-order traversal of the subtree

with root at a, followed by the root r, and the in-order listing of the subtree with

root b.
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Definition (Post-Order Traversal)

Let T be an ordered rooted tree with root r. If T has only one vertex r, then, r is the

post-order traversal of T. But if T has subtrees T
1
,T

2
,...,T

k
 at r from left to right,

the post-order traversal begins by traversing T
1 
in post-order, then T

2
 in post-

order and so on until T
k
 and ends by visiting r.

For example,
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The post-order traversal begins with the post-order traversal of the subtree

with root a, the post-order traversal of the subtree with root b, and the post-

order traversal of the subtree with root c, followed by the root r.

Infix, Prefix, and Postfix Notation

We can represent any expression (like arithmetic, compound proposition) using

ordered rooted trees. An ordered rooted tree can be used to represent expressions,

where, the internal vertices represent operations and the leaves represent the

variables or numerals.

What is the ordered rooted tree that represents the expression,

((a + b) 3) + ((a – 6)/3)?

Solution: First, construct a subtree for a + b. Then, this tree is included as a part

of the next subtree of ((a + b)  3). Similarly, a subtree is constructed for (a – 6)

a – 6)/3. Finally the

subtrees ((a + b) 3) and (a – 6)/3 are combined to form the required tree

corresponding to the given expression.

Ordered rooted tree corresponding to the expression ((a + b) 3) + ((a – 6)/3)

An in-order traversal of the binary tree representing an expression, produces

the original expression with the elements and operations in the same order as they

originally appeared (except unary operator).

If we use parenthesis, whenever we encounter an operation, there will be no

ambiguity. Such fully parenthesised expression is said to be in infix form.

To get the prefix form of an expression, we traverse its rooted tree in pre-

order.

Expressions written in prefix form are called Polish notation.
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Example 4.5: What is the prefix form of ((a + b) 3) + ((a – 6)/3)?

Solution: The ordered rooted tree corresponding to the expression ((a + b) 3)

+ ((a – 6)/3) is similar to tree shown in Example 4.5.

a + b) 3) + ((a – 6)/3) is

+ ab 3/ – a 63.

We obtain the postfix form of an expression by traversing its binary tree in

post-order.

Example 4.6: What is the postfix form of ((a + b) 3) + ((a – 6)/3)?

Solution: The binary tree corresponding to the expression is given as:

binary tree in post-order. The required postfix form is ab + 3 a6 – 3/+

Example 4.7: Draw the decision tree that orders the elements of the list a,b,c.

Solution:

4.3.1 Tree Searching

To sort a list of elements there are several methods. Here, we shall see how trees

are helpful in merge sort.
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In general, a merge sort proceeds by iteratively splitting lists into two sublists

of equal size (nearly) until each sublist consists of one element.

This succession of sublists can be represented by a balanced binary tree. The

procedure continues by succesively merging pairs of lists (where both lists are in

increasing order) into a larger list with elements in increasing order), until the original

list is put into increasing order. The succession in a merged list can be represented

by a balanced binary tree.

Example 4.8: Draw the recursive tree for merge sort of the list 9, 7, 11, 4, 5, 3,

6, 8, 12, 10.

Solution: The list of elements can be represented as:

a[0] = 9; a[1] = 7; a[2] = 11; a[3] = 4; a[4] = 5; a[5] = 3; a[6] = 6;  a[7] = 8;

a[8] =12; a[9] = 10.

Let us denote 0-9 as the position of the elements. Given list is

[9,7,11,4,5,3,6,8,12,10]

As a first step, this list is splitted into two sublists of size 0-4 and 5-9 respectively.

Then, these two sublists are further splitted into two sublists until each sublist

consist of one element. The required tree is given below.

4.4 SPANNING TREES

In this section, we shall study the spanning acyclic subgraph of a connected

subgraph, and its optimality.

Let G be a simple connected graph. A spanning tree of G is a subgraph of G,

i.e., a tree containing every vertex of G.

For example, the following is simple graph G and its spanning tree T



Trees and its Properties

NOTES

Self - Learning

Material 131

Theorem 4.4:A simple graph is connected if there exists atleast one spanning

tree.

Proof: Let G be a simple connected graph.Suppose G has no circuits then G

itself is a spanning tree. Suppose, G has a simple circuit. By deleting an edge from

one of these simple circuits, the resulting subgraph is still connected if it is a spanning

subgraph. If this subgraph has simple circuits, then, delete an edge from one of

these simple circuits. Repeat this process until no simple circuits are there. Thus, in

this manner a tree T is obtained in which V(T) = V(G). Therefore, T is a spanning

tree of G.

Note:The converse of the above theorem is obvious.

Depth-First Search and Breadth-First Search

We can build the spanning tree of a connected graph using DFs and BFs. First, we

shall see how DFs are useful in construction of a spanning tree from a given

connected graph.

Depth-First Search

Let G be the given connected graph. Arbitrarily choose a vertex as the root. Find

a path starting from this choosen vertex by successively adding edges, where,

each edge is incident with the last vertex in the path and a vertex not already in the

path. Continue adding edges to this path as long as possible. If this path consists

of all the vertices of G, this path is the required spanning tree. If not, more edges

should be added. Move back to the next to last vertex in this path, and if possible,

form a new path starting at this vertex passing through vertices that were not

already visited. If this is not possible, move back to another vertex in this path

(i.e., 2 vertices back from the last) and try again. Repeat this procedure, beginning

at the last vertex visited, moving back up the path one vertex at a time, forming

new long paths until no more edges can be added. This process ends with a

spanning tree.

When this procedure returns to vertices previously visited, it is also called as

backtracking.

Example 4.9: Construct a spanning tree for the following graph G.



Trees and its Properties

NOTES

Self - Learning

132 Material

Solution: First we choose arbitrarily a vertex say e as the root. Form a path at

e, i.e., c d f is the path. Backtrack to d. Form a path beginning at d in such a way

that it has to visit the vertices which were not visited in the previous path, d e b a.

Since all the vertices of G are visited, this procedure gives the spanning tree T.

Breadth-First Search

First choose a vertex arbitrarily as the root. Add the edges of G which are incident

with this vertex. The new vertices added at this stage becomes level 1 in the

spanning tree. Order these vertices arbitrarily. Next, for each vertex at level 1

visited in order, add each edge incident to this vertex to the tree as long as it does

not create a simple circuit. Order the children of each vertex at level 1 arbitrarily.

This produces the vertices at level 2 in the tree. Continue in this manner until all the

vertices of G have been added. Ultimately we end with a spanning tree.

Example 4.10: Construct a spanning tree of the following graph G.

Solution: First choose a vertex say d (arbitrarily) as the root. Add the edges

incident to this vertex d. Hence the edges e
2
, e

5
, e

7
, e

8
 are incident with the vertex

d. These vertices create level 1,

i.e.,

Now add the edges which are incident to the vertices b, c, e, f in such a way

that the resulting graph does not contain any circuit.
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Thus, at this level itself we have got the spanning tree T.

Note: If the given graph is directed graph, then we construct the underlying

undirected graph and apply DFs or BFs to obtain a spanning graph.

4.5 RANK AND NULLITY OF GRAPH

In graph theory, the rank of an undirected graph has following two distinct

definitions. Let n equal the number of vertices of the graph.

1. In the matrix theory of graphs the rank r of an undirected graph is defined

as the rank of its adjacency matrix.

Analogously, the nullity of the graph is the nullity of its adjacency matrix,

which equals n – r.

2. In the matroid theory of graphs the rank of an undirected graph is defined

as the number n – c, where c is the number of connected components of

the graph. Equivalently, the rank of a graph is the rank of the

oriented incidence matrix associated with the graph.

Analogously, the nullity of the graph is the nullity of its oriented incidence

matrix, given by the formula m – n + c, where n and c are as above and m is the

number of edges in the graph. The sum of the rank and the nullity is the number of

edges.

Following is the example of sample undirected graph and matrix,

corresponding to the four edges, e1–e4.
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In this example, as per the matrix theory the rank of the matrix is 4, because

its column vectors are linearly independent.

In graph theory, the nullity of a graph can mean either of the following two

distinct numbers. If the graph has n vertices and m edges, then:

1. In the matrix theory of graphs, the nullity of the graph is the nullity of

the adjacency matrix A of the graph. The nullity of A is given by n –

r where, r is the rank of the adjacency matrix. This nullity equals the

multiplicity of the eigenvalue 0 in the spectrum of the adjacency matrix.

2. In the matroid theory the nullity of the graph is the nullity of the

oriented incidence matrix M associated with the graph. The nullity of M is given

by m – n + c, where, c is the number of components of the graph and n –

c is the rank of the oriented incidence matrix. This name is rarely used; the

number is more commonly known as the cycle rank, cyclomatic number,

or circuit rank of the graph. It is equal to the rank of the cographic matroid of

the graph. It also equals the nullity of the Laplacian matrix of the graph, defined

as L = D – A, where D is the diagonal matrix of vertex degrees; the Laplacian

nullity equals the cycle rank because L = M M T (M times its own transpose).

Check Your Progress

8. What is a binary tree?

9. Explain the term binary search tree.

10.  Define the term decision tree.

11.  Explain about the traversal of a tree.

12.  What is the rank and nullity of a graph?

4.6 KRUSKAL’S ALGORITHM AND PRIM’S

ALGORITHM

Let G be a weighted graph. Every edge of the graph is associated with a real

number. We have to find the minimum weight spanning tree of the graph G. Such

minimum weight spanning tree is called an Optimal spanning tree. weight of a tree

is the sum of weights of the edges in a tree and is denoted by wt(T).

There are three algorithms to find the optimal spanning tree.

(i) Kruskal’s algorithm

(ii) Prim’s algorithm

(iii)Boruvka’s algorithm
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Kruskal’s Algorithm

Kruskal’s algorithm finds a minimum spanning forest of an undirected edge-weighted

graph. If the graph is connected, it finds a minimum spanning tree. A minimum

spanning tree of a connected graph is a subset of the edges that forms a tree that

includes every vertex, where the sum of the weights of all the edges in the tree is

minimized. For a disconnected graph, a minimum spanning forest is composed of

a minimum spanning tree for each connected component. It is a greedy algorithm

in graph theory as in each step it adds the next lowest-weight edge that will not

form a cycle to the minimum spanning forest.

Let G be a connected graph on n vertices.

Step 1. Arrange the edges in ascending order according to their weights.

Choose the minimum weight edge say e
1
.

Step 2. Having selected e
1
,e
2
,...,e

k
 in such a way that the subgraph formed

by these edges <e
1
,e

2
,...,e

k
> is acyclic, choose e

k+1
 such that of the

remaining edges, weight of e
k+1
 is minimum.

Step 3. Repeat Steps 1 and 2 until (n –1) edges are selected.

For example,

Step 1. e
9
, e

7
, e

8
, e

3
, e

2
, e

5
, e

4
,  e

1
, e

6

Among these equations e
9
 has the minimum Weight 1.

After applying Step 2 and Step 3, we get the spanning tree as,

Weight of the optimal spanning tree is 2 + 3 + 1 + 2 = 8

Prim’s Algorithm

Prim’s algorithm is a greedy algorithm that finds a minimum spanning tree for a

weighted undirected graph. This means it finds a subset of the edges that forms a

tree that includes every vertex, where the total weight of all the edges in the tree is

minimized. The algorithm operates by building this tree one vertex at a time, from
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an arbitrary starting vertex, at each step adding the cheapest possible connection

from the tree to another vertex.

The algorithm was developed in 1930 by Czech mathematician Vojtìch Jarník

and later rediscovered and republished by computer scientists Robert C. Prim in

1957 and Edsger W. Dijkstra in 1959.

Let G be a connected graph.

Step 1. Choose arbitrarily a vertex say v
1
and an edge e

1 
with minimum

weight among the edges incident with v
1
.

Step 2. Having selected the vertices v
1
,v
2
,..,v

k
 and the edges e

1
,e

2
,..,e

k

choose the edge e
k+1
 as follows. e

k+1
 is incident with any one of the

vertices {v
1
,v

2
,..,v

k
} and incident with v(G) –{v

1
,v

2
,..,v

k
}.

Moreover the subgraph formed with v
1
,v
2
,...,v

k
, v

k+1
 and the edges

e
1
,e
2
,..e

k
,e

k+1
 is acyclic and of the remaining edges e

k+1
 has minimum

weight.

Step 3. Repeat Steps 1 and 2 till (n –1) edges are arrived at.

For example,

Step 1. Choose arbitrarily vertex v
3
 and apply Step 2 and Step 3. Now we

get the spanning tree.

Weight of the spanning tree is 8.
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Boruvka’s Algorithm

Boruvka’s algorithm finds a minimum spanning tree in a weighted graph. Boruvka

developed this for constructing an efficient electrical network.

Every vertex in the graph finds its lightest edge, and then the vertices at the

ends of each lightest edge are marked. This process goes and the entire graph

collapses into a single point. The tree consists of all the lightest edges so found.

The algorithm starts by examining every vertex one-by-one and selecting

the cheapest edge from that vertex to another in the graph, without regard to

already added edges, and it continues joining these groupings in a like manner and

a tree spanning all vertices is formed.

Every vertex or set of connected vertices is termed a ‘component’. The

pseudocode for this algorithm is given as:

1. Start with a connected graph G containing edges of distinct weights, and an

empty set of edges T.

2. While (vertices of G connected by T are disjoint)

o Start with an empty set of edges E.

o For (each edge in the component)

Start with an empty set of edges S

For (each vertex in the component)

Add the cheapest edge from the vertex in the component to

another vertex in a disjoint component to S

Add the cheapest edge in S to E

o Add the resulting set of edges E to T.

3. The resulting set of edges T is the minimum spanning tree of G.

Boruvka’s algorithm takes O(log V) iterations of the outer loop before

termination, and runs in time O(Elog V), where E is the number of edges, and V is

the number of vertices in G.

Faster algorithms can be obtained by combining Prim’s algorithm with

Boruvka’s.

Check Your Progress

13.  What is Kruskal’s algorithm? How it finds minimum spanning tree of an

undirected edge-weighted graph?

14.  Explain how the Prim’s algorithm finds a minimum spanning tree for a

weighted undirected graph?

15.  Who developed the Prim’s algorithm?

16.  What is Boruvka’s algorithm?
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4.7 ANSWERS TO ‘CHECK YOUR PROGRESS’

1. A tree is an undirected graph in which any two vertices are connected by

exactly one path, or equivalently a connected acyclic undirected graph, i.e.,

a connected acyclic graph G is called a tree. The term ‘Tree’ was coined in

1857 by the British mathematician Arthur Cayley.

2. A graph G which has no cycles is called an acyclic graph.

3. In a directed tree, a particular vertex is called a root if it is of degree zero.

A tree together with its root produces a graph called a rooted tree.

4. A rooted tree is called a k-ary tree if every internal vertex has, not more

than k-children. The tree is called a full k-ary tree if every internal vertex

has, exactly k-children. A k-ary tree with k = 2 is called a binary tree.

5. The level of a vertex in a rooted tree is the length of the path from the root

to this vertex. The height of a rooted tree is the length of the longest path

from the root to any vertex.

6. The path length of this vertex is 2. So level is 2.

7. A rooted k-ary tree of height h is balanced if all the leaves are at level h or

(h – 1).

8. A binary tree is a tree data structure in which each node has at most two

children, which are referred to as the left child and the right child. A recursive

definition using just set theory notions is that a (non-empty) binary tree is a

tuple (L, S, R), where L and R are binary trees or the empty set and S is a

singleton set containing the root.

9. Binary search tree is a binary tree in which each child is either a left or right

child; no vertex has more than one left child and one right child, and the

data are associated with vertices.

10. A rooted tree in which each internal vertex is assigned to a decision with a

sub-tree at the vertices, and then each possible outcome of the decision is a

decision tree.

11. A systematic method for visiting every vertex of an ordered rooted tree is

called as a ‘Traversal algorithm’.

12. In graph theory, the rank of an undirected graph has following two distinct

definitions. Let n equal the number of vertices of the graph.

(i) In the matrix theory of graphs the rank r of an undirected graph is

defined as the rank of its adjacency matrix.

Analogously, the nullity of the graph is the nullity of its adjacency matrix,

which equals n – r.

(ii) In the matroid theory of graphs the rank of an undirected graph is

defined as the number n – c, where c is the number of connected

components of the graph. Equivalently, the rank of a graph is

the rank of the oriented incidence matrix associated with the graph.

Analogously, the nullity of the graph is the nullity of its oriented

incidence matrix, given by the formula m – n + c, where n and c are
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as above and m is the number of edges in the graph. The sum of the

rank and the nullity is the number of edges.

13. Kruskal’s algorithm finds a minimum spanning tree of an undirected edge-

weighted graph. If the graph is connected, it finds a minimum spanning tree.

A minimum spanning tree of a connected graph is a subset of the edges that

forms a tree that includes every vertex, where the sum of the weights of all

the edges in the tree is minimized. For a disconnected graph, a minimum

spanning forest is composed of a minimum spanning tree for each connected

component. It is a greedy algorithm in graph theory as in each step it adds

the next lowest-weight edge that will not form a cycle to the minimum

spanning forest.

14. Prim’s algorithm is a greedy algorithm that finds a minimum spanning tree

for a weighted undirected graph. This means it finds a subset of the edges

that forms a tree that includes every vertex, where the total weight of all the

edges in the tree is minimized. The algorithm operates by building this tree

one vertex at a time, from an arbitrary starting vertex, at each step adding

the cheapest possible connection from the tree to another vertex.

15. The Prim’s algorithm was developed in 1930 by Czech mathematician Vojtìch

Jarník and later rediscovered and republished by computer scientists Robert

C. Prim in 1957 and Edsger W. Dijkstra in 1959.

16. Boruvka’s algorithm finds a minimum spanning tree in a weighted graph.

Boruvka developed this for constructing an efficient electrical network.

Every vertex in the graph finds its lightest edge, and then the vertices at the

ends of each lightest edge are marked. This process goes and the entire

graph collapses into a single point. The tree consists of all the lightest edges

so found.

The algorithm starts by examining every vertex one-by-one and selecting

the cheapest edge from that vertex to another in the graph, without regard

to already added edges, and it continues joining these groupings in a like

manner and a tree spanning all vertices is formed.

4.8 SUMMARY

In graph theory, a tree is an undirected graph in which any two vertices are

connected by exactly one path, or equivalently a connected acyclic undirected

graph. The term ‘Tree’ was coined in 1857 by the British mathematician

Arthur Cayley.

A forest is an undirected graph in which any two vertices are connected by

at most one path, or equivalently an acyclic undirected graph, or equivalently

a disjoint union of trees. Equivalently, a forest is an undirected graph, all of

whose connected components are trees; in other words, the graph consists

of a disjoint union of trees.

A polytree or directed tree or oriented tree or singly connected network is

a Directed Acyclic Graph (DAG) whose underlying undirected graph is a
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tree. A polyforest or directed forest or oriented forest is a directed acyclic

graph whose underlying undirected graph is a forest.

A graph G which has no cycles is called an acyclic graph.

A connected acyclic graph G is called a tree

Trees are often known as open graphs.

Every two vertices in a tree, are joined by a unique path

Every tree has atleast two vertices of degree one or in a tree, there are

atleast two pendant vertices.

In a directed tree (every edge assigned with a direction), a particular vertex

is called a root if that vertex is of degree zero. A tree together with its root

produces a graph called a rooted tree. Note that in the rooted tree, every

edge is directed away from the root.

Vertices of the same parent are called as siblings. A vertex of a rooted tree

is called a leaf if it has no children and those vertices which have children,

are called internal vertices.

A rooted tree is called a k-ary tree if every internal vertex has, not more

than k-children. The tree is called a full k-ary tree if every internal vertex

has, exactly k-children. A k-ary tree with k = 2 is called a binary tree.

A tree T is called as a binary tree if there is only one vertex with degree 2

and the remaining vertices are of degree 1 or 2.

The level of a vertex v in a rooted tree is the length of the path from the root

to this vertex. The height of a rooted tree is the length of the longest path

from the root to any vertex.

A rooted k-ary tree of height h is balanced if all the leaves are at level h or

(h – 1).

A binary tree is a tree data structure in which each node has at most two

children, which are referred to as the left child and the right child. A recursive

definition using just set theory notions is that a (non-empty) binary tree is a

tuple (L, S, R), where L and R are binary trees or the empty set and S is a

singleton set containing the root.

Binary search tree is a binary tree in which each child is either a left or right

child; no vertex has more than one left child and one right child, and the data

are associated with vertices.

A rooted tree in which each internal vertex is assigned to a decision with a

sub-tree at the vertices, then each possible outcome of the decision is called

a decision tree.

A systematic method for visiting every vertex of an ordered rooted tree is

called as a ‘Traversal algorithm’.

For each child of r from left to right, list the root of first subtree then next

sub-tree and so on until we complete listing the roots of subtrees at Level 1.

Let T be an ordered rooted tree with root r. If T has only one vertex r, then,

r is the post-order traversal of T. But if T has subtrees T
1
,T

2
,...,T

k
 at r from
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left to right, the post-order traversal begins by traversing T
1 
in post-order,

then T
2
 in post-order and so on until T

k
 and ends by visiting r.

An ordered rooted tree can be used to represent expressions, where, the

internal vertices represent operations and the leaves represent the variables

or numerals.

A simple graph is connected if there exists atleast one spanning tree.

In graph theory, the rank of an undirected graph has following two distinct

definitions. Let n equal the number of vertices of the graph.

1. In the matrix theory of graphs the rank r of an undirected graph is

defined as the rank of its adjacency matrix.

Analogously, the nullity of the graph is the nullity of its adjacency matrix,

which equals n – r.

2. In the matroid theory of graphs the rank of an undirected graph is

defined as the number n – c, where c is the number of connected

components of the graph. Equivalently, the rank of a graph is

the rank of the oriented incidence matrix associated with the graph.

In graph theory, the nullity of a graph can mean either of the following two

distinct numbers. If the graph has n vertices and m edges, then:

1. In the matrix theory of graphs, the nullity of the graph is the nullity of

the adjacency matrix A of the graph. The nullity of A is given by n –

r where, r is the rank of the adjacency matrix. This nullity equals the

multiplicity of the eigenvalue 0 in the spectrum of the adjacency matrix.

2. In the matroid theory the nullity of the graph is the nullity of the

oriented incidence matrix M associated with the graph. The nullity of M is

given by m – n + c, where, c is the number of components of the graph

and n – c is the rank of the oriented incidence matrix.

Kruskal’s algorithm finds a minimum spanning forest of an undirected edge-

weighted graph. If the graph is connected, it finds a minimum spanning tree.

A minimum spanning tree of a connected graph is a subset of the edges that

forms a tree that includes every vertex, where the sum of the weights of all

the edges in the tree is minimized.

Prim’s algorithm is a greedy algorithm that finds a minimum spanning tree

for a weighted undirected graph. This means it finds a subset of the edges

that forms a tree that includes every vertex, where the total weight of all the

edges in the tree is minimized.

Boruvka’s algorithm finds a minimum spanning tree in a weighted graph.

Boruvka developed this for constructing an efficient electrical network.

Every vertex in the graph finds its lightest edge, and then the vertices at the

ends of each lightest edge are marked. This process goes and the entire

graph collapses into a single point. The tree consists of all the lightest edges

so found.

The algorithm starts by examining every vertex one-by-one and selecting

the cheapest edge from that vertex to another in the graph, without regard

to already added edges, and it continues joining these groupings in a like

manner and a tree spanning all vertices is formed.
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4.9 KEY TERMS

Tree: A tree is an undirected graph in which any two vertices are connected

by exactly one path, or equivalently a connected acyclic undirected graph,

i.e., a connected acyclic graph G is called a tree. The term ‘Tree’ was

coined in 1857 by the British mathematician Arthur Cayley.

Acyclic graph: A graph G which has no cycles is called an acyclic graph.

Rooted tree: In a directed tree (every edge assigned with a direction), a

particular vertex is called a root if that vertex is of degree zero. A tree

together with its root produces a graph called a rooted tree.

k-ary tree: A rooted tree is called a k-ary tree if every internal vertex has,

not more than k-children. The tree is called a full k-ary tree if every internal

vertex has, exactly k-children. A k-ary tree with k = 2 is called a binary

tree.

Binary tree: A tree T is called as a binary tree if there is only one vertex

with degree 2 and the remaining vertices are of degree 1 or 2.

Level of a vertex in a rooted tree: The level of a vertex v in a rooted

tree is the length of the path from the root to this vertex.

Height of a rooted tree: The height of a rooted tree is the length of the

longest path from the root to any vertex.

Balanced tree:A rooted k-ary tree of height h is balanced if all the leaves

are at level h or (h – 1).

Binary search tree: It is a binary tree in which each child is either a left or

right child; no vertex has more than one left child and one right child, and

the data are associated with vertices.

Decision trees: A rooted tree in which each internal vertex is assigned to

a decision with a sub-tree at the vertices, then each possible outcome of the

decision is called a decision tree.

Traversal of a tree: A systematic method for visiting every vertex of an

ordered rooted tree is called as a ‘Traversal Algorithm’.

Spanning tree: A spanning is tree of a graph is tree with the same number

of vertices and there is no cycle. Every graph has at least one spanning tree.

4.10 SELF-ASSESSMENT QUESTIONS AND

EXERCISES

Short-Answer Questions

1. What is a tree?

2. Explain the properties of trees.

3. What is a rooted tree?

4. Draw a simple rooted tree.
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5. Define the term binary tree and also draw it.

6. What is a decision tree?

7. Explain about the traversal of a tree.

8. Elaborate on the importance of spanning trees.

9. What is rank and nullity of a graph?

10. What is the significance of Kruskal’s algorithm?

11. Explain about the Prim’s algorithm.

Long-Answer Questions

1. Briefly discuss about the trees and its properties giving appropriate examples.

2. Explain the terms rooted tree, binary tree and spanning tree with the help of

appropriate examples.

3. Elaborate on rank and nullity of a graph giving appropriate examples.

4. Discuss briefly on the terms Kruskal’s algorithm and Prim’s algorithm with

the help of appropriate examples.

5. Which of the following graphs are trees? Give reasan for you answer.

6. Explain how a tree can be used to represent the table of contents of

book organized into chapters, where each chapter is organized into

sections and each section organized into subsections.

7. Suppose 1000 people enter a chess tournament. Use a rooted tree

model of the tournament to determine how many games are to be

played to determine the champion, if a player is eliminated after one

loss and games are played until only one enterant has not lost. Assume

there are no ties.

8. Prove that a tree has either one or two centres.

(Centre of tree is the mini {e(v) : v v (T)}.)

9. How many vertices does a full 5-ary tree with 100 internal vertices

have?

10. Label the tree and answer the following:

(i) Identify the root.

(ii) Identify the children, siblings of any parent.

(iii) Draw a sub-tree.
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11. Represent (A/B)  (B – A) using an ordered rooted tree.

12. Draw the ordered rooted tree corresponding to the expression + * +

–73213 and  find its value.

13. How many edges must be removed from a connected graph with n

vertices and m edges to produce a spanning tree.

14. Find a spanning tree for the graphs shown by removing edges in a

simple circuit.

15. Draw all the spanning trees of the given graphs.
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UNIT 5 MATRIX REPRESENTATION

OF GRAPHS

Structure

5.0 Introduction

5.1 Objectives

5.2 Incidence Matrix

5.3 Adjacency Matrix

5.4 Cut-Set and Its Properties

5.5 Planar Graphs

5.6 Kuratowski’s Two Graphs

5.7 Answers to ‘Check Your Progress’

5.8 Summary

5.9 Key Terms

5.10 Self-Assessment Questions and Exercises

5.11 Further Reading

5.0 INTRODUCTION

Matrix representations of directed and undirected graphs are specifically used to

deduce incidence relations, circuits, and Cut-Sets through matrix theorems and

manipulations. In graph theory, an adjacency matrix is a square matrix used to

represent a finite graph. The elements of the matrix indicate whether pairs of vertices

are adjacent or not in the graph. In the special case of a finite simple graph, the

adjacency matrix is a (0,1)-matrix with zeroes on its diagonal. If the graph is

undirected, i.e., all of its edges are bidirectional, then the adjacency matrix is

symmetric.

The adjacency matrix of a graph should be distinguished from its incidence

matrix, a different matrix representation whose elements indicate whether vertex–

edge pairs are incident or not, and its degree matrix, which contains information

about the degree of each vertex. The adjacency matrix of a complete graph contains

all ones except along the diagonal where there are only zeroes. The adjacency

matrix of an empty graph is a zero matrix.

In mathematics, an incidence matrix is a matrix that shows the relationship

between two classes of objects. If the first class is X and the second is Y, the

matrix has one row for each element of X and one column for each element of Y.

The entry in row x and column y is 1 if x and y are related (called incident in this

context) and 0 if they are not. In graph theory, a cut is a partition of the vertices of

a graph into two disjoint subsets. Any cut determines a cut-set, the set of edges

that have one endpoint in each subset of the partition. These edges are said to

cross the cut. In a connected graph, each cut-set determines a unique cut, and in

some cases cuts are identified with their cut-sets rather than with their vertex

partitions.

A planar graph is a graph whose vertices can be represented by points in

the Euclidean plane, and whose edges can be represented by simple curves in the
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same plane connecting the points representing their endpoints, such that no two

curves intersect except at a common endpoint. Planar graphs are often drawn

with straight line segments representing their edges.

In graph theory, Kuratowski’s theorem is a mathematical forbidden graph

characterization of planar graphs, named after Kazimierz Kuratowski. It states

that a finite graph is planar if and only if it does not contain a subgraph that is a

subdivision of K
5
 (the complete graph on five vertices) or of K

3,3
 (complete bipartite

graph on six vertices, three of which connect to each of the other three, also

known as the utility graph).

In this unit, you will study about the matrix representation of graphs, incidence

matrix and adjacency matrix, cut-set and its properties, planar graphs, and

Kuratowski’s two graphs.

5.1 OBJECTIVES

After going through this unit, you will be able to:

Understand about the significance of matrix representation of graphs

Describe what the incidence matrix and adjacency matrix

Explain about cut-set and its properties

Discuss about the planar graphs

Elaborate on the Kuratowski’s two graphs

5.2 INCIDENCE MATRIX

In graph theory, the matrix representations of directed and undirected graphs are

specifically used to deduce incidence relations, circuits, and Cut-Sets through

matrix theorems and manipulations.

An incidence matrix is a matrix that shows the relationship between two

classes of objects. If the first class is X and the second is Y, the matrix has one row

for each element of X and one column for each element of Y. The entry in row x

and column y is 1 if x and y are related (called incident in this context) and 0 if they

are not. The adjacency matrix of a graph should be distinguished from its incidence

matrix, a different matrix representation whose elements indicate whether vertex–

edge pairs are incident or not, and its degree matrix, which contains information

about the degree of each vertex.

In graph theory an undirected graph has two kinds of incidence matrices,

un-oriented matrix and oriented matrix. The un-oriented incidence matrix (or simply

incidence matrix) of an undirected graph is a n × m matrix B, where n and m are

the numbers of vertices and edges, respectively, such that B
i,j
 = 1 if the vertex v

i

and edge e
j
are incident and 0 otherwise. Because the edges of ordinary graphs

can only have two vertices (one at each end), the column of an incidence matrix

for graphs can only have two non-zero entries.
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For example the incidence matrix of the undirected graph shown below in

Figure 5.1 is a matrix consisting of 4 rows (corresponding to the four vertices, 1–

4) and 4 columns (corresponding to the four edges, e1–e4).

Fig. 5.1 Incidence Matrix of the Undirected Graph

In matrix form, this can be represented as follows:

e1 e2 e3 e4

1 1 1 1 0 

2 1 0 0 0 

3 0 1 0 1 

4 0 0 1 1 

e
1
e
2
e
3
e
4
11110210003010140011 

In this incidence matrix, the sum of each column is equal to 2. This is because

each edge has a vertex connected to each end.

To any graph G, there corresponds a V × E matrix called the incidence

matrix of G and is denoted by I(G) = ,][ EVija �  where

ij

j i
a

One more matrix associated with graph G is the adjacency matrix, e is

denoted by ,][)( VVijbGA ��

ij

j i
a

Some authors used to define a
ij
 as the number of times (0, 1, and 2) v

i
 and

e
j
 are incident ; b

ij
 is the number of edges v

i
 and v

j
.
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For example,

01000

10000

11110

00101

00011
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3
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54321
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v

v

v

v

eeeee

I(G), Incidence Matrix of G

01000

01000

11011

00101

00110

5

4

3

2

1

54321

v

v

v

v

v

vvvvv

A(G), Adjacency Matrix of G

The adjacency matrix A(G) = [b
ij
] of a directed graph is also a V × V

matrix,

Where
i j

ij

v v
b

Similarly one can define the incidence matrix of a directed graph.

For example,

0 1 1 1 0

0 0 0 1 1

( ) 0 0 0 0 1

0 0 1 0 0

0 0 0 0 0

A G

� �
� �
� �
� ��
� �
� �
� �� �

Example 5.1: Write the adjacency matrix of Graphs (i), (ii) and (iii).

Solution: The adjacency matrices of the graphs are:

(i)
0 1 0 1 0

0 0 1 0 0

( ) 0 0 0 1 1

0 1 0 0 0

0 0 0 1 0

A G

� �
� �
� �
� ��
� �
� �
� �� �
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(ii)

�
�
�
�
�
�

�

�

�
�
�
�
�
�

�

�

�

00001

10000

11001

10100

00010

)(GA

(iii)

�
�
�
�
�
�
�
�

�

�

�
�
�
�
�
�
�
�

�

�

�

011000

101000

110000

000001

000001

000110

)(GA

Notes:From Example 5.1 one can conclude that:

1. The diagonal entries of an adjacency matrix are all zero, iff the graph is a graph

with no self-loops.

2. If G is disconnected and it has two components, then its adjacency matrix

A(G) can be written as,

,
)(0

0)(
)(

2

1
��

�
��

�
�

GA

GA
GA G

1
 and G

2
 are components.

With the help of these matrices, one can verify whether the given graphs are

isomorphic or not.

Example 5.2:Verify if G and G
1
 are isomorphic.

Solution:First lets write the adjacency matrices of G and G
1
.

�
�
�
�
�
�
�
�

�

�

�
�
�
�
�
�
�
�

�

�

�

010010

101000

010101

001010

100101

001010

)(GA

�
�
�
�
�
�
�
�

�

�

�
�
�
�
�
�
�
�

�

�

�

010100

101001

010100

101010

000101

010010

)( 1GA

By keeping one matrix fixed and by applying permutation of rows and

corresponding columns, permutations on the unfixed matrix yields the fixed one.

Then, the given graphs are isomorphic.

It keeps A(G) fixed.

Also G and G
1
 have 4 vertices of degree 2 and two vertices of degree 3.

Since d(v
1
) = 2 and v

1
 is not adjacent to any other vertex of degree 2, corresponding

vertex in G
1
 is either w

4
 or w

6
, the only vertices of degree 2 in G

1
 not adjacent to

a vertex of degree 2.
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Without the loss of generality, let us take .61 wv 	  Suppose this 61 wv 	 is

not ending with isomorphism, one has to take 41 wv 	 .

Similarly, for other vertices of G, it can be set as:

.

Thus, we can modify A(G
1
) as

6 3 4 5 1 2

6

1 3

4

5

1

2

0 1 0 1 0 0

( ) 1 0 1 0 0 1

0 1 0 1 0 0

1 0 1 0 1 0

0 0 0 1 0 1

0 1 0 0 1 0

w w w w w w

w

A G w

w

w

w

w

� �
� �� � �
� �
� �
� �
� �
� �
� �� �

5.3 ADJACENCY MATRIX

Mathematics, a graph can be represented in two ways, viz., adjacency matrix and

adjacency list. Adjacency matrix uses arrays while adjacency list uses linked lists

in the representation of graphs.

Adjacency can be explained with the help of an undirected graph as shown

in Figure 5.2.

Fig. 5.2 An Undirected Graph

In undirected graphs, the edges of the graph do not indicate the direction from one

vertex to another.

Adjacency Matrix

Adjacency matrix is an array of vertices of the graph. The matrix can be made for

both undirected as well as directed graphs. The adjacency matrix A for an undirected

graph G is formed according to the procedure described herein.

If there is an edge from vertex v
i
to v

j
in G, then the element a

ij
 in A is

marked as one, else it is marked as zero. Also, note that since it is an undirected

graph, a
ij
 is equivalent to a

ji
. Therefore, if a

ij
is one, then a

ji
will also be one and

vice versa.
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Table 5.1 shows the adjacency matrix representation for undirected graph.

Table 5.1 Adjacency Matrix Representation for Undirected Graph

 A B C D E 

A 0 1 1 0 1 

B 1 0 1 0 1 

C 1 1 0 1 0 

D 0 0 1 0 1 

E 1 1 0 1 0 

The adjacency matrix for directed graph is defined in the same way as it is

defined in the undirected graph except for the fact that a
ij
is not equivalent to a

ji
.

This means that if a
ij
is one, then a

ji
 will be zero. Table 5.2 shows the adjacency

matrix for the directed graph.

Table 5.2 Adjacency Matrix Representation for Directed Graph

 A B C D E 

A 0 1 0 0 0 

B 0 0 1 0 1 

C 1 0 0 0 0 

D 0 0 1 0 1 

E 1 0 0 0 0 

Adjacency matrix has several disadvantages associated with it. Some of them are

as follows:

For a graph with ‘n’ vertices, an adjacency matrix requires n2 elements to

represent it.

For a directed graph with n vertices, n2–e edges are zero. Thus, for a graph

with few edges, the matrix becomes sparse. This means that matrix for a

graph with few edges carries a lot of zeros.

An adjacency matrix cannot represent parallel edges.

Adjacency List

To avoid the disadvantages of adjacency matrix, adjacency lists are used. They

are especially efficient in case of sparse matrix. They make use of the linked lists of

adjacent vertices for all vertices V in graph G. For example, for the undirected

graph shown in Figure 5.3, the adjacency list for vertex A is shown in Figure 5.4.
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Fig. 5.3  Adjacency List for Vertex A

This is because, the vertices adjacent to A are B, C and E. Figure 5.3

shows the complete adjacency list for the graph used in adjacency matrix.

Fig. 5.4  The Complete Adjacency List

This adjacency list representation uses less memory. However, if the number

of edges and vertices increases, the adjacency list becomes inefficient, i.e., it uses

more memory as the overhead of maintaining pointers increases. In C language,

adjacency list is represented by an array of pointers, where each pointer points to

a linked list of vertices that are adjacent to a particular vertex.

Path Matrix

Path matrix represents the path of certain length. To show adjacent nodes in a

simple directed graph we use adjacency matrix. For example, consider the following

simple directed graph G as shown in Figure 5.5.

Fig. 5.5 Simple Directed Graph G

Following Table 5.3 represents the adjacency matrix for this simple directed

graph G:
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Table 5.3 Adjacency Matrix for Simple Directed Graph G

 A B C D E 

A 0 0 1 1 0 

B 0 0 1 0 0 

C 0 0 0 1 1 

D 0 0 0 0 1 

E 0 0 0 1 0 

The adjacency matrix describes the relationships between the adjacent nodes.

Besides these, other relationships also exist between nodes. For example, if we

consider the three nodes B, C and E then we see that <B, C > = 1 and also

<C, E > = 1. Hence there is a link directed from B to E through C. Thus in order

to show such relationship we use the concept of path matrix. To establish a

relationship between the nodes B, C and E only two nodes were used and hence

we say that it is a path of Length 2. Considering all such paths of Length 2 we can

represent them using a path matrix of Length 2 as shown below:

 A B C D E 

A 0 0 0 1 1 

B 0 0 0 1 1 

C 0 0 0 1 1 

D 0 0 0 1 0 

E 0 0 0 0 1 

Moving on further, consider all paths of Length 3 in the above graph to

obtain the following path matrix of Length 3:

 A B C D E 

A 0 0 0 1 1 

B 0 0 0 1 1 

C 0 0 0 1 1 

D 0 0 0 0 1 

E 0 0 0 1 0 

In this way, we can define path matrices of certain lengths to show paths

among nodes in a graph if they exist.

Check Your Progress

1. Define the term incidence matrix.

2. What do you mean by adjacency matrix?

3. What are the disadvantages of adjacency matrix for directed graph?

4. Define the term adjacency list.

5. What is path matrix?
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5.4 CUT-SET AND ITS PROPERTIES

In graph theory, a cut is a partition of the vertices of a graph into two disjoint

subsets. Any cut determines a cut-set, the set of edges that have one endpoint in

each subset of the partition. These edges are said to cross the cut. In a connected

graph, each cut-set determines a unique cut, and in some cases cuts are identified

with their cut-sets rather than with their vertex partitions.

Let G be a connected graph. Let us recollect the definition of cut-edge

(bridge) and cut-vertex. If G contains an edge e such that G–e is disconnected,

then e is a bridge of G. Further, if G contains a vertex v such that G–v is

disconnected, then v is a cut-vertex of G.

Definition

Edge Cut-Set: A subset S of the edge set of a connected graph G is called an

edge cut-set or cut-set of G if,

(i) G – S is disconnected.

(ii) G – S1 is connected for every proper subset S1 of S.

Vertex Cut-Set: A subset u of the vertex set of G is called a vertex cut-

set if,

(i) G – u is disconnected.

(ii) G – u1 is connected for every proper subset u1 of u.

For example,

(i) S = {e1, e4, e6, e8} is a cut-set.

(ii) u = {v1, v3, v5} is a vertex-cut-set.
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Note: For a connected graph, there may be more than one cut-set.

For example, consider the above graph G. Some cut-sets of G are,

S1 = {e1, e4, e6, e8}

S2 = {e1, e2}, S3 = {e1, e3, e9}

graphs viz. edge-connectivity (G) and vertex connectivity k(G).

Edge Connectivity: The edge connectivity (G) of a graph is the minimum

cardinality of a set S of edges of G such that G – S is disconnected, i.e., the

edge (line) connectivity of a connected graph is the number of edges in a

minimum cut-set in the graph (Refer Figure 5.6).

For example,

Fig. 5.6 Edge Connectivity

Notes:

1. If G is a tree, then (G) = 1.

2.G has (G) = 0 iff G is disconnected or trivial.

Vertex Connectivity: The vertex connectivityK(G) of a graph G is the minimum

number of vertices whose deletion makes G a disconnected or trivial graph, i.e.,

the number of vertices in a minimum vertex cut is called the connectivity of the

graph (Refer Figure 5.7).

For example,

Fig. 5.7 Vertex Connectivity

Theorem 5.1: For every graph G, K(G) (G) (G).

Proof: Let v be a vertex of G with minimum degree, i.e., d(v) = (G).

Removing (G) edges of G incident with v produces a graph G1, in which

v is isolated. Clearly, G is disconnected or trivial.

(G) (G) ...(1)
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Corollary:K(G) (G)

If, (G) = 0, then G is disconnected.

K(G) = 0.

If (G) = 1, then G is a connected graph containing a cut-edge (bridge).

Therefore, either G is isomorphic to K2 or G is a connected graph having

atleast one cut-vertex.

In both cases, K(G) = 1.

Now, let us assume that (G)  2. Let S be a cutset of G with (G) edges

and e = xy be an edge in S. If the edges of S – {e} are deleted from G, the

resulting subgraph H1 is connected and contains e as a cut-edge. Now select

an incident vertex different from x and y for each and every edge in S – {e}.

Remove these vertices from H
1
, the resulting subgraph H

2
 is disconnected,

then

K(G) (G) – 1 < (G)

Suppose the subgraph H2 is connected, then H2 is isomorphic to K2 or the sub-

graph H2 has a cut-vertex, since H2 is an induced subgraph of H1. In any case,

there exists a vertex of H2 whose removal results in a disconnected graph. There-

fore,

K(G) (G) ...(2)

From Equations (1) and (2), K(G) (G) (G)

In this figure, K(G) = 1; (G) = 3 and (G) = 3.

n-Edge Connected: A graph G is n-edge connected (n  1) if (G) n and G

is n-connected if K(G) n.

Operations on Graphs

(i) The union of two simple graphs G1 V1, E1) and G2 = ( , E2) is

V1 V2 and edge set E1 E2 and

is denoted by G1 G2 as shown in Figure 5.8.

For example,

Fig. 5.8 Union of Two Simple Graphs
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(ii) The intersection of two simple graphs G1 = (V1, E1) and G2 V2, E2)

V1 V2 E1 E2 and

is denoted by G1 G2. Remember that for G1 G2, V1 V2 is non-

empty always (Refer Figure 5.9).

For example,

Fig. 5.9 Intersections to Two Simple Graphs

(iii G1 and G2 is a graph consisting of the
vertex set V1 V2 G1 or in G2, but not
in both and is denoted by G1 G2, i.e.,

G1 = (V1, E1); G2 = (V2, E2)

Then, G1 G2 = (V1 V2, E1 E2)

Where,  is the symmetric difference:

E1  E2 = (E1 – E2)  (E2 – E1)

5.5 PLANAR GRAPHS

A graph G is said to be planar if there exists some geometric representation of G

which can be drawn on a plane such that no two of its edges intersect (‘meeting’ of

edges at a vertex is not considered an intersection). A graph that cannot be drawn

on a plane without a cross over between its edges is called non planar. A drawing

of a geometric representation of a graph on any surface, such that, no edges intersect

is called embedding.

Note: To show a graph G is nonplanar we have to prove that of all posible geometric

representations of G, none can be embedded in a plane.

Theorem 5.2: The complete graph of fine vertices is nonplanar.

Proof: Let the five vertices in the complete graph be v
1
, v

2
, v

3
, v

4
 and v

5
. Using

the definition of complete graph, we must have a circuit going from v
1
 - v

2
 - v

3
 -

v
4
 - v

5
 to v

1
, i.e, a pentagon. This pentagon must divide the plane of the paper into

two regions, one inside and the other outside.

Since v
1
  is to be connected to v

3
 by means of an edge, this edge may be

drawn inside or outside the pentagon (without intersecting the fine edges drawn

previously). Suppose that, we choose to draw a line from v
1 
to v

3 
 inside the

pentagon, we have to draw an edge from v
2
 to v

4
 and another one from v

2
 to v

5
.

Since neither of these edges can be drawn inside the pentagon without crossing

over the edge already drawn, we draw both these edges outside the pentagon.
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The edge connecting v
3
 and v

5 
 cannot be drawn outside the pentagon without

crossing the edge between v
2
 and v

4
. Therefore v

3
 and v

5
 have to be connected

with an edge inside the pentagon.

Fig. 5.10 Five Vertices in the Complete Graph

Note: Complete graph is nothing but a simple graph in which every vertex is

joined to every other vertex by means of an edge.

5.6 KURATOWSKI’S TWO GRAPHS

In graph theory, Kuratowski’s theorem is a mathematical forbidden graph

characterization of planar graphs, named after Kazimierz Kuratowski. It states

that a finite graph is planar if and only if it does not contain a subgraph that is a

subdivision of K
5
 (the complete graph on five vertices) or of K

3,3
 (complete bipartite

graph on six vertices, three of which connect to each of the other three, also

known as the utility graph).

A subdivision of a graph is a graph formed by subdividing its edges into

paths of one or more edges. Kuratowski’s theorem states that a finite graph G is

planar, if it is not possible to subdivide the edges of K
5
 or K

3,3
, and then possibly

add additional edges and vertices, to form a graph isomorphic to G. Equivalently,

a finite graph is planar if and only if it does not contain a subgraph that is

homeomorphic to K
5
 or K

3,3
.

The two graphs K
5
 and K

3,3 
are nonplanar. Additionally, subdividing a graph

cannot turn a nonplanar graph into a planar graph, if a subdivision of a graph G

has a planar drawing, the paths of the subdivision form curves that may be used to

represent the edges of G itself. Therefore, a graph that contains a Kuratowski

subgraph cannot be planar.

Theorem 5.3: Kurtowski’s (Polish mathematician) second graph is also

nonplanar. (k
3,3
 is nonplanar).

Note: In the plane, a continuous non-self  intersecting curve whose origin and

terminus coincide is said to be a jordan curve. If j is a jordan curve in the plane 
 ,

then 
  – j is a union of two disjoint connected open sets called the interior and the

exterior of j.
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Example 5.3: Prove that  K
5
 is nonplanar.

Solution:

Step 1. Draw a circuit c on 5 vertices. This circuit c devides the plane into two

regions called nterior and exterior of c

Step 2. Draw the edges v
1
v
3
, v

1
v
4
 in the interior. We cannot draw any more edge

in the interior of c, without intersecting any edge.

Now, draw the edges v
2
v
5
, v

2
v
4 
in the exterior of c. But the edge v

3
v
5
 cannot

be drawn in the interior or exterior of c, without intersecting the edge of c.

Thus K
5
 is nonplanar.

We can prove that K
3, 3
 is nonplanar in the following manner.

Proof: Assume that K
3,3
  is planar. Let the vertex of K

3,3
 is {v

1
,...,v

6
}.

Let P = {v
1
, v

3
, v

5
} and Q = {v

2
, v

4
, v

6
}.

Let C be the cycle v
1
v
2
v
3
 v
4
v
5
v
6
v
1
. It is a jordan curve. The other three

edges v
1
v
4
, v

2
v
5
, v

3
v
6
 are chords of the cycle C. So either interior of C or

Exterior of C contains two of there three chords, say there are two chords in Int c.

These two chords must cross each other, which is a contradiction; hence, K
3,3 
is

non-plannar.

Contour:Let G be a connected planar graph. A region of G is the domain of the

plane surrounded by edges of the graph such that any two points in it can be

joined by a line not crossing any edge. The edges touching a region contain a

simple cycle called the contour of the region. Two regions are said to be adjacent

if the contours of the two regions have atleast one edge in common.

For example,
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G, a planar graph: R
i
, i = 1, 2, 3, 4 are the regions of G. Here R

4
 is the infinite

region.

Euler’s Formula

If G, a connected planar graph has n vertices, e edges and r regions, then, n –e +

r = 2.

Proof:By induction on e, the number of edges.

If e = 0, then  G = K
1
( � G is Connected)

� n = 1 ; r = 1 ( Infinite Face) � n – e + r = 1 – 0 + 2 = 2

If e = 1, then n = 2 (� G is Connected) & r = 1 (Infinite Face)

�n – e + R = 2 – 1+1 = 2

�This result is true for e = 0 and e = 1.

Let us assume that this result is true for all the connected planer graphs on

(e – 1) edges.

Let G be a connected planar graphs with e edges.

Case (i): If G is a tree with e edges then n = e +1 [�  Tree on n vertices has

(n–1) edges].

r = 1

� n – e + r  =  e + 1 – e + 1 = 2.

Case (ii): If G is not a tree.

Since G is connected, it contains cycles.

Let e
1
 be an edge in some simple circuit of G.

Let G
1
  be the graph obtained from G by deleting the e

1 
, i.e., G

1
 = G – e

1

Now, number of vertices in G
1
 = n

Number of edges in G
1
 = e–1

Number of regions in G
1
 = r–1

Since G
1
 has less then e edges, the result is true for G

1 
also.

� By induction hypothesis, n
1
–e

1
+r

1
 = 2, where n

1
 is the number of vertices,

e
1
 is the number of edges and r

1
 is the number of regions of G

1
 respectively.

� n–(e–1) + r–1 = 2 � n–e + r = 2.

�In all the cases, the result is true.

Corollary: If G is a connected simple planar graph without loops and has n

vertices, e  2 edges and r regions, then, 3/2 r � e �  3n–6.

Proof: If r = 1, then, 3/2 � e �  3n–6 is true, since e 2.

If r > 1, let K be the number of edges in the contours of the finite regions.

Since G is simple, each region (finite) is bounded by atleast 3 edges.

Therefore K   3 (r-1) (3)

But, in a planar graph, an edge belongs to the contours of atmost two regions

and atleast 3 edges touch the infinite region.

� K �  2e – 3 (4)
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From Equations (3) and (4), 3r–3 � k �  2e–3

�  3r – 3 �  2e – 3

�  3r �  2e �  3/2 r � e (5)

Since G is planar, n–e+r = 2, by Euler’s Formula.

� n – e + 2/3 e   2   [�From Equation (5) r �  2/3 e]

�  3n – 3e + 2e6

�  – e – 3n + 6

� e �  3n – 6 (6)

From Equations (5) and (6), 3/2r � e �  3n – 6

Example 5.4: Prove that K
5 
 is nonplanar.

Solution: Suppose K
5 
is planar, then by the above corollory, e�3n – 6. In K5

,

n = 5, e = 10;

,965310 �����  which is absurd.

� K
5  
 is nonplanar

Remark:K
5
, K

3,3 
 are called Kuratowski’s first graph, second graph, respectively.

Corollary: If G is a simple connected planar graph on n vertices, e edges and r

regions and does not contain any triangle, then 2r � e �  (2n – 4)

Subdivision: A subdivision of a graph G is obtained by inserting vertices (of

degree 2) into the edges of G.

For example,

H is the subdivision of G.

Kuratowski Theorem: A graph is planar if it contains no subgraph that is

isomorphic to or is a subdivision of K
5
 or K

3,3
.

Check Your Progress

6. What do you understand by edge cut-set?

7. Define the term edge connectivity.

8. What do you mean by vertex connectivity?

9. When a graph is planar?

10.  State the Kuratowski theorem.

5.6 ANSWERS TO ‘CHECK YOUR PROGRESS’

1. To any graph G, there corresponds a V × E matrix called the incidence matrix

of G and is denoted by I(G) = ,][ EVija �  where
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ij

j i
a

2. Adjacency matrix is an array of vertices of the graph. The matrix can be
made for both undirected as well as directed graphs. The adjacency matrix
A for an undirected graph G is formed according to the procedure described
herein.

3. Adjacency matrix has several disadvantages associated with it. Some of
them are as follows:

For a graph with ‘n’ vertices, an adjacency matrix requires n2 elements to

represent it.

For a directed graph with n vertices, n2–e edges are zero. Thus, for a graph

with few edges, the matrix becomes sparse. This means that matrix for a

graph with few edges carries a lot of zeros.

An adjacency matrix cannot represent parallel edges.

4. To avoid the disadvantages of adjacency matrix, adjacency lists are used.

They are especially efficient in case of sparse matrix. They make use of the

linked lists of adjacent vertices for all vertices V in graph G.

5. Path matrix represents the path of certain length. To show adjacent nodes

in a simple directed graph we use adjacency matrix.

6. A subset S of the edge set of a connected graph G is called an edge cut-set

or cut-set of G if,

(i) G – S is disconnected.

(ii) G – S1 is connected for every proper subset S1 of S.

7. The edge connectivity (G) of a graph is the minimum cardinality of a

set S of edges of G such that G – S is disconnected, i.e., the edge

(line) connectivity of a connected graph is the number of edges in a

minimum cut-set in the graph.

8. The vertex connectivity K(G) of a graph G is the minimum number of

vertices whose deletion makes G a disconnected or trivial graph, i.e.,

the number of vertices in a minimum vertex cut is called the connectivity

of the graph

9. A graph G is said to be planar if there exists some geometric representation

of G which can be drawn on a plane such that no two of its edges

intersect (‘meeting’ of edges at a vertex is not considered an intersection).

A graph that cannot be drawn on a plane without a cross over between

its edges is called nonplanar.

10. A graph is planar if it contains no subgraph that is isomorphic to or is

a subdivision of K
5
 or K

3,3
.
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5.7 SUMMARY

In graph theory, the matrix representations of directed and undirected graphs

are specifically used to deduce incidence relations, circuits, and Cut-Sets

through matrix theorems and manipulations.

An incidence matrix is a matrix that shows the relationship between two

classes of objects. If the first class is X and the second is Y, the matrix has

one row for each element of X and one column for each element of Y. The

entry in row x and column y is 1 if x and y are related (called incident in this

context) and 0 if they are not.

To any graph G, there corresponds a V × E matrix called the incidence

matrix of G and is denoted by I(G) = ,][ EVija �  where

ij

j i
a

The diagonal entries of an adjacency matrix are all zero, iff the graph is a
graph with no self-loops.

If G is disconnected and it has two components, then its adjacency matrix

A(G) can be written as,

,
)(0

0)(
)(

2

1
��

�
��

�
�

GA

GA
GA G

1
 and G

2
 are components.

A graph can be represented in two ways, viz., adjacency matrix and

adjacency list. Adjacency matrix uses arrays while adjacency list uses linked

lists in the representation of graphs.

Adjacency matrix is an array of vertices of the graph. The matrix can be

made for both undirected as well as directed graphs. The adjacency matrix

A for an undirected graph G is formed according to the procedure described

herein.

For a graph with ‘n’ vertices, an adjacency matrix requires n2 elements to

represent it.

For a directed graph with n vertices, n2–e edges are zero. Thus, for a graph

with few edges, the matrix becomes sparse. This means that matrix for a

graph with few edges carries a lot of zeros.

An adjacency matrix cannot represent parallel edges.

Path matrix represents the path of certain length. To show adjacent nodes

in a simple directed graph we use adjacency matrix.

In graph theory, a cut is a partition of the vertices of a graph into two disjoint

subsets. Any cut determines a cut-set, the set of edges that have one endpoint

in each subset of the partition. These edges are said to cross the cut. In a

connected graph, each cut-set determines a unique cut, and in some cases

cuts are identified with their cut-sets rather than with their vertex partitions.
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A subset S of the edge set of a connected graph G is called an edge cut-set

or cut-set of G if,

(i) G – S is disconnected.

(ii) G – S1 is connected for every proper subset S1 of S.

A subset u of the vertex set of G is called a vertex cut-set if,

(i) G – u is disconnected.

(ii) G – u1 is connected for every proper subset u1 of u.

The edge connectivity (G) of a graph is the minimum cardinality of a

set S of edges of G such that G – S is disconnected, i.e., the edge

(line) connectivity of a connected graph is the number of edges in a

minimum cut-set in the graph.

The vertex connectivity K(G) of a graph G is the minimum number of

vertices whose deletion makes G a disconnected or trivial graph, i.e.,

the number of vertices in a minimum vertex cut is called the connectivity

of the graph.

For every graph G, K(G) (G) (G).

A graph G is n n  1) if (G) n and G is n-

connected if K(G) n.

The union of two simple graphs G1 V1, E1) and G2 = ( , E2) is

V1 V2 and edge set E1 E2 and

is denoted by G1 G2.

The intersection of two simple graphs G  = (V1, E1) and G2 V2, E2)

V1 V2 and edge set E1 E2 and

is denoted by G1 G2.

G1 and G2 is a graph consisting of the

vertex set V1 V2 G1 or in G2, but not

in both and is denoted by G1 G2.

A graph G is said to be planar if there exists some geometric representation

of G which can be drawn on a plane such that no two of its edges

intersect (‘meeting’ of edges at a vertex is not considered an intersection).

A graph that cannot be drawn on a plane without a cross over between

its edges is called non planar.

The complete graph of fine vertices is nonplanar.

In graph theory, a cut is a partition of the vertices of a graph into two

disjoint subsets. Any cut determines a cut-set, the set of edges that have

one endpoint in each subset of the partition. These edges are said to cross

the cut. In a connected graph, each cut-set determines a unique cut, and in

some cases cuts are identified with their cut-sets rather than with their vertex

partitions.
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In graph theory, Kuratowski’s theorem is a mathematical forbidden graph

characterization of planar graphs, named after Kazimierz Kuratowski. It

states that a finite graph is planar if and only if it does not contain a subgraph

that is a subdivision of K
5
 (the complete graph on five vertices) or of K

3,3

(complete bipartite graph on six vertices, three of which connect to each of

the other three, also known as the utility graph).

A subdivision of a graph is a graph formed by subdividing its edges into

paths of one or more edges. Kuratowski’s theorem states that a finite graph

G is planar, if it is not possible to subdivide the edges of K
5
 or K

3,3
, and then

possibly add additional edges and vertices, to form a graph isomorphic to

G. Equivalently, a finite graph is planar if and only if it does not contain a

subgraph that is homeomorphic to K
5
 or K

3,3
.

Complete graph is nothing but a simple graph in which every vertex is

joined to every other vertex by means of an edge.

In the plane, a continuous non-self  intersecting curve whose origin and

terminus coincide is said to be a jordan curve.

The edges touching a region contain a simple cycle called the contour

of the region. Two regions are said to be adjacent if the contours of

the two regions have atleast one edge in common.

If G, a connected planar graph has n vertices, e edges and r regions,

then, n –e + r = 2.

If G is a connected simple planar graph without loops and has n

vertices, e  2 edges and r regions, then, 3/2 r � e �  3n–6.

K
5
, K

3,3 
 are called Kuratowski’s first graph, second graph, respectively.

A graph is planar if it contains no subgraph that is isomorphic to or is

a subdivision of K
5
 or K

3,3
.

5.8 KEY TERMS

Incidence matrix: An incidence matrix is a matrix that shows the relationship

between two classes of objects.

Adjacency matrix: Adjacency matrix is an array of vertices of the graph.

The matrix can be made for both undirected as well as directed graphs.

Path matrix: Path matrix represents the path of certain length. To show

adjacent nodes in a simple directed graph we use adjacency matrix.

Cut-set: In graph theory, a cut is a partition of the vertices of a graph into

two disjoint subsets. Any cut determines a cut-set, the set of edges that

have one endpoint in each subset of the partition, these edges are said to

cross the cut.

Planar graph: The graph G is said to be planar if there exists some geometric

representation of G which can be drawn on a plane such that no two of its

edges intersect (‘meeting’ of edges at a vertex is not considered an

intersection).
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Nonplanar graph: A graph that cannot be drawn on a plane without a

cross over between its edges is called nonplanar graph.

Kuratowski theorem:A graph is planar if it contains no subgraph that is

isomorphic to or is a subdivision of K5 or K3,3.

5.9 SELF-ASSESSMENT QUESTIONS AND

EXERCISES

Short-Answer Questions

1. What do you mean by the matrix representation of graphs?

2. Define incidence matrix.

3. What is adjacency matrix?

4. Explain about the cut-set and its properties.

5. Define the term edge connectivity.

6. What are the planar graphs?

7. Define the term nonplanar graph.

8. Write the theorem for the Kuratowski’s two graphs.

Long-Answer Questions

1. Briefly discuss about the matrix representation of graphs giving appropriate

examples.

2. Explain the terms incidence matrix and adjacency matrix with the help of

appropriate examples.

3. Verify if G and G1 are isomorphic.

4. Elaborate on cut-set and its properties giving appropriate examples.

5. Prove that for every graph G, K(G) (G) (G).

6. Explain planar graphs with the help of definition and examples.

7. Prove that the complete graph of fine vertices is nonplanar.

8. Discuss briefly about the Kuratowski’s two graphs with the help of

appropriate examples.

9. Show that Kurtowski’s second graph is also nonplanar, i.e., K3,3 is

nonplanar.

10.  With the help of Kurtowski’s theorem prove that K
5
 is nonplanar.
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